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Abstract

In this paper, we give precise rates of convergence in the strong invariance prin-
ciple for stationary sequences of bounded real-valued random variables satisfying
weak dependence conditions. One of the main ingredients is a new Fuk-Nagaev
type inequality for a class of weakly dependent sequences. We describe also several

classes of processes to which our results apply.
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1 Introduction

Let (X;);ez be a strictly stationary sequence of real-valued random variables (r.v.) de-
fined on a probability space (€2, .4,P), with mean zero and positive finite variance.
Set S, = X; + Xo+ -+ X,,. In this paper, we assume furthermore that the series
0% = > Cov(Xo, X}) is convergent (under this assumption lim, n~'Var(S,) = ¢?).
We are interested in obtaining sharp rates in the invariance principle (both in the al-
most sure sense and in the L2-sense). Recall that such invariance principles consist in
constructing, on a possible larger probability space, a sequence (Z;);>1 of i.i.d. centered

Gaussian variables with variance o2 in such a way that, setting T}, = Zle Zi

sup |Sy — T| = O(a,) a.s. or in L7, (1.1)
1<k<n
where (an),>1 is a nondecreasing sequence of positive reals tending to infinity, satisfying
an = o(y/n). In the independent setting, the almost sure rates are a, = o(n'/?) when

E(|Xo|") < oo for p > 2 and are a,, = O(logn) when X, has a finite Laplace transform



in a neighborhood of 0 (see [18, 21]). Furthermore these rates are optimal according to
Breiman [4] in the first case and to Bartfai [1] in the second one.

In the dependent setting, even when the random variables are bounded the almost
sure rates can be arbitrarily large. More precisely, let us consider the class of irreducible
aperiodic and positively recurrent Markov chains (§,) with an atom denoted by A (see
the definition page 286 in [3]). Let 74 be the first return time in A, P4 be the probability
of the chain starting from the atom and E 4 be the expectation under P4. Let then 7 be
the unique invariant distribution, (&,) be the Markov chain starting from 7, and (Xj)
be the strictly stationary sequence defined by X = (&) with f a bounded function.
Theorem 2.2 in [13] asserts that, for any p > 2 there exists an irreducible aperiodic and
positively recurrent Markov chain (&)x>o with uniform distribution over [0, 1] satisfying
Pa(14 > ) = O(x7P) and such that for any absolutely continuous function f on [0, 1]

with 7(f) = 0 and a strictly positive derivative,

n—o0

n
lim sup(n log n)’l/p‘Sn — ng‘ >0 a.s.
k=1

for any stationary and Gaussian centered sequence (gi)rez with convergent series of
covariances. This shows that for this type of Markov chains, the rates in the almost sure
invariance principle are linked to the moments of the return times in A.

For p €]2,4], under the slightly stronger condition E4(74) < oo, Csaki and Csorgd
[5] proved the almost sure rates a, = O(n'/Plogn) in the strong invariance principle
(see their Theorem 2.1). Our main objective is to extend this result to the case of
general stationary sequences of bounded random variables including the case of bounded
variation functions of non irreducible Markov chains. We shall then consider the case of

f-dependent sequences whose coefficients are defined as follows:

Definition 1.1. Let I',; = {(ai)1<i<p € N? : a3 > Land Y7 a; < ¢}, for p and ¢
positive integers. Let (X;);cz be a stationary sequence of centered and bounded real-
valued random variables and Fy = o(X;,i < 0). For k > 0, set

E(ﬁxz; 7o) —E(f[Xz:)
=1 =1

These coefficients are suitable for non irreducible Markov chains (see the examples

Ox pq(k) = sup
kp>kp_1>... > kg >k >k
(ay,..., ap)€lp,q

1

given in Section 4.2). In addition, in case of bounded additive functionals of irreducible
aperiodic and positively recurrent Markov chains with an atom A, for any p > 2, the
condition E4(74) < oo implies that >, k7 "20x44(k) < oo (see Section 4.1 for more
details). Our aim is then to show that for any stationary sequences of bounded random
variables satisfying the later weak dependence condition for some p in |2, 4], the rate in

the almost sure invariance principle is n'/? up to some power of logn .



To obtain such rates, a possible approach is to use a martingale approximation and
the Skorokhod embedding theorem. Recall that with this method, the rate cannot be
better than n'/* up to some power of logn. The closest results in this direction are
given in Wu [28] and Doukhan et al [9]. For instance, for p in |2, 4], Corollary 3.9 in [9]
provides the rate a,, = o(n'/?(logn)'/?*1/P+) for any € > 0 in the almost sure invariance
principle under the condition Y, k?~172/P0x 4 4(k) < oo, which is suboptimal. Still by
means of the Skorokhod embedding theorem, it is possible to get rates for the L?>-norm
of the error in the invariance principle with suboptimal conditions (see Liu and Wang
[19]).

Let O(k) = Ox44(k), for any & > 0 (recall that the random variables are bounded
in Definition 1.1). If p is in |2,3] and Y, k*"20(k) < oo, one can obtain the rates
a, = O(n*/?) (up to some power of logn) both for the almost sure invariance principle
and the L2%norm of the error, by adapting the proof of [23, Theorem 2.1]. The main
ingredients used in [23] are a Fuk-Nagaev type inequality to control the fluctuations
and an estimate of the quadratic cost in the conditional central limit theorem. However,
compared to inequality (2.1) below, the second term in their Fuk-Nagaev type inequality
cannot be better than Cn/z3. In addition, their estimate of the quadratic cost in the
conditional central limit theorem cannot be better than n~'/2 (this follows from their
inequality (A.6)). These upper bounds induce a limitation of the rates in the invariance
principle at the level n'/3 (up to some power of logn). Recently, the authors proved that
for p in |3,4] and under the condition Y, ., kP 726(k) < oo, the estimate of the quadratic
cost in the conditional central limit theorem is of order n~®~2/2. This together with the
Fuk-Nagaev type inequality stated in Section 2 are the main ingredients to go beyond
the rate n'/? in the almost sure invariance principle and to get the rates n'/? (up to some
power of logn) for p €]3,4].

Our paper is organized as follows. In Section 2, we state a Fuk-Nagaev type inequal-
ity for partial sums associated with stationary sequences of bounded random variables
satisfying the condition ), ., k0(k) < oco. In this inequality, the second term is of order
n/z* under the condition Z;N k%0(k) < oco. In Section 3, we give our main results con-
cerning the rates in the invariance principles (in .2 and almost surely). In Section 4, we
present several classes of examples to which our results apply, including the example of
BV observables of the Liverani-Saussol-Vaienti map (see [20]). An application to rates of
convergence in the functional central limit theorem for the quadratic cost associated with
the uniform deviation between the Donsker line and the Brownian motion is provided in
Section 4.4. The proof of the Fuk-Nagaev type inequality is given in Section 5. Section
6 is devoted to the proof of our results concerning the rates in the invariance principles
in the non degenerate case, whereas the degenerate case is considered in Section 7.

