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We introduce a semidefinite program-
ming algorithm to find the minimal quan-
tum Fisher information compatible with
an arbitrary dataset of mean values. This
certification task allows one to quantify the
resource content of a quantum system for
metrology applications without complete
knowledge of the quantum state. We im-
plement the algorithm to study quantum
spin ensembles. We first focus on Dicke
states, where our findings challenge and
complement previous results in the liter-
ature. We then investigate states gener-
ated during the one-axis twisting dynam-
ics, where in particular we find that the
metrological power of the so-called multi-
headed cat states can be certified using
simple collective spin observables, such as
fourth-order moments for small systems,
and parity measurements for arbitrary sys-
tem sizes.

1 Introduction

Quantum states of multipartite systems may rep-
resent useful resources for specific quantum tech-
nology applications [14]. It is therefore a central
task for quantum information science to provide
robust and reliable protocols to estimate the re-
source content of a quantum state p prepared in
a given device. In several situations, the quan-
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tum advantage is a genuine quantum many-body
effect, such as in quantum computing [37], quan-
tum simulation [3, 17, 29] or quantum metrology
[34]. Hence, in the context of quantum certifica-
tion — namely, the task of estimating the resource
content of a given experimental preparation —, a
pervasive challenge is that of scalability. Given
that quantum state tomography quickly becomes
unfeasible for systems of increasing size, this chal-
lenge signifies that one must base the certifica-
tion protocols on partial information, typically
the knowledge of a few mean values of collec-
tive observables. A certification algorithm then
represents a conservative approach, which quan-
tifies the minimal resource content over all quan-
tum states compatible with the available par-
tial information. A key property of all quan-
tum resource quantifiers is that they are con-
vex functions f(p) of the quantum state; namely,
a quantum resource [11]|, be it quantum coher-
ence [43], thermodynamic resources [24], quan-
tum entanglement [23], Einstein-Podolski-Rosen
steering [46], Bell non-locality [10, 40], etc., can-
not be produced (nor amplified) by mere statis-
tical mixing of different preparations. Convexity
turns out to be a key technical property for prac-
tical certification algorithms, as imposing com-
patibility of the quantum state with a given set
of mean values — namely, linear constraints of the
form Tr(Dgp) = (D,) for a =1,..., K where D,
are some observables forming the available data
—, maintains the convexity of f. Therefore, the
conservative estimate of the resource content of p
compatible with the data can be cast altogether
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as a convex optimization algorithm, hence pre-
senting a unique and well-defined optimum.

In this work, we focus on estimating the quan-
tum Fisher information (QFI) associated to uni-
tary transformations of p 7, 9]. The QFI quan-
tifies the usefulness of the state for quantum
metrology (namely, the task of measuring small
parameters, such as magnetic fields or gravita-
tional fields, beyond the capabilities of classical
systems of the same size) [34]. While previous
works have achieved significant progress in this
respect |5, 18], no existing approach fully exploits
the convexity of the QFI to achieve an unbiased
and certified estimate of the QFI given a set of
mean values. In the present paper, exploiting the
link of the QFI with the Uhlmann fidelity, we
develop a semi-definite programming (SDP) al-
gorithm to solve this problem. SDP represents a
well-studied special class of convex optimization
problems, for which efficient numerical routines
are available [41]. We apply our new approach to
several problems of relevance to quantum metrol-
ogy, such as Dicke states [34, 52]. We then ex-
plore the metrological resource produced during
the out-of-equilibrium dynamics of the celebrated
one-axis-twisting dynamics (OAT) [26]. In this
case, we obtain the unexpected result that few-
particle multi-headed cat states and their metro-
logical power can be fully assessed by low-order
moments of collective spin operators. We also
find that Heisenberg-scaling metrological power
can be optimally exploited by parity measure-
ments throughout the OAT evolution. We fi-
nally illustrate our approach in small quantum
spin chains with nearest-neighbour interactions.

2 Semidefinite programming solution

Quantum Fisher information.— In the context of
quantum interferometry, the QFI evaluates the
sensitivity of the state p to unitary transforma-
tions of the form p(#) = eC peTC (linear en-
coding of the phase ) [34]. Here, G is the observ-
able generating the unitary transformation. In
the specific case of magnetometry, for instance, G
is some component of the magnetic moment of the
system, and # would incorporate both the time of
evolution and the strength of the magnetic field.
Via the quantum Cramér-Rao bound [13, 20, 38],

the QFI (Fg[p,G]) quantifies the ultimate sen-
sitivity that can be achieved on the estimation

of # by making measurements on the state p(6),
namely [34]:

AO)? 1
o2, > LD =z L
(06(0)) Folp, ]
Here, (Af)2, is the variance of the estimator

of the phase 0, and O is some observable whose
mean value (O) = Tr[Op(0)] changes with 6 as
99(0) = i([G,0)), and (AO)? = (0?) — (0)? is
the variance of O. We denote by =0 the sensitiv-
ity of the observable O in the phase estimation
task. The Cramér-Rao bound [Eq. (1)] is valid

for arbitrary observables O.

Statement of the certification problem.— The
problem we aim at solving is to certify the mini-
mal QFI compatible with a set of K expectation
values (D) = (1, (D1), (Dy), ..., (Dg)) (thereafter
called data):

where p is a quantum state acting in a Hilbert
space H of a given dimension (namely: a Hermi-
tian, semidefinite positive, unit-trace operator;
note that we implement the unit-trace constraint
with Dy = ). As mentioned in the introduction,
this problem is well-posed since the QFI is
a convex function of the state and the linear
constraints corresponding to the data maintain
the convexity property.

QFI and Uhlmann fidelity.— The QFI can be re-
lated to a geometric notion of distance between
the infinitesimally displaced states p+ = p(4060),
namely [39, 53]

F(ps:p-) =1 = Folp, G1(36)> + O[(36)"] , (3)

with /F(p,6) = Tr {\/\/ﬁ&\/ﬁ] the Uhlmann

fidelity. Importantly, if p is a pure state, then
the QFI reduces to (four times) the variance of
G Follo)l, Gl = A[(BIC216) — (WIGI)?) =
4(AG)|21/)>. As per Eq. (3), up to fourth-order cor-
rections in §6, minimizing the QFI is equivalent
to maximizing the fidelity between the states
p(£60) given the constraints Tr(Dp) = (D).

SDP solution to the certification problem.— To
arrive at our practical algorithm, we use the
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fact that the fidelity can be computed as a
semidefinite-program (SDP) [41, 47|,

VF(p,6) = max ; Re{Tr(ﬁ)}

p LT @)
RO I -
S (L 6) =0

Furthermore, it is straightforward to impose com-
patibility of the state with the data in the SDP
formulation, yielding the final SDP algorithm (for
a given fixed and sufficiently small §6):

vV Fmax = max j Re{Tr(IAJ)}

The SDP algorithm delivers both the max-
imal fidelity and an optimal quantum
state p*, whose QFI is evaluated either as
Fglp*,G] = (1 — Fmax)/66% + 0(56%), or directly
using the optimal state p*. In Appendix A.1, we
further discuss the accuracy of this certificate for
small yet finite §6.

Alternative SDP algorithm.— We propose an al-
ternative SDP formulation to solve our central
problem Eq. (2). The starting point is the defi-
nition of the inverse QFI as the minimal variance
of a locally unbiased observable O [21, 54:

Fol[p,G)™' = miny_p; Tl"(ﬁéz)A A
.t Tr (i[p, G1O) =1
Tr ﬁé) =0

Here, the operator O can be decomposed as
O = ¥, 0(i) i) (i|, where {|i)} is the measure-
ment basis and (i) is the value of the estimator
of 6 associated with the i-th measurement out-
come. The maximum of Eq. (6) over all states
p compatible with a given set of expectation
values (D) is equal to the inverse of the solution
to problem Eq. (2). The minimization over 0,
Eq. (6), can be reformulated as a maximization
problem using the strong duality theorem for
SDP. Finally, the resulting double maximization
problem (over p and over variables dual to O)
can be recasted as a single SDP—see Appendix
A for the derivation and exact formulation of this
SDP, and for the comparison with the fidelity

based approach.

