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Abstract

We provide exact expressions for the volume of polyhedral neighborhoods for the sequence of pre-

fractal graphs which converge to the Weierstrass Curve, called Weierstrass Iterated Fractal Drums
(in short, Weierstrass IFDs), associated with a suitable (and geometrically meaningful) sequence
of values of a parameter e tending to zero, also known as the cohomology infinitesimal, due to
its connections with fractal cohomology, as developed in an earlier work of the authors. We then
introduce the associated local and global polyhedral fractal zeta functions, and prove that the poles
of the global polyhedral fractal zeta function are exactly the same as the Complex Dimensions of
the Weierstrass function itself. Contrary to the set of possible Complex Dimensions usually (and
classically) obtained by means of tubular neighborhoods, as in an earlier work of ours about the
Weierstrass IFD, not only is our result more precise (we obtain the set of actual or exact Complex
Dimensions, instead of the set of possible Complex Dimensions), but it also enables us to build a
bridge with fractal cohomology, where, for any nonnegative integer m, the m'" cohomology group
is constituted of continuous functions which possess a generalized Taylor expansion, with fractional
derivatives of orders the underlying — and actual — Complex Dimensions.
Then, the aforementioned exact expressions of the polyhedral neighborhoods also enables us to
revisit the computation of the box-counting (or Minkowski) dimension of the Weierstrass Curve,
in a fully rigorous manner, and thereby to provide a complete and geometric proof of part of Man-
delbrot’s conjecture about the fractal dimension of the Weierstrass Curve.
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sions of an IFD, box-counting (or Minkowski) dimension, cohomology infinitesimal, intrinsic scale,
Hodge Diamond Star relation, polyhedral measure, tubular neighborhoods, polyhedral (or polygonal)
neighborhoods, effective local and global polyhedral zeta functions.
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1 Introduction

Fractal zeta functions are classically often obtained in terms of tube formulas (see [LyF13], [LRZ117],
[LRZ18], [Lap19]). However, when it comes to fractals defined by means of a nonlinear and noncontrac-
tive iterated function system (i.f.s.), as is the case for the Weierstrass Curve (see [Dav1§]), difficulties
arise. Indeed, we cannot obtain an explicit expression for the volume of the general tubular neighor-
hood of the m'" prefractal approximation — and, hence, of the associated geometric tube zeta function.
Note that, in addition, nonlinearity makes the geometry awfully complicated; in particular, one cannot
obtain the exact values of the underlying elementary lengths and angles. As a consequence, we only
dispose of an approximate expression for the tube zeta function. In practice, since the approximation
only concerns the coefficients in factor of the residues, and since we dispose of sharp estimates for
those coefficients, we can obtain the exact values of the poles — and, hence, of the Complex Dimen-
sions associated to each prefractal approximation. However, a natural question is wether the Complex
Dimensions of the fractal itself are the same as those of the prefractal approximations, at least for
sufficiently large values of these approximations.

In [DL24al, we gave a partial anwser to the latter question, by introducing the concept of Weier-
strass Iterated Fractal Drums (in short, Weierstrass IFDs), by analogy with the relative fractal drums
involved, for instance, in the case of the Cantor Staircase, in [LRZ17], Section 5.5.4, and in |[LRZ18).
Weierstrass IFDs simply consist in a sequence of polygonal domains which contain the Weierstrass
Curve T'yy, and are sufficiently close to I'yy. As is first explained in [DL22] and [DL24a], we could
expect the Complex Dimensions of the IFD to be the same as the Comple Dimensions of the Weier-
strass Curve I'yy. An interesting argument arises if we consider the fractal Complex Dimensions as
dynamical quantities, which evolve with the scales: to each prefractal approximation I'yy —of T'yy,
we can associate specific values of the Complex Dimensions, as is shown in [DL24d]. In this light,
it is natural to define the Complex Dimensions of the Weierstrass Curve as the set of the Complex
Dimensions of the Weierstrass IFD.

In [DL24c], we have introduced a specific polyhedral measure, by means of polygonal neighbor-
hoods of the Weierstrass Curve I'yy,. It so happens that the sequence of polygonal neighborhoods and
the sequence of tubular neighborhoods associated with the Weierstrass IFD are nested: given any



integer m € N, there exists k; € N such that, for all k¥ = k;, the polygonal neighborhood of the m'"
prefractal approximation contains, but for a finite number of wedges, the (m + k, 5%12)—neighborhood.
On the other hand, there also exists k5 € N such that, for all £ = k;, the polygonal neighborhood of
the m'™ tubular neighborhood contains the (m + k,&t%iﬁ) polygonal neighborhood. Here, the se-
quence (5%)meN is the so-called cohomology infinitesimal introduced in [DL22] and [DL24d] and ex-

pressed in terms of the geometry of the Weierstrass Curve — where ¢,,, = (&,,,)"", with g,,, > 0, &;, — 0
m—00

and &, — L, for some L > 0.
m— 00

In light of this fact, it was natural to consider the fractal zeta functions associated with the se-
quence of polygonal neighborhoods, instead of the fractal zeta functions associated with the sequence
of tubular neighborhoods. For this sequence, as will be shown, in the present paper, not only do we
dispose of the exact expression for the volume (i.e., area) of the polygonal neighborhood, at a given
step of the prefractal approximation, but we also have the recurrence relation between consecutive
fractal zeta functions. This, in particular, enables us to obtain the poles of the limit fractal zeta
function — the one associated with the limit fractal object — and, hence, the Complex Dimensions of
the fractal.

More specifically, a key outcome of our study is that the (intrinsic) Complex Dimensions of the
Weierstrass IFD are all simple, ezact and given by the following infinite sequence:

Wip ik = Dw =k (2= Dw) xil;, p , withm € N arbitrary, 0 Sk <m,

where the nonnegative integers £;, 1, € N (which depend on k and m, called the cohomological vertex
integers and are given in Theorem on page , form a suitable infinite sequence having a natural
geometric and dynamical interpretation (see the discussion below). Here, Dyy is the Minkowski (or,
equivalently, box) dimension of the Weierstrass Curve I')y, and p denotes the oscillatory period of the
associated IFD. The codimension 2 — D), is the sharp Holder exponent of the Weierstrass function W.

Note that, since ¢;, = 0ifand onlyifw;j, isreal (ie. ifand onlyifw;, = Dy —k (2 - Dy)).
Furthermore, on each vertical line of Complek Dimensions (of abscissa Dyy -k (2 = Dyy), for some
k=0,1,2,..., say), there are countably infinitely many nonreal complex conjugate pairs of Complex
Dimensions, as should be the case, geometrically.

We deduce from these results and from the construction of the cohomological vertex integers £;,

— provided in Definition on page in terms of the labeling of the vertices of the m'" prefractal
graph approximation of the Weierstrass Curve I'y, — that the oscillations (or vibrations) associated
with the Complex Dimensions (see [LvF00], [LyvF06], [LvF13], [LRZ17], [Lap19]) have a very natural
geometric and dynamical interpretation in the context of our extended theory of Complex Dimensions
(developed in [DL22], [DL24d], [DL24al, [DL24c|, [DL24b]) as well as in the present paper. As a result,
so do the (intrinsic) Complex Dimensions of I'}) themselves.

We point out that our result is stronger than the one obtained in [DL22|], where the values of
the possible Complex Dimensions of the Weierstrass IFD — obtained via fractal zeta functions first
defined in terms of tubular neighborhoods — included, in addition to the aforementioned values, the
values =2, 0 and 1 -2k +4(; .. While such a result can seem intriguing, it simply comes from
the fact that tubular neighborhoods involve wedges, whose contribution leads to the occurrence of —2
as a possible pole of the associated local fractal effective tube zeta function. Indeed, as we will see,
polyhedral neighborhoods, which are the natural neighborhoods adapted to fractal curves, do not
lead to this value as a possible pole of the associated local fractal effective polyhedral zeta function.
More precisely, since the volume of the polyhedral neighborhood of each prefractal approximation can
be expressed by means of values of the Weierstrass function, the possible Complex Dimensions are
exactly the same as the Complex Dimensions of the Weierstrass function itself, as obtained in [DL24d].



Our main results in the present setting can be found in the following places:

1.
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In Definition on page [I1] and Property [£.4] on page where we introduce and study the
sequence of polyhedral neighborhoods and show that it converges to the Weierstrass Curve I'yy.

In Theorem [4.10], on page 28] and Corollary on page[29, where we show that our polyhedral
measure is a quasi self-similar measure. This result extends the classical notion of self-similar
measure.

In Property [5.1} on page [30] where we show that the polyhedral and tubular neighborhoods are
nested.

In Theorem on page where we obtain recurrence relations satisfied by the coefficients
of the exact fractal (or Complex Dimensions) expansion for the complexified and the ordinary
Weierstrass functions.

In Property on page where we show that the (complex) coefficients associated with the
Complex Dimensions series expansion of the Weierstrass function satisfy a Hodge Diamond Star
relation, reminiscent of Poincaré duality (see [DL24d]).

In Theorem on page I} where we obtain an exact fractal power series expansion for the
volume of suitable m" polyhedral neighborhoods of the Weierstrass Curve.

In Theorem [5.9] on page where we introduce the local and global effective polyhedral zeta
function, obtain fractal power series expansions and recurrence relations for the local zeta func-
tions, and show that the global zeta function is well defined, meromorphic in all of C, and is
given by an explicit fractal power series, evaluated along the cohomology infinitesimal.

In Theorem [5.12, on page where we prove that the global effective tube zeta function of the
Weierstrass IFD exists and coincides with the global effective polyhedral zeta function.

In Theorem [6.1], on page where we introduce a new and comple proof of the computation
of the box-counting dimension (or, equivalently, of the Minkowski dimension) of the Weierstrass
Curve I'yy, by simply using the covers of I'yy by polyhedral neighborhoods — therefore fully
establishing part of Mandelbrot’s conjecture [Man82] about the fractal dimension of I'y.

2 Basic Notation

Notation 1 (Set of all Natural Numbers, and Intervals).

As in Bourbaki [Bou04] (Appendix E. 143), we denote by N = {0, 1, 2, ...} the set of all natural
numbers, and set N* = N\ {0}.



Given a, b with —c0 < a < b < 00, Ja,b[ = (a,b) denotes an open interval, while, for example,
la,b] = (a,b] denotes a half-open, half-closed interval.

Notation 2 (Lebesgue Measure on R?).

In the sequel, we denote by u, the Lebesgue measure on R

Notation 3 (Logarithm).

Given y > 0, Iny denotes the natural logarithm of y.

Notation 4 (Signum Function).

The signum function of a real number x is defined by

-1, if <0,
segn (z) = 0, if z=0,
+1, if z>0.

3 Geometry of the Weierstrass Curve

We begin by reviewing the main geometric properties of the Weierstrass Curve (and of the associ-
ated IFD), which will be needed in this paper.

Henceforth, we place ourselves in the Euclidean plane, equipped with a direct orthonormal frame.
The usual Cartesian coordinates are denoted by (x,y). The horizontal and vertical axes will be
respectively referred to as (z'z) and (y'y).

Notation 5 (Weierstrass Parameters).
In the sequel, A and NV, are two real numbers such that

0<A<1l , Ny,eN and AN, >1 - () (R1)
Note that this implies that N, > 1; i.e., N = 2, if N, € N*, as will be the case in this paper.

As explained in [Davl9|], we deliberately made the choice to introduce the notation N, which
replaces the initial number b, in so far as, in Hardy’s paper [Harl6] (in contrast to Weierstrass’
original article [Wei75]), b is any positive real number satisfying Ab > 1, whereas we deal here with
the specific case of a natural integer, which accounts for the natural notation V.



Definition 3.1 (Weierstrass Function, Weierstrass Curve).

We consider the Weierstrass function VW (also called, in short, the W-function) defined, for any
real number z, by

W(x) = Z N cos (27 Ny ) - (R2)

n=0

We call the associated graph the Weierstrass Curve, and denote it by I'yy.

Due to the one—periodicity of the Weierstrass function (since N, € N *), from now on, and without
loss of generality, we restrict our study to the interval [0, 1[= [0,1). Note that W is continuous, and
hence, bounded on all of R. In particular, T,y — which is also the graph of W restricted to [0, 1[ — is
a (nonempty) compact subset of R%

Definition 3.2 (Complexified Weierstrass function).

We introduce the Complexified Weierstrass function Wy, defined, for any real number x, by

00

n 2im Ny

Weomp(x) = Z Ae )
n=0

Clearly, Wy, is also a continuous and 1-periodic function on R and W is the real part of Weopm,-

Notation 6 (Minkowski Dimension and Hélder Exponent).

For the parameters A and N, satisfying condition (&) (see Notation |5 on page |5)), we denote by

In\
lan B

the box-counting dimension (or Minkowski dimension) of the Weierstrass Curve I'yy, which happens
to be equal to its Hausdorff dimension [KMPY&84], [BBR14], [Shel8], [Kell7]. We point out that the
results in our previous paper [DL22], combined with those obtained in the present paper in Section @]
below, will provide a direct geometric and fully rigorous proof of the fact that D)y, the Minkowski
dimension (or box-counting dimension) of I'yy, exists and takes the above values, as well as of the fact
that W is Holder continuous with optimal Holder exponent

DW:2+

1
2—1HNb X € ]1,2[

Convention (The Weierstrass Curve as a Cyclic Curve).

In the sequel, we identify the points (0, W(0)) and (1, W(1)) = (1, W(0)). This is justified by the
fact that the Weierstrass function W is 1-periodic, since NN, is an integer.



Remark 3.1. The above convention makes sense, because, in addition to the periodicity property of
the W-function, the points (0,/(0)) and (1, W(1)) have the same vertical coordinate.

).

Property 3.1 (Symmetry with Respect to the Vertical Line x =

N =

Since, for any x € [0,1],
o0
Wl -z)= Z N cos(2m Ny =27 Ny ) = W(x),
n=0
the Weierstrass Curve is symmetric with respect to the vertical straight line x =

5.

Proposition 3.2 (Nonlinear and Noncontractive Iterated Function System (IFS)).

Following our previous work [Dav18|, we approximate the restriction Ty, to [0, 1[ XR, of the Weier-
strass Curve, by a sequence of finite graphs, built via an iterative process. For this purpose, we use
the nonlinear (and noncontractive) iterated function system (IFS) consisting of a finite family of C*°

o 2 2
bijective maps from R” to R” and denoted by

TW = {T07"'7TNb—1} )

where, for any integer i belonging to {0,..., N, — 1} and any point (z,y) of R?,

T+ T+1
Ti(x,y) = Tb,/\y+cos 27 N, .

Note that unlike in the classical situation, these maps are not contractions. Nevertheless, I'yy can
be recovered from this IFS in the usual way, as we next explain.

Remark 3.2 (Further Comments About Nonlinear and Noncontractive Iterated Function
Systems).

In [Dav19], the first author has begun to lay the foundations for a theory of non-classical, non-affine
iterated function systems, of the form

{TOa---aTN—l} , NeN N=2,

where, for any integer i € {0,..., N — 1}, T} is a map from R" to R" obtained by means of:

1 _ _
i. aset {¢;}o<icny—1 Of affine contractive maps of ratio ~ and integer constants from R" Lo R™ 1;

1 -
ii. a set {¢;}ocicn—1 Of linear contractive maps of ratio r > ~ from R" ™ to R ;

iti. a T-periodic, bounded function ¢ from R to R satisfying a Lipschitz condition (7" > 0).



By placing oneself in the Euclidean space of dimension n, referred to a direct orthonormal frame,
with Cartesian coordinates (1, ..., x, ), the maps T}, for 0 < s < N — 1, are defined, for any (x1,...,z,) € R",
by

Ti (21, mn) = (i (21, 2nm1)  pi(@n) + 00 ¢ (T, .., Tay))
This i.f.s. is related to a function of Weierstrass type

+00
(xla- . -7xn—1) = W(.Tl,.. . 7xn—1) = Z r”w(TN” (':Ula"wxn—l)) :
n=0
Contrary to self-affine fractals such as the Sierpinski gasket or the Koch Curve, the Gluing
Lemma [BDS85] does not apply. Yet, one has an equivalent property, in so far as, for any inte-
ger i € {0,..., N}, the map T} is a bijection of the set (z1,...,2p_1, W(21,...,2n-1)) € R".

In addition, those maps possess what can be viewed as a property that is essentially equivalent to
the contractive property of classical IFSs, since, at each step of the iterative process which enables one
to obtain the prefractal graphs, they reduce the two-dimensional Lebesgue measures of a given sequence
of polyhedra covering the curve. Such maps play a role in the first step of the horseshoe map process
introduced by Stephen Smale; we refer the interested reader to the book of Robert L. Devaney [Dev03].

Property 3.3 (Attractor of the IFS [Dav18], [Dav19]).

The Weierstrass Curve Ty, is the attractor of the IFS Ty, and hence, is the unique nonempty
Ny—1 Ny—1
compact subset K of R%satisfying K = U Ti(K); in particular, we have that Ty = (] T;(Tyw).
1=0 i=0

Lemma 3.4 (Fixed Points).

For any integer i belonging to {0, ..., Ny, — 1}, we denote by

? 1 2mi
Py = (i, y:) = (m»m COS(W))

the unique fized point of the map T;; see [Davl9].

Definition 3.3 (Sets of Vertices, Prefractals).

We denote by Vj the ordered set (according to increasing abscissae) of the points

{Po,....Pny-1} -

The set of points Vy — where, for any integer ¢ in {0,..., N, — 2}, the point P; is linked to the
point P;,{ — constitutes an oriented finite graph, ordered according to increasing abscissae, which we
will denote by I'yy,. Then, Vj is called the set of vertices of the graph TI'yy,.

Ny-1
For any positive integer m, i.e., for m € N*, we set V,, = |J T; (Viuo1).
i=0



The set of points V,,,, where two consecutive points are linked, is an oriented finite graph, ordered
according to increasing abscissae, called the m'™ order W-prefractal. Then, V,, is called the set of
vertices of the prefractal I'yy_; see Figure 2, on page We call Weierstrass Iterated Fractal Drums
(IFD) the sequence of prefractal graphs which converge to the Weierstrass Curve.

Property 3.5 (Density of the Set V* = ] V,, in the Weierstrass Curve [DL24d]).

neN

The set V* = | V,, is dense in the Weierstrass Curve T'yy.

neN

Definition 3.4 (Adjacent Vertices, Edge Relation).

For any m € N, the prefractal graph I'yy, is equipped with an edge relation ~, as follows: two
m

vertices X and Y of Iy, = (i.e., two points belonging to V,,) are said to be adjacent (i.e., neighboring
or junction points) if and only if the line segment [X,Y] is an edge of I')y, ; we then write X ~ Y.
m

Note that this edge relation depends on m, which means that points adjacent in V,,, might not remain
adjacent in V1.

Property 3.6 (Scaling Properties of the Weierstrass Function, and Consequences [DL22]).

(o8]
Since, for any real number x, W(x) = Z A" cos (ZWNng), one also has
n=0

W(Nyz) = Z)\n cos(27rNgl+1 )=§ Z/\ cos(2n Ny ) = < (W(x)—cos(Zﬂw)) ,
n=0 n=1

which yields, for any strictly positive integer m and any j in {0,..., #V.},

J J 27y
W(—m)=)\W T —— +cos(—m).
(N, —1)N; ((Nb—l)Nl?"“l) (Np = 1) N,
By induction, one then obtains that

. . m—1 k .

J m J k 27 Ny j

O (i by S = 10

(Ny — 1) Ny (Np—1) 5 (Ny —1) Ny

We refer to part iv. of Property on page [9 along with Figure[I] on page for the definition
of the polygons P, ,, and Q,, ;, associated with the Weierstrass Curve.

Property 3.7. [Davl8] For any m € N, the following statements hold:

i- Vm C Vm+1 .



ii. #V = (Ny —1) Ny + 1, where #V,,, denotes the number of elements in the finite set V,,.
iii. The prefractal graph Ty, has exactly (N, — 1) Ny* edges.

iv. The consecutive vertices of the prefractal graph I'yy, —are the vertices of Ny" simple nonregular
polygons Py, i, with Ny, sides, where 1 <k < Ny" =1 (note that contrary to the numbering of
the vertices of the prefractal graph I'yy, , the numbering of the polygons starts with k =1 and
notk=1). For1<k< Ny —1, the vertices of P,k are the following points

(N, - 1)k + k' (N, - 1)k + k' |
—_— —_— < < Ny—1.
((Nb—mvgf“w N -nNg ) o PsEs

Hence, for any strictly positive integer m, the junction point between two consecutive poly-
gons Py, 1. and Py, 41 18 the point

((Nb—nk W( (N, - 1) k )) . 1sk<N-1.