In this paper, we shall use the following notations: a < b means that there exists a



numerical positive constant C' such that a < Cb, and X means X — E(X).

2 Deviation inequalities

We set Sp = 0 and S, = X7 + Xs + --- + X, for any positive integer n. In all the
paper, except in Section 7, we denote Ox 4 4(k) by 6(k) for all k£ in N and we assume that
| Xol|oo = 1. The general case follows by dividing the random variables by || Xo||oo-

Theorem 2.1. Assume that 3, -, kO(k) < oco. Let S; = maxo<r<n Sk. Then the series
E(X3) + 23 451 E(XoXy) converges to some nonnegative real o®. Moreover, for any

positive real x and any positive integer n,

2

4 2
IP’(S:L > x) < 011{02>0}(%> exp <
x

" 16n02

) +ers (0162+ S k(kA)OM)) , (21)
v k>1
where ©y = 1+ 3, 0(k), ©2 = 1+ >, k0(k) and c1, ¢z are positive numerical

constants.
Remark 2.1. Recall that lim,, ., n'E(S}) = 0% as soon as ), 0(k) < oco.

Let p €]3,4[ and assume that ), ., kP720(k) < co. An application of Theorem 2.1
gives that for any a €]1/2,1] and any € > 0, > -, n"‘p_Q]P’(S; > nae) < 0o. Note that
when p €]2, 3[ the same result holds by using Proposition A.2 in [23].

3 Application to strong approximations

Let (X;)sez be a stationary sequence of centered and bounded real-valued random vari-
ables such that ), 0(k) < co. In this situation, the series E(X§)+2>",., E(XoX}) is
absolutely convergent. In this section, we are interested in strong approxirglations in the
non degenerate case, meaning that the sum o2 of this series is positive. We will consider
the case 02 = 0 in Section 7. In the sequel, we assume that the underlying probability
space is rich enough to contain a random variable § uniformly distributed over [0, 1],
independent of the sequence (Xj)rez. From §, we construct a sequence (;);ez of i.i.d.
random variables uniformly distributed over [0, 1] and independent of (Xj)gez.

As explained in [23], having a suitable bound for the quadratic transportation cost
in the conditional central limit theorem allows to derive strong approximation results.
Indeed, let us recall the construction given in [23] which is inspired from Bértfai [1]. For
L € N, let m(L) € N be such that m(L) < L. Let

Lop =128 + (k= 1)2"® 2" 4 k2NN and Uy, = Y X, ke {l,--- 280}

i€l 1,



For k € {1,--- 2L} et V, 1 be the N(0,022™D)-distributed random variable
defined from Uy, 1, via the conditional quantile transformation, that is

Vier = O'Qm(L)/QCI)_l(ﬁk,L(Uk,L —0)+ 52L+k2M(L)(ﬁk,L(Uk,L> — ﬁk,L(Uk,L -0))), (3.1

where Fj, 1, = FUk’L|;2L+(k71)2m(L) is the d.f. of PUk’L‘f2L+(k—1)2m(L)

Uk,1, given Fory,_1yom)) and ®~1 is the inverse of the standard Gaussian distribution

(the conditional law of

function ®. Since oz gom(r) is independent of Fyr (;_1)9m(r), the random variable Vj 1, is
independent of Fyz ; (j_1)em(), and has the Gaussian distribution N (0, a22m(E)) (see [26,
Lemma F.1]. By induction on k, the random variables (Vj 1 )x are mutually independent
and independent of F,.. In addition

1
EUkL = Vi)® = E/O (Foeni, (u) — 02" B/27 (1)) *du

Ly (k—1)2m(L)
= E(Wg(PUhﬂ]:Q Go.22m(L))) 5 (32)

L (k—1)2m(L)’

where G 29m) is the Gaussian distribution N (0, o22™(1).
This construction together with Theorem 2.1 and estimates of the quadratic condi-
tional cost in the central limit theorem given in [14] are the main ingredients to get the

next strong approximations results.

Theorem 3.1.

(i) Assume that 0(k) = O(k'"?) if p €]2,3[U]3,4[ and >, kP 20(k) < oo if p €
{3,4}. Then, one can construct a sequence of i.i.d. Gaussian random variables

(Z:)i>1 centered and with variance o, such that, setting Tj, = Zle Z;, we have

(ii) Letp € {3,4} and assume that (k) = O(k'"P). Then, one can construct a sequence
of i.i.d. Gaussian random variables (Z;);>1 centered and with variance o, such
that, setting Ty, = Zle Z;,

sup Sk — Tk|H2 = O(n*?(logn)W/2-1/P)y
<n

sup| S, — Tl | = O(n'/#(1ogn)'/2).

k<n
We now give almost sure rates for strong approximations.

Theorem 3.2.

(i) Let p €]2,3[U]3,4[ and assume that Y, k*~*0(k) < oo. Then, one can construct
a sequence of i.i.d. Gaussian random variables (Z;);>1 centered and with variance
o2, such that, setting Tp = Y% | Z;,

iup |Si — T = o(n*?(logn)/>71/?) a.s.
<n



(1) Assume that (k) = O(k'"P) if p €]2,3[U]3,4[ and >, kP ?0(k) < oo if p €
{3,4}. Then, for any n > 1/2, one can construct a sequence of i.i.d. Gaussian

2

random variables (Z;)i>1 centered and with variance o, such that, setting T, =

Zf:l Z;,

sup [Sy — Ti| = o(n'/P(logn)") a.s.

k<n

(iii) Let p € {3,4} and assume that (k) = O(k'~P). Then, for anyn > 1/2+ 1/p, one
can construct a sequence of i.i.d. Gaussian random variables (Z;);>1 centered and
with variance o2, such that, setting T}, = Zle Zi,

sup |Sy, — Ti| = o(n*/?(logn)") a.s.

k<n
Remark 3.1. Let (8(k))r>1 be the sequence of the usual S-mixing coefficients. Accord-
ing to the definition of 3(k) given page 147 in [22], (k) < 2||X,||%, B(k). Hence, by Item

(b) of Theorem 2.2 in [13], for any p > 2 there exists a stationary Markov chain (X% )r>0

with uniform distribution such that 8(k) < Ck'~P and

lim sup(n log n)_l/p‘Sn — ng‘ >0 a.s.

for any stationary and Gaussian centered sequence (gi)rez with convergent series of
covariances. Consequently, the rates in Theorem 3.2 (and then also in Theorem 3.1) are

optimal up to a power of logn.

4 Examples and applications

4.1 o-mixing sequences

Let (€2, .A,P) be a probability space and let U and V be two o-algebras of A. The strong

mixing coefficient o (U, V) between these o-algebras is defined as follows:
aU,V)=sup{| PUNV)-PWU)PV)|:U €U,V € V}.

