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1 Introduction

Fractal zeta functions are classically often obtained ans of tube formulas. However, when it comes
to fractals obtained by means of nonlinear and noncontractive iterated function system (i.f.s.), as
is the case for the Weierstrass Curve (see [Davl1§]), difficulties arise. Indeed, we cannot obtain the
expression of the volume of the general tubular neighorhood of the m'" prefractal approximation —
and, hence, of the associated geometric tube zeta function. Note that, in addition, nonlinearity makes
the geometry awfully complicated; in particular, one cannot obtain the exact values of the underlying
elementary lengths and angles. As a consequence, we only dispose of an approximate expression of the
tube zeta function. In practise, since the approximation only concerns the coefficients in factor of the
residues, and since we dispose of sharp estimates of those coefficients, we can obtain the exact values
of the poles — and, hence, of the Complex Dimensions associated to each prefractal approximation.
However, a natural question is wether the Complex Dimensions of the fractal are the same as those
of the prefractal approximations.

In [DL22a], we gave a partial anwser, by introducing the concept of Weierstrass Iterated Fractal
Drums (in short, Weierstrass IFDs), by analogy with the relative fractal drums involved, for instance,
in the case of the Cantor Staircase, in [LRZ17], Section 5.5.4, and in |[LRZ18]. Weierstrass IFDs
simply consist in a sequence of polygonal domains which contain the Weierstrass Curve I'yy, and are
sufficiently close to I'yy. As is first explained in [DL22a], we could expect the Complex Dimensions
of the IFD to be the same as the Comple Dimensions of the Weierstrass Curve I'yy. An interest-
ing argument arises if we consider the fractal Complex Dimensions as dynamical quantities, which
evolve with the scales: to each prefractal approximation I'yy, =~ of I}y, we can associate specific values
of the Complex Dimensions, as is proved in [DI22d]. In this light, it is natural to define the Com-
plex Dimensions of the Weierstrass Curve as the set of the Complex Dimensions of the Weierstrass IFD.

In [DL22Dh], we have introduced a specific polyhedral measure, by means of a polygonal neigh-
borhood of the Weierstrass Curve I'yy. It so happens that the sequence of polygonal neighborhoods
and the sequence of tubular neighborhoods associated with the Weierstrass IFD are nested: given
any integer m € N, there exists m; € N such that, for all k¥ = mq, the polygonal neighborhood of
the m™ prefractal approximation contains, but for a finite number of wedges, the (m + k,s;’iiﬁ)—
neighborhood. On the other hand, there also exists ms € N such that, for all k = m, the polygonal
neighborhood of the m'™ tubular neighborhood contains the (m + k, 8212) polygonal neighborhood.
In light of this, it was natural to consider the fractal zeta functions associated with the sequence of
polygonal neighborhoods, instead of the fractal zeta functions associated with the sequence of tubular
neighborhoods. For this sequence, as will be shown, in the present paper, not only do we dispose of the
exact expression of the polygonal neighborhood, at a given step of the prefractal approximation, but
we also have the recurrence relation between consecutive fractal zeta functions. This, in particular,
enables us to prove that the limit fractal zeta function — the one associated with the limit fractal
object — has the same (possible) poles as the fractal zeta function at a given step of the prefractal
approximation, and, hence, that the Complex Dimensions of the fractal are exactly the same as the
Complex Dimensions of any sufficiently good prefractal approximation.

We point out that our result is stronger than the one obtained in [DL22c|, where the values of
the possible Complex Dimensions of the Weierstrass IFD included —2. While such a result can seem
intriguing, it simply comes from the fact that tubular neighborhoods involve wedges, whose contri-
bution leads to the occurence of —2 as a possible pole of the associated local fractal effective tube
zeta function. Indeed, as we will see, polyhedral neighborhoods, which are the natural neighborhoods
adapted to fractal curves, do not lead to this value as a possible pole of the associated local fractal
effective polyhedral zeta function. More precisely, since the volume of the polyhedral neighborhood
of each prefractal approximation can be expressed by means of the Weierstrass function, the possible
Complex Dimensions are exactly the same as the Complex Dimensions of the Weierstrass function



itself, as obtained in [DL22d].

Our main results in the present setting can be found in the following places:

..

1.

.

In Definition on page where we introduce the sequence of polyhedral neighborhoods.

In Property on page where we show that the polyhedral and tubular neighborhoods

are nested.

In Property on page where we give the exact expression of the mthfpolygonal neigh-
borhood.

In Theorem on page where we introduce the local and global effective polyhedral zeta
function.

In Theorem on page (48, where we give a new proof of the computation of the box—counting
dimension (or, equivalently, of the Minkowski dimension) of the Weierstrass Curve I'yy, by simply
using the covers of I'yy by polyhedral neighborhoods.

2 Geometry of the Weierstrass Curve

We begin by reviewing the main geometric properties of the Weierstrass Curve (and of the associ-
ated IFD), which will be key to our work in the rest of this paper.

Henceforth, we place ourselves in the Euclidean plane, equipped with a direct orthonormal frame.
The usual Cartesian coordinates are denoted by (x,y). The horizontal and vertical axes will be
respectively referred to as (z'z) and (y'y).

Notation 1 (Set of all Natural Numbers, and Intervals).

As in Bourbaki [Bou04] (Appendix E. 143), we denote by N = {0, 1, 2, ...} the set of all natural
numbers, and set N* = N\ {0}.

Given a, b with —c0 < a < b < 00, Ja,b[ = (a,b) denotes an open interval, while, for example,
Ja,b] = (a, b] denotes a half-open, half-closed interval.

Notation 2 (Wave Inequality Symbol).

Given two positive numbers a and b, we will use the notation a < b when there exists a strictly
positive constant C' such that a < C'b.

Notation 3 (Weierstrass Parameters).



In the sequel, A and N, are two real numbers such that

0<A<1l , N, €N and AN, >1- (#) (R1)

Note that this implies that N, > 1; i.e., N = 2, if N, € N*, as will be the case in this paper.
As explained in [Davl9|], we deliberately made the choice to introduce the notation N, which
replaces the initial number b, in so far as, in Hardy’s paper [Harl6] (in contrast to Weierstrass’

original article [Wei75h]), b is any positive real number satisfying Ab > 1, whereas we deal here with
the specific case of a natural integer, which accounts for the natural notation NNV,.

Definition 2.1 (Weierstrass Function, Weierstrass Curve).

We consider the Weierstrass function W (also called, in short, the W-function) defined, for any
real number z, by

o0
W(z) = Z AN cos (27 Ny ) - (R2)
n=0
We call the associated graph the Weierstrass Curve, and denote it by I'y.
Due to the one-periodicity of the Weierstrass function (since N, € N*), from now on, and without

loss of generality, we restrict our study to the interval [0,1[=[0,1). Note that W is continuous, and
hence, bounded on all of R. In particular, I'yy is a (nonempty) compact subset of R

Property 2.1 (Scaling Properties of the Weierstrass Function, and Consequences [DL22c]).

o0
Since, for any real number x, W(x) = Z A" cos (ZWNng), one also has
n=0

W(Nyz) = i)\n cos(27rNgl+1 ) =

Z/\ cos 27rNb x) = — (W(x) —cos(2mx)),
n=0 n=1

1
A
which yields, for any strictly positive integer m and any j in {0, ..., #V,},

(o) - W(W) reos( )

By induction, one then obtains that

W(m) -w(my) Z 4 C°S(<z\f2b7i]¥§zjvm>'

Definition 2.2 (Weierstrass Complexified Function).

We introduce the Weierstrass Complexified function Weomy, defined, for any real number x, by



00

n 2iw Ny

Weomp(x) = Z Ae )
n=0

Clearly, Weomyp is also a continuous and 1-periodic function on R.

Notation 4 (Logarithm).

1
Given y > 0, Iny denotes the natural logarithm of y, while, given a > 0, a # 1, In, y = % denotes

the logarithm of y in base a; so that, in particular, In = In,.

Notation 5 (Minkowski Dimension and Hélder Exponent).

For the parameters A and N, satisfying condition (&) (see Notation [3| on page [3]), we denote by

In A 1
DW:2+1an :2_1anX (S ]1,2[

the box—counting dimension (or Minkowski dimension) of the Weierstrass Curve I'yy, which happens
to be equal to its Hausdorff dimension [KMPY84], [BBR14], [Shel§|, [Kell7]. We point out that the
results in our previous paper [DL22c], combined with those obtained in the present paper in Section
below, will also provide a direct geometric proof of the fact that Dy, the Minkowski dimension (or
box—counting dimension) of I'yy, exists and takes the above values, as well as of the fact that W is
Hoélder continuous with optimal Holder exponent

In A 1

2—Dwz—m:1n]\/’bx.

Convention (The Weierstrass Curve as a Cyclic Curve).

In the sequel, we identify the points (0, W(0)) and (1, W(1)) = (1, W(0)). This is justified by the
fact that the Weierstrass function W is 1-periodic, since NN, is an integer.

Remark 2.1. The above convention makes sense, because, in addition to the periodicity property of
the W-function, the points (0, W(0)) and (1, W(1)) have the same vertical coordinate.

).

Property 2.2 (Symmetry with Respect to the Vertical Line x =

N =

Since, for any x € [0,1],
W -2)=) AN cos(2r Ny =27 Ny z) = W(a),
n=0

the Weierstrass Curve is symmetric with respect to the vertical straight line x = 5



Proposition 2.3 (Nonlinear and Noncontractive Iterated Function System (IFS)).

Following our previous work [Dav18|, we approxzimate the restriction Ty to [0,1[XR, of the
Weierstrass Curve, by a sequence of finite graphs, built via an iterative process. For this purpose, we
use the nonlinear iterated function system (IFS) consisting of a finite family of C™ bijective maps
from R? to R® and denoted by

TW = {T(]v"')TNb—l} )

where, for any integer i belonging to {0, ..., Ny, — 1} and any point (x,y) of Rz,

Ti(z,y) = (%,)\y+cos(27r (xiz))) .

Note that unlike in the classical situation, these maps are not contractions. Nevertheless, 'y, can
be recovered from this IFS in the usual way, as we next explain.

Property 2.4 (Attractor of the IFS [Dav18], [Dav19]).