Exploiting the metrological usefulness.— After
obtaning the minimal QFI for fixed arbitrary
data D, one may ask how to operationally
exploit the corresponding metrological resource.
In other words, one aims at finding an explicit
observable O with sensitivity 552 as close as
possible to the QFI. From the optimal state
p*, such observable can be provided with the
certificate. ~ This privileged observable corre-
sponds to the symmetric logarithmic derivative
(SLD) [33] S which is derived from the relation
i[é,ﬁ*] = {S*,ﬁ*}/z For pure states, p* =
|UNT|, § = 21[@,|\AII)<A\IJ|] For this observable,
Es” = 0p(S) = (i[G,8]) = (5%) = Fqlp*.G] is
verified. Notice, however, that in practice the
SLD observable might be impractical to measure,
and the practical optimal observable must be
found on a case-by-case basis [18].

Taking advantage of symmetries.— While being
a convex-optimization algorithm, the SDP of
Eq. (5) involves the complete density matrix p
as a variable of the problem, and hence is hardly
scalable beyond about N = 10 qubits. However,
in several cases of practical interest, both the
generator G and the observables D respect
elementary such as translation
invariance, or even invariance under permutation
of the elementary degrees of freedom. Such
symmetries can be accommodated in the SDP
by splitting the optimization into different
symmetry sectors, which yields a more scalable
algorithm. As further discussed in Appendix
B, if both the observables D and the generator
G obey a certain symmetry, it is sufficient to
optimize over symmetric states of the form
p = @70, where p¢) is a (non-normalized)
quantum state acting on the symmetry sector
J (with Tr[6(”)] the probability to find the
system in the symmetry sector J). In essence,
taking advantage of the symmetries allows one
to block-diagonalize the problem with respect
to the symmetry sectors, whose dimensions are
typically much smaller than the complete many-
body Hilbert space, yielding an SDP algorithm
with a more favorable scaling (see Appendix B
for a specific example on permutation invariance).

symmetries,

Alternative approaches.— The central problem
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Eq. (2) has appeared in different contexts
throughout the literature. In Appendix C, we
give a concise review of past efforts to solve it
and discuss its comparison to the algorithms
proposed here.

Beyond unitary evolutions.— In this paper,
we focus on situations where the metrological
protocol consists in a unitary evolution of the
probe: p(0) = e % pet9¢  However, the SDP
of Eq. (5) can be extended to a generic (namely:
non-unitary) parameter encoding operation by
defining p1(0) = p(0) £+ 60L[p(6)], where L is the
corresponding Lindbladian, dgp(0) = L[p(6)].
This can be used to incorporate noise and other
imperfections of the metrological task [28], or
to model more general open-system dynamics.
Notice that in this case, the QFI becomes
f-dependent.

In the remainder of the paper, we illustrate our
approach by providing the certified metrological
usefulness in several classes of states of experi-
mental relevance. We focus on states of an ensem-
ble of N quantum spin-1/2 particles. In Section
3, we consider Dicke states, which in contrast to
spin-squeezed states have a vanishing mean spin.
In Section 4, we then consider the family of states
generated during the so-called one-axis twisting
dynamics [26] using collective spin observables of
increasing orders.

3 Metrological usefulness of unpolar-
ized states

In this section, we focus on unpolarized states,

A

namely states of vanishing mean spin: (J) = 0
with § = 2V, 8@ and §® = (s, 8{, i)
individual spin-1/2 operators. Such unpolarized
states may offer a metrological advantage,
the most prominent example being balanced
Dicke states, such that (J2) = (N/2)(N/2 + 1)
(maximal total spin) and (J2) = 0 (eigenstate
of the collective spin along x with eigenvalue
0) [22]. The balanced Dicke state displays
an exquisite sensitivity to rotations around
any axis in the yz plane, with QFI given by
Folp, J.] = 4(J2) = N(N/2 4 1). To exploit this
sensitivity, a possible approach is to measure
(J2)(9), allowing one to reach the sensitivity
bound of the QFI [4, 25, 30, 55]. In this protocol,

one needs to estimate the variance of j%, and
hence to access fourth-order moments of the
collective spin. Here, we are instead interested
in quantifying the metrological usefulness of
unpolarized states using only second moments of
collective spins. Our motivation for doing so is
that in an experiment, it is impossible to prepare
the balanced Dicke state with unit fidelity, and
it is natural to certify the QFI using only the
knowledge of (J2), (JE), (J2) .

Case (J2) = 0.— In particular, for (J2) = 0, as we
prove in Appendix D, the QFI with respect to
the generator Jy,, is equal to 4<jr2u), where n
is any direction in the yz plane. The constraint
(J?) = 0 implies that any state compatible
with it is an eigenstate of J, and therefore
it is rotationally invariant around the =z axis.
Consequently, <j§> = (J?) = (J%)/2. Hence,
such observation extends the property of the
balanced Dicke state (which is a pure state of
maximal total spin (J2) = (N/2)(N/2 + 1)) to
general mixed states with arbitrary total spin.

Case (J2) > 0.— We then investigate the effect
of a finite but small nonzero value of (J2) on
the QFI of J.. In Appendix E, we study the
minimal Fg(J,) compatible with a given (J2)
and a given total spin (J?) ~ N2. Our main
conclusion is that for (J2) > 1/4, the Heisenberg
scaling FQ(jZ) ~ N?2 is lost. This result suggests
that certifying the metrological power of Dicke-
like states requires knowledge beyond second
moments.

Questioning the Dicke squeezing parameter.—
Here we question the validity of a proposed pa-
rameter to estimate the metrological usefulness
of unpolarized states, namely the so-called Dicke
squeezing parameter introduced in Ref. [52]:

(Jy +J2)
(2(J2) +1/2)

(2p)~" = N (7)

This parameter was observed numerically to
quantify the metrological usefulness of a specific
class of states (namely: superpositions of Dicke
states close to the balanced Dicke state), but
to our knowledge, no proof of the general rele-
vance of the Dicke squeezing parameter has been
given in the literature. Note that, as per the
previous observation, for (J2) = 0 one has that
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QFIjZ/N = (2¢p)~!. Our approach allows us to
provide a rigorous lower bound to the QFI, as
opposed to £p which only provides a conjectured
lower bound based on numerical observations. In
Figure 1, we compare (2p)~! with the minimum
QFI of J, compatible with a reduced total spin of
(J2) = 0.7(N/2)(N/2 + 1) as a function of (J2).

6 \‘ -== (2&p)7!
) SDP bound
541
\
al \N
= N\
= AN
52\ .
21 Iy
4 N T
0_
0.00 025 050 075 1.00 125 1.50 175 2.00

2

Figure 1: For each value of (.J2) we obtain the mini-
mum QFI compatible with (.J,) = 0, (J2), (J2 + J2) =
0.7(N/2)(N/2 + 1) — (J2), and N = 16 (solid orange
line). We compare it with the Dicke squeezing parame-
ter [Eq. (7)] (dashed blue line).

We find that the Dicke squeezing parameter
[Eq. (7)] only captures the metrological useful-
ness for very small values of <JE>, but in general it
largely overestimates the QFT of the state. There-
fore, the main outcome of this study is that this
parameter cannot be used as a faithful estimate
of the metrological usefulness of the system with-
out further assumptions. Notice though that in
Ref. [4], a proper squeezing parameter tailored to
Dicke states has been derived, which constitutes
a valid lower bound of the QFI, and allows one
to strongly improve the estimation of the metro-
logical usefulness of the state. However, this cri-
terion involves fourth moments of the collective
spin, while our goal here was to include data up
to the second moments only. It would be interest-
ing in a future work to investigate the tightness of
the squeezing parameter of Ref. [4] by including
fourth-order moments in our SDP algorithm.

4 Metrological usefulness of one-axis
twisting-generated states

In this section we further apply our certification
algorithm by considering data produced during

the one-axis twisting (OAT) dynamics starting
from a state polarized along the x axis [26]:

(1) = 19 =n/2,6=0) ,  (8)

where 10, 8) = [cos(8/2) [1) + ¢ sin(8/2) [1)]°N
is a coherent spin state (CSS) of length J = N/2,
with (60, ¢) the usual polar and azimuthal angles.