Next, for a stationary sequence (Y;);cz of random variables with values in a Polish space
S, define its strong mixing (or a-mixing) coefficients of order 4 as follows: Let
040074(71) = sup OC(F07U<Y;17Y;27Y;37Y;4)> )
14>13>19>11 >N
where Fy = o(Y;,7 < 0). As page 146 in [22], these coefficients can be rewritten in the
following form: Let B; be the class of measurable functions from S* to R and bounded
by one. Then
1
040074(77,) = — sup sup ||E(f(}/;17}/;27}/;37}/;4>"F0) _E(f(}/;17Y;2a}/;37}/;4))H1'

4 fEB1 14>13>12>112>n



Let now f be a bounded measurable numerical function and let X, = f(Yx) — E(f(Y%)).
Then Theorems 3.1 and 3.2 apply to the partial sum S, = > ;_; X}, replacing the

conditions on #(k) by the same conditions on ae 4(k).

Consequently, our results apply to irreducible stationary S-valued Markov chains
(Y:)i>o with invariant probability 7 and transition kernel P(-,-) satisfying the following

minorization condition: there exists a positive integer m such that
P™(x,A) > s(x)v(A) forx e S, Ae B(S),

where s is a measurable function with values in [0, 1] such that 7(s) > 0 and v is a
probability measure absolutely continuous with respect to 7 (see [25, Chapter 2] and [16,
Th. 9.2.15] for the fact that the invariant probability measure is a maximal irreducibility
measure).

Indeed, let us explain how the strong mixing coefficients of the chain (Y;);>0 can
be computed (we simply denote by «(k) these coefficients, because in this Markovian
setting, a(o(Yy),0(Yy)) = a(o(Yo),Gr), where G, = o(Y;,i > k)). Let Zp = Yi,. It
follows that (Zk)r>o is an irreducible stationary Markov chain satisfying the minorization
condition with m = 1 and then the conditions of [26, Proposition 9.7]. Let az(k)
denote the a-mixing coefficients of (Z;);>o. According to [26, Page 165] (see also [3]),
if 7 is one of the return times (i.e. the difference between two regeneration times) of
the extended chain constructed from (Z;);>o, then for ¢ > 1, >~ k7 tay(k) < oo
iff E(797) < oo. Now, since a(k) < az([k/m]), we infer that IE(TQ_H) < oo also
implies that Y ,., k7 'a(k) < oo. In particular, if 7 is such that E(7?) < oo, then
S o, k#~2a(k) < oo, and Theorems 3.1 and 3.2 apply to S, = 37, (f (Vi) — E(f(Y2))).

In their paper, Merlevede and Rio [24] proved the almost sure invariance principle
with rate O(logn) when the Markov chain is geometrically ergodic and the minorization
condition holds with m = 1. This last condition allows the use of the regeneration
technique. However in some situations one can only prove that the minorization condition
holds for m > 1 (see for instance Exemple 2.3 (f) in Nummelin [25]), or even that it
cannot hold with m = 1 (even with the additional assumption that there exists a joint
density for (X, X1), see Kendall and Montana [17]). Nevertheless, as explained before,
for this class of Markov chain we do not need to assume m = 1 since our conditions are

only expressed in terms of the a-mixing coefficients of the chain.

4.2 «a-dependent sequences
We start by recalling the definition of the a-dependence coefficients as considered in [10].

Definition 4.1. For any random variable Y = (Y7,---,Y};) with values in R¥ and any
o-algebra F, let a(F,Y) = sup,, ., )ert ||E(H§:1(]ij§$j)(0) | F) (0)”1, where we recall

7



that Z(® means Z — E(Z). For the sequence Y = (Y})iez, let Fy = o(Y;,i < 0),

ay4(0) =1and ay4(n) = max  sup a(Fo, (Yi,,...,Y;)) forn>0. (4.1)
1SIS4 <y <<y

Let BV, be the space of bounded variation functions f such that ||df|| < 1, where

||df]| is the variation norm on R of the measure df. As mentioned in [10], a(F,Y") can

also be defined by

alFY) = sup
(f1,fu)EBVL

e(ILse})").

It follows that, if f is a bounded variation function such that ||df|| < C, and X, =
f(Yi) — E(Y%), then 6(k) < C*ay 4(k). Then Theorem 3.1 and 3.2 apply to the partial
sum S, = Y ,_, X}, replacing the condition on 6(k) by the same conditions on ay 4(k).

From this result and proceeding as in [23, Section 3], we can derive rates in the strong
approximation results for the partial sums associated with BV observables of the LSV
map. More precisely, for v €]0, 1], let 7', defined from [0, 1] to [0, 1] by

z(l42727) ifx €0,1/2]

Ble) = 27 — 1 if 2 € [1/2,1].

This is the so-called LSV [20] map with parameter . Recall, that there exists a unique
T,-invariant measure v, on [0, 1], which is absolutely continuous with respect to the
Lebesgue measure with positive density denoted by h,. From [10, Prop. 1.17], we know
that the coefficients ay 4(k) of the Markov chain associated with 7, are exactly of order
1/k4=0/7 Consequently, if f is a BV observable, we get that:

e For any v €]0,1/2[ and any £ > 0, one can construct on the probability space
([0,1]x [0, 1], v,®A) a sequence of i.i.d. Gaussian random variables (Z;);>1 centered
and with variance o2, such that

k k

S (foTi@) — vy () = Zila,y)

i=1 i=1

sup = o(n™>Y Y (1ogn)™¢) v, @ A a.e.

k<n

(4.2)
where n =3/4 for y < 1/4,7n=5/6 if v = 1/3 and n = 1/2 otherwise.

e For any v €]0,1/2], one can construct on the probability space ([0, 1] x [0, 1], 1, ®\)
a sequence of i.i.d. Gaussian random variables (Z;);>1 centered and with variance

0?2, such that

[
: (4.3)

wheren =1/4ify < 1/4,n=1/2ify=1/4 or v =1/3 and n = 1/2—~ otherwise.

2 2
v, (dx)dy | = o(n™>Y9 (logn)"),

k k

D (foTi(w) —va(f) =Y Zilx,y)

i=1 i=1

8



4.3 Maps modelled by Young towers

Let (M,d) be a complete bounded separable metric space with the Borel o-algebra.
Let T : M +— M be a map that can be modelled by a Young tower (see [29], or for
instance [6]), and denote by v the T-invariant probability measure on M induced by
this Young tower. Let ¢ be an Holder observable from M to R. Then, as explained in
[14], one can compute the coefficients 8(k) of the sequence (¢(X;))i>0, where (X;);>o is
the stationary Markov chain associated with 7', whose transition kernel is the Perron-
Frobenius operator of the composition by 7" with respect to v. We infer that Theorems
3.1 and 3.2 apply to (¢(X;) —v(¥))i>0, and also (proceeding as in [23, Section 3]) to the
sequence (p(T%) — v(¢))i>o on the probability space (M, v).

