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We investigate the convergence rate of multi-marginal optimal transport
costs that are regularized with the Boltzmann-Shannon entropy, as the noise
parameter € tends to 0. We establish lower and upper bounds on the dif-
ference with the unregularized cost of the form Celog(1/e) + O(e) for some
explicit dimensional constants C' depending on the marginals and on the
ground cost, but not on the optimal transport plans themselves. Upper
bounds are obtained for Lipschitz costs or locally semi-concave costs for a
finer estimate, and lower bounds for €2 costs satisfying some signature con-
dition on the mixed second derivatives that may include degenerate costs,
thus generalizing results previously in the two marginals case and for non-
degenerate costs. We obtain in particular matching bounds in some typical
situations where the optimal plan is deterministic.
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Notations
X a subset of RY for any index i € {1,...,m}
X product space X1 X ... X Xy
Tiy T, T a point in Xj, in some Xj;,j € {1,...,m}, and in X respectively;
Tq (xi)ieq if ¢ € {1,...,m} and x € X;

|| Euclidean norm on RY;
|1l norm on RY x ... x RY defined by ||z = maxi<j<m|z;| if

= (T1,...,Tm);
B,(r), Br(x) open ball of radius 7 centered at € RY or € (RV)™ for the above
norms;

Cglg’cl (X) space of real-valued locally Lipschitz functions on X which is a
sub-manifold of RY or (RV)™;

[f]g,ﬂo,l(X) Lipschitz constant of f : X — R where X is a subset of R or (RV)™
for the above norms;

‘513)’01 (X) space of differentiable real-valued functions on X, a sub-manifold of
RY or (RV)™, with locally Lipschitz differential;
2 (X) space of probability measures on a metric space X;
Spt u support of the measure p;
Mpy(R) space of real matrices of size N x N, endowed with the Frobenius norm
induced by the scalar product A - B := Tr(AT B), for A, B € My(R);
Sn(R) subspace of real symmetric matrices of size N x N;
Iy s-dimensional Hausdorff measure on the metric space X endowed with
the Borel o-algebra (the subscript X will often be dropped);
Ap simplex of P-uples ¢t = (t,)pep such that ¢, > 0 for all p € P and
ZpEP tp =L

1 Introduction

We consider a m—uple of probability measures p; compactly supported on sub-manifolds
X, € RNof dimension d; and a cost function ¢ : X3 X ... X X,, — Ry. The Entropic
Multi-Marginal Optimal Transport problem is defined as :

MOT, = inf {/ cdy + eEnt(y| @2 i) | v € M(pa, - .. ,,um)} ,  (MOT,)
X1X..xXm

where II(u1,. .., uy) denotes the set of all probability measures v having p; for i €
{1,...,m} as marginals. The classical multi-marginal optimal transport problem cor-



responds to the case where ¢ = 0. In the last decade, these two classes of problems
(entropic optimal transport and multi-marginal optimal transport) have witnessed a
growing interest and they are now an active research topic.

Entropic optimal transport (EOT) has found applications and proved to be an efficient
way to approximate Optimal Transport (OT) problems, especially from a computational
viewpoint. Indeed, when it comes to solving EOT by alternating Kullback-Leibler pro-
jections on the two marginal constraints, by the algebraic properties of the entropy such
iterative projections correspond to the celebrated Sinkhorn’s algorithm [Sin64], applied
in this framework in the pioneering works [Cut13; Ben+15]. The simplicity and the good
convergence guarantees (see [FL89; MG20]) of this method compared to the algorithms
used for the OT problems, then determined the success of EOT for applications in ma-
chine learning, statistics, image processing, language processing and other areas (see the
monograph [PC19] and references therein).

As concerns multi-marginal optimal transport (MOT), it arises naturally in many dif-
ferent areas of applications, including economics [CE10], financial mathematics [BHP13;
DS14a; DS14b; Enn+22], statistics [BK18; CCG16], image processing [Rab-+11], to-
mography [Abr+17], machine learning [Haa+21; TJK22], fluid dynamics [Bre89] and
quantum physics and chemistry, in the framework of density functional theory [BDG12;
CFK13]. The structure of solutions to the multi-marginal optimal transport problem is
a notoriously delicate issue, and is still not well understood, despite substantial efforts
on the part of many researchers [GSQS; Car03; CNOS8; Hei02; Pasl1; Pas12; KP14; KP15;
CDD15; CS16; PV21b; MP17; PV21a]; see also the surveys [Pasl5] and [DGN15]. Since
MOT,. can be seen a perturbation of MOTy, it is natural to study the behaviour as e
vanishes. In this paper we are mainly interested in investigating the rate of convergence
of the entropic cost MOT, to MOTy under some mild assumptions on the cost functions
and marginals.