The OAT protocol has been widely investigated
both theoretically and experimentally to prepare
metrologically useful entangled many-body
states in atomic ensembles [34]. Its realization
in different regimes of structured systems such
as optical lattices has also been explored in
the context of cold-atom and Rydberg-atom
quantum simulators [8, 12, 15, 35, 36, 50]. The
OAT dynamics generates spin squeezing at short
times ¢ < 1/v/N , with strength §§2 ~ N3/2. At
longer times, the mean spin (.J,) vanishes and
quantum correlations are not simply reflected in
spin squeezing. While the theoretical metrologi-
cal usefulness continues to increase with time, it
becomes more demanding to certify or exploit it,
as the correlations are spread in higher moments
of the collective spin fluctuations. In particular,
at times t = 7/q, the state is a so-called g-headed
cat state (MHCS), namely an equal-weight su-
perposition of ¢ CSS in the zy plane (6 = 7/2) at
angles ¢, = 2rm/q form € {0,1,..,q—1} [1, 42].
This includes, for t = 7/2, the conventional cat
state (with two heads) marking half of the total
period of the dynamics. Before discussing the
metrological usefulness of MHCS, and more gen-
eral states generated during the OAT dynamics,
we briefly review the case of spin-squeezed states.

Spin-squeezed states.— Spin-squeezed states rep-
resent the most widely studied class of many-
body spin states useful for metrology, and are
generated at short time in the OAT dynamics.
Those states have a nonzero mean spin (J) =
(Ju) # 0 (with n the direction of the mean spin)
and a reduced variance for a Aspin component
transverse to the mean spin (J2 ) < (Jn)?/N
(with n orthogonal to n) [49]. For simplicity, let
us assume that the mean spin is along « (as is the
case in the OAT dynamics), and that the mini-
mal variance orthogonal to x is along s (squeezing
axis). The QFTI for rotations around as = s X
(antisqueezed axis) is lower-bounded by the spin
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squeezing parameter [34]:

It is natural to investigate the tightness of this
bound, namely, to find the minimal Fg[p, jas]
compatible with given (J,) and (J2).  This
question has been investigated previously in
Ref. [5] (see Appendix C for a discussion of the
algorithm used in this paper), and the bound
is known to be tight except for data points at
the boundary of the feasible set (namely, the set
of values for (J,), (J2) for which there exists
a quantum state compatible with them), where
the bound is tight within ~ 2% accuracy.

In the remainder of this section, we will use
expectation values as produced during the OAT
dynamics [Eq. (8)] to derive, using our SDP
algorithm, the sensitivity bound to collective
spin rotations. We will compare our obtained
bounds with well-known lower bounds of the
QFI, such as spin squeezing |[Eq. (9)], or non-
linear generalizations thereof [18].

Second moments.— We start by taking the first
and second moments of collective spin observables
as input data to our algorithm, namely (J,), and
Re{(J,Jy)} for a,b € {z,y,2}. Note that since
(J2) = (N/2)(N/2 +1) is given explicitly by the
data, it is sufficient to optimize over the totally
symmetric sector whose dimension is N + 1, in-
stead of the complete Hilbert space of dimension
2N Such expectation values contain also implic-
itly the spin squeezing bound of Eq. (9), where
the squeezed component J, is used to sense rota-
tions generated by G = J,s. At short times, the
orientations {s, as} are contained in the yz plane
(orthogonal to the mean spin, which is along z)
and depend on time. At longer times, the state
wraps around the Bloch sphere and becomes un-
polarized. In this case, we use as a generator
G= jy. Minimizing the QFI with respect to the
generator G allows us to compare both our SDP
bound and the spin-squeezing bound. The result
is displayed in Figure 2.

The results presented in Figure 2 lead us to
several important observations. First, there is a
gap between our bound and the spin squeezing
parameter, demonstrating that using the same
second moments as used to build the optimal

3.5 SDP bound
3.01 /4 \\ ---Spin squeezing

0.0 01 02 03 0.4 05

Figure 2: Evolution of the metrological bounds from sec-
ond moments of the collective spin during OAT dynam-
ics for N = 10 particles. From bottom to top: in blue
(dashed) conventional spin squeezing parameter and in
orange (solid line), the SDP bound based on the same
data. We also depict horizontal lines at QFI = 0 and
QFI = N to represent no metrological usefulness and
the coherent state limit respectively.

spin-squeezing parameter, one can in fact cer-
tify more metrological usefulness than predicted
by the same squeezing parameter. As a matter
of fact, adding to the data the second moment
along the mean spin ((J2)) in addition to the
mean spin itself ((.J,)) and to the squeezed sec-
ond moment ((J2)) is already sufficient to open
this gap between the spin squeezing parameter
and the SDP bound, and gives the same QFI
lower-bound as using the full correlation matrix
of the collective spin. We note that an illustra-
tive special case is at t = 7/2. At this time, a
cat (GHZ) state is created |GHZ) = (|7/2,0) +
¢©|w/2,7))/v/2. As it has a vanishing mean
spin, its spin squeezing bound is zero. It fea-
tures (J2) = N?/4,(J2) = (J?) = N/4, which
implies that it exhibits maximal QFI with respect
to rotations generated by J, Fgl|GHZ) , jx] =
4(AJ,)? = N2, However, using only second mo-
ments it is not possible to certify this metrological
usefulness, as they are always compatible with a
state invariant under rotations around z such as
a statistical mixture of two coherent spin states
(GHZ] = (|7/2,0)7/2,0| + |r/2,7) 7 /2,7|)/2.
Nonetheless, one can certify the metrological use-
fulness of rotations around y (or z), for which
Fg[[GHZ], J,] = N, which is equivalent to consid-
ering rotations of a coherent spin state polarized
along +x. Finally, we notice that more generally,
at all times at which the mean spin is zero, our
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SDP algorithm certifies metrological usefulness
for rotations around y with a QFI lower bound
~ N (see Appendix F for details).

In order to further reveal the metrological
usefulness of non-spin-squeezed states beyond
the small QFI lower-bound reported in Figure 2,
it is necessary to consider data involving higher
moments of the collective spin.

Fourth moments.— We then add to our SDP
algorithm the information on third and fourth
moments: Re{(J,JyJe)}, Re{(JoJpJetq)} for
a,b,c,d € {x,y,z}, in addition to the data con-
sidered in Figure 2. We emphasize that in Ref.
[18], a method is proposed to incorporate sys-
tematically such quantities in generalized squeez-
ing bounds, quantifying the optimal sensitivity
to collective spin rotations for all observables in
the span of the data operators. Namely, if the
data include mean values of the form {(Og)}, =
(O) and second moments of it {(0uOp)}ap =
(OOT)}, then Ref. [18] allows one to build the
optimal observable of the form O = v- O such
that 552 is maximal, as well as the optimal di-
rection for collective spin rotations. Here, if one
considers O up to second moments, using fourth-
order moments in D is sufficient to derive the cor-
responding bound. The details of the approach of
Ref. [18] can be found in Appendix C. Using the
said approach, we find that at short times, the
optimal generator is G = fas (as was already the
case using only up to second moments of the col-
lective spin); then until ¢ < 0.157 the optimal
generator is G = J,; then for ¢ 2 0.277 the opti-
mal generator is G = jy. We compare the non-
linear spin squeezing parameter obtained using
the method of Ref. [18] to the QFI lower-bound
obtained by our SDP, using up to fourth-order
moments, and for the same optimal generator.
Notice that in general the optimal generator as
given by Ref. [18] need not be the same as the
one for our approach. The result of the com-
parison of both sensitivity bounds for N = 10
particles is shown in Figure 3. We also plot the
QFT of the OAT state |¥(t)) with respect to G.
(Note that in Figure 3, we have added infinites-
imal noise to the quantum state which modifies
the data as (D) — (1 —p)(D) +pTr(D)/(N +1)
with p = 107%; this has a negligible effect on
the QFI of the state or the generalized squeezing
bound, and avoids singular results in the SDP

6 4 e,
72 R SRR
51 / N\
/ \
/ \
/, \\
4 4 / [
II \\
= | \
&3 / \
/ \
/ \
/ \ -
2 II \\ /, )
------ QFI OAT state \ SN
1/ SDP bound AN o N
--- quadratic squeezing Se-—a_ 7
0.0 0.1 0.2 0.3 0.4 0.5

Figure 3: Evolution of the metrological bounds from
fourth moments of the collective spin during OAT dy-
namics for NV = 10 particles. From bottom to top: in
blue (dashed) nonlinear spin squeezing parameter as in-
troduced in Ref. [18], in orange (solid line), the SDP
bound, based on the same data. The green dotted line
is 4((G?) — (G)?) and corresponds to the QFI of the
OAT-evolved state |U(¢)) of Eq. (8) with respect to the
same generator G as used to compute the other bounds.