More precisely, the behaviour of the coefficients 6(k) of the sequence (¢(X;))i>o de-
pends on the behaviour of the return time to the base of the tower. For instance, if the
return time has a moment of order p > 1, then ), ,k?720(k) < oo; if it has a weak
moment of order p > 1 then 0(k) = O(k'™P); if it has an exponential moment, then
0(k) = O(a"*), for some a €]0, 1[ (see Proposition 2.1 and its remark 2.1 in [7] in case of
strong moments and Proposition 5.3 in [11] in case of weak moments). Our results apply
in particular to Holder observables of the LSV map, leading to the same upper bounds
(4.2)-(4.3) as for BV observables.

Note that, for Holder observables of maps that can be modelled by a Young tower,
optimal almost sure rates can be obtained via another method described in the paper [6]
and inspired by [2]. In particular, for Hélder observables of the LSV map of parameter
v < 1/2, the optimal almost sure rate o(n”(logn)Y*¢) is given in [6]. However, no results
similar to the L? control (4.3) are given in [6]. Moreover, with our approach, we can also
obtain rates for a larger class of continuous observables (including Hélder observables

of any exponent) when the return time to the base as an exponential moment (see [14,
Corollary 3.4)).

4.4 Rates of convergence in the functional CLT

Let (X;)iez be a strictly stationary sequence of centered and bounded random variables,
and define the Donsker line
1 [nt]

B(t) = %(ZX’“ 4 (nt — [nt])X[m]) .

It is well known that, if Y, 6(k) < oo, then B,, converges in distribution to o5 on the
space C'([0,1]) with the uniform distance, where B is a standard Brownian motion, and
o? is the covariance series defined in Theorem 2.1.

One can now ask for the convergence rate in this functional CLT, with respect to the

Wasserstein distance of order p > 1, that is rates for the quantity W,(Pg,, P,5), where

9



Py, and P,p are the distributions of B,, and ¢B, and the cost function is | - |2, | - |«
being the supremum norm on C([0, 1]). Note that, by definition of W,
Wo(Ps,, Pos) < || sup |Ba(t) = o B0 .
0<t<1 p
for any standard Brownian motion B. Consequently Theorem 3.1 applies when p = 2.
For instance, if Y, k*0(k) < oo, Item (i) of Theorem 3.1 implies that

Wa(Pp, ., Pop) = O(n*(logn)**). (4.4)

Note that, according to Section 4.3, the upper bound (4.4) applies to sequences
(o(T") — v(¢))i>0, where ¢ is an Holder observable and T’ can be modelled by a Young
tower with return time to the base having a moment of order 4. Let us compare this
result with some recent results obtained in this context by Liu and Wang [19].

Assume that the return time to the base has a finite moment of order ¢ > 4. Using
the Skorohod embedding theorem, Liu and Wang [19] (see their Theorem 3.4) proved
that

W,j2(Ps,, Pyg) = O(n~(@2/(a=1)) (4.5)

Therefore, for ¢ = 4, (4.5) gives the rate O(n~'/¢), while the upper bound (4.4) gives
the rate O(n="*(logn)"/*).

5 Proof of Theorem 2.1

Starting from inequality (A.42) in [23] (in the bounded case) together with the fact
that [|E;,_,(X;)|l1 < 6(¢), we infer that for any nondecreasing, non negative and convex

function ¢ and any x > 0,

P(S; > 4z) < E(SD((—;SY")) +nxt0([x]) .

)
Now, since 28 < 81 k2 when z > 1, (A(k))xo is non increasing and 6(0) < 1 (since
[ Xolloe = 1),

S

[z]
20(2]) S1+8) K0(k) <148 k(kAx)o(k).

Hence B -
. E((Sn)) | 8n
P(S: > 4z) < e F(l + ; k(k A :L’)H(k:)) . (5.1)

Next we handle the first term in the right-hand side of (5.1) with the following
selection of ¢: For any real ¢,
0 ift <z/2
o(t) = 2—14(t—§)‘l ifr/2<t<zx
$4 x Z‘2 1'3 3
gt St -+ Lt -+ (t—2) ift>a.

10



This is a nondecreasing and convex function such that [|¢®||o = /2 and || ||o = 1.
Furthermore 384 p(z) = 2*, whence E(¢(S,))/p(z) = 384 27 E(p(S,)).

To bound up E(¢(S,)), we start by a symmetrization argument. Let (X} )rez be a
stationary sequence independent of the sequence (X;);cz and with the same joint law as
(Xi)iez. Set S, = X + X, +---+ X]. Since S/ is centered and independent of S, it

follows from the conditional version of the Jensen inequality that

E(¢(S,)) <E(o(S,—Sh)). (5.2)

Hence Inequality (2.1) will follow from (5.1) if we prove that

2

E(g@(sn — S;L)) < 1{62>0}<n0 )4eXp (_

T

2

16no02

) +n(0:0:+ 3 k(kn2)o(k) . (5.3)
k>1
Define then the stationary sequence (Z;);cz of centered and bounded random variables
by Z; = X; — X| for any integer i, and set
So=0 and S, =Zy + Zo+ -+ Z, =S, — S! for any integer n > 0. (5.4)
From the definition of (Z;);ez,

E(ZoZy) = 2B(XoX}) for any k € N, whence E(Z3) + 2 E(ZyZ) = 20°.  (5.5)

k>1

To prove (5.3), we shall apply the Lindeberg method to (Z;);cz: we consider a se-
quence (Yy)p>1 of i.i.d. random variables with normal law N(0,20?), independent of
(Zi)iez- Set Ty =0and T,, =Y, + Yo+ --- + Y, for n > 0. Clearly

E(0(Sh)) = E(p(T0)) + (E(9(Sn)) — E((T2)))- (5.6)

We start by computing E(¢(T},)). If 02 = 0, then T,, = 0 and E(¢(T},)) = 0. If 6% > 0,

then T;, has the normal law N(0,2nc?) and consequently
P(T, > t+2/2) <exp(—(t+/2)%/(4nc?)),

Since (t + x/2)? > tx + x?/4, we derive that

i 2 2y [T 2 dno?\4 _ o 2
/ t'P(T,, > t + x/2)dt < e~ /16m7) / ete/(na®) gy < 6( > o —v?/(16n0?)

So, overall,

E(p(T,)) < E((T, — 2/2)}) < 4/0+00 EP((T, >t +2/2)dt < (%)46—%/(1%2) .

