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COMPUTATION OF EXCITED STATES
FOR THE NONLINEAR SCHRODINGER EQUATION:
NUMERICAL AND THEORETICAL ANALYSIS

CHRISTOPHE BESSE, ROMAIN DUBOSCQ, AND STEFAN LE COZ

ABSTRACT. Our goal is to compute excited states for the nonlinear Schrédinger
equation in the radial setting. We introduce a new technique based on the
Nehari manifold approach and give a comparison with the classical shooting
method. We observe that the Nehari method allows to accurately compute
excited states on large domains but is relatively slow compared to the shooting
method.

1. INTRODUCTION

We consider the nonlinear Schrodinger equation
iug + Au+ f(u) =0 (1)

where v : R x R? — C and f € C'(R,R) is an odd function extended to C by
setting f(z) = f(|z])z/|z| for all z € C\ {0}. Equation (1) arises in various phys-
ical contexts, for example in nonlinear optics or in the modelling of Bose-Einstein
condensates. For physical applications as well as for its numerous interesting math-
ematical properties, (1) has been the subject of an intensive research over the past
forty years. We refer for example to the books of Cazenave [12], Fibich [17] and
Sulem and Sulem [25] for an overview of the known properties of (1) and references.

In this paper, we focus on special solutions of (1), the so-called standing waves.
They are solutions of the form e“!¢(x) with w > 0 and ¢ satisfying

{ _A¢+w¢_f<¢):07 (2)
¢ € H'(RY)\ {0}.

Among solutions of (2), it is common to distinguish between the ground states, or
least energy solutions, and the other solutions, the excited states. A ground state
is a solution of (2) minimizing among all solutions of (2) the functional S, often
called action, defined for v € H'(R?) by

1 w

S(v):= 5 IVollze + Sllvlz: = | F(v)da, 3)

2 2 Rd

where F(z) := O‘Z‘ f(s)ds for all z € C. An excited state is a solution of (2) which

is not a ground state. In general, we shall refer to any solution of (2) as bound
state. Sufficient and almost necessary hypotheses on f to ensure the existence of
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2 C. BESSE, R. DUBOSCQ, AND S. LE COZ

bound states are known since the fundamental works of Berestycki and Lions [7, §]
and Berestycki, Gallouét and Kavian [6]. Under these hypotheses, it is proved in
[6, 7, 8] that, except in dimension d = 1 where all bound states are ground states,
there exist ground states and infinitely many excited states.

Note that the terminology ground state may be understood in different ways
depending on the context. Some authors may call ground state any minimizer of
the energy functional under the mass constraint. For power-type mass-subcritical
nonlinear Schrédinger equations, this definition will coincide with ours. However, in
other settings such as for the power-type mass-supercritical nonlinear Schrédinger
equations, the two definitions do not coincide any more (there is no ground state
in the later sense).

With our definition of ground states, it has long been established for power-
type nonlinearities that ground states are positive, radial, and unique (see [19, 21]).
On the other hand, excited states will necessarily change sign, and may even be
complex valued (see e.g. [22]). They also need not to be radial, nor to even have
any kind of symmetry group (as was shown recently in [3]).

There are numerous works devoted to the numerical calculations of ground states.
Among many others, we find the seminal work of Bao and Du [4] devoted to the
gradient flow with discrete normalisation which has been used in many settings
(including by the authors of the present paper in the context of quantum graphs
[9, 10]). We also mention the work of Choi and McKenna [13] devoted to the
numerical implementation of the Mountain Pass approach, which has also been
followed by numerous extensions and improvements (see e.g. [23]). The Mountain
Pass approach can be modified to compute nodal states, as was done by Costa, Ding
and Neuberger [16], whose approach was later followed by Bonheure, Bouchez,
Grumiau, and van Schaftingen [11]. Not many other works in the literature are
devoted to the calculation of excited states, and to our knowledge this paper is the
first one to present an approach based on the Nehari manifold.