We observe consistently that our bound
systematically improves
squeezing parameter of Ref. [18] as soon as the
non-gaussianity of the state becomes significant
(that is, at times ¢/ = 0.1). However, we notice
that in contrast to the previous case considering
only up to second-order observables, here the
gap appears to close when increasing N (see
Appendix F for a detailed discussion on the
scaling). Furthermore, a striking fact is that
close to times ¢t = m/4,7/3, where MHCS are
realized, our bound nearly saturates the full
QFTI of the state. This is remarkable, for MHCS
are highly non-gaussian states and are rather
characterized by high-order interference fringes
stemming from the coherent superpositions of
several well-separated coherent spin states, while
our bound requires using spin fluctuations only
up to order four. We observe that for the 4-
MHCS at time ¢t = /4 and for N = 2,4,6,8, 10,
our bound actually reaches the maximal QFI,
namely N(N + 1)/2. This result stems from the
unexpected fact that by fixing the collective spin
fluctuations up to order four, one actually fully
specifies the state: there exists an operator W,
built as a linear combination of the data, such
that the state corresponds to its extremal eigen-
value: min, Tr(pW) = (AMHCS|W |[4AMHCS) =

over the non-linear
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)\min(W), where Apin denotes the minimum
eigenvalue of W with corresponding eigenvector
|[AMHCS). In Appendix G we outline a sys-
tematic procedure to find such operator (if it
exists). However, we observe that this result
is a finite-size effect, only valid in few-particle
systems: indeed, as the number of spins is
increased, the peaks for our lower-bound to QFI
at times t = 7/4,7/3 drop. For the 4-MHCS,
the certified QFI drops below N (coherent-state
limit) for N = 24. Regarding the 3-MHCS, the
certification drops below N already for N = 10
(see Appendix F for further details). For larger
particle numbers, higher order moments then
become necessary to certify the metrological

resource of highly non-gaussian states such as
MHCS.

Parity measurements.— As a last illustration of
our algorithm, we consider the use of parity op-
erators 11, = (—1)7**tN/2_ which are paradig-
matic operators to exploit the maximal metrolog-
ical usefulness of the cat (GHZ) state generated
at time ¢ = 7/2 in the OAT dynamics [27]. In
analogy with Eq. (9), one can construct the par-
ity squeezing parameter:

o a1

e (IT,)2 (19)

Eq =
For the GHZ state, |GHZ) = (|r/2,0) +
e® |1/2,7))/V/2, the optimal axes are a = x
and b contained in the yz plane, yielding EﬁQ
N2, which is the maximal sensitivity allowed
by quantum mechanics (the so-called Heisen-
berg limit). Such a result can be also obtained
with the approach of Ref. [18] using as opera-
tors O = {jz,jy,jz,f[x,f[y,ﬁz}, and including
their expectation values and the correlation ma-
trix <OOT> Using this approach, the optimal
generator throughout the OAT dynamics is in the
anti-squeezed direction J,s for times ¢ < 0.27m,
and then J, for longer times. As in the previous
illustrations, our proposed SDP-based algorithm
is used to find a stronger metrological sensitivity
based on the same data and with respect to such
optimal generator. In Figure 4 the corresponding
bounds are compared. There, we depict the maxi-
mal QFI associated with collective spin rotations,
that is, (four times) the largest eigenvalue of the
covariance matrix Cg, = Re{(J,Jy)} — (J)(Jp)
for a,b € {z,y,z}.