11



According to (5.6) and the above inequality, to end the proof of Inequality (5.3), it

remains to prove that

E(p(Sa) — E(p(T,)) < n(0102 + > k(k Ax)0(k)) . (5.7)

k>1
With this aim, let ¢, _(t) = E(p(t + T,, — T})) and define, for k& > 1,
A = Cnr(Sim1 + Zi) — enr(Sim1 + Vi)

The functions ¢, () are C*, ||90£Lszk||oo = by < /2 and ||90£L42k||oo = by < 1. Since the

sequence (Y;);en is independent of the sequence (Z;);ez,
E(p(S0) —E(e(T,)) = Y JE(An). (5.8)
k=1
Notation 5.1. Set AS @ (S 1)(Zk - Y), Afﬂ),g = ! (Sp1)(Z2 —Y2) and
A= oW (S (ZE = V). Let Ay = AL+ 5AT + §AT
With the above notations, from the Taylor integral formula at order 4,

Api =A%+ Rog, (5.9)

1 1 ~ 1 1 ~
with R, = EZ;%/ (1-— s)3g05142k(5k_1 + sZ)ds + 6Yk4/ (1-— 8)390;42k(5k_1 + sY})ds .
0 0

Since 0 < @514_),9 <1, | Zk|loo <2 and E(V}}) = 120*, we derive that
0< > E(Rux) <n(l+0) <dn(l+0,0,). (5.10)
k=1

Indeed ot < 407 < 40,0,. Next

E(AL) = E(Any — Rup) = E(AL) + 1E(AP) + LE(AY)) . (5.11)

n,

From the fact that (Y;)r>1 is independent of (Z;)iez, E(Agz) = E(¢,_.(Sk-1)Z1),
E(A,73) = E(¢_(Sk-1)(ZE — 20%)) and E(A3) = E(p,”4(S4-1) Z7). We now develop
each term in the right-hand side of (5.11) with the help of the Lindeberg method.

Since E(¢!, . (0)Zx) = ¢, _(0)E(Z) = 0, we have

BAL) = Y B(H-olSe ) ~ FoalEi i) 2)

1 1 1 1 1
=EA) ) + BN ) +AY , + 140+ B (5.12)

n,

12



where the following notations have been used: for j = 2, 3,
k—1 o A
Z o (S0 20 0, Ay =D E{9 Sk ) YE(ZL7 Z0),
i=1

1 ~
and Bfll,)c =3 Z/o (1-— S)QE(QO,(I4_)k(Sk—i—1 + $Zy—i) Zp_;Zy,)ds .
i=1

In the decomposition (5.12), A;L 3 = 0. This is due to the lemma below, whose proof

uses the symmetry properties of (Z;);ez.
Lemma 5.1. For any integers i, j and k, E(Z;Z;Z;) = 0.

Proof of Lemma 5.1. From the definition of (Z;);ez, (—Zi, —Z;, —Z)) has the same
joint law as (Z;, Z;, Zy,). Hence E(—Z,Z;Z;) = E(Z;Z;Z};), which implies Lemma 5.1. [J

Next, concerning the coefficients (67, ,(k))r>0 associated with the sequence (Z;);ez,

they can be compared with the former coefficients (6x , 4(k))r>0 as follows.
Lemma 5.2. For any integer k > 0 and any positive integers p and q,
8Z7p,q(k) < QqHGX,p,q(k) .

Proof of Lemma 5.2. Let F}, = 0(X!,i < 0) and Fy = F, V F,. By definition,
p B p
E(le,j; Fo) - E(Hz;;;) 1

Let (ai)i<i<p in 'y, and ky,--- ,k, such that k, > k,_1 > ... > ks > ky > k. Note
that Z; = >y, Ch Xp (=X )" Next, let (o)i<i<p, (Bi)i<i<p in Tpg and ky, -+ kp
such that k, > k,_1 > ... > ky > ky > k. Setting U =[], X", V = [T/_,(X},)” and
o(X') = o(X}, k € Z), note that

927%‘1(1{:) - sSup
kp>kp,1>...>k2>k1 >k
(ag,..., ap)€lp q

[EUVIF) —EUV), = [EEUVIo(X) v Fo) | Fo) ~EUV)],
= |[E(VE(Ulo(X) v Fo)|F) — E(V)E(U)

Ii-

Next we use the following well-known fact. Let Y be an integrable random variable, and
G1 and G, be two og-algebras such that o(Y) V G; is independent of Gy, then

E(Ylgl V g2> = E(Y|g1) a.s.
From the above fact and since we assume that the X;’s are uniformly bounded by one,

[E(UV|Fo) —E(UV)||, = [E(V{E(UIF) — EU)}Fo) + {E(VIFo) — E(V)JED)]|,
< |[E(U|F) —EU)|, + [E(VIF) —EV)||, < 20x (k).

13



So, overall,

0zq(k) <2 sup H2 Oxpq(k

(a1,,0p)€lp,q 54

proving the lemma. O]

We now handle the rests BSI)C Since || Z}_ 19% k(Sk i1+ 87k i)|loo <2,

> IB < 06 . (5.13)

To handle the second term in the right-hand side of (5.11), we introduce the following

additional notations.
Notation 5.2. Let v; = E(ZyZ;). Define fay = QZZ 1 i and 6§k) =23 i Vir

Since E(Zy_;Zx) = 7, note that
1 /! : ” ~
SE{Pns (Sk-1)}Ba — Z% ZE{SO (Sk—5) = @i (Sr—y-1)}

= Z% Y E{o Sk ) Ze gt i, (B14)
i=1 j=1

where - '
Pk = / (L= % D B{el(Semgr + 120 ) 22, Yt
i=1 7j=1

From the fact that ||g0 WSkt + 7 )27l < bE(Z5) < 4y, it follows that

Z |T7(Lll)€2| <n Z iv; <K nOs. (5.15)
k=1 i—1

Starting from (5.11) and taking into account (5.12), (5.13), (5.15) and the definition of
o?, we get

1 1

* 1 " Q
E(Amk)=E<AS,L,2>+§E(wn_k<sk_1><z,§)<°>> 5 <gon ((5e1)) B3 >+2E<A“ 3)
k—1 %
i=1 j:l

where FSL satisfies

S Ir ] < n6,. (5.17)
k=1

14



Note that
B (Sk1))| SE(Skot + T — Ti))" = 2B(S?_,) + 2(n — k)o? < 4n0©), .

Hence

Z E(¢) 4(Sk-1) 857 < 101> D" 0(i) < n©,6;. (5.18)

k=1 i>k

We now handle the quantity E(¢g,k(§k_i_1) (Zk_iZk)(O)) appearing in the first two terms
of the right hand side of (5.16) for any integer ¢ in [0,k — 1]. With this aim, noticing
that E(¢l_,.(0)(Zk—iZx) ) = 0,

k—1
E{@h (ki) (Zk-iZ) O} = > B{h_i(Sky) — P i(Shji)) (ZuiZ2) O},

j=i+1
whence
k—1
E{¢h_( (Sk—i-1)(Zr—iZ) (0)} = Z E{QO(S) (Sk—i-1)Z—(Zi—i23,)C )}
Jj=i+1
+ Z / —OE{Y  (Shjor + 124 22 (ZhiZy) O}t . (5.19)

Jj=i+1

Since ngffzk(gk_j_l +tZ5—;)|lo < 1, it follows that

n k-1 k-1
SN T B0\ i (Simjmr + 2k 22 (ZiiZi) O}
k=1 =0 j=i+1

<> > 0(j —i) AO(i) < nOy. (5.20)