The Weierstrass Curve Ty, is the attractor of the IFS Ty, and hence, is the unique monempty

Ny—1 Ny—1
compact subset K of R%satisfying K = U Ti(K); in particular, we have that Ty = ) T;(Tyw).
1=0 i=0

Notation 6 (Fixed Points).

For any integer ¢ belonging to {0, ..., N, — 1}, we denote by

{ 1 27
Py = (@, y;) = (m»m COS(W))

the unique fixed point of the map T;; see [Dav19].

Definition 2.3 (Sets of Vertices, Prefractals).

We denote by V; the ordered set (according to increasing abscissae) of the points

{Po,....Pn,-1} -

The set of points Vy — where, for any integer ¢ in {0,..., N, — 2}, the point P; is linked to the
point P;,1 — constitutes an oriented finite graph, ordered according to increasing abscissae, which we
will denote by I'yy,. Then, Vj is called the set of vertices of the graph T'yy,.

Ny—1
For any nonnegative integer m, i.e., for m € N, we set V,, = |J T; (Vio1)-
i=0

The set of points V,,,, where two consecutive points are linked, is an oriented finite graph, ordered
according to increasing abscissae, called the m™ order W-prefractal. Then, V,, is called the set of
vertices of the prefractal Ty, ; see Figure [2] on page



Property 2.5 (Density of the Set V* = |J V,, in the Weierstrass Curve [DL22c]).

neN

The set V* = |J V,, is dense in the Weierstrass Curve Tyy.

neN

Definition 2.4 (Adjacent Vertices, Edge Relation).

For any m € N, the prefractal graph I'),, is equipped with an edge relation ~, as follows: two
m

vertices X and Y of I'),,  (i.e., two points belonging to V;,,) will be said to be adjacent (i.e., neighboring
or junction points) if and only if the line segment [X,Y] is an edge of I')y, ; we then write X ~ Y.
m

Note that this edge relation depends on m, which means that points adjacent in V,,, might not remain
adjacent in V1.

We refer to part iv. of Property along with Figure [1], for the definition of the polygons P, j
and Q,, ;, associated with the Weierstrass Curve.

Property 2.6. [Davl8| For any m € N, the following statements hold:

7;. Vm C Vm+1 .
ii. #V = (Ny —1) Ny + 1, where #V,,, denotes the number of elements in the finite set V,,.
iii. The prefractal graph Ty~ has exactly (N, — 1) Ny* edges.

iv. The consecutive vertices of the prefractal graph I'yy, —are the vertices of Ny" simple nonregular
polygons P, . with Ny, sides. For any strictly positive integer m, the junction point between two
consecutive polygons Pp, . and Py, 41 s the point

(U%—Dk ((Mr1W

_— 1<k<N"-1.
A (Nb—l)NzI”))’ b N

Hence, the total number of junction points is Ny  — 1. For instance, in the case Ny = 3, the
polygons are all triangles; see Figure[l], on page[9

We call extreme vertices of the polygon Py, . the junction points

vml.tml(pm,k):( (N, — 1)k ( (N, — 1)k

, — , 0<ksN)' -1,
(N, — 1) N (N, - 1) NV} )) ’

and

Vend(Pm,k) = ((Nb_l) (k+1) ( (Nb_l) (k‘+1)

<sksN"-2.
D LA Sy )) » 0 b

In the sequel, we will denote by Py the initial polygon, whose vertices are the fixed points of
the maps T;, 0 < i < Ny, — 1, introduced in Notation [6, on page[f] and Definition on page [0,



i.e., {PO, .. .,PNb_l}; see, again, Figu?“e on page B

In the same way, the consecutive vertices of the prefractal graph I'y, , distinct from the fived
points Py and Py, (see Notation @ on page @, are also the wvertices of N —1 simple
nonregular polygons Q,, ;, for 1 < j < Ny =2, again with Ny sides. For any integer j such
that 1 < j < N" — 2, one obtains each polygon Qp,.j by connecting the point number j (i.e., with
the notation of Property on page the vertex M, ,) to the point number j + 1 (i.e., the
vertex Mjy1,,) if j =imod Ny, for 1 <i< Ny —1, and the point number j to the point num-
ber j — Ny + 1 if j = 0mod N.

As previously, we call extreme vertices of the polygon Q,, 1 the junction points

Vinitial (Qm.k) = ( (N — 1) k ( (N, —1)k

1<k<N"-1
(Ny - 1) N (Nb—l)Ng”))’ b

and

de(Qm’k)z((Nb—l)(k+1) ((Nb—l)(k+1))) 1< k< N

SN -2,
(N, — 1) NJ* (N, — 1) N b

Definition 2.5 (Polygonal Sets).
For any m € N, we introduce the following polygonal sets

Pm:{Pm7k,0$k$Ngn—1} and Qm:{Qm,k70$ksNgn_2}'



<

Initial polygon

polygon Py, polygon P,

¥ polygon P4

Y

.}.,_\
polygon Q

=1

polygon Q1

P

Figure 1: The initial polygon Py, and the respective polygons Py 1, P11, P12, @1,15 21,2,

1
in the case when A\ = 5 and N, = 3. (See also Figure |2, on page )

Notation 7. For any m € N, we denote by:
it. X € Py, (resp., X € Q,,) a vertex of a polygon Py, , with 0 < k < Ny* =1 (resp., a vertex of

a polygon Q,, ., with 1 £ k < N} - 2).

ii. Pp|J Qm the reunion of the polygonal sets P,, and Q,,, which consists in the set of all the

vertices of the polygons P, 1, with 0 < k < N;" — 1, along with the vertices of the polygons O ks

with 1 € k < N — 2. In particular, X € P,, ] Q,, simply denotes a vertex in P, or Q,,.

P[] Qum the intersection of the polygonal sets P, and Q,,, which consists in the set of all the

vertices of both a polygon P, ,, with 0 < k < N;" — 1, and a polygon Om i, with 1 <k < Ny =2,



> <

b b

b

b

> <

=

b

-

b

i

%1,

1
Figure 2: The prefractal graphs I'yy,,, I'yy,, T'w,, Ty, T'yy,, T'y,, in the case when A = 3
and N, = 3. For example, I'yy, is on the right side of the top row, while I'yy, is on the
left side of the bottom row.

Definition 2.6 (Vertices of the Prefractals, Elementary Lengths, Heights and Angles).

Given a strictly positive integer m, we denote by (ijm)Osjs(Nb—l)Ng" the set of vertices of the
prefractal graph I'yy, . One thus has, for any integer j in {0,...,(N, — 1) Ny"}:
e o)
(Np = 1) Ny (N — 1) N,
We also introduce, for any integer j in {0,..., (N, — 1) N;" — 1}:

M;m = (

1. the elementary horizontal lengths:

10



i
b Ny e

#1. the elementary lengths:

_ _ 2 2
Cgrrm = A(Mjmy Mis1m) =\ L + 15 it m

where h; i1, is defined in 7. just below.

112. the elementary heights:

P (S Y (R S
Farbm =1\ (N = 1) N (N, = 1) N )|

1. the minimal height:

pind = inf B et s R4
™ ogjs(Nyml) N1 I (R4)

along with the the maximal height:

hn = sup hjj+1m (R5)
0<j<(Ny—1) Ny -1

v. the geometric angles:

—_— —_—

0i1jm = (W), (Mjo1.mM;m)) 5 05 51.m = (V') (M Mjt1m))

which yield the value of the geometric angle between consecutive edges,
namely, [ Mj—1,m Mjyn, Mjm Mje1m]:

L, m
9'-17j7m + 9j,j+1,m = arctan ——  + arctan

’ | Pt jm| |hjje1m|

Property 2.7. For the geometric angle 0;_1 j,,, 0 < j < (N, — 1) N;*, m € N, we have the following
relation:

hj—1.m

tan@:_q ;. =
J 5J Lm

).

Property 2.8 (A Consequence of the Symmetry with Respect to the Vertical Line x =

N =

For any strictly positive integer m and any j in {0, ..., #V,,}, we have that

()= (2

which means that the points

11



(%{ i)ljﬁ,:;j’w(%v; 1)1]>V§;:;j>) and ((Nb —j1> N;"’W((Nb —j1>Ng“))

1
are symmetric with respect to the vertical line x = 57 see Fz'gure@ on page .

Definition 2.7 (Left—Side and Right—Side Vertices).

Given natural integers m, k such that 0 < k < NV, — 1, and a polygon P i, we define:

Ny -1
1. The set of its left—side vertices as the set of the first [ b2 } vertices, where [y] denotes the

integer part of the real number y.

Ny -1
2

7. The set of its right—side vertices as the set of the last [ } vertices.

When the integer IV, is odd, we define the bottom vertex as the ( b2 ) one; see Figure on
page I3,

N =

M;j_1,m Mn,-1) Nym-j+1,m

-
T

X

-1 M;_1.p,m MNy-1) N, js1-p,m

1
Figure 3: Symmetric points with respect to the vertical line x = 5

12



Bottom vertex” :
Bottom vertex Right - side vertices

Figure 4: The Left and Right—Side Vertices.

Property 2.9 ([DL22d]).

For any integer j in {0,..., N, — 1}:

j _ = n n ] _ — n 27Tj _ 1 27Tj
W(Nb_l)—;)\ cos<27rNb —(Nb_1)>—Z)\ COS(Nb_l )_I—ACOS(Nb—l)'

Property 2.10 ([DL22d]).

Ny—1 Ny—1
For0<j< (bT) (resp., for% < j < Ny —1), we have that

w J+1 -W J <0 resp., W J+1 -W J =0
N, - 1 N,—1)° P N, — 1 N,—-1)°")"

Notation 8 (Signum Function).

The signum function of a real number x is defined by
-1, if x<0,

sgn (z) = 0, if =z=0,
+1, if >0.

Property 2.11 ([DL22d]).

Given any strictly positive integer m, we have the following properties:

i. For any j in {0,...,#V,,}, the point

((Nb —jl)Ny’W(<Nb —]1>N,T>>

13



is the image of the point

j Ciw j SN (i@ -y N i (N - ) N
(N, - 1) N8 (V= 1) Ny (Ny —1) Nt (N, — 1) Nj* 7!

under the map T;, where i € {0,..., N, — 1} is arbitrary.