In particular we are going to extend the techniques introduced in [CPT23] for two
marginals to the multi-marginal case which will also let us generalize the bounds in
[CPT23] to the case of degenerate cost functions. For the two marginals and non-
degenerate case we also refer the reader to a very recent (and elegant) paper [MS23] where
the authors push a little further the analysis of the convergence rate by disentangling the
roles of [ cdy and the relative entropy in the total cost and deriving convergence rate
for both these terms. Notice that concerning the convergence rate of the entropic multi-
marginal optimal transport an upper bound has been already established in [EN22],
which depends on the number of marginals and the quantization dimension of the optimal
solutions to (MOT.) with ¢ = 0. Here we provide a improved, smaller, upper bound,
which will depend only on the marginals, but not on the optimal transport plans for the
un-regularized problem, and we also provide a lower bound depending on a signature
condition on the mixed second derivatives of the cost function, that was introduced in
[Pas12].

Our main findings can be summarized as follows: we establish two upper bounds,
one valid for locally Lipschitz costs and a finer one valid for locally semi-concave costs.
The proofs rely, as in [CPT23], on a multi-marginal variant of the block approximation
introduced in [Car+17]. Notice that in this case the bound will depend only on the



dimension of the support of the marginals. Moreover, for locally semi-concave cost
functions, by exploiting Alexandrov-type results as in [CPT23], we improve the upper
bound by a 1/2 factor, obtaining the following inequality for some C* € R

1 (& "
MOT. < MOT, + 3 (; d; — 11%1%5” di>slog(1/€) + C*e. (1.1)

We stress that this upper bound is smaller or equal than the one provided in [EN22,
Theorem 3.8], which is of the form §(m—1)Delog(1/e)+O(e) where D is a quantization
dimension of the support of an optimal transport plan. Thus D must be greater or
equal than the maximum dimension of the support of the marginals, and of course
Yot di —maxi<i<m d; < (m—1) maxi<i<m d;. The inequality may be strict for example
in the two marginals case with unequal dimension, as shown in Section 5.

For the lower bound, from the dual formulation of (MOT.) we have

MOT. > MOT, — slog/ o g Qi i),
e X;

where E(x1,...,om) = c(®1,...,2Tm) — B2 ¢i(x;) is the duality gap and (¢1,...,¢m)
are Kantorovich potentials for the un-regularized problem (MOT.) with ¢ = 0. By using
the singular values decomposition of the bilinear form obtained as an average of mixed
second derivatives of the cost and a signature condition introduced in [Pasll], we are
able to prove that E detaches quadratically from the set {E = 0} and this allows us
to estimate the previous integral in the desired way as in [CPT23] and improve the
results in [EN22] where only an upper bound depending on the quantization dimension
of the solution to the un-regularized problem is provided. Moreover, this slightly more
flexible use of Minty’s trick compared to [CPT23] allows us to obtain a lower bound also
for degenerate cost functions in the two marginals setting. Given a x depending on a
signature condition (see (PS(x))) on the second mixed derivatives of the cost, the lower
bound can be summerized as follows

MOT. > MOTy + gelog(l/s) — Ce. (1.2)

for some C, € R;.

The paper is organized as follows: in Section 2 we recall the multi-marginal optimal
transport problem, some results concerning the structure of the optimal solution, in
particular the ones in [Pas11], and define its entropy regularization. Section 3 is devoted
to the upper bounds stated in Proposition 3.2 and Proposition 3.7. In Section 4 we
establish the lower bound stated in Proposition 4.2. Finally, in Section 5 we provide
some examples for which we can get the matching bounds.

2 Preliminaries

Given m probability compactly supported measures u; on sub-manifolds X; of dimension
d; in RN for i = 1,2...,m and a continuous cost function ¢ : X; x Xo x ... x X,, = R,



the multi-marginal optimal transport problem consists in solving the following optimiza-
tion problem

MOTy = inf / (1, ..., oy) dy (MOT)

YE(p1550m) J X

where X = X; x Xy x ... x X,;, and II(u1,..., um) denotes the set of probability
measures on X whose marginals are the p;. The formulation above is also known
as the Kantorovich problem and it amounts to a linear minimization problem over a
convex, weakly compact set; it is then not difficult to prove the existence of a solution
by the direct method of calculus of variations. Much of the attention in the optimal
transport community is rather focused on uniqueness ans the structure of the minimizers.
In particular one is mainly interested in determining if the solution is concentrated
on the graph of a function (7b,...,T,,) over the first marginal, where (T;)su1 =
for ¢« = 1,...,m, in which case this function induces a solution a la Monge, that is
Y= (Id, T27 ce ,Tm)ﬁ,ul.