Next, set AU (0) = S50 0% (Sesjo1) Zej(Z1miZi)®. Starting from (5.16) and
taking into account (5.17), (5.18), (5.19) and (5.20), we get

k—1 1

. 1
E(A7 %) = SE(ALD0) + D EALD ) + SEALL )
i=1

k-1 %

=D Y (e (Se 1) k) + 6E(son W(Se)ZY) + T (B.21)

=1 7j=1

where the rests FEIQL satisfy

k=1
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Introduce now the following notations: for any integer 7, let

k—1
AUy =3 {8 1 (Skmjm1) (Zhmj (21 Z) @) O}
Jj=i+1

Starting from (5.21), and using the fact that E{Zy_; Zx—Z1 } = B{Zy_;j(Z—iZ;)" } =0
thanks to Lemma 5.1, we get that

k—1

B(A70) = sBAN0) + Y EALA0) + gE (5 1)22)

k— i
Aleig Z > E{0 (Skmjo)Zis ) + T (5.23)
=1 j=1

We handle now the first two terms in the right-hand side of (5.23). Since H(pff_)k oo < /2,

IE{¢®, (Skjm) Zuei(ZieiZi) O} | < 2{0(5 — i) A O()}

whence ‘
EALL )] < (i00)+Y-00)) (5.24)

On another hand, since E{gpf?_)k(O)Zk,j(Zk,iZk)(O)} =0, we write

E{ o (Shjo) Zh—y(ZiiZs) '}
k—j—1

Z 9% k Slc —j— w) — @Slgzk(gkfjfufl))Zkfj(ZkfiZk)(O)}

k—j—1

Z / E{(pn k Sk —j—u— 1+ 12— i u)Zk —j— Wl ]<Zk 7. (0)}dt

Since ||Q0£L4_)k(5k—j—u—l + tXp—j—u)|loo < 1, it follows that

k k
EASO <Y (0u) A0() A6 <<Zg (5.25)

j=1 u=1

Therefore, using the upper bound (5.24) when i > = and the upper bound (5.25) when

1 < x, we derive

[z] [=]
Z\E |<<sz6 sz(eu)wu))+ZZj(9(j>A9<i>)
<z i +Zz+ 0(i) + Y j(j A x)0()

i>[z] j=1

16



Hence
STIEAY,)] < n(l + Zk(k/\a:)@(k)). (5.26)

With similar arguments, we infer that
> B (Se-1)Z8) | + [E(AL 5]} < nO,. (5.27)
k=1

Starting from (5.23) and taking into account (5.22), (5.26) and (5.27), it follows that, if

one can prove that

n k %

Z Z Z }%E{Spfzg—)k(gk—j—l)zk—j}‘ <K nO 0y, (5.28)

k=1 i=1 j=1

then

n n

> EA;,) < (0102 + Y k(kAx)o(k)).

k=1 k=1
This last upper bound together with (5.8), (5.9), (5.10) and (5.11) will end the proof of
(5.7). The rest of the proof is devoted to the proof of (5.28). Since E{gpfi)k(O)Zk_j} =0,

we have

k—j—1

E{ o (Skmjm1) Zej }| = ’ > E{(0 1 (Shmimn) = 0 4 (Skmjut)) Zrmy }

u=1

k—j—1 k—j—1

1
= ‘ Z / E{(pff_)k(sk_j_u_l + tZk_j_u)Zk_j_qu_j}dt) < Z G(u)
u=1 0 u=1

Therefore

k .
|’7,;E{(p;3_)k(gk_j_1)zk_j}‘ < Z Z 09<u)(9(l) < n@1@2 y

n k 7 n
=1 j=1 k=1 =1 j=1 wu=1

k=11

which ends the proof of (5.28) and then of (5.7). This ends the proof of the theorem. [

6 Proof of Theorems 3.1 and 3.2 (case ¢ > ()

Starting from the construction of the Vj  given in (3.1), we now construct a suitable
sequence (Z;);>1 of i.i.d. Gaussian random variables, centered and with variance o2. Let
Z, = c®(6,). For any L € N and any k € {1,---,2-"™()} the random variables
(Zor i (po1)2m@)s1s - - - 5 Lot ypomry) are defined in the following way. If m(L) = 0, then
Zorypomy = Vip. If m(L) > 0, then by the Skorohod lemma [27], there exists a
measurable function ¢ from Rx[0, 1] in R2""* such that, for any pair (V, §) of independent
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random variables with respective laws N(0,022™) and the uniform distribution over
[0,1], g(V,0) = (N1,..., Nymw) is a Gaussian random vector with i.i.d. components
such that V' = Ny + - - - + Nym). We then set

(ZQL+(k—1)2m(L)+17 s Z2L+k2m<L)) = Q(Vk,b 52L+(k—1)2m<b)+1) .
The so defined sequence (Z;) has the prescribed distribution.

Set S; =37 X;and T; = S/, Z;. Let D, = SUPy<or | 212 ;LZH(X Z;)|. Then,
proceeding exactly as in [23], page 394, for any N in N*
sup |Sk—Bk|§|X1—le+D0+D1++DN (61)
1<k<2N+1

It remains to bound up the random variables Dy. We first notice that the following
decomposition is valid:
Dy <Dpi+Dpa, (6.2)

where, recalling that Uy, = >, X;, we set

lGIk,L

i=inf Ik,L

k
Dpi:= sup Z UL —WL)‘ and Do := sup sup

k<aL-m(L) "= k<2L-m(L) Lely 1,

In order to bound up Dy ; and Dy, we shall use the two lemmas below.

Lemma 6.1. Assume that ), ., kO(k) < oo. Then there exists a positive constant C
such that, for any integer m(L) in [0, L],
IDLal3 < C257EN (14> " k(k A 2™ E2)0(k)) | (6.3)
k>1
Lemma 6.2. Assume that ), -, k0(k) < oo. Then there exist positive constants c and
C' such that, for any positive X and any integer m(L) in [0, L],
P(Dpa > 2)\) < C2 exp(—27"HIN /) + C2PAH(1+ ) k(kANO(K)) . (6.4)
k>1
Proof of Lemma 6.1. Forany ¢ € {1,--- ,QL_m(L)}, let ﬁZ,L = U£7L_]E2L+(g_1)2m(L)(U(’L).
Then ([7@ L)e>1 1s a strictly stationary sequence of martingale differences adapted to the
filtration (Fyr, gom(r))r>1. Notice first that
k

k
sup ZUM—WL)H+] sup | S (Oer — V)|

]<:<2L m(L) —1 kSQL—m(L) —1

IDralle < |

Let us deal with the first term on right hand. Proceeding as in the proof of Lemma 4.12
in [23], we have

oL—m(L)

k
S (e~ vin)||, < 16 Z |Uez — Vi3
/=1

H sup
k‘SQwan(L)
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By using Theorem 2.1(b) in [14], it follows that

|

We deal now with the second term in the right hand side of (6.5). Using Proposition 1
in [15], we obtain that

k
sup Z (Uor — Vir) \H <2 (14 3T k(k A 2P0 (6.6)
E>1

k<2L—m(L) —1

k ~ 9 9L—m(L)
| s SO - U] <4 Y Bt (Urn) 3
k<abom@) Loy 2 k=1
oL—m(L)_q1 oL—m(L)
‘|‘8 Z “E2L+(k_1)2m(L)<Uk7L)( Z E2L+(k_1)2m(L)(UiyL)) Hl . (67)
k=1 i=k+1
Stationarity leads to
om(L) 4 om(L)
By oy (U153 = [Bo(Spma) 15 <2 D D EIXE(Xi)| <2 ) if(i) < 1.
i=1 j=1 =
Consequently,
9L—m(L)
> B ronyoma Uk p)lf3 < 2870 (6.8)
k=1