Consequently, for 0 < j < Ny — 1, the jth vertex of the polygon P, 0< k< Ny" -1, ie.,
the point

(v (o mnar))

is the image of the point

(Ny=1) (k=i (N =) N ™) + o[ G- (k=i (Ny = 1)N") +
o= )N ’ Ny DN

under the map T;, where i € {0,...,N, — 1} is again arbitrary. It is also the jth verter of
the polygon Pm—l,k—z‘(Nb—l)N;”‘l- Therefore, there is an exact correspondance between vertices
of the polygons at consecutive steps m — 1, m.

ii. Given j in {0,...,N, =2} and k in {0,...,N," — 1}, we have that

o (BRI w AEZB) - {25 )

Proof.
i. Given m € N*, let us consider i € {0,..., Ny — 1}. The image of the point
+m—l —LW +m—l —
(Nb_l)Nb (Nb_l)Nb
under the map 7; is obtained by applying the analytic expression given in Property on page [6]

to the coordinates of this point, which, thanks to Property on page [4 above, yields the expected
result, namely,

14



J J . 27y ( J ( J ))
—  _ AW| ————— —i|+cos — | = s WV ik
(N, = 1) Ny ((Nb - 1) Nt ) (Ny = 1) Ny (Ny = 1) N, (N, —1) N,

wl—J
(N = 1) Ny~

(by 1-periodicity)

ii. See [DL22d].

Property 2.12 (Lower Bound and Upper Bound for the Elementary Heights [DL22c]).

For any strictly positive integer m and any j in {O, oo (Ny = 1) len}, we have the following esti-
mates, where Ly, is the elementary horizontal length introduced in part i. of Definition[2.6, on page[10:

Cong LW < IW((+ 1) L) =W (G L) S Cop Lin Y, m € N,0<j< (N, —1)N,", (k)
hj,j+1,m

where the finite and positive constants Cyy,r and Cg,, are given by

Jj+1 J
W<Nb—1>_W(Nb—1>‘

2-D .
Cint = (N, —1 W' min
ing = (Np = 1) 0<j<Ny—1

and

2-D
Coup = (Ny =1 W max
sup ( b ) 0<j<N,—1

J+1 J
W<Nb—1)_W<Nb—1)

One should note, in addition, that these constants Cy, ¢ and Cly,, depend on the initial polygon Py.

N 27 )
(Ny—=1) (AN, —=1) )

As a consequence, we also have that

Cins Lot < bl < Copy L2 and - Cing LY € hyy < Couy L2 27

where hf:ff and h,, respectively denote the minimal and mazximal heights introduced in part iv. of Def-

inition [2.6, on page[I0

15



Theorem 2.13 (Sharp Local Discrete Reverse Holder Properties of the Weierstrass Func-
tion [DL22c]).

For any natural integer m (i.e., for any m € N), let us consider a pair of real numbers (x,:c')
such that

(N, — 1)k +j , o (=1 k+j+4 }
=———==((Ny—-1)k+j) L = =((Ny—1)k+j+0) L
Ny = (=D k) Ly ity = (o= Dk +0) L
where 0 <k < Ny — 1" — 1. We then have the following (discrete, local) reverse-Holder inequality,
, . InA ,
with sharp Hélder exponent —m =2— Dyy:
Cing |z = 277 < W(a') - W(a)]

where (x, W(x)) and (x', W(x')) are adjacent vertices of the same m" prefractal approximation, I'yy, |
with m € N arbitrary. Here, C,y is given as in Property[2.13, on page[19] just above.

Corollary 2.14 (Optimal Holder Exponent for the Weierstrass Function (see [DL22c])).

The local reverse Holder property of Theorem on page [16 just above — in conjunction with
the Holder condition satisfied by the Weierstrass function (see also [Zyg02], Chapter II, Theorem 4.9,

In A . . . )
B €10, 1[ is the best (i.e., optimal) Holder

exponent for the Weierstrass function (as was originally shown, by a completely different method,
by G. H. Hardy in [Har10)).

page 47) — shows that the Codimension 2 — Dy =

Note that, as a consequence, since the Hélder exponent is strictly smaller than one, it follows that
the Weierstrass function W is nowhere differentiable.

Corollary 2.15 (of Property (see [DL22c])).
Thanks to Property on page one may now write, for any strictly positive integer m and

any integer j in {O, oo (N = 1) Ny = 1}, and with Cinyp and Cypyp defined as in Property on
page [15:

i. for the elementary heights:

hyjotjam = Lin 7Y O (1) 5 (R 6)
ii. for the elementary quotients:

hj—15m 1-Dyy

—5— =L, " 0Q), (R7)

and where



Corollary 2.16 (Nonincreasing Sequence of Geometric Angles (Coming from Property
see [DL22d])).

For the geometric angles 6;_1 j ,, 0 < j < (N —1) N}, m € N, introduced in part v. of Defini-
tion [2.6, on page[10, we have the following result:

Ly,
hj_17j7m

tan Gj_l,j,m = (Nb - ].) > tan 9j_17j7m+1 s

which yields

Dy—1
Oj-1.4m > Oj-1m+e1 and Oj1jme1 S Lp™

Corollary 2.17 (Local Extrema (Coming from Property on page see [DL22d]) ).

i. The set of local maxima of the Weierstrass function on the interval [0,1] is given by

{((Nb_ml)k,v\}((m_ml)k)) t0<ksNy —1,m € N}’
Ny Ny

and corresponds to the extreme vertices of the polygons Py, and Qp, . (see Property on
page@ at a given step m (i.e., they are the vertices connecting consecutive polygons; see part iv.

of Property on page @

it. For odd values of Ny, the set of local minima of the Weierstrass function on the interval [0, 1]
is given by

{((Nb—nm ! ((Nb—l)k+ Nyl

2 c0<sksN, -1 N
N, - DN N, - DN} )) ! o hme

and corresponds to the bottom vertices of the polygons Py, i, and Q,,  at a given step m; see also
part iv. of Property on page [

Property 2.18 (Existence of Reentrant Angles [DL22c]).

i. The initial polygon Py, admits reentrant interior angles, at a vertex P;, with 0 < j < Ny — 1,
in the sense that, with the right-hand rule, according to which angles are measured in a counter-

—_—

clockwise direction ((PJPJH) , (Pij_l)) > m, in the case when

N, -3 3N, — 1
1 or 1

0<j< <j<Ny—1

(see Figure @ on page @, which does not occur for values of Ny < 7.

N, -3
— |

The number of reentrant angles is then equal to 2 [

17



ii. At a given step m € N*, with the above convention, a polygon Pk admits reentrant interior
angles in the sole cases when Ny =7, at vertices My, ;, 1 <k < N, 0<j<Ny—1, as well as
in the case when

. Ny—3 3Ny, —1 .
0<j< 1 or 1 SjJ<Ny—-1.
. m | Ny —3
The number of reentrant angles is then equal to 2 Ny 1 .

Remark 2.2. Note that due to the respective definitions of the polygons P, ; and Q,, j, the existence
of reentrant interior angles for P, at a vertex My,;, 1 <k < N;", 0<j < Ny—1, also results in
the existence of reentrant interior angles for Q,, ;. at the vertices My ;_1, 1 < k < N, 1<j<N,—-1
and Myyj41, 1 Sk< Ny, 0<j <Ny —2.

y

A

-

AN A
V4 \/

interior
reentrant
angle

Pjia

1
Figure 5: An interior reentrant angle. Here, N =7 and A = 5
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3 Polyhedral Measure, Polyhedral Neighborhoods

Our results on fractal cohomology obtained in [DL22d| (see also [DL22a]) have highlighted the role
played by specific threshold values for a sequence of geometric invariants at any step m € N of the
prefractal graph approximation; namely, the sequence of the m'" cohomology infinitesimals introduced
in Definition (3.1} on page just below, which also plays a major part in studying the polyhedral
neighborhoods associated with the sequence of prefractal approximations of the Weierstrass Curve
(or, equivalently, of the Weierstrass IFD).

Definition 3.1 (mth Cohomology Infinitesimal [DL22c], [DL22d]).

From now on, given any m € N, we will call m'" cohomology infinitesimal the number e, > 0
1

which, modulo a multiplicative constant equal to ——, i.e., &,, = ——— — (recall that N, > 1),
Ny —1 Ny -1 N
stands as the elementary horizontal length introduced in part i. of Definition on page ie.,
1
N

Observe that, clearly, &, itself — and not just ¢,, — depends on m; hence, we should really
write e, = (e,,)"", for all m € N.

In addition, since Nj, > 1, e, satisfies the following asymptotic behavior,

m
Em — 0, as m — 00,

which, naturally, results in the fact that the larger m, the smaller «,,. It is for this reason that we
call e, — or rather, the infinitesimal sequence (5%);::0 of positive numbers tending to zero as m — 00,
with e, = (,,)", for each m € N — an infinitesimal. Note that this m" cohomology infinitesimal is
the one naturally associated to the scaling relation of Property on page

In the sequel, it is also useful to keep in mind that the sequence of positive numbers (Em),c;o:o itself
satisfies

€m~ﬁb,asm—>oo;

1
Ny’
positive and finite limit.

ie., &, — as m — oo. In particular, ¢,, 4 0, as m — oo, but, instead, ¢, tends to a strictly

Remark 3.1 (Addressing Numerical Estimates).

From a practical point of view, an important question is the value of the ratio

Cohomology infinitesimal Em

Maximal height " Ay

see relation (, on page

Thanks to the estimates given in relation (R@, on page we have that
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33

=Ly o) =™ o),

> o™
7

with
0<Cing O(1) < Cyyp.

Given ¢ € N*, we then have

when

—_
)
Q

/
—_
)
Q

or, equivalently, when

1 1
1 Csup 1-Dyy ]_ C’L’I’Lf 1-Dyy
_]an ln((Nb—l)( 101 ) >$m$—lan ln((Nb—l)( 101 ) .

1
Numerical values for Ny = 3 and A = 5 yield:

1. Forg=1: 2<m < 3.
it. Forg=2: 7<sm<9.

11t. For ¢ = 3: 13 < m < 15.

m
. . €& . .
Hence, when m increases, the ratio h_m decreases, and tends to 0. This numerical — but very

m
practical and explicit argument — also accounts for our forthcoming use of neighborhoods, of width
equal to the cohomology infinitesimal.