QFI/N

101 —.— Max QFI state e
v
~~~~~~ Parity (a = y) squeezing ./,"
8 SDP bound ./,/
-=-=Spin + parity (a = x) squeezing /~//
S
6 PRy
 — /
i A
44 AR
/,‘.;\ //
J o \ /
2 //f.' \\\ ///
A AN ol
\\ ‘//
S e
0.0 0.1 0.2 0.3 0.4 0.5
t/m

Figure 4: Evolution of the metrological bounds from sec-
ond moments of spin and parity measurements during
OAT dynamics for N = 10 particles. From bottom to
top: in blue (dashed) non-linear squeezing parameter de-
rived from Ref. [18] using O = {J,, jy, jz,ﬁw,f[y,ﬁz}
as measurement operators; orange curve (solid line) —
the corresponding SDP bound using the same data. In
green (dotted) parity squeezing parameter of Eq. (10)
with @ = y (generator direction) and b = = (measure-
ment direction). In red (dashed-dotted) is plotted the
maximal QFI of the OAT-generated states with respect
to collective spin rotations.

We observe that at the times where the genera-
tor is jas, our bound captures the full QFI of the
state, a strong improvement with respect to the
prediction of Ref. [18]. In particular, we verify
that it is sufficient in our algorithm to input the
data (IT,), Im{ ([T, J,s)} to saturate the full QFI
of the state. In addition, we have verified that
this QFI can be saturated using simply the par-
ity squeezing parameter introduced in Eq. (10),
with directions a = as,b = x. This simple obser-
vation highlights the possibility to use parity op-
erators to exploit the maximal sensitivity during
the whole OAT dynamics before the generation
of the GHZ state.

At longer times (¢t 2 0.277), when the opti-
mal generator as predicted by Ref. [18] is .J,, our
bound only yields a modest improvement with
respect to the non-linear squeezing parameter of
Ref. [18]. However, we notice our bound can be
drastically improved up to times ¢ < 0.357, again
saturating the full QFT of the state, by just chang-
ing the generator from J, to jy. Also in this
case, the bound is saturated by the parity squeez-
ing parameter of Eq. (10), taking as orientations
a = y,b =z (see the green dotted curve of Fig-
ure 4). Related findings on the relevance of par-
ity measurements to saturate the QFI through-
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out the evolution were reported in previous works
[19, 32|, pointing out the crucial role played by
parity conservation during the dynamics.

5 Conclusions

Certifying the resource content of a multipartite
quantum system for metrology applications is an
important task for quantum technologies. In this
work, we introduced semidefinite programming
algorithms to find the minimal sensitivity to
unitary transformation, as quantified by the
quantum Fisher information, compatible with an
arbitrary set of mean values. These algorithms
are general and improve over previous approaches
by fully exploiting the convexity of the problem.
We have shown that one can take advantage of
symmetries to drastically reduce the numerical
cost of the implementation. As illustrations,
we have focused on relevant families of states
of spin-1/2 ensembles. In the case of Dicke
states, we have shown that a so-called Dicke
squeezing parameter introduced in the past
[52] overestimates the certifiable metrological
usefulness. We have then focused on states
generated in the one-axis-twisting dynamics [26],
where we obtained several significant results.
First, we showed that using only the first and
second moments of the collective spin, one can
certify more metrological usefulness than given
by the Wineland spin squeezing parameter [49].
Including up to fourth-order moments, we made
the surprising observation that, for up to a dozen
of spins, the metrological power of so-called
multi-headed cat states can be almost optimally
certified. Finally, we found that using the sen-
sitivity of parity operators (which are N-body
correlation functions), close to the maximal QFI
of the state can be certified throughout the whole
dynamical evolution. Our results are directly
relevant to many experiments where collective
spin fluctuations are sampled and could be
used to certify the metrological resource of such
systems. Future applications of our approach
could include spatially-structured systems, such
as those studied in quantum simulators, and
Appendix H proposes a first numerical study in
this direction.

Code and data availability.— The code and data
to construct the plots are available at the follow-

ing link, https://github.com/anubhavks/SDP_
QFI_partialinfo.git.
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A Two SDP algorithms

In this appendix, we detail the main technical considerations of two SDPs solving the central problem
as formalized in Eq. (2). Firstly, for the algorithm based on maximizing fidelity as presented in the
main text, we discuss the effect of the small parameter 6. Secondly, we provide a comprehensive
derivation of the second SDP, which solves exactly the problem of Eq. (2) by maximizing the variance
of a locally unbiased estimator. Finally, we compare the performance of both algorithms in terms of
accuracy and running computational times.

A.1 Finite 40 considerations of the main-text SDP

In order to illustrate the error introduced by a finite 66 in the SDP algorithm, we consider the followmg
example: a system of N = 4 qubits, in which we bound the QFI with respect to the generator G= JZ,

imposing compatibility with the arbitrarily-chosen data: (J, 4+ 0.2J.) = 0.6078, (Jy J2) = 0.5795. As in

the main text, we denote by .J, = Sy 6¢/2 the collective spin along orientation a, with 6¢ the Pauli

matrices (a € {z,y,z}). The SDP is solved for a range of values for 66. For each Value of 00, we
compute the QFI via two methods:
1. By inverting the relation Fray = 1 — Fg[pky, G1(00)% + O(56*), the minimal QFT can be estimated
from the fidelity resulting from the SDP, Fg[pky, G] = (1 — Fmax)/(660)* (up to second-order
corrections in §6).

2. By computing the QFI directly from the optimal p3, which is itself obtained as an output of the
SDP algorithm. With the spectral decomposition of the state p = 3°, pﬁ(p), where p are the
eigenvalues and pr the projectors to the respective eigenspaces, the QFI with respect to G can be
obtained with the closed formula,

2

Folp,Gl=2 % =P

Gr® Gy 11
im0 P D) ( ) ()

By construction, this method always gives a QFI realizable by a physical quantum state.

We compare such ways to lower-bound the QFI in Figure 5, where we plot both fidelity and QFI as
a function of §6.

0.50
1.00 e — Finax — (1= Frnax)/662

1= Folpgo-0.02.J:1(66)? 0.451 FolPgo—0.00:J2]
----- 1 - Folbe. J-)(60)?

040 Folbe.Jz)
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(a) (b)

Figure 5: Fidelity (left) and QFI (right) bounds as a function of 6. In blue (solid line), the value computed from the
fidelity Fimax (SDP output). The orange dashed line corresponds to the final inferred QFI, Fg[p5,_0 02, G] = 0.2401.
The green dotted curve is deduced from the QFI of the optimal state Fg[p%,, G] for each 36 using Eq. (11).

From Figure 5 we observe that for smaller values of §6 than a certain finite 00cyitical, the fidelity
is a concave function of 6. After convergence of the SDP, this leads by means of method 1 to
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underestimation of the QFI bound. On the other hand, using method 2, a QFI value is given that it is
exactly realizable by p3,. Thus, this method provides an overestimation, generally an upper bound to
the method 1. In the limit 66 — 0, in practice 66 ~ 1072, the two methods converge yielding a tight
lower bound. Hereinafter, we will use method 2, because as shown in Figure 5b it is the tightest in the
limit of small §6.

A.2 Alternative SDP algorithm

In this section, we derive an alternative SDP algorithm computing the minimal QFI compatible with
a set of mean values. This second algorithm does not involve the fidelity, and has the advantage that
it is then no longer necessary to introduce the small parameter 6 as discussed in the previous section.
Let us start with the following optimization problem whose solution is the inverse of the QFI [21, 54] :

Folp,GI7! = ming_y Tl"(ﬁé2)A )
st. Tr(i[p,GlO) =1 . (12)
Tr ﬁé) =0

The operator O can be interpreted as an observable representing the estimator for the unknown phase
of the unitary transformation U(f) = e . It can be decomposed as O = 3, 0(i) |i) (i, where
{|#)} is the measurement basis and (i) is the value of the estimator of 6 associated with the i-th
measurement outcome. The objective function of the problem is the variance of the observable O,
while the constraints ensure local unbiasedness. The last constraint, Tr(ﬁ@) = 0, can be dropped
without affecting the result of the minimization. Indeed, any O can be decomposed as 0=al+ Oo,
where Tr(pOp) = 0, changing « does not affect the first constraint, and Tr(pO?) = Tr(pO32) + a>Tr(1)
is clearly minimal when o = 0, which implies that Tr(pO) = 0. Let us reformulate as an SDP the
former problem:
Folp, )™ = ming 5 Tr(pOs)
st. Tr(i[p,Gl0) =1

(69
o 1)~

As a consequence of the last constraint, matrices O and Og are Hermitian, and Og - 0? due to Schur’s
complement condition. Therefore, the minimum of the objective function is achieved when Oy = 02
(because p is positive-semidefinite), which means that problems Eq. (12) and Eq. (13) are equivalent.
Our task is to minimize the QFI over p satisfying certain constraints, so the inverse of the QFI must
be maximized and the problem we want to solve is:

(13)

max p ming s, Tr(pO2)