In the two marginals setting, the theory is fairly well understood and it is well-known
that under mild conditions on the cost function (e.g. twist condition) and marginals
(e.g. being absolutely continuous with respect to Lebesgue), the solution to (MOT) is
unique and is concentrated on the graph of a function ; we refer the reader to [Sanl5] to
have glimpse of it. The extension to the multi-marginal case is still not well understood,
but it has attracted recently a lot of attention due to a diverse variety of applications.
In particular in his seminal works [Pasll; Pasl2] Pass established some conditions,
more restrictive than in the two marginals case, to ensure the existence of a solution
concentrated on a graph. In this work we rely on the following (local) result in [Pasl2]
giving an upper bound on the dimension of the support of the solution to (MOT). Let P
be the set of partitions of {1, ..., m} into two non-empty disjoint subsets: p = {p_,p+} €
Pifp_Upy ={1,....m}, p-Npsr =0 and p_,p; # 0. Then for each p € P we denote
by g, the bilinear form on X as

9p = D§7p+c—|— D? ¢ where ngc = Z D? ¢

P4-p— TiTj
1EP,JEq

for every p,q C {1,...,m}, and D%ixjc = Yanay ﬁ dzf" @ dgc;.‘f7 defined for every
1,7 on the whole tangent bundle TX.

Define G := {3 ,cptpgp | (tp)pep € Ap} to be the convex hull generated by the g,
then it is easy to verify that each g € G is symmetric and therefore its signature is well
defined. Then, the following result from [Pas12] gives a control on the dimension of the
support of the optimizer(s) in terms of these signatures.

Theorem 2.1 (Part of [Pas12, Theorem 2.3]). Let v a solution to (MOT) and suppose
that at some point € € X, the signature of some g € G is (d*,d~,d°), that is the number
of positive, negative and zero eigenvalues. Then, there exists a neighbourhood N of x
such that Ng(\spt~y is contained in a Lipschitz sub-manifold of X with dimension no

greater than >°1", d; — d* (g(x)).



Remark 2.2. For the following it is important to notice that by standard linear algebra
arguments we have for each g € G that d*(g) < >I*, d; — max; d;. This implies that
the smallest bound on the dimension of spt~y which Theorem 2.1 can provide is max; d;.

Remark 2.3 (Two marginals case). When m = 2, the only g € G coincides precisely
with the pseudo-metric introduced by Kim-McCann in [KM10]. Assuming for simplicity
that dy = dy = d, they noted that g has signature (d,d,0) whenever ¢ is non-degenerate
so Theorem 2.1 generalizes their result since it applies even when non-degeneracy fails
providing new information in the two marginals case: the signature of g is (r,r, 2d — 2r)
where r is the rank of ngc. Notice that this will help us to generalize the results
established in [CPT23; EN22] to the case of a degenerate cost function.

It is well known that under some mild assumptions the Kantorovich problem (MOT)
is dual to the following

sup{Z/ oi(x;) dp; | ¢ € G (X quz ) < c(xqy. .., xm)} (MD)

We recall the entropic counterpart of (MOT): given m probability measures p; on X; as
before, and a continuous cost function ¢ : X — Ry the MOT,. problem is

MOT. = inf / cdy + eEnt(y| @2 pi), (MOT,)
YE(p1,eptm) J X

where Ent(-| ®; p;) is the Boltzmann-Shannon relative entropy (or Kullback-Leibler
divergence) w.r.t. the product measure ®;” u;, defined for general probability measures

P q as
/ plog(p) dg if p = pq,
Rd

+00 otherwise.

Ent(p|q) =

The fact that ¢ is a probability measure ensures that Ent(p|g) > 0. The dual problem
of (MOT,) reads as

m DN bile)—c(@)
MOTa =€ +sup {Z/ gb,(xz) d,ui - 6/ (& . € d ®;-11 22 ’ QZ)Z S (gb(X,) ,
i=1YXi X

(MD.)
which is invariant by (¢1,...,¢m) = (61 + A1,. .., ¢m + Am) where (Ag,..., A\p) € R™
and Y7, A\ = 0, see [Léol4; NW22; MG20] for some recent presentations. It admits an
equivalent “log-sum-exp” form:

DM bile)—c(@)
MOT. = sup Z / i) dps = elog ([ ZHTETT el ) o e G0 |
X

(MD?)

which is invariant by the same transformations without assuming » ;v A; = 0.
From (MOT.) and (MD.) we recover, as ¢ — 0, the unregularized multi-marginal
optimal transport (MOT) and its dual (MD) we have introduced above. The link between



multi-marginal optimal transport and its entropic regularization is very strong and a
consequence of the I'—convergence of (MOT.) towards (MOT) (one can adapt the proof
in [Car+17] or see [BCN19; GKR20] for I'—convergence in some specific cases) is that

lim MOT, = MOTy.
e—0

By the direct method in the calculus of variations and strict convexity of the entropy,
one can show that (MOT.) admits a unique solution ., called optimal entropic plan.
Moreover, there exist m real-valued Borel functions ¢; such that

D95 — ¢
%—%mp<“f?>®ﬁ1m, (2.1)
where @ ¢5 = (T1,...,Tm) — 2ie; ¢S (i), and in particular we have that that
m
MOT. = / ¢; du (2.2)
i=1"Xi

and these functions, which have continuous representatives, are a.s. uniquely determined
up to additive constants. The reader is referred to the analysis of [MG20], to [Nenl6] for
the extension to the multi-marginal setting, and to [BL92; BLN94; Csi75; FG97; RT98]
for earlier references on the two marginals framework.