Our goal in this article is to develop numerical methods for the computation
of excited states. We will also take this opportunity to study numerically some
properties of the excited states and establish some conjectures that could be further
investigated theoretically.

The two methods that we are considering are the shooting method and the Nehari
method. The shooting method is a classical method for the computation of solutions
of boundary value problems. It consists in transforming the d-dimensional partial
differential equation (2) into an ordinary differential equation by considering real-
valued radial solutions. The boundary value problem for the ordinary differential
equation is then converted into an initial value problem, which can be easily solved
using a standard scheme such as the Runge-Kutta 4th order method. In the present
case, since we are working with an elliptic problem, we are led to consider initial
conditions on the solution and its first derivative. The first derivative is necessarily
set to 0 since its originating from a smooth radial function. We are thus left with
the initial value of the solution which will be used as a parameter to be chosen in
order to recover the boundary condition at infinity. The method is described in
Section 3.

The idea of the Nehari method originates from the variational characterization of
bound states as minimizers of the action functional under constraints build upon the
Nehari functional. In the case of the ground state, we simply minimize the action



among functions for which the Nehari functional vanishes. To obtain excited states,
more elaborate constructions are required. For example, one may minimize the
action among real-valued functions having non-trivial positive and negative parts
both satisfying the Nehari constraint. We establish the existence of a solution
(called least energy nodal minimizer) to this variational problem in a radial setting
in Theorem 2.6. We also establish the existence of radial excited states vanishing
on a given number of nodal regions in Theorem 2.8. We refer to Section 2 for
more details on the theoretical background. The numerical approach is based on
a projected gradient method which consists in one step of gradient flow for the
action followed by a projection on the chosen space of constraints. The method is
described in Section 4. While being a standard theoretical tool, the Nehari approach
has been seldom used in numerical analysis. To our knowledge, this paper is the
first to investigate the computation of excited states using a Nehari approach.

While the shooting method is the go-to method for finding excited states, we
identified some limitations of this approach. Indeed, it can only compute radial
excited states, while the Nehari method could be extended to non-radial problems
(see Remark 2.5). Moreover, even in the radial case, the length of the interval on
which the solution is computed is limited for the shooting method due to prop-
agation of the error from the initial condition. This issue is not present for the
Nehari approach. On the other hand, the convergence of the Nehari approach is
much slower compared to the shooting method, which has a maximal number of
iterations for a given precision. The two methods are discussed in Section 5.

We conclude this paper by some numerical experiments. We investigate numer-
ically the relation between the initial values of the bound states and their total
number of nodes. We also study the positions of the nodes and the extremal val-
ues between two consecutive nodes. For each case, we provide some guess on the
underlying behavior. This material is presented in Section 6.

Acknowledgments. We are grateful to the anonymous reviewers for their careful
reading and relevant comments which helped to improve the quality of the paper.

2. THEORETICAL APPROACH FOR THE MINIMIZATION OVER THE NEHARI
MANIFOLD

Our goal in this section is to present some theoretical elements around ground
states and excited states and the Nehari minimization approach. We start by
reviewing some well-known facts for the existence and properties of ground states
and excited states. We also present the classical variational characterization of
ground states as minimizers on the Nehari manifold (see Proposition 2.1). The rest
of the section is then devoted to the statement and proof of our two main theoretical
results. First, we establish a characterization of the first nodal radial excited state
as a minimizer on the Nehari nodal set (see Theorem 2.6). Second, we obtain a
series of nodal radial excited states having a prescribed number of nodes N, which
we call lower radial N-nodes excited state, by minimization over multiple Nehari
nodal sets (see Theorem 2.8). While the approach to obtain Theorems 2.6 and 2.8
borrows elements from the existing literature (see e.g. [26]), the results themselves
seem to be new.

We consider (2) with solutions belonging to H'(R? R). Note that even if the
problem originates from solutions of Schrédinger equation which are complex-
valued, we restrict the study of stationary states to real valued solutions. A typical
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example for f is the power-type nonlinearity f(u) = |u[P~tu, 1 < p < 2* — 1, where
2% is the critical Sobolev exponent, i.e. 2* = 2% if d > 3, 2* = o0 if d = 1,2. More
generally, we assume that f : R — R verifies the following hypotheses (which are
not optimal, but sufficient for our purpose).