N, - DN (N = )N

Hence, the total number of junction points is Ny' — 1. For instance, in the case Ny = 3, the
polygons are all triangles; see Figure[l], on page[13

We call extreme vertices of the polygon Py, ;. the junction points

Vim’tial(Pm,k)=( (Vo —1)k W( (No — 1)k )) ’ m

O<sksN, -1
(N, — 1) N’ (N, — 1) N b ’

and

(No —1)(k+1) ( (No —1)(k+1)

<sks<N"-2.
R N Ay )) 0 b

Vend (Pm,k) = (
In the sequel, we will denote by Py the initial polygon, whose vertices are the fixed points of
the maps T;, 0 < i < Ny — 1, introduced in Notation on page[§ and Definition on page[8,
i.e., {PO, el PNb_l}; see, again, Figure|l, on page .

In the same way, the consecutive vertices of the prefractal graph I'y, , distinct from the fived
points Py and Py, (see Notation on page @, are also the vertices of Nj* — 1 simple nonreg-
ular polygons Q,, ;, for1 < j < N;"' — 2. For any integer j such that1 < j < Ny — 2, one obtains
each polygon Q,, ; by connecting the point number j (i.e., with the notation of Definition
on page the vertex M ,,) to the point number j + 1 (i.e., the vertex Mj,1,y,) if j = i mod Ny,
for 1 <4< Ny—1, and the point number j to the point number j — Ny + 1 if j = 0mod Ny,.

For 1<k < N, -1, the vertices of Om k. are the following points:

a. When the integer Ny is odd:

(Ny - 1)k + 2=t 4 (Ny - 1)k + 2=t 4! o< i
<
(Np - 1N (Np — 1) V" 7

10



b. When the integer Ny is even:

(Np -1k + 2+ 4 (Ny -1k + 2+ 4 < <N o
< < - 2.
(N, - 1) N* (N, — 1) NI ’ b

As previously, we call extreme vertices of the polygon Q,, . the points

[ (N, -1k ( (N, —1)k )) m
Vznztzal(Qm,k)—((Nb_l)Ngr”W (Nb—l)Ngn , 1<k<s N 1,

and

(M= 1) (= 1)+ 1) e
Vend(Qm,k)_( (Nb—l)Nan 5 ( (Nb—l)Ngn )) R 1\]{7\Nb 2.

Definition 3.5 (Polygonal Sets).

For any m € N, we introduce the following polygonal sets

P = {Ps, 0 k<N =1} and Q= {Qns, 0 k< N =2}

We then introduce the sequence of domains delimited by the Weierstrass IFD, or polygonal neigh-

borhood of the Weierstrass Curve as the sequence (D (I‘Wm))m ey of open, connected polygonal
sets (P U Q)pmen, Where, for each m € N, P, and Q,, respectively denote the polygonal sets

introduced just above.

Given € N, we call D (me) the m" polyhedral neighborhood (of the Weierstrass Curve I'yy).

Notation 7. For any m € N, we denote by:

X € P, (resp., X € Q,,) a vertex of a polygon Py, , with 0 < k < N;" =1 (resp., a vertex of
a polygon Q,, k., with 1 < k < N} - 2).

P U Qi the reunion of the polygonal sets P, and Q,,, which consists in the set of all the
vertices of the polygons P, 1, with 0 < k < N;" — 1, along with the vertices of the polygons Qm k>

with 1 < k < Ny — 2. In particular, X € P, U Q.. simply denotes a vertex in P, or Q,,.

iti. P () Qm the intersection of the polygonal sets P, and Q,,,, which consists in the set of all the

vertices of both a polygon P, 1, with0 < k < N;" — 1, and a polygon Q,,, s/, with 1 < K < N, —2.

11
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Initial polygon

P_° _______________________________________ _'l! _____________________________________ P,

polygon P4,

.

polygon P4

-1

Figure 1: The initial polygon Py, and the respective polygons P; g, P1,1, P12, 1,15 21,2,

1
in the case when \ = 3 and N, = 3. (See also Figure [2, on page )
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Th fractal h T in th
(a) The prefractal graph T'yy,, in the (b) The prefractal graph TI'yy, , in the

h A = — d N = 3. 1
case when 2 an b case when \ = 3 and Ny = 3.

> <

AN WA :
Vv VYo

Th fractal h T in th
(c) € preiractal grap W,y 1 the (d) The prefractal graph T'yy,,, in the

h A:— dN = 3. 1
case when 5 an b case when \ = 3 and Ny = 3.

> <

e A

Th fractal h T in th
(e) The pre rac1 al graph I'yy,, in the (f) The prefractal graph T, in the
h = — d N, = 3. 1
case when \ 5 an b=3 case when \ = 3 and N, = 3.
1
2

Figure 2: The prefractal graphs I'yy,, T'yw,, T'w,, T'w,, I'w,, Ty, , in the case when X =
and Ny = 3.
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Definition 3.6 (Vertices of the Prefractals, Elementary Lengths, Heights and Angles).

Given a strictly positive integer m, we denote by (Mjm)0<j<(Nb—1)Nm the set of vertices of the
mrAUsgs b

prefractal graph I'yy, . One thus has, for any integer j in {0,...,(N, — 1) Ny"}:

J J
M = .
i~ (=i (=)
We also introduce, for any integer j in {0,..., (N, — 1) N;" = 1}:

1. the elementary horizontal lengths:

! (R3)

Ly=——
T (N - )N

#1. the elementary heights:

I 99Y (R i DS VYY (R A |
h]’j+1’m_|W((Nb—1)N[;ﬂ> W((Nb—l)NI;m)|’

111. the elementary lengths:

_ _ 2 2 .
Lgetm = (M, Mir1m) =\ Loy + 13 ot

1. the minimal height:

pint — f B et s R4
" Osjs(N:I—ll)me—l Jy+lm (R4)
along with the maximal height:
hm = sup hj,j+1,m y (R 5)

0sjs(Np—1) N -1

v. the geometric angles:

9j—1,j,m = ((y'y), (Mj—l,mMj,m)) s 9j,j+1,m = ((y'y), (Mj,mMj+1,m))7

where ( y'y) denotes the vertical axis, which yield the following value of the geometric angle
1

M1 My M, Mj+17m:|, with arctan = tan ":

between consecutive edges, namely, [ j

+ arctan

9‘—1,j,m + 0j,j+l,m = arctan .
hj—1.jm hjj+1,m

J

and 0; j11,, = arctan

(Note that, of course, 0;_; ;,, = arctan T o .
Jj=1.3,m J,i+1m

Property 3.8. For the geometric angle 0;_1 j,, 0 < j < (N — 1) N}, m € N, we have the following

relation:

tan@;_1 i, = —hj_l’j’m
]—17]7771» - L :
m

14



N =

Property 3.9 (A Consequence of the Symmetry with Respect to the Vertical Line x =

).

For any strictly positive integer m and any j in {0, ..., #V,,}, we have that

(o) ()

which means that the points

(%v; 1)1])V§217_‘j’w((]¥3v; i)lj)vin;g;j)) and ((Nb —jl) Nz”’W((Nb —j1> Nﬁ”‘))

1
are symmetric with respect to the vertical line x = 5 see Figure@ on page .

Definition 3.7 (Left-Side and Right-Side Vertices).

Given natural integers m, k such that 0 < k < Ny — 1, and a polygon Pk, we define:

N 11

i. The set of its left-side vertices as the set of the first b2 vertices, where [y] denotes the
integer part of the real number y. ) )

g L ‘ : [ Ny — 1] .

7. The set of its right-side vertices as the set of the last 5 vertices.

When the integer IV, is odd, we define the bottom vertex as the ( b2 ) one; see Figure on
page [16]

>
N | =

Mj_1,m Mn,-1) Ny j41,m

-
T

T M;j_1.p,m M(N,-1) Ny™-js1-p,m

1
Figure 3: Symmetric points with respect to the vertical line x = 5
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Bottom vertex” :
Bottom vertex Right - side vertices

Figure 4: The Left and Right—Side Vertices, in the case when Ny, = 7.

Property 3.10 ([DL22]).

For any integer j in {0,..., Ny — 1}:

j _ = n n ] _ — n 27Tj _ 1 27Tj
W(Nb_l)—T;))\ COS(QTFN[, —(Nb_1)>—Z)\ cos(Nb_1 )—1_)\COS(Nb_1).

Property 3.11 ([DL22]).

Ny—1 Ny—1
For0<j< (bT) (resp., for% < j < Ny —1), we have that

w J+1 -W J <0 resp., W J+1 -W J =0
N, - 1 N,—1)° P N, — 1 N,—-1)°")"

Property 3.12 ([DL22]).

Given any strictly positive integer m, we have the following properties:

i. For any j in {0,...,#V,,}, the point

(o —jl)Ng”’W(wb —]1>N;“))

is the image of the point

4_1')/\; J —ill= j_i(Nb_l)NZ:n_l w j—i(Nb—l)Ngn_l
(N, —1)NE 7 (N, = 1) N (N, —1) Nt (N, — 1) N1

under the map T;, where i € {0,..., Ny — 1} is arbitrary.

16



Consequently, for 0 < j < Ny —1, the jth vertex of the polygon P, 0<k< N, -1, ie.,
the point

(v (o mnar))

is the image of the point

(Ny—1) (k=i (N, = 1) N ™)+ W (Ny=1) (k=i (Ny = 1) Ny" ")+
(N, — 1) Nt ’ (N = 1) Ny*™

under the map T;, where i € {0,..., N, — 1} is again arbitrary. This latter point is also the jth
vertex of the polygon Pm—l,k—z‘(Nb—l)Ng"_l' Therefore, there is an exact correspondence be-
tween vertices of the polygons at consecutive steps m — 1, m.

ii. Given j in {0,..., Ny —2} and k in {0,...,Ny" — 1}, we have that

o (BRI 5] )

Proof.

i. Given m € N*, let us consider i € {0,..., Ny — 1}. The image of the point

J . J :
m—1 ) w m—1 ¢
(Nb_l)Nb (Nb_l)Nb
under the map 7; is obtained by applying the analytic expression given in Property on page
to the coordinates of this point, which, thanks to Property on page [9 above, yields the expected
result, namely,

J J y 2mj _ J J
((Nb—DNz“AW((Nb—l)N:L-l )“OS(Nb—l)N?) ((Nb—l)NZ“W((Nb—l)N;”))’

since, by 1-periodicity,

(N, - DN (N - DN
ii. See [DL22].

Property 3.13 (Lower Bound and Upper Bound for the Elementary Heights [DL22]).

For any strictly positive integer m and any j in {O, oo (Ny = 1) Ngn}, we have the following esti-
mates, where Ly, is the elementary horizontal length introduced in part i. of Definition[3.6, on page[T]):

17



Cong Ly PV < IW((+1) L) =W (G L) < Cop Ln Y, m € N, 0<j< (N, —1)N)", (k)

hjj+1m
where the finite and positive constants Cy,y and Cy,, are given by

2-Dyy

. | +1 J
Cins = (Ny — 1 ( i )— (—)‘
an ( b ) OSjSNb—l,WEn;E )#W( ]1)‘ Nb_ 1 Nb_ 1

Np-1 Ny

and

2-D
Coup = (Np— 1) | max
0<j<Ny—1

J+1 J
W<Nb—1) W<Nb—1)
One should note, in addition, that these constants Cy, ¢ and Cy,, depend on the initial polygon Py,

but are independent of m € N sufficiently large (the fact that m has to be sufficiently large is in rela-
tion with the fact that € has to be close to 0).

N 27 )
(Ny—=1) (AN, =1) )

As a consequence, we also have that

Cins Lot < il < Copy L2 and - Cing L™ < hpy < Coup L2 27

where hfzf and h,, respectively denote the minimal and mazximal heights introduced in part iv. of Def-

inition [3.6, on page[14)

Theorem 3.14 (Sharp Local Discrete Reverse Holder Properties of the Weierstrass Func-
tion [DL22]).

For any natural integer m (i.e., for any m € N), let us consider a pair of real numbers (x,x’)
such that

_(Ny-1Dk+j

.  (Nyg=1)k+j+1
(Np — 1) N

(N, - )N

(N = 1)k +3j) L, =((Ny=1)k+j+10) Ly,

where 0 < k < N" — 1. We then have the following (discrete, local) reverse-Holder inequality, with

In A
- =2—Dw.'

sharp Holder exponent —m

Cing 2" = 2™ < W(a') - Wi(a)]

where (z, W(x)) and (a:’, W(az')) are adjacent vertices of the same m" prefractal approzimation, I'yy, |
with m € N arbitrary. Here, C,y is given as in Property[3.13, on page[17 just above.

18



Corollary 3.15 (Optimal Hélder Exponent for the Weierstrass Function (see [DL22])).

The local reverse Holder property of Theorem [3.14, on page [1§ just above — in conjunction with
the Holder condition satisfied by the Weierstrass function (see also [Zyg02], Chapter II, Theorem 4.9,

In , , . .
N, € 10,1[ is the best (i.e., optimal) Holder

exponent for the Weierstrass function (as was originally shown, by a completely different method,
by G. H. Hardy in [Harl6]).

page 47) — shows that the Codimension 2 — Dy = —

Note that, as a consequence, since the Holder exponent is strictly smaller than one, it follows that
the Weierstrass function W is nowhere differentiable.

Corollary 3.16 (of Property (see [DL22])).
Thanks to Property on page one may now write, for any strictly positive integer m and

any integer j in {O, o (N = 1) Ny — 1}, and with Cinyp and Cyypyyp defined as in Property on
page [17:

i. for the elementary heights:

hyjztjan = Lin 7 O (1) 5 (R 6)
ii. for the elementary quotients:

hj-1jm 1-Dyy

— = L, o) (R7)

and where

0<Cing<O(1) $Cgyp < 0.

Note that, thanks to Property on page O (1) may depend on m, but is bounded away
from 0 and oo.

Corollary 3.17 (Nonincreasing Sequence of Geometric Angles (Coming from Property
see [DL22])).

For the geometric angles 0;_1 j,,, 0 < j < (N, —1)Ny", m € N, introduced in part v. of Defini-
tion [3.6, on page[1], we have the following result:

L
——(Np = 1) > tan;_ jms1

tanHj_l,j,m = [y ]
]—17]77’71

which yields

Dyw—1
Oj-1.4m > Oj-14m+e1 and  Oj-1jme1 S L™

Corollary 3.18 (Local Extrema (Coming from Property on page see [DL22]) ).
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i. The set of local mazxima of the Weierstrass function on the interval [0,1] is given by

Ny —1 Ny -1 m
f(Do= 0k (BD=DE)) g1, m e ],
Ny N,

and corresponds to the extreme vertices of the polygons P, and Q, i (i-e., they are the vertices
connecting consecutive polygons; see part iv. of Property on page @)

it. For odd values of Ny, the set of local minima of the Weierstrass function on the interval [0,1]
s given by

(N — 1) ke + 22 (Np— 1)k + 22
{( (Npy = 1) N7 ( (Ny = 1) V"

)):OsksNgﬂ—l,meN},

and corresponds to the bottom vertices of the polygons Py, j, and Q,, . at a given step m; see also
part iv. of Property on page [9

Property 3.19 (Existence of Reentrant Angles [DL22]).

i. The initial polygon Py, admits reentrant interior angles, at a vertex P, with 0 < j < Ny — 1,
in the sense that, with the right-hand rule (according to which angles are measured in a coun-
terclockwise direction), we have that

for

(see Figure @ on page , which does not occur for values of Ny < 7.

Ny —3
The number of reentrant angles is then equal to 2 |: b4 j|

ii. At a given step m € N*, with the above convention, a polygon P admits reentrant interior
angles in the sole cases when Ny = 7, at vertices My, ;, 1 <k < N, 0<j<Ny—1, as well as

in the case when

0<j< or T Sj<Ny—-1.

Ny -3
The number of reentrant angles is then equal to 2 N;" [bT}, where [y] denotes the integer

part of the real number y.

Remark 3.3. Note that, still when IV, = 7, due to the respective definitions of the polygons P, ;

and Q,, 1., the existence of reentrant interior angles for P, ,, at a vertex M, ;,1 < k < N, 0<j<Ny—1,

also results in the existence of reentrant interior angles for Q,, j at the vertices My;_1,1 < k < Ny 1<j<N,—1
ande+j+1, 1 Sk‘$Ngn,0<j$Nb—2.
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[

interior
reentrant

angle
P;
Jj+1

Figure 5: An interior reentrant angle. Here, N, =7 and \ = 3

4 Polyhedral Measure

Our results on fractal cohomology obtained in [DL24d| (see also [DL22], [DL24a]) have highlighted
the role played by specific threshold values for a sequence of geometric invariants at any step m € N
of the prefractal graph approximation; namely, the sequence of the m" cohomology infinitesimals
introduced in Definition 4.1} on page [21] just below, which also plays a major part in studying the
polyhedral neighborhoods associated with the sequence of prefractal approximations of the Weierstrass
Curve (or, equivalently, of the Weierstrass IFD). Those polyhedral neighborhoods have enabled us
in [DL24c] to construct a specific polyhedral measure. We hereafter recall the main corresponding
results.

Definition 4.1 (mth Cohomology Infinitesimal [DL22], [DL24d] and m™ Intrinsic Coho-
mology Infinitesimal).

From now on, given any m € N, we will call m'" cohomology infinitesimal the number €. > 0
1 1
— (recall that N > 1),

which, modulo a multiplicative constant equal to ——, i.e., e,y =

N,—1 N,—1N"
stands as the elementary horizontal length introduced in part i. of Definition @ on page [14} i.e.,
1
N

Observe that, clearly, &, itself — and not just ¢,, — depends on m; hence, we should really
write e, = (g,)", for all m € N.

In addition, since Nj, > 1, e, satisfies the following asymptotic behavior,

m
Em — 0, as m — 00,

which, naturally, results in the fact that the larger m, the smaller €,.. It is for this reason that we
call g,,, — or rather, the infinitesimal sequence (Em)m=0 of positive numbers tending to zero as m — oo,

with e, = (¢,,)", for each m € N — an infinitesimal. Note that this m'" cohomology infinitesimal is
the one naturally associated to the scaling relation of Property [3.6, on page [
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In the sequel, it is also useful to keep in mind that the sequence of positive numbers (g, )r_ itself
satisfies

1

5m~ﬁb,asm—>oo ;

)

ie., &, — as m — 00. In particular, ¢,, + 0, as m — oo, but, instead, ¢,, tends to a strictly

1
Ny’
positive and finite limit.

We also introduce, given any m € N, the m™ intrinsic cohomology infinitesimal, denoted by €™ > 0,
such that

o b
Ng”’
where
1
€= N,

We call € the intrinsic scale, or intrinsic subdivision scale.

Remark 4.1. Note that

m
m £

Em = m .
and that the m™ intrinsic cohomology infinitesimal ™" is asymptotic (when m tends to oo, and up to
a positive multiplicative constant) to the m" cohomology infinitesimal e;,,.

Remark 4.2. We point out that the choice of the m'™ intrinsic cohomology infinitesimal — instead
of the m™ cohomology infinitesimal, as is done in [DL22], [DL24d] — will considerably simplify the
computation of the polyhedral fractal volumes, the polyhedral global zeta functions, and hence also,
of the (intrinsic) Complex Dimensions of the Weierstrass Curve.

Remark 4.3 (Addressing Numerical Estimates).

From a practical point of view (i.e., the amount of detail that becomes visible at certain levels),
an important question is the choice of the integer m, in connection with the value of the ratio

Cohomology infinitesimal &,

Maximal height m
see relation (, on page
em
In order to quantify m, we rely on the fact that the ration — drecreases to 0 when m increases.

h
It is therefore useful to consider the number of digits ¢ such that

1 Em 1
1_0qcinf < . < 1_0quupa
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since, thanks to the estimates given in relation (R|7)), on page |19, we have that
) g ) pag

=L o) =t oq),

with
0<Cipng<O(1) Cgyp <00,

where Cj,, s and Cj,, are given in Property on page

Given ¢ € N*, we then have

when

N

104 107’
or, equivalently, when
1 Coup \ TP C 1
__ _q) D )T ) o Zinf \17Pw
N, ln<(Nb 1) ( 07 ) >\ m N ln((Nb 1) ( Tod )
. I
Numerical values for Ny = 3 and A = 3 yield:
i. Forg=1: 2<m < 3.
it. For q =2: 7T<sm <09.
111. For ¢ = 3: 13 < m < 15.
m
Hence, when m increases, the ratio h_m decreases, and tends to 0. This numerical — but very

m
practical and explicit argument — also accounts for our forthcoming use of the sequence of polyhedral
neighborhoods, of width equal to the cohomology infinitesimal.

We refer to part iv. of Property on page [0] above, along with Figure[I] on page [I2]for the defi-
nition of the polygons Py, ; (resp., Q,, ;) associated with the Weierstrass Curve in the next definition,
as well as throughout the rest of this section. See also Definition [3.5] on page [L1]| where the polygonal
families are introduced.