The functions ¢ in (2.1) are called Schrédinger potentials, the terminology being
motivated by the fact that they solve the dual problem (MD.). Furthermore, ¢ are the
(unique) solutions to the so-called Schrodinger system

m e_..
Ojo1,j2i%5 @)
£

d ®jLy ;4 pj for pi-ae. z;, Vi=1,...,m, (2.3)

¢i(x;) = —alog/ e

X

where X_; = II7%, ., X;. Note that (2.3) is a softmin version of the multi-marginal
c-conjugacy relation for Kantorovich potentials.

3 Upper bounds

We start by establishing an upper bound, which will depend on the dimension of the
marginals, for locally Lipschitz cost functions. We will then improve it for locally semi-
concave (in particular €?) cost functions.

3.1 Upper bound for locally Lipschitz costs

The natural notion of dimension which arises in our context is the entropy dimension,
also called information dimension or Rényi dimension [Rénb9)].



Definition 3.1 (Rényi dimension [You82]). If u is a probability measure over a sub-
manifold X of R%, we set for every 6 > 0,

1nf{z w(Ap)log(1/u(Ay)) = Vn,diam(A,) <, and X = |_| An},

neN neN

where the infimum is taken over countable partitions (A,),en of X by Borel subsets
of diameter less than 0, and we define the lower and upper entropy dimension of u
respectively by:

. Hs(p)  —— Hs(p)
d =1i f———  d =1i
dimp(p) = liminf 3o m 75y, dimrlu) = limsup o ms s
Notice that if p is compactly supported on a Lipschitz manifold of dimension d, then
Ns(spt ) < dlog(1/0) + C for some constant C' > 0 and d € (0, 1], where Ns(spt u) is
the box-counting number of spt u, i.e. the minimal number of sets of diameter § > 0
which cover spt p. In particular, by concavity of ¢ — tlog(1/t), we have

Hj(p) < log Ns(spt p). (3.1)

We refer to the beginning of [CPT23, §3.1] for additional information and references on
Rényi dimension.
The following proposition establishes an upper bound for locally Lipschitz costs.

Proposition 3.2. Assume that u; € P (X;) fori € {1,...,m} are compactly supported
measures on Lipschitz sub-manifolds of dimension d;, respectively, and c is of class

€21 (X)), then

loc

MOT. < MOTy + (Zd — Mmax d]>510g(1/5) + O(e). (3.2)

=1

Proof. Given an optimal plan g for MOTq, we use the so-called “block approximation”
introduced in [Car+17]. For every 6 > 0 and 4, consider a partition X; = | ],y A7 of
Borel sets such that diam(A}') < ¢ for every n € N, and set

i L A%

if pu;(A") >0,
ar e §paapy R
0 otherwise,
then for every m-uple n = (ny,...,ny,) € N,

(70)" = 0(A" X .. X ATyt @ @ p

and finally,

v5= Y (7)™

neN™



By definition, 75 < ®;u; and we may check that its marginals are p;. Besides, for
®;pi-almost every @ = (z1,...,xm,) € [Tt A},

Yo(AT X ... x Allm)

d L m
d®2/6u,- (1, ..., Ty) = pi(ATY) o (A

i (A7) . (AZ) > 0

0 otherwise.

Let us compute its entropy and assume for simplicity that the measure p,, is the one
such that dimp(ty,) = maxj=1,._m, dim(u,):

m Yo(ATH X ... x Allm)
Ent(7s ®i=1 i) = / lOg( n Tom d")/é
( | ' ) nEEN:m H;’ilAZLi :U’l(All) s Mm(Am )
n Yo(AT' x ... % A”mm))
- AP L AT 10< ! f
Z Yo(A] ) log 1 (AT . o (AT

neN™

n n Yo(AT" X ... x Alm)
= Yo(AYT X ... x AP log( -
Z 0( 1 ) Mm(Amm)

neN™

m—1
+ 57 ST oA x L x AT log(1/py (A7)

j=1 neNm
— ni Nm /)/O(Anl XX Anmm)
= 3 mAr gy log (LT
+ Z > (A7) log(1/p;(A7))
j=1 neNm-1
< Z Z IOg(l/MJ( 7).
j=1 neNm

the last inequality coming from the inequality vyo(A}* x ... x Am) < iy, (AMm). Taking
l-optimal partitions (A} )nen of diameter smaller than ¢ in the definition of Hs(p;), we
get by definition of Hy,

m—1
Ent(vs | @ i) < Y Hs(py) +1
j=1

Notice that Weo(vs5,7) < ¢ (taking the £°° norm), thus taking 7s as competitor in



(MOT.) we obtain

I\/IOng/cd’y(;—i-s Z Hs(pj) + ¢

j<m-—1

<MOTo+ Y. / d(vs —0) +e Y Hs(py) +

J1yeesdm ¥ 2T j<m-—1
< MOTg + Z <6Jo1 """ jm)Wl("YJI—le,...,jma')’o|—Bj1,.‘.,jm)+5 Z Hg(uj)—i-é‘
J1yeeesdm 7<m—1
<MOTo+ Li+e Z Hslng) log(1/6) +
- : og(1/9)
j<m— 1