We refer to part iv. of Property on page [7] above, along with Figure [T} on page [9] for the defi-
nition of the polygons Py, ; (resp., @, ;) associated with the Weierstrass Curve in the next definition,
as well as throughout the rest of this section. See also Definition [2.5, on page [8| where the polygonal
families are introduced.

Definition 3.2 (Power of a Vertex of the Prefractal Graph I'),, , m € N*, with Respect to
the Polygonal Families P,, and Q,,).

Given a strictly positive integer m, a vertex X of the prefractal graph I'yy, ~will be said:

i. of power one relative to the polygonal family P, if X belongs to (to be understood in the sense
that X is a vertex of) one and only one N,-gon Py, ;, 0 < j < N -1,

1
1. of power 5 relative to the polygonal family P, if X is a common vertex to two consecutive Np—

gons Py, j and Py, j11, 0 € J < Ny —2;

iti. of power zero relative to the polygonal family P, if X does not belong to (to be understood in
the sense that X is not a vertex of) any N,—gon P,, ;,
0<j< N, -1
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Similarly, given m € N, a vertex X of the prefractal graph I'yy, is said:

i. of power one relative to the polygonal family Q,, if X belongs to (as above, to be understood in

the sense that X is a vertex of) one and only one Ny-gon Q,, ;, 0 < j < N =2

1
1. of power 5 relative to the polygonal family Q,, if X is a common vertex to two consecutive N,—

2
gons Q,, i and Qp, 41, 0 < j < Ny -3

iti. of power zero relative to the polygonal family Q,, if X does not belong to (as previously, to be

understood in the sense that X is not a vertex of) any Ny—gon Qmjs
0<j< N -2

Notation 9. In the sequel, given a strictly positive integer m, the power of a vertex X of the prefractal

graph T'yy  relative to the polygonal families Py, and Q,, will be respectively denoted by

p(X,Pp,) and p(X, Q).

Notation 10 (Lebesgue Measure on ]Rz).

In the sequel, we denote by p, the Lebesgue measure on R

Notation 11. For any m € N, and any vertex X of V,,,, we set:

1

~; P P) ) pe (Pry)  if X ¢ Q0

0<jSN{™-1,X vertex of P j
1 .

MP(X’QW) - 2XZ . . Hﬁ(Qm,j)7 if X ¢ Pm,
<£J< -2, vertex o m.,
PP Qu) =1 o ’

N, p(X,P,) - Z e (Pmj) + (X, Q) s Z
0sjsNy"—1,X vertex of Pp, j 15N =2,X vertex of Ppy,j
ifXeP,nQ,.

173 (Qm,]) )

Property 3.1. For any m € N, and any pair (X,Y) of adjacent vertices of V,, belonging to the
same polygon Py, ;, with 0 < j < Ny =1 (resp., Qm,j, with 0 < j < Ny' = 2), we have that

deucl(va) =V h?m + L%n > |h]m| )

which, due to the inequality given in Property[2.13, page[15, ensures that

1 1 Dyy—2
< <L,”
deucl(X7Y) |h]m|

At the same time, we also have that

< N,SQ_DW)m.

deucl(X,Y) < hm < L%n_DW < NISDw—Q)m ‘
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Proof. This follows at once from Property on page

Corollary 3.2. For anym € N, any natural integer j of {0,..., Ny = 1}, and any pair of points (X,Y)
of Pm; or of Qp, j, we have that

1 Dyy—2 (2-Dyw)m
— =< L,V " <N, w
deucl(va) " b

and o
dewet(X,Y) S hy, S Lfn_DW < Nb( w— )m'

Property 3.3. For any m € N, and any vertex X of V,,:

U (X, Py Q) S B L s Loy 2% s NPT
and

1 (X, Py Q) % hyn Ly < Ly 7 s NPT

Proof. This also directly follows from Property page

Definition 3.3 (Trace of a Polygon on the Weierstrass Curve).

Givenm € N,and0 < j < Ny" — 1 (resp.,0 < j < Ny — 2), of extreme vertices Vipitial PmJ) € Vi,
and V.4 (Pm’j) € V,, (resp., Vinitial (de) € V,and V,,q (vaj) € V,,; see Deﬁnition on page ,
we define the trace of the polygon P, ; (resp., @, ;) on the Weierstrass Curve as the set tr.,, (Pm,j
(resp., tr'yW (Qm,])) of points {Vinitial (Pm,j) s My, Vena (Pm,j)} (I‘esp., {Vinitz‘al (Qm,j) s My; Vena (Qm,j)})a
where we denote by M, any point of the Weierstrass Curve strictly located between V;,;tia (PmJ

and Vend (Pm,j) (reSp., Vmitial (Qm,j) and Vend (Qm,]))

Definition 3.4 (Sequence of Domains Delimited by the Weierstrass IFD — Polyhedral
Neighborhood of the Weierstrass Curve).

We introduce the sequence of domains delimited by the Weierstrass IFD, or polygonal neigh-
borhood of the Weierstrass Curve as the sequence (D (me))m ey Of open, connected polygonal
sets (P U Q) ens Where, for each m € N, P, and Q,, respectively denote the polygonal sets
introduced in Definition 2.5} on page

Given € N, we call D (I'yy, ) the m'" polyhedral neighborhood (of the Weierstrass Curve I'yy).
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Property 3.4 (Domain Delimited by the Weierstrass IFD).
We call domain, delimited by the Weierstrass IFD, the set, which is equal to the following limit,

D(Tw) = lim D(Tw,,) ,

where the convergence is interpreted in the sense of the Hausdorff metric on R2; see [DL22b]. In fact,
we have that

Notation 12 (Minimal and Maximal Values of the Weierstrass Function W on [0, 1]).

We set
in W(t) = —— M W(t) = —
myy = min =—— , = max =—.
W et 1-A W eon] 1-A
Notation 13. Henceforth, for a given m € N, the notation Z means that the associated
XePnU9m

finite sum runs through all of the vertices of the polygons belonging to the sets P, and 9,,, introduced
in Definition on page [8 see also Notation [7] on page [J following that definition.

Property 3.5. Given a continuous function u on [0,1] X [myy, My, ], we have that, for any
m € N, and any vertex X of V,,:

|1 (X, Py Q) u (X)| < 1 (X, P, Qi) ( |ul) < N, BPwlm

max
[0,1]X[mw,Mw]
Consequently, with the notation of Definition[3.1], on page[1d, we have that

"W (X, Py Q) w (X)| 5 ™

XePmU9m
vertices involved increases as m increases), this ensures the existence of the finite limit

Since the sequence ( Z E_m) is a positive and increasing sequence (the number of
meN

tim eV S (P Q) w (X))
m XeP,JQm

where we have used Notation[13, on page[23.
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Property 3.6 (Polyhedral Measure on the Weierstrass IFD [DL22b]).

We introduce the polyhedral measure on the Weierstrass IFD, denoted by u, such that for any
continuous function u on the Weierstrass Curve, with the use of Notation[I1], on page[21] and[13, on

page [23,

J udp = hrréoam(DW 2 Z Mﬁ (X, Py Q) u(X) (%)
Ty " XePnUQm

which, thanks to Property[3.4], on page can also be understood in the following way,

J udp = J wdp .
Ty D(T'w)

Remark 3.2. In a sense, our polyhedral measure can be seen as a measure which is an extension of
the Riemann integral, where the step functions are replaced by upper and lower affine functions which
approximate the Weierstrass Curve.

Theorem 3.7 ([DL22D]).

The polyhedral measure u is well defined, positive, as well as a bounded, nonzero, Borel measure
on D (T'yy). The associated total mass is given by

p(D(Tw)) = Tim e P72 N (X P, Q) (k)
XePnUQm

and satisfies the following estimate:

W) < 5 (N = 1)’ Cop (x5%)

Furthermore, the support of u coincides with the entire curve:

suppp =D (Ty) =Ty .
In addition, p is the weak limit as m — 0o of the following discrete measures (or Dirac Combs),

given, for each m € N, by

= TS (X P, Q) O

XePnlUQnm

where €,, denotes the cohomology infinitesimal introduced in D mtzon 3.1, on page l Ox 1is the
Dirac measure concentrated at X, and we have used Notation 11 on page 21| for u (X Py Qm),

along with Notation[13, on page @

Property 3.8 (The Quasi Self-Similar Sequence of Discrete Polyhedral Measures).

The sequence of discrete polyhedral measures (fimy, ), e introduced in Theorem on pagejust
above, satisfies the following recurrence relation, for all m € N*,

DW ? Z Nm+1°T (‘)

ETW
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where for Ty = {T(), e ,TNb_l} is the nonlinear iterated function system (IFS) introduced in Propo-
sition [2-3, on page [0

Note that relation (#) can be viewed as a generalization of classical self-similar measures, as
considered in [Hut81], page 714.

Proof. First, we can note that, for m € N*,

m+1l _ 1 m
Em+l = Fbema

which ensures that

+1) (D —2 1 Dy —2 2-D Dyy—2
gzlﬂ W ):_Nmezgz(vv ):A@ wsz(»v [
b

We then simply use the result of Property on page [13] according to which, for 0 < j < N, — 1,
the jth vertex of the polygon Ppy1p, 0 <k < N;" — 1, is the image of the the jth vertex of the
polygon Py, k—i(n,-1) vy under the bijective map T;, where 0 < j < N — 1 is arbitrary. Therefore,
there is an exact correspondance between polygons at consecutive steps m, m + 1: indeed, polygons
at the (m + 1)th step of the prefractal approximation process are obtained by applying each (bijective)

map T}, for 0 € j < N, — 1, to the polygons at the m" step of the prefractal approximation process:

Ny—1
U {Tj_l(X)a X € Vm+1} =V,
=0

which can equivalently be written as

Np—1

J {77 @), X € PualJQun} ={x e Pul]an}.

§=0
We can then deduce that

> WX P Q) I = Y Y (X T (Par) Ty Q) O

XemeQm TjETWXEPm+1UQm+1

which yields the desired result.