Definition 4.2 (Power of a Vertex of the Prefractal Graph I')y, , m € N*, with Respect to
the Polygonal Families P,, and Q,,).

Given a strictly positive integer m, a vertex X of the prefractal graph I'yy, = will be said to be:

1. of power one relative to the polygonal family P, if X is a vertex of one and only one Nj-
gon P, 0 < N;,n -1;

1
7. of power 5 relative to the polygonal family P,, if X is a common vertex to two consecutive Ny-

gons Py, j and P, j41, 0 < Ny -2

iii. of power zero relative to the polygonal family P, if X is not a vertex of any Ny-gon Py, ;,0 < j < Ny -1
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Similarly, given m € N, a vertex X of the prefractal graph I'yy is said to be:

. of power one relative to the polygonal family Q,, if X is a vertex of one and only one Ny-gon
Qunj, 0<j <Ny =2

1
1. of power D) relative to the polygonal family Q,, if X is a common vertex to two consecutive Ny-

gons Qp, j and Q,, 41, 0 < j < Ny* = 3;

iii. of power zero relative to the polygonal family Q,, if X is not a vertex of any Ny-gon Q,, ;,0 < j < Ny - 2.

Notation 8. In the sequel, given a strictly positive integer m, the power of a vertex X of the prefractal
graph T'yy  relative to the polygonal families Py, and Q,, will be respectively denoted by

p(X,P,) and p(X,Q,).

Notation 9. For any m € N, and any vertex X of V,,,, we set:

1 .
7 P (X P) > pe (Py) s i X & Q0

0<jSN;"-1,X vertex of Poyj

1 .
mp(X7Qm) . Z HC(Qm,j), it X $ 73171,7
1SJSN,;"—2,X vertex of Qpm

P Qu) =
2_ p(X7Pm) Z MC(Pm,j)+p(X7Qm) Z MC(Qm,j) )

b Osjle;"—l,X vertex of Pp, j 1sjsNg”—2,X vertex of Qp ;

fXeP,ng,,.

Property 4.1. For any m € N, and any pair (X,Y) of adjacent vertices of V,, belonging to the
same polygon P, j, with 0 < j < Ny' =1 (resp., Qmj, with0 < j < Ny —2), we have that (with dgyuq
denoting the Fuclidean distance on Rz),

dEucl(XaY) =Y hjz,j+1,m + Lgﬂ > |hj,j+1,m| ’

which, due to the inequality given in Property[3.13, page[17, ensures that

1 1
<
dpuca(X,Y) | je1ml

At the same time, we also have that

=o(h7?)=0 (N,SQ‘DW)’”) .
dput(X.Y) = O (hy) = O (L7 ) = 0 (NI

Proof. This follows at once from Property [3.13] on page [I7}
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Corollary 4.2. For anym € N, any natural integer j of {0,..., Ny" — 1}, and any pair of points (X,Y’)
of Pp,j or of Qp, j, we have that

1 _ Dy-2Y\ _ (2-Dyy)m
Ty SO ) = o(mT)

and
dEucl(X,Y) = O(hm) = O(L?);DW) — O(NI)(DW—Q)WL) '

Property 4.3. For any m € N, and any vertex X of V,,:

HE (X Py Q) = O (hyy L) = O (L5 7Y) = 0(N2™)
and

HE (X, Py, Q) = O (hyy L) = O (L5, 7%) = O (NS

Proof. This also directly follows from Property on page

Definition 4.3 (Trace of a Polygon on the Weierstrass Curve [DL24c]).

Givenm € N,and0 < j < Ny" — 1 (resp.,0 < j < Ny — 2), of extreme vertices Vipitia Pmyj) € V.
and Veng (’PmJ) € V., (resp., Vinitial (Qm’j) € V,,and V,,4 (de-) € V,,; see Property on page@),
we define the trace of the polygon Py, ; (resp., Q,, ;) on the Weierstrass Curve as the set tr,, (PmJ)

(reSp', tTyW (de)) of points {Vinitial (Pm,j) s My, Vena (Pm,j)} (resp‘u {Vim'tial (Qm,j) s My, Vena (Qm,j)})v
where we denote by M, any point of the Weierstrass Curve strictly located between V;,;tia (PmJ)

and Vend (Pm,j) (resp-, Vz’nitial (Qm,j) and Vend (Qm,]))

Property 4.4 (Domain Delimited by the Weierstrass IFD).
We call domain, delimited by the Weierstrass IFD, the set which is equal to the following limit,

D(T'w) = nli_{%oD(FWm) ;

where the convergence is interpreted in the sense of the Hausdorff metric on RQ; see [DL2/d]. In fact,
we have that

Proposition 4.5 (Minimal and Maximal Values of the Weierstrass Function W on [0, 1]).

We set

1 1
= 1 t = —— M = t = —
myy tgf%ﬁ]w() =% w tlen[%,)i]W() T
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Then, when the integer Ny, is odd, we have that

Notation 10. Henceforth, for a given m € N, the notation Z means that the associated

XePn,U9m
finite sum runs through all of the vertices of the polygons belonging to the sets P, or Q,, introduced

in Definition [3.5] on page [L1} see also Notation [7, on page [L1] following that definition.

Lemma 4.6 ([DL24c]).

Given a continuous function u on [0,1] X [myw, Myy], we have that, for any m € N, and any
verter X of Vi,:

5 O P @) (0] 4 6P @) | )
[O,I]X[mw,Mw]

Consequently, with the notation of Definition on page we have that

MWW (X, P,y Q) w(X)] = O (")

Since the sequence ( Z e_m) is a positive and increasing sequence (the number of
meN

XePnU9m
vertices involved increases as m increases), this ensures the existence of the finite limit

rrlzl—)r%o EQ(DW_” Z ,UL (Xa Pma Qm) U (X) )
XeP,J9m

where we have used Notation on page [26,

Property 4.7 (Polyhedral Measure on the Weierstrass IFD [DL24c]).

We introduce the polyhedral measure on the Weierstrass IFD, denoted by p, such that for any con-
tinuous function u on the Weierstrass Curve, with the use of Notation[9, on page[2{] and Notation[10,

on page [26],

[ wdn= tw ™S (X Q) u(X) L ()
Ty " XePmnUQm

which, thanks to Property[3.5, on page can also be understood in the following way,

[ wdy = [ udp
Ly D(T'w)

Remark 4.4. In a sense, our polyhedral measure can be seen as a measure which is an extension of
the Riemann integral, where the step functions are replaced by upper and lower affine functions which
approximate the Weierstrass Curve.
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Theorem 4.8 ([DL24d]).

The polyhedral measure p is well defined, positive, as well as a bounded, nonzero, Borel measure
on D (T'yy). The associated total mass is given by

p(D(Ow)) = lim a2 % (X P, Q) (x%)
XePyJ9Qm

and satisfies the following estimate:

0<u(DIEW) € 5 (N =10 Cop (5 %)

Furthermore, the support of u coincides with the entire curve:

suppp =D (Tyw) =Tw .

In addition, p is the weak limit as m — oo of the following discrete measures (or Dirac Combs),
given, for each m € N, by

XePnU9m

where e,y denotes the cohomology infinitesimal introduced in Deﬁmtion on page dx is the Dirac
measure concentrated at X, and we have used Notation@ on pagefor uﬁ (X, Py Qm), along with

Notation on page 26,

We next establish a useful new result concerning the polyhedral measure, according to which it is
a quasi self-similar measure; see Property on page [27| and Theorem [4.10, on page
Property 4.9 (The Quasi Self-Similar Sequence of Discrete Polyhedral Measures).

The sequence of discrete polyhedral measures (fm )y, ey introduced in Theorem on page just
above, satisfies the following recurrence relation, for all m € N*,

Dyy—2 -1
:umszW Z Mm+l°T'j ) (‘)
T]' S TW
where for Ty = {TU, . ,TNb_l} is the nonlinear iterated function system (IFS) introduced in Propo-

sition [3.3, on page [T

Note that relation (#) can be viewed as a generalization of classical self-similar measures, as
considered in [Hut81], page 714.

Proof. First, we can note that, for m € N*,

m+1 _ 1 m
Em+l = Fbema

which ensures that

_ 1 _ _ _
EE::;U(DW 2) _ NDW_2 EE(DW 2) _ sz Dy Ez(DW 2)'
b
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We then simply use the result of Property on page according to which, for 0 € j < N, — 1,
the jth vertex of the polygon P41, 0 <k < N;" =1, is the image of the jth vertex of the poly-
gon Ppy k—i (N,-1) N under the bijective map T}, where 0 < j € N, — 1 is arbitrary. Therefore, there
is an exact correspondence between polygons at consecutive steps m, m + 1: indeed, polygons at
the (m + l)th step of the prefractal approximation process are obtained by applying each (bijective)

map T}, for 0 < ¢ < N, — 1, to the polygons at the m'" step of the prefractal approximation process:

Ny—1

U {770, X e Viun} = Vi,
3=0

which can equivalently be written as

Np-1

U {0, x e PanJQun} = {X e PulJan}-

§=0
We can then deduce that

S WX P Q) Ix = Y > o (X T (Pan) T Qo)) O

XerUQm TjeTWXer+1UQm+1

which yields the desired result.

O
Theorem 4.10 (The Quasi Self-Similar Polyhedral Measure).
The polyhedral measure p satisfies the following quasi self-similarity relation,
Dyy—2 -1
p=NTY pedyt, (#e)
T] € TW
where Ty = {To, ces ,TNb_l} is the nonlinear iterated function system (IFS) introduced in Proposi-

tion[3.2, on page 7

Proof. As in the proof of Property on page we use the fact that, for all m € N*,

Np-1

U {E_I(X)aX € PmUQm}:{X € Pm—lUQm—l} .

J=0

We then have that, for any continuous function u on the Weierstrass Curve,
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S lim en®™ N (TN, P, Q) w (T4 (X))

-1
J'FWUd(MOTj )

m— 00
Tj €Tw Tj €Tw X €Pp U Om
. Dyy—-2 L
= lim e (Pw2) Z 1 (X, Pre1, Qm-1) u (X)
m—00
Xepm—lUQm—l
. Dyw—2 (m=1)(Dy-2) L
= 1im NV e Y H (X Pt Quet) u(X)

X er—l U Qm—l

Nb2_DW hn,éo 8%11)(DW_2) Z Mﬁ (X, Pm—la Qm—l) u (X)

X Epm—l U Qm—l

Nb2 ~Dw [ udp,
Ty
from which we deduce, as desired, that

Dyy—2 -1
M:wa Z HOT] .
TjeTW

Corollary 4.11. The polyhedral measure is the unique fixzed point, with respect to the Kantorovich
distance, of the map ® which, to any Borel probability measure v associates

) =N Y voTy
Tj GTW

Remark 4.5. The results of Theorem on page 29 and of Corollary on page 29| just above,
foreshadow and announce the recurrence relation satisfied by the sequence of effective polyhedral
volumes, and established in the proof of Theorem [5.9] on page

5 Polyhedral Neighborhoods

Definition 5.1 ((m,e;,)-Neighborhood [DI.22]).

Given m € N sufficiently large (so that e, be a sufficiently small positive number), we define
the (m, e, )-neighborhood of the m" prefractal approximation I'yy — as follows:

D(Tw,,.em) ={M = (z,y) € R*, d(M, Ty, ) sen} .
where d (M, Ty, ) = min {dg,q (M,P), P € I'y, }.
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Property 5.1 (The Nested Neighborhoods).

1. Given m € N sufficiently large, there exists k1 € N such that, for all k = ki, the polygonal neigh-
borhood D (me) introduced in Deﬁnition on page contains, but for a finite number of wedges,

the (m + k, Ezi’g)—neighborhood; see Figures @ on pages .

ii. Givenm € N sufficiently large, there exists ko € N such that, for all k = ko, the (m, e, )-neighborhood
contains the polygonal neighborhood D (me+k) introduced in Deﬁmtion on page ' see Fz'gure

on page [34}

1. Given m € N sufficiently large, there exists ks € N such that, for all k = ks, the polygonal
neighborhood D(me) introduced in Definition on page contains the polygonal mneighbor-
hood D (I“WmHC )

Proof.

i. At a given step m = 0, for k = 0, between two adjacent vertices M, ,, and M,y ., of V,,, there

k
k . . Nf-1
are N, — 1 consecutive vertices of Vi1 \ Vi, (Mj+1,m+k7 .. 'an+N§—1,m+k) € mek such that

Mi,m = Mj,m+k and Mi+1,m = Mj+N§,m+k :

Thanks to Property on page we obtain an exact correspondence between vertices of the
polygons at the step m + k, and at the initial step m = 0. Since reentrant angles occur when N, = 7 (see

Property on page[20]), we can restrict ourselves to the cases NV}, < 6 (in the case of reentrant angles,
Ny — 2}

the following arguments can be suitably adjusted). We then simply have to consider the [ 5

, [Nb—2

vertices My ik, with 1 < k' < 5

Also, again thanks to Property [3.12, on page given j in {0,..., Ny — 2} and k' in {0, e ,N;?Hk - 1},
we have that

o (D) () {2

i.e., equivalently,

} (the same arguments hold for the vertices Mjin, k' m+k)-

, . J+1 J
sgn (W((k’(Nb -1+j+ 1)Lm+k) - W((k'(Nb -1) +])Lm+k)) = sgn (W<m> - W(m)) )
where sgn has been defined in Notation [4 on page

Due to the symmetry of the initial polygon Py (or, equivalently, of the initial prefractal graph I'yy,)

1
with respect to the vertical line z = 5 (see Property on page , this means that we can restrict
ourselves to the case when

W0 Lner) 2 WG+ 1) Lpar) ... 2 W((y‘ + [N”; QD Lm+k)

and
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since

W (j L) 2W((J + Np) Lipsr)

W (j L) =W (i L) and W((j + Ny) Lyner) = W((i + 1) Ly,) -

Thanks to Property [3.13

2

Ny —2
on page we deduce, by the triangle inequality, for 1 < K < [b—}

that

W ((j

Since

we then obtain that

. Ny —2 2-D
+k') Lm+k) ~W(J Lim+)| < |: b2 } Coup Linsi "
W (iL,,)
L,
Ly = Vb

b

. . N - 2 k (Dyry—2 -D
W((]+k’)Lm+k)_W(]Lm+k) S|: b2 i|Nb( v )Csupon W
—_—
W (i L,,)
Recall now (see Property on page that
- )+ 1 )
ot () ()

05j<Ny=1, W( 3224 ) ( 55 ) b b

and

Caup = (N, = 1) ( max

Here, we have that

This ensures that

j+1 j 2m
0<j<N,-1 W<Nb_1) W<Nb—1)‘ TN -1 (ANb_l)).

i+l j or 1
IW(Nb—l)_W(Nb—l) SN,—11-x

Since Ny = 3 and 0 < Dy — 2 < 1, we can check that there exist mg = 0 such that, for all & = my),

from which we immediately

Ny —2 k(Dyw—-2
|: D) i|Nb( j )Csupscinf7

Ny —2
deduce that for, 1 < K < [ b2 },

W((G + k) Liner) = W (G Linai)| < IW (G +1) L) =W (i L) -

W (i L,,)
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N, —2
2

Forl<k< [ } the vertices M1 4k are then strictly between the vertices M; ,, and M;q p,-

N, -2

5 }, the ver-

As was explained previously, we can show, in a similar way, that for 1 < k < [

tices M. N, _i' mak are also strictly between the vertices M, ,,, and M; 1 .-
J+Ny—k';m+k y 1,m )

By induction, we then obtain that, given NV, + 1 consecutive adjacent vertices M; ,,, M1 m, Miv3m
and M, N, m of Vi, with 0 < ¢ < #V,,, — Ny and k € N, the vertices of V.41 \ V},, located between M; ,,
and M;,n, m can be all contained in the simple and convex polygon M; ,, M, 1 ;Mo - - Miy N, m,
which coincides with the union of two consecutive polygons P, ; and Q,, ;. Thus, there exists mg € N

such that, for all k& = mg, the (m + k, s%iﬁ)—neighborhood

D (T, i) = {M = (z,y) € R*, d(M,Ty, ) <cmir}

from which we remove the wedges associated to the vertices M; ,, M1 m, Miz3m and Mg,
(see [DL22]), can be fully contained in the polygon M; ., M1 mMirom .. Misn, m- Hence, there
exists k; € N such that, for all k = k;, the (m,e,, )-neighborhood but for a finite number of wedges,
the (m + k, 4 )-neighborhood D (Fka , 521@, can be fully contained in the polygonal domain D (T'yy, ).

ii. This latter result has been obtained in [DL24c]. It comes from the fact that, in the sense of the
Hausdorff metric on RQ,

lim D (T, ) =Tyy.

m—00

174. This is an immediate consequence of 4. and 7.

1
Figure 6: The polygonal neigborhood D (sz)a in the case when \ = 3 and Ny = 3.
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Figure 7: The exterior boundary of the polygonal neigborhood D (I‘Wz) (in red), and the

1
tubular neighborhood D (I‘W_,,e;), in the case when \ = 3 and Ny = 3.

1
Figure 8: The polygonal neigborhood D (I‘W3), in the case when A = 3 and N, = 3.

Figure 9: The exterior boundary of the polygonal neigborhood D (FW3) (in red), and the

1
tubular neighborhood D (I‘W7,€;), in the case when A = 3 and N, = 3.
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1
Figure 10: The polygonal neigborhood D (I‘Ws), in the case when A = 3 and N, = 3.

Corollary 5.2 (of Property given on page .

We immediately deduce from Property that there exists mg € N such that, for all k = mg, the
polyhedral neighborhood D(me) introduced in Definition on page contains the vertices of
the prefractal approximation I'y, ., to the the Weierstrass Curve; i.e., the set of vertices Vip41. In
particular, the density Property[3.5, on page[9, also ensures that the Weierstrass Curve is contained
m me.'

Vm?mot FWCD(FWm)

Next, we give the Complex Dimensions series expansion of the Weierstrass function, required to
obtain a key exact fractal formula for the volume (i.e., area) of the polyhedral neighborhoods of
the prefractal approximations. Note that the classical theory of Complex Dimensions (see, for in-
stance, [LRZ17]) cannot be applied in the context of our fractal curve. Building on the fact that the
imaginary part of the Complex Dimensions aims at characterizing the oscillations of the fractal under
study, which are, also, connected to the evolution in scales — in real life (fractal-shaped living forms),
the occurrence of new details keeps on appearing with characteristic spatial oscillations — we choose to
use the existing cohomological vertex integers, which enable us to label each vertex at a given step of
the prefractal approximation. By introducing cross scale paths (see Definition below, on page [35)),
we can, in some sense, track the evolution of vertices starting from the initial step of the prefractal
approximation. In this light, our approach differs from the classical one — we a priori introduce the
imaginary parts of the expected Complex Dimensions, by means of a very useful term ezih, where /¢
is an integer (in Z). Of course, in the theory developped by the second author and his collaborators
in [LvF13], [LRZ17], [Lap19], a geometric object is said to be fractal if it admits at least one nonreal
Complex Dimension (defined as a pole of the associated geometric or fractal zeta function, see below),
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where the imaginary part of the complex dimension characterizes the local oscillations (changes of
direction) of the object structure in the neighborhood of points as one zooms in the object, i.e. as a
function of the scale of observation of the object. We are still working along these lines: in our present
work, our cross scale paths and associated sequences of cohomological vertex integers characterize
fractality, in the sense that they provide a faithful reflection of the change of shape and the occurrence
of new details when switching from a prefractal graph approximation to the next one.

Another important point has to be taken into account: indeed, the sequence of prefractal graphs
involves discrete graphs. In real life — for instance, in biology — the process which gives birth to
fractal-shaped living forms is a continuous one. To name a few, ferns, caulifiowers (see the recent
work of the biomathematician Christophe Godin, the biologist Frangis Parcy and their collaborators
in [ATM+21]), trees, clouds, mountains, coastlines, rivers, lungs, networks of blood vessels, etc.. ..
Indeed, in nature, growth is a continuous process. In this light, the notion of oscillatory period in-
troduced by the second author and his collaborators in [LvF00], [LvF06], [LRZ17], [LP06], appears
as a useful and powerful tool, by providing a way to bridge the gap between the consecutive discrete
approximations. Intuitively, it relies on the fact that the oscillations intrinsic to the fractal involved
come from the subdivision process. Hence, it naturally involves the number of divisions (V, in the
present context), and is obtained by considering the Fourier series expansion of a suitable 1-periodic
map, where the 1-periodicity reflects, in a sense, the conservation of intrinsic characteristics at each
step m € N of the prefractal approximation process.

Much of the remainder of this paper will rely on our new method.

Definition 5.2 (Cohomological Vertex Integers [DL24c]).