(33)
where we have considered a covering of each sub-manifold X;, that is X; C U;, Bs,(al)

with § < 8o, Bj, ... jm = Bs,(al') % ... x Bs,(aJr) for all ji, ..., jm and

L= Z []%01( 31 ,,,,, ]'m).

jlv'“ajm

Taking 6 = € and considering that u; are concentrated on sub-manifolds of dimension d;
then Hs(p;) < d;log(1/6) + C* — 1 for some C* > 1 and we get

MOT. < MOTy+ (> d;)elog(1/e) + C*e.
j<m—1

O]

Remark 3.3. Notice that by taking m = 2 and d; = ds = d, one easily retrieves the
results in [CPT23]. Besides, if the p;’s are merely assumed to have compact support
(not necessarily supported on a sub-manifold), the same proof actually shows the slightly
weaker estimate

MOT. < MOTy + (ZdimR(,ui) — max dimR(uj)>5log(1/£) +o(elog(1/e). (3.4)
i=1 I= 5

3.2 Upper bound for locally semi-concave costs

We provide now a finer upper bound under the additional assumptions that the X;’s are
%? sub-manifolds of R, ¢ is locally semi-concave as in Definition 3.4 (in particular if
c € €*(X,Ry)), and the ;s are measures in LOO(,%”)?Z) with compact support in Xj.

Definition 3.4. A function f : X — R defined on a %? sub-manifold X C RY of
dimension d is locally semiconcave if for every x € X there exists a local chart (i.e. a
¢? diffeomorphism) v : U — Q where U C X is an open neighborhood of = and Q is
an open convex subset of R%, such that f o' is A-concave for some \ € R, meaning
for~t — \J-|? is concave on ().

10



Lemma 3.5 (Local semiconcavity and covering). Let ¢: X — Ry be a locally semicon-
cave cost function and (¢;)1<i<m € [l<j<m € (K) be a system of c-conjugate functions
defined on compact subsets K; C X;. We can find for everyi € {1,...,m} a finite open
covering (U} )1<j<s of K; and local charts wj U] — QJ such that for some X € R:

(i) for every j = (j1,--.,jm) € {1,....J}™, co (¢I)1 is A-concave on QI =
ngigm Qily
(ii) for every (i,5) € {1,...,m} x{1,...,J}, ¢;o (¢Z)_1 is A-concave on QZ
In particular, all the ¢;’s are locally semiconcave.

Proof. For every i, by compactness of the K;’s we can find a finite open covering
(Uj)1<j<J of K; and local charts ¢ : U7 — Q7 such that for every j = (ji,...,jm) €
{1,...,J}™ co (3)~1 — M||2 is concave for some X € R, where 17 = (', ... pim).
We may assume that \j = A for every j, by taking A = max{\; : j € {1,...,J}™}.
Fix i € {1,...,m},j € {1 .,J}, then for every k = (ke)eri € {1,...,Jpm 1

= [1os Q?‘ and ¥ = ( LI ,1/111 1, wfﬁl, ...). Notice that for every y € Qg,
gio () Hy) = inf c(@r,... i1, (W) W) i1, ) — Y de(w)
(@) et 2
. . — ko\ —
= 1mn inf Co(¢k) 1(917-~-,yz‘—1ayayi+17~~)_Zd)éo(l/}/) 1(yf)7
k  (ye)ezi €02 =
and we see that it is A-concave as an infimum of A-concave functions. O

We are going to use an integral variant of Alexandrov Theorem which is proved in
[CPT23].

Lemma 3.6 (Lemma 3.6 [CPT23]). Let f : Q — R be a A-concave function defined on
a convex open set Q C R?, for some X > 0. There exists a constant C > 0 depending
only on d such that:

/Q o 1) = (@) + V@) (=) do < Crt o OR)(Slgns gy +diam (@)
(3.5)

Proposition 3.7. Let c € €?(X) and assume that for everyi € {1,...,m}, X; CR" is
a €? sub-manifold of dimension d; and p; € L™ (Jf)?;) is a probability measure compactly
supported in X;. Then there exists a constant C* > 0 such that

1 [ ¥
MOT. < MOT, + 5 (; d; — Bax di>€log(1/€) + C*e. (3.6)

Proof. The measures yu; being compactly supported in X;, take for every i € {1,... ,n}}
an open subset U; such that sptu; € U; € X; and define the compact set K; C U;.

11



Take (¢;)1<i<m € [l<i<m € (K;) a m-uple of c-conjugate Kantorovich potentials and a
transport plan vy € ﬁ(ﬁl, ..., bm) Which are optimal for the unregularized problems. In
particular,
E=c-&2¢;>0 on U := H Ui,
1<i<m (3.7)
E=0 on spty CU.