(H1) (regularity) The function f is continuous and odd.
(H2) (subcriticality) There exists 1 < p < 2* — 1 such that for large s, |f(s)| <
|slP.

(H3) (superlinearity) At 0, lim,_, @ = 0.

(H4) (focusing) There exists & > 0 such that F(&§) = [;° f(s)ds > %
Under (H1)-(H4), it is well known (see [6, 7]) that there exist ground state solu-
tions, i.e. solutions with minimal action (see (3) for the definition of the action)
among all possible solutions to (2). Our definition of ground states as minimal
action solutions is very common in the analysis of nonlinear elliptic partial dif-
ferential equations. However, as already said, the terminology ground state has
several other acceptations in other contexts. E.g. when working with Schrodinger
equations modelling Bose-Einstein condensation, many authors call ground state a
minimizer of the energy on fixed mass constraint.

Uniqueness of the ground state holds if f satisfies in addition to (H1)-(H4) some
complementary requirements, e.g. if f is of power-type, see [21]. When d > 2, it was
proved in [6, 8] that there exists an infinite sequence of excited states, i.e. solutions
to (2) whose action is not minimal (actually, the corresponding sequence of actions
tends to infinity). Uniqueness of radial excited states for a prescribed number of
nodes has long been an open problem, even in the case of power non-linearities,
with only partial results in this direction (see e.g. [14, 15]). The conjecture has
very recently been established for power non-linearities in [27].

Recall that the action functional S : H'(R%) — R is defined in (3). It is a C*
functional (see e.g. [2]) and w is a solution of (2) if and only if S’(u) = 0. We define
the Nehari functional by

I0) = (8' (). ) = [Vl + [ulffe = [ fwyud.
The Nehari manifold is defined by
N ={uec H R\ {0} : I(u) = 0}.
Define the Nehari level by
my = inf{S(v) : v € N'}.

In addition to (H1)-(H4), we assume the following.

(H5) The function s — @ is increasing for s > 0.

(H6) (Ambrosetti-Rabinowitz superquadraticity condition) There exists 8 > 2

such that 0F (s) < sf(s) for all s > 0.

Then under (H1)-(H6), the following holds (see e.g. [26] and the references cited
therein).

Proposition 2.1. For every sequence (uy) € N such that

lim S(un) = my,

n—oo



there exist uso € N and (y,) C RY such that, up to a subsequence,
lim |lun (- — yn) — too|lgr = 0.
n—oo

Moreover, u, is a ground state solution of (2).

We now want to construct variational characterizations of excited states which
can be used in numerical approaches. Based on Proposition 2.1, it is natural to try
to generalize the Nehari manifold approach. Several directions of investigations are
possible. The most natural one is probably to define the Nehari nodal set as

Nooa = {u € HYR?Y) : I(ut) =0,1(u") = 0,u™ #0}.
where vt = max(u,0) and v~ = max(—wu,0). Define the Nehari nodal level by
my,., = inf{S(v) : v € Nyoa}-

Remark 2.2. An approach based on minimization of the energy on mass constraints
for the positive and negative parts of the function cannot work, as the minimizer
that we might obtain would be (formally) a solution of an equation of the form

E'(u) + Ay M'(ug) + A-M'(u_) =0,

with potentially different Lagrange multipliers A. This issue is avoided with the
Nehari approach.
Lemma 2.3. Assume (H1)-(HG6). The nodal Nehari infimum level mys,,, satisfies

MA,L, = 2MpN- (4)
Moreover, there is no function achieving my,,, -
Proof. Let u € Mpoq. Since ut and u~ are both in N and have disjoint support,
we have

S(u) = S(ut)+S(u™) = 2my,

and therefore mys,_, = 2mps. Let us be a minimizer for mys. We can assume that
Ueo 18 positive, radial and exponentially decreasing (see e.g. [12, 19]).