Givenm € N, and a vertex M; ,,, = M(n,-1) k'+k” ,m € Vi, of abscissa ((Nb -1) K+ k”) €m, Where
0<k'< N;" —1and 0 < k” € N, — 1, we introduce the cohomological vertex integer ¢; m associated to

the vertex M ,, (which is also the (k" )th vertex of the polygon P, i'; see part iv. of Property on
page E[), as

Cim = b = (Ny = 1)K + k7. (R8)

Depending on the context; that is,

i. when the cohomological vertex integer enables one to locate the vertex M;,,.

7i. When it is used in a more general framework, i.e., in order to describe the generators of coho-
mology groups (see [DL24b]);

we will use the best suited notation between ¢; ,,, in case i., or £ j» ,,, in case ii.

Proposition 5.3 (Cross-Scales Paths, and Associated Sequence of Vertex Integers).

Givenm € N, 0 <5 <#V,, —1 and a vertex M;,,, = M(n,-1)k'+>,m 0 Vi, with
0<k < N} —1 and 0 < k" < N — 1, we introduce the cross-scales path Path (Pkw , Mj’m), where Py
s the (k:')th fized point of the map Ty (see Proposition on page @ along with Notation on

page @), as the ordered set (Mjk such that:

;m ok 0sksm
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i. For 0 <k <m, each vertex Mj,

g is in Vi, \ Vi, NV, (which means that M,
to Vi, i.e., it is in the i prefractal approzimation T'yy, , and not in 'y, ).

1 strictly belongs

k,m>

it. For 1<k <m, each vertex My, | = M(Nb—l)kL L ks with 0 < k’;@m < Nf — 1, is the image of
the point M k-1 under the map T; (see again Proposition on page @), wherei € {0,..., Ny —1}

Jk-1,m
is the smallest admissible value. We thus also have that

)

(N =1) (ki =i (Ny = D)Ny ™) 4 k7 (N =1) (K — i (Ny = 1) Ny ') + &7
My, -1 = = w - :
(N, — 1) N} (Np = 1) N,

This latter point is also the (k:”)th vertex of the polygon k;ﬂ’m —i(Ny—1) Nf_l (see part iv.
of Property on page [9).

The sequence of vertex integers associated with the cross-scales path Path (Pkw,Mj,m) (or, in
short, and equivalently, also refered to as the sequence of vertex integers associated with M;,,) is the

sequence (ﬁjkmvk)0<k<m, where, for 0 < k <m, {;, 1 is the cohomological vertex integer associated

with the vertex M;, . (see Deﬁnition on page .

Proof. We simply use the results of Property on page

Theorem 5.4 (Complex Dimensions Series Expansion of the Complexified Weierstrass
function Weomp [DL24d], and of the Weierstrass function W).

For any sufficiently large positive integer m and any j in {0, ..., #V,, — 1}, we have the following
exact expansion, indexed by the Complex Codimensions k (Dyy —2) + i kil . kP, with 0 <k <m,

je
Wcomp (m)

Wcomp (J Enml )

. m—1

-D J k(2-Dw) il im

cm@ W)Wcomp(—Nb — 1) + Z Chjom € (2=Dw) i k.jom P (R9)
k=0

m
k(2-D il
> epjme T e P

k=0

where, for 0 < k <m, ¥ is the k™ intrinsic cohomology infinitesimal, introduced in Definition
on page with p = denoting the oscillatory period of the Weierstrass Curve, as introduced

in [DL22] and where:

s
lan

i. L,k € Z is the cohomological verter integer associated with the vertex Mj, (see Defini-

tion on page ;
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1. Cmjm = Weomp (ﬁ) and, for0 <k sm —1, ¢ jm € C is given by
2t ek
Chjm = e1p | po—g g€ ). (00) (R 10)

For 0 < k < m, the coefficient ¢y, j m will also be referred to as the k'™ Weierstrass coefficient asso-
ciated with the vertex M;, € Vi.

For any m € N, the compler numbers {607j7m+1, ... ,cm+1,j,m+1} satisfy the following recurrence
relations:
cm+1jm+1=W(L>=ijm (Rll)
3Ty Nb _ 1 sJy
and
Vi e {1, . ,m} 0 Chgm+l = Ch—14m - (R 12)

In addition, since relation (7?@ is walid for any m € N* (and since, clearly, relation (T\’@) m-
plies that the coefficients cy, j., are nonzero for 0 <k <m), we deduce that the associated Complex
Dimensions (i.e., in fact, the Complex Dimensions associated with the Weierstrass function) are

DW -k (2 - Dw) + ’L'fjk,m’kp,

where m € N* is arbitrary, 0 < k < m and L,k € Z is the cohomological vertex integer associated

with the vertex Mj, (see Deﬁnition on ]’)age . Those Complex Dimensions are all exact and
stmple.

This immediately ensures, for the Weierstrass function (i.e., the real part of the Complexified
Weierstrass function Weomp ), that, for any strictly positive integer m and for any j in {0,. .., #V,, — 1},

m—1 .
: 2-D J k(2-D g m kP
W(jgz) = W)Wcomp<N _1)+ Z F2=Dw) 15 (Ck,j,mgk]k )
k=0
2 (2=Dw) yy) 1"5‘_ k(2-Dy) ( il kP o ejk’m,kp)
comp 2 Ck,j,m k,j,m

1 & k(- ” s
= § Z Ek (2 DW) (Ck:,j,m €Zejk,'m7kp + mg ZZJk:,nukp) ,

(R 13)

where Z denotes the complex conjugate of z € C.

More generally, for any strictly positive integer m and for any integer j,
Wcomp j E Z k(2— Dw) fjm gk (2—=Dywy) €i€jk,m»k P ’ (R 14)
where, for all k € N,
2im NF je™

Chjm = € . (R 15)
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We also note that, if a vertex M;,, = My

tmam! 18 i Vi 0 Vi ot for m' € N, we of course have

that, for 0 < k < m,
Ck,jom = Ck,j' m+m'» (R 16)
along with
gizjk,mak - giejk,m+m”’k X (R 17)
Form+1< k$m+m', we have that
Ckjm = Ckj' m+m! = 0. (R 18)
In addition, we have that, for m' € N,
! 1 2—D
Ck,jm+m' = >\m Ckjm = 5m ( w) Ck,j,m > (R 19)

Proof. Thanks to Property on page |§| (the Scaling Property of the Weierstrass function W), for
any strictly positive integer m and any j in {0,...,#V,, — 1}, we then have that

W =imag) = () ZA COS(uviﬂ?fvb)

By using the Minkowski Dimension D,y introduced in Notation [6] on page[6] this latter expression
can be rewritten as

m—1
Somy m (Dyy—2) J k (Dyy—2) 27 ek
W(]gm) = Ny W(Nb_l)-'-k_oNb S(Nb_ljé“ )
(2-Dw) j = k (2= Do) 27 K
- m (2=Dyy —Dw m—
= W(Nb_1>+ € cos(Nb_lj )
k=0
(2-Dw) j & k(=D 2T ek
m(2=Dwy -Dw -
= (Nb_1)+ € Re(exp(Nb 77 ))
k=0
We must then show that there exist complex numbers {CO,j,ma . ,cm,j,m} such that, for any inte-

ger k in {0,...,m},

ex 2im T I
Y Nb—lj k,j,m

7‘ejlc,m»k p

= Cp jm €XP (iﬁjkﬂm,kp lns) = Cpy j,m €XP ( 2z7r€]km,k) ,

where, for 0 < k < m, {;, € Zisthe cohomological vertex integer associated with the vertex Mj,

(see Definition on page [35).

We obviously obtain that ¢, jm = Weomp (ﬁ) and that, for 0s k<sm -1,
) —

29 ok
Ck,jm = €XP N, -1 je .

We note that, since, for any positive integer m and any j in {0, ..., #V,, — 1} (see Property
on page @,

J J 21
Weom =AW — |+ :
”((Nb—l)Ng““) ((Nb_l)Nb ) P ((Nb—l)Ng””)
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this ensures that

1 . m—1 .
A m (2-Dyy) k(2-Dyw) 207 . ek
Wcomp( ) = Ae W( b_1>+>\ £ eXp(Nb_lja )

(N = 1) N k=0

N 27yg
ex _—
P (N, — 1) N+

. m—1 .
2-Dyy _m (2-Dyy) J 2-Dyy k(2-Dywy) 2im
€ € W(—Nb_1)+a kZOa exp(Nb_

N 2my
ex _—
P (N, — 1) N

_ (m+)(2-Dw) W(
k=0

+ 2mj
ex _—
Plv, - N

m

. 8m—k
1 J

' & (k1) (2-Doy) 29T mal-k-1
Nb—l) Z eXp(Nb—135 ))

_ (m+1) (2-Dyy) ] k (2-Dyy) 2iT . malk
= € W(Nb—l) Z (exp(Nb_ljs ))

k=1

N 21y
ex _—
Pl -t

— (m+1) (2-Dw) k(2-Dyy) 29T . m+1—k
= € W<Nb—1> Z ( (Nb—ljs ))

At the same time, we have that

. m+1
J k(2-Dw) _ilg jm+1P
YV (R S R PR B
P ,Jym+1 ’
(N, — 1) N =0

We thus deduce that the stated recurrence relations (R|11]), on page hold:

j
Cm+1,j,m+1 = W(Nb — 1) = Cm,j,m
and that, for 1 < k< m + 1,

il

il
Ck,jom+1 = Ck—14m » € €

jk,m+lvkp = jk,mvkp

Note that, by using the series expansion of the Weierstrass function, we also obtain that,
for any positive integer m and any integer j,

OO k m
k(2-D 2im Ny je
_ Y kemDw) 2

k=0

Wcomp (.7 Em

i

which can be written in the following form,
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00
. My k(Q—Dw) k(Q—Dw) il mep
Wcomp (]5 )_ ZE Ck,jm€ g’k 5
k=0

where, for all £ € N,

_ 2imNgje”
Chyjm = € :

In addition, by applying the results in Property on page @ we have that, for all m € N ,

j ] mol 2im Ny¥j
W, =AW S — AF exp b ,

or, equivalently,

m+m’ ) g , ] m—1 X 0
k(2-D 2% kP (27] kP
Z gk (2mDw Chjmtm! € Fmem’ = A" W(W) + Z N Chjmam € B!
k=0 b b k=0
' k(2-Dyy) il ok it P
_ il j K
k=0 k=0
. I I
This ensures that, for all m € N, and all k € {m, co,m+m },
az ) m' m' (2-D il
Chgmem € et P = X e = OO ¢ e e

or, in an equivalent form,

I 1
_am _ m (2-Dyy)
ck,j,m+m' =) ck,j,m =£ Ck,j,m . (R 20)

Remark 5.1. We note that the results obtained in Theorem will play a key role in the remainder
of this paper. In particular, relations ( and (, on page above, will be the key to obtain
the recurrence relations satisfied by the local polyhedral effective fractal zeta functions and thereby,
to establish the existence of the global polyhedral effective fractal zeta function.

Property 5.5 (A Hodge Diamond Star Relation).

For anym € N*, anyk in{1,...,m} and any j in {0,...,#V,, — 1}, we have the following Hodge
Diamond Star relation

Ch,(Ny=1) N"—j,m = Ch,jm - (R21)

Remark 5.2. The Hodge Diamond Star relation (R|21)) just above is directly connected to the symmetry
1
with respect to the vertical line x = 5 stated in Property on page since the points

((]?}\; i)lj;fl}n:f(?: L ( %\f; i)lj;[i?: ])) and ((Nb —jl) N ( (N —jl) N;"»
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1
are symmetric with respect to the vertical line x = 55 see Figure on page It is also reminiscent
of Poincaré duality (see our previous work [DL24d]).

Proof. (of Property on page

We have that, for 1 <k sm -1,

29w -1 . -k
Ck,(Np=1) N 1 —j,m eXp (Nb 1 ((Nb -1) me —]) e™ )

-1 m- 29m) e
= exp (inN,;n Lem k) exp (—N“leem k)
b —
- - 20T) -
= exp (20 NTENET) exp (—%em ’“)

Y

1

Ck7j7m :

Definition 5.3 (The Weierstrass Complex Curve).

We place ourselves in the Riemann sphere (or complex projective line) P'(C) = C U 00. We define
the Weierstrass Curve as the graph in P'(C) = C U oo associated with the Weierstrass complefixied
function Wegp,p; i.e., the set denoted by I'yy comp and such that

I‘1/\/,¢:omp = {(x7Wcomp(x)) , T € [07 1]} = FW + iFW,Ia

where I'yy 7 is the graph (in RQ) associated with the imaginary part Wy of the Weierstrass complefixied
function Wy, and defined, for any real number x, by

Wr(x) = i ' sin(271'N;,1 z) . (R 22)

n=0

Theorem 5.6 (Exact Expression for the Volume of the mt" Polyhedral Neighborhood
(or m'" Natural Polyhedral Volume)).

Given m € N* sufficiently large (i.e., for all m = mg, where mg € N* is optimal, i.e., smallest),
the volume (or two-dimensional Lebesgue measure) V,,(e) of the m" polygonal neighborhood D (me),
or m™ natural polyhedral volume, is given by
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Vi(e) = e (D(Iw,))

o N-1 N, _1)
Z Z“q(N”)W( 1>]N+bq)

' (R 23)
k(2-D it o
- m Z Zaq(Nb) Z ( W)Re (Ck‘ (Np— 1)]+q7m€ k(Np=1)i+q, p) ,
J=0 ¢=0 k=0

where €™ = (N, — 1) e, is the m'™ intrinsic cohomology infinitesimal introduced in Deﬁmtion on
page while the real numbers ay(Ny), with 0 < q¢ < Ny, are coefficients which depend on Ny, and where
the complex numbers cy, (n,-1)j+qm € C have been introduced in part ii. of Theorem on page
while (gk’(Nb_l)j"'qvm)Osksm denotes the sequence of cohomological vertex integers associated with the

vertex M(n,-1) j+qm € Vi (see Deﬁnition on page along with Theorem on page @), with

a. When the integer Ny is odd:

N, -2
ao(Ny) = an,-1(Ny) = _05%(]%) = _Q%H\@_l(]\[b) SN, D)
and for1 < qg< Ny —2
1
QoL +q(Vb) = —ag(Ny) = —any (nv,-1) N7 = (N 1)+ (Nb) = N1’

along with

Ny —2
OZNp,(Nb—l)Ng”—(Nb—l)(Nb) = OéN;ﬂ,l(Nb) TN - 1) (N, —1)°

b. When the integer Ny is even:

)

a0(N) = an, 1 (V) = —am (o) = = x4 (N0) = 50—y

and for 1 < g < Ny —2,

1
o (Ny) = =ag(Np) = =y (1) N (v -1)+a(No) = =7 -
along with
N, -2
aN;",(Nb—l)Ng”—(Nb—l)(Nb) = OéNg”,l(Nb) S9N — 1) (N, —1)°

Given the form of the expression in relation ( just above, it is natural to introduce, for

any m € N* sufficiently large, the associated m'" complex natural polyhedral volume V, comp(€),
such that

N -1 N,

oM k(2=Dw)+i Ly, (Ny-1) j+q,m P
Vm,comp = Z Z Ay Nb Z Ck,(Ny—1)j+qm € (No=1)i+a . (R 24)
j k=0
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By using relation (, on page we also have that

Ny"-1 N, m
m k(2-Dw)+ik Ly (Ny-1)j+q,m P
Vm,comp(s) = £ Z Zaq(Nb) ch,(Nb—l)j+q,m6 (No=1)i+a . (R25)
7=0 ¢=0 k=0

where the complex coefficients ci (N,-1) j+q,m are given by relation (, on page with U (Ny-1) j+qm € Z.

By considering, in the same manner, given m € N* sufficiently large, the volume (or two-dimensional
Lebesgue measure) szm(ez) of the m" polygonal neighborhood D(FW,I,,L); associated with the m'™
prefractal approzimation to the graph I'yy 7 of the imaginary part Wy of the Weierstrass complefizied
Junction Weomyp (see Deﬁnition on page above), we note that the complex volume Vm’comp(&?%)
can be envisioned as the volume associated with the Weierstrass complex curve Ty comp (see again

Deﬁnition on page in the Riemann sphere (or complex projective line) PI(C) =CuU oo.

Remark 5.3. Observe that much as for its Euclidean counterpart obtained in our earlier work, [DL22],
the m'™" polyhedral fractal formula obtaind in relation ( of Theorem on page is expressed
at the m™" cohomology infinitesimal e, for any m € N* sufficiently large (instead of being expressed
at any € > 0).

Also, the complex powers of ¢ are required, for the sake of the determination of the Complex
Dimensions; see the comments just before Definition [5.2], on page

o L] [ ] L < my
Hiam  Hjm Him Hom

Figure 11: The orthogonal projections Hj ,, of the vertices Mj ,,, for 0 < j € #V,,, — 1, onto
the horizontal line y = myy,.
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Proof.

i. The special case Ny, = 3

First, note that since N, = 3, the polygons involved are triangles.

Given m € N sufficiently large, and 0 < j < #V},, we introduce the (vertical) orthogonal projec-
tion H; ,, of the vertex M, onto the horizontal line yy = myy, where myy is introduced in N otatlon
on page [25} see Figure [TI1} on page [43]

We note that, for 0 <j <3™ —1, with the notation of Definition on page the two-
dimensional Lebesgue measure (i.e., area) of the polygon P, j,i, with (consecutive) vertices

Msjm  Myji1m and Mojyon,,

is obtained by substracting from the area of the trapezoid

Hy M3 M3 j19 m Ha j10.m

the area of the trapezoid

Hj j M3 jmMa ji1,mHo je1,m

and the area of the trapezoid

Hoj1mMaji1mMajromHaji2.m

i.e.,
2¢e, 23
Mﬁ(Pm,j) = T(mw+W(2X]3m)+mw+W( ))
Em 2j
—7 mw+W 2% 37 +mw+W
o 2j+1
—%” (mW+W<2‘i§ )+mW+W( ))

% () () - ()

Similarly, for 0 < j < 3™ — 1, still with the notation of Definition on page the area of the
polygon (triangle) Q,, j+1, with (consecutive) vertices

M2j+1,m s M2j+2,m and M2j+3,ma

is obtained by adding the area of the trapezoid

Hoj1,mMszji1,mMajromHj2 jr2.m

to the area of the trapezoid

HyjvomMsjromMajs3mHaji3m

and then, by substracting from this result the area of the trapezoid
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H2j+1,mM2j+1,mM2j+3,mH2j+3,m ;

ie.,

2j+1 2j+2 2j+3
—)+mw+W(W)+mw+W(W))

We thus have that

3™ -2
Vin(e) = Z (e (Pmjar) + 1z (Qumje1)) + 1z (Prgm)
=0
32l 2§ 2j+2 27 +1
- jZO7(W(2x3m)+w(2x3m>_2w(2><3m))
322 2 25 +2 2j+1 27 +3
*'Z;??(m%2x3m)+M%2x3m)_M%2x3m>_2M%2x3mn
Em 2x 3™ -2 2 x3"
*Q??(M% 3% 37" )+M%2x3m>)
Em 2x3™ -2 2x3" -1 2 x 3™
‘T(W( 3% 37" )”W( 3% 37" )+W(2x3m>)
32 em 2§ 2742 25 +1 2j+3
= Z%7?<2M%2x3M)+2m«2x3m)_3M%2x3m>_2M%2x3mD
Em 2x3" -2 2x3™" -1
+?;(m«—§§§m—>—2m%—3§§m—)+3M4n)
3em2 ™ 2 2j+2 27 +1 2j+3
- Z;TI(2m%2x3m)+2M%2x3m)_3m(2x3m)_2M42x3m>)
g™ 2x3" -2 2x3" -1
T (W(—2x3m )—2W(—2X3m )+3W(1)>,

since

m 1 m
Em=§E

For the sake of concision, we will write it in the following form

3 .
2j+4q

Y oW (5]

q=0
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V(e) =™ Z
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where, for 0 < j < 3™ -2,

1 1 3 1
ap(3) = 3 ai(3) = 5 as(3) = -1 az(3) = —3
and where

1 1 3
agm_10(3) = 1 asm_11(3) = 5 agm_12(3) = 1 agm_14(3) =0.

Hence, by using the respective expressions for the m" cohomology infinitesimal ¢, and for the m'"
intrinsic cohomology infinitesimal €™ = 2¢, given in Definition on page we have that

Vi (e) pe(D(Tw,))

3m-1

3 m
m k(Q—Dw) 'L‘kzk,Q ji+q,m P
€ Z aq(3) Z € Re (Ck72j+q7m€ ta ) ,
j=0 ¢=0 k=0

o

where the complex coefficients ¢y, 5 j1+4,m are given in part 7. of Theorem on page with £y, p2j+q € Z
given in part 7. of Theorem [5.4] on page

An important comment: by using relation (Rl14)), on page we also have that

Vi (e) pe (D(Tw,))

3m-1

3 %)
m k(Q—Dw) ikfk,g i+q,m P
€ Z aq(3) Z € Re (ck72j+q7m5 ta ) ,
j=0 ¢=0 k=0

o

where the complex coefficients ¢y, 2 j+4,m are given by relation (R|15), on page with £y 2 j1qm € Z .