O
Theorem 3.9 (The Quasi Self-Similar Polyhedral Measure).
The polyhedral measure 1 satisfies the following quasi self—similarity relation,
Dyy—2 -1
p=NVTE Y pe Tyt (6e)
T] € TW
where Ty = {TO, . ,TNb—l} is the nonlinear iterated function system (IFS) introduced in Proposi-

tion[2.3, on page [6
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Proof. As in the proof of Property on page we use the fact that, for all m € N*,

Np—1

J I, x e PalJon}={x € PualJ2n}

J=0

We then have that, for any continuous function u on the Weierstrass Curve,

> lm en S (17X, P Q) u (77 ()

m—00

-1
JFWUd(IUOTj )

T; € Ty T; € T XePrU9m
= nll_I)Iéo eﬁ(DW_z) Z ML (X, Pr=1, Qm-1) u (X)
X E'P'mfl U Qm—l
= Wlll_l}(l)o N;)W_Q 57(77:1__11)(DW_2) Z ,uﬁ (X, Prm-1, Qm-1) u(X)

X e/Pm—l U Qm—l

Ny dim e OV (X Py, Q) u(X)

m—00
X epm—l U Qm—l

NbZ_DW JF udu,
w

from which we deduce, as desired, that

Corollary 3.10. The polyhedral measure is the unique fized point, with respect to the Kantorovich
distance, of the map ® which, to any probability measure v associates

() =N Y worjl.
T; €Tw

Definition 3.5 ((m,e,,)-Neighborhood [D1.22c]).

Given m € N sufficiently large (so that e,, be a sufficiently small positive number), we define
the (m, e, )neighborhood of the m'" prefractal approximation I'yy, =~ as follows:

D(Tw,.cm) ={M = (2,y) € R®, d(M,Ty, ) <}

Property 3.11 (The Nested Neighborhoods).

1. Giwen m € N sufficiently large, there exists my € N such that, for all k = mq, the polygonal neigh-
borhood D (me) introduced in Deﬁmtion on page |24 contains, but for a finite number of wedges,
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the (m + k, szi’,ﬁ)—neighborhood; see Figures @@ on pages @

ii. Given m € N sufficiently large, there exists my € N such that, for all k = ms, the (m, e, )
neighborhood contains the polygonal neighborhood D (me+k) introduced in Deﬁmtion on page '
see Figure on page [31] and Figure on page [33

1i. Given m € N sufficiently large, there exists m3z € N such that, for all k = ms, the polygonal
neighborhood D(me) introduced in Definition on page contains the polygonal neighbor-
hood D (me+k).

Proof.

i. At a given step m = 0, between two adjacent vertices M;,, and M,y ,, of V;,, there are N, —1

. . Ny—1
consecutive vertices of V41 \ Vi, (Mj+17m+1, . 7Mj+Nb—2,m+1) € V2, such that

M = Mjmy1 and My, = Mjin, m+1 -

Thanks to Property 2.11] on page [I3] we obtain an exact correspondance between vertices of the
polygons at the step m + 1, and at the initial step m = 0. Since reentrant angles occur when N, = 7 (see
Property on page, we can restrict ourselves to the cases N, < 6 (in the case of reentrant angles,

Ny —2
the following arguments can be suitably adjusted). We then simply have to consider the [ b2 }

N, -2
K
Also, again thanks to Property [2.11, on page given 7 in {0,..., N, — 2} and k in {O, LN - 1},
we have that

o =B 5 {4 ()

i.e., equivalently,

vertices M me1, With 1 <k < } (the same arguments holds for the vertices My, —km+1)-

s OV (£ (N = 1) 45+ 1) L) =W (N = 1)) L)) = s (W (£ ) - (527 )) -

Due to the symmetry of the initial polygon Py (or, equivalently, of the initial prefractal graph I'yy,)

(see Property on page , this means that we can restrict

1
with respect to the vertical line z = 3

ourselves to the case when

WG Lins1) EW((G+1) Lypsy) = ... 2 W((j + [N”2_ 2}) Lm+1)

and

W(]{Jm+1) = W((J + ]Yb) Lm+1)‘ :
W (i L) W((i+1)Lp)
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Ny —2
Thanks to Property |2.12] on page we deduce, by the triangle inequality, for 1 < k < [ b2 }
that
. . Ny —2 2-D
WG+ 8 L) = WG L) <[ 2252 | L2257

W (i Ly,)

Since
L
L ==
m+1 Nb

we then obtain that

. : Ny -2  Dp-2 2-D
WG+ 0 L) = WG L] € [ 22 | NP7 o 127
W (i L,,)
Recall now (see Property on page that
(N 1P g JHLY (I
Cing = (N = 1) (Kﬁﬁﬁ_lvv(pg-1> VV(A@—-lN

and

2-D
Coup = (Ny =1 W max
sup = (N = 1) 0<j<Ny—1

W(%) ‘W<ij— 1)‘ T - 1)2(7;%— 1)) ‘

Here, we have that

This ensures that

j+1 j or 1
IW(Nb—l)_W(Nb—l)‘SNb—l T- X

We can check numerically that

[Nb—Z

Dyy—2
D) i| Nb W Csupscinf7

from which we immediately deduce that for, 1 < k < [ 5

Nb—Q}
W((j + k) Lins1) =W Lips1)| S IV ((i + 1) L) =W (i L) -
W (iL,,)

N, -2
2

Forl<k< [ } the vertices M ;41 are then strictly between the vertices M; ,, and M; 1 p,.

[Nb—Q

As is explained previously, we can show, in a similar way, that for 1 < k <

5 ], the vertices M4 N, —k,m+1

are also strictly between the vertices M; ,,, and M;q y,.
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By induction, we then obtain that, given four consecutive adjacent vertices M; ,, M1 1, Miy3 m
and M4, of V,,,, with 1 <i < #V,, —5 and k € N, the vertices of V41 \ V;, located between M; ,,
and M;4 ,, can be all contained in the simple and convex polygon M; ,, M; 41y M;t3 Mt 1, which
coincides with the union of two consecutive polygons P,, ; and Q,, ;. Thus, there exists mg € N such

that, for all k = mg, the (m + k, e™+¥)-neighborhood

m+k

D (T, i) = {M = (z,9) € R*, d(M,Ty, ) <cmir}

from which we remove the wedges associated to the vertices M; ,, M1 m, Miz3m and Mg,
(see [DL22c]), can be fully contained in the polygon M; ,, M;i1 mM;+3.mMisanm. Hence, there ex-
ists m; € N such that, for all k = m;, the (m,e,,)-neighborhood but for a finite number of wedges,
the (m + k, €,,4% )-neighborhood D (me-Hc , eﬁii), can be fully contained in the polygonal domain D (T'yy, ).

ii. This latter result has been obtained in [DL22b]. It comes from the fact that, in the sense of the
Hausdorff metric on RQ,

lim D (T, ) =Tyy.

m—00

174. This is an immediate consequence of 4. and 7.

1
Figure 6: The polygonal neigborhood D (sz)a in the case when \ = 3 and Ny = 3.

VA

Figure 7: The exterior boundary of the polygonal neigborhood D (I‘Wz) (in red), and the

1
tubular neighborhood D (FW7,€;), in the case when A\ = 3 and N, = 3.
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1
Figure 8: The polygonal neigborhood D (I‘Ws), in the case when \ = 3 and Ny = 3.

Figure 9: The exterior boundary of the polygonal neigborhood D (I‘Ws) (in red), and the

1
tubular neighborhood D (FW_,,e;), in the case when \ = 3 and N, = 3.
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1
Figure 10: The polygonal neigborhood D (PW5)a in the case when A = 3 and N, = 3.

Corollary 3.12 ((of Property given on page [26)).

We immediately deduce from Property that there exists mg € N such that, for all k = mg,
the polyhedral neighborhood D (me) introduced in Deﬁnition on page contains the vertices of
the prefractal approximation I'y, ., to the the Weierstrass Curve; i.e., the set of vertices Vi41. In
particular, the density property[2.5, on page[7, also ensures that the Weierstrass Curve is contained
m FWm:

Vm?mot FWCD(FWm)
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Figure 11: The tubular neighborhood D (I‘Ws, eg) and the polygonal neigborhood D (I‘W5 )s

1
in the case when A = 5 and NN, = 3. The size of the vertex points of D (FW5) has intentionally
been magnified, in order to obtain an illustrative and understandable figure.

Property 3.13 (Exact Expression of the Volume of the mth—Polyhedral Neighborhood
(or m™ Natural Polyhedral Volume)).

In the case when Ny, = 3, givenm € N*, the volume (or two—dimensional Lebesgue measure) V,, ()
of the mthfpolygonal neighborhood D (me ), or m™ natural polyhedral volume, is given by

e (D (T, )) = S (W(0) + W (252) = 2w (<12)

) e%l;V(O) L (- 1)22 Dy m o (2-Dw) <W<ﬁ) - 2W<(Nb—l—1)))

Vin(em)

5 e (Np-1) 9 (Np-1)

2-D m— in NP el in NEem
LG\ O Em Z (m—k)(Q—DW)é_%k@—DW)Re( dim Ny 2im N ) |

' (RS)
where €, is the m" cohomology infinitesimal introduced in Deﬁnition on page .

If we introduce, for any integer k in {0, ..., m — 1}, the coefficients c1 € C, ¢y 2 € C, along with
the integers {1 € Z and ly o € Z such that

. k _m
. 2im Ny &
imlg 1 p im# Inen m—k) (2—=D 222 om
Cm,k,1 Em =Cppae PRI < NIS )@2=Dw) Ty
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and
- ] m E)(2-D Qiﬂ'NII;E%
imly o p imlgopne, _ Nb(m_ ) (2-Dw) e (Np-1)

Cm,k,2 Em =Cmk2€

we can also obtain the following expression for Vy,(em):

yo@ny = WO Ny = DTV el ) (ML)_QW( ! ))

2 2 (Ny—1) (Ny—1)
2-D m m-—1
N _ 1 w _ . Y, . Y,
+( b )2 Em Z 8216(2 DW)’R,@ (Cm,k,Q E:nm k2P 2 ol E;nm 1 P) '
k=0

Moreover, the sequence of natural polyhedral volumes (Vm(em))mN* satisfies the following recur-
rence relation, for allm € N*,

m+1 A m+1 I N 5%1% Ny 521% m+1 m+1
Vina1(Ems1) = N, Vi (Np €ms1 +Fb — (1- )\)+T (COS (47rNb5m+1) — 2 cos (27rNb 6m+1)) )

Note that the remaining cases, i.e., when Ny =4, can be obtained in a similar manner. For the

sake of concision, we do not include the associated (and heavy) computations associated with these
cases.
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Figure 12: The orthogonal projections Hj ,, of the vertices Mj ,,, for 0 < 5 < #V,,, onto
the horizontal line y = myy.
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Proof. First, note that since IV, = 3, the polygons involved are triangles.