Let (y,) C R? and define
When |y,,| — oo, we have

S(un) = 2my.

We assume that for each n, the translation parameter y, is of the form (y1,0, ..., 0).
Then u,, is odd with respect to the first component. Moreover, (u,)+ is supported
on {z! > 0} and (u,)_ is supported on {z! < 0}. Since u,, and Vu,, are exponen-
tially decaying, we have in H'(R?) the strong convergence

(Un)+( = ¥Un) = Uoos  (Un)—(- + Yn) = Uoo-

In particular, we have

lim ((s)4) = lim I((u)-) = I(use) = 0.

n—oo

Hence there exists t,, > 0, t, — 1 such that, for all n € N, we have
I(tn(un)+) = I(tn(un)-) = 0.
Writing @,, = t,u,, we have @,, € Nyoq and

S(iin) — 2my.
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This implies that ma;,,, < 2mar. As we already established the reverse inequality,
this proves (4).

Unfortunately, mys,_, is not achieved. Indeed, suppose on the contrary that uneq
realizes the minimum for my;, . Since uk ; € N and my,, = 2mu, both u]",
and u__, realize the minimum for N and are ground states of (2). In particular,
they are both regular, and by the maximum principle, both have to be positive
or negative on the whole R?, which is a contradiction. Therefore my;, , is not
achieved - from (5), we can easily guess that this is due to a loss of compactness in
the minimizing sequences. ([l

Remark 2.4. On the other hand, if the power nonlinearity |u|P~!u is replaced by
a Choquart/Hartree term (e.g. (|z|~! * |u|?)u in R3), then it is possible to obtain
nodal critical points by minimizing S on Ny N N_, see [18].

To overcome the issue raised by Lemma 2.3, we decide to work in a radial set-
ting. Recall that the restriction of H'(R?) to radial functions is the space denoted
H! (R?) defined by

Hrlad(]Rd) ={uce HY(RY) : 3o : [0,00) = R,V € RY, u(x) = v(|x])}.

For u € HL j(R?) and the corresponding v, we have

[ (9u@)? + jute)?) do = 2 | T (6) + o)) s,

In particular, v € H'(RT,s%"!ds). As a consequence, the function v has a repre-
sentative which is continuous on (0,00) (but may be singular at 0). In the sequel,
we will use the same notation for v and its radial representative, i.e. for u ra-
dial we write u(x) = u(]z]). Recall from Strauss’ Lemma [24] that the injection
HL (RY) — LI(RY), 2 < g < 2* is compact whenever d > 2.

Remark 2.5. We have made the choice to work in a radial setting as it allows
comparison with the results given by the shooting method. The key point to recover
nodal minimizers is a compactness property. Hence, the results of the present
article around the Nehari method for two nodal components could be extended to
bounded domains, confining potentials, etc. It is however unclear how to generalize
this approach to recover solutions with more than two nodal domains.

Define
Nuodrad = {u € HLg(RY) - I(w) =0,1(u”) = 0,u™ # 0},
and
TN o raa = E{S(V) : v € Niod,rad}-
Then the following result gives the existence of a minimizer for ms

nod,rad *
Theorem 2.6. For every sequence (un) € Nnod,rad such that

nh—)rréo S(Un) = M7Nyhod,rad

there exists Uoo € Npodraa Such that, up to a subsequence,
lim ||up — too||gr = 0.
n— 00

Moreover, us is a nodal solution of (2) with exactly two nodal domains. We say
that us 1s a least nodal excited state.
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Remark 2.7. Minimizing on Myod yad is intrinsically more difficult than minimizing
on N. Indeed, Nyod rad iS not a manifold, as the functionals

uwe H'(RY) — ||Vu*||7,
are not C! (see the discussion after Theorem 18 in [26]).

To compute numerically nodal solutions, an approach based on Theorem 2.6
would provide only the least radial nodal excited state. As we would also like to
compute higher order excited states, we will adopt a slightly different setting.