st. T (i[p,GlO) =1

To simplify the problem, we are going to change it from “max-min” to “max-max” — to achieve this, we
will use a strong duality theorem for SDPs, and change the minimization over O, Os to a maximization.
Let us start with rewriting the minimization problem of Eq. (13) into a canonical form:

min ¢ Tr(CX)
st. ®(X) =
=

X =0

A

B, (15)
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where @ is a linear, Hermitian-preserving map (notice that X and B are not necessarily of the same
dimension). The dual maximization problem, whose solution is the same as of the primal one, reads
48]

maxy _ ¢t Tr(BE)A/) R 16
st. *(Y)=<C (16)

where ®* is the adjoint map, satisfying
Tr (@(X)Y) = Tr (X (V) (17)

for all Hermitian X,Y". Let d be the dimension of p, and ® be a map from 2d x 2d to (2d+1) x (2d+1)
Hermitian matrices, defined as

. 1 (ilp, G)(Xon + X)) 0 0

¢ (X = {(?0 o)) = 0 i(Xor — X1)) Oaxa | > (18)
XOI Xll 01 01 £l><d
0 Odxd X11

O4xq 18 a d X d zero matrix, X}j are d x d blocks of X. The problem Eq. (13) is equivalent to Eq. (15)
for such @ if

A P Odxa
C = , 19
<0d><d 0d><d> (19)
and
A 1 0 0
B=10 0gxq Ogxa |- (20)
0 Ogxa laxa

Since X is constrained to be positive-semidefinite, it must also be Hermitian, which, together with
equalities X1 = X(])Ll and X1; = 1 (which follow from condition ®(X) = B) implies that X has

OOAZ ? , where O, O, are both Hermitian. Moreover, Tr (XC’) = Tr (ﬁég), and

from ®(X) = B follows that Tr (i[ﬁ, @]O) = 1, which shows that the problem Eq. (13) is indeed
equivalent to the canonical form Eq. (15) with parameters given by Eq. (18), Eq. (19), Eq. (20). Let

A

us write down the Hermitian matrix Y as

structure X =

. Yoo 3{01 yAOQ
Y=1|yn Yu Yo, (21)
Yoo Y1T2 Y29

where ffij are d x d blocks, and plug in this representation of ¥ into Eq. (17) with ® defined by Eq. (18).
After expanding both sides of Eq. (17) and comparing them, we obtain

Odxd Y11 + Syoolp, G]
o (V)= | L A 240010, &) 22
&) (—ZYH + 3Yo00[p, G Yo (22)

Moreover, Tr(BY) = ygo + Tr(Ya2), so the SDP problem dual to Eq. (13) is

Fgo[p,G]™' = max Yoo + Tr(Yas)

y007§/}117)}22 . ) R
s.t “ ﬁ . _21/11 - éyOO[ﬁa G] -0 ) (23)
Y11 = 3y00[p: Gl —Ya9 -

Yoo 1s real, and 1711, 1722 are Hermitian because Y is Hermitian. We are now almost ready to express
problem Eq. (14) as a single SDP, in which the maximization is performed also over p. The only
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problem is that variables ypp and p are multiplied in the constraint of Eq. (23). To deal with this

. . . . . Agy A
issue, let us make the following observation: when block matrix satisfies ( 00 01) > 0, then

Ao An
2? Aoy TAn
A An

matrix positivity. This observation allows us to change the constraint from Eq. (23) to

> > 0 for any real . This is a direct consequence of Schur’s complement condition for

iM — §[ygop, Gl —Yo -

where M = yogffll is an arbitrary Hermitian matrix, which will be our new independent variable
(notice that neither Yi; nor M enter into the problem’s objective). Let us introduce a new matrix
variable p' = y3,p satisfying Tr(p’) = y&,, and impose a condition

Tr(5) oo
)

which is equivalent to Tr(p') > y2,. When the objective function 33, + Tr(Ya2) is maximized, then
the above inequality becomes equality. This allows us to treat yoo and p’ as independent variables.
Importantly, constraint Eq. (24) is linear with p’. Finally, the constraints Tr(Dp) = (D) are equivalent

to Tr(Dp') = (D)Tr(p'). All these observations allow us to write the expression for the inverse of
minimal QFT,

Fo(@)]' = max, Fp'[pC]

st. Te(Dp) = (D) (26)

p=0
as a single SDP:
[FQ(G)]—l = maxﬁ',yOO,M,?zz Yoo + Tr(YQQ)
A~ e l A A
s.t. A 'OZ 0 A —iM _AQ[va] =0
iM — 5[0, Gl —Y2
Te(p) woo) : (27)

Yoo 1
Tr(Dp/) = (D)Tr(p)
?22 = Y/QTQaM = MT

A.3  Comparison

In this section, we compare the efficiency and accuracy of the two previously-introduced SDP al-
gorithms. As an example, we consider a system of N qubits in a totally symmetric state, i.e.
(J2) = (N/2)(N/2+1), where J? is the total spin. In the data, we include a mean spin (J,) = 0.8 and
the fluctuations in an orthogonal direction <j§> = 0.4. We find the minimal QFI with respect to the
generator J. compatible with such expectation values via the two methods, varying N between N =4
and N = 46 (for even values). For each N we record both the computing time and corresponding QFI
lower-bound. The number of particles N is related to the dimension of the totally symmetric subspace
as D = N + 1. The corresponding results are shown in Figure 6.

In Figure 6, we observe how the fidelity-based SDP is marginally more efficient than the variance-
based SDP. This fact stems from the extra parameter and constraint existing in the latter approach.
In panel b) we study the discrepancy between the two bounds. We find that due to the finite §6 the
fidelity-based method slightly overestimates the variance bound, within a 10~ relative accuracy.
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Figure 6: a) Computing time for both approaches for different values of N and §6 = 0.01 for the SDP used in the
main text. b) Relative difference of the two bounds (F stands for fidelity and V' for variance) for the same values of
N.

B Permutation invariance

In this section, we discuss the implementation of symmetries in order to reduce the computational
complexity of our SDP algorithm. For the sake of concreteness, we consider a system of N qubits. A
generic density matrix describing the system is fully specified by exponentially-many parameters. We
will show that if the observables and the generator are invariant under permutations of the qubits (P1),
it is sufficient to optimize over Dy = (1+ | N/2|)(3(1+ N)2 —2(2+3N)|N/2| +4|N/2]?)/3 —1 (that
is: polynomially-many) real parameters representing a state which is block-diagonal with respect to
the symmetry sectors. We hence obtain a drastic scaling reduction.

We first define the local basis. The state of each spin i € {1,2,.., N} is fully described by the
Pauli vector 6 = (69, &g(f), &2")), where 66@ applies Pauli matrix a in party 7 with trivial action in
the remaining qubits. From these operators, typical PI observables that we can form are collective
spin J = Zf\il S() (elementary), where S = /2, and moments, i.e., polynomials thereof. All those
operators have in common that they commute with a unitary representation of any permutation

A

of N parties, m € Sy, Ur. Such unitary is described by its action in the computational basis
U7r ’aleCQ...> = ’aﬂ(l)bﬂ(g)cﬂ(g)...>.

Sufficiency of optimizing over PI states.— In this paragraph we show that it is sufficient to optimize
over PI states if both the observables in D and the generator G are PL. The proof consists in two
steps. First, we notice that if there is a state compatible with the data, then there always exists also
a PI state compatible with the data. Indeed, for any state p we can generate the PI state by applying
the averaging map pp; = (N!)~! > neSy Uj;ﬁf]ﬂ. Both states p and ppy will yield the same expectation
values for PI observables. The second step is to establish a relation between the QFI of p and that of
pp1. Since Upp commute with the generator G, Fqlp, Gl = FQ[U,TrﬁU'F, G for any m € Sy. Finally, by

the convexity of QFI from the averaging map, we see that Fg[ppr, G] < Fg[p, G|, concluding that in
our optimization for the search of the minimum QFI, PI states are sufficient.

Block-diagonal representation of PI states.— Here, we derive an efficient representation of PI states.
First, one can check that any elementary PI operator Apy commutes with the total spin J2. Hence,
it can be decomposed in the block-diagonal form, Apr = @jr;f}‘mmfl(‘] ), where J label the degenerate
eigenspaces of J2 with eigenvalue J(J + 1), where Jyim = 0,1/2, for even, odd N and Jyax = N/2.
All sectors J have coarse-grained dimension 2.J + 1, which is the number of PI inequivalent ways to
combine N spins-1/2 to form a collective state of total spin J. Now, each vector represents a set
of highly degenerated orthogonal states that cannot be distinguished by any PI observable. With
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previous considerations, we can identify each sector J as a magnified spin, of length J. Accordingly,
the irreducible representations are J = @j’;’f}‘mm ) with j*) the vector of spin-J matrices. We can

establish the correspondence v - J ~v-Jas they fulfill the same algebra. Moreover, beyond linear
combination, for any polynomial function f, f(J) ~ f(J).

We can finally count the number of real parameters of our representation. FEach block J is of
dimension 2J + 1 = Dy, representing generally an D; x Dj Hermitian matrix. An Hermitian matrix
of size D is described by D?] real parameters. Adding all blocks yields Z]}l ?,mm D? = Dy + 1. Note
that we can remove a parameter due to the unit trace constraint.

With the above block structure, the SDP based on maximizing fidelity, Eq. (5) of the main text, can
be expressed in the following way:

vV Fmax = maX{A(‘,) 0 (J)]T}Jmax Zif;f}‘mm Re{Tr(ﬁ(J))}

L) J=Imin
s.t. \V/J € {Jmln,Jm1n+ ]-7---7Jmax}
~(J 7
A A . (28)
A C N SO

P = o) £i60[G), o)
Sy Tr(D HD) = (D)

=Jmin

Our second approach, as introduced in Appendix A.2 Eq. (27), also admits a similar block decompo-
sition:

[FQ(CA?)]*l = max WDer Jmax Eﬁmf}(mm {yoo) + TT(YZ(Q ))]
§ =[]
PP
MDD =[Nt)
s.t. VJ c {Jmirn min + ]-a seey JmaX}
< F;(J) —i M) —4[GU), J)]/2> .
iN) i (<) pO1/2 Yy
