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The convergence of certain Diophantine series
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d’Opale, 50 rue F. Buisson, BP 599, Calais, 62228, France

Abstract

For z irrational, we study the convergence of series of the form » n~°f(nx)
where f is a real-valued, 1-periodic function which is continuous, except for
singularities at the integers with a potential growth. We show that it is
possible to fully characterize the convergence set and to approximate the
series in terms of the continued fraction of x. This improves and generalizes
recent results by Rivoal who studied the examples f(t) = cot(nt) and f(t) =
sin~?(7rt).

Keywords: Diophantine series, Lipschitz regularity, Approximate
functional equation
2020 MSC: 11J70, 26A15, 26A30

1. Introduction

The study of the convergence of series Y>>, n™* f(nx) with 1-periodic f
has a long tradition that can be traced back to early works by Riemann [1,
Mém.XII] and Dirichlet, when the theory of functions and harmonic analysis
began to emerge. The topic was taken up by Hardy and Littlewood (e.g.
2]) and the research has continued until present times (see [3], [4] and their
references). As an aside, we mention that Hardy and Littlewood were partic-
ularly interested in the quadratic case > n~*f(n%r) and even higher degree
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polynomial frequencies [5], [6]. In these cases we know that even when the
series converges everywhere, it may show intricate fractal and multifractal
properties [7], [8]. Here we focus on the linear case with a singular f inducing
a dense divergence set.

In some examples, a remarkable fact is that the convergence is linked to
Diophantine approximation properties that are better expressed in terms of
the continued fraction of x. In this paper we clarify this connection in a quite
general setting. Recall that each x € R\ Q can be expanded as a continued

fraction [ag; a1, as,...], where the a; are the partial quotients (we use the
standard notation as in the classic [9]). For 7 > 0 we define
D
j = [ag; a1, ..., a;] and B; = lg;x — pjl. (1)
j

The fractions p;/q; are called the convergents of x. They give the best ra-
tional approximations of , and ; quantifies the error which in fact is com-
parable to qj_+11. We put S_; = 1 to be consistent with the special definition
p-1/q-1 = 1/0, considered by some authors in order to force the validity of
the recurrence relations p;ji1 = a;11p; + pj—1 and gj41 = a;4+1¢; + gj—1 even
for j = 0. We refer the reader to the beginning of §2 and to the references
9], [10], [11] for the basic theory of continued fractions.

In [4] Rivoal studied the problem of convergence for

. cot(mnz) A - 1
cbs(l') = ; 7 and q)s(l') - ; ns sinQ(ﬂ'naj)
(we keep the original notation). The main results in [4] state that for
s >2and z € R\ Q, the series ®,(z) and ®,(x) converge if and only if
Z;’;O(—l)j q; °qj+1 and Z;io qj_sq? 1 converge, respectively. It is conjectured
that the convergence criterion for ®,(z) extends to s > 1 (see the remarks
after [4, Th.1.1]).

These results were obtained employing approximate functional equations
relating partial sums of these functions at x and 1/z. By iteration, Rivoal
obtains the convergence criterions for ®,(z) and ®,(z) and also identities for
these functions involving the convergents p;/q;. This elegant method was
initiated by Hardy and Littlewood in their work [6] on the quadratic case.
Unfortunately, there is a gap in the proof of the convergence criterion for
O (x). This is due to a slight mistake in the related approximate functional

equation, which has significant consequences on the argument (see §4).
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Here we follow a different approach that does not depend on functional
equations. It is somewhat simpler and applies to a general class of functions.
On the other hand it covers all ranges and provides a kind of basic numerical
approximation in the case of convergence in terms of the continued fraction.

Namely, we show in §3

Theorem 1.1. Let f : R\ Z — R be a 1-periodic continuous function such
that t*f(t) = cx + O(t) for some k € Z* and ¢, # 0 when t — 0. Then the
series

S:ansf(nx) with € R\Q
n=1

converges if and only if s >k and T = Z;’io(—l)quj_sﬁj_k converges.

Choosing f(t) = cot(nt) with k = 1 and f(t) = csc?(nt) with k = 2,
it follows that ®4(x) converges if and only if s > 1 and >omo(=1 a7 g5
converges, as well as ®,(x) converges if and only if s > 2 and Y77 ¢;°¢3,,
converges, thus extending Rivoal’s results (see Corollary 3.3).

Assuming a greater regularity around zero, we obtain a good approxima-

tion of S by a variant of T
Theorem 1.2. With the notation of Theorem 1.1, if

k
thf(t) = Z cmt™ ™+ O(t*)  for some k € 7T,
m=1

then there exists C = C(f, s), not depending on x, such that for any x in the
convergence set of S

js- S qr(cs)| <<
=0

where P is the polynomial anzlds + m)c,t™ with ¢ the Riemann zeta
function.

Although this approximation allows to evaluate S(z) with a certain preci-
sion when combined with truncation, it does not give the identities included
in Theorems 1 and 2 of [4]. A natural question is whether the repaired ap-
proximate functional equation (see Proposition 4.1) can give similar identities
by iteration. We address this problem in §4. We only consider ®4(x) to get
4, (1.11)]



Theorem 1.3. If & (x) converges, then

Oy() = Y (=1VB;2ies(8;/65-1),

=0
where cg(t) = 74 1((s 4+ 1) + Py(t) with

[/
P,(t) = 5/ z7* cot(mz) (cot(mtz) — (mtz)™") d=.
1/2—ic0

__Note that the function under the integral sign satisfies the relation F'(z) =
F(z). Hence, F'(1/2+it) — F(1/2—it) is pure imaginary and thus P, defines
a continuous function [0,1] — R. For quadratic irrationals only a finite
number of evaluations of ¢, is required since §;/8;_1 is periodic in j. Rivoal
proved [4, (1.8)] that for s an odd integer, 7 *tc4(t) is a polynomial of de-
gree s + 1, for instance c3(t) = m3(¢3 — 5t +t71)/90. A calculation shows
B; = (v/2 — 1) for z = v/2 — 1. This leads to the neat identities

f: cot(mn/2) cs(v2 —1) and f: cot(mffz\/ﬁ) _ 7r3\/§.

ns - 1+ (\/5 _ 1)5—1 360

n=1

Actually, such identities can also be derived from the functional equation

(I)Qm_l(Z) + Z2m_2q)2m_1(1/2) (2)

m

m m— BQTL B2m—2n n—
= (-2 Y 2 (Qm_%)‘f L (S(2) > 0,m € Zss),
< (2n! !

where By denotes the kth Bernoulli number. The origin of (2) can be traced
back to a famous identity by Ramanujan involving {(2m+1). Similar identi-
ties for special values of Dirichlet series have been extensively studied in the
literature: see for instance [12] and the references therein. We mention that
in his first letter to Hardy [13, p. 25|, Ramanujan claimed that

Z coth(nm) 1977

= n’ 56700
which follows from (2) with m = 4 and z = i. Besides that, the letter
contains similar formulas.



Theorem 1.3 is convenient for numerical evaluations, especially when s is
an odd integer and f3; decreases rapidly. For instance, x =1 —2/(e + 1) has
linearly growing partial quotients and truncating the series in Theorem 1.3
to 7 < 14 we have

=1 2
Z — cot ( 1”1) = (.386594538965623607320723960504631135387577 . . . ,
e

n=1

where all the displayed digits are correct. This is of course far beyond any
direct computation with the original series.

Continuing the study of ®4(z), once we know that the series can be ap-
proximated by a simple series involving continued fractions as in Theorem 1.2,
we can investigate the regularity of the difference. This problem is considered
in §5, and we prove the continuity and a certain Lipschitz property for

O, (x) — 7 (s +1) Z(—l)jqj_sﬁja

see Theorem 5.1.

2. Auxiliary results on continued fractions

First of all, let us recall some basic facts about continued fractions.
When we approximate an irrational number by its convergents (1), the
error is given by the formula [10, (7.43)]

(-1

_ with «a; =10;a,41,a,42,...]. (3)
Tj+1+ Qj+1q; i =05a,0 ]

q4;r — Pj =

It is known that ¢; > Fj;, where F,,, denotes the m-th Fibonacci number,
thus 3; in (1) shows an exponential decay. To quantify Diophantine approxi-
mations, we find it convenient to introduce ||t|| for the distance from ¢ to the
closest integer and ||t||. for its signed counterpart. In terms of the integral
part |t| they are given by

el = |t — [t +1/2]] and It =t — [t+1/2].

With this notation, we have §; = ||¢;z|| if ¢; > 1, and 8; = (—=1)(¢;z — p;).
From (3) and the fact that ¢; increases with j, we deduce that

(=1 g1l € (1/2,1). (4)
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In particular, §; is comparable to qj_jl. It is also known that the p;/q; are
the best approximations of the second kind. This means that

lgjzll < lnzl|  forany g; <n < g ()

Using the relation z = [ap; a1, . . ., a; +¢;], with ¢ as in (3), it is possible
to show a; = (zq; — p;)/(pj—1 — xg;—1), which is valid even for j = 0 if we
accept the convention p_1/q_; = 1/0. Note that aq is the fractional part
of . This formula for «; implies readily

J
ﬁj:Hak for any 57 > 0.
k=0

In the rest of this section we show some specific properties of the continued
fractions for our research. When we say that p/q and P/Q are consecutive
convergents we mean that p/q = p;/q; and P/Q = p;+1/q¢;+1 for some j.
On the other hand, we say that two real numbers are J-coincident if they
share the convergents p;/q; for j < J. Equivalently, they share the partial
quotients ag, ..., a;.

The basic facts we need about J-coincident numbers are summarized in
the next simple result.

Lemma 2.1. Given o € R\ Q, all the irrational numbers J-coincident
with xy are exactly those lying in the interval with endpoints py/q; and (p;+
pr-1)/(qs+ qs_1) of length q;' (q7 + qs_1)". If J is the largest integer such
that real numbers x and xy are J-coincident, then x — xo if and only if
J — 4o00.

Proof. 1t xy = [ag; a1, as,...], the irrational numbers J-coincident with
share the partial quotients {a;}7_,. So they form the set

I = {[ao;al,...,aj,t] . t€R>1\Q}

which is an interval in R \ Q with extremes corresponding to ¢ = oo giving
ps/qs, and to t = 1 giving (py + ps-1)/(qs + qs—1) [10, (7.42)]. Its length is
obtained from p;yq;_1 — qyps_1 = (—=1)771 [10, (7.27)]. From |z — z0| < ¢;?,
we infer that x — x¢ when J — oo, and the converse follows from the fact
that the distance from g to the endpoints of I is larger than (g 1qsi2) ™"
(see for instance [14, Proposition 4]). O



Lemma 2.2. Let p/q and P/Q be consecutive convergents of z. Then
1
Q||lnx| > §|nP — myQ for q<n<Q,

where m,, is the nearest integer to nx.

Proof. We assume x # P/(Q, otherwise the result is obvious. Using (3) with
¢j = @ and gj11 > q; + gj—1, we get

1 n
nz|| = |[nx —my,| = =|nP —m,Q +
Il = nz = ol = e
for some ¢ > 1. Then the last fraction is less than 1. If |[nP —m,Q| # 1, the
result is obvious. If |[nP —m,Q| = 1, it follows from (5) and (4). O

Lemma 2.3. Let p/q and P/Q be consecutive convergents of x # P/Q. Then
for 1 < q<n<Q with q | n, we have

n||nz||;t = £¢(Q + aq),

where the sign is that of t —p/q, and o = [0; 42, ajys, .. .| with ajio, ... the
corresponding partial quotients of x if it is exactly j+ 1-coincident with P/Q).
The result also holds for g =1 if n < Q/2.

Proof. With this notation (3) reads +(¢gz — p)™' = @Q + ag. The result
follows from multiplying by ¢/n because ¢Q/n > 2 implies (nz —np/q) ™! =
[Ina|| . O

Lemma 2.4. If xg and x1 are J-coincident, then
|0 — | <4ging®  for <,

where a1 and o, are as in (3) using the partial quotients of xo and x,
respectively.

Proof. Defining f(t) = (pj+1 — ¢j112)/(xq; — p;), we have
fz1) = O‘;‘+1 and  f(zo) = ajq1.

Let I be the interval of numbers J-coincident with xy. Then the mean value
theorem implies

|01 = g | < o — ma maxltg; — ps| 7 < 4qjiiq,”,
where we have used (4) and |I| < ¢;?, see Lemma 2.1. O
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Lemma 2.5. Let xg,z1 € R\Q. Ifp/q and P/Q are two common consecutive
convergents of xog and x1, then for any ¢ < n < @ the nearest integer to
nxo and the nearest integer to nxy coincide. In fact, this integer m can be
expressed by m = |nP/Q + 1/2|, except in the case in which n = Q/2 (with
Q even) and P/Q > p/q where we have m = (P —1)/2.

Proof. The general theory [10, (7.42)] (see also Lemma 2.1 above) assures
that zo and z; belong to the open interval determined by P/Q and (P +
p)/(Q+q). We are going to check that all the values in this interval multiplied
by n have the same nearest integer. If we take this as granted,

m = |(nP/Q+1/2)*] orm=[(nP/Q+1/2)"]

depending on P/ is the lower or the upper extreme of the interval, or
equivalently, whether P/Q < p/q or P/Q > p/q. Using that |2%] = |z] if
x€Z,and 27| =z, |27 | =z —1if x € Z, we deduce the last part.

For the first part, write n = ¢P — p@Q € {—1,1}. We have

P+p P . B 1
”Q+q’”@) vith = 5o

We may assume zg > x1. If nxy and nx, have different closest integers, they
must be m and m— 1 because n(zo—z1) < 1/2. Thus we have m —nzy < 1/2
and nxy — (m — 1) < 1/2, which implies

|

nP n 1 nP
TQ Q@+ "y
Multiplying by 2@Q), subtracting 2nnP and changing the sign, we obtain
2n
Q+q

If 2 | @ we get a contradiction because the last term is less than 2. If 2 1 Q
the only possibility is

0<2nmP —n2m—-1)Q <

Q+q
o

This implies 2nnP =1 (Q), and from ngP —npQ = 1 we deduce ¢ = 2n (Q).
That gives ¢ = 2n for n < /2, and g = 2n—@Q for n > /2. This contradicts
the condition n > (Q + ¢)/2. O

2nmmP —n(2m —1)Q =1 with n >




3. Convergence and approximation

The core of the proof of Theorem 1.1 is an approximation result for certain
model sums.

Proposition 3.1. Let p/q and P/Q be consecutive convergents of a real
number x and let v(t) = ||t||;* orv(t) = ||t|7t. For k € ZT, s € R such that
s >k, we have

Y v (nx) = ((s + k)g o (gw) + O(¢"* log(29)) (6)

q<n<Q

where the O-constant only depends on s and k. Moreover, if the sum s
restricted ton < N (with N < @), then the equality holds adding the error
term O(g"1QFN1=57F).

We remark that the logarithmic factor in (6) is only needed for k = 1.

As a matter of fact, Kruse [15] studied sums of this kind for v(t) = ||¢]|~*
but we do not see how to deduce Proposition 3.1 from his results. Our
argument seems simpler anyway. The sums for v(¢) = ||¢||~* also appear in
the classic work [16] (see also [17]).

Proof. Let Sy, Sy and S3 be the contribution to the sum in (6) of the values
n, satisfying respectively ¢ | n, ¢4 n < Q/2 and gt n > @Q/2. Of course, for
q =1 we put Sy = S3 = 0 because the sums are empty.

By (3) with ¢; = g,

Sp Y 0 pH < log(29) Y (lg)~*¢" < ¢""log(2g),

g<n<Q/2 1<Q/2q
qin

where we used > |[np/q| 7% < ¢*log(2q) on each block of length ¢, since np
defines a reduced residue system modulo q. By Lemma 2.2,

Sy L Q7 Z Q*InP — m, Q™" < Q" *log Q < ¢"*log(2q),
QR/2<n<Q

since nP —m,,Q are distinct integers modulo Q when n € (Q/2,Q). If ¢ # 1,
by Lemma 2.3 we have nv(nz) = qu(gz) in Sy, and then

qSU—k(qx)Sl = qk—i-s Z (lq)—s—k’ =((s+k)+ O((Q/Q)l_s_k).

1<Q/q



Considering >, -y n~Sv*(nx) with N < Q only leads us to replace Q/q by

N/q in the O-term. The result follows from |gz| =" < Q*.

To deal with the remaining case ¢ = 1, we decompose the sum of the
statement as S] + 5%, where S| and S} are the contributions of the terms
with n < @/2 and n > /2, respectively. As Lemma 2.3 still applies to
q =1 when n < @Q/2, the sum 5] can be treated as S; while S} is bounded
the same way as 3. n

The case s < k of Theorem 1.1 follows from a simple argument.
Lemma 3.2. The series S in Theorem 1.1 is nowhere convergent for s < k.

Proof. Dirichlet’s approximation theorem assures that ||nz||~' > n infinitely
often. Since for ||nz|| small enough we have |f(nz)| > ||nz||~* by periodicity,
n~*|f(nz)| does not tend to 0 for s < k. O

of Theorem 1.1. By Lemma 3.2 we may assume s > k. If S converges,
then ¢;°f(g;z) = 0. As f(gz) > |lgz|| ™" = ﬁj’k for j large enough, we
have qj’sﬁj’k — 0 or equivalently q;sq;? +1 — 0. The latter is obvious if
T converges. Thus, in both cases, the exponential decay of 3; shows that
M; = ijj(q]-_sﬁjk+l + q;“_slogqj) — 0 when J — oo. Using f(t) =
FIEl) = el 7% + O(|I¢]*=*), Proposition 3.1 gives

Do nfw)=C(s k) Y (1 B+ O(My).

4 <n<qj+K J<G<I+K

Let Sy = > c,cnn *f(nz). If S converges, this shows that { Sy }37_; defines
a Cauchy sequence and thus 7' converges. In the same way, if T' converges,
then S, converge. By the last part of Proposition 3.1, if ¢; < N < gj1,

Sy = Sq, < i logq; + ¢ qf NP < g log g5 + 4570

This is o(1) because T' converges and s > k. Hence, the convergence of S,
implies that of S. O]

Theorem 1.1 implies the convergence results in [4] in an extended range.

Corollary 3.3. The series Y, n~*cot(mnz) converges if and only if s > 1
and Y72 (—=1)q; "qj1 converges. The series Y ", n~* csc®(mna) converges
iof and only if s > 2 and Z?io qj_squﬂ converges.
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Proof. For the first series, use Theorem 1.1 with f(¢) = cot(nt), k = 1 and
note that ﬁj_l = gj4+1 + O(g;) by (3). For the second series, take f(t) =
csc®(mt), k = 2 and note that 1/4 < ¢7,,57 < 1 by (4). O

of Theorem 1.2. Suppose that S converges. Then Lemma 3.2 implies s > 1
and hence ) n™° < oo. Thus, the difference

k o0
S — Z cmZn_SanH*_m

=1 n=1

is uniformly bounded in z. According to Proposition 3.1 the contribution
to the innermost sum of ¢; < n < ¢j41 is (s + m)(—l)jmﬁj_m + O(q;?_s).

k—s

As s > k, the exponential growth of ¢; shows that qu is uniformly

bounded. ]
4. The functional equation approach
Let us consider the partial sums
B, (2.1) Z cot(mnx)
S x? = - .
ns
n<t

of ®,. In the approximate functional equation for ®4(z, N) stated in [4, (4.5)],
one should replace | Na| by | (N+1/2)a|. Although this seems to be a minor
difference, it is essential in the iteration process. Following the same steps as
in [4], and including a forgotten pole in the application of the residue theorem
we arrive at the correct functional equation. We repeat the argument and
take the opportunity to improve some estimates. In this way we get a better
error term. Let us state our version of the approximate functional equation
for ®(x, N). Besides, we refer the reader to [18] for approximate functional
equations in the context of fractional integrals of modular forms.

Proposition 4.1. For z €]0,1\Q, N € Z* and s > 1, we have
P, (z, N) +2° '@, (1/z, (N + 1/2)z) = ¢5(z) + Ry(z, N),
where ¢, 1s defined in Theorem 1.3 and

Ry(z,N) < (z7" + N)N~*log(2N).

11



(cf. [4]). Consider
Fy(x,z) = mz"° cot(nz) cot(mxz),

which is a meromorphic function of z in C\ (—o0,0]. Set K = N +1/2. We
evaluate the complex integral of z — Fi(z,z) on the rectangular path Ry
determined by the sides Cy = [1/2 — iN, K — iN], Cy = [K +iN,1/2 4+ iN],
C3 =[K —iN,K +iN] and Cy = [1/2+iN,1/2 — iN]|. The set of poles of
Fy(z,z) inside Ry is

{keZ:1<k<N}U{ks™' :1<k<(N+1/2)z}.
By the residue theorem

1
Dz, N) +2° '@y (1/z, (N + 1/2)z) = —/ Fy(x, 2) dz.
211 RN
First, on the lines C; and Cy, we can use |cot(mz)| < coth(7|S(2)]) <«
1+|3(2)| 7t Hence cot(nz) < 1 and cot(mxz) < 1+z7|2|71. This gives for
J=12,

/ Fy(z,2)dz < 27 'N~°.
Cj

Now let us treat the contribution on C3. We know that

| cot (w(K +iy))| = | tanh(my)| and = |tanhv| < | tan(u + iv)|.

1+ |v
Then for z = K + iy with y € [-N, N|,

mtanh(nly|) 1+ zlyl
Nstanh(rzly|) z(1+|y])

|Fy(z,2)| <
Thus if Nx < 1, we have
/ Fy(z,2)dz < x_lN_S/ —7 < x "N "*log(2N),
C3 0 1 + Yy

and if Nz > 1,

1/z dy N
/ Fy(z,2)dz < x_lN_S(/ — + / x dy) < N'*log(2N).
Cs o 1ty 1

T

12



Setting
1 1/2—ic0
Tu(x) = — / Fu(e,2) d=,

2 /2+i00

we have
/ Fy(z,2) dz — Jy(x) < / y~*| cot (mx(1/2+1iy))| dy < N'*+2 'N~*,
Cy N

where the last bound follows from cot (7z(1/2 +iy)) < 1+ 2 'y~*. So far,
we have proved that

®,(z, N) +2°' 0, (1/z, (N + 1/2)z) = Ts(z) + Ry(z, N)

for some R,(x, N) satisfying the bound in the statement. It remains to show
Js(x) = cs(x). We can write Js(x) as

1 L/2=1% cot(12) p 1 Y2 cot(nz)
1 s+l “

(cot(m:z) - %) dz.

2ixm 20 J1j24ico 28

/2+io0

The first term is 7'z 7!((s + 1) by an application of the residue theorem

in the right half plane ®(z) > 1/2. On the other hand, the second term

coincides with Ps(x) in Theorem 1.3. [
Now we consider the iteration of this functional equation.

Lemma 4.2. Forx ¢ R\ Q, J € Z>o and N € Z* we have

Oy(x, N) + (—1)7 8571 (g, o) = D _(—1) 871 (esloy) + Ruley, ;).

=0
where 9oy = N and ¢; = Laj,l(goj,l + 1/2)J for j > 1.

Proof. By periodicity, we have ®4(z, N) = &,({z}, N) for z € R\ Q with
{z} the fractional part of . Note that {x} coincides with «q and also that
{1/ap} = ay. Then Proposition 4.1 implies

Pz, N) + o '@, (cu, (N +1/2)ag) = cs(a) + Ry, (N + 1/2)a)).

This is the case J = 0. On the other hand, if we subtract the cases J + 1
and J, and divide by (—=1)785!, we get

af]jrllq)s (05J+27 90J+2) + @, (04J+1> 90J+1) = cs(ayq1) + Rs(agy1, 0541),

which is Proposition 4.1 for x = a ;1 and N = ¢ ,1. Therefore the result is
established by induction. O
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The idea is to apply the formula with N and J large, and to show that
the terms in Lemma 4.2 involving R, and &, (a Ji1, P J+1) become negligible.
This requires some control of the behavior of ¢; for which we prove the
following result.

Proposition 4.3. With the notation of Lemma 4.2, for j >0
-5 < PY; — 5j,1<N+ 1/2) < 2.

Proof. Define vg = v; =0 and ;41 = «j(; + 1) for j > 1. We are going to
show that

Bict(N +1/2) = =1 < pj < BN +1/2) +7;/2. (7)
We proceed by induction. For j = 0, this is trivial. For j > 1, using the

upper bound as induction hypothesis, we get

1 1 1 1 1
pir1 < aj(pj + 5) < aj(Bi—1(N + 5) + 5(1 +175)) = B;(N + 5) + 5%

In the same way, using the lower bound gives

1 1 1
Pj+1 > (sﬂj+§)—1 > Oéj(ﬁj—l(N+§)—(1+’Yj))—1 = 5j(N+§)—’Yj+1—1~

Setting o; = (;/5;_1 in the recurrence formula for v;, it is easy to see
that

j—2
V=81 > Bt
k=0

Therefore, by (3) and g2 > qrs1 + g, We obtain

Jj—2 J

V=g (qe1 +a) < g ZQk-
k=0

e
Il
o

We have ¢,2L0~%)/2] < ¢, since 2¢; o < gx. Then «; < 4, and (7) implies the
result. O

After these preparations, we are ready to prove the identity for ®,.
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of Theorem 1.3. Given N € Z™, let J be the smallest integer such that
Bs(N +1/2) <6. (8)

This is well defined since J +— ; decreases. In fact the decay is exponential
and J satisfies as a function of N

J = O(log(2N)) and lim J = co.

N—o0

By (8) and Proposition 4.3, ¢ ;11 < 8. Then the term 5 '@, (asq1, ps11) is
composed of at most seven terms, corresponding to n < ¢ 1. If aj10 > 8§,
then a;11 < 1/8, and each term is bounded by

-1 -1 —1 -
65 Xyy1 = B:;BJ_H < QJ.;S_1(]J+2

which tends to zero by the convergence conditions (Corollary 3.3). Now
suppose ay+2 < 8 and denote by d; the denominator of [0;a 42, ...a;]. By
(4) and (5) applied to z = a1, there exists j > J + 2 such that d; <7 and
for all n <7, [[nay1| ' < djr1 < ajy1. Then

By Mnayall™ < ) 5aa " = o((g5/a41)° ") = o(d5™") = o(1),
where we have used the convergence conditions again. It remains to prove

J
Z(—l)jﬁijs(aj,gpj) —0 as N — oo.

J=0

By (8), 6 < B;_1(N +1/2) for 0 < j < J, and the lower bound in Propo-
sition 4.3 assures that ¢; > (;_1(N + 1/2)/6 in this range. This and the
bound for R, in Proposition 4.1 give

J J
(=178 Ry, 05) < Y B3 (05" + Bi2iN) (B=1N) " log (B,-1N).
=0

J=0

J

By the convergence condition, 5;_;; = q; °¢j+1 — 0. Hence

Oéj_l = ﬁj—lﬁj_l ="n; jl:f with n; — 0.

15



Furthermore, J = O(log(QN )) and s > 1. Consequently, the last sum above
is

-1

J J
N=3 " (n;B;2 + N)log (B21N) < N'™*log”(2N) + > " n;(8;-1N)
j=0 j=0

Separating the contributions of j < J/2 and j > J/2, and taking into account
the exponential decay of 8;_1 N > 1, one sees that the latter sum is

< (Bl N) '+ r§§/§lng| = o(1).

This finishes the proof. O

If we assume that ¢;°¢;j41 — 0, then the previous proof gives us the
identity ®(x) = > 22 (=1)/8;= tes (ﬁj/ﬁj_l) when either one of both sides
converges. The convergence of the right hand side is equivalent to that
of E;‘;O(—l)jq]-*sqjﬂ, which implies ¢;°gj11 — 0. On the other hand, if
®,(z) converges, then cot(wg;x) = o(gj), which implies g;*q;+1 — 0 because
7 cot(mnz) — ||nz||;t is uniformly bounded. In conclusion, we can assume
¢; °qj+1 — 0. Elaborating on this argument, we arrive at an independent
proof of the first part of Corollary 3.3.

5. Continuity and Lipschitz regularity

Due to Corollary 3.3, we know that the convergence set of @, is
C = {w eR\Q: Z(—l)jqj_sqjﬂ converges}.

On the other hand, Theorem 1.2 shows that 771¢((s + 1) Z;’;O(—l)jqj’sb’j’l
gives an approximation of ®,(z) when = € C. A simple but somehow sur-
prising fact is that the difference between the function and its approximation
makes sense beyond the convergence set, and is even continuous, in contrast
with the wild Diophantine behavior of ®,.

Somewhat deeper is that if we restrict ourselves to the convergence set C,
it is possible to show regularity in a local Lipschitz space. Recall that the
Lipschitz space A* is composed of functions satisfying

[f(z) = f(y)] < K|z —y[*
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for every x and y, with K an absolute constant. On the other hand, given
xo, the local Lipschitz space A*(zq) consists of the functions satisfying the
same inequality with y = xg but K may depend on x.

Keeping in mind Theorem 1.3, another possibility, which we do not ex-
plore here, is to consider the regularity of the difference between ®, and
>(=1YB5 8

Theorem 5.1. For s > 1, let

K4

-1

A(z) = lim < Z cot(mnx)  ((s+1) - 1)jqj_55j>-

J—00 ns T
n<qj

.
Il
=)

Then A : R\ Q — R is continuous. Given zo € C and 0 < p < min(s —
1,2)/(s* + s), we have A € A*(xy).

The key aspect of the convergence set that allows to get a Lipschitz ex-
ponent is that when {g;}32, has a controlled growth, the separation between
two numbers cannot be less than a certain function of the last common g;.

Lemma 5.2. For xy € C and s > 1, there exists C = C(xo,s) > 0 such that

S(S+ |.Z'1 - .I’()l > C

forany J € Z" and any x, € R such that xo and x1 are not (J+1)-coincident.

Proof. We may assume that zo and x; are J-coincident because {g;}32, is
increasing. The result is trivial for |x; — 29| > C, and choosing C' small
enough, |7 — x| < C implies that J is as large as we want by Lemma 2.1.
In particular we can suppose g;41 < ¢j for j > J by the convergence of
Zﬁo(—l)j%ﬂq;_s

Let us write v; = [a;;aj41,...] and 5; = [a;;aj11,. .. ], where a; and @
are the partial quotients of xg and x1, respectively. By the recurrence formula
for ¢;, we can write (3) for j = J as qyz —p; = (—1)J(7J+1qj + QJ_l)_l
Then

|Yr+1 — Va1l > V41 — ’YJ+1| (9)
(Vo1 +@-1/07) Vo1 + @r-1/qs) —  4ajGr4
We have ajyq # a1 because xy and x; are not (J + 1)-coincident, and

ajp1 < ¢5 " because qry1 < ¢5. If |ay1 — dyya| # 1, this and (9) ensures
that

Q3|$1 - il?o! =

9 IGJ+1 - ClJ+1| 1 2-2s
qylz1 — ol > = > 524
Aj+1a5+1 aJ+1
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which is stronger than the stated result.

The remaining cases ay,1 — ayy; = +1 are symmetric. We focus on the
case ayjy1 — ayr1 = —1, the positive sign case follows by replacing a1 by
ay11 and vy41 by 7y41. We have

Yre1 = lagyi;ag4e, ... ] and  Frg =laga + 15000

Ifayio # 1, then vy —Fse1| > 1 and ¢3|zy — 0| > a}il > q?]_% as before.

On the other hand, if a;,0 =1,

- 1 1 4742
Vi1 —Yor1 > agpn+ 11— (a0 + — ] > > :
I+ajz; 2a743 29743

Substituting in (9), we obtain

1—
QJ+2/ qj+3 QJ+S2

(@r+1/a0)* ~ 7%

@5l@1 — x| >

where we have used ¢;11 < ¢j for j = J and j = J + 2. Finally, the result
follows by using qjy2 = qs+1 + q7 < 2q41 < 245. O

The next auxiliary result essentially allows us to pass from 7 cot(wt) to
(i

Lemma 5.3. Let s > 1 and suppose that u : [—1/2,1/2] — R has a bounded
derivative. Then 6(x) =7 n~*u(||nz||.) is continuous at every xo € R\Q.
For every xg € C, we have § € A" (xq) with pg = (s —1)/(s* + s).

Proof. The series is normally convergent because s > 1 and u(||nz|.) is
bounded. Thus the convergence is uniform, and the first part of the result
follows because the partial sums are continuous functions R\ Q — R.

For the second part, given x close to x(, let J be such that they are
J-coincident but not (J 4 1)-coincident. By Lemma 2.5, ||nz|. — ||nzoll. =
n(x — xo) for n < ¢;. Then by the mean value theorem,

n(r —x 1 s —s
5(x)—5(x0)<<Z%+ZE<<(IOMJ+Q3 )& = ol +¢57"
n<qy n>qj

Lemma 5.2 proves ¢; ° = O(\x — :U0|“0) and the other term is negligible
because by Lemma 2.1, ¢ < | — o|~"/2. Then for 1 < s < 2 we have that
q5 |z — mo| contributes O(|z — xo[*) and s/2 > po. O
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Our last auxiliary result controls the variation of ||nx||;* when evaluated
at J-coincident numbers.

Lemma 5.4. Let 79 € R\ Q. Define D,(x) = ||nz||;' — ||nzo||;* for any
xr € R\ Q which is J-coincident with o, and rj(n) = np;+1 — gj+1m with m
as in Lemma 2.5 for P/Q = pj+1/q;+1. Then, for every integer n satisfying
q; <n < gjp1 for somel < j < J, we have

(44;qj11)* . dngs, .
D,(x)| < ———— ifq;|n and |D,(z)| < x—xo| if ¢ T n.
D) < HL g Do) < St ot

Proof. If ¢; divides n, then by Lemma 2.3 (note that j > 1 assures that
¢; > 1) and Lemma 2.4,

n|Dy(2)| = ¢ |y — oy | <4476 005

which is the first bound.
Let us consider now the case ¢; { n. By Lemma 2.2, ¢;11||nzx| > |r;(n)]/2.
Hence, substituting ||nz||. = nz — m in the definition of D, (z),

nlrg — x dng?
Da(o)] = ot < T,
[nzollllnz| — rj(n)
and this finishes the proof. O

of Theorem 5.1. By Lemma 5.3 applied to u(t) = 7 cot(wt) — ¢t~ it is suffi-
cient to prove the result for V"= mA — § because pg > p. We have

. . anH;l j —S
V= lim V; with Vi(z) = <Z I ((s+1) ZJ(_l)]qj B
n<qy J<

Given J and xzy € R\ Q, for z € R\ Q close enough to xy so that they are
J-coincident, Proposition 3.1 implies that |V (z) — V;(z)| and |V (z) — V,(z)|
are less than C’q}]_s with C' only depending on s. Then

|V(m) — V(xo){ < ’VJ(x) — VJ(xo)‘ + Cq}_s. (10)

The finite sum V is obviously continuous as a function R \ Q — R. Thus
we have Vj(z) — Vj(xo) — 0 as x — . Choosing J sufficiently large, we get
V(z) —V(z9) — 0 and this concludes the proof of the first part of the result.
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To prove V' € A¥(xg), consider for each x # xy close enough to xg € C
the integer J = J(x) such that zy and = are coincident but not (J + 1)-
coincident. As zy € C we mat assume J > Jy > 1, where J; is such that
q; > g1 for every j > Jo. By Lemma 5.2, ¢1 7 < |z — 20|~/ (*+9) and this
exponent supersedes p. Then by (10) we have to prove that Vy(z)—V;(xg) =
O(|x — m0|“) uniformly in x and consequently in J. We write

Vi(x) — Vi(zo) = L(x) + Wi(x) + Wa(x)
with L € A'(z) taking care of the terms 0 < j < Jy, and where

mw =y (2 P ey )

j=Jo “qj<n<gji1 4
a5ln

and

B3>

j=Jo ¢;<n<qj+1
ajtn

Here D, is as in Proposition 5.4. Our goal is to show
Wi(x) = O(]:c - x0|”) and Wa(x) = O(]:c - x0|”) (11)

with O-constants not depending on z.
By Lemma 2.3, D,(x) = n~'q;D, () in the innermost sum of Wy(z).
Then, by Lemma 5.4,

J— q q —s a; s J—1 qz_SQ’
-3 P S o 3 ()5 el
9 k>qi41/45 j=Jo 0 K = U

with an absolute constant. This is O( 175), O( 1= log qJ) or O(qj ) accord-
ing to s < 3, s =3 or s > 3 which we summarize as O((log ¢;)q;, min(s—1, 2)).
Lemma 5.2 shows qJ = O(|x — x|V +5)). By our hypothesis on u, we
obtain the first bound in (11).

Proving the second bound of (11) follows similar lines. By Lemma 5.4,

4 4 1
,x_x0|<<z Z nsf:l <<Zj+1 Z r2(n)

J=Jo ¢;<n<qjt1 Jj= JO g <n<gji1 J
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As rj(n) = npji1 (gj41), the 7;(n) take distinct integer values. Therefore the
last sum is uniformly bounded. Thus, recalling q¢; > g;41,

J—1 2
Wy(z) < |z — 0 Z Git1 |z — x0|q§+l/s.

1-1/s
j=Jo 4j+1
By Lemma 2.1, ¢3|z — x| < 1. Hence |z — zo|qh™* < o — x|~ D/29) . Now
(11) follows from (s —1)/(2s) > po > p. O
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