Given m € N*, and 0 < j < #V,,, we introduce the (vertical) orthogonal projection Hj p, of the
vertex M;,, onto the horizontal line y = myy; see Figure [I2] on page

We note that, for 1 <j < #V,, —2, the two-dimensional Lebesgue measure (i.e., area) of the
polygon (triangle) Q,, ;, with bottom vertices M, and M;,s,,, is obtained by adding the area of
the trapezoid H; ,,M; ;, M1 mH i1 m to the area of the trapezoid Hjyq ;mMjp1mMjromHjrom, and
then, by substracting to this result the area of the trapezoid H;,, M, M2 mHjvom; i-e.,

Em j j+1 j+1 j+2
o) = E (e Ve Yo o322 )
ne(@ns) = 5 W m-oN (N, - 1) N, (N, - 1) N; (N, - 1) N,
2¢em J J+2
<2 () (o))
2 ( (Nb_l)Nb (Nb_l)Nb
3 (0wt owr) o) (w55 )
— — (2W <—m -W T~ om | T w T o~ o .
2 ( (Nb_l)Nb (Nb_l)Nb (Nb_l)Nb
Similarly, for 1 < j < #V,,, — 1, the area of the polygon (triangle) Py, ;, with top vertices M;_; ,
and Mjq ,, is obtained by substracting to the area of the trapezoid Hj_1 ;, M;_1 1 M1 mHjs1,m the

area of the trapezoid H_y ,,, M;_1 ;M ,, H; , and the area of the trapezoid Hj ,, M M1 mH st m;
ie.,

pe(Pg) = # (W(m)ﬂm(ﬁ))
£ (v {reiiwe) o) (o) o)

3 (w7 (wsowr) -2 (o))
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We then have that

#Vi—3
Vimlem) = Z (Mﬁ(Pm,j)+H£(Qm,j))+M£(Pm,me)
7j=1
(Np—1) Ny =2
= (e (Pmg) + 1e (Qmj)) + e (Pm,(Nb—anm)
j=1
(Ny=1)Ng" =2 m . .
3 (W wEnwr) - (=)
= - 3w(—m —3W|
= 2 ( (Ny = 1) Ny (Ny = 1) Ny
(Ny=1)Ny" -2 m . .
Em j+2 ) ( j—1 ))
+ ——W(—m+W—m+ Pon (Ny—1) N7
; 2( (N, - 1) Ny -y e (Prcviay)
Em (Nb—l)NlZ"—l) ( 1 ))
= - W( | = 3W|
2 ( (Nb_l)Nb (Nb_l)Nb
Em (Nb—l)Ng”—1) ((Nb—1)Ng"—2)>
+ 2w —W( —-w -
r (o NV-D N, (VM-DN,

2 (W(m) *W(m) W)

285wl

(N, ~ )N Ny~ N
em [ (Nb—l)Ng”—Q) ( 2 ))
+ 2 ( W( (Nb_l)Ngn +W (Nb_l)Ngn +/J’,C(7Dm7(Nb—1)Nb —1)'

1
Note that, thanks to the symmetry with respect to the vertical line = = 5 (see Property on
page |5, along with Property on page , we have that

() ) 0 S ) - (o)
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We then simply obtain that

Vin(em) ML (Pm,(Nb—l)Ng”—l)

_ Em (W((Nb—l)Ng”—2

2 (Ny — 1) N® (Nb_l)Nl:n_1>)

>+W(1)_2W( Ny =D Ny

SEE

W(m%w—m(m) (by symmetry)
wW(0)

- 3 (0w (o) - ()

_ % (W) + W (2er) =2W (e)) -
We then have that
my o~ WO N = DTPVER o) (2 ) gL
Vim(em) = 5 2 ‘ (W<(Nb—1)> QW((Nb_1)>>

+(Nb_1)2 Dwém mz_ RE=Dw) [ 277]\715C 9 eos 47er
2 (N, — 1) N;" (N, — 1) NJ"

Ezyg;(o) . (N — 1)22 Dw m 5%(2 Dyy) <W<ﬁ> - 2W((Nb—1—1)>>

2-D m m-— . m-k . m-k
N _ 1 w dime,, 1 2ime, 1
+( b )2 Em Z FE=DW)po | M — 26 ™ooD | |

Since, for 0 < kK < my,

k -k -k k
en =Ny ey and ep_p =Ny e,

we deduce that

R A (1o R e

2-D m m—1 . k_m ) k_m
N _1 w _ _ _ 4im Ny em 2im Ny em
( b )2 Em Z lfm k) (2—=Dyy) 57£k(2 D) Re |l e ™p-1)  —9¢ (Np-1) .
k=0

Let us recall that
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We then have that

m 2
p lne,, = (ln;f ) (-In(Ny=1)—=mInNy) =27 In(N, —1) =27 m
b

and

eimék,l plne, 6—2im7r In(Np—1)

We then introduce, for any integer & in {0,...,m — 1}, the (bounded away from 0 and o)) coeffi-
cients ¢, .1 € C, ¢y 2 € C, along with the integers /3, ; € Z and {;» € Z such that

. k _m
. N’ e
km (2=Dyy)+iméy 1 p Em(2=Dyy) iméy plne™  k(2-Dyy) —TNbcm
Cm,k,1Em = Cmk,1€m ( w) € P "= 6]6( w) e (No=b)
and
km (2=Dy)+imly 5 p km(2-Dyy) iméyiplne? _ k(2-Dy) 2im N e
Cm k2 Em = Cm k2 Em e ’ =g e (No=1)

This enables us to write

V() = ezwm)+<Nb—1>2‘DW5%€2<2-DW>(W< 2 )_m( ! ))

2 2 (Np — 1) (Np—1)
N —1 2-Dy m m-—1 _ -y -y
L )2 Em Y emkC-Pwi g, (cmm P g e k,lp) ’

k=0

as claimed.

Definition 3.6 (mth Tubular Volume [DL22d]).

Given m € N sufficiently large (so that e,, be a sufficiently small positive number), we call m'"

tubular volume the two—dimensional Lebesgue measure VZ{L be (z—:%) of the (m, &, )-neighborhood D (me , 5%)

of the m™" prefractal approximation I'yy, =~ introduced in Definition on page

As was already encountered in [DL22c], in our present context, when it comes to obtaining the
associated fractal zeta function, we cannot, as in the case of an arbitrary bounded subset of R?
(see [LRZ17|, Definition 2.2.8, page 118), directly use an integral formula of the form

m m

enls) = e vn = v T (R9)

since the volume formulas can only be expressed in an explicit way at a cohomology infinitesimal.

However, and as was already done in [DL22¢], in the case of ordinary tubular neighborhoods, if,
instead of considering the volume function at a given step mg, we consider the more general volume
functions for all integers m = myg, we can bypass this difficulty by means of Riemann sums, as explained
in Lemma [3.14] on page [39 just below.
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Lemma 3.14 (Natural Polyhedral Volume Extension Formula).
Given m = 1 sufficiently large, and an arbitrary nonnegative integer k,, = m, let us consider the
following nonuniform partition Pp, . of the interval [0, 6%],
L m+kpy, +p=m-+k,, N L .
m mkp, m+kp,+p+l  m+k,,+p m+k,, m
[0’ €m:| = I:O’ Emkm] U U [€m+km+p+17 €m+km+p] U I:Em+km75mj| ’
m+ky, +p=m k., —2

where the second union is taken over all p € N satisfying the indicated relations and equalities.

Note that the mesh of the partition (i.e., the length of the largest subinterval) is

m m+ko, . . m m+ky,\ _
Em = Emtk. > With klirgo(sm—em%m) =0.
We set
mk m m+k
O0mkn = Emkn  +  Ommtkn = Em ~ Empon (R 10)

and, for allp € {0,...,mk—m —k,, — 2},

m+k,, +p m+k,, +p+1

op=¢€ € (R11)

Mtk +p  Smtky,+p+l*

We can then introduce the Riemann sum

-3 _

Riemann (k,;m, V) = 0o (i) Vink, (emn”) + Ok, (Em)" " Vink, ()
m+k+p 573 m+ky,+p (R 12)

+ Z Op (5m+km+p) Vintbp+p+1 (5m+km+p) .

0spsmk—-m—k-2
We then have that
. . Ez §—2 dt
khm Riemann (kp,,m,V) = " V(t) 7 (R13)
m 00 0

where, for all sufficiently large n € N, V,, is the continuous function defined for all t € [0,62] by
substituting t for e, in the expression for V), (EZ)

As is explained in [DL22d], one can think of V,, = ljn(t) as being the effective polyhedral volume

of the nt" prefractal approzimation to the Weierstrass Curve.

Notation 14 (Natural Polyhedral Volume Extension — Natural Volume Extension).

For the sake of simplicity, given m € N, we will from now on call the m™ natural polyhedral volume
extension, the volume extension function V,, associated with the m'™ natural polyhedral volume V,,
introduced in Property on page Alternatively, V,, will be called the m'" effective polyhedral

volume.

In the same way, as is done in [DL22¢c], and given m € N, we call the m™ natural volume exten-

sion, the volume extension function 17;:,? b associated with the the m'™ tubular volume V#f b Alterna-

tively, f}f# % will be called the m™" effective tubular volume.
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Property 3.15 (Complex Dimensions Series Expansion of the Weierstrass Complexified
Function Weom,, [DL22d]).

We then have, for any strictly positive integer m and any j in {0,---, #V,,}, the following exact
expansion, indexed by the Complex Codimensions k (Dyy —2) + ikl p, with0 <k <m

. m—1
. D D J -D k(2-D ikl
Wcomp(,jez) = (Nb_]-)2 i m(2 W)Wcomp(Nb_1>+(Nb_1)2 W Z Ckym € k( w) 2} kpv

(R1
where, for 0 < k < m, 52 is the k™ cohomollogy infinitesimal, introduced in Deﬁm’tz’on on page
and where, for any integer k in {0,---,m — 1}, ¢;, € C and £, € Z are such that

Amk

(Nb_ )2 Dy, sz TJEm ikl p (0)

= Ckm€g )

27
with p = A denoting the oscillatory period of the Weierstrass Curve, as introduced in [DL22d)].

Since relation ( is valid for any m € N*, we note that the associated Complex Dimensions
(i.e., in fact, the Complex Dimensions associated with the Weierstrass function) are Dyy — k (2 — Dyy) + il p,

where k € N is arbitrary.

Theorem 3.16 (Local and Global Effective Polyhedral Zeta Functions).

In the case when Ny = 3, given m € N, we introduce the m'" Jocal effective polyhedral zeta func-
tion (;,, such that,

& (s) [:” ED(0)dt (for Re(s) > D)

e 452 e,
W(O)J Tdt+J £ W (28) = 2W (1)) dt (for all s € C)
0 0

5$(S_1) W(O) . fsﬁ p 9

2(s—1) W (2t)=2W(t)) dt (foralls € C),

For all s € C, we can also write explicitly 5;(8) in the following form:

- 57”(5_1) 9-D 1 1 Em(5+l—Dw)
e = W)+ (N, - 1)V W ——<|-2W o
) St VO -1 (W g ) -2 (g )) S,
b m—1 Em(sfl+k(2fDW)+iZk,2p m (s=1+k (2=Dwy)+ifg,1 P)
+(N, — 1)27Pw R m -9 m
(N, =1) ; e(c“ “1+k(2-Dy)+ileap P s—1+k(2-Dy) +ilp,ip)
where, for any integer k in {0,...,m — 1}, the coefficients c;1 € C, cyo € C, along with the in-

tegers L1 € Z and {9 € Z, have been introduced in relation (, on page and in rela-

tion (, on page .
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The associated sequence (E;)meN satisfies the following recurrence relation, for all values of the
positive integer m sufficiently large, for all s € C,

- o~ 1 _ gm(s—l) _ Ez _ 1 . )
e _ 3—-s e = _ 3-5 &m 3-s 5=2 tdmt 12wt
Guer(s) = NyTGu() 45 (1=2) Ny " 2 + Ny JO £ o Re (e 2¢ ") dt. (En)
. (R 15)
This ensures the existence of the limit fractal zeta function (yy, i.e., the fractal zeta function

associated with the Weierstrass Curve Ty, (or, rather, with the Weierstrass IFD), or global effective
polyhedral zeta function, given by

e 1. e
Cw = lm Gy,
where the convergence is locally uniform on C, along with the existence of an integer mg € N such

that the poles of E{i\/ are the same as the poles of the mgh fractal effective polyhedral zeta function 576”0

More precisely, we have the following explicit formula, for the limit effective fractal zeta function Cyy,
whih is valid for all s € C:

N 00 6777,(5—1) oD 1 1 =) Em(s+1—Dw)
f(s) = r WO (-0 (W g ) -2 (s ) X o
CW() m;OQ(S_l) () ( b ) (Nb_l) (Nb_l) m;08+1_DW
0  m-1 m (s=1+k (2=Dw)+ilg 2 P 6'm(s—l-Hc(2—Dm))+7ﬁ£;€11p
+(N, = 1)7P R - -2 - :
(Ny = 1) m:zmokzo e(ck’23—1+k(2—DW)+i€k72p Tl ST+ k(2- D) +ilesp

(R 16)

As was mentioned in the introduction, we note that our result is stronger than the one previously
obtained in [DL22d], where the values of the possible Complex Dimensions of the Weierstrass IFD
included —2. As we can see in relation (R@ just above, the poles of the limit effective fractal zeta
function f‘f}v are exactly the same as the Complex Dimensions of the Weierstrass function itself; see

Property on page [40.
As was explained previously in Property[3.13, on page the remaining cases, i.e., when Ny = 4,

can be obtained in a similar manner, with entirely analogous conclusions. For the sake of concision,
we do not include the associated (and heavy) computations associated with these cases.

Proof.
1. We first prove the recurrence relation.

We restrict ourselves to sufficienly large values of m € N, i.e., m = mg, for some suitable inte-
ger my € N.

We then have that, for Re (s) > Dy,

m+1

Em+1 _3
f Ve (t) dt .
0

f%+1(8)
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Let us now note that

Va(n) = 2 w(0) + W (26l 2w (<)
and

m+1

Vot (mi1) = 5 (W(0) + W (2em01) - 2w (=nhh)) -

Since

m+1 1 m
Em+1 = F m

and thanks to the scaling relation given in Property [2.1] on page [4 namely,

1

W (i) = w(ﬁbgz) S AW(") + cos (27 ™)

and

2

W(25%ﬂ) W(Fbem) AW (2em) +cos(dmen,) ,

we can deduce that

Vi1 (emt) = ib %n (W) + X (W (2em) =2W (en)) + cos(dmey,) —cos(2me))
A my 1 &m Em
= N Vm(sm)+ﬁb7 (1—)\)+7 (cos(4men,)—2cos(2men,))
m+1 m+1
= A V (Nbsz:) ! szmﬂ (1-=X) szmﬂ (cos(47rNbemﬁ) 2 cos (27TN5821%)).
We then obtain that

) L
CGm1(s) = L 7 Ve () dt

[Nbam 53 ( D (Nt) + 1b Nyt (1= + Nth(cos(47rth)—QCOS(QWth)))dt

J’ 3 s 53 <9m(t)+% (1- )+ (Cos(4Trt)—2COS(27l't))> dt

S E () + N Sl[;mt (2 (1-2) + 53 (cos(47rt)—cos(27rt))>

T Cn(s) + N 35Emt ( (1=2) + 5 Re (””—2@””))@

m(s—1)

(1= 0) Ny g

() + —

l\le—‘
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where the first equality is only valid for Re (s) > D,y, while the other equalities are valid for all s in C.

ii. We now assume that the recurrence relation (&,,) (see relation (, on page holds for
all m = mg. In particular, we have that, for all m = mg and for all s in C,

R m 6n(s—l) oD 1 1 00 5n(s+1—DW)
. = 2 W(0) + (N, — 1) = oow|—— Cn
&) DI e LUCRI S (=55 W((Nb—l)))n;03+1—pw
oD m  n-1 n(s=1+k(2=Dw)+ilk2 P n (s=1+k (2=Dyy)+i L1 P
+(Ny - 1)27 0w n s "
W=t nzm;;Re BT k(= Dw) +ilap s =1+ k(2= D)+ il p

(R17)
This implies, in particular, that the poles of the m'™ effective fractal zeta function Efn are a subset
of the set of Complex Dimensions of the Weierstrass function itself; see Property on page (0]

a. We denote by P (Efn) C C the set of poles of the zeta function 5;, and by P (E,eno) C C the set of

poles of the zeta function (.
We note that

P (Cny) € {s € C, Re(s) <2} c {s € C, Re(s) < 3} .
We set

u" =(C\P(5m0))n{s € C, Re(s)<1}.

(resp., u = (C \ P(gmo)) N{s € C,1<Re(s)< 3})

Then, the series

-1 m
3—5 Ye 1 3—s 5$(S ) 3-s [ s—2 1 4t P27t
Y NG 5 (L= 2) Ny T+ N, 7 = Re (€T =26 dt
m2mg
is (locally) normally convergent, and, hence, uniformly convergent on U (resp., on I~ ). This ensures
the existence of the limit effective fractal zeta function, i.e., the fractal zeta function associated with

the Weierstrass Curve I')y, (or with the Weierstrass IFD), given by

m(s—1) em
e 9. e 3-s > 1 3-s €m 3-s mos—2 1 idmt 127t
CW = Wlll_l)léo Cm = Z Ny Cm(8)+§ (1 - )\) Ny ST'FN[) JO t Q_JVbRe (6 —-2e ) dt.

m2mg

Here, and in the remainder of this proof, a (complex—valued) meromorphic function f is viewed
as a continuous function with values in IPl((C), equipped with the chordal metric, and such that, for
any pole w of f, f(w) takes the value oo (for instance, as in [LvF13], Section 3.4 and Appendix C).

More precisely, if lPl(C) = C U oo denotes the Riemann sphere (or complex projective line), we
2
can show that, for the chordal metric, defined, for all (z1,29) € (]Pl((C)) by

|Z1—Z2|

VI+ [ Y1+ ]3]
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and

1

||21700||: 5 7if2’1=/2007
Vi+ 2]
we have, thanks to the uniform convergence of the series,
lim |G, || = 0.
m—00

Indeed, for any n > 0, we can choose my € N* such that, for all s € P'(C), we have that

Cr(s) = Sw(s)| <,

and, hence, for all s € 1131(@),

|G () S ()| < |G 5) = ()| < -

The sum of this series, i.e., the (uniform) limit fractal zeta function EW, is holomorphic on U*
(resp., on U ). We can then deduce that, for all m = mg, the zeta function E; is meromorphic
on C\ {s € C, Re(s) =1}, and that its poles in C\ {s € C, Re(s) =1} are exactly the same as
the poles of Eﬁlo Moreover, the results obtained in [DL22a] for the sequence of tube zeta functions
associated with the Weierstrass IFD, which admit a meromorphic continuation to all of C, obviously
hold for the sequence of polyhedral tube zeta functions: hence, an is meromorphic on C, and its poles
belong to P (Zmo). Consequently, for all m = mg, the poles of Zm are simple, and are the same as the

poles of §m0:

P (Cn) =P (Gno)
b. Let w be a pole of E;O Note that, thanks to the results in part a., the poles of ff;o are a subset of

the set of Complex Dimensions of the Weierstrass function itself; see Property on page [0} More
precisely, this means that w is of the following form,

Dyy —k (2= D) + il p, with ¢, € Z and where k € N is arbitrary.

Then, for all m = mg, w is also a pole of E; (by the exact m'™ natural polyhedral volume formula
and its consequences, in particular, relation (, on page [43| above); i.e., for all m = mq:

G (@) = Gy (w) = 00.

Hence, since
. e e
lim G (w) = (u(w),
m—00
it implies that

Giv(w) = oo.

Therefore, w is also a pole of (.

c. Now, if P (E)C;v) C C denotes the set of poles of the limit fractal zeta function 516}\;, we similarly have
that

Jim P (G ) =P (Gny) € P(G) -

44



d. Conversely, if w is a pole of (jy (i.e., Gy(w) = 00) and since, for all m = my, Co(w) = &eno (w), as
well as

i () = Gu(w).
we must have that, for all m = my,
(@) = Gy (@) = Gy(w) = 00

Hence, w is also a pole of ano (i.e. also, for all m = mg, a pole of E;)

e. Since, for all m = mg, the poles of E,en are known to be simple (see a. above), we also have to show
that the poles of () are all simple.

For all integers ¢ = 1, we have that

res, (Efn,w) = lim (s — w)? ¢, (w)
and

resy (Gvow) = lim (s = w)” Gy(w)
= lim (s —w)? lim Co,(s)
= lim linéo (s —w)? C5(s)

= lim lim (s — w)? 5 (s)
m—00 s—w

. ~e
lim res, (Cm,w) ,
m— 00

where the interchange of limits is justified because of the local uniform convergence on C — and hence,
also, on a compact neighborhood of w.

Since, for all integers ¢ > 1, because we know from the results in [DL22¢| that, still for m = my,
the poles of ¢, are simple,

res, (Efn,w) =0;

it then follows that, for any fixed integer ¢ > 1,
res, (E{i\),w) = limOo res, (gi,w) =0.
m—

Hence, since w is also a pole of &e/\; by the previous argument, we deduce that w must be a simple
pole of (yy.

Therefore, the set of poles of Efno (or, equivalently, of 5;, for all m = myg) coincides with the set of
poles of (yy.

Consequently, as desired, the poles of the limit effective fractal zeta function E,e/v are simple, and
are the same as the poles of Cfno.
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f. We have that

G (8)

1l
S
Y
&
Aot}
3
~—
N
QU
o~

2 )

m—1 em ) ]
+(N, = 1)y J 7 HHEEIWIRe (e ot 2P =26, 81 P) dt
k=0 20

m(s—1)

- o0 ()

1 )) EQ(S*DW)

2('5_1) (Nb—l) S_DW
m—-1 m(s—1+k (2-Dyw)+ilg 2 P m (s=2+k (2=Dyy)+ilg 1 P
+(N, — 1)27Pw R m —92¢h m
( b ) I; ¢ Ck725—1+k(2—Dw)+7;£k72p Ck715—1+k(2—Dw)+7;£k’lp ’

where the first equality is only valid for Re (s) > Dyy, while the other ones are valid for all s in C.

We then deduce the following explicit formula, for the limit fractal effective zeta function 516/\;, for
all s in C,

N 00 é_m(s—l) 2 Dy 1 1 =) Em(5+l—Dw)
g = S w0) + (N, - 1) (W —— | 2w —— Smo
bwls) P e RUCRIC () ((Nb—n))m;osﬂ—Dw
0  m-1 6m(s—1+k(2—Dw)+iZk12p m (s=1+k (2=Dw)+ilg 1 P
+(N, — 1 2-Dyy R m —%2¢, m
( b ) W;()I;) e(Ck’25—1+k(2—Dw)+igk72p Ck’15—1+k§(2—Dw)+7;£k71p ’
as desired. O

Property 3.17 (From the m"™ Local Effective Polyhedral Zeta Function, to the m'™ Local
Effective Tube Zeta Function).

Given m € N, the Lebesgue measure Vf:;be (521) of the tubular neighborhood D(me,sz) can be

connected to the Lebesgue measure V,, (5%) of the m'" polyhedral neighborhood D (me) introduced
in Definition on page [23, by means of the following relation:

Vo (£1) = VY () + Ry

where

Vi (em) = ne (D (Tw,))

and where the sequence of error zeta functions (Rm)m;m0 (locally) uniformly converges to 0.

This ensures, for the associated zeta function

s J PR dt
0
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that (locally, uniformly on C)

m
€ m

lim R dE=0.

m—00 0

Proof. This directly comes from Property on pag in conjunction with Property on
page Given n > 0, there exist then my € N such that, for all m = mq,

b
[V () = V2 ()] < .
We then proceed as in the proof of Theorem [3.16] on page[d0] Since, for admissible values of s € C,

em Em ~ ~
J R (1) dt = J 7 (Vn(8) = Vi (1)) dt
0 0

we obtain the expected (locally) uniform convergence.

Theorem 3.18 (Complex Dimensions of the Weierstrass Curve).

The possible Complex Dimensions of The Weierstrass Curve (or of the Weirerstrass IFD) are all
simple, and given as follows:

Dyw—k(2-Dw)+ilp , withk € N, { € Z.

Proof.

We simply apply Property on page [40] ensures the existence of an integer my € N such that
the poles of the limit fractal effective zeta function (yy, i.e., the fractal zeta function associated with
the Weierstrass Curve I'yy,, are the same as the poles of the fractal zeta function Cﬁm.

O

Corollary 3.19. The possible Complex Dimensions of The Weierstrass Curve (or of the Weierstrass
IFD) are the same as those obtained in [DL22d] and are given by Theorem on page . Fur-
thermore, if they are actual poles, they are simple poles. More precisely, those possible Complex
Dimensions are Dy — k (2 — D) + i 4, p, with £, € Z and where k € N is arbitrary.

Moreover, they coincide with the actual poles of the tube fractal zeta function Eﬁ;twe, for allm = my.
In particular, we then deduce that the following possible Complex Dimensions previously obtained
in [DL22d], i.e., 1 =2k +ilp, with k € N and { € Z, along with 0 and 1, are not actual Complex
Dimensions.

Furthermore, the Complex Dimensions associated with Dy, are actual Complex Dimensions of 'y, .

For the exceptional cases, we refer to [DL22¢].
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4 Revisiting the Computation of the Minkowski Dimension

When it comes to computing the box—counting — or Minkowski dimension — of a fractal, one usu-
ally proceeds by using a (classical) cover of the fractal under study, constituted of balls; namely, in
dimension 2, disks or squares; see Definition [4.1], on page [48| below.

However, when a nonaffine, complicated fractal curve, as the Weierstrass Curve is involved, such
methods are not optimal. In fact, covering such a curve with disks or squares is not natural. We
hereafter propose to consider, instead, the polyhedral neighborhood introduced in Definition on

page 23]

Definition 4.1 (Box—Counting Dimension).

As can be found, for instance, in [Fal86], we recall that the boz—counting dimension (or box dimen-
sion, in short), of T'yy, is given by

.. InNs(Ty)
Dw == lim — 75— (°)

where Nj (T')y) stands for any of the following quantities:
i. the smallest number of sets (here, subsets of R2) of diameter at most ¢ that cover Ty on [0, 1] ;
ii. the smallest number of closed balls (disks, here) of radius § that cover I'yy on [0, 1] ;
iii. the smallest number of cubes (squares, here) of side 0 that cover T'yy on [0, 1[;
iv. the number of j—mesh cubes (squares, here) that intersect T'yy on [0, 1[;

v. the largest number of disjoint balls (disks, here) of radius § with centers in I'yy on [0, 1[.

Furthermore, for the Weierstrass Curve I'yy, as, more generally, for any bounded subset of Eu-
clidean space — the box—counting dimension coincides with the Minkowski dimension.

Theorem 4.1. The box—counting dimension — or, equivalently, the Minkowski dimension — of the
In A

thb '

Weierstrass Curve 'y exists and is equal to Dyy =2 +

Proof. We simply apply the result given in Corollary on page We then have the existence of
an integer my € N such that

Vmzmg: TywcD(Ty, ).
In other words, for all integers m = myg, the polyhedral neighborhood D (me) covers the Weier-
strass Curve I'yy.

Note that we thus dispose, with the sequence of polyhedral domains (D (FW )) of a nonusual

m2mg’
(but admissible, in the sense of Deﬁmtlomﬂ7 on page 4 8labove) sequence of covers. However, (D (FW ))
is the most natural and optimal sequence of covers of the Weierstrass Curve I'yy,, insofar that for

m2mg
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all m = my, each domain D (me) contains the Weierstrass Curve I'yy, while, at the same time, the
sequence (D (me))m;mo converges to I')y. This, in particular, means that when m — oo, the two—

dimensional Lebesgue measure (i.e., area) of each polygon belonging to D (me) tends to 0.
Next, observe that, thanks to Remark [3.1] on page [I9] we have that:

Ry >> €.

For allm € N*, each polygon belonging to D (me) has a vertical height at most equal to (N, — 1) A,
(this directly comes from the definition of h,,; see relation , on page and an horizontal width
at most equal to (N, — 1) &,,. Note now that, thanks to Remark on page we have that:

By >> €.

Hence, it is the cohomology infinitesimal ¢;, which plays the role of the elementary diameter § in
Definition on page Moreover, the area of each polygon belonging to D (me) also corresponds
(Nb - 1) hm

m
gons, each of diameter e, where the diameter of a polygon is to be understood in the sense of the
largest distance between any pair of vertices of the considered polygon.

to the two—dimensional Lebesgue measure of the reunion of elementary and smaller poly-

-m
Since D (me) is itself constituted of the reunion of (2 N;' —1) = N5m 1~ 1 polygons, we then
b —
obtain the box—counting dimension as
| 2e," ) (Ny = 1) hy,
n||~w——=-1|—— _
_ N, -1 em o In(e ™ hyy)
= Inel QL Ry e

Thanks to the estimate given in Property on page we have that

Cinf (Ez)Q_DW < hm < Csup (gz)Q_DW )
which ensures that
Ciny (52)_DW < T_anhm S Csup (Em)_DW )

and, consequently,

InCjpp — Dy In (5%) <In (57;2mhm) <InCyyp — Dy In (sz) .

Since lim ¢,, = 0, we obviously have that
m—00

y In Cip p . InCy,, 0
moo In (e7)  meoo In (e7)

from which we immediately deduce that the value of the box—counting dimension of the Weierstrass

Curve is exactly

In (5;”2 i hm)
— lim

m—00 In 8%

=Dw.

This concludes the proof of the existence of the box—counting (i.e., the Minkowski) dimension and

oo In A
of the fact that it is given by Dy, =2 + N,

O]
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