/\/(
(Tr((J) ) ) o,
Yoo 1 .
2:Jriaxmm (D( ) ( ) = <D> Z:;r;?min Tr(pA,(J))

(29)
Note that all the sectors must be taken into account for the optimization. Minimization over a single
sector will lead generally to an upper bound of the true minimum. Besides, more than one sector
may be required to meet the data constraints. However, if we set the total spin to its extremal value,
<j 2) = Jmax(Jmax + 1), optimizing over the total symmetric subspace J = Jyax = N/2 is sufficient.

C Comparison with alternative approaches

The central problem of the paper, Eq. (2), has appeared in several contexts throughout the literature.
In this appendix, for completeness, we provide a concise overview of some of its manifestations and
how the corresponding solutions compare with the present approach.

C.1 Relaxations

Here, we describe the methods that provide a valid lower bound for our problem, but however, there
is no guarantee of its optimality, nor of the existence of a quantum realization for it. Note that this
is not the case for our SDP-based approach, as by construction, there is a quantum state compatible
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with the data with minimal QFI.

Loong Len et al.— In Ref. [28] a method was proposed to lower bound the classical Fisher information
(FI), F, of an observable O from moments of it. Up to K-th moments, they defined:

FE —pTA"lb< F, (30)

where the vector b has components b, = 95(OP) = (i[G,OP]), and the matrix A, A,, = (OPt9)
for p,q € {0,1,..,K}. The sensitivity 352 is recovered in the first order (K = 1). By construc-
tion, F(K) < FE+D and in the limit K — oo, it converges to F. The FI is a lower bound of
the QFI. Thus, F®) constitutes also a proper lower bound of QFI Such values can be compared
in our approach with the minimal QFI compatible with the data (D) = {(i[G, O]), (OAp+q>}p7qe{0’1MK}.

Gessner et al.— In Ref. [18] they ask which generator ¢ € Span(G) and observable O € Span(G @ O)
capture the maximal sensitivity 552, which reads:

252 = max n’ Py Im{C}Re{C} ' Im{C}Pg n = Aax (M) , (31)

n s.t.||n||=1

=M

where Pg projects to the subspace generated by G and ¢ = (00T) — (0)(0O)7 is the complex
covariance matrix. The optimal generator is G = ng - G where n¢ is the maximal eigenvector of
M and the observable is O = ngp - (O @ G), with np = Re{C} ' Im{C}ng/||np|| yielding =52 =
(i[G, 01)*/(A0)? = Amax(M).

This approach is used in the main text to find the optimal generator for a set of expectation values
during OAT dynamics. For example, if spin and its fluctuations are given, the method recovers the
squeezing and anti-squeezing axes for np and ng respectively. By taking 0) up to second moments,
we can derive a nonlinear squeezing parameter beyond spin. Such bound is also compared with our
SDP value in the main text with the same data, i.e. considering data (f)} up to the fourth moments
of the collective spin. In general, this approach yields a valid but not optimal lower bound to the QFI
given the data.

Toth et al.— In Ref. [45] an SDP-based approach was proposed to find lower bounds on quantities
defined as convex roofs of polynomials of operator expectation values. It can also find a lower bound
of the QFI given few arbitrary expectation values. The starting point is to notice that, as proven in
Ref. [51], the QFI is the convex roof of the variance:

Folp,G] =4 min Di (32)
N P=D 1 Pkl¥rX ¢k|zk: Wk

Then, the variance of a pure state [¢)) € H can be linearized in the two-copy space, (AG)W)> =
T[(G2 @1 — G G)([WXY| @ [¥)])]. In this embedding, Eq. (32) is rewritten as a minimization
of separable symmetric states 6 € SEP(H ® #H). The separability condition in general cannot be
incorporated as a positive-semidefinite constraint. However, one can relax the previous restriction to
states with positive partial trace (PPT) and formalize the following SDP:

A

FQ(CTY) Z 4min&:m’&t0 Tr[(é I — G é)
st. S6=65=¢6, 6~
Tr[Dtr(5)] = (D)

]

S O

0)

(33)

where S is the exchange operator (swapping the two subsystems) with action S [¢) @ |¢) = |¢) ® |1),
t the partial transpose and tr the partial trace with respect to a subsystem. Note that this method
requires the optimization over a matrix of size D? (with D the dimension of the Hilbert space &),
while in our proposed algorithm, the largest matrices are of size 2D. This fact compromises the
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scalability of the method. For example, with D = 11 and the data used in Figure 6, we verify that
the present algorithm is ~ 1300 times slower than our proposed solutions. As for generic Hilbert
spaces ‘H, SEP C PPT, the solution of the problem Eq. (33) will generally underestimate the physical
bound. However, for most practical purposes, e.g. the setting used in Figure 6, the bound obtained
here is compatible with the bound given by our methods. Furthermore, the approach explained here
is tailored to linear encoding. Its extension to arbitrary maps is not direct as the algorithm is based
on the convex-roof construction Eq. (32) which was only proven valid for unitary transformations (see
in particular the last remark in Ref. [51]). Note that using the recent results of Ref. [44], relevant
for calculating the so-called quantum Wasserstein distance of two states, one can actually remove the
restriction to symmetric states in the optimization of Eq. (33).

Fadel et. al.— In Ref. [16], the authors report a method to bound the fidelity with respect to a target
state ¢ from partial information. As the quantum fidelity is lower-bounded by the Hilbert-Schmidt
inner product, F(p,5) > Tr(pd), the problem can be linearized to an SDP:

F(6) =2 min,_s Tr(:&) A
st. Te(Dp) = (D) . (34)

In the N-partite scenario, when the data D are symmetrized few-body correlations (or equivalently,
low-order moments of collective observables), the problem can be solved efficiently in N [2]. Such
low-order moments are sufficient to certify spin-squeezed states generated via one-axis twisting (OAT)
dynamics with almost unit fidelity. Within this regime, the QFI of the state would coincide with our
bound based on the same moments (see e.g. Figure 3 for ¢ < 0.157). Finally, they also suggest to use
the said approach to bound the QFI with respect to transformations generated by collective operators,
GWN) =N | G, from the fidelity bound |Fg[p, GV)] — Fgle, GM)]| < (/T = F(p,6)N?, where ¢ = 8
in general or ¢ = 6 if one of the states is pure [6].

C.2 Exact methods

Here, we describe the approaches leading to a tight bound, i.e., exactly reproducible by a quantum state.

Suggestion by Kolodynski.—Another possibility is to use the definition of QFI from SLD, S,

Fo(@) = ming, 5 Tx(iC.$)p)

ot ilG, o) = 19,0} (35)
Tr(Dp) = (D)
p=0

From Eq. (35) we realize that the optimization over the state p for a given S is an SDP. Conversely,
for a fixed state p, finding S is a linear problem. Consequently, one could alternate between these
two problems in a see-saw strategy to find the optimal global solution. In our work, we incorporate
implicitly both problems as a single SDP.

For completeness we shall introduce yet another way to compute the QFI which was derived in
Ref. [31] from the error propagation formula (c.f. Eq. (1) main text).

Folp, G = max —(X*); +2[G, X)), (36)
X=Xt
The RHS of Eq. (36) is thus a valid lower bound of the QFI given the data D = {X2 i[G, X]}.

Such approach has been exploited to compute, also with a see-saw strategy, the so-called QFI of a
channel A, defined as the optimization problem max; Fo[A(p), G] over all proper density matrices p.
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Apellaniz et al.— We compare our approach with the method introduced in Ref. [5]. The solution of the
central problem of the main text, Eq. (2), is there recovered with the Legendre transform formalism
as a maximization over lower bounds, inf, W, (r) := §(r), where

Wa(r) =1 (D) + Amin [(é —uh?—r- 15] , (37)

with Apin denoting the smallest eigenvalue. For any value of r, 8(r) will lower bound the minimum
QFI with respect to G over states p compatible with Tr(]j p) = <f)>, namely, the solution of the central
problem Eq. (2) (main text). In other words, r parameterizes a family of valid lower bounds, the
stronger of which will be the max; 3(r) = QFI,. As verified in the same Ref. [5] one can prove that
by construction § is tightly coinciding with the solution of the problem.

While the maximization over r is convex, this is not the case for p, which turns the problem noncon-
vex. Now, for each update of r in the maximization algorithm, one must search the global minimum
on 1 over the large spectral range on G, € [Amin(G), Amax(G)]. In Figure 7, we show for the same
example described in the Appendix A the landscape which is needed to explore to find the minimum

QFI.

2.0 -
: —— r=r"(optimal)
: minw,(r*)
154 : U .
----- r not optimal
1.0 1
=
£
0.5 1
0.0 1
-0.5 T T

-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15
WA max(G) = Amin(G)]

Figure 7: Blue solid curve W, (r) of Eq. (37), for the optimized r maximizing its global minimum (orange dashed
line), r* = argmax, 3(r). For the present example, we have r* = (1.31,—0.95). We check that the minimum,
min, W, (r*) = 0.2401, is compatible with our previous value introduced in Appendix A. In green (dotted), the same
for a random (not optimal) setting r = (0.89,0.08) whose global minimum constitutes generally a lower bound of
the QFI.