7. The general case N, = 4

1
Figure 12: The polygons P, ; and P,, ;, in the case when \ = 3 and Ny = 4.
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As for the general case, when N, = 4, it can be obtained in a similar manner.

~ More generally, given N; = 6, the polygons P, ; involved are Nj-gons, while the polygons Q,, ;
are Ny-gons, with Ny < Np. The cases N, odd and NV, even have to be studied separately.

a. When Ny is an odd number:

For 0 < j < Ny — 1, the two-dimensional Lebesgue measure (i.e., area) of the Nj-gon Prn,j+1, With
(consecutive) vertices

Mny-1)jm> -+ M(Ny=1)j+Ny~1,m

is obtained by substracting from the area of the trapezoid

Hny-1) jmM(n,-1) jm M(N,-1) j+ Ny =1,mH(N,~1) j+ Ny ~1,m

the respective areas of the following N, — 1 trapezoids

H(n,-1) jymM(N,-1) jm M(N,=1) j+1,m H (N, -1) j+1,m

Hny-1) j+ Ny—2,mM(Ny=1) j+ Ny —2,mM(Ny=1) j+ Ny=1,m H (N, =1) j+ Ny —1,m 3

i.e.,

e (Pagr) = QO (D) (DN 1))

£ ) )

(Nb—l)ﬁﬁ( ( (Vo —1)j >+W((Nb_1)j+Nb_1))

2 (N, — 1) N[ (N, — 1) N
mN— . m .
_m b22w(<Nb—1>y+q)_e_mW( (Ny=1)j )
2 5 (N = 1) Ny 2 (N = 1) N

We note that, for 0 < j < Ny — 1, the two-dimensional Lebesgue measure (i.e., area) of the non
necessarily convex Ny-gon Q,, j+1, with (consecutive) vertices

Np-1
b +Np—1,m

MNy-1y a2t s o My, o1y a2

is obtained by substracting the area of the trapezoid

Np-1

T+Nb—1,m ?

Hny-1) a2t M N1y a2t o My, 21y 5 207148 1 T (v -1)

from the sum of the respective areas of the trapezoids

H(Nb—1)j+%,mM(N,,—1)j+ Spt ,mM(Nb—1)j+%+1,mH(Nb—1)j+%+1,m
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Hin,Z1y s Tl 2m Np—1)j+ 2L N, — 2m Ny—1)j+ =L N, — H(Nb—1)j+M+Nb—1,m;
v—1)J b~ 2

ie.,

I N L R E e e AN G (e R bR
e (Qmj+1) = > N - D] N, DN

(Ny — 1) e '
3 (W< e ) ( N D ))

(N = 1)+ 2+ 1) m st (N = 1))+ 25 +g

(N, = 1) N = (N, — 1) N
(N =1)em +
5 (W< (- DN >+W( v, =) N ))
We thus have that
N;* -2
Vm(e): Z (ML (Pm,j+1) + pg (Qm,j+1)) + e (Pm,Ng”)
j=0
Ny -2 .

_ <~ (Ny—1)en, (N, —1)j (Ny=1)j+ Ny —1
- 2 (ew ) ()

v Z (%)—W(H)

N m o=l
+ZW( ENER )JrT;QW( N~ AT )

Nt =2 . Ny—1 . Np—1
T (Ny—1)em (Np—1)j+=5— (Np=1)j+ ==+ Ny -1
P N (W< Ny - D)y )+W( Ny - D"

Y (R )y (b pe )

As previously, taking into account the fact that
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Cm =N oTE
we write V,,(¢) in the following form
Ny'=1 N, .
(Ny—1)j+gq
Vn(e) = " ag(yw ({2,
" 2 2 Ny = 1) N
where
N, -1 1 N, -2
N;) = — =
) = 5N oD T I D) - 2N, = D)
and for 1 < g < Ny — 2,
2 1 2 1

OZ%_'_q(Nb) = aq(Nb) =

2(N,—1) Npy-1 T2(N,-1)  N,-1°

2 1
NG Ny N (N1 +a(Nb) = =5y =

along with

1 (=1 o (N —-2)
2(Ny—1) 2(N,—1)  2(N,—-1)’

an-1(Ny) =
2

1 _(N-1) o (N —2)
2(N,—1) 2(N,—-1) 2(N,-1)’
1 Ny -1 Ny -2

an,-1(Np) = TN =D T2 oD D2 =D) = ap(Np) ,

amt, 4 (N) =

N, -1 1
any, (N=1) N -(N=1) (Vo) = a1 (Vo) = 5 (Ny—1) Np—1°

Hence, by using the respective expressions of the m" cohomology infinitesimal ¢, and of the m'"

intrinsic cohomology infinitesimal €™ = (N, — 1) &, given in Definition on page we have that

Vn(e) = pc (D (Tw,,))
Ny"=1 N, m )
= & Z Z%(Nb) Zﬁk(Q_DW)Re (Ck,(Nb—l)j+q,mEZM'C’(N“””'“”"LP)7
550 4=0 5=0

where the complex coefficients ¢y (n,-1)j+¢,m are given in part 4. of Theorem on page
with €, & (N,~1)j+¢ € Z given in part i. of Theorem on page

b. When N, is an even number:

For 0 < j < Ny" — 1, the two-dimensional Lebesgue measure (i.e., area) of the Nj-gon P j+1, with
(consecutive) vertices

M(Nb—l)j,m7 vy M(Nb—l)j+Nb—1,m
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is obtained exactly as in part a. It is the computation, for 0 < j < NV, ' — 1, of the two-dimensional
Lebesgue measure (i.e., area) of the nonconvex Ny-gon Q,, ;.1 with slight changes. More precisely,
for 0 < j < N — 1, the area of the non necessarily convex Nj-gon Qp.j+1 With (consecutive) vertices

M(N,,—1)j+%,m’ M(Nb 1) j+ 322+ Ny=1,m

is obtained by substracting the area of the trapezoid

H(Nb b M(Nb

—1)j+N7,m

b M(Nb

-1)j+%k.m 1) j+ 322+ Ny=1,m (Nb 1) j+ 52+ Ny=1,m

from the sum of the respective areas of the trapezoids

Hiny-1) 42 mM(n,-1) o 22 M (N, -1) 5+ 22 11,m T (N -1) j+ 2 1 1m

H(N,, 1) j+ 5322+ Ny—2,m (Nb 1) j+ 52 +Ny-2,m (Nb 1) j+ 52 +Ny-1,m (Nb 1) j+ 52 +Ny=1,m >

ie.,

m Np—2 _ Ny _ Ny
(Oin) em (W((Nb Dj+5 +q> ( b= 1)+ 5 +q+1>>

(Nb - 1)Nb

W=D () (Ny—1)j+ 2 (Nb—l)J+Nb+Nb—1
2 (N, — 1) ;" (Ny = 1) N

W (Ny—1)j+3+1 +£ ilw\/ (Ny—1)j+ 22 +q
(N, - )N 2 (N, - DN

g=1

(N, -1 (Ny— 1)+ 3¢ (Ny—1)j+ 3+ Ny -1
2 (W( -0y ) " T S |

We thus have that
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Ny =2
V(€)= Z (e (Pmjer) + 11 (Qujen)) + e (Pm,Ng")

j=0
TR () ()

m
b

em L ((Ny=1)j+q) em. ( (Ny—1)j
2.5 2 (i) - 5 (s oa)

+N§2W (Ny—1)j+ 22 +1 +£Nf?w (Ny—1)j+ 2 +q
= (Ny = 1) N," 2 5 (Ny = 1) Ny

B _(Nb 1)52 (Nb_l)j'*'% (Nb—1)3+ by Ny -1
Z (W( (Ny — 1) Ny o (Nb—1)N,j”

+ue (,Pm,Ng”) .

As previously, taking into account the fact that

m _ 1 m
fm TN, =1
we write V,,(¢) in the following form,
Ny =1 Ny .
m (Np—1)j+g
V() = ¢ agyw (e
jZO q—ZO (Nb - 1)Nb
where
N, —1) 1 Ny —2
N, = — =
V) = 5N =D "IN, — D) - 2N, = D)
and for 1 < g < Ny — 2,
2 1 2 1
N, N = — - _
(N =gy " =1 0 M= am T Mo
along with
amy (Ny) = 1 _ =1 (Ve —2)
VTN, D) 2(Ny—1) 2(Ny— 1)

1 (-1 (N —-2)
2(Ny—1) 2(N,—1)  2(N,—-1)’

O‘%+Nb—1(Nb) =

1 Ny—-1 _ Ny-2

—1(Vp) = — + =
N1 (o) =~y Y o o1 T (v, =1

) = ap(Ny) .

Hence, by using the respective expressions of the m" cohomology infinitesimal ¢, and of the m'"

intrinsic cohomology infinitesimal €™ = (N, — 1) ;. given in Definition on page we have that
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Vm(g) = ML(D(FWM))
N'-1 N,
= m Z Zaq(Nb) ZE 2 DW) Re (Ck. (Nb 1)J+qm5 ek J(Np- 1)J+qmp) ,
J=0 ¢=0 k=0

where the complex coefficients cg (n,-1)j+gm are given in part ii. of Theorem on page
with €, & (N,-1)j+¢ € Z given in part i. of Theorem on page

As previously, by using relation (, on page we also have that
Vm(e) = pe (D (Tw,,))
Ny =1 N,

M k(2-Dyy) ik (Np-1)j+q,m P
Z Z% N) Z Re (ch(Ny-1)jeqme’ I P)
;)

or, equivalently,

Vi(e) =
1 Nl:n_l Ny
=se" k(2-Dw) ikl (Ny-1 mPp | ——— —ikl (N1 P
h 5 Z ZO(q(Nb) Z (Ck (Nb 1)]+q,m€ (No=1)j+q, +Ck (Nb 1)j+q,m5 (Np=1)j+q, )’
Jj=0 ¢=0 k=0

where the complex coefficients ¢y, (n,-1) j+¢,m are given by relation (R|15]), on page with £ (n,-1) j+gm € Z.
i11. Examples

~» The case N, = 4

Still with the notation of Definition on page the polygons P, ; involved are quadrilaterals,
while the polygons Q,, ; are triangles (see Figure above). We note that, for 0 < j < N, — 1, the
two-dimensional Lebesgue measure (i.e., area) of the quadrilateral P, ., with (consecutive) vertices

M3im » Mzjsim , Mzjsom and Mz iz,

is obtained by substracting from the area of the trapezoid

HSj,mM3j,mM3j+3,mH3j+3,m )

the respective areas of the following three trapezoids

Hs M3 M3 j11,m H3 j11,m

Hs3 i1 ,mM3j11,mM3 42 mH3z j12.m

and

Hs o mM3i10mM3 43 mH343m;

i.e.,
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He (Pm,j+1) = 5

For 0 < j <4™ — 2, the area of the triangles O j+1 are obtained in the same manner as in the
case when 4 = 3; i.e., in the context of 4 = 4; i.e.,
3j+4
3 x4m

Em 3j+1 3j+2
e (Qmjea) = T(W(3x4m)+w(3x4m> (
2¢em 3j+2 3j+4
=3 (5 W(3x4m>)

Emm 3j+1 3j+2 3j+3 3j+4
2 (W(3x4m)_w<3x4m>+W<3x4m)_w(3x4m))'

We thus have that

4m -2

Vm(e) = Z (Mc (Pm,j+1) + e (Qm,j+1)) +uc (Pm,4m)

J=0

_ ~"em 35 3j+1 3j+2 3j+3
- ZT( (3x4m)_2W<3x4m)_2W(3x4m>+2W(3x4m)>

Jj=0

em 3j+1 3j+2 3j+3 3j+4
to (W(3x4m)_w(3x4’")+w(3x4m>_W(3x4m

=

2 (w(2 ) -2

3(4m-1)+1 oW 34" -1)+2 3(4 -1)+3
2 3x 4™ 3x 4™ B T 3x4m™ T 3x4m™
4m-2 m .
_ Em 37 37+1 3j+2
- JZO 7(2w(3x4’") W(3x4’ﬂ)_ (3><4m))

4 -2 m . . m m m
Em 35+3 3j+4 Em 3(4™-1) 34" -1)+1
T T(3W(3x4m)_w(3x4m))+7(w( sxam ) 2 T a3

—QW(3(4:X_4173+2)+W(3(4:X_41n)1+3))-
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As previously, taking into account the fact that

we write V,,(g) in the following form,
-1

Vin(e) =™ Z_

j=

iaq(zl)W( 1),

q=0

o

where, for 0 < j <4™ -2,

1 1 3
ap(4) = 3 ai(4) = 5 as(4) = ~5
3 1
az(4) = 5 ay(4) = ~5
and
1 1 1
agm0(4) =5 amaa(d) = -3, amp(4) = -3,

1
Oé4m_173(4) = 6 y Oé4m_174(4) =0.

Hence, by using the respective expressions of the m" cohomology infinitesimal €, and of the m"

intrinsic cohomology infinitesimal €™ = 3¢, given in Definition on page we have that

Vin(€) pe (D (Tw,,))

m_1

)

j=

4 m

k(Q—Dw) ikfk,’g' mP
Zaq(4) Zé‘ Re (ck,3j+q,m5 srem ) )
=0 k=0

[e=)
=}

where the complex coefficients ¢y, 3 j14,m are given in part 7. of Theorem on page with £y, 1 3j+q € Z
given in part i. of Theorem [5.4] on page [36]

~» The case N, = 5.

The polygons involved are pentagons and quadrilaterals. We note that, for 0 < j < Ny — 1, the
two-dimensional Lebesgue measure (i.e., area) of a pentagon P,, .1, (consecutive) vertices

Myjm » Myjzim » Mijrom » Myjezm and  Myjiam,

is obtained by substracting from the area of the trapezoid

Hy oMy My j13mHayjram

the respective areas of the following four trapezoids

H4j,mM4j,mM4j+l,mH4j+1,m ) H4j+1,mM4j+1,mM4j+2,mH4j+2,m7

HyjyomMyjromMyjizmHajizm , HajezsmMajezmMyjramHyjram;

ie.,
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dep 43
He (Pm,j+l) = T (W(4 ]5m

Em 4j+3 45 +4

2 (W(4x5m +W(4x5m)>
_ Em 4 45+1 45+ 2
B T(W(4x5m)_2w(4 5m>_ (4x5m))
_ Em 457+3 3 45+4
T2 (3W<4x5m> 2W(4x5m

As previously, for 0 < j <5 — 2, the area of the quadrilaterals are obtained similarly as in the
case when Ny = 4.

Definition 5.4 (mth Tubular Volume [DL22]).

Given m € N sufficiently large (so that e,, be a sufficiently small positive number), we call m'"
tubular volume the two-dimensional Lebesgue measure V,L:f be (5%) of the (m, e, )-neighborhood
D (me, az) of the m™ prefractal approximation I'yy, ~introduced in Definition on page

There now remains to overcome the following difficulty: contrary to our previous work involving
ordinary tubular neighborhoods (see [DL22]), the formulae respectively obtained in relation (R[23),
on page [42| above and in relation (R27)), on page [56| below, which give, for all m € N, the respective

expressions for the m™ natural polyhedral volume V,,(e,,) and the m'" natural complex polyhedral

volume Vy, comp(€), do not have the same form as the expression computed in [DL22] for the m'"

tubular volume Vf,qf be,

In our present context, the m'™ natural polyhedral volume V,,(&,,) and the m™ natural complex poly-
hedral volume V,, comp(€) are expressed in function of the m'™ intrinsic cohomology infinitesimal ",
but associated with a sum of N;* = & " terms, themselves expressed in terms of the k™ intrinsic coho-
mology infinitesimals 5k, for 0 < k < m. Therefore, V,,,(&,,) and Vyy, comp(€) cannot thus be expressed
in an explicit way at an arbitrary value € > 0.

For those reasons, when it comes to obtaining the associated fractal zeta function, we cannot, as
in the case of an arbitrary bounded subset of R? (see [LRZ17], Definition 2.2.8, page 118), directly
use an integral formula of the form

- Em _ Em _ dt
C(s) = J E Y (1) dt = J O (R 26)
0 0
We can bypass these difficulties by noting that, given m € N sufficiently large,
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i. them intrinsic cohomology infinitesimal € associated with the aforementioned sum of N = &~

terms has to be considered as a constant value in any computation of a fractal zeta function
associated with the m" polyhedral volume. This means, in particular, that we cannot substitute
an integration variable for this specific £

7i. As for the terms of the sum of N;" = ¢ ™ terms, themselves expressed in terms of the k™ intrinsic
cohomology infinitesimals e ,for 0 < k: < m, we note that due to Property on page |§| above,
they can be interpreted as the expansion of the m™" intrinsic cohomology infinitesimal £ with
respect to a specific polynomial basis.

Lemma 5.7 (Natural Polyhedral Volume Extension Formula).

Given m = 1 sufficiently large, we set

m
vawmp(g) = £ Vpartial,m,comp (5) s ('R 27)
where
1 N'-1 Ny m ( )
_ k (2—Dyy +i€k,N -1)j+q,m P
Vpartial,m,comp (5) = Y aq(Nb)ck,(Nb—l j+gmE (Np-1)j+q,m
2
j=0 ¢q=0k=0
1 N1 Ny m
— k(2-Dw)=ilk (Np-1)j+q,m P
+3 > > (N Gy 1y jeqm € b-l)iramP
j=0 ¢q=0k=0
or, equivalently,
1 N'-1 Ny oo : )
_ k (2—=Dyy )+l (Ny-1) j+q,m P
Vpartial,m,comp (5) = 5 aq(Nb)Ck, Ny—1) j+q,m € (Np-1)j+q
2
j=0 ¢=0k=0
1 Ny"-1 Np oo
—  k(2-Dw)=ilk (Ny-1)j+q,m P
t3 2 D) (N mn) e € P
7=0 ¢=0k=0

where the complex coefficients ci (N,—1) j+q,m are given by relation (RW, on page with £y, (N, 1) j+q,

Here, €™ = (N, — 1) e, is the m'™ intrinsic cohomology infinitesimal introduced in Deﬁmtion
on page while the real numbers oy(Ny), with 0 < ¢ € Ny, have been introduced in Theorem on
page and the complex numbers ¢y (N,-1) j+q,m € C have been introduced in part ii. of Theorem
on page while (ek’(Nb_l)j"'qvm)OskSm denotes the sequence of cohomological vertex integers asso-
ciated with the vertex M(n,-1)j+qm € Vi (see also Definition on page . We have used the
notation Vpartial,m,comp (5m), since, as was mentioned previously, the sum

1“
52

]

Z

E(2=Dyy)+i Ll (Ny-1) j+q,m P
aq(Nb)ck (Np=1) j+q,m € (No=D)jtam

k(2=Dw)=i Lk (Ny-1) j+q,m P
)

l\')l)—t

g(Ny) Co(Ny—1) j+qm €

or, equivalently,
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= 3 k(2-Dyy)+it )
W)L, (Np-1) j+q,m P
2 Z g(Np) Cr,(Ny-1) j+qm € (Np=1)j+q
j=0 ¢=0k=0
1 N"-1 Ny oo ( |
— k(2-Dy +iék¢,N_1 i+q.m P
+§ Z O‘q(Nb) ck,(Nb—l)j+q7m g (Np-1)j+q,m

(where the complex coefficients cy (N,-1) j+q,m are given by relation (, on page with £y, (Ny-1) j+q,m € Z),
. . th . L . . . m
can be considered as a function of the m™ intrinsic cohomology infinitesimal €

We then introduce, for all sufficiently large m € N*, f)partm[,m,comp as the continuous function de-

fined for allt € [0,e] by substituting t for e on the right-hand side of the expression for Vypartiaim,comp (€)
in relation ( just above; i.e.,

~ 1 m B (2= Doy )i 11
Vpartial,m,comp (t) = 5 Z Z Zaq(Nb) Ck,(Nb—l)j+q,mt ( W)+ Lk (Ny-1) j+q,m P
Jj=0 ¢=0k=0
(R 28)
1 Ny'-1 Ny m oDy
k(2= N
5 Z Z aq(Nb) Ck,(Ny—1) j+q,m t W™ Lk, (Np-1) j+q, P
j=0 ¢=0k=0
or, equivalently,
1 N"-1 N, oo CoDyei
~ N ) o
Vpartial,m,comp (t) = 3 Z Z Zaq(Nb) Ckv(Nb—l)j+q,mt W) +i Lk (Ny=1) j+q,m P
=0 ¢=0k=0
(R 29)
1 b -1 Ny oo P
Clk (Nu—1) j+q.m 2= —i Lk (Ny-1) j+q,m P
5 Z Z Z aq(Nb) Ck,(Nb—l)j+q,mt w k,(Np=1)j+q ’

where the complex coefficients ¢ (n,-1) j+q,m are given by relation (, on page with Uy (Ny-1) j+q,m € Z.

As is explained in [DL22] (in the case of the ordinary Fuclidean volume), one can think of

e Vpartial,m,comp (t) as being the effective polyhedral volume of the m'" prefractal approrimation to
the Weierstrass Curve.

Also, Vypartiat,m,comp (€) and Vpartial,m+1,comp (€) satisfy the following recurrence relation,

m+1
€ Vpa’rtial,m+1,comp (5) =

N1 Ny—1 00

m+1 k(2=Dy)+i ((Npy=1)j+a) P
=eX 5 Vpartzalmcomp (E) + _6 Z Z Zaq(Nb)ck (Np=1)j+q,m+1¢€
=0 g¢=1 k=0

N1 Ny—1 00

m D N
h z z Zaq(Nb)ck (Ny—1) j+q,m+1€ k(2=Dw)=i(Ny=1) j+a) p
j=0  ¢=1 k=0

[\DI>—~

+

(R 30)
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Proof. Given m € N, we aim at obtaining a recurrence relation satisfied by Vpartial,m,comp (€) and
Vpartial,m+1,comp (5)

We note that, given m € N, the expression of ]}partmlm,comp (e) involves vertices in V,,, C V,,41,
which correspond to the value g = 0. By using relation (R|16]), on page we thus have that

N -1 oo

k(2-D i((Np—1)j
S Y 00Ny g1y g TN
j=0 k=0

N"-1 Ny oo
k(2-D i ((Np—1) 4
_ Z Zzaq(Nb)Ck,(Nb—l)j+q,m5 ( w)+i ((Npy=1) j+q) p
j=0 ¢=0k=0

and, similarly,

N -1 oo

k@-Dw)-i((Ny-1)j
S Y a0y Tmgare oI RTIR
Jj=0 k=0

N -

-y

Y 1N, oo
e K(2-Dw)+-((Np-1)j
ZZ:O[q(Nb)C’“v(]\fb—l)j,mﬂé“ (2=Dw)+=((Np=1)j+a) p
7=0 ¢=0£k=0

(Note that the indices j in the first and second parts in the equality are dummy indices; in the

first expression, they refer to the vertices M 41 € V,, N V41, while, in the second expression, they
refer to the vertices M;,, € V,,.)

We then obtain, for the first sum involved in the expression for Vygrtialm+1,comp (€) (i-€., the
expression without the complex conjugates) that

N1 Ny oo

k (2=Dwy)+i ((Ny=1) j
Z Z Z g (N}) Ch (Ny-1) j+qum+1 E (2-Dw)+i((No=1) j+a)p _
j=0  q=0k=0

o8



me+1—1 00

k(2- SN 1) i
) Z ZOé()(Nb) Ck,(Np=1) j+gm+1 € (2=Dw)+i((Np-1)j+q)p
7=0 k=0

Nllﬂﬂ—l Np—1 o0

E k(2-D i ((Np—1)J
" Z Zaq(Nb) Ck,(Np=1) j+qm+1 & (2=Dw)+i(Np=1)j+a)p
j=0  g=1 k=0

m+1

Ny -1 o0
k (2= D) +i (Ny=1) j
- Z Zao(Nb)ck,(Nb—l)j+q,m+1€ ( w)+i ((No=1)5) p
j=0 k=0

Ngnﬂ—l Np—1 oo

k(2-D i ((N},—1) 7
+ Z Z Zaq(Nb)ck,(Nb—l)j+q,m+1€ (2-Dw)+i((No=1) j+q) p
j=0  ¢=1 k=0

NgnJrl_l o

k(2-D i ((Np—=1) 34
z Z (V) Ck,(Np—1) j+qm+1 € (2=Dw)+i((Np=1)7) P
j=0 k=0

Nl;m_l Nb [ee]

k(2-D s ((Nn—1) 7
Z Z Zaq(Nb) ckv(Nb—l)j+q,m5 ( W)+ (( b )]+q)p
j=0 ¢q=0k=0

meﬂ—l Np—1 oo

k(2-D i ((Ny—1) 4
+ Z Z Zaq(Nb) Ck,(Np—1) j+q,m+1 € (2=Dw)+i((Np=1)j+a) P
J=0  ¢=1 k=0

(and similarly, for the second sum involved in the expression for Vyartiat m+1,comp (€) (i-€., the expression
with the complex conjugates)), from which we deduce that

N"-1 Ny oo

mal 1 m+1 k(2=Dyy)+i ((Np=1) j+q) p
€ Vyartialm+1,comp (€) 5¢ Z Z Zaq(Nb)Ck,(Nb—l)j+q,m5
j=0 ¢q=0k=0

me+1—1 Np—1 o0

! k (2—Dy)—i ((Np—1) j
7=0 q=1 k=0

—_

m
exe Vpartial,m,eomp (6)

me+1—1 Np—1 o0

! k(2-D i ((Ny—1) 4
+§€m+ Z Z Zaq(Nb)Ck,(Nb_l)jJrq’mHg ( w)+i ((Ny=1) j+q) p
j=0  ¢=1 k=0

—_

Nl:nﬂ—l Np—1 o0

! k (2—=Dyw)—i ((Np—1) j
e Z Z Zo‘q(Nb)Ck,(Nb—l)ﬁqmﬂs (2=Dw)=i (N )J+‘I)P'
7=0 q=1 k=0

.1
2

as desired.
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Notation 11 (Natural Polyhedral Complex Volume Extension).

For the sake of simplicity, given m € N* sufficiently large, we will from now on call the m™" natural
polyhedral complex volume extension, the volume extension function V, comp = e Vpartial,m,comp aSSO-
ciated in Lemma on page with the m'™ natural polyhedral complex volume V,, com, introduced

in Theorem m on page Alternatively, 17m7comp will be called the m" effective polyhedral complex
volume.

In the same way, as is done in [DL22], and given m € N* sufficiently large, we call the m"

natural volume extension, the volume extension function D,t# b¢ associated with the the m™" tubular
volume Vwbe Alternatively, VtUbe will be called the m™" effective tubular volume.

Proposition 5.8 (Zeta Function Associated With the Weierstrass Function at a Vertex X).

We introduce the zeta function associated with the Weierstrass function at a vertex X € V™ = U Va,
neN

of associated sequence of verter integers (fx,k) defined, for all s € C, by the convergent series

0sksm

S 2+k (2_DW)+i€X,k P

2+]€(2 DW)+'L£ka (R31)

Cw,x (s) Z Xk

where, for each integer k 2 1, cx € C is the k" Weierstrass coefficient associated with the vertex X

(see Theorem on page @)

We note that the (global) zeta function associated with the Weierstrass function can be defined, for
all s € C, by the following convergent Riemann sums:

1 Ny -1
Gwis) = Am ) Gwa,,(9)
N -1

lim ™ > Cwa,, (s)

Np—1 Ny -1 (R 32)

. m
D S SRR VAN €
q=1 j=0

J z Zchts 8 k(2=Dw)+itixp 4
0

XeV*k=1

For the sake of concision, we note that the convergence of the Riemann sum in relation (,
on page can be established exactly in the same way as the convergence of the Riemann sum in rela-
tion (R[46)) in the proof of Theorembelow (the same proof holds by letting, for 1 < ¢ < N — 1, a,(N}) = 1).
Furthermore, one shows similarly that the convergence of the Riemann sum in relation (, on
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page is locally uniform on C; see Remark [5.5] below, on page

The following key theorem completes the main results of [DL22].

Theorem 5.9 (Local and Global Polyhedral Effective Zeta Functions).

Given any m € N* sufficiently large (i.e., for all m = mg, where mg € N* is optimal, as in The-

orem on page , we introduce the m™ local polyhedral effective zeta function fﬁw such that,
for Re (s) > Dy,

€
C;(S) = JO S - Em Vparmal m comp(t) dt (R 33)

where € artzalmcomp is the m™ effective polyhedral complex volume, introduced in Notation

on page above, wzth € denoting the m'™ intrinsic cohomology infinitesimal introduced in Defini-
tzon ﬁ on page We caution the reader that Vpartial,m,comp depends on m, and is such that, for

allt € [0,e], € Vpartmlmcomp(t ) is bounded, independently of m.

Then, still for all m € N* sufficiently large (i.e., for all m = mg), we have that, for all s € C,

N Nb -1 Nb Ck (N 1) + 68 2+k(2_DW)+iZk,(Nb—1)j+q,mp
Ce (S) — - m o Nb) »—1)j+q,m
m ]ZO Z q Z S—2+k 2— DW)""ZEk(Nb 1) j+gmP
1 Ny -1 N, R T RRET T 2+k (2=Dw) =i Lk (Ny-1) j+g,m P (R34)
m v=1)j+gm
+=c [0 (Nb) )
2 Z Z q Z 2+k3(2 DW)_'LKk(Nb 1)]+qmp
or, equivalently,
N N -1 N, Ch(N . &5~ PwH(k=1) (2=Dy)+i bk, (Ny-1) j+q,m P
Ce (S) — - m a (Nb) b~ ] q,m
m Z Z q Z D + (k=1)(2 = Dw) +ilg (Ny-1) j+qm P
N -1 Ny s=Dyy+(k=1) (2= Dw) =i Lk, (Ny-1) j+q,m P (R 35)
+1 m Z ZO‘ (N}) Z ck(Nb 1)‘7+q7m6
2 / - 1)(2-Dw) = ili(N,-1)j+qmP
where, for 0 <j < N," —1 and 0 < ¢ < Ny, the complex coefficients Ch,(Ny—1) j+q,m @r€ given by rela-

tion (7@ on page (Ek (Ny=1)j+q,m )0<k<m denotes the sequence of cohomologz'cal verter integers
associated with the vertex M(n,-1)j+qm € Vi (see Definition n on page along with Defini-

tion |5.9 n on page , and where € is the intrinsic scale introduced in Definition on page .
In addition, the coefficients oy(Ny) € R are introduced in Theorem |5.6, on page while the coeffi-
cients c (N,—1) j+q,m belong to C. (See also Remark below, on page |65 )
We note that, still for all m € N* sufficiently large, by letting, for all s € C,
Zm(s) =
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N1 N, m
- m( [T (5= Dy + (k=1) (2= Do) + i b (y-1) juqum p) "4 FNo D720 e

s=Dy+(k=1)(2-DWwW)+i Ly (Ny-1) j+q,m P )

)

Ny"-1 Ny, m s=Dyy+(k-1) (2-Dyy)—-i £ ;
) g (N TR e P W)=ilg (Np-1) j+q,m P
+ln( [T(s=Dw+(k=1) (2= Dw) =i bi v, -1)jaqmp) 0 DT

(R 36)
we then obtain, for the m™ local polyhedral effective zeta function C,,, the following expression, valid

for all s € C:

C(s) = 5" (dzgs(s) - izm(s)) 1. (dZ m(5) 2Wzm(s)) . (R37)

Ine ds

Furthermore, Z,, is meromorphic on all of C.

In addition, still for all m € N* sufficiently large, the function (., = (o (s) — initially given by
relation (7'\’.) for Re(s) > Dyy — admits a (necessarily unique) meromorphic extension to C (still
denoted by () and is given, for all s € C, by the well-defined expressions in relation (7?./ (or,
equivalently, (R.) 135)) above.

Moreover, the associated sequence (5;)meN satisfies the following recurrence relation, for all values
of the positive integer m sufficiently large, and for all s € C:

s (s)= eGn(s)

m+1

—1Ny—1m+1 6s—DW+(lc—1)(2—DW)+z‘((Nb—l)j+q)p

m+1
2 Z 2o 2 ) ko et S T B Dy 7 (=T 5

m+1

-1 Ny—1m+1 68—Dw+(k‘—1)(Q—Dw)—i((Nb—l)j-I-q)p

m+1
— Z Z Z Oéq(Nb)ck (Np—1) j+q,m+1 —DW+(k_1) (Q—DW)_Z((Nb_l)j+q)p’

(R 38)
where the complex coefficients ci (N,-1) j+qm+1 are given by relation (R@, on page .

This ensures the existence of the limit fractal zeta function E{i\;, i.e., the fractal zeta function
associated with the Weierstrass Curve T'yy (or, rather, with the Weierstrass IFD), called the global
polyhedral effective zeta function and given, for all s € C, by

Gv(s) = lim G(s), (R39)
m—00
where the convergence in relation (T\’@) is locally uniform on C (see Remark below, on page@)
along with the existence of an integer my € N such that, for any integer integer m = my, the set of
poles of 516/\; 1s a subset of the set of poles of Eﬁﬁl and hence also, of that of CW More specifically, CW

is meromorphic in all of C and its (necessarily unique) meromorphic extension to C (still denoted CW)
is given, for all s € C, by the following limit of Riemann sums:

. 11 ) N -1 Np=1 me1 25~ Dw(k=1)(2-Dw)+i (Ny-1) j+a) p
Gw(s) = 5 lim ™" aq(Ny) Cr(Ny-1) j+a,m - -
w 2 T—¢ mow JZO qzlkzl a (No=Diramtl oD+ (k=1) (2= Dyy) +i (N, - 1)j +q) p
11 NP N1 el o5~ Dw(k=1)(2-Dw)=i (Ny=1) j+) p
+= lim ™" aq(Ny) C,(Np-1) 54a,m+1 ; ; ’
2T —¢ moeo Z QZH; a WNe=Daram+l oD 4 (k-1)(2=Dyw)—i (Ny—1)j+q) p

(R 40)
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where the complex coefficients ci (N,-1) j+qm+1 are given by relation (R@), on page .

In addition, P (Eﬁv), the set of poles, in C, of the meromorphic function Zf;\; on C, is given by the
following discrete (and countably infinite) subset of C:

P(ew)=P"= U P(G):
meN, mzmg

see Lemma [5.10 below, on page[64), along with Theorem [5.13 above, on page [T7.

In other words, {{i\, admits a (necessarily unique) meromorphic continuation, given, for all s € C,

by relation (R40) just above.

Here, mg € N is the optimal (i.e., the smallest) positive integer such that 57671 is meromorphic, for
all m = mgy (i.e., such that Theorem above, on page |1 and Lemma below, on page hold).

Remark 5.4. As was mentioned in the introduction, we note that our result is stronger than the one
previously obtained in [DL22], where, in particular, the values of the possible Complex Dimensions of
the Weierstrass IFD included —2, 0 and 1 — 2k, with k& € N arbitrary. As we can see in relation (40)
just above, the poles of the limit effective fractal zeta function Ele,v are exactly the same as the Complex
Dimensions of the Weierstrass function itself; see Theorem on page Note that, in [DL22], the
Complex Dimensions are defined in terms of the volume of the tubular (rather than polyhedral)
neighborhood of the Weierstrass IFD.

Remark 5.5. Both the local uniform convergence on C of the Riemann sums in relation (, on
page (in Proposition and of the Riemann sums in relation ( in Theorem hold when the
meromorphic functions involved are viewed as continuous functions on C with values in the Riemann
sphere IPl((C) = C U 00, equipped with the chordal metric (as, for example, in [LvF00], [LvF13], [LRZ17]);
see the discussion surrounding relations ( and (, on page towards the end of the proof
of Theorem [5.9] given below.

Remark 5.6. As we will see in the proof of Theorem below, the zeta functions ff;z used in the state-
ment of Theorem on page are the restricted ones (still denoted Efn, for simplicity), obtained
from the original ones defined by relation (, on page by removing the pole part corresponding
to the simple pole at s = 2; see the discussion immediately following relation ( below, on page

We will implicitly make the same assumption throughout the remainder of this paper — including
in Definition [5.5 on page [76] in Theorem [5.12} on page [74], and Theorem [5.13] on page [77] along with
its corollaries.

Remark 5.7. The zeta functions introduced in Theorem on page have a tilde, in order to
distinguish them from the zeta functions of the classical theory [LRZ17].

The following lemma will be used in part #ii. of the proof of Theorem
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Lemma 5.10 (A Preliminary Result About the Sets of Poles of the Local Polyhedral Zeta
Functions).

Let us denote by P* = | P(Eﬁb) the union of the discrete sets of poles of the local polyhedral

m2mg
zeta functions C,,, for allm € N such that m = mg. Then, the sequence (73 (Cfn))
18 increasing.

of subsets of C

m2mg

Furthermore, the set P is discrete and countably infinite. It is, also, the set of poles of the global
polyhedral zeta function Cyy.

In addition, its complement U in C is an open, connected subset of C (since P* is necessarily

closed).

Proof. (of Lemma [5.10))

The proof relies on the fact that, for all m € N sufficiently large,

P () ={Dw = (k=1) (2= Dw) il (Ny-1) jaqm P> L <k <m} € P (Crt) -

This ensures that, as a countable union of discrete sets, and without any accumulating points,
the set P* is itself discrete and, hence, countably infinite. This ensures that its complement I C C is
an open, connected subset of C. This implies that P* intersects each compact set K ¢ C at a finite
number of points.

The fact that P* is the set of poles of the global polyhedral zeta function Ef;v comes from the
expression given in relation (Rl40)), on page

Also, the fact that, for all m = mg, P (5,671) cPp (5fn+1), is established in the proof of Theorem

below.
O

Proof. (of Theorem [5.9))

1. We first give the explicit expression for the m™ local effective polyhedral zeta function (5.

In light of relation (R[33]), on page along with relation (RJ28)), on page or relation (R[29),
on page we restrict ourselves to sufficienly large values of m € N, i.e., m = my, for some suitable
integer mg € N.

We have that, for Re (s) > Dy,
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€
~ -3~
Cfn('s) = JO ts Vpartial,m,comp(t) dt (fOI" Re (5) > DW)
Nb -1 Nb 5_2+k(2_DW)+igk,(Nb—l)j+q,mp

LS S § s

1) —k Dy + igk,(Nb—l)j+q,mp

-1 N, 5=2+k (2=Dw) =i Lk (Ny-1) j+q,m P

1., Ck (Ny—1) j+q,m €
+=¢ g (N,
5 Z g(INp) Z s+2(k—=1)=kDy + =l (Ny=1) j+¢,m P

)

or, equivalently,

N -1 Nb Ck (N 1) . 8S—2+l€ (2_DW)+iek,(Nb—1)j+q,mp
Ce (S) — - m a (Nb) ) b—1))rqg,m -
m Z Z 4 Z S+2(k_1)_kDW+Z€k,(Nb—1)j+q,mp
-1 N, 5=2+k (2=Dyy) =iy, (Ny-1)j+q,m P
vz Z ag (V) Z CLN=D) R————
2 3+2(k_1)_kDW_Z€k(Nb 1)j+qm P

where the complex coefficients ¢, (n,-1) j+¢,m are given by relation (R|10f), on page

We note that this expression involves the pole s = 2, which comes from the Euclidean polygons
themselves involved in the sequence of polyhedral neighborhoods (see Theorem on page . For

240l (N 1) ira
€0,(Np—1) j+q,m 52k, (Ny=1) j+q,m P

§ =2+ ilo (Ny,-1)j+gm P
the m'™ local effective polyhedral zeta function (;,,, so that

this reason, we hereafter exclude the terms

from the expression for

N =1 N, §=2+k (2=Dy)+i bk (Ny-1) j+q.m P

p M Ck,(Ny=1) j+q,m
= - N
Cm(S) Z ZOéq( b) Z S+2(k—1) _kDW+i£k,(Nb—1)j+q,mp

N - 524k (2=Dw)=i bk (Np-1) iram
rye" bzlfa (V) Z Ny Dgram e TP s sam P
— b .

2 d = S+2(l€—1)—k‘DW—’L€k7(Nb 1)j+qmP

For the sake of simplicity, we still use the same notation ffn for this m™ restricted local effective
polyhedral zeta function.

By using the recurrence relation (R30)), on page we then compute
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57en+1(8) J t5—3 1‘)pa?"tial,m+l,comp(t) dt (fOI‘ Re (S) > DW)

0

€
-3~
= & JO ts Vpartial,m,comp(t) dt

Ng"“—l Ny—1 o0

m € . B o
- I Z Z Zaq (Ny) e (Ny—1) j+q,m+1 € (2=Dyy)+i (N~ 1)J+Q)pdt
0 j=0  ¢=1 k=0

+

No| —

Ng”“—l Ny—1 o0

I me1 (° k(2-Dw)—i ((Ny—1) j+q)

= e Gn(s)

m+1

N1 Ny-1 o0

(¢, k(2-D i (Np—=1) 5
e L 3 Z Z Zaq(Nb)ck,(Nb—l)j+q,m+1t (2-Dw)+i (Np=1)j+a) P g,
j=0  ¢=1 k=0

| —

+

me“—l Ny—1 oo

1 (¢ 2-D N,
+§Em+ JO Z Z Zaq(Nb) r s 1)]+q,m+1t E( w)—i ((Np=1) j+q) p dt
=0 g=1 k=0

—_

= e ()
- NZ”i—l szl ia ) 52+ (2=Dw)+i ((Ny=1) j+¢) p
2 S gty k2 = D) + i (N = 1) + ) p
. E—lezli& ) 5= 2+k (2-Dw)=i (Ny=1) j+q) p
L g e ek 2= D) =i (Np=1)j + ) P

(RA41)
As previously, we note that this expression involves the pole s = 2, which comes from the Fuclidean

line segments themselves involved in the sequence of polyhedral neighborhoods (see Theorem on
. s_2+izk,(Nb—1)j+q,mp
€0,(Ny—1) j+q,m+1 €

- from the last
§ =2+ iLo,(N,-1) j+qm P

page(41)). For this reason, we also exclude the terms

expression, so that the recurrence relation we will use is

Cmri(8) = £ Cm(s)
1 e N -1 Ny-1 o0 52tk (2=Dw)+i (Np=1) j+q) p
5 Z) (; Zaq(Nb)ck(Nb 1)]+q,m+1 2+k:(2—DW)+i ((Nb—l)j+q)p
j= -
N N1 Ny=1 o0 572+k (2=Dw)=i (Ny=1) j+q) p
—gm N,
> ) ) (N, e s=2+k(2-Dw)—i ((N,-1)j+q) P

7=0 q=1 k=1

(R 42)
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Thanks to relation (, on page given m € N, we have that, for all £ =2 m + 2

Ch(Ny—1) j+gm+1 = 0.
We then obtain that

Cmr1(s) = e Cn(s)
o sz”i—l szl nila " 52k (2=Dyw)+i ((Ny=1) j+q) p
2 2 o(Nb) ¢k (- Ditem+l o e DY+ (N —1)j + ) p
1 o NP1 Ny—1 ma 1 5724k (2=Dw)=i (Ne=1) j+0) P
+5¢ Z Z Zaq(Nb)Ck(Nb 1) j+gqm+1 s—2+k(2-Dp)—i (Ny=1)j+q) p

(R 43)
ii. For all m € N* sufficiently large, by letting, for all s € C,

Zm(s) =

N1 Ny m
( l_[ [T (s =D+ (k=1 (2= D)+ i,y 1) g p) " B 0770

s=Dyy+(k=1)(2-DWwW)+i L (Np-1) j+q,m P)

N'-1 Ny, m
+ ln( l_[ (8 - DW + (k - ].) (2 - Dw) - ’L’éh(Nb,l)]‘Jrq’m p)c.{q(]\]b)Ck’(Z\]bil)jJrq'm‘E

s=Dyy+(k=1)(2=-DW)=i L (Ny-1) j+a,m p)

™
Mz
P

) =Dy +(k=1)(2=-DW)+i L (N} —1) j+q,m P
. aq(Np) cr, (Ny-1) melTEW J(Np=1)j+q,
(S—Dw +(k=1)(2- D) +Mk,(zvb—1)j+q,m P) ! b

= . aq(Np)Ch (Nn-1)itq.m €
+ Z Z ln((S—DW + (k— 1)(2—Dw) —Zek,(Nb_l)j_Hme) Q( 2 k.(Np-1)j+a,

s=Dyy+(k=1)(2-DW)=i € (Ny-1) j+q,m p>
)

(R 44)
we then obtain that, for all s € C,

dZy(s) _
ds
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-3

S—Dw+(k—1) (2_DW)+iZk,(Nb—1)j+q,m P

% i q(Nb) Ck,(Ny—1)j+qm €
0 e S_DW+(k_1) (2_DW)+i£k,(Nb—1)j+q,mp

Nb_
v )

1N, m
—Dyy+(k=1) (2—=Dyy)+i ¥l _1)ita.m
Z Z (Ine) og(Ny) Ch (Ny=1) j+g,m ST PWH(k=1) (2=Dw)+ilie, (Ny-1) j+a,m Py
7=0 ¢=0k=1

X 111(8 - DW + (ki - 1) (2 - Dw) + igk,(Nb—l)j+q,m p)

s=Dyy+(k=1) (2=Dyy) =ik (Ny-1)j+q,m P

" sz_l % i aq(Nb) Ck,(Ny—1)j+qm €
j=0 ¢=0k=1 S_DW+(k_1) (Q_DW) _Z.Ek,(Nb—l)j+q,mp

N"-1 N, m

—  s=Dyw+(k-1)(2-Dw)~i Lk, (Ny-1)j+q,m P
+ Y Y Y (me) ag(Ny) Cvy 1) jeqm (Mp=Dseam Py
j=0 ¢=0k=1

XIn(s = Dw + (k—=1) (2 = Dy) = il (Ny=1) j+gm P)

Ny -1 s=Dw+(k=1) (2=Dw)+i Lk (Ny-1) j+q,m P

_ Z a0 i aq(Nb) Ck,(Ny—1)j+qm €
0 b S_DW+(k_1) (2_DW)+i£k,(Nb—l)j+q,mp

i.e., equivalently,

Ponls) - 2 5() + () Zu(s).

since, for all s € C,

ds dslns ol .
= =) ¢’ = (o) £

We then obtain, for the m™ local polyhedral effective zeta function ¢5,, the following expression,
valid for all s € C:

) = 5 (D - 2] = 5 (T e B 2u) . R

Note that Z,,, is meromorphic on all of C.

ii1. We first note that, by using relation (RI32), on page we have the following Riemann sum

) N -1 Ny=1me1 524k (2-Dy)+i ((Ny=1) j+q) P
i m+ N L )
D I B B R P Ry o¥o B (R PR

m+1

N -1 N1

= lim Z Z aq(Nb) CWM(N,] 1)J+qm+1( )

m—00 Nm+1
q=

(R 46)
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We then aim at proving that the convergence of the Riemann sum in relation (R}46]) is locally

uniform.

We note that, for all mg €, N, and all m = my,

N1 Ny—1 mat1

55_2+k (2=Dyw)+i ((Npy—1) j+q) p

m+1

-1 Ny—1mg-1

Z Z Oéq(Nb) Ck,(Ny—1) j+q,m+1 .
g=1 k=1

24k(2-Dp)+i (M-1Dj+q) p

65—2+/k; (2=Dyw)+i ((Npy—=1) j+q) p

Z

m+1

Nb

Z Z aq(Nb) Ck,(Ny—1) j+q,m+1

q=1

_1Nb 1 oo

Z Z Z aq(Nb)ck(Nb 1) j+q,m+1

q=1 k=myg

mo—1 N 1Ny -1

m+1
=) )
k=1 7=0

N;”“—1 Np-1 oo

Z Z Z aq(Nb)Ck(Nb 1)]+q,m+1

q=1 k=mg

s—2+k(2-

Dy)+i ((Ny=1)j+q) p

63—2+k; (2-Dw)+i ((Ny=1)j+q) p

P G Do B (g e w

572k (2=Dw)+i (Ny=1) j+q) p

Z aq(Nb)ck,(Nb—l)j+q,m+1 S

—2+k(2-Dy)+i((Ny-1)j+q) p

6s—2+k (2=Dyw)+i ((Npy—1) j+q) p

—2+k(2=-Dy)+i (Ny-1)j+q) p’

By placing ourselves in a compact set I C C, located away from the potential poles of Eﬁw for

all m = mg, we have that

'm+1_1 Nb 1

2

NP1 Ny—1

7’TLO—1
Z m+1

SSm2+k (2-Dw)+i ((Ny—1) j+q) p

Z aq(Nb) Ck (Ny—1) j+qm+1

s=2+k(2-Dw)+i((Npy—-1)j+q)p

—-2+k(2-D
&S ( w)

mo—1
< Z €m+1 Z Z |aq(Nb)|
k=1 q=1

inf

|s =2+ k(2-Dyw)+i ((Ny—1)j +q) pl

0<jSN" 1 +1,5€ K

52+ (2-Dw)

mo—l
< Z m“Nﬁ"”“( max |aq(Nb)|) —

1<qsNy—

|s=2+k(2-Dw) +i (N, —1)j +q) pl

0<jsN™ M +1,5eK

—-2+k(2-D
&5 ( w)

inf
0<j<N™ 1 +1,5€K

mg—l
< I; (1<¢I]I<1?VX |04q(Nb)|>

ls=2+k(2-Dw)+i((Ny—1)j+q) pl’

which ensures the (local) normal convergence — and hence, the (local) uniform convergence — of the
first part of the sum involved in relation (Ri47), on page

We then aim at proving the (local) uniform convergence of the second part of the sum involved in
relation (R|47)), on page i.e., the (local) uniform convergence of

Ng”“—1 Ny—1 oo

3

7=0 q=1 k=myg

69

Z Z aq(Nb)ck (Np—1) j+q,m+1

65—2+k (2-Dw)+i ((Ny—-1) j+q) p

s=2+k(2-Dw)+i(Ny-1)j+q)p



For this purpose, we will rely on the Cauchy criterion (Weierstrass M test). We thus consider, for
all m = mg, the difference

" NSO N1 o0 5=+ (2= D)+ (Ng=1) j+0) p
Em o (Nb)ck mo+m . A
Z Z kZm BNt 9 1 k(2= D) + i (Ny = 1)j +4)
y =1 Ny=1 oo Es—2+k(2—DW)+i((Nb—1)j+q)p
N
Z ZlkZma D N ot T T  Dyy) + 1 (V= 17+ 4) b

(R 48)

The first sum in relation (R47)) just above, on page involves terms associated with the vertices

of Vi +m, while the second sum (still in relation (Rl47)) comprises terms associated with the vertices
of Ving C Ving+m. so that, for all k = my (see relation (RI18)), on page, we have that, for all k = my,

Ch(Ny=1) j+qmo+1 = 0
This ensures that
oo 572k (2=Dw)+i ((Ny=1) j+q) p

N - 1 =
2 N kit T G Dy S T (N D7 T )

k=m0

We then simply have to prove that

X NSO N -1 85—2+k(2—DW)+i((Nb—1)j+q)p
lim ™" ag(Ny) i 1 , . =
00 Z qzl kzno a b atamotmtl (2 = D) +i (Ny—1)j +q) P

Thanks to relation (R[19)), on page we have that, for all k = my),

)\m+l _ (m+1)(2-Dyw)

ck»j»m0+m+1 = Ckyjym(] - Ck:jsz :

Therefore, this amounts to proving that

m0+m

-1 Np—1 oo 88—2+k‘(2—Dw)+’i((Nb—1)j+q)p

lim g™ Pw) ag(No) ck jm - ' -
o Z q;kz;no q Jmo s=2+k(2-Dwy)+i ((Ny—-1)j+q) p

Note that, for all 0 < j < Ngn°+ the sum
00 53—2+k(2—DW)+i((Nb—1)j+q)p

N, LY
2 M) ks T D) T (- DT B

k=m0

(R 49)

is convergent, uniformly for all s € C in a given bounded set not containing a pole of Z; In-
deed, 0 < € < 1 and all the coefficients of the fractal power series are uniformly bounded.

We then place ourselves in a compact set I C C contained in the connected open set &4 C C which
is the complement in C of the discrete set P* = U » (Cﬁ), the countable (and hence, closed)

n €N, nz2mg
union of the sets of poles of the local polyhedral zeta functions (;,, for all n = mg (see Lemma

on page .

We then have that, for all m = my,
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mo +m

-1 Nyp— 00 68—2+k; (2—DW)+i((Nb—1)j+q)p

m+1+m (2—Dyy)
€ ag(Np) Cr,(Ny-1 . .
Z ;k;O a b=1)j*amo s=2+k(2-Dyw)+i ((Ny—1)j+q) p
NSO s—2+k(2-Dyy)
€m+1+m(2 Dw) max |a (N )| Z |Ck7(Nb—1)j+Q7mO|
= Lgy—11 42 e inf |s=2+k(2-Dy) +i (N, —1)j +q) pl
= 0<]<N;nO+m+1,s€IC
NPT 5=2+k (2-=Dyy)
< m+14+m (2—Dyy) N €
c 1s?é?v’§_1|0‘q( o)l ZO inf |s—2+k(2—Dy)+i (Ny—1)j +q) pl
J= 0<j<N 0 41, sek

—-2+k(2-D
s ( w)

inf [s=2+k(2-Dw)+i (Ny—1)j+4q) p|’
0<jsN, O 41, seK

m+1+m (2—Dyy) mo+m
<e (K;Isl%)(_l |aq(Nb)|> N,

Note that the above infimum is really a minimum and is strictly positive because I € C is a com-
pact set and, by construction and, by construction, does not intersect P (Cm)

Since

m+1+m (2—D mo+m m (2—Dyy)—m
c ( W)N 0 . ( w) o

where m (2 — Dyy) —mg >0 and 0 < € < 1, we obviously have that

lim e
m— 00

m+1+m (2—Dyy) Nm0+m _ 8m(2—DW)—mO -0
from which we deduce the desired result; i.e., uniformly for all s € K,

m0+m

+1+m (2=Dyy) R 572tk (2-Dw)+i((No-1) j+q) p
li m m(2— N )
mee | Z 2 Z%( VN e T o DY T (N D) p|

q=1 k=my

The same result obviously also holds for the conjugate sum (recall that all of the coefficients o, (N)
are real); namely,

m0+7n

o (Do) -1 Ny— 572tk (2=Dw)=i ((Np=1) j+q) p
lim |7 W o (Ny) Ch(No=1) jrqmo . ,
m=o0 Z qukzn:lo ! NI 9 4 k(2= D) —i (Ny—1)j +4q) p

For any integer m = mg, we now denote by P (Efn) C C the set of poles of the zeta function Efn
We set

U={s e C, Re(s)<3}.

We note that, for all m = mg, we have that

P(Eﬁm) C P(an) cu
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The remainder of our proof — in the case when we place ourselves in a compact set X C C contain-
ing some of the potential poles (necessarily, finitely many of them, since K is compact and the poles
are isolated) of (;,, — can be obtained by using the chordal metric.

For this purpose, a (complex-valued) meromorphic function f is viewed as a continuous function
with values in P'(C), equipped with the chordal metric, and such that, for any pole w of f, f(w)
takes the value oo (for instance, as in [LvF13], Section 3.4 and Appendix C).

More precisely, if 1131((C) = C U oo denotes the Riemann sphere (or complex projective line), we
2
can show that, for the chordal metric, defined, for all (z1,29) € (]Pl((C)) by

|21 — 2]

NEEIN e

||Zl,22|| = if 21 F 0 and 29 F 00, (R50)

and

1

Vi+ =]

”21700” = 7if21 F00. (RE)].)

Since the discrete set P* = Uw» (5;) intersects each compact set KL C C at a countably finite

meN
number of points (see Lemma above, on page [64)), we can restrict ourselves to the case when K
contains one single pole of a given (;,, for some n = my.

The only difference with the first case, when the compact set I ¢ C does not intersect P, is about

the (previously) involved infimum inf |s=2+k(2-Dyy)+1i ((N,—1)j+q) pl, which
N <jsNy 41, s€K

has to be replaced by
1

sup .
N <GNP 4L seK A1+ [s— 2+ k(2= Dyy) +i (N, — 1) j + ) p|?

The limit of the Riemann sums in relation (RI46)), on page (68 i.e., the (uniform) limit fractal zeta
function (yy, is holomorphic on U, as the (locally) uniform limit of a sequence of holomorphic functions
on U. By applying Weierstrass’ Theorem, we then deduce that, for all m = my, the zeta function (;,
is meromorphic on C.

Moreover, the counterpart of the results obtained in [DL22] for the sequence of tube zeta functions
associated with the Weierstrass IFD, which admit a meromorphic continuation to all of C, obviously
holds for the sequence of polyhedral tube zeta functions: hence, (5, is meromorphic on C, with only
simple poles, as specified in Theorem [5.13] on page [77] below.

More specifically, our earlier discussion (ending just after relation (R}49)), on page shows the

uniform convergence of (Cfn) on K — and, hence also, the existence of the global polyhedral effec-
0

m2m
tive zeta function Gy, whenever the compact set K C C does not intersect P* (i.e., K cU = C\ P¥).
The fact that (3 is holomorphic on the (connected) open set I € C then follows at once from Weier-
strass’ Theorem about the holomorphicity of a (locally) uniformly convergent sequence of holomorphic

functions (here, the sequence of holomorphic functions (5,8,1) onlU).
0

m2m

In the above case when K N P* is nonempty — and, without loss of generality, when K n P* = {w},
where w is a pole of g‘;l, for some integer my = mg (and, thus, for any m = m;), our above argu-
ment shows that () is well defined and is continuous on K (as the uniform limit on the compact
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set IC of of the sequence (E;) of continuous functions on /C, with all the functions involved be-

m2mg
ing viewed as taking their values in the compact — and thus, complete — metric space (IPI((C), ||||)
(i.e., lim sup ||(~fn(s), 55\;(5)” = 0) and such that (jy (w) = oo since ¢, (w) = 00, for all m = my. Con-
m=0seciC

sequently, Eﬁv is meromorphic on I/ and w is also a pole of 55\; (e, w e P (55\}))

In summary, we deduce that {3y is well defined (by the locally uniform limit in relation (R[39)), on
page , is meromorphic on all of C and P (Qe/v) = PpP*.

This concludes the proof of Thorem [5.9] on page

Property 5.11 (From the m™™ Local Effective Polyhedral Zeta Function to the m™ Local
Effective Tube Zeta Function).

Given m € N* sufficiently large (i.e., m = mg), the Lebesgue measure Vﬁ:jbe (5%) of the tubular
m

neighborhood D (me,&?%) can be connected to the Lebesgue measure Vy, (Em) of the m'" polyhedral
neighborhood D (me) introduced in Deﬁmtion on page by means of the following relation:

tube

Vin (€) = Vi (€) + R, (R 52)

where R,, is a suitable error term and

tub
Vi (€) = e (D (Tw,,)) -
As is done in Lemma on page we extend relation ( to the corresponding effective

. m
volumes; i.e., for 0 <t < g,

~tube

Vi (1) = V™ () + Ron(t) (R53)

where, for all sufficiently large n € N, ]?n (resp., Df,,“”e or ﬁn) s the continuous function defined
for all t € [0,e] by substituting t for € in the expression for V, () (resp., V,tLUbe or R,), obtained in

Theorem on page [/1]

This ensures, for the associated zeta function Z,, r, given by

g
s J R dt
0

that (locally, uniformly on C)

£

lim | 7R, (t)dt=0.

m— 00 0

Proof. This follows directly from Property on page in conjunction with Property on
page Given n > 0, there exists my € N such that, for all m = my,

b
Vi (2) = Vi (2)| <.
We then proceed as in the proof of Theorem on page Since, for Re (s) > Dy,
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Jats‘?’ﬁm(t)dt: Ja P (Vn(®) = V(1) dt

0 0

we obtain the expected (local) uniform convergence.
O

Theorem 5.12 (Local and Global Tube Zeta Function for the Weierstrass Iterated Fractal
Drums [DL22], [DL24al).

Given m € N* sufficiently large, we denote by Ce T e ezact expression for the m™ local
effective tube zeta function by exact, we refer to the expresswn which could be obtained if we had the
knowledge of the exact expression for the volume of the m™ tubular neighborhood, which is not the
case and might never be obtained). We then set, for any s € C:
s+2

s
~e,strict _ xeexact T € me
Cm,l—‘w’m (S) - Cm,r‘wm (S) S + 4 (S + 2) 9

since the contribution of the m" prefractal approzimation I'yy, =~ to 516/\;, the global effective tube zeta
s s+2

function of the Weierstrass IFD, is obtained by excluding the (artificial) terms % and _47(T€+ 2)
s

coming from the extreme wedges (see Remark just below, on page . Here, Cfneffs\ft Ef;f“be,

the m™ local tubular effective zeta function of T'yy studied in [DL22]. Note that we thereby consider
the exact expression for this local tubular effective zeta function, which, thus far, cannot be determined
explicitly (in [DL22], we only give an approximate expression for this local tubular effective zeta func-
tion; we cannot go to the limit in this approrimate expression).

The global effective tube zeta function of the Weierstrass IFD exists and coincides with the global
effective polyhedral zeta function CW Hence, it is given not only by the (locally) umform limit of
the strict prefractal zeta functions but also by the limit of the Riemann sums defining CW: given in
relation (7@ of Theorem. on page|0] . It admits a (necessarily unique) meromorphic continuation
to all of C, and is given, for any s € C, by the following expression:

~e,strict

Gv(s) = hm Con me(s). (R 54)

~e,strict

Note that (1., s a (tamed) Dirichlet-type integral (in the sense of [LRZ17], Appendiz A) and
hence, admits, for all sufficiently large positive integers m, an abscissa of (absolute) convergence.

Furthermore, the abscissa of convergence of gf/\; s equal to

In A 1
Dw—2+m—2—lnb 3

The proof of Theorem [5.12]is given on page right after Remark

Remark 5.8 (About the excluded poles 0 and -2 [DL24al]).

We do not include the (artificial) terms coming from the extreme wedges. Indeed, due to the peri-
odicity of the Weierstrass function, we have restricted our study to the values of the abscissa x € [0,1].
In a sense, this amounts to cut the Curve, so that the poles arising because of this cut do not have to be

m\4
7 (em)

taken into account. More precisely, given m € N* sufficiently large, the involved terms are — 5
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s+2

TE TE
and w (52)2, which would have given rise to the terms — and —

———— in the expression for the
2(s+2)

associated m'" local effective tube zeta function).

Remark 5.9 (About the possible pole 1 obtained in [DL22]).

In our previous work [DL22], we obtained the value 1 as a possible pole of the m™ local effective
tube zeta function. Note that this possible pole was associated to the approximate expression for
the m'™ local effective tube zeta function (coming from the contributions of triangles and parallelo-
grams to the tubular neighborhood, for which the associated residues may cancel each other), and not
to the exact expression, which explains why this value 1 is not an actual pole of the global effective
tube zeta function of the Weierstrass IFD.

Proof. (of Theorem on page

Thanks to Property [5.11, on page (and since lim e, = 0), and given m € N* sufficiently
m— 00

large, the m™ strict effective tubular volume

(En) (o

9e,stm’ct (6) _ i}e,ezact (8) + 5

m,Cyy,, m,lyy,,

can be connected to the m™" effective polyhedral volume ]75 (sm) by means of the following relation:
Vi (€) = Vi, () + R (R 55)

where ﬁm is a suitable error term such that the associated zeta function Z,, %, given by
g 3~
s n—»f t° R, (1) dt
0

1
(where ¢ = N, is the intrinsic scale, as introduced in Definition on page locally, uniformly
b

on C, converges to 0:

£

lim | 7R, (t)dt=0.

m—00 0
We then obtain that (locally, uniformly on C)

. ~e,strict . ~P.e e
Jim Cpy, ()= lm G () = Cryy(s),

where, for all m € N*, EEFW is the effective fractal zeta function associated with the sequence of
polyhedral neihborhoods of the Weierstrass IFD (and called the m™ local polyhedral effective zeta
function).

~e,strict

and (¢

We note that both sequences of local effective zeta functions (575 ’FW ) m. Ty ) . thus
k] m ? m/m

meN
have the same limit, the global fractal zeta function () of the Weierstrass IFD. As was mentioned

above, an interesting comment to be made is that we do not pass to the limit in the approximate ex-
pression for the strict tubular zeta function 5;81?;&& obtained in [DI.22]). Indeed, the exact expression
for this local tubular effective zeta function (:annotn,1 thus far, be determined explicitly. (It is the reason
why, in [DL22], we only give an approximate expression for this local tubular effective zeta function:
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we cannot go to the limit in this approximate expression.)

Hereafter (as was the case in the proof of Theorem , a (complex-valued) meromorphic func-
tion f is viewed as a continuous function with values in the Riemann sphere (or complex projective
line) P'(C), equipped with the chordal metric, and such that, for any pole w of f, f(w) takes the
value oo (for instance, as in [LvF13], Section 3.4 and Appendix C).

2
We can show that, for the chordal metric, defined, for all (z1,29) € (IP’l((C)) by

|21—2’2|

VI+ [ Y1+ ]3]

|21, 22| = , if 21 # 00 and z9 # 00,

and

1 .
||Zl’00||= 71f21:/:007

Vi+ ||
we have, thanks to the local uniform convergence on C,

~

~e,strict e
Gmn W] =0.

lim |

m—00

Indeed, for any n > 0 and any compact set K ¢ C, we can choose m; € N* such that, for all
integers m = m; and all s € K, we have that

G (s) = G(s)| <,

and hence, still for m = my and all s € K,

G (), G ()| <

G () = Guls)| <.

Definition 5.5 (Complex Dimensions of the Weierstrass Curve and of its Prefractal Ap-
proximations).

The Complex Dimensions of the Weierstrass Curve I'yy, (or, rather, of the Weierstrass IFD) are the
poles of the global polyhedral effective zeta function Eﬁv To distinguish these Complex Dimensions
from those defined in our earlier paper [DL22| (via local effective tube zeta functions, we may wish to
call them intrinsic Complex Dimensions of 'y (or, rather, of the associated IFD).

More specifically, the phrase “possible (or potential) Complex Dimensions” refers to those w € C
which appear as an w-exponent in the fractal power series expansion (, on page accordingly, its
associated residue may vanish (i.e., res (ff/v,w) = 0) or else, it may be nonzero (i.e., res (ff/\;,w) #0).
In the latter case, w is called an ezact Complex Dimension of I'yy (or of the associated IFD).

We use an entirely similar definition for the Complex Dimensions of the prefractal approxima-
tions I'yy _, for any m € N* sufficiently large, except for ¢, instead of ¢y, and for the fractal powers

series in relation (R|34)), on page instead of in relation (Ri40)), on page
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Theorem 5.13 (Exact (Intrinsic) Complex Dimensions of the Weierstrass Curve and of
its Prefractal Approximations).

1. Intrinsic Complex Dimensions of the m'" Prefractal Approximation.

For all m € N* sufficiently large (i.e., for m = mg, for some optimal my € N*), the Complex

Dimensions of the m"" Prefractal Approzimation 'y, to the Weierstrass Curve (i.e., the poles of o)
are given as follows:

ijym’k=Dw—k (2—Dw)iifjk,m,kp , withm € N,0<sk<sm, (R 56)

t € N (which depend on k and m) are given in Theorem on page @)
Note that the + sign comes from the conjugate sums in the expression of 5; given in relation (,
on page [61]

where the integers {;

k,m>

We note that they only partly coincide with the possible poles of the tube fractal zeta function
(f;;mbe = fn?j\ft . In particular, we then deduce that the following possible Complex Dimensions pre-

viously obtained in [DL22], i.e., 1 =2k +ilp, with k € N and { € Z, along with =2 and 0, are not
actual Complex Dimensions, in the sense introduced in the present paper.

Furthermore, without loss of generality, we may assume that forO <k <m, ;.20 (i.e., ;1 € N).
In addition, €;, . =0 if and only if wj, 1 is real (i.e., if and only if wj, = Dy —k (2 = Dy)).

So that, as should be the case, the nonreal prefractal Complexr Dimensions come in complex conju-
gate pairs.

ti. Intrinsic Complex Dimensions of the Weierstrass Curve.

The intrinsic Complex Dimensions of the Weierstrass Curve (i.e., the poles of E{i\;) are given as
follows:

Wip ik = Dw =k (2= Dw) xil; xp , withm € Narbitrary and 0 <k <m, (R57)

where the integers £, € N (which depend on k and m) are given in Theorem on page @)
Also, €;, =0 if and only if wj, . = Dw — k (2 — Dyy).

Moreover, they are simple and actual Complex Dimensions of U'yy; i.e., they are simple and exact
Complex Dimensions of I'yy, in the sense of Definition on page [76,

So that, as should be the case, the nonreal Complexr Dimensions come in conjugate pairs.
In short, all of the possible (intrinsic) Complex Dimensions of I'yy (or of the associated IFD) are given
by relation ( above, are exact (still in the sense of Definition . There are infinitely many
(countably) of them. Furthermore, there are no other Complex Dimensions.

For the exceptional cases (depending on the values of the parameters A and Ny ), we refer to [DL22]
for a closely related discussion.
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Proof.

Let w be a pole (i.e., a possible Complex Dimension) of the global effective fractal zeta function Ef/\;,
given by relation (R}40)) of Theorem on page w is of the following form

w=wpe =Dy =k (2= Dw) + il (Ny-1)j+qm+1 P>

with (k,7,m) € N3, 0<q<Nyand l (n,-1) j+gm+1 € Z arbitrary.
The residue of 5{3\; at wy, ¢ is given by

lim (S - kag) E{i\;(s)

$—oWE g

res (516/\}, wk,e)
(R58)

m+1
€ aq(Nb) Ck,(Ny—1) j+q,m+1 >

where the nonzero coefficients aq(Nb) and ¢ (n,-1) j+q,m+1 are respectively given in Theorem on
page and in part 7¢. of Theorem on page This ensures that the residue of (jy at W is
nonzero: wy ¢ is an actual Complex Dimension of the Weierstrass Curve.

O

Recall that in the standard mathematical theory of Complex Dimensions (see, e.g., [LvF13], [LRZ17],
[Lap19]), a geometric object is said to be fractal if it admits at least one nonreal Complex Dimension
(defined as a pole of the associated geometric or fractal zeta function). [In the present context, the
fractal zeta function is the global polyhedral effective zeta function in the case of the Weierstrass

Curve I'yy (resp., the m'™ local polyhedral effective zeta function of its m'" prefractal approximation,
with m = mg; see Definition on page [76| above).]

In addition, given d € R, it is fractal in dimension d if it has at least one nonreal Complex Dimen-
sion with real part d. (Note that nonreal Complex Dimensions come in complex conjugate pairs.) In
particular, it is principally fractal if it is fractal in dimension d (here, Dyy), the abscissa of convergence
of &e/v (resp., of E;, with m = mg), which is the largest possible value of d.

Accordingly, we have the following two corollaries (Corollaries and [5.15)) of Theorems on
page [61] and on page [77

Corollary 5.14 (Fractality of the Weierstrass Curve).

The Weierstrass Curve Iy (or the Weierstrass IFD) is fractal; in fact, it has infinitely (and
countably) many intrinsic Complex Dimensions given by Theorem on page . In particular,
it s both principally fractal (since it has infinitely many intrinsic Complex Dimensions with real
part Dyy, the Minkowski dimension of I'yy) and is fractal in infinitely (and countably) many values
of d (namely, d = Dy — k (2 — Dyy), with k € N arbitrary and unrestricted).
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Figure 13: The Complex Dimensions of the Weierstrass IFD. The nonzero Complex

Dimensions are periodically distributed (with the same period p = the oscilla-

T
In Nb’
tory period of the Weierstrass IFD) along countably many vertical lines, with abscis-
sae Dy, — (k—1) (2 - D,y), where k € N is arbitrary.

For the sake of representation, there is a different color for each vertical line, and a spe-
cific symbol is used to plot the imaginary parts of the Complex Dimensions associated
with a given vertical line.

For the sake of simplicity, we have omitted the exact Complex Dimensions 2 and 0, as
well as the possible Complex Dimensions 1+ ¢np, with n € Z arbitrary. Note that in
light of Theorem [5.13, on page the intrinsic Complex Dimensions form an appro-
priate subset of the set of Complex Dimensions depicted in the figure. They appear on
each vertical line (which they necessarily intersect at countably many points), both on
the real axis and in (nonreal) complex conjugate pairs.

Corollary 5.15 (Fractality of the Prefractal Approximations).

For all sufficiently large positive integers m (i.e., for all m = mq; see the proof on page (of
Theorem on page , the m™ prefractal approzimation I'yy —to the Weierstrass Curve I'yy is
fractal and even, principally fractal. More specifically, it is fractal in dimension d, for precisely the
following values of d:

d =Dy —k (2= Dw) ,

with k being an arbitrary integer satisfying 0 < k < m.

79



Indeed, the intrinsic Complex Dimensions of I'yy — (for any m = mg) are all simple and exact;
furthermore, they are given by

Wipmk = Dw =k (2=Dw) xil;, p , withm €N,0<sk<m,

where the integers k € N and the integers {;, 1 € N (which depend on k and m) are given in The-
orem on page with 4, . x =0 if and only if wj, . is real, i.e., wj, =Dy —k (2—-Dw)).

Note that the + sign comes from the complex conjugate sums in the expression of 5; given in rela-

tion (7?@, on page .

Proof. Corollary follows at once from Theorem [5.13] on page

The statement regarding the exactness of the Complex Dimensions in Corollary on page
is proved in the same way as its counterpart in the proof of Theorem [5.13
O

Remark 5.10 (Difference Between the Fractal and Prefractal Cases).

Observe that there is an important and natural difference between I'yy, and of the m'" prefrac-
tal approximation I'yy, itself, for any m = mg. Namely, I')y is fractal for infinitely many values
of d (namely, d = dy, = Dyy — k (2 - Dyy), for any k € N), whereas, for all m = my, I'}y,  is only
fractal for finitely many values of d € R (namely, d = dp = Dyy — k (2 — Dyy), for any k£ € N such
that 0 < k < m).

Here, by analogy with [LRZ17], [Lap19], given d € R, we say that I'yy is fractal in dimension d
if I'yy has nonreal (intrinsic) Complex Dimensions with real part d; and similarly for I'yy, .

Remark 5.11 (Connections with Fractal Cohomology).

In our previous work [DL24d|, we proved that the cohomology groups associated with the Weier-
strass Curve I'yy consist of continuous functions (on I'yy) which are expressed in terms of (finite, or
countably infinite) sums indexed by the Complex Dimensions 2 — k(2 — Dyy) — i ¢, p, where p de-
notes the oscillatory period of the Weierstrass Curve, for k& € N arbitrary, and where ¢;, € Z satisfies
a specific condition governed by the underlying geometry of the Curve. Except for this latter and
specific condition, our results in Theorem [5.13] on page [77] just above, are precisely of the same form
as in [DL24d], with an additional condition expressed in terms of the integers involved in the imaginary
part of the Complex Dimensions associated with the fractal cohomology group, which appears as a
natural feature in the fractal cohomological context of [DL24d].

6 Revisiting the Computation of the Minkowski Dimension

In this section, we provide a fully rigorous proof of the fact that the Minkowski dimension —
which, as is well known, coincides with the box-counting (or box) dimension Dy, of the Weierstrass
Curve I'yy — is given by the expected formula, originally conjectured by Benoit Mandelbrot in [Man82]
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(in Chapter XI, on top of page 390). Note that B. Mandelbrot only mentioned he was talking about
the fractal dimension and did not specify wether it was the Hausdorff or the Minkowski dimension.

Ini
In our present context (see Theorem on page 81| below), we have that Dy = 2 — o ]\A[ .
b

It appears that earlier proofs of this fact were either not full rigorous or complete. The methods
developed in the present paper and in our earlier work, especially, [DL22] and [DL24c|, building in
part upon the geometric approach of [Dav18], enable us to establish, in a new manner, Mandelbrot’s
conjecture.

When it comes to computing the box-counting — or Minkowski dimension — of a fractal, one usu-
ally proceeds by using a (classical) cover of the fractal under study, constituted of balls; namely, in
dimension 2, disks or squares; see Definition [6.1], on page [81] below.

However, when a non self-affine, complicated fractal curve, as the Weierstrass Curve is involved,
such methods are not optimal. In fact, covering such a curve with disks or squares is not natural. We
hereafter propose to consider, instead, the polyhedral neighborhoods introduced in Definition [3.5 on

page [IT}

Definition 6.1 (Box-Counting Dimension).

As can be found, for instance, in [Fal86], we recall that the boz-counting dimension (or box dimen-
sion, in short), of I'yy, is given by

. InN5(Ty)
Pw==0 s

(o)
where Nj (I'yy) stands for any of the following quantities:

i. the smallest number of sets (here, subsets of ]RQ) of diameter at most ¢ that cover I'yy on [0, 1] ;
ii. the smallest number of closed balls (disks, here) of radius § that cover I'yy, on [0, 1] ;
iti. the smallest number of cubes (squares, here) of side 0 that cover T'yy on [0, 1[;
iv. the number of J—mesh cubes (squares, here) that intersect I'yy on [0, 1[;

v. the largest number of disjoint balls (disks, here) of radius § with centers in T'yy on [0, 1.

Furthermore, for the Weierstrass Curve I'yy, as, more generally, for any bounded subset of Eu-
clidean space — the box-counting dimension coincides with the Minkowski dimension.

Theorem 6.1. The box-counting dimension — or, equivalently, the Minkowski dimension — of the
In

lan ’

Weierstrass Curve I'yy, exists and is equal to Dy = 2 +

Proof. We simply apply the result given in Corollary on page We then have the existence of
an integer mgy € N such that
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Vmzmg : FWCD(FWW)

In other words, for all integers m = myg, the polyhedral neighborhood D (me) covers the Weier-
strass Curve I'yy.

Note that we thus dispose, with the sequence of polyhedral domains (D (me))m>m , of a nonusual
(but admissible, in the sense of Deﬁnition on page above) sequence of covers. However, (D (me ))
is the most natural and optimal sequence of covers of the Weierstrass Curve I'yy,, insofar that for
any m = myg, each domain D(I‘W ) contains the Weierstrass Curve I')y, while, at the same time,
the sequence (D (FWm)) converges to I'yy. This, in particular, means that when m — oo, the

two-dimensional Lebesgue measure (i.e., area) of each polygon belonging to D (me) tends to 0.

mz2mg
m2mg

For allm € N*, each polygon belonging to D I‘W has a vertical height at most equal to (N, — 1) A,
(this directly comes from the definition of h,,; see relation (R}5)), on page|14] and an horizontal width at
most equal to (N, — 1) ;. Note now that, thanks to Remark 4.3 on page 22, we have that h,, > ¢, .

Hence, it is the cohomology infinitesimal &,, which plays the role of the elementary diameter § in
Definition on page Moreover, the area of each polygon belonging to D (I‘Wm) also corresponds

(Nb - 1)hm

to the area of the reunion of elementary and smaller polygons, each of diameter ¢,),,

m
where the diameter of a polygon is to be understood in the sense of the largest distance between any
pair of vertices of the considered polygon.

26,

N, — 1

Since D (me) consists itself of the reunion of (2N, — 1) = — 1 polygons, we then obtain

the box-counting dimension as

N, -1 em n (™ hn )
— lim = - lim —————.

m— 00 IHSm m=—00 lngm

Thanks to the estimate given in Property on page we have that

C’mf ( )2 Pw < hm < Csup (52)2_DW )

where the constants Cj,; and Cj,, do not depend on m, and are such that

0< Cipp < Cgyp <00,

which ensures that

/N

Clnf ( ) Dyy 8_2mh m)—DW

m m = Ysup (5m )

and, consequently,

In Cny = Dy In(ep) < In (57" Ay ) < In Cyyp — Dy In () -

Since lim e, = 0, we obviously have that
m— 00

In Cip s . InCyy,

im = lim =
m=ooIn () moeoln(em)

from which we immediately deduce that the value of the box-counting dimension of the Weierstrass
Curve is exactly
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In (57_,127” hm)
— lim

m— 00 In e’:‘nm1

:Dw.

This concludes the proof of the existence of the box-counting (i.e., the Minkowski) dimension and

o In A
of the fact that it is given by Dy, =2 + N,

O]

7 A Bridge to Fractal Cohomology

In [DL24d|, we established the connections between the Complex Dimensions of a fractal object,
and the associated fractal cohomology. In the test case of the Weierstrass Curve I'yy, we obtained a
complete characterization of all the elements of the cohomology groups associated to the Curve, which
consist of continuous functions (on the Weierstrass Curve I'yy), expressed in terms of Taylor-like ex-
pansions, with fractional derivatives of orders the underlying — and actual — Complex Dimensions of
the Weierstrass function WW. As powerful as this result stands, there remained an unanswered ques-
tion, insofar as the Complex Dimensions involved did not comprise all the possible values obtained
in [DL22] by means of the (classical) tube zeta functions, defined via ordinary (Euclidean) neighbor-
hoods; namely, =2, 0 and 1.

Our effective local and global polyhedral fractal zeta functions enables us to finally answer this
remaining question: their poles, which exactly correspond to the Complex Dimensions both of the
Weierstrass Curve I')y, and of the Weierstrass function W, do not include the values —2,0 and —1 + ¢/ p
where, contrary to our present results, £ € Z is arbitrary.

More specifically, the possible Complex Dimensions are all exact and precisely of the following
form: Dy, — k (2 — Dy) +ilp, where k € N and for a specific choice of ¢ € Z. Note that the afore-
mentioned classical approach gives a less precise result, without any condition on ¢ € Z.

For this reason, we claim that the polyhedral approach, by means of polyhedral neighborhoods and
polyhedral fractal zeta functions, is intrinsic, as well as appears to be more natural and better suited
than the tubular (or Euclidean) approach introduced in [DL22] to the study of a more general class of
fractal curves, including the Takagi function, the Knopp functions, along with the Koch function and
the Koch Curve. The connections with fractal cohomology — and the fact that we fall back on the same
values of the Complex Dimensions of the fractal curve involved — open new perspectives in terms of the
understanding of those everywhere singular objects. In particular, the polygons which constitute the
polyhedral neighborhoods certainly play an important role in the simplicial (and natural) homology,
dual to the fractal cohomology introduced in [DL23] and [DL24d], and to be developed in a later book
of the authors.
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