We now bound up the second term in the right hand side of (6.7). Stationarity yields

oL—m(L) om(L) 2L _(f—1)2m(L)
HE2L+1~: 1)2m<L) UkL ( Z E2L+k 12m<L) Ui >H Z Z ]E’XJEO(XM-
i=k+1 j=2m(L)
Therefore
oL—m(L)_1 oL—m(L) oL
Z HE2L+ k— 1)2m<L) UkL ( Z E2L+ k—1 2m<L)(UzL)>H1 < 2k Z 29(1)
k=1 i=k+1 j=2m(L) 41
(6.9)
Starting from (6.7) and considering the bounds (6.8) and (6.9), we get that
k
| s Z Oor — e[, < 2278, (6.10)
k<al—m(L) 17,7

Starting from (6.5) and considering the bounds (6.6) and (6.10), we then get (6.3), which
ends the proof of Lemma 6.1. n

Proof of Lemma 6.2. It follows the lines of the proof of [23, Lemma 4.1] with the
difference that Theorem 2.1 is used instead of [23, Proposition A.2]. ]

End of the proof of Theorem 3.1. Let us start by proving Item (i). In case p €]2, 3|
with the condition §(k) = O(k'~?) and in case p = 3 with the condition _,_, k0(k) < co
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the result can be proved exactly as in [23] (indeed, in the bounded case, these authors
could have used the coefficient #(k) instead of their coefficient as x(k)). Now, we turn
to the case p €]3,4]. Note that under the condition (k) = O(k'P) if p €]3,4[ and
> o K2O(k) < oo if p =4,

> k(k ANO(k) < C(L+X7P). (6.11)

k>1

Therefore, by Lemma 6.2, simple computations lead to

E(D7,) =2 / 2P(Dps > x)de < C(L2™") + 228/7) | (6.12)
0
and, by Lemma 6.1,
E(D},) < C2R20-#/Amt), (6.13)
Choosing
m(L) = [2(L — log, L)/p] so that 27 1+2L/p=2/p < gm(L) < 92L/p[=2/p (6.14)

for the construction of the Gaussian sequence, Item (i) follows (above square brackets
designate as usual the integer part and log,(x) = (logx)/(log2)).

We turn now to Item (ii). Let us complete the proof when p = 4, meaning that
0(k) = O(k=3). In this case,

> k(k ANB(k) < C(1+1ogA), (6.15)

k>1
for any A > 1, and then the term 22%/P appearing in (6.12) has to be replaced by
(1+m(L))2™") and the right-hand side of (6.13) will be C'L2X~™(), Choosing m(L) =
[L/2] completes the proof. Finally, the case p = 3 with the condition §(k) = O(k~?) can
be handled similarly by taking into account Lemmas 4.2 and 4.1 in [23] instead of our
Lemmas 6.1 and 6.2.

End of the proof of Theorem 3.2. In case p €]2,3[ and >,k 20(k) < oo the
result can be proved exactly as in Theorem 2.1 Item la) in [23] (using the coefficient
(k) instead of their coefficient ayx(k)). Similarly, in case p €]2,3[ and (k) = O(k'~?)
orp=3and ), ,kO(k) < oo, the result can be proved exactly as in Theorem 2.1 Item
1b) in [23] (with (k) instead of as x(k)).

Let us now complete the proof of Item (i) when p €]3,4[ and Y, k*720(k) < oo.

In this case we select m(L) as in (6.14) and set
A = k22T (6.16)
with kK = v/2clog 2 where c is the positive constant of Lemma 6.2. For this choice,

D 2Fexp(=Aj27m ) je) =Y " 2M P < oo and »28A* < oo, (6.17)

L>0 L>0 L>0
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In addition, using the fact that >, ., k(k A (aX))0(k) < a) oy k(k A N)O(k), for any
a > 1 and any positive A, we get, since Y, k*20(k) < oo,

D 2PN Tk AN)O(R) < 2RLVPAD k(A2 HP)0(k) < oo

L>0 E>1 L>0 E>1

Therefore Lemma 6.2 entails that ZL>0 P(Dro > 2)A) < oo implying, via the Borel-

Cantelli lemma, that
Dpo = OQMPLY271/P) g, (6.18)

On another hand, from (6.3) together with the Markov inequality,

Y P(Dpy = A) <CY 2PL727 N (ke A 27 H2)6(k) < oo,

L>0 L>0 k>1

since Y, kP 20(k) < oo. Hence, by the Borel-Cantelli lemma,
Dy = O@2MPLV21P) o, (6.19)

Finally Item (i) when p €]3, 4] follows from (6.1), (6.2), (6.18) and (6.19).

We complete now the proof of Item (ii) when p €]3,4[ and 6(k) = O(k'~P) or when
p=4and ), k*0(k) < co. In these cases we select m(L) as follows: let &€ > 0 and set

m(L) = [2(L + elog, L) /p] so that 271 T2L/p2e/p < omll) < 92L/p 2/p (6.20)

We still define Az, by (6.16). For this choice of Az, the convergences in (6.17) still hold. In
addition, taking into account (6.11), for any p €3, 4], under the conditions on (0(k))x=o,

we get

D 2PN k(R AA)O(R) < C Y 2PN P < oo, (6.21)

L>0 k>1 L>0
Therefore Lemma 6.2 entails that >, P(Dro > 2X;) < oo implying, via the Borel-

Cantelli lemma, that
Dro=O0(\) = O(2F/PLY2e/P) a5, (6.22)
On another hand, from (6.3) and (6.11) together with the Markov inequality,

> P(Dpy = M) <C Y (2FLT27 ) Ee2) < oo (6.23)

L>0 L>0

Hence, by the Borel-Cantelli lemma,
D1 =0(\) = O2F/PLY2e/p) a5, (6.24)
Finally Item (ii) when p €]3, 4] follows from (6.1), (6.2), (6.22) and (6.24).