We verify several local minima appearing forcing to sweep over all the range of . This fact contrasts
with our proposal, which just requires considering an infinitesimal parameter 6. Once more, such
method is based on the QFI as a convex roof Eq. (32), and it is especially suited to evaluate the
metrological usefulness in phase estimation tasks such as interferometry. Its generalization to arbitrary
parameter-encoding protocols is not addressed in Ref. [5].

D Bound for Dicke states of arbitrary spin

In this appendix, we prove the observation in the main text regarding the QFT of the manifold of states
with (J2) = 0. First, we notice that such condition implies that the state is an eigenstate of .J, with
eigenvalue 0. That is,

p=>p M5 (38)
J

where ﬁf}?:o are projectors properly orthonormalized projecting onto subspaces generated by states
with well-defined zero spin projection along x, and total spin J.

Accepted in { uantum 2023-10-19, click title to verify. Published under CC-BY 4.0. 22



Next, we use Eq. (11) to compute the QFI of p with respect J. with p = (ps,0) and e =

(ﬁf,‘i)zo, f[Jﬁgo), where ﬁ]z¢0 =1->; ﬂf]i):o is the completion of the basis. We can split the double
sum as:

_— /7 2 A A A A ! A A A A
Folp, J)=2 % WTr(JZHf,f:OJZHf,j Do) +4 S pyTe(F A JT0 200 +0 . (39)
py+p ;>0

We observe that J, does not connect sectors of different total spin J, and therefore
Tr(jzﬂF]J) J. H(J) o) = 0 for J # J'. This implies that the first sum in Eq. (39) is zero; and the
second one is snnply 4J2) = Folp, J.).

E Scaling of the QFI bound with N close to Dicke states

As detailed in the main text, the condition (j§> = 0 is quite stringent. Here, we use our approach to
find the minimal QFI compatible with some finite (J2) and (J2). In particular, we fix the total spin to
its maximal value, <j 2) = Jmax(Jmax + 1) with Jyuax = N/2, so that we can restrict the optimization
to the totally symmetric subspace and reach easily N = 70 on a standard computer. This enables us
to study the scaling of the QFI with N. For (J2) = 0, we verified the Heisenberg scaling as the QFT is
~ O(J2,.) = O(N?). In Figure 8, we apply a small perturbation (.J2) = aN/4 with a < 1 and study
how the QFI bound is modified.

35{ e a=0 o’ 17.5
°
30 a=0.01 e® 15.0
4 ° .
* a=0.02 °
°
251 v a=003 o’ 12,5
4 a=005 o’ -
2204 o a=010 o’ S 10.0
) °® 5
O 15 ..o 7.54
° .
0® .+
101 °® ********ﬁ**t*t*****i**** >0
5] ;ittvavvvvvvvvvvvvvvvvvvvvvvvv 2.5
.3!"':000Nnunuuuuuuuu 0.0
0 | ] "".'t"tt."".".'.'."' : . . . . . . . .
0 10 2'0 3'0 4'0 5'0 6'0 7'0 0.00 0.25 0.50 0.75A 1.00 125 150 1.75
N Ux)
(a) (b)

Figure 8: a) Minimum QFI compatible with (J?) = (N/2)(N/2+ 1) and (J2) = aN/4 for different values of a and
number of particles N. In panel b) the same plot for nonzero values of a with the horizontal axis rescaled to (.J7).
The dashed vertical line indicates (J2) = 0.25.

Figure 8 suggests that the Heisenberg scaling is valid only when (J2) < 1/4, where the QFI bound
shows a maximum. Beyond this point, the Heisenberg scaling is lost and the metrological usefulness
is reduced.

F Scaling of the QFI bound with N with respect to squeezing bounds

In this appendix, we analyze the scaling of the advantage offered by our method with respect to the
analytical lower bound given by the squeezing parameter ensuring the OAT dynamics. In the main
text, for N = 10 particles, we show a gap existing between such two bounds when up to second
moments and fourth moments are considered. Here, we investigate its robustness as the number of
parties is increased. Specifically, in Figure 9 we display the gap per spin between the two bounds for
both cases for N up to 30.
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Figure 9: Gap between our SDP-based bound and the analytical squeezing lower bound with the same data is
considered: a) up to second moments where we depict also the QFI = 0.32N horizontal line, b) up to fourth
moments, during the OAT dynamics and the line QFI = 0. The squeezing lower bound for second moments
corresponds to the conventional spin squeezing parameter. If, in addition, up to fourth moments are taken into
account, such bound corresponds to the generalized spin squeezing parameter introduced in Ref. [18].

In Figure 9a, we observe that at intermediate times, the gap is proportional to the particle num-
ber, leading to a robust improvement with respect to the usual spin squeezing parameter. At times
t 2 0.157, when the state becomes unpolarized, spin squeezing vanishes while our method certifies
metrological usefulness of QFI/N & 0.32, which is finite but smaller than the coherent-state limit
QFI/N = 1.

The gap when up to fourth-order moments are considered with respect to the quadratic spin squeezing
parameter, introduced in Ref. [18|, is shown in Figure 9b. Unlike the linear case, we observe at
intermediate times the gap saturating to zero as N is increased, signaling no metrological advantage
with respect to the squeezing bound, except in the vicinity of the MHCS at ¢ = 7/3,7/4. It allows
us to assess the robustness of the MHCS detection as reported in the main text. On the one hand,
the usefulness of the 3-MHCS is already lost for N = 14. On the other, the detection of the 4-MHCS
is stronger and does not drop below N (coherent limit) until N = 24. For larger system sizes, higher
moments become necessary to detect the metrological usefulness of such states.

G Derivation of the data-driven witness W

As noticed in the main text, using up to fourth-order moments in the 4-MHCS for N < 10 (even), the
very same state is recovered with unit fidelity as the output of our SDP approach. This suggests that
there is only a single state, namely the 4-MHCS, compatible with the data.

Here, in order to verify this fact, we outline a generic procedure to construct a witness operator W
which is based on a certain data D (e.g. up to fourth order moments) and whose unique ground state

A~

corresponds to a given state |¥) (e.g. the 4-MHCS). Without loss of generality, we can set Apyin (W) =0

as the identity operator is in the data list. Then, we need to find an operator W & Span(f)) such that
it features |¥) as its unique minimal eigenstate. Such problem can be cast as an SDP:

maXn cutoff >A>0 AA R
st. W:=n-D
W o) =0 ’
ker(|UYE )W ker(|UYET|) = Al

(40)

where ker(|W)W|) projects to the space orthogonal to |W)(W|. Intuitively, A is the gap between the
ground energy Amin (W) and the first excitation (with multiplicity), which is to be maximized. If the
optimal A is zero, it means that the ground state is degenerate, and a witness W cannot be found.
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Conversely, A > 0 implies that we succeed in finding a witness W based on D such that | W) is its
unique extremal operator. In this case, we add the constraint A < cutoff to avoid unbounded solutions.

With the above method, we find the existence of such witness for N < 10 (even). Note that
for N < 4, up to fourth moments data are tomographically complete, so a witness could be simply

A

W = 1—|4AMHCS)Y4MHCS|. Here, we check that unexpectedly for N = 6,8, 10 fourth moments are
also sufficient to determine uniquely the 4-MHCS.

H Spin chain

In this last appendix, we go beyond permutationally-invariant states such as those generated in the OAT
dynamics and turn to spatially-structured models. In particular, we consider the nearest-neighbour
version of the OAT Hamiltonian studied in the main text, namely the Ising model:

H= 3 Wl | (41)

where the NNV spins form a one-dimensional chain with open boundary conditions. Because of the
reduced interaction range, the evolution from the initial CSS along 2 (|7/2,0) = |—=)®") will produce
squeezing on a longer timescale than in the OAT model. The spatial structure of the model motivates
the use of spatially-structured observables, beyond the collective observables considered in the rest of
the paper. Hence, we use structure factor defined as:

C,(IIZ) _ Z<6C(Ll)6£l’)>€2m’k(l—l’)/N , (42)
1Al

where a,b € {x,y,z}. The structure factor captures the spin fluctuations at momentum k €
{0,1,..,N — 1}. Indeed, it can be expressed as the second moment of the collective spin at mo-
mentum £k, J = (1/2) SNt &C(Ll)e%ikl/N, as CISIZ) = (jék)jb(_k)> — Ndgp/4. Such operators generalize
to arbitrary momentum k the uniform collective spin used throughout this work, J = Je=0),

Here, we will consider data of second moments {C((ZIZ) <k only up to momentum K < N —1 as well
as the mean spin (j ). There is no squeezing parameter based on such data as it is not algebraically
closed. Indeed, two momenta k, k' couple to the sum k + & mod N. Nevertheless, our algorithm is
flexible in the data and we are able to verify that nonzero-momentum observables can improve the
metrological bound. In Figure 10 we show the results for N = 4 taking as generator Jas. We observe
that the inclusion of momentum K = 1 indeed improves over the QFI lower bound. This illustrates the
potentiality of our approach to certify the metrological usefulness in generic multipartite systems, using
spatially-structured data. Note however that in this general case, our algorithm requires computing
memory resources scaling exponentially with V.
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Figure 10: For N = 4. Orange (dashed) bound for K" = 0. Green (dotted) bound for K" =1 (i.e. including k = 0
and k = 1). Blue (solid), QFI of the coherent state evolved with H Eq. (41).
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