For every ¢ we consider the coverings (Uj )1<]< J provided by Lemma 3.5 and we notice by
compactness that there exists open subsets U I e UJ such that (U )1<]< 7 is still an open
covering of K; and such that for a small 6 > 0, the dy-neighbourhood of € := ¢/ (T7) is
included in Qg . For § € (0,40) we consider the block approximation 7s of 4o built in the
proof of Proposition 3.2, as well as s € I1(70,7s) such that sup g, z)espt s 1To — | < 6.

For every § = (ji,--,jm) € {1,...,m}, we set BJ .= Eo (7)~! and U7 := [[, U7,
and we write:

/cdfy(;—/ Cd"yoz/ E dr;s

= / E(x)drgs(xo, )
XxX

G=(1sernrjm) ¢ (@0,)EVIXX
§ E / ¢J( ) dks(xo, ).
(wo,x)€(UT)2

]17 Jm

Notice that for yg-a.e. xg € U?, EJ is differentiable at 17 (xo), or equivalently F is
differentiable at xg. Indeed c is differentiable everywhere, and for every i, j, ¢; o (¢f )7t
is semi-concave thus differentiable #%-a.e. and hence ¢; is differentiable u;-a.e. because
pi < A% and 1/)] is bi-Lipschitz, which in turn implies that ®;* ¢ is dlfferentlable Yo-
a.e. because o € II(p1, ..., wm). Moreover, by (3.7) we have Ty, O)E = 0 for yp-a.e.
xo € UJ. We may then compute:

/Cd’y(g—/ Cd’Yo
X X

S Z /(aco, N~ EJ (wj( )) - ij(mO)Ej (1/}1 (:l:) — q/}j (CC()))) d,‘%(a}o’ ;1;)

.....

= Z (/(mo,m)e(Ujp (Cj(dﬂ(ﬁc)) - de](mo)cj(?p](a:) — 1/)‘7(330))) dﬁ,é(mo’ $)+

Jz(]hﬂm)

(3.8)
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Now, since ¢/ is A-concave on each Q9 := 93 (U7), whenever ||zo — || < 6 we have

_ @) = @) _ AL

I (W (2)) = Ty ()@ (¥ (%) — ¥ (0)) < 5 <=6 (39)

where L7 := max{Lip(¢/?), Lip((¢?)~1)}. Besides, we may apply Lemma 3.6 to each qbfl
over Q) to get

[ (@)~ Ty ¢l )~ o an))
(wo,0)€(U}1)? P

o w
zoelU?t i ]

i yGBLja(’l/}gl (xo))ﬂﬂzl

F0) = Ty 81 0 = 4 20) | )

& (y) — T¢Zi(x0)¢{i (y — i (900))‘ d(ei, ei)grs(zo, )

[, s
Ui yeB, ;51 (z0))NQ2)

k3

[ e
QJ

i yeBLjé(yo)ﬁQzl

&1 (y) — Tyl (y — o) ’ A7) g1 (o)

<l i PSP 700 ([0 g gy + A i)

<098,
(3.10)
for some constant C7 € (0, 4+00). Reporting (3.9) and (3.10) in (3.8) yields

AL

/ cdys —/ cdyp <Y ( + C’) 5% = /6%,
b's b's =\ 2

Finally, we proceed as in the end of the proof of Proposition 3.2, taking -5 as competitor
in the primal formulation (MOT.), so as to obtain

MOTE—MOTog/ cd’y(g—/ cdyy + ¢ Z Hs(pj) + ¢
X b'e

i<m—1
<C'&*+e Z (d;log(1/6) + C"),

i<m—1

where C” € (0,+00) is a constant such that Hs(u;) < d;log(1/0) + C” — 1. Taking
0 = /e provides the desired estimate

m—1

> di> elog(1/e) + (C" + C")e,
1=1

MOT, — MOTy < % (

recalling that the index ¢ = m was chosen merely to simplify notations. O
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4 Lower bound for ¢ costs with a signature condition

In this section we consider a cost ¢ € €?(X,R;) where X = X; x ... x X, and
X; € RV is a €2 sub-manifold of dimension d; and spt p; is a compact subset of X;
for every i € {1,...,m}. If g is a bilinear form we denote by (d*(g),d (g),d’(g)) its
signature.

Lemma 4.1. Let ¢ € €%(X,Ry) and (¢1,...,0m) € € (K1) X ---C(Kyn) be a system
of c-conjugate functions on subsets K; C X;. We set E . =c— 1D ... D ¢y on K =
Ky x...x Ky,. Take & € K and g = {ZpGP tpgp(Z) for (tp)pep € Ap}. Then there
exists local coordmates around &, i.e. €% diffeomorphisms

u=(u,u",u"): Uz C X — R » RE(9) x RET ()
defined on a neighborhood of & such that if x,x’ € B.(Z) C Uz,

E(z') + E(x)
2

where £(r) > 0 tends to 0 as 7 — 0.