21



We turn now to the proof of Item (iii). When p = 4, meaning that 6(k) = O(k~?),
instead of (6.11), we use (6.15). We still select Ay, by (6.16) but with the following choice
of m(L): for e > 0

m(L) = [2(L + (1 +¢)log, L)/p] so that 271 H2E/pp20+e)/p < omlL) < 92L/p p2(1+e)/p
(6.25)
The computations (6.21) and (6.23) are then replaced by the following ones:

Z Zk2/\k¢)\L <CZ_IOg)‘L7ZPDL1>)‘L <022m[£L

L>0 L k>0 L>0 L>0 L>0

Note that the above upper bounds are finite for these selections of m(L) and Ay. The
rest of the proof is unchanged compared to the previous cases.

It remains to prove Item (iii) when p = 3, meaning that 6(k) = O(k™2). The
differences with the case p = 4 are that [23, Lemma 4.1] is used instead of our Lemma
6.1 and ||Dp 4|2 < C2F=™(1)/2m(L). This upper bound on || Dy, 1]|2 comes from a slight
modification of the proof of 23, Lemma 4.2], taking into account that >, (EAN)E(k) <
C(1+logA) for any A > 1. In addition, m(L) is selected by (6.25) with ;9 = 3. O

7 The degenerate case

In all this section, we shall denote 0x ;1(k) by (k) for all k € N.

Proposition 7.1. Assume that || Xol|ee < M < 00 and ) ;. 0(k) < oo. Suppose in
addition that o* = 0. Then, for any q > 1,

E(|S,]7) < q(2M)* ) (k+1)70(k) .
k>0
Theorem 7.1. Let p > 2 and S} = maxj<g<n |Sk|. Assume that || Xo|lw < oo and
0(k) = O(k'"P). Suppose in addition that c* = 0. Then, for any r € [1,p[, ||Sk|. =
O(n'/P).

Remark 7.1. Since for any increasing sequence (bp)n>1, 2,007 P(SE > b,) < 0
implies that S, = o(b,) almost surely, it follows that, under the assumptions of the

theorem, S,, = o(n'/?(logn)**/P) almost surely for any & > 0.

Theorem 7.2. Let p > 2 and S} = maxi<k<n |Sk|. Assume that || Xp|lee < 00 and
> ksolk +1)P720(k) < oo. Suppose in addition that 0> = 0. Then, for any o €]0,1[ and
any € >0, Y, nP?P(Sk > en®) < co. Consequently S, = o(n'/?) almost surely.

Proof of Proposition 7.1 . We start the proof with the following lemma.
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Lemma 7.1. Assume that X, € L2,
(a) Eo(S,) converges in L',
(b) lim, o E(Xo(Xo +2S,)) =
(c¢) limsupy_,.. limsup,,_,. E(E_n(X()(Xo+2S,)) <0
Then, for any integer i, X; = g;_1 — g; almost surely where g; = ZkZi—i—l E;(Xy).

Proof of Lemma 7.1. Let N be a fixed positive integer. Set d; y = iv:—o1 Pi(Xyyi)
where P, = E; — E;_;. Define also g, v = Zivzl E;(Xg+i) and Yy = E;(Xn44). With

these notations, the following decomposition is valid:
Xi=din + gi-1,N — gin T Yin. (7.1)

Since N is fixed, all the random variables in the above decomposition are in 2. Moreover,

from the fact that (d; v)icz is a stationary sequence of martingale differences,

Idoxlly < lido.v 2 < i supn =2 ZML (7.2)

=1

Next, from (7.1), >0 din = S + guN — GoN — 21y Yin, which implies that

nT2Y ]y < 0TSl 4 20 P lgowlle + 7D Vi),

=1 =1

Now, by item (b), lim,, . n~2||S,||2 = 0. Hence
limsup /2 Zl i, < Hmsupn™ ] 3 Vi, (73)

Next, by stationarity and the properties of the conditional expectation, we infer that

13 vl = ZE W) (X0 +253).

Now Item (c) combined with the Cesaro Lemma entails that

lim hmsupn 1|| ZY;N”Q . (7.4)

N—=oo p

Taking into account (7.2)-(7.4), we derive that d; y converges to 0 in L' as N tends to
oo. Therefore the lemma follows by taking into account the decomposition (7.1) and

noting that, by item (a), g; y converges to g; in L' and Y; 5 converges to 0 in L!. [
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We now prove Proposition 7.1. We start by noticing that Y, ., (k) < co and 0% =0
imply items (a), (b) and (c) of Lemma 7.1. More precisely, to f)rove item (c), starting
from Inequality (4.7) in [26], we obtain that |E(E_y(Xo)Xy)| < MO(k + N), implying
that |E(E_y(Xo)(Xo + 25,))| < 2M > sy 0(0). So, overall, under the conditions of
Theorem 7.1,

Sp = g0 — gn in L where g = > E(Xppm|Fm) - (7.5)
k>0

Now, let ¢ > 1 and r in |1, +o0| be the conjugate exponent, that is 1/¢ + 1/r = 1.

Note first that, by the Riesz-Fisher theorem, ||goll, = sup {E(9oZ) : Z € L,}, where
L, is the class of nonnegative random variables Z such that ||Z||, = 1. But, by [8,

Proposition 1],

E(goZ)| <) |E(ZX) |<MZ/

k>0 k>0
where Q7 is the generalized inverse of t — P(Z > t) and 6" (u) = >_,- Lu<a). There-
fore, by Holder’s inequality,

IE(g02)| < M(/O1 (9—1(u))qdu>1/q.

Hence, using the coboundary decomposition (7.5) and the stationarity of (g,,)mez,

! 1/q
1,0 < 2lanll < 280 [ (07 ) aw) ™.

Now, by inequality (C.5), page 184, in [26], fol (071 (w) du < g3 4so(k+1)2710(k). O
Proof of Theorem 7.1. Let ¢ = max(1,7(p — 1)/p). We apply inequality (5.1) with
¢(x) = 29, Since Y, k7 '0(k) < oo, Proposition 7.1 ensures that ||.S,||; < 1. There-

fore, for any x > 0,

0(k)

Qy(u)du < M / Qz(u)du,

P(S; > z) < 7%+ min(1,nz?). (7.6)
Next, since S < nM, [|SH|. = r OM:UT’IIP’(S;; > z)dx. Hence, applying (7.6) and
taking into account the selection of ¢, we get

nM nl/p
||S:;||:<</ :Er_l_quﬂL/
0 0

Proof of Theorem 7.2 . We start from inequality (5.1) applied with p(z) = 2P~!. By
Proposition 7.1, E(¢(S,)) < 1. Therefore

P(S; > 4en®) < (en®)"P 4+ n' =% 7'6([en"]).

Ay n/ 2 Pde < 0’/ O

1/p

Hence

Z n*7?P(Sk > 4en®) < e' 7P Z ne 2 4 g1 Z n®P=H=19([en®]) .
n>0 n>0 n>1

The first series converges if @ < 1 and the second one also converges as soon as
> ko kP 720(k) < co. This ends the proof of the theorem. O
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