Fix Nyodes € N the number of desired nodes. Let Q(p,0) C R? be the annulus
of R? of radii p and o

Q(p,0) ={z eR: p < |z] < 0}.
Given u € H},;(R?), denote by w(, , the restriction of u to Q(p, o), i.e.
u(z) ifx e Qp,0),
Up.0] (T) = .
0 otherwise.
Denote the set of functions having at least Nyodes + 1 nodal components by
ZNpodes = {u € Ha(RY), (o) k=1,... Nooaee € u1(0),
0=1p0<p1<.. < PNoogest1 = 905 U[py,prsi] #0, for k=0,..., Nodes,
signu(pz') -signu(p, ) <0fork=1,... ,Nnodes},

where by signu(p; ) we mean the limit of sign u(z) when @ — py, > pg, u(x) # 0
(i.e. the condition requires u to change sign around py). For u € Zy we denote
the restriction of u to Q(pf:, pit,;) by

nodes?

k._
U= W pg,prta]
Define

N,

nodes - {U’ € 2y, I(uk) =0,0<k< Nnodes} ,

nodes
and

NN odes — inf{S(v) HCAS NNnodcs}'
Then the following result gives the existence of a minimizer for M, which
corresponds to a higher order excited state.

Theorem 2.8. For every sequence (un) € Nn,,,.. such that
Jm S(un) =may

there exists Uso € Ny such that, up to a subsequence,

nodes

lim ||uy — Ueo||gr = 0.
n— oo

Moreover, u, is solution of (2) with exactly Nyodes + 1 nodal domains and we say
that us 1s a lower radial N,.qes-nodes excited state.

Remark 2.9. A related result, consisting in pasting together solutions of the Nehari
problem on annuli with Dirichlet boundary conditions and then optimizing over the
radii, was obtained by Bartsch and Willem, see [5].

The rest of this section is devoted to the proof of Theorems 2.6 and 2.8. We
start with some preliminary lemmas.
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Lemma 2.10. The constant 0 is a local minimum for S. Let u € H*(R) \ {0}.
There exists a unique s, € (0,00) such that I(syu) = 0. Moreover, S(s,u) =
MaXe(0,00) S(su) > 0. If I(u) <0, then s, < 1, whereas if I(u) > 0, then s, > 1
and S(u) > 0.

Proof. Let u € H'(R?)\ {0} and define h : (0,00) — R by

(o) = S(sw) = > i3 — /RF(su)dx.

Since F' is differentiable, so is h and we have

B (s) = s||ul|3: — /Rf(su)udx.

Remark that sh’(s) = I(su). Due to (H5), the derivative h’ can vanish only once
in (0,00). Indeed, assume by contradiction that there exist 0 < s; < s2 such that
h'(s1) = h/(s2) = 0. Then we have

[ Lo gy [ o),
R S1U R Sa2U

Since by (H5) s — @ is increasing, we have a contradiction. Since f(s) = o(s)

for s — 0, we have S(su) > 0if s is small enough. On the other hand, (H6) implies
that
P F(s)  f(s)s—2F(s) - (0 —2) F(s)

53 s 52

i.e. F is superquadratic and therefore for s large we must have S(su) < 0. Hence
I/ vanishes exactly once at s,, h/(s) > 0 for s < s, and h'(s) < 0 for s > s,.
Moreover, h(s,) = max,c(9,0c) (s). Since S(su) = h(s) and I(su) = sh/(s), this
concludes the proof. O

Define Mg := N N HL (R?). We have the following compactness result.

Lemma 2.11. Let d > 2. Let (uy) C Niag and assume that S(uy) is bounded.
Then (uy) is bounded in H'(RY) and there exists us, € HL (R?)\ {0} such that
(up to extraction of a subsequence) we have

Up — Uso weakly in HL 4(R).

rad

Moreover, there exists Soo > 0 such that Seotse € Nrad and S(Sootioo) < liminfy, o S(uