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REGULARITY OF THE STRESS FIELD FOR DEGENERATE AND/OR
SINGULAR ELLIPTIC PROBLEMS

LLEDOS Benjamin[]

ABSTRACT. We investigate the regularity of the solutions to degenerate and/or singular elliptic
equations. We prove the continuity of G(Vu) where u is a locally Lipschitz solution of div G(Vu) =
A € R in dimension two under some growth assumptions on G. Additionally, we establish a result
that holds in any dimension, indicating that the separation between Vu and the degeneracy set of
G is continuous.

Mathematics Subject Classification: 35B65, 35J62, 35J70, 35J75, 49N99.

1. INTRODUCTION

1.1. A first example. In this article, we establish the continuity of certain functions of the gra-
dients of solutions for elliptic partial differential equations. For instance, let us consider a locally
Lipschitz continuous function u, which is defined on an open subset € of R?, and minimizes the
following functional:

(1) v — /Qap(VU) — v

among the functions in Wy?(Q). The set Wi3(Q) is the set of functions v € L2(R), with a
distributional gradient that is also in L?(£2), such that « and v have the same trace on the boundary
00 of ). Here, we assume that A € Ry and ¢ has the following form:

e if |z] <1,
(2) o(z) :==q [2] -4 if 1 < |z| <2,
el 4} 2 <]

This convex function is not strictly convex and is not C?. Hence, we cannot apply the classical
regularity theory for smooth strictly convex functions. The case where we do not have ellipticity
at only one point has also been well studied. For instance, in the case of the p—Laplacian when
¢(2) = |2|P with p > 1 we know that the solutions are C1**. However, in our example, D?p(z)
has an eigenvalue equal to 0 on the entire annulus {1 < |z| < 2}. Thus, we cannot use the results
already known when the set of degeneracy is just a point.

For this kind of problems, we know that we can not expect u to be C! on Q. In fact, by [9]
Theorem 1] the function

- %\xP if || < 2,
(3) u(z) == O+l _ g2 2
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is a minimizer of (I) with ¢ as in (2)) on the set Wy ?(€) with its own boundary condition.

The problem (1) with ¢ as in (2]) was introduced by Kawohl, Stara and Wittum in [23] where the
authors want to prove the uniqueness of the solutions. They assume that €2 has several symmetries to
establish the Lipschitz continuity of the level sets of the minimizers. However, we prove in this article
that 2 need not have any symmetry to achieve this result. This shows that a good understanding of
the regularity of the solutions can be useful to prove the uniqueness of the minimizers. Nevertheless,
for with ¢ as stated in and A € Ry, [27, Theorem 1.1] presents a direct proof of uniqueness.

Since in general, u is not C!, one of our main objectives is to prove the continuity of Vo (Vu).
This new result has important applications, such as the local C* regularity of the solution around
points where the gradient has a norm either smaller than one or larger than two. In addition, this
demonstrates that, in general, the level sets of a solution are C! curves.

More generally, the aim of the article is to prove this kind of continuity estimates for various
non-strictly convex functions defined on R?. These estimates are provided in the broader context
of elliptic equations, which also encompass the Euler-Lagrange equations linked to minimization
problems. In Theorem we partially generalize these results to any dimension N € N.

1.2. General problem. Let G : RY — R¥ be a continuous function with N € N. In this article,
we study the regularity of locally Lipschitz continuous weak solutions of the following equation:

(4) div G(Vug) = f in Q

with © an open bounded set of RY and f: RY — R in W14(Q) with ¢ > N. We assume that G is
monotone in the following sense:

(5) (G(z1) = G(22),21 — 22) 2 0

for every z1, zo € RV. By solution, we mean every locally Lipschitz function ug such that

| (Gvu).ver =~ [ o

for every function 6 € C3°(£2). When G is the gradient of a convex function ¢, we obtain a nonlinear
elliptic equation that can be seen as the Euler-Lagrange equation associated to the minimization of

(6) /Q o(V0) + fo.

Many results state that the solutions are locally Lipschitz under suitable growth on G at infinity,
see e.g. [7], [8], [16] and [I7]. The main goal of the paper is to prove the continuity of the stress
field G(Vug) depending on the assumptions of G and f.

If G is smooth and if there exists C' > 0 such that

1
6|A —~B*<(G(A)-G(B),A—B)<C|A - BJ?

for every A, B € RY then the solutions of (@) are C* when f € LP(Q) with p > N, (see [I8, Theorem
6.33]). This is the case for instance for the Poisson equation when G = Id. When there exist A
and B two distinct vectors of RV such that (G(A) — G(B), A — B) = 0 we say that the equation
is degenerate. If we cannot bound from above (G(A) — G(B),A — B) by a constant times the
quantity |A — B|?, then we say that the equation is singular. In these two critical frameworks, the
C! regularity is not guaranteed.
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However, the study of the regularity of the solutions for degenerate and /or singular equations with
a large set of degeneracy and/or singularity is a recent and dynamic subject. In the seminal paper
[1], the authors study the partial C1® regularity of the solutions. Namely, let up be a minimizer
of @, if z € Q is a Lebesgue point of Vug such that ¢ is C? and D?¢ is positive-definite on a
neighborhood of Vug(z), then there exists an open neighborhood U of x such that ug € CH*(U). If
we apply this result to ¢ as in then there exist two open sets U; and Us such that ug € CH® on
these two sets. Moreover, |Vug| < 1 on Uy, |Vug| > 2 on U and for a.e. x € Q\(U; U Uz) we have
1 < |Vup(z)| < 2. The drawback of this result is that we do not know the behavior of Vug at the
boundary of the set where v € C1®. Specifically, as x approaches OUs N € from the interior of Us,
will |Vug(z)| converge to 27

Some results of our paper use ideas from [I5]. In this article, De Silva and Savin prove, in
particular, two theorems stating that the minimizers of @ with f = 0 and ¢ strictly convex, are
Cl. The first one is [I5, Theorem 1.1] where ¢ is not singular and degenerate on the same set. The
second one is [I5, Theorem 1.2] where ¢ is not singular except at a finite number of points.

There is a recent family of results when the set of degeneracy or singularity is convex. In this
case, G = Vp with ¢ a convex function that is strongly convex outside a convex set C' containing
the origin. Let us quote two results of continuity everywhere on 2. The first one is an article
of Santambrogio and Vespri [30, Theorem 11| in dimension two and the second one an article
of Colombo and Figalli [I4, Theorem 1.1|. In the latter case, the authors prove that F(Vu) is
continuous on {2 when F' is a continuous function that vanishes on C. When ¢ is as in , thanks
to [14, Theorem 1.1] we get that (|Vug| — 2)4+ is continuous on €. In our paper we obtain a similar
result for (1 — |Vug|)+ even if the set of degeneracy is not convex.

In the vectorial case, the article [4] extends [I4] for a particular ¢ that is equal to %(| = 1R
with p > 1. It would be interesting to see if we can extend the results of our paper to the vectorial
case.

1.3. Main results. We state the new results of this paper. Theorem[I.I} Theorem|[I.5|and Theorem
are only valid in dimension two. Theorem which is valid in any dimension extends [28],
Theorem 2.1| with a larger class of degeneracy sets.

Theorem 1.1. Let us assume that G € Cloo’i (R%) and f = 0. We also assume that:

(A7) for every L > 0 there exists Cr, > 0 such that for every z1,ze € Br(0) :
(G(z1) — G(22), 21 — 22) > CL|G(21) — G(22)]2.
Then for every solution ug of the function G(Vug) is continuous.

Remark 1.2. We point out that (A44]) does not imply that G is strictly monotone or a gradient of

a convex function. However, if G is the gradient of a Cllo’i (R?) convex function, then it satisfies (A1)
1

with Cf, = )
L IDG (8, 0))

Moreover, we have an explicit modulus of continuity:

Remark 1.3. Let ug be a solution of . Then, for every x € Q, for every y € Buaistz00) (x), we
2

have
|G(Vuo(2)) = G(Vuo(y))| < Cw(lz = yl).
Here, C' > 0 is a constant depending on the Sobolev norm of G(Vuy) :



4  REGULARITY OF THE STRESS FIELD FOR DEGENERATE AND/OR SINGULAR ELLIPTIC PROBLEMS

9L

C =+ 27T|’G<vu0)|’I2W172(Bdist(;,99) (z)) < UK

where L = |[Vug|| e and K > 0 depending only on ||[DG|[r(p, o)) and Cf, the

B3gist(z,00) (%))

. . 1

constant introduced in ((A;]).
Moreover, w is a modulus of continuity independent of ug, for every 0 < r <

1

\/m (dist(y;, 8Q)> ) ln(T).

When f € R is not equal to zero, we can extend the previous result under structural assumptions
on G. In order to state the next result, we need the following definition:

dist(z,000)
2

w(r) =

Definition 1.4. We say that a convex function A" : RN — R, is a pseudo-norm if N'(0) = 0, N is
positively homogeneous and {z € R such that AV(z) < 1} is an open strictly convex bounded set
with a C1! continuous boundary.

It is important to notice that N is not necessarily symmetric. Hence, the definition of a pseudo-
norm is more general than the definition of a norm with C! level sets.
The next theorem is stated when f = A € R and G is the sum of gradients of convex functions:

n

Theorem 1.5. Let us assume that f = X € R and G = ) G; with n € N. Here, the functions
i=1

(Gi)i<i<n are gradients of convex functions (p;)i1<i<n that have one of the two following forms:

(A2) 0i(2) == fi(Ni(z = &)) and fi(z) =0 2 =0
with f; € Cl1 O’Cl (R) a convex function, N; a pseudo-norm and &; € R2.
(As) pi(z) == fi({z,&))

where f; € CN(R) is a convex function and & € R2\{0}.

loc

Then for every solution ug of the function G(Vug) is continuous.
Remark 1.6. In this article, we use the convention that 0 ¢ N.

We can apply Theorem to G = Vi with ¢ as in . Hence, Vi(Vug) is continuous. In this
particular case, [1 — |Vug|]+ is continuous which is a new feature that can not be obtained with
[14], [28] or |30] since the set of degeneracy is an annulus. Thus, we know that |Vug(x)| has to go
to 1 when 2 converges to the boundary of the open set {z’ € Q such that |Vug(z')| < 1} from the
inside. This new result is useful to study global regularity of the level lines.

Theorem can also be used for orthotropic type functionals. By orthotropic we mean that
G = Ve and ¢ is the sum of convex functions z — ¢;(z) that depends only on one coordinate of z.
Hence, if p(z) = |z1|P* +|22|P? with 2 < p; < p2 and with z; := (2, €;), then Vo (Vug) is continuous.
In the singular case where 1 < p; < 2 < py we have the following result:

Theorem 1.7. Let us assume that f =\ € R and G = G1 + G4 with
Gi(z) = fi({z,&))&
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where fi € Cllo’cl(]R) and fo € C1(R) ﬁCllo’i(R\{O}) are two convex functions and &1, & € R?\{0} are
non colinear. Moreover, we assume that there exist r > 0 and a modulus of converity w: Ry — Ry
for fo. Namely, w is a continuous function satisfying w(t) = 0 < t = 0 such that for every

x,y € (—r,r) we have
(f2(2) = fs)(@ —y) = w(|z —yl).
Then for every solution ugy of the function G(Vug) is continuous.

Theorem 1.7 can be used to prove some regularity results of the solutions in the case of orthotropic
functionals with more general growth than power-type growth. In fact, if p(z) = |21[P* +|22|P? with
1 < p1 <2< pyasin a case of [5] then the functional is singular on {z; = 0} and degenerate
on {z2 = 0}. Hence, this is only when z = 0 that we have both problems. In our case, the set
where ¢ is singular and degenerate at the same time can be a line. For instance, we can consider
fi() == (Jt| = r)2 and fo(t) = \t\% for every t € R. But we do not have the C! regularity in that
case.

O2u
However, the two functions (|0jug| — r)4+ and ‘ 2 71 are continuous. We can see that the
Oaugl2
continuity of this last function implies the continuity of daug. Hence, the regularity of G(Vug) can
be useful when we exploit the local properties of G. For instance, in the setting of Theorem

Theorem or Theorem we have a local C' regularity result:

Proposition 1.8. Under the assumptions of Theorem[I.1, Theorem[1.5 or Theorem G(Vup)
has a continuous representative o. If G is a homeomorphism between two open sets U and V' then

ug € CI(O'_I(V)),

In the case where 0 ~1(V') = Q then ug is C!. The above proposition can be seen as an extension of
what is known in dimension one. For instance, [12, Theorem 15.5] states that a Lipschitz minimizer
ug of ff F(z,u(z),u (x))dz is C' when y — F(z,uo(z),y) is strictly convex for a.e. x € (a,b).

This proposition is useful in the case of orthotropic functionals with ¢(z) = |21|P* + |22/P2. The
first result on this subject [I5, Theorem 1.1] provides the C' regularity of the locally Lipschitz
minimizers when the problem is fully singular: 1 < p; < py < 2 or fully degenerate: 2 < p; < po.
We point out that we can use Theorem and Proposition to obtain a new proof of the C!
regularity of ug in the degenerate case 2 < p; < po.

The singular and degenerate case where 1 < p; < 2 < pg is studied in [5] using ideas of [I5] but
Proposition combined with Theorem gives a new proof of the C! regularity in this case. The
fully singular case 1 < p; < po < 2 is out of the scope of Theorem @] and Theorem @ unless
p2 = 2. Some other cases with different exponents can be found in the following papers: [6], [20]
and [29].

Under the assumptions of Theorem [[.5] when G is the gradient of a convex function ¢ that

depends only on the Euclidean norm, we have that @i%gzgg‘ = |§zgl is continuous when Vug # 0.

This allows to define the normal of the level sets as a continuous function. Consequently, we have
the following result on the regularity of the level sets of a solution:

Proposition 1.9. Let ¢ be a radial Cllo’c1 (R?) convex function and ug a solution of (@) with G = V.
We denote by o the continuous representative of Vi(Vug) obtained in Theorem . Then for a.e.
t € R, the connected components of [ug = t] N [o # 0] are C* curves.
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Our last result is an improvement of [28, Theorem 2.1]. In this article, Mooney considers a C!
convex function ¢ and proves that the Lipschitz minimizers of

u—>/Q<p(Vu)

are C! under some assumptions on . He introduces the sets

1
O = {2z eR", %\v|2 < (D?p(z)v,v) < k[v|? for every v € R} and D, = RM\ [ Oy
=

Then [28, Theorem 2.1] establishes that if ¢ is C? outside Dy, and if D,, is a finite set of coplanar
points, then the solutions are C!.
In order to state the last theorem, we assume that there exists a compact set Dg such that

G € CY(RM\Dg) and Dg = RN\ |J O}, with this time
keN

1
Oy := {z e RV, %|v|2 < (DG(z)v,v) < k|v|* for every v € RV},
For every t > 0, we introduce the closed t—neighborhood of a set U as
Ny(U) := {z € RY such that dist(z,U) < t}.

Theorem 1.10. Let us assume that f € WY9(Q) with ¢ > N, D¢ is contained in a plane and
has finitely many connected components. We assume that there exists tyg > 0 such that for every
0 <t < tg the connected components of N¢(Dg) are simply connected. Then, for every solution ug
of , dist(Vug, Dg) and dist(Vugy, Dg) X Vug are continuous. Moreover, if G is constant on each
connected components of D¢, then G(Vug) is continuous.

This assumption on the simply connected neighborhoods is satisfied when the connected com-
ponents of Dg are simply connected with a Lipschitz boundary. The main difference between this
result and [28, Theorem 2.1] is that the degeneracy set D¢ is not just points. However, even if the
conclusion is weakened, the solutions are still C! around points z € Q such that Vu(z) is outside
this set of degeneracy. Furthermore, we prove that the distance between Vu and the degeneracy
set is a continuous function.

This extension is natural in the sense that this is an improvement of [28] comparable to the
improvement of [14] and [30] to the p-Laplacian case. In fact, we view [I4] or [30] as an extension of
what is known for the p—Laplacian case, where the set of degeneracy is one point, to the case where
the set of degeneracy is larger. This is exactly what we are doing in Theorem [I.10] with respect
to |28, Theorem 2.1]. Here, it is proven that the distance between Vug and the degeneracy set is
continuous.

The study of the regularity of the solutions of with a right-hand side f € L4(Q) with ¢ > N
is a widely studied subject in the classical framework of uniform elliptic equations and degenerate
problems. It is the case in [4] and [14] for instance. In our case, the right-hand side belongs to the
smaller set of Sobolev functions: f € W14(Q) with ¢ > N.

It is important to notice that the case where G is constant on each connected components of D¢
does not cover the framework of Theorem [I.1, Theorem and Theorem since the connected
components of D must be simply connected. That is not the case when G = Vi with ¢ as in ,
for example.
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1.4. Ideas of the proofs. The proof of the continuity of G(Vug) in Theorem[I.1 Theorem[I.5 and
Theorem uses ideas from [I5]. In this article, the authors prove the C! regularity for Lipschitz
minimizers of the following functional:

v—>/QF(Vv).

A major difference between our article and [15] is that we do not require G to be strictly monotone,
which, as expected, weakens the conclusion. The solutions are not necessarily C' as shown in (3
but Proposition provides a partial answer to that.

We can divide the proofs of Theorem Theorem [I.5 and Theorem [1.7] in four parts:

Part 1 We regularize GG in order to work with smooth elliptic equations of the form

div G"™(Vtm) = fm-

We have to be careful when we approximate our problem since the functions (G™),en have to share
some properties of G such as the pseudo-norm structure or the orthotropic form.

Part 2 As in [I5], we want to prove that [[G™(Vum)||p1.2q) can be bounded uniformly in
m € N. Since Theorem [1.1]is stated for a function G that is not necessarily the gradient of a convex
function, we have to adapt some ideas of [15] to the setting of partial differential equations. In the
case of Theorem [I.1] and Theorem [I.5] we prove the following result:

Proposition 1.11. We assume that G € CY(RYN) satisfies the assumptions of Theorem or
Theorem 1.3, Then G(Vu) € wrh(Q).

loc

We have an analogous result in the framework of Theorem In our case, we have to combine
some results of [I5] with an adaptation of [I3, Theorem 2.1] to obtain Sobolev estimates in this
particular framework. Hence, we can avoid the singularity at the origin with the following result:

Proposition 1.12. We assume that G € CY(RY) satisfies the assumption of Theorem |1.71. Then
for every Q' @ Q and every r > 0:

@ | viEvn)P < cG.ne)

where U, == {x € Q such that |(Vu(x),&)| > r}. Moreover, G1(Vu) € VV;’S(Q)

There exists several other results about the Sobolev regularity of G(Vu) with more general right-
hand side f. We can cite the recent papers: [2], [10], [LI] and [21] for instance.

Part 3 We use this uniform estimate to obtain a uniform modulus of continuity. The original
idea, specific to the dimension two, is due to Lebesgue and is used e.g. in [I5, Lemma 2.1] and [26],
Lemma 3.1]:

Proposition 1.13. Let H € Wl’Q(Q). If for every € > 0 and every xg € Q there exists C(e,xg) > 0

loc

such that for every 0 < § < dist(xg, 0N):
05CR;(w)H = € = 05CaB, () H = C(e, 20),

then H is continuous at xo. Here, oscg(zoH := sup |H(z)— H(y)|.
z,y€Bs(x0)

The second tool is a classical maximum principle, see e.g. [19, Theorem 3.1|:
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Proposition 1.14. Let u be a C3 solution of with G € C% and f = A € R. Then for any
e € SN and any open set Q' € Q, we have that

sup deu(z) = sup Oeu(z).

zeQ) ey

This maximum principle is used as in [I5] to prove that G™(Vu,,) satisfies the assumptions of the
result from Lebesgue uniformly in m € N. Hence, the functions G™(Vu,,) are uniformly continuous
inm e N.

Part 4 We pass to the limit when m goes to +o0o and we prove that the sequence G™(Vu,)
converges uniformly to G(Vuyg).

The strategy of the proof of Theorem [I.10]is different. Since the result is stated in any dimension,
we can not use the result from Lebesgue. The proof is an adaptation of the one from [28, Theorem
2.1]. In our case, the result is stated with partial differential equations and with a non-zero right-
hand side f € W14(Q) with ¢ > N, which create some technical difficulties.

The proof shows that one of the two following cases occurs:

e cither Vu(B,(zy)) is outside the degeneracy set D¢ for r small enough.

e or Vu(B,(xp)) is inside the convex hull of D when r is small enough.

In the first case, we are reduced to the framework of uniform elliptic partial differential equations
and the conclusion follows from classical results. In the second case, we use the fact that the set of
degeneracy D¢ is in a plane to show that either Vu(B,(xg)) converges to a point outside Dg when
r — 0 or Vu(B,(x)) is contained in a neighborhood of D¢ when r — 0.

1.5. Plan of the paper. In the following Section 2, we approximate our equation by smooth
equations in order to work with smooth functions. We also prove that if we pass to the limit, we
obtain a solution of . In Section 3, we prove a uniform continuity estimate for Theorem and
Theorem thanks to a uniform Sobolev estimate. Section 4 is devoted to the proof of Theorem
for approximated solutions. In the subsequent Section 5, we prove an intermediate result for
Theorem [1.10} Finally, we pass to the limit in Section 6 to obtain the final conclusions. Section 7
is an appendix about classical results for the Minkowski functional used for the pseudo-norms.

2. APPROXIMATIONS OF THE SOLUTIONS BY SMOOTH FUNCTIONS

In this article, we assume a priori that the solution ug of is locally Lipschitz continuous.
This regularity can be obtained under a uniform convexity condition at infinity. For instance, we
can apply [16, Theorem 4.1] or [7, Theorem 2.1] when there exist C' > 0 and R > 0 such that
G € CY(RN\Br(0)) and

Q SR < (DG()z.) < Clel?

for every z € RV\ Br(0) and every ¢ € RY. Under these assumptions for every Q' € € there exists
a constant L := L(Y, R, C) such that ||Vuol|pe oy < L.

Since we want to prove some local regularity results, we can assume that ug is globally Lipschitz
continuous on {2. Hence, we can change G outside a sufficiently large ball in order to assume that
there exist C' > 0 and R > 0 such that G satisfies .

In this section, we describe an approximation argument for the proofs of the main theorems,
which must be adapted for each theorem in order to have smooth approximations (G™),en that
have the same properties as G and uniformly in m € N.

We begin with an infinitesimal version of the assumption :
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Lemma 2.1. Let L > 0 and H be a C' function that satisfies (A]). Then there exists Cr, > 0 such
that for every z € Br(0) and every v € RN we have:

(DH(2)v,v) > Cp|DH(2)v|*.
Proof. This result is true when v = 0. By assumption (A;]), we have that for every z € B (0), every
v € RV\{0} and every 0 < h < Lol

[v]

(H(z + hv) — H(2),hv) > Cr|H (2 + hv) — H(2)|2.

By dividing this last equation by h? and letting h go to 0, we get:
(DH(2)v,v) > Cp|DH(2)v|*.
O

We use this new version of ({A44]) in order to approximate G in the framework of Theorem In
this section, the constant L > 0 is such that |[Vugl|pe(q) < L.

Proposition 2.2. If G satisfies the assumptions of Theorem then there exists a sequence of
smooth functions (G™)men converging uniformly to G on Br(0) that satisfy the same assumptions
as G and uniformly in m € N. Namely, there exists Cy > 0 independent of m € N such that for
every z,& € RV we have

(4) (DG™(2)¢,8) > C1|DG™ (2)¢]*.
Moreover, DG™ is invertible everywhere for every m € N.

Proof. Let (pm)men be a standard radial mollifying sequence with support in B1 (0). We introduce

the convex function ®(z) := (|z| — 2L)% for every z € R? with L the Lipschitz constant of uy and
0 € C5°(B4r(0)) such that 0 <6 <1 on RY, § =1 on Bs.(0) and V0| oo (mvy < 2,
We set

1
G™:=0(G*pp) + KV + —1Id
m
where @ := ® x p,, and K > 0 to be fixed later. Thanks to ® and the regularity of G, G™
satisfies uniformly in m € N. Since we add the identity in G™, we have that DG™ is invertible

everywhere. It remains to check that G™ satisfies the assumption (A4})) uniformly in m € N.
For every z1, 29 € R2 we have

(G * pm(21) — G * pm(22), 21 — 22) > /RZ<G(21 —y) = G(z2 —y), (21 —y) — (22 — ¥)) pm(y)dy.

Thus, by assumption (A;]) we obtain that

(G (1) = G pa(ea). 21 = 20) = Cavs [ 161 =) = Glea = )Py
for every z1, zo € B3, (0). By Jensen’s inequality we get that

(G * pm(21) — G * pp(22), 21 — 22) > Ca141|G * pm(21) — G * pi(22)°.
Hence, by Lemma [2.1] we obtain that

(DG * pp(2)€,€) > C3111|DG * p(2)€]?
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for every z € B3z (0), every ¢ € RV and every m € N. In we can assume that |{| = 1. For
every z,& € RY with |¢] = 1 we have that:
(DG™(2)€,€) = 0(D(G * pn)(2)€, &) + K(D*@™(2)¢,€) — |VO||D(G * p) (2)]
and
|DG™ (2)€? < A(IVOP|G * pn(2)|? + 62[D(G * pm) (2)]* + K*|D*@™ (2)¢[*).
If z € B31(0), then 6(z) =1 and Vé(z) = 0. Hence,
1 1 .
(DG™(2)€,€) 2 7 min{Csr41, 5oz } DG (2)¢.
If 2 ¢ Byr,(0) then DG™ = K D?®™. Thus,
1
DG™ > — |DG™(2)&)?.
(DE™(2)6.8) > S\ DG (2)e

Finally, if z € Byz,(0)\Bs.(0) then we can bound |V6| from above by #. Hence, we want to find
C > 0 such that:

KD (2)6,€) > 40( 741G« pm(2)* + DG 5 p) () + K7 D27 (2)]?)

+2ID(G % p) ()]

By definition of ®, when m is large enough this is equivalent to
4K _ 2 4
S5 2 2ID(G # pu) (] +AC (516 # pun(2) P + D(G 5 pu) (2)? + 4K7).

By global Lipschitz regularity of G on B := Byr(0) we can choose the two constants K :=
K(L,||DGl|pe()) > 0 and C = C(L,||DG||r~py) > 0 such that this last inequality is true.
Hence, by taking C; as min{C, SLK, 032“} the assumption (A}) is satisfied uniformly in m € N.

O

In the case of Theorem we proceed as follows:

Proposition 2.3. If G satisfies the assumptions of Theorem then there exists a sequence of C*
functions (G™)men converging to G uniformly on Br(0) that satisfy the same assumptions as G
and uniformly in m € N. Moreover, DG™ is invertible everywhere for every m € N.

n

Proof. In the framework of Theorem (1.5 we have that G = Y V; with ¢;(-) = fi(N;(- — &)) or
i=1
i) = fi(( &)

For L > ||Vug||p~(q) and every 1 < i < n, we introduce:
fi(=2L) + fI(=2L)(t + 2L) + (t + 2L)? ift < —2L
fit) =< f:(t) if —2L <t<2L,
fi(2L) + fI(2L)(t — 2L) + (t — 2L)* if t > 2L,
and ®(z) = (|- | — 2L)%. We divide the rest of the proof in four steps.
_Step 1 If i(-) = fi((-,&)) then we set GJ"(+) := V[f"({-,&))] for every m € N with f"(-) :=
fi* pm() + %‘ ) ’2'
Step 2 If ;(-) = fi(Ni(- — &)), we proceed as follows. We introduce C := (N;)71({[0,1)}), then
N is the convex gauge v of the convex set C. We regularize y¢ by convolution: ¢ := v¢ * pp,.
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For every m € N, the function @ is convex and has strictly convex lower level sets thanks to
Proposition [7.2) n By Sard’s theorem, we can define Cy, as (%)~ 1({[0,7,,)}) with 7, — 1 when
m — 400 selected such that C,, is smooth. Moreover, we can assume that there exists r > 0
independent of m such that B,(0) is in the interior of Cy,. Then we define N/ as the gauge of Cp,.
Hence, by Proposition N is a pseudo-norm smooth outside the origin. Moreover, for every
z # 0 we have that

VO (P (2))
(Ve (Pm(2)), Pm(2))
where P,,(z) is the intersection between Rz and 9C,, and v¢,, is the unit outward normal vector
of Cy,. In order to regularize f; we set

FE) o= e o) - PY (A7 + )3 —

Here, ¢ > 6 is chosen in order to have f/™(N]") at least C® for the upcoming computations,
L2
m

VAT(2) =

£0

a;" is the only point where the strictly convex and coercive function f; * pm(s) + attains its
minimum. Finally, we set ¢*(-) := f"(N*(- — &)). Hence, ¢ is a strictly convex function such
that Vo' (z) =0 & 2z = §;.

Step 3 We prove that ¢! and V! converge uniformly to ¢; and V; on every compact set
when m — +oc. For every z € R?\{0} we have that

Yo (Pm(2)) —v0(Pe(2))] < e (Pn(2)) = ve (Prn(2))| + e (Po(2)) — ¢ (Bn(2))]

with Pc(z) the intersection of 9C' and Ry z. By uniform convergence of % to ¢ on compact sets,
the first term in the right-hand side converges to 0 when m — +oc uniformly in 2z € R?\{0}. The
second term is equal to |r,, — 1| and converges also to 0 uniformly in z € R?\{0}. This means
that vo(Pp(2)) converges uniformly to 1 on R?\{0} when m — +oo. Hence, P, converges to

Pc uniformly on R?\{0}. By homogeneity of N/, we get that N(z) = | Pl (‘ y for every z # 0.
The convergence of P, combined with the fact that N/"(0) = 0 = A;(0) gives that A" converges
uniformly to N on every compact sets of R? when m — +o0o0. Thus, we obtain that @i converges

uniformly to ¢; on every compact sets of R? when m — +o0.
When z = &;, Vei* (&) = 0 and for every z # &;, we have that

Vi (z) = (") (N (z = &) VA" (z = &)
Moreover, if we set f/" := gi"(0y") with ©7(¢) = (|t|? + %)% - (%)% then

(fi)" (1) = (") (©7 ())(©7)"(t) + (g")" (7 (1) (97" (1))*.

The fact that (gi")'(0) = 0 and (©}")"(t) < € with C independent of m € N gives that the functions
(f™)men are uniformly in CH!(R?). Hence, it only remains to check that VA™ converge uniformly

to VAN; on R%\{0}. For every z € R?\{0} we have that VAN["(z) = o V(C]g”rff?)(';m(z # 0. The
Vo (Pn) v

: 2 Vye(Pe)
function ve,, (P) is equal to AT Pl that converges uniformly on R*\{0} to No(Poy that is

equal to vo(Pc). Since there exists a small ball B,(0) with » > 0 independent of m € N inside
every C™ the scalar product (vc,, (Pn(2)), Pm(2)) can be bounded from below by a positive constant
independent of m € N. Hence, VN™ converges uniformly on R?\{0} to VAj;. Thus, Vo™ converges
uniformly on every compact sets of R? to V;.
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Thanks to Proposition the sets ), have a Lipschitz continuous normal with a Lipschitz
constant independent of m € N. Hence, the functions V! (z) := (f™) (N (2))VN™(z) if z # 0
and V¢!"(0) = 0 are equi-Lipschitz continuous on each compact set of R2.

Step 4 In order to have (G™),en satisfying uniformly in m € N we add a term of the

following form: V[(® * pp (| - |) + =] - |?]. We define G™ as the following: G™ := Y~ GI". Since we

=1
add the identity in G™, we have that DG™ is invertible everywhere. Thus, G™ is a function that
satisfies the assumptions of Theorem and uniformly in m € N. O

We have the following result for Theorem [I.7}

Proposition 2.4. If G satisfies the assumptions of Theorem then there exists a sequence of
smooth functions (G™)men converging to G uniformly on Br(0) that satisfy the same assumptions
as G and uniformly in m € N. Moreover, DG™ is invertible everywhere for every m € N and

for every 0 <r < L, sup (f3")"(t) can be bounded uniformly in m € N.
r<t<L

Proof. Let us consider L > [|[Vugl||p=(q). In the framework of Theorem , we have that G =
G1 + Go with G;(-) = fI({-,&))& for i = 1,2. We introduce ®1(2) := (|(z,&)| — 2L0)2, @o(2) =
(|{z,&)| — 2L)% and ®(z) := ®1(2) + Pa(z). We also introduce fi and f, that satisfy

fi(=2L) + fl(—2L)(t +2L) + (t +2L)* ift < —2L

filt) == < filt) if —2L<t<2L,
fi(2L) + fI(2L)(t — 2L) + (t — 2L)? if ¢t > 2L.
Hence, we set for every m € N, GI"(+) := V[(j‘:Z * pm) ((, &) + %\(-,€i>|2 +®@; % pp(+)] for i =1, 2.
Then we can define G™ as the sum of these two functions: G™ := G7* + G5'. Since we add

LI &)+ L[(,&)[? in G™ we have that DG™ is invertible everywhere.

It remains to check that around the origin where f3"(:) := fao * pm(:) + %| ]2+ ®; % () this
function has a uniform modulus of convexity w without any dependence on m € N. For every m > %
and every z,y € (—35, 5) we have that

((f2")(z) = (£ W)@ —y) = / (folz =) = faly =) ((z — 1) — (y — 1) pm(t)dt.
Bz (0)
By the uniform convexity assumption made on fa, we have that (f5(x—t)— fi(y—t))((z—t)—(y—t)) >
w(lz —yl) for every x,y,t € (—3,5). Hence, ((f3")'(z) — (f3")'(y))(z — y) = w(|lz — y|) for every
m > % and every =,y € (=5, 5).
O

In the case of Theorem we just approximate G by (G * p, + VO™ + %Id)meN with ®(-) :=
(I-1—2L)%.

Proposition 2.5. If G satisfies the assumptions of Theorem then there exists a sequence of
smooth functions (G™)men converging to G uniformly on Br(0) that satisfy uniformly in m € N.
Moreover, for every r > 0 there exists k. € N such that for every m > % and every z € RN such

that dist(z, Dg) > r we have k—lrld < (DG™(2))* < kyId with (DG™)* := %DG%)T.

Proof. We regularize G as in the proof of Proposition More precisely, we introduce ®(-) :=
(]-1—2L)%, 6 € C3°(B4r(0)) such that 0 <6 < 1 on RY, § =1 on B (0). For every m € N, we set
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G™ = 0(G * pm) + %Id—i— KV % p,, with K > 0 such that G™ is monotone. Thus, for every r > 0
the support of pp, is inside Bz (0) for every m > 2. Since {z € RY such that dist(z,D¢) > 5} is
inside Oy for a certain ;. the conclusion follows.

O

In all the four cases, when m — 400 we have that G™ — G uniformly on B (0) with L > 0
selected such that || Vug||pe (o) < L. Hence, up to a modification of G outside By (0), we can assume

that G™ — G uniformly on every compact sets of RY when m — 4o0.
For every m € N, we can consider the following equation:

() { div G, (Vo(z)) = fry  In Q,

v = Ug on 0,

with f, := f % p, and ug a globally Lipschitz continuous solution of .
By [18, Theorem 6.33|, the solution u,, of @D is C3 inside Q if ¢ > 6 in the proof of Proposition
We have that implies the existence of C' > 0, C' > 0, D € R and D’ > 0 such that

(10) Clz1 — 22> + D < (G(21) — G(22), 21 — 22) < C'|z1 — 2> + D’

for every 21,20 € RY. By the growth assumptions of G™, the sequence (tm)men is uniformly
bounded in W12(Q):

Proposition 2.6. The sequence (um)men is uniformly bounded in W ().

Proof. For every m € N, using the fact that u,, is a solution of @ we obtain:

[ (G (). Vs~ 1)) = = [ ot~ 0
Q Q
Thanks to the first inequality in we get:

/(Gm(Vuo), V(i — up)) + C|Vuy, — Vug)®> + D < —/ fm(um — up).
Q Q

Hence, since ug € WH>°(Q) and || fin|| 1o () < ||f]] 1o (0) we have:

/ ]Vum — VUO’2 S C// ]Vum - VU()’ + D,.
Q Q

Applying Young’s inequality on the first term of the right-hand side gives that |Vu,, — Vug| is
bounded in L2(2). Thus, (u,,) is uniformly bounded in Wi (). O

By (8), we can assume that for every ' € Q there exists Lqs such that [[Vum|| ey < Lo for
every m € N.

Since the sequence (w, )men is uniformly bounded in W12(€), we can extract a subsequence that
converges weakly to a function u € W&f(Q). Moreover, for every subset ' € Q, we can use the
Ascoli theorem to extract a subsequence of (U, )men that converges uniformly to u on €. Up to a
diagonal process, we can assume that the sequence (u,)men converges locally uniformly to u on €.

We can prove that u is a solution of . To do so, we use the following result on Young measures:

Lemma 2.7. There exists a family of probability measures (Vy)zeq measurable with respect to x
such that for a.e. x € Q and for vy-a.e. y € RN we have:

(11) (G(y) = G(Vu(z)),y — Vu(z)) = 0.
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Moreover, these probability measures satisfy the following property:
(12) / H(z,Vuy(z))dr — / H(x,y)dvy(y)dx
Q Q JRN

when m — +oo, for every bounded Carathéodory function H : Q x RV — R.

Proof. Since for every ' € § there exists Lo independent of m € N such that ||Vuy,|| ey < Lar,
we get:

lim sup |[{z € Q, [Vun(z)}| > k| =0.

By [3, Theorem| and [3l Remark 3|, the sequence (Vuy,)men, up to an extraction, generates a
family of Young measures denoted by (v;)zcq satisfying (12). By weak convergence of (Vtuy, )men
to Vu, we obtain that

(13) Vaa) = [ v (s

for a.e. z € Q. Since u,y, is a solution of (J), for every 6 € C5°(Q2) we have that

/Q (G™(Vuy), VO) = — /Q .0,

When m — 400, G™ — G on the compact set Bp(0) where L is the uniform bound of
(HvumHL‘X’(supp 9)) Thus?

lim (G™(Vum) — G(Vuy,), Vo) = 0.

m—-+00 Q

Hence, by and the previous equation we have that

- / 1= / o, [ Gly)dva(y))de.
[9] Q RN

We introduce Xy :
Xp:= lim H(z,Vup(z))dz

m——+00 Q

with H(z,y) := 6(z)(G(y),y — Vu(x)). Thus, by we obtain:

Xy = /Q 0(x) /R {(G(y)y — Vula)dva(y)d.

Since u,, is solution of a @, we get that Xy is equal to:

lim 0{G(Vup) — G™(Vup), Vg, — Vu) — (G"(Vum), VO) (un — u) — fmb(um — u)de.

m——+oo Q

Using the fact that (um,)men converges uniformly to u on supp 6 and that (G™);,en converges
uniformly to G on the compact set B (0) when m — +oc imply that Xy = 0. But by we get
that

(14) 0=Xp= / 6 / Gy~ Vu)dva (y)dr = / o / {(G(y) ~ G(Vu),y — Vud(y)de

where the last equality comes from (13)). Since is true for every 6 € C5°(€2), we obtain that for
a.e. ¢ € Q,

[166) - GTu). - V) =0
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and the conclusion follows from the fact that (G(y) — G(Vu(x)),y — Vu(x)) > 0. O
We can make the following observation:
Remark 2.8. For a.e. z € ), if G is strictly monotone at Vu(x), namely
(G(Vu(z)) = G(y), Vu(z) —y) > 0
for every y € RN\{Vu(z)}, then v, = Ovu(z) thanks to Lemma
With this lemma, we can show that:

Proposition 2.9. Under the assumptions of Theorem [I.1, Theorem [I.5 or Theorem [1.7, we have
G(Vy,) — G(Vu) in L' () when m — +oo.

Proof. Thanks to Lemma and , it remains to prove the following result:
supp v, C {y € RY such that G(y) = G(Vu(z))} for a.e. = € Q.

Since G is the sum of monotone functions (G; )13 <n, we have that (G(y) — G(Vu(x)),y — Vu(x))
is the sum of n nonnegative terms : (G;(y) — Gi(Vu ( ),y — Vu(x)) for every 1 < i < n. For a.e.
z € Qand vy-ae. y € RV, since (G(y) — G(Vu(z)),y — Vu(z)) = 0 for every 1 <i < n we get that
(Gi(y) — Gi(Vu(z)),y — Vu(z)) = 0. We distinguish two cases:

a) If the condition is satisfied for G;, for a.e. z € Q and vz-a.e. y € RY, we have that
Gi(y) = Gi(Vu(z)) at once.

b) If G; is the gradient of a convex function ¢;, we obtain that for a.e. € Q and v-a.e. y € RV,
Gi(y) = Gi(Vu(z)) and the conclusion follows. O

We can prove that u is a solution of :

Proposition 2.10. Under the assumptions of Theorems[1.]), or[1.7, the function u is a solution
of
{ div G(Vu(z)) = f in

U = Ug on 0f).

Proof. Since (uy, )m converges weakly to u € Wa:?(€), we have that u satisfies the boundary condi-

tion. It remains to prove that
@6 =~ [ g0
Q Q

for every 6 € Cg°(§2). Since ||Vum||Loo(supp 6) 18 uniformly bounded, G™(Vuy,) — G(Vup,) — 0 in
L'(supp ) when m — +oo. By Remark this implies that G™(Vu,,) — G(Vu) in L (supp 0).

Since
/ (G™(Vtiyy), V) = — / i
Q Q
we have our desired result. O

We conclude this section with a counterpart of Proposition in the case of Theorem [1.10}

Proposition 2.11. Under the assumptions of Theorem [I.10, we have that

/ \dist(Vum, Der) — dist(Vau, Der)| — 0
Q
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and
/ |dist(Vum, Dg)Vup — dist(Vu, Dg)Vu| — 0
Q
when m — +o00.

Proof. For every x € €2, such that Vu(z) ¢ D¢g we have that (DG(Vu(x))A, A) > 0 for every A # 0.
Hence, (G(Vu(z)) — G(A), Vu(z) — A) > 0 for every A € RM\{Vu(z)}. Thanks to Remark we
get that v, = dyy(). Since (z,y) — |dist(y, Dg) — dist(Vu(x), Dg)| is a Carathéodory function,
this implies together with that

/ |dist(Vum, Dg) — dist(Vu, Dg)| — / /N |dist(y, Dg) — dist(Vu(x), Dg)|dv, (y)dz = 0
and for :he same reasons o
/ |V, X dist(Vum, Dg) — Vu x dist(Vu, Dg)| — 0
when m — +00. ! U

3. UNIFORM ESTIMATES FOR THEOREM [[.1] AND THEOREM [L.5]

In this section, we prove that G™(Vu,,) is continuous with a modulus of continuity independent
of m € N if we are under the assumptions of Theorem or Theorem

3.1. Wh? regularity of G™(Vu,,). In this subsection, we show that G™(Vu,,) € I/Vllof(Q) with
a norm uniformly bounded in m € N. More precisely, our goal is to prove, in the framework of
Theorem u and Theorem that for every 1 <i < n the function G"(Vu,,) is in Wlif(Q) with
a norm that does not depend on m € N. To do this, we use the same method as in [I5, Proposition
2.4] to smooth functions, namely the regularized equations.

Proposition 3.1. Let us consider u a C? solution of where G € C1(RN) satisfies the assumptions
of Theorem with (Ai)) replaced by (A}) or the assumptions of Theorem . If we write G :=
n

QGZ‘ as in those theorems, then G;(Vu) € I/Vllo’cz(Q) for every 1 < i < n and G(Vu) € VVllo’f(Q)
1=

Moreover, the norms of these quantities depend only on the Lipschitz constant of u, the norm of the
right-hand side, the Lipschitz constant of G and Cy from assumption (A}]).

Proof. Let us consider Q" € V' € Q. By differentiating (), for every e € S', every 6 € Cj(Q') we
have that

/Q (DG(Vu)V,u, V6) = — /Q 9. fo.

In this last equality, we choose the following test function: § = n?d.u with n € C§°(Q) and n = 1
on ”. Hence, we get:

/<DG(VU)V86U, Voou)n? = —2/ N0 u{DG(Vu)Voeu, Vn) —/8€f77286u.
Q Q Q

n
Since G = ) G; it can be rewritten as
i=1

(15) Z/(DGi(Vu)Vaeu, Vo.u)n* = —22/ N0eu{DG;(Vu)Vi.u, Vn) —/ De f1? 0. u.
=179 /0 Q
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By Remark and Lemma each G; satisfies the assumption (A})). Hence, there exists C; :=
Ci(L) > 0 with L := [[Vu|[ e (o) such that
(DG(Vu)Vdeu, VOeu) > Ci| DG (Vi) Veul|>.

We set K := minj<;<n{C;}. Thanks to Young’s inequality, each term of the sum in the right-
hand side of can be bounded by

1
a/ IDGi(VU)VﬁeUIQUQﬂLa/ IV [Vul® + |V iVl
Q Q

with 0 < o < K.
Thus, since 7 = 1 on " we have that

" 2L(L|Q|ndist (09, 09") "2 + || fllw11(e))
1 DG; Lul? <
(16) ;/ PGV VOl < a(G, L. CK (G, L, C)

Here, the dependence on G in a and K is just the dependence on || DG;||~ (B, (0))- Hence, for every
e € S, the function 9,(G;(Vu)) = DGy(Vu)Vdu is in L2 (Q). Thus, G;(Vu) € W,23(Q), and we

loc loc

have an explicit estimate for the norm from (16). Moreover, G(Vu) is also in VV&)’?(Q) as the sum
Of (Gl(vu))lglgn

[l
We apply this result to G and w,, to prove a uniform estimate on the Sobolev norm of G*(Vuyy,).

Proposition 3.2. If G € CO'(RY) satisfies the assumption of Theorem or Theorem then,
G (Vup,) € I/Vllof(Q) with a norm independent of m € N. Moreover, GI"(Vuy,) € VVllof(Q) with a
norm independent of m € N for every 1 <1i < n.

Proof. We introduce Q" € @' € Q. In the case of Theorem and Theorem the functions
(G™)men satisfy uniformly the assumption (Af]). Since the norm ||Vuy|| Le(q) can be bounded
uniformly in m € N, all the estimates of the previous proposition are independent of m € N if we
apply it to G™ and uy,. Hence, ||G]"(Vum)||w12(qry can be bounded uniformly in m € N. That is

also the case for their sum: G™(Vun,) € W,22(9). O

loc

3.2. Continuity of G™(Vu,,). In this subsection, we use the W12 regularity obtained earlier to
prove the continuity of G™(Vuyy,).

The following proposition is crucial to the proofs of Theorem and Theorem As in [15]
Lemma 2.1] and [26, Theorem 3.1] our strategy to prove it relies on a maximum principle that can
be found in [I9, Theorem 3.1] and a theorem due to Lebesgue stated in [25, page 388|:

Proposition 3.3. Let H € W1’2(Q). Assume that for every e > 0 and every xg € ) there exists

loc

C(e,x0) > 0 such that for every 0 < § < dist(xg,0N):
OSCBB(IO)H > €= OscaBa(xo)H > C(e,p).

Then, H is continuous. Here, oscpy(zo)H := sup |H(z) — H(y)|.
z,y€Bs(zo0)

Proof. We argue by contradiction. Let us assume that there exist € > 0 and zo € Q such that for
every 0 < § < w there are x,y € Bs(xo) such that |H(z) — H(y)| > e. By assumption, there
exist z1,x2 € OBs(xg) such that |H(z1) — H(x2)| > C(e,z0). Hence, there exists e € S! such that

Ce,xg) < (H(x1),€) — (H(x2),€).
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For ae. 0 < 60 < w, the term in the right-hand side can be bounded from above by
1 . . .

J. 9B (x0) |VH|dH". By Cauchy-Schwarz inequality we obtain

2
M < / |VH|2d7-l1.
21 dBs(z0)

dist(xg, 0Q)

By integrating over § between a certain §. and we have
Cle,m0)? | dist(zg,0N) 9
ot In 26, = ”H||W1’2(Bdist(zo,89) (o))"
2

By taking 6. > 0 small enough we obtain a contradiction thanks to the fact that H € Wl’z(Q). O

loc

Thanks to Proposition [3.1] we can make the following observation:

Remark 3.4. In Proposition , we have proved that G™(Vu,,) is bounded in I/Vi)f (©) uniformly
in m € N. Hence, the functions (G™(Vum,))men are uniformly continuous on any compact subset of
) with a modulus of continuity independent of m € N if they satisfy the assumptions of Proposition
3.3 with a constant C'(e, zg) independent of m € N.

It remains to prove that under the assumptions of Theorem and Theorem the functions
G™(Vuy,) or GI"(Vuy,) satisfy the maximum principle stated in Proposition [3.3| with C' that does
not depend on m € N.

The following lemma, instrumental for the proof of Theorem [1.1]| uses the fact that f = 0:

Lemma 3.5. Let u,, be a C? solution of @ with f = 0. We have that det(D*u,,) < 0.
Proof. Since u,, is a solution of @ with f = 0, we have that

(17) Tr(DG™ (V) D*up) = 0.
Thus,
(18) Tr((DG™)® (Vi) D*tp) =0

_ DG™ + (DG™)T

where (DG™)® is the symmetric part of DG™. Thanks to Proposition
(DG™)? is positive-definite. We work in a basis where (DG™)? is diagonal, let us say that

ey = (5 3)

D*u,, = (¢ 7) .
! (7 g
Then, by we have that o + 3 is non-positive. Hence, det(D?u,,) < 0. O

As a consequence of Lemma [22, Theorem 2| implies that:

Proposition 3.6. Let u,, be a solution of @D with f = 0. Then for every Q' € Q, we have that
OVu, () C Vu,(0).

Remark 3.7. This last result is true in any dimension, provided that the sign of det(D?u,,) does
not change. This is the case if u,, is convex everywhere or concave for instance. This proposition
can be used as an improved version of [I5, Lemma 3.2].

with a,b > 0 and
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With this result we can prove the following lemma:

Lemma 3.8. Let u,, be a solution of @ with f = 0. Then for every ¥ € Q we have that
0o () C o(0) where o := G™(Vuy,).

Proof. We consider z € do (), then there exists a sequence (z,)nen such that z, € o(Q') and
zn — z when n — +o00. Hence, there exists a sequence (yn)neny with y, € Vu,(Q') such that
G™(yn) = zn. Since the sequence (yYn)nen is bounded by L := |[Vup|[re (), we can extract a
subsequence converging to y € Vu,, (). By continuity of G™, z, — z = G™(y). Since, DG™(y) is
invertible, by the inverse function theorem if y € Int(Vu,,(€2)) then z € Int(o(2’)). Since this is not
the case, we have that y € OVu,, (). Thanks to Proposition we obtain that y € Vu, (9Y),
thus z = G™(y) € o(98Y). O

This lemma leads to the proof of Theorem in the regularized setting:

Proposition 3.9. Under the assumptions of Theoremu G™(Vuy,) is continuous with a modulus
of continuity independent of m € N.

Proof. We just have to prove that G™(Vu,,) satisfies the assumption of Proposition uniformly in
m € N. Let us assume that there exist z1,x2 € Bs(zo) such that |G™(Vup,(x1)) —G™(Vum(z2))| >
r > 0. By Lemma with ' = Bs(xo), the diameter of G™(Vun,(Bs(xo))) can be bounded
from above by the diameter of G™(Vu,(0€')). Thus, there exist x3,24 € 9Bs(xp) such that
|G (Vum(z4)) — G™(Vum(z3))| > r. Hence, thanks to Proposition G™(Vu,y,) is continuous
with a modulus of continuity independent of the parameter of regularization m € N. O

In the remaining part of the section, we proceed to establish continuity estimates for G™(Vu,,)
independent of m € N under the assumptions of Theorem We prove that for any 1 < i < n,
G (Vuyy,) is continuous.

To do so, we use the fact that Vu,, satisfies the following classical maximum principle, see e.g.
[19, Theorem 3.1]:

Proposition 3.10. Let uy, be a solution of @ with fn, a constant . Then for any e € SN~1 and
any open set Q' € Q, we have that

Sup Oetim () = sup Getupm ().
zeQ zedY

We start with the case when G = V! where ¢"(-) = f"(N*(- — &)) € Cllo’cl(R2) with f/™
a convex function, N/ a pseudo-norm and §; € R2. The pseudo-norm is introduced in Definition
We denote the non-oriented angle between two vectors z1, 22 by Z(z1,22) € [0, 7] with the
convention that Z(z,0) = 0. We can apply the following lemma to G}™:
Lemma 3.11. Let us assume that GI* = VI with ¢"(-) = fIl*(N™*(- = &)) € Cllo’cl(RQ).

e For every r > 0 there exists C(r) > 0 independent of m € N such that if |V ()| > r then
|z =&l > C(r).

o For every 0 < 0 < 7 there exists 0 < D(0) < 7 independent of m € N such that if
L(V@M(2), V(') > 0 then £(z — &,2' — &) > D(0) for every 2,2 € R2\{&;}.

Moreover, C(r) — 0 when r — 0 and D(0) — 0 when 8 — 0.

Proof. For every r > 0 we introduce

C(r) := inf{|z — &, z € R? such that |V (z)| > r for some m € N}
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and for every 0 < 6 < 7w we introduce
D(0) :=inf{/(z — &, 2 — &), 2,2/ € R®\{&]} such that
L(Vol'(2), V(') > 6 for some m € N}.

In the definition of the constant D(6) we can replace R*\{¢;} by Br(&)\B,(&) with R > p >0
since the direction of V¢!™ is constant on the half-lines starting at &;.

Since for every m € N, Vp!"(z) = 0 only when z = &;, C(r) — 0 when » — 0. The fact that
for each m € N, the range of the gradient of A" is not in a half-line provides that D(f) — 0 when
0 — 0.

It remains to prove that C(r) > 0 and D(0) > 0. If C(r) = 0 then there exist (2, )nen and (1M, )pen

such that z, — & when n — +oo and |V (2,)| > r for every n € N. We set M := lim sup m,.
n—-+00

(2
If M € N then up to an extraction, we can assume that m, = M for n large enough. Thus,
VoM (z,)| > r and 2, — & when n — +o00 which is a contradiction with the fact that VM (&) = 0.
If M = 400 then we combine the fact that V¢! converges to Vi, uniformly with the fact that
Vpi(&) = 0 to obtain a contradiction. Hence, C(r) > 0.
If D(0) = 0 then there exist (z,)nen, (2}, )nen and (my,)nen such that Z(z, — &, 2}, — &) — 0 when
n — +oo and Z(Ve! " (z,), Vi ™ (2,)) > 0. If M := limsupm, < 400 we use the continuity of

(2
n—+o0o

VM to obtain a contradiction. If M = +oo we use the fact that the sequences (2 )nen and (2, )nen
are in Br(&)\B,(&) to extract two converging subsequences that tend to z # & and 2’ # &. By
uniform convergence of V! to Vi, we obtain that Z(z—¢&;, 2/ —&;) = 0 and Z(V;(z), Vi(2')) > 6.
That contradicts the fact that V;(z) and V;(2’) are colinear when z and 2’ are colinear. Hence,
D(#) > 0.

O

The converse is also true:

Lemma 3.12. Let us assume that GI* = V" with ¢ (-) = fI*(N(- = &)) € Cllo’cl(]R2).

e For every r > 0 there exists C'(r) > 0 independent of m € N such that if |z — &| > r then
Vi (2)] = C'(r).

e For every 0 < § < 7 there exists 0 < D'(6) < 7 independent of m € N such that if Z(z—&;, 7 —
&) > 0 then (Vi (2), V(') > D'(0) for every z,2' € R*\{&}.

Moreover, C'(r) — 0 when r — 0 and D'(0) — 0 when 6 — 0.

Proof. We argue as in the proof of the previous lemma. For every r > 0 and every 0 < 8 < m we set

C'(r) := inf{|V¢!"(2)| with m € N, z € R? such that |z — &| > r}

and

D'(6) := inf{Z(Vp"(2), Ve (2')) with m € N, z,2" € R®\{&}
such that /(z — &,2' — &) > 0}.
Since the direction of V¢! is constant on the half-lines starting at &;, the quantity D’(0) is the

same if we replace R2\{&} by Br(&)\B,(&) by R > p > 0. The continuity of V¢! gives that
C'(r) = 0 when r — 0 and D'(#) — 0 when 6 — 0.
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If we assume that C’(r) = 0, then by uniform coercivity of |V¢™| we can find z € R? and
M € NU {+oo} such that VM (z) = 0 and |z — &| > r with the convention ;> = ¢;. Since
VM (z) = 0 = 2z = & this is absurd. Hence, we have that C’(r) > 0.

If we assume that D’(6) = 0 then once again we can find z, 2’ € Br(&)\B,(&) and M € NU{+oo}
such that Z(VpM(2), VoM (2') = 0 and £(z — &, 2" — &) > 6. Using the strict convexity of the
level sets of oM we obtain a contradiction. Thus, we have D'(6) > 0.

O

With these two results, we can prove that:

Proposition 3.13. We set o' := G (Vuy,) with GT* = V" where the convex function p;"(-) =
JIHNT (- — &) satisfies (Ag). If zg € Q is such that o*(zg) = 0 then o* is continuous at xo and
the modulus of continuity is independent of m € N.

Proof. Thanks to Proposition [3.I]and Proposition [3.3] it remains to prove that for every e > 0 there
exists C(e, ) > 0 such that for every § > 0 if there exists x € Bs(xo) such that |o%(z)| > € then
there exist 1, zo € dBs(xo) such that |o?(z1) — 0¥ (z2)| > C(e, o).

By the first point of Lemma |Vum(z) —&| > C(e) > 0 with C(€) that does not depend on
m € N. We set e := %.
x1 € OBs(xo) such that

(Vum(21) = i) = (Vum() = i €) = [Vum(z) — & = C(e).
In particular |V, (z1) — &| > C(€) and by Lemma [3.12] we obtain that |o?(z1)| > C'(C(e)). If we
set e := %
(19) (Vum(z2) — &, e1) < (Vum(zo) — &, e1) = (0,e1) = 0.

The last equality comes from the fact that ol(xg) = 0 = Vun(zo) = & If Vup(zz) = &
then |o%(z1) — o' (z2)| = |o%(z1)| > C'(C(e)) > 0. Otherwise, by (19) we get that Z(Vup,(z1) —
&, Vum(x2) — &) > 5. In that case, by the second point of Lemma [3.12| we obtain that

By the maximum principle from Proposition (3.10} there exists

then once again by Proposition [3.10| there exists xo € 0Bs(xo) such that

2(0'(x1),0' (w2)) > D'(3).

Since |o%(x1)| > C'(C(e)) there exists C(€) > 0 such that |o?(z1) — o’ (x2)| > C(e).
By taking C(¢) := min{C(¢), C"(C(€))} we can apply Proposition The conclusion follows.

In the case where o?(xg) # 0, we have the following lemma:

Lemma 3.14. We set o' = GI"(Vuy,) with GT* = V¢ where the conver function @*(-) =

N~ = &) satisfies ([Ag)). If o' () # 0 then for every r >0, 6 > 0 there exists 0 < §(r,0) <

w independent of m € N such that for every x € Bs(wo), either ot (x)| < r or the angle

between o'(z) and o' (xg) is smaller than 6.

Proof. Given 0 < § < w, let us assume that there exists € Bs(zg) such that |o(z)| > r

and Z(o%(x),0'(x0)) > 0. By Lemma we have that
(20) |Vum(z) — &| > C(r) and Z(Vum(z) — &, Vum(zo) — &) > D(0).
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If (Vup,(z) — &, M> < %) then by Proposition [3.10| there exist x1 € dBj(x) such

[Vum (z0) =&l 2
that (Vup (1) — &, %ﬁgg—gﬂ < —Cg) and xg € 0Bs(xo) such that
Vum(xo) — f, Vum(xg) — fz
m i) = m S 0.
Weim(2) = 8o g, oy — &) = Ym0 =8 g, oy el

The last inequality comes from the assumption o?(xg) # 0. In that case, the angle between
Vum(z1) — & and Vuy,(x2) — & is bounded from below by a constant 0 < ¢ < 7 depending
only on C(r) and a Lipschitz constant of u,, on Baist(«y,00) (2¢) independent of m € N. By the sec-
ond point of Lemma“ 3.12| the angle between ¢*(z1) and o’(z2) is bounded from below by D’(6") > 0.
Since |Vum (x1) — &| > ) -

C’(@). Hence, there ex1sts a constant F(r) > 0 such that |o®(z1) — o%(z2)| > F(r).

If (Vup(x) =&, m#gw > —Cgr) then by there exists e a unit vector orthogonal to
V(o) — & and F'(r,0) > 0 such that (Vu,,(x) — &, e) > F'(r,0). Once again by Proposition
there exist z1,z9 € Bs(zp) such that

(Vum (1) — & €) > (Vum(z) — &, e) > F'(r,0) > 0= (Vun(xg) — &, e) > (Vun(xe) — & €).

If Vuy,(xz2) = & then by Lemma lot(z1) — o%(z2)] > C'(F'(r,0)). Otherwise, the angle
between Vu,,(z1)—&; and Vu,(z2) —&; is bounded from below by a constant 0 < ' < 7 depending
only on r > 0, # > 0 and the Lipschitz constant of u,, on Baist(=g.00) (o) independent of m € N.

2

by the first point of Lemma [3.12{ we obtain that |o(zy)] is larger than

We conclude as in the first case.

Hence, we have proved that for every 0 < § < w

if there exists x € Bgs(zg) such that
o' ()| > r and the angle between ¢ (x) and 0" (x) is larger than 6, then there exist x1, 22 € dBs(x)
and F'(r,0) > 0 such that |o"(z1)—0o"(x2)| > F(r,0). We can conclude as in the proof of Proposition
B3t

Fr,0) < |0 (1) — 0" ()] g/ Vo |dH
OBs(x0)

dist(x0,00)
2

Using the Cauchy-Schwarz inequality and integrating over ¢ between ¢’ > 0 and we obtain

F(r,0)? In dist(xg, 08) <

T
o 25/ <llo ’|W1’2(Bdist(;c29,69) (z0))

The conclusion follows from the fact that o! € Wli’f(ﬂ) with a norm independent of m € N by
Proposition
O

The following lemma asserts that the component of o* is continuous in the direction of ().

Lemma 3.15. We set o' = G (Vuy) with GT* = V¢ where the conver function ¢T(-) =

SN+ = &) satisfies (Ag). If o'(wo) # O then for every e > 0 there exists § > 0 independent of
m € N such that .
o' (zo)

|0 (o)

|0 (z0)] — € < (0 (), ) < |0 (zo)| + ¢

for every x € Bs(xo).
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Proof. Thanks to Lemma for every r > 0 and 6 > 0 there exists ¢ (r,0) > 0 such that for every
x € Bs(xo), |o"(z)] < r or Z(o"(z),0"(x0)) < 6. By the contrapositive statement of Lemma

there exist C(r) > 0 and D(6) > 0 such that |Vu,, (z)—&| < C(r) or Z(Vum(z) =&, Vum(z0) —&i) <

D(8) for every = € Bj(xg). Moreover, we can choose them in such a way that C(r) — 0 when r — 0

and D(#) — 0 when 6 — 0.
For € > 0, we introduce > 0 independent of m € N such that the oscillations of G* on the

square of center §; and sides of length 27 are smaller than §. Since 5(7“) goes to 0 when r goes

to 0 and 5(0) goes to 0 when 6 goes to 0, we can choose § > 0 small enough such that for every
x € Bs(zp) we have

(21) |V (z) — &) <nor Z(Vum(z) — &, Vum(xo) — &) is as small as we want.

We introduce p, the projection of Vu,,(z) on Ry (Vup,(zo) — &)+ &. Hence, for every d > 0, we
can choose g such that for every = € B, (xo) the distance between Vu,,(x) and p, is smaller than
d. By uniform continuity of G}" in m € N, there exists w a modulus of continuity independent of

m € N such that |G]"(pz) — GI*(Vun(x))] < w(d).

Let us argue by contradiction. We assume that for every 0 < § < o there exists z € B (z9) such
that |0%(z0)| + € < (07(x), e) or (o°(2),€) < |0 (x0)| — € with e := L)

= ot (o)l

Case 1 We begin with the case where (o'(z),e) > |0*(z0)| + €. Since |G"*(p,) — o'(z)| < w(d)
and (0%(z), e) > |o*(xo)| + € we obtain that

(Gi"(p2), €) = |o"(w0)| = (0" (20), €)
when d is small enough such that w(d) < e without any dependence on m € N.

By definition of ¢, we have that G (p;) = (™) (N™(px — &))VN™(p; — &) and o' (x0) =
(fY (N (Vg (20) — &) VN (Vu, (z0) — &). Thus, these two vectors are positively colinear to
e. This means that (/") (N (pe — &) > (f7") (N (Vum(zo) — &)). Thus, by strict convexity of
fi" we have that

(Vum(2) = Vum(zo), Vum(zo) — &) = (P2 — Vum(20), Vum(zo) — &) = 0.
Hence, by Proposition there exists 1,2 € 0Bs(xo) such that
(Vum(z1) = &, €') < (Vum(xo) — & €') < (Vupm(x) =&, ¢') < (Vum(22) — &y €')

with € := %. We introduce p; and p2 the projection of Vuy,(z1) and Vu,,(z2) on
R4 (Vup(zo) — &) + & Since (p1,€’) < (Vup(z0),€’) the convexity of f gives that (GI"(p1),e) <
(o%(wg),e). For the same reasons, (GT(p2),e) > (GM(ps),e) > (o*(z),e) — w(d) where the last
inequality comes from the fact that |G (p,) — o' (x)| < w(d).

We also have that |Vu,,(21) — p1] and |V, (22) — po| are smaller than d. Thus, (o%(x1),e) <

<sz(p1)a6> +w(d) and (0*(x2),€) > <G;n(p2),6> — w(d). Hence,
(22) (o' (21), ) < (0" (20), ) + w(d)




24 REGULARITY OF THE STRESS FIELD FOR DEGENERATE AND/OR SINGULAR ELLIPTIC PROBLEMS

and (0(z2),e) > (0°(z),e) — 2w(d). When d is sufficiently small with respect to ¢ we have that
0" (x2) — o' (z1)] = 5.

O’i(x()) >
ot (o)™
Hence, if we apply Proposition to (Vum(+) — &, Vum(xo) — &) we can show that there exists
T € 635(1’0) such that <Vum(:r1) — &, V’um(l‘o) - £z> > <Vum(:r0) — &, Vum(l‘o) — £z> As in the
previous case we can show that (o%(z1),e) > |0%(x)| — w(d) that is an analogous result to (22)) (up
to interchanging < in >).

It remains to find a point x9 € 0Bs(xg) such that (Vu,(x2) — &, Vum(z9) — &) is sufficiently
small. We distinguish two subcases. We start by assuming that Vu,,(z) € B,(&;). By Proposition
there exists xo € 0Bs(7o) such that

(Vum(22) = &y Vum(zo) — &) < (Vum(z) — &, Vug(xo) — &)-

By we have that Vu,,(r2) € By,(&). Since the oscillations of G}* are smaller than § on that
set we get that (o%(z2),e) < (0'(x),€e) + 5. In that case we obtain

Case 2 Let us assume that there exists x € Bs(zo) such that |o%(xg)| — € > (o%(z)

(0" (x2),€) < (0'(a).€) + 5 < (o (@), €) — 5 < (o' (@1), €) — 5 +w(d).

Thus, by taking d small enough |0%(z1) — o%(22)| >

If Vup(x) ¢ By(&) then (pr — &, Vum(ro) — &) > 0 with p, the projection of Vu,,(x) on
Ry (Vum(zo) — &) + &. Hence, there exists xo € 0Bs(zo) such that (Vun,(x2),e) < (Vup(z),€)
which implies that (p, —p2, Vum(x9)—&;) > 0. Hence, by convexity of f/ we have that (GI"(p2), e) <
(G"(pg),e). Thus,

e

(o%(22),€) < {o%(2),€) + 2w(d) < (0% (x0), €) — € + 2w(d).

Once again, by taking d small enough |0%(z1) — o(x2)| > T

In any case, for every 0 < § < dp, if there exists # € Bs(xo) such that |o*(z0)| + € < (o'(x), €)
or (o'(x),e) < |o'(xo)| — € we can find x1,22 € 0Bs(xg) satisfying |o'(z1) — o'(x2)| > §. The
conclusion follows Proposition [3.3]

([

The combination of the last three results gives the following proposition:

Proposition 3.16. Under the assumptions of Theorem @ in the case where G7* = Vi with
o(-) = fIMN(- — &)), we have that GI"(Vuy,) is continuous on Q with a modulus of continuity
that does not depend on m € N.

Now, let us focus on the case where G; satisfies the assumption (As]).

Proposition 3.17. Let us assume that GJ* = V" with ¢I"(-) = f"((-,&)) and & # 0. Then if
G (Vup,) € I/VlIOCQ(Q) we have that o := G™(Vuy,) is continuous on Q with a modulus of continuity
that does not depend on m € N.

Proof. For every € > 0 we have
(23) G 1) = G (2] = € & |0 (o1, 890) = () (e )] >

for every 21, zy € R2.
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Thus, for § > 0, if we assume that there exists x € Bs(xg) such that
|G (Vum(2)) — Gi* (Vum(20))| = €
then
€

(24) (£ (Vg (), £)) — (F) (Vg (20), &))] > =k

Up to a change of sign of §; we can assume that (Vu,,(z¢),&) < (Vup(x),&). By the maximum
principle from Proposition applied to y — (Vun,(y), &), there exist z1,z9 € Bs(xp) such that

(Vum(z1), &) < (Vum(x0), &) and (Vum(2), &) < (Vum(z2), &).
We use the fact that (f/™)’ is increasing with to obtain that

m m €

() ((Vum(@1), &) — (f") (Vum(22),&))| > El

Thus, by ([23), we get that [GY(Vup(21)) — G7(Vum(x2))| > €. Once again, we can conclude

thanks to Proposition [3.3 O
Hence, we have proved the following result:

Proposition 3.18. Under the assumptions of Theorem the functions (G™(Vum))men are
continuous with the same modulus of continuity on each compact subset of €.

Proof. For every m € N we have proved in Proposition or in Proposition that for every
1 < i < n the function GJ*(Vu,,) is continuous with a modulus of continuity independent of m € N.
Hence, that is the case for their sum, namely G™(Vuyy,). O

4. UNIFORM ESTIMATES FOR THEOREM [L.1]

In this section, we study the case when G = G1+G2 where G;(2) := f/((2,&))& with fi € L (R)

loc

and fy € Cl(R)ﬂCllo’i (R\{0}) two convex functions. Moreover, the right-hand side of (4]) is a constant
AeR.

We begin by the following observation on &; and &o:

Proposition 4.1. Under the assumptions of Theorem [I.7] we can assume that & = e; and & = ey
are the two standard vectors of the canonical basis.

Proof. Let us assume that A is an invertible linear matrix. We introduce the convex function
o(2) = f1((z,&1)) + f2((z,&)). Let us consider u a solution of (9), then u is a minimizer of

(25) min / o(Vw(x)) + Aw(z)dz.
weW,“(Q) JQ

For every w € WH2(€2), we have:
/ o(Vw(x)) + Aw(z)dr = | det A] / e(Vw(Ay)) + Aw(Ay)dy.
Q A-1(Q)
If we set v(y) := w(Ay) then:

/ o(Vw(z)) + dw(z)dx = | det A / o((AT)"IVu(y)) + Mo(y)dy.
Q A-1(Q)
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Hence, since u is a minimizer of (25), we obtain that u(A-) is a minimizer of
[ oA Vo) + Aoty
A7H(Q)
on W'?

u(A_)(Afl(Q)). It remains to choose A such that (A=1)¢; = e; and (A71)& = eo.
Since proving that Vipo(Vu) € C°(Q) is equivalent to proving that Vip(Vu(A-)) € CO(A71(Q)),
we can assume that & = e and & = es. O

Remark 4.2. This previous proposition is important because, in this section, we will consider
partial derivatives in orthogonal directions e; and es instead of differentiating our functions in any
direction. By doing so, we can use the properties of f; while differentiating with respect to e; where
1=1,2.

We want to establish continuity estimates for G (Vu,,) independent of m € N with w,, solution
of ([9). We start by proving the following lemma inspired by [15, Proposition 2.3|:

Lemma 4.3. Let f1 and fo be two smooth convex functions. Let u be a smooth solution of @ with
G(z) = fi((z,e1))er + f5((z,e2))ea. Then the function f{(O1u) belongs to I/Vlif(Q) Moreover, for
every Q" € V' € Q and every Lo > [|Vul| oo oy we have

1f1(O1u)llwr2ny < C(Lg, 1 filloee (= Lo Lo 1 fall oo (= Loy pg)s 11 Lo (= Loy Loy)» dist (O, 07)).

Proof. By local Lipschitz regularity of u, we already know that f{(diu) € L7 (€2). Since u is a

solution of @D we have that:
/(V@(VULV@ = —/ Y,
Q Q

for every 6 € C§°(£2). If we differentiate the Euler-Lagrange equation in the first direction, the fact
that A € R gives that

(26) /Q (V2(Vu) Vo, V) = 0

for every 6 € C5°(Q). If we replace 6 by &2 f](d1u) with £ € C§°(Q') and Q' € Q we obtain

> / (O5u)01u® f{ (D1u)dyiu = =2 ) / (8;u) D1 uEDiE f (O u).

1=1,2 1=1,2
Since the terms in the left-hand side are nonnegative, we have that

[ omone? <=2 Y [ prowmoueassiow.

1=1,2

With an integration by parts on the right-hand side we get

[ @@ <2 Y [ fiomon (o) om) + £ om).

i=1,2
With the Young and Hélder inequalities and the fact that |[Vu||pec(q/y < Lo we obtain that

/Q(al[f{(31U)])2§2 < C(Lay, [1filloo (- Ly L) 12l oo (- Lgr L) |l lwros @)-
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Hence, if we take £ € C§°(€?') such that £ = 1 on Q" with Q" € ', then we get that 9;[f](O1u)]
belongs to L?(£2”) and

o1 [f1 rulll 2y < C(Lars [ fillzoe (= Loy Lo 13l oo (= Loy Loy dist (Y, Q7).

With the same strategy, we can also prove that 0 [f5(8u)] € L*(Q”) with the same estimate.
It remains to prove that dy[f](01u)] € L7 (). We proceed as in the proof of [13, Theorem 2.1].

loc
For 0 < h < 1 and z € Q”, we introduce 7(z) = ole+ he;) —olo) where o(z) = G(Vu(z)). We set
f1(O1ux + hes)) — f1(Or1u(x))

() = ; , we want to prove that ||7y|| £z (o is bounded uniformly
in h.
Since f{ is Lipschitz continuous and increasing there exists K > 1 such that

" Ou(x + hea) — dyu(x)

1 (x)2 < K7 (z) .

Using the fact that fs is convex we have that:

n(@)? < K(r(x), Vu(x + he;) — Vu(z) )

With & € C5°(Q") where Q" € Q" and 0 < h < dist(0QY"”,0Q") we have

Vu(x + heg) — V
€m1|[32m) < K /Q (o), Yl hes) - Vule),

Since div 7 = 0, an integration by parts gives that

u(x + hey) — u(x
H§7—1H%2(Q”/) S 2K o |£($) ( h) ( )

(VE(@), 7(2))].

Thus,
|’£T1H%2(Q///) S C(LQ/, K, ‘|§HW1,00(Q//)) ‘ |§THL2(Q///).

We already know that [|72||12(qy is bounded uniformly in h thanks to the fact that [ f5(0au)] €
L*(€"). Hence, ||¢71]| 2y is bounded uniformly in h. Thus, if we take £ = 1 on a subset of Q"
we obtain that 0 [f{(81u)] belongs to L (") with an explicit estimate. O

loc

If we apply this lemma with f{™ and fJ* we obtain an estimate on the Sobolev norm of (f{™)" (01 um,)
independent of m € N. Hence, we can apply Proposition to prove that (f")'(01um,) is contin-
uous with a modulus of continuity that does not depend on m € N. It remains to do the same for
(f3) (O2uy,). For every r > 0, we have the following result coming from [I5, Proposition 2.4]:

Proposition 4.4. Let f; and fo be two smooth convex functions. Let u be a smooth solution of @D
with G(z) := fi((z,e1))e1 + f5((z,e2))e2 and f = X € R. For every r > 0 and every xg € Q' € Q,
we have

| 1@l < a1z,
Q'NU,

with U, == {z € Q, [Oqu(z)| > r}, Lo := ||[Vul|peo () and oy := sup  f3(t).
r<t<Lgy
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Proof. Since A is a constant, the right-hand side of @ vanishes when we differentiate the equation.
By [15 Proposition 2.4], we have that

/ A (Orw) vl + | £ (O2u)dzul® < O, o, |||, )
Q'NU,-
and the conclusion follows. O

Since this proposition allows avoiding the values of fJ around the origin, we can apply it with f}"
and f3". In that case, the constant C(r, a, ||(f1")"||Le(B, _,)) can be taken independent of m € N.
Q/
Let us use this estimate in order to prove the continuity of (f§*)'(d2uy,) uniformly in m € N.
Thanks to Proposition there exist » > 0, w : Ry — R, a continuous function that satisfies
w(t) =0« t =0 and M, € N such that for every m > M,, every x,y € (—%, %) we have that

202
(27) ((f2")' (@) = (f3") W) (@ — y) = w(|z —y)).
We prove the following alternative:

Lemma 4.5. For every t > 0 there exist 0 < dy < t and dg > 0 such that for every m > M,,
Ooum () > dy for every x € Bs,(xo) or Oaum(z) < t for every x € Bs,(xo).

Proof. By , for every t > 0 there exist 0 < d < t and C independent of m > M, such that
0<C < (fM)(t)—(fy)(d). We introduce F : R — R a smooth increasing function such that
F(s) = 0 for every s < (f3")'(d) and F(s) = C for every s > (f5")'(t). We assume that for every
0<d< M there exist x; and x9 in Bs(zg) such that daup,(z1) < d < t < daupm(z2). Once
again, thanks to the maximum principle from Proposition there exist ) and x4 on dBs(xo)
such that dauy, (2]) < d < t < Oaupm(24). Hence,

C = F((f5") (O2um(23))) — F((f3") (Oaum(z}))) < /83 - IVIE((£5") (O2um))]|dH!

<UVFlle [ (Ootn) VOt !
0Bs(x0)NUqg

with Uy = {x € Q, |O2um| > d}. Thus, as in the proof of Proposition if we integrate between

do and w we obtain that:

C? dist(xzg,00) /
In ’ < I (Dotinn ) V Ot |2dH .
27|V F |2 259 Buionton o (20)"U IF2) (Ot )V Ortim|

L>(R) ist(xg,0Q
2

Hence, using Proposition there exists dg > 0 such that daup, () > d for every x € Bs, (o) or
Qo (z) <t for every x € Bs,(xo). O

We have the same result with ¢t < 0:

Lemma 4.6. For every t < 0 there exist t < dj < 0 and &y > 0 such that dou,(x) < d} for every
x € Bs,(x0) or Oaum(x) >t for every x € Bs,(xo).

Proof. The proof is the same as the proof of Proposition [4.5 replacing dru by —dsu. O
Hence, we have proved:

Proposition 4.7. For every t > 0 there exist dp > 0 and 6y > 0 such that for every m > M, we
have that —t < Ogum(x) < t for every x € Bs,(xg) or daum(z) € (—o0,d,) U (d¢,00) for every
WS 350 ({L‘Q)
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With this result, we are ready to prove the continuity of (f5*)"(O2t,).

Proposition 4.8. Under the assumptions of Theorem (f3) (Oaun,) is continuous with a mod-
ulus of continuity independent of m € N.

Proof. For every € > 0, we want to find § > 0 such that

(f5") (O2um(Bs(x0))) C Be((f5")"(O2(um(w0))))-
We introduce C(€) > 0 such that if —C(e) <t < C(e) then

(28) (/57 (8) = (f57)(0)] <

for every m > M,. Then, thanks to Proposition [£.7] we have two options.
If Qoup(z) € (—o0, d’_c(e)) U (de(e), 00) for every x € Bg,(zo), then we can assume that f; and

fo are in ¢l and apply Theorem

loc

Otherwise, —C'(€) < Oaum(z) < C(€) for every x € Bj,(xo). In that case we conclude thanks to

29). O

If we combine the results of this section, we have proved:

DO

Proposition 4.9. Under the assumptions of Theorem[1.7], the functions (G™(Vu,))men are con-
tinuous with the same modulus of continuity on each compact subset of ().

5. UNIFORM ESTIMATE FOR THEOREM

This section is devoted to the proof of Theorem We assume that there exists a compact set

Dg such that G € CY(RVM\Dg) and Dg = RV\ |J Oy, with
keN

1
Oy := {z € RV, %Mz < (DG*(2)v,v) < klv|* for every v € RN}

where DG?® = DG%DGT. For every r > 0, we introduce the closed r—neighborhood of a set U:
N, (U):={y e RY, dist(y,U) < r}.

We assume that there exists tg > 0 such that for every 0 < t < ty the connected components of
N¢(Dg) are simply connected.

As in the previous sections, we want to obtain uniform estimates for smooth approximations of
the original problem. Therefore, we work with the smooth function G™ from Proposition [2.5] and
the smooth solution u,, of @ Let r¢ be the smallest distance between two connected components
of Dg. We introduce pg < min{"¢,%o}. In this section, we prove that:

Proposition 5.1. For every 0 <t < & and for every subset ) € Q, the functions

dist(Vtum, N¢(Dg)) and dist(N g, Ni(Dg)) Vi,

are continuous with a uniform modulus of continuity in m > % Moreover, for every xog € €,

there exists r > 0 independent of m € N such that Vu,,(By(xo)) encounters at most one connected
component DY of D¢. Furthermore, if Vg (By(z0)) N DY is not empty then Vum (B, (x0)) C
N3 (D%)
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We define
~ 1 _
Ot .= ( ﬂ {%Id < (DG™)* < k[d}) \N¢(Dg).

2
m>Z

Hence the sets (5,’; are independent of m when m > %

Since every estimate of this section is independent of m > % we can drop the subscript m € N
in order to simplify the notations. Moreover, since we want to prove continuity results for every
zo € ', we can replace Q' by Bgist(zy,00)(%0). By replacing u(-) by u(dist(xo,0Q) - +x0), we can
assume that Q' = B1(0). We introduce the constant L > 0 that is a Lipschitz constant of w,, on
B1(0) uniform in m € N. In the remaining of the section 0 < t < £ is fixed. Hence, we do not
state the dependence on t in the constants of the following results.

5.1. Preliminary results. In this section, we introduce two results that are adaptations of [28]
Proposition 3.1, Lemma 3.2] in the case where f # 0.
We introduce the following operator:

& v = div(DG(Vu) Vo).
Remark 5.2. We have that L% (0.u) = 0. f for every e € SV~1.
We prove the following result:

Proposition 5.3. Let K > 0 and ¢ > N. We assume that v is in WH2(B1(0)) N L>=(B1(0)), v > 0
and solves L¢,(v) > g in the weak sense with {v > 0} C O for some k € N and g € LY(B1(0)).
Then for all 0 < p < 1, there exists v := v(pu, N, k) such that if

{v>0n B0}

<l-u
B, 0)
and
v
gl La(By(0)) < §max{ sup v, K}
B1(0)
then
sup v < (1 — v) max{ sup v, K'}.
B1(0) B1(0)
Proof. Let us introduce m := sup v, then m —v > 0 and LE(m —v) < —g. If we replace
B1(0)

DG(Vu) by the identity matrix on the set where v = 0, then by [19, Theorem 8.18]|, there exists
Co := Co(N, k) > |B1(0)| such that

QN/B ()m—v§C’0<inf{m—v(aj),x6Bi(O)}+ng||Lq(31(o))>.
1 (0
2

We estimate the left-hand side from below by integrating over the set [v = 0]. Thus,

2| By (0)] < Co(m — sup 0+ Kl )

P10
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Hence,
2B, 0)
<(1- k .
BS;(%)U( co )t kllgllzas o)
. : 1, 2 HIBLO)]
Since ||gl[ra(B,(0)) < 5§ max{ sup v, K'}, if we take v = (1 + 5)7 (——g=—), we have:
B1(0)

sup v < (1 —v)max{ sup v, K}.

321[(0) B1(0)

0

In the rest of the paper we are going to apply this proposition to functions of Vu that are concave
in one direction. To do so, we prove the following result:

Lemma 5.4. Let f € C1(B1(0)) and v a smooth solution in By(0) of
(29) div(G(Vv)) = f.
Let n be a smooth function in a neighborhood of Vu(B1(0)). We assume that
Vo(B1(0)) N {n > 0} c OL.
Then there exists A := Ak, N) > 0 such that if in Vo(B1(0)) N {n > 0} the eigenvalues y1 < 2 <
... <N of D?n satisfy v >0 and 0 > 1 > —Ayo then

Lot (Vo) = (V7. 9(90) = 302 L
in the weak sense.
Here, 74 := max{n,0}.
Proof. Since v is a solution of we have that
L (n(Vv)) = div(DG(Vo)Vn(Vo)]) = Y DiG;(Vo)vjsna (Vo) + (Vf, Vn(Vo)).

,3,8,

As in |28, Lemma 3.2|, for zy € {n(Vv) > 0} we can choose coordinates such that ny(Vv(zg)) =
vs051. Hence,

L&(n(Vo))(z0) = Y s Z DiG(Vv)vjsvsi + (Vf, Vi(Vv)).

Since Vo(B1(0))N{n >0} C (52 we obtain that

N
L ((V0)) (o) = nH{Vorl? + 337 [Venl? + (VF, Vn(V0)).
n=2

This last inequality combined with the fact that 73 > —Avy3 on {n(Vv) > 0} provides that

N
¥ 'LE (V) (o) = kY Vo (o) — KAV (o) + 75 (Y f, V(Vo)).

n=2
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If Ly (n(Vv)) (o) < (VF,Vn(Vv)) — Ay2k® f2 then

N
EY [ Vun(zo)[? — kA[Vor(z0)® < =Mk f2.
n=2

N
Since Y [Von(zo)? > 1 3 vfj (zo) we have that

n=2 (6,3)#(1,1)
(30) AR ) S ) + P < i)
2 ) 0 11 0)-
(1.5)#(1,1)
We introduce D*G = DG%DGT. Since Tr(DG*(Vv)D?*v) = Tr(DG(Vv)D?*v) = f, we obtain that
DlGi (V’U)’UH = — Z DZ'Gj-’UZ‘j + f~

(1.5)#(1,1)
Thus, since zg € {n(Vv) > 0} and {n > 0} C 52 we have

v (o) S C(Nk) > vfi(o) + K2 f2.

(1.3)#(1,1)
. . . k‘_2
We get a contradiction with (30) when A < TONFTD O

5.2. When Vu is close to the convex hull of Dg. Let Cg be the convex hull of Dg. In this
section, we study the behavior of Vu(Bs(0)) when Vu(Bs(0)) is close to Cg. By [14, Proposition
4.3], we have the following result:

Proposition 5.5. We assume that € > 0 and that

div(G(Vv)) = f
in B1(0) with f € L9(B1(0)) and ¢ > N. We consider p such that Be(p) NNy(Dg) =0. Let k € N
such that Be(p) C O%. Then there exist 6o > 0 and po > 0 depending on the modulus of continuity
of DG in Be+%(p), k and € such that if |[v — lp|[ree(B,(0)) < o for some affine function I, with
Vi, = p and ||f||pa(s, (o)) < doko, then

Vo(B1(0)) C Be(p)-

D=

We can use this result to show that:

Lemma 5.6. For every € > 0 there exist o := a(po, DG, || fl|ra(q), L, N, €), k := k(DG, L, N,€) < ¢
and py := p1 (DG, L, N,€) with L the Lipschitz constant of u on B1(0) such that if

{Vu € Bu(p)} N B, (0)
B,(0)] =lom

for some p & Nyye(Dg) and r < o then
Vu(B5(0)) € Bi(p).

Remark 5.7. When a dependence in DG appears in a constant it means that the constant depends
only on the sets of ellipticity O}, and the modulus of continuity of DG™ outside N(Dg) with m > %
the parameter of regularization. Since all those quantities are independent of m > 2

7, we can just
denote this dependence by DG.
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Proof. For r > 0, we introduce v(z) := Lu(rz) in B;(0). Then
div(G(Vu(z))) = rf(rx)

in B1(0). Since ¢ > N by taking r small enough, we can assume that [|7 f(r-)||a(B, (0)) 1S as small as
we want. Hence, there exists a := a(po, DG, || f||ra(q), L, N) > 0 such that ||7f(r)||Le(B, (0)) < doro
for every r < a.

We show as in [I4, Lemma 4.1] that there exists an affine function [, such that ||[v—1Ip|| oo (B, (0)) <
do- By Morrey’s inequality, there exists a constant Cy depending only on N such that for every
x € B,(0) and every w € W2V (B1(0)) we have

1
1 1 N
w(z) - w(y)dy' <c ( Vw<y>|2Ndy) .
’ B0 o0 B0 S|
We set Ly(z) := (p,z) + \Bl Ol fBl (y)dy. In that case, we obtain
1
1 N
fo(z) — by(2)] < oo( 0 —pPNdy) .
BrO)] S0

We estimate the right-hand side by splitting the mtegral in two sets. The first one is X := {z €
B1(0),Vu(x) € Bi(p)}. A direct computation gives that

[ Ivew) - pPYay < 2N |i0).
B1(0)NX
Since the complement of X has a measure less than p|Bj(0)|, we have that

/B o 70 By < B )01
1

with L the Lipschitz constant of u on By(0). Thus,
1
[v(2) = lp(@)] < Co(k* + p(2L)*Y) 2N .

Hence, it remains to take x and p small enough such that Co(k2Y + p(2L)%N )ﬁ < §p in order to
apply Proposition [5.5] to v. The conclusion follows for . O

In the rest of the section, we write the vectors z € R in the following way: z = (p,p’) with
p € R? and p’ € RVN~2 and we assume that Dg C {p’ = 0}. Now we present the main result of this
subsection, which has the same conclusion as [28 Proposition 3.7].

Proposition 5.8. For every ¢ > 0, there exist three constants 3 := B(||f||w1.eq) K, p1, N, DG, €) >
0, so := so(k, 1, L, DG,€) > 0 and oy := oo(k, 1, N, DG,€) > 0 with k and uy from Lemma
such that if Vu(B.(0)) C {|p/| < oo} with r < 8, then either Vu(Bs,(0)) C Be(p) for some
P & Neyt(Da) or Vu(Bsyr(0)) C Neyt(Da).

As in [28], we need the following preliminary lemma:

Lemma 5.9. Let (po,0) ¢ Neyy(Dg). There exist B := BUlfllwra@)s 5, 1, N, DG, €) > 0, 0 :
oo(k, p1, N, DG, €) > 0 and Cy := Co(k, i1, N, DG, €) > 0 such that zf

Vu(B,(0)) C {[p'| < oo} N {lp—po| > —



34 REGULARITY OF THE STRESS FIELD FOR DEGENERATE AND/OR SINGULAR ELLIPTIC PROBLEMS

and
{Vu € By(po,0)} 1 B (0)

Bz (0)|

<1—/.L1,

forr < B, then
K
Vu(B3(0)) € {lp = pol =  + Co}-

Proof. There exists k € N such that Be(po,0) C (5,2 We follow the proof of [28, Lemma 3.8]. We
set v(z) = Tu(rz) on Bi(0) and we replace f(z) by rf(rz). We define
/ A? /12 / K
na(p,p') = exp(-[p'I° = Alpl), napo = na(p = po,p') — exp(=A3).
In the basis (%, ﬁ,eg, ...,en), on the set {|p/| < A=3}, we have
(A%na) "' Dna = diag(=(Alp]) ™", 1., 1) + O(A7%)

and {na > exp(—A%)} C {|p| < &+ A~°}. Since Vu(B,(0)) C {|p'| < o0}, for A large enough,
depending only on &, if 0p < A7 then Vu(B1(0)) N {nap, > 0} C Br N By (po,0). Since (po,0) ¢
Nii(Dg) we also have B (0)NBy(po, 0) C BL\N(D¢). Hence, we obtain that Vo(B1(0))N{nap, >
0} C BN B,i(po,O) C BL\Nt(Dg).

Once again if A is large enough depending only on A(k, N) from Lemma and x then the

eigenvalues 71 < ... < 7, of D?n4,, satisfy 42 > 0 and 71 > —Myg in Vo(B1(0)) N {nap, > 0}.
Thanks to Lemma the function vy, := (n4,p,)+(Vv) satisfies

(31) Le(vpo) = ((FPV £ (1), Vigape (Vu(r))) = 12202k’ F (1)) L o (90)0)-

Let denote by v; the constant v(u;, N, k) from Proposition We select o¢(k,v1,A) small in
such a way that

2

exp(—A(g) - exp(—Ag) > (1— yl)(exp(%ag — Ag) - exp(—Ag)).

Then, if we look at the right-hand side of there exists B(||f|lw1.a(q), 5, 1, L, N, DG, €) such
that when r < 8, we can apply Proposition to vy, with K = eXp(A;a(Q) — A%) —exp(—A5).
Hence, we have that

2
Vo(B1(0)) € {nage < (1 m)(exp(g-0f — A%) — exp(~A%)).
Thus,
Vo (B (0)) C {exp(—Alp — pol) — exp(~A%) < exp(~A(]) — exp(—AF)}.
Hence, VU(B%(O)) C {lp—po| = § +Co} for some Cy := Co(k, p1, N, DG, €) > 0. The conclusion
follows. g

We prove Proposition [5.8}

Proof of Proposition[5.8 We follow the proof of [28, Proposition 3.7]. We introduce «, x and p
from Lemma and S from Lemma . Taking r < min{«, 5}, we use the following strategy: if
there exist (pg,0) € Bar,(0)\Nei+(Dg) and n € N such that

{Vu € Br(po, 0)} N By-z2n, |

(32)
’B2*2"r’

>1—w



REGULARITY OF THE STRESS FIELD FOR DEGENERATE AND/OR SINGULAR ELLIPTIC PROBLEMS 35

then we can apply Lemma [5.6|in order to obtain that Vu(Bg-2n-1,) C Be(po,0) and the conclusion
follows.
If that is not the case, then by Lemmawe obtain that for every (pg,0) € Bar(0)\Ncy¢(Dg) if

K
Vu(By-2r1,(0)) € {Ip'] < o0} 1 {lp — pol > &
then
K
() Vu(By-2a-1,(0)) € {lp — pol > % + Co}.

The idea in [28, Proposition 3.7| is to use a covering argument with neighborhoods of lines.
Unfortunately, we can not cover the set Bar,(0)\Nc(Dg) with % neighborhoods of lines since
Neit(Dg) is not a finite union of small balls.

Instead, since the connected components of N, ;(D¢g) are simply connected, we can consider a
finite family of points (z;)ier in (Bar(0)\Nese(Dg)) N {p’ = 0} with I := [1,I5] C N such that
Bi(z1) N BL(0) =0, |z; — zi41] < Cp for every i € I\{Ig} with Cp from Lemmal[5.9] Moreover, we

assume that (Bar (0)\Ncy(Dg))N{p' =0} Cc U B (x;). By definition of L, By(z1) N Vu(B,(0)) =
el
0.

Thus, we can initiate the algorithm. By Lemma [5.9| we obtain that
K
Vu(By-2,(0)) C {[p— 21| 2 1T Co}-

Hence, Vu(By-2,(0)) C {lq| < oo} N{lp — x2| > §}. If is satisfied with (pp,0) = x2 and
n = 3 then we can conclude, otherwise Vu(By-1,(0)) C {[p'| < oo} N{lp — 23] > §}. The
algorithm terminates after at most I steps with two potential conclusions. The first one is that
Vu(By-2n0-1,) C Be(zp,) for a certain ng € [1,Ig]. The second one is that Vu(By-215-1,) C

By (0)\ U Bs (z;) which is a subset of Neit(Dg).
i€l
(]

5.3. Reduction to the convex hull of Dg. In this subsection, we present a result that states
that either Vu,,(B,(0)) is outside C¢ the convex hull of D¢ or is close to it. By [14, Theorem 1.1]
we have the following proposition:

Proposition 5.10. For every s > 0, there exists 65 := 65(L, DG, s) > 0 such that either Vu,,(Bs,) C
Bs(Vum,(0)) or Vum,(Bs,) C Nas(Cq) for every m € N.

Proof. By [14, Theorem 1.1], if H is a continuous function on R¥ such that H = 0 on N(Cg)
then H(Vu,,) has a modulus of continuity depending on L and DG that does not depend on the
parameter of regularity m € N. We can take H(-) := dist(-, Ns(Cg)). In that case if Vu,,(0) €
N35(Cg) then there exists &5 := d5(M,G,r) > 0 such that Vu,,(Bs,) C N4s(Cg). If we assume
that Vu,(0) ¢ N3s(Ce) then there exists 0, := §,(M, G, s) > 0 such that Vup,(Bs,) N Nos(Ca) =
(. By classical results on uniform elliptic equation, there exists o5 := d5(L, G, s) > 0 such that
Vum(Bs,) C Bs(Vu(0)). O

5.4. Proof of Proposition To finish this section, we reintroduce the subscript m € N. We
can prove that for every 0 < t < £, dist(Vum, N¢(Dg)) and dist(Vum, N¢(Dg)) Vg, are uniformly
continuous in m > 2 with a similar strategy as in [28].
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Proof of Proposition[5.1. We take zo € ' and 0 < € < rg, we consider oy from Lemma We
apply Proposition with s = 2. Hence, there exists §s > 0 such that either Vu,,(Bs,(x0)) C
B%O(Vum(:vo)) or Vum(Bs,(70)) C Ny (Ca)-

In the first case for every 0 < ¢; < 22, we can find ¢ := §(L, DG, €1) such that Vu,,(Bs(zo)) C
Be, (Vupm(z0)) thanks to Proposition m

In the second case, we apply Proposition with » = min{5,0s}. Hence, in this case, we
either have YV, (Bs,r(20)) C Be(p) for some p ¢ Ny (Dg) or Vi, (Bsyr(70)) C Nert(Dg). Since
Vtm(Bs,r) is connected, by definition of pg the set Vuy,(Bs,,) encounters at most one connected
component Dg.

Hence, for every € > 0 and every t > 0 there exists

5€(L7DG7N7 61, Hf”leq(Q)) >0

such that either Vi, (Bs.) C Be(Vum(20)) or Vum(Bs,) C Nept((Dg)) for every m > 2.
Thus, we have that dist(Vu,, Ni(Dg)) and Vi, x dist(Vu,, N¢(Dg)) are continuous uniformly
inmENwithmZ% O

6. MAIN PROOFS

We assume that G satisfies the assumptions of Theorem 1.1} Theorem [I.5 or Theorem Before
proving these three theorems, we show the following result:

Proposition 6.1. If G satisfies the assumptions of Theorem[I.1], Theorem[I.5 or Theorem[1.7] then
G(Vu) does not depend on the choice of the solution u of (4] . ) when the Dirichlet boundary condition
1s fized.

Proof. Let us assume that u and v are two solutions of the same equation (4)) such that « = v on

0f). Then we have:
/ (G(Vu) — G(Vo), Vi — Vo) =
Q

Since (G(A) — G(B),A— B) > 0, we get that (G(Vu(z)) — G(Vov(z)), Vu(z) — Vu(x)) = 0 for a.e.
x € €. The condition gives that G(Vu(z)) = G(Vu(x)) for a.e. z € . In the other cases, we
use the convexity of ¢ to get the same result. ([

With this proposition, we just have to show that G(Vu) is continuous for u the solution of
obtained as the limit of (uy,)meny Wwhen m — 400:

Proof of Theorem[I.1], Theorem 1.5 and Theorem[1.7]. Thanks to Proposition [3.9, Proposition [3.1§]
and Proposition we have that for every compact ' € Q, the family (G™(Vum))men is
equicontinuous. Hence7 by the Arzela-Ascoli Theorem, Gm(Vum) converges to v uniformly on
Q', up to a subsequence. Since ||Vuy||po) is bounded uniformly in m € N, we have that
|IG™ (V) — G(Vup)| — 0 in LY(€Y). Thanks to Remark we get that G™(Vu,,) converges
to G(Vu) in L' (). Thus, v = G(Vu) is continuous for any solution of thanks to Proposition
6. 1] ([

We are ready to prove Proposition

Proof of Proposition[1.8. On the set =1(V) we define F(x) as G~!(c(z)). Thus, the function F is
continuous and F' = Vug a.e. on 0~ }(V). Hence, Vug has a continuous representative on o= 1(V).
U
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Let us prove Proposition [1.9

Proof of Proposition[1.9. We know that G(Vug) has a continuous representative ¢ where G = Vg
with ¢ a convex function that depends only on the Euclidean norm | - |.
For every t € R, we introduce the super level set E; = [ug > t]. By the co-area formula we

obtain that for a.e. t € R, D1g, = |§Zg|HN_1 L 0¢°Ey where 0°E; is the support of the measure
Yug

D1g,. Since ¢ is radial |%| = [Nug &€ on QN [Vug # 0]. Thus, by the co-area formula we get that

Dlp, = ﬁHN—l L 9°E; for ae. t € R.
Hence, we get

@ Ple. o)
lim =
r—0 fBr(m) |D1Et| |O'($)|

for every x € 90°Ey N[0 # 0]. By [20, Theorem 4.11] we obtain that the connected components of
0°Ey N [0 # 0] are C! curves.

Let 29 € [0 # 0]. By continuity of o this set is open. Hence, there exist r > 0 and C' > 0 such that
for every o € By(zg) we have that (o(z),e) > C with e := 22 Since, o(z) = V(Vug(z)) for

= lo(o)l
Vug

a.e. x € Q the continuity of Vi gives that |[Vug(z)| > C > 0 for a.e. x € B,(x). Since 1] = TVu

a.e. on QN [Vug # 0], there exists C’ such that for a.e. = € B,(xg), (Vug(z),e) > C’" > 0. By
Lipschitz continuity of ug for a.e. x € B%(wo) and every 0 <t < 5 we have that

t
uo(x + te) —up(x) = / (Vug(z + se),e)ds > C't > 0.
0

By continuity of ug, for every € Bz (o) and every 0 < ¢ < 5 we obtain that ug(z + te) — uo(z)
C't > 0. Hence, by continuity of ug, for every p > 0 we have that 0 < |B,(zo) N [ug > uo(zo)]|
B,(x0). This means that o € 0°[u > u(zo)].

Finally, let t+ € R such that 9°FE; N[0 # 0] is a C! curve. By continuity of wug, for every
x € 0°E N [0 # 0] we have that ug(z) = ¢t. Moreover, for every x € [0 # 0] such that ug(z) =t we
have that x € 0°E;. Hence, for a.e. t € R, [ug =t|N[o # 0] = 0°EyN[o # 0]. Hence, the connected
components of [ug = t] N [o # 0] are C! curves for a.e. t € R.

>
<

U
To prove Theorem we use the following proposition instead of Proposition

Proposition 6.2. Let us assume that G satisfies the assumptions of Theorem [I.10, We consider
two solutions w and v of such that w = v on 9Q. Then Vu(z) = Vu(x) for a.e. x € Q such
that Vu(x) ¢ Dg.

Proof. As in the proof of Proposition for a.e. x € Q we have that
(G(Vu(x)) — G(Vov(z)), Vu(x) — Vu(z)) = 0.

If for some = € Q we have that Vu(x) ¢ D¢, then there exists k& € N such that Vu(z) € O, :=
{}Id < DG < kId}. Hence, for every A € RVM\{Vu(z)}, we have that (G(4) — G(Vv(z)), A —
Vu(z)) > 0. Thus, Vu(z) = Vu(z) for a.e. x € Q such that Vu(x) ¢ Dg. O

Remark 6.3. Thanks to this proposition, dist(Vu, Dg) and Vu x dist(Vu, Dg) do not depend on
the choice of a solution of .
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Finally, we prove Theorem [1.10

Proof of Theorem[1.10. By Remark [2.9]and Remark 2.8] for every ' € © and every ¢ > 0 we have:
(dist(Vaum, Ni(Dg)) — dist(Vu, Ni(Dg))) — 0 in L)
and
(Vg x dist(Vug,, Ni(Dg)) — Vu x dist(Vu, N¢(Dg))) — 0 in LYY

when m — +o0o. Thus, thanks to Proposition the functions dist(Vu, Ny(Dg)) and Vu x
dist(Vu, Ni(D¢)) have a continuous representative o, and ¥; respectively for every ¢ > 0.

We introduce the following open subset of Q, Qg := |J [0y > 0]. Let us consider zy € Q. Then
t>0
there exist ¢ > 0 and e > 0 such that o,(xg) > e. By continuity of oy, there exists a neighborhood

U of zg such that o, > § on U. The continuity of ¥; on U and the fact that oy > § on U give that
Vu has a continuous representative on U. Hence, dist(Vu, Dg) has a continuous representative
on U. Thus, Vu and dist(Vu, D) have continuous representatives Fyy and o respectively on €.
Let us extend og by 0 on Q\Qy. We claim that this function o is continuous and coincides a.e.
with dist(Vu, Dg). To prove the continuity, we assume that there exists z € Q\Qy and (z,)nen
in Qy a sequence converging to x such that (o(z,))nen does not converge to 0. This means that
we can extract a subsequence from (o(x,))nen, still denoted (o(xy))nen such that o(z,) > 1> 0
when n is large enough. Thus, o (z,) > % for every n large enough. By continuity of o, we
obtain that z € Qg which is a contradiction. Hence, ¢ is continuous. Moreover, for a.e. = é Qo,
o(x) = dist(Vu(z), Dg) and for a.e x € 2 such that o(x) = 0 we have that © € Dg. Thus, 0 is a
representative of dist(Vu, Dg) and Fy x o is a continuous representative of Vu x dist(Vu, Dg).

To conclude, we assume that G is constant on each connected components of Dg. By Remark
there exists a subsequence of (Vuy,)men still denoted (Vuy, )men such that Vu,, — Vu a.e. on
Qo when m — +oo.

Let us assume that (x,)nen is a sequence in €y converging to zop € Q\Qp when n — +o0o0. By
Proposition there exists 7 > 0 such that for every m € N, Vup, (B, (20)) C N3y, (DF) with D
a connected component of Dg. By convergence a.e. on g of Vu,,, we have that D% is independent
of m for m large enough. Let us call D% this connected component, by continuity of dist(Vu, D¢g)
we obtain that dist(Vu(zy,), DY) — 0 when n — +o00. Since G is continuous on RY and constant
on DY, we have that G(Vu(z,)) = G(Vu(xg)) when n — 4o00. O

7. APPENDIX: REGULARITY OF THE GAUGE FUNCTION

This section is dedicated to the convex gauge, or Minkowski functional. Most of the results
presented here are classical, and the reader can find parts of the proofs in [24, Section 13] for
instance. Let C be a bounded convex set of R such that its interior contains 0. We define the
gauge associated to C as the following function:

v (2) == inf{t > 0 such that ; e C}.
We have the following result about the regularity of v¢o.:

Proposition 7.1. Let k € N and 0 < o < 1. If C is a strictly conver bounded set of RN of
reqularity C* such that its interior contains the origin, then the gauge o associated to C' is in

Cror RN\ {0}).

loc
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Proof. The function ¢ is convex on RY. For every z € RV we compute the convex subdifferential
0vc(z) of v¢ at the point z. By definition of the subdifferential we have

e (z) == {y € RN such that v¢(2) > vo(2) + (y, 2" — 2) for every 2/ € RV}

By homogeneity of y¢, for every y € dvc(z) we get that yo(2') > (y, 2') for every 2/ € RV, By
taking 2/ = 0 we get that vo(2) < (y, z). Hence, we have that yo(z) = < y, z) for every y € 0yc(%).
Thus, for every z € RV, we obtain that

(34) e (z) = {y € RY such that yo(z) = (y, 2) and v (2') > (y, 2') for every 2’ € RV},

This convex set is not empty since ¢ is a convex continuous function. We claim that when z # 0,
0vc(z) is reduced to a singleton. In fact, if there exist y; and ys two different points of dyc(z) then
(y1,2) = (Y2, 2) = yc(z) and (y1,2) <1, (y2,2") <1 for every 2z’ € OC. Hence, C is on one side of
the hyperplane (£, y1) = 1, on one side of another hyperplane (¢, y2) = 1 and ( 7€ OC is in their

intersection. This contradicts the fact that C is at least C'. Thus, for every z 75 0, 0yc(#) contains
only one vector. Hence, v¢ is differentiable at every z # 0. By homogeneity of vo we have that
Ve (z) is positively colinear to vc(Pc(z)) where vo is the unit outward normal vector to C' and
Po(z) = 70( 7 By (34) we have that (z, Vyc(2)) = vc(z). Hence, |Vye(z)|(z, ve(Po(z))) = ve(z)
for every z # 0. Agaln by homogeneity of v¢, for every z # 0 we obtain that
ve(Po(2))

(vo(Pe(2)), Po(2))
This scalar product in the denominator is not 0 because C contains a small ball centered at 0, thus
for every 2z’ € C the normal vector v (2') cannot be orthogonal to 2’

With this expression of the gradient of vo we can find the regularity of vo. In fact, we know

that vo is CF~ 1 continuous with k& > 1. Since 7¢ is Lipschitz continuous, the map Pg is locally
Lipschitz continuous on R¥\{0}. Hence, V¢ is CO continuous on RN\{0}. Thus, Pr is C%

continuous on RV\{0}. By a bootstrap argument, we get that ¢ is che on RM\{0}.

(35) Vre(z) =

loc

loc

O

We also prove a convexity result for the lower level sets of the convolution product of v¢:

Proposition 7.2. Let C be a strictly convex bounded set of RN such that its interior contains 0.
If (pm)men is a standard mollifying sequence, then the lower level sets of 4@ := ~yc * py are strictly
convex for every m € N.

Proof. Let us consider z; # 2z on the boundary of a lower level set of 7/¢. By continuity of ~/,
Y& (21) = 78 (22) =: 5. Then for every 0 < ¢t < 1 we have:

Y (t21 + (1 — 1)) = /B 100 =)+ (L= 02 = 0o (1)

1
m

By convexity of v¢, we have

(36) otz —y) + (1 =1)(22 —y)) < velzr —y) + (1 = t)ro(z2 —y).
If vo(z1 — y) = yo (22 — y) by strict convexity of C' we get that

Yo(t(zr —y) + (1 =) (22 —y)) <tye(z1 —y) + (1 = )ye(z2 — y).
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Hence, if we have equality in this means that z; —y and zo —y are colinear. Since z1 # zg, for a.e.
y € B1(0) 21—y and 22—y are not colinear. Thus, 77 (t(z1)+(1—t)(22)) < t7& (z1) + (1 —t)7 (22).
This provides the strict convexity of the lower level sets of v for every m € N.

O

We prove that the approximations of a Cb! strictly convex set through convolutions of ¢ are
also CY! with a uniform norm.

Proposition 7.3. Let C be a C1! strictly convex bounded set of RN such that its interior contains
0. We consider v = vyc * pm with (pm)men a standard mollifying sequence and ry, — 1 when
m — +o0 such that Cp, := (%) ({[0,7m)}) is a smooth convex set containing 0. Then Cy, is a
CHY strictly convex set of RY and the Lipschitz constant of its outward normal vector can be bounded
uniformly in m € N.

Proof. By Propositionthe set Cy, is strictly convex. Since (74,)men converges to 1 and (y¢%)men

converges uniformly to 7o on RY when m — +o0o we have that lirJrrl dist(0C,,, 0C) = 0. Thanks
m——+0Q

to this last result and the fact that 0 is in the interior of C' we can find » > 0 such that B,(0)
is in C,, for every m large enough. Since C), is a level set of ¥ for every z € dC™ we have
that ve, (2) = % By Proposition and the function VA& := Vv * py, is uniformly
Lipschitz continuous on RV\B,.(0). Moreover, there exists £ > 0 such that V4% (z)| > & for every
m € N large enough according to r > 0 and C.
Hence, v¢,, is Lipschitz continuous for every m € N with a Lipschitz constant independent of
m € N.
O
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