> [uf (@) —u (@) — Ju”(2') - u” (@) - e(r)u(a’) —u(@)]® (4.1)

Proof. Let p={p—,p+} € P. For y € [];¢,, Ki, we set
ps(y) = > Gi(yi)-
1Ep+

We identify any « € K with (z,_, 2, ). Since the (¢;) are c-conjugate, if , 2’ € K, we
have:
s Tpy) — Sp_ (@) — bp (23,,)
> C(”"’; ) ;+> (c(x; s Tpy) — Ppy (mm)) - (C($p7,$;+) — ¢p_(7p_))
;, ;)+) c(a:;L,:Cer)—c(xp_,x;,+)+c(xp_,xp+)—E(:I:).
Now we do computations in local charts 1; : U; € X; — 4;(U;) € R% which are €2

diffeomorphisms such that Bgr(z;) C U; and ;(U;) are convex. We keep the same
notation with a slight abuse', and use Taylor’s integral formula:

E(x') + //Dp piC (s ,1) (), :z:pf,x%—xm)

where s = (v, + (1 —s)z), ,7p, + (1 —1t)z), ) for s,¢ € [0,1]. Since |D2_ po C(@st) —

D p.c(Z)| < e(@,r) where e(Z,7) is independent from p and tends to 0 as r — 0, and

since by definition D?¢(&)(x), — xp_,x),, —Tp,) = 29,(Z)(x’ — ), it holds:

B(@) + B(@) > L0,(®)(@’ — ) — (@ 1)|a’ o]

! Any linear combination az; + by; will designate ¥; ' (ay)(2:) + bibi(ys)-
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Taking g = > cp tpgp(Z) and averaging the previous inequality yields:

E(x)+ E(x') > —g(z' — ) —5(:5,r)||az'—az||2. (4.2)

N

Finally, we can find a linear isomorphism @ € GL(}_,d;,R) which trivializes g, i.e.
such that after setting u :== Q o (¢1,...,¢mn) and denoting u = (u™,u=,u°) : [[,U; —
R4 (@) x R (9) x R then:

1 _ _
9@ —2) =t (@) — (@) = Ju” (@) —u” ().
We get the result by replacing € with ||Q]~le. O

We will use the following positive signature condition:

for every € X1 x ... x X, df(x) > K where

d*(x) == max {di(g) : g € convpep {gp(x)}} . (PS(x))

Proposition 4.2. We assume that for every i, pu; € L>®(A#% _ X;) and has compact
support in X;. If (PS(k)) is satisfied, then there exists a constant C, € [0,00) such that
for every e > 0,

MOT. > MOT, + gglog(l Je) — Ce. (4.3)

Proof. The measures p; being supported on some compact subsets K; C X;, consider a
family (¢i)1<i<m € € (K1) X -+ - x € (K,y,) of c-conjugate Kantorovich potentials. Taking
(¢i)1<i<m as competitor in (MD.), we get the lower bound:

MOT. = [ dudu—<log | [
i=1Xi ngigm

= MOTy — elog (/ e d R1<i<m Nz‘) )
h<icmXi

where £ := ¢ — @1<i<m®i on X = [[1<;<;, Xi as in Lemma 4.1. We are going to show
that for some constant C' > 0 and for every € > 0,

E
e = d®i<i<m ,ui)
X;

/ e B/Ed @1<icm i < Ce™?,
X

which yields (4.3) with C, = log(C).
For every £ € K = [[;<;<p, Ki, we consider a quadratic form gz = >, t,g,(Z) of
signature (k,dz,dS), which is possible thanks to (PS(x)), and take a local chart

x T
=: Uz C X — B% de‘;de%
Uz - Uz = Rz Rz Rz

as given by Lemma 4.1, such that (4.1) holds with e(Rz) < 1/2. Notice that uz is

- 0
bi-Lipschitz with some constant Lz on Vz = u%l(B]’i@ /2 X B;ii /2 X B;i_-g; /2).
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For every i we may write u; = fzﬁgz By applying several times the co-area formula
[Fed96, Theorem 3.2.22] to the projection maps onto X;, we may justify that

%”fé = ®1§i§m%)?; where d= Zdi'

We set Bz .= FE o ugl : B Béi X Br: — [0, +00] and we apply the area formula:

—Ez -1 - 0
/ 0 €@ i) Juzt AL @ L% @ L
By 2> Br, ;2% BR. /9

—Ea(utu—
<Lz [] HMz‘HLoo(;fdil_xi)/ P LR (AT 7]
1<i<m §5/2XBR;/2XBR;/2

0
Now, for every (u—,u?) € BR /2><B;if /oy consider fH(u=,u?) aminimizer of Ez(-,u~,u")

over BR o By (4. 1) of Lemma 4.1, for every (u™,u=,u’) € B, /o ¥ BR /g X BR /o>
1
Ef?(u-i_?u_?uo) > E(Ef(f+(u_>u0)au_au0)

> (1=1/2)fut — fHu”, ") =

As a consequence we obtain:

l\’)\r—t
K&
+
:
Q
\_/O
_m

CEa(ut -
/ - o € Ba(u™u “)/Ed(u u”,ul)
B:  xB® xB'

Rz/2" PRg/2" PRz /2

I AR _
T L
>< K

Rg/2" PRz /2 Y PRz 2

dz +d2 a2
§6/2wd—wdoR”+ /e|“|/2du:C’a—,5”/2

for some constant Cz > 0. The sets {Vz}zex form an open covering of the compact set
Y :={x € K: E(x) =0}, hence we may extract a finite covering Vz,, ..., Vg, and:

/UI o e ElEd @1<icm pi < Eﬁ/2< > L@Gm)( II HmHwadiLXi)> — ¢1e"/?
i=1 %4

1<i<I 1<i<m

for some constant ¢; € (0, +oo) Finally, since E is continuous and does not vanish on

the compact set K/ = K\ U Vz,, it is bounded from below on K’ by some constant
cg > 0. Therefore, for every e > 0,

/ e PEd @1cicm pi < 16"/ + e72/F < O/,
X

for some constant C' > 0. This concludes the proof.
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5 Examples and matching bound

We devote this section to applying the results we have stated above to several cost
functions. For simplicity we can assume that the dimensions of the X; are all equal to
some common d and the cost function c is 2. As in [Pas12] we consider, for the lower
bound, the metric g such that ¢, = ﬁ for all p € P, we remind that P is the set of
partition of {1,...,m} into two non empty disjoint subsets.

Ezample 5.1 (Two marginals case). In previous works [CPT23; EN22] concerning the
rate of convergence for the two marginals problem, it was assumed that the cost function
must satisfy a non degeneracy condition, that is D%lmc must be of full rank. A direct
consequence of our analysis is that we can provide a lower bound (the upper bound does
not depend on such a condition) for costs for which the non-degeneracy condition fails.
Let 7 be the rank of D? L2, C at the point where the non-degeneracy condition fails, then

the signature of g at this point is given by (7,7, 2d — 2r) meaning that locally the support
of the optimal g is at most 2d — r dimensional. Thus, the bounds become

gslog(l/s) —Cie <0T.—0Ty < gs log(1/e) + C*e,

for some constants C, C* > 0. Notice that if D2 12> has full rank then r = d and we
retrieve the matching bound results of [CPT23; EN22].

Ezample 5.2 (Two marginals case and unequal dimension). Consider now the two
marginals case but unequal dimensional, that is for example dy > do. Then, if D%hxzc
has full rank, that is r = do, we obtain a matching bound depending only on the lower

dimensional marginal

da

Eslog(l/a‘) —Ce <O0T.—0Ty < %dog(l/e) + C”e,

for some constants C,, C* > 0. If y; is absolutely continuous with respect to J#% on
some smooth sub-manifold of dimension dy, then any optimal transport plan would be
concentrated on a set of Hausdorff dimension no less than d;, and thus the upper bound
given in [EN22, Theorem 3.8] would be %5 log(1/¢) + O(g), which is strictly worse than
our estimate.

Ezample 5.3 (Negative harmonic cost). Consider the cost c(x1,...,zm) = h(> 1%, =)
where h is €° and D?h > 0. Assuming that the marginals have finite second moments,
when h(z) = |z|? this kind of cost is equivalent to the harmonic negative cost that
is e(x1,...,2m) = —Y;<jlzi — x;* (here | - | denotes the standard euclidean norm),
see [DGN15] for more details. It follows now that the signature of the metric g is
(d,(m — 1)d,0) thus the bounds between MOT. and MOT, that we obtain are

d 1
ialog(l/g) — Cie < MOT,. —MOTj < 5((m — 1)d)510g(1/5) + C’e,
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for some constants Cy, C* > 0. We remark that it is known from [Pas12; DGN15] that a
transport plan 7 is optimal if and only if it is supported on the set {(x1,...,zm) | Divq i
[}, where [ € R? is any constant and there exists solutions whose support has dimension
exactly (m — 1)d.

Ezxample 5.4 (Gangbo—SwiQCh cost and Wasserstein barycenter). Suppose that
c(x1,. .. 2m) = i< [xi — 4]?, known as the Gangbo-Swiech cost [(S98]. Notice that
the cost is equivalent to c(x1,...,zm) = h(3;; z;) where h is ¢? and D?h < 0,then
the signature of g is ((m — 1)d, d,0) and we have a matching bound

%((m ~ 1)d)elog(1/¢) — Cue < MOT. — MOT, < %((m ~ 1)d)elog(1/e) + C*e.

Notice now that considering the MOT( problem with a cost c(x1,...,zmy) = >, |x; —
T(z1,...,7m)|% where T(z1,...,2,) = 31", Az, is the Euclidean barycenter , is equiv-
alent to the MOT( with the Gangbo- Swiech cost and the matching bound above still
holds. Moreover, the multi-marginal problem with this particular cost has been shown
[AC11] to be equivalent to the Wasserstein barycenter, that is Tyyo = v is the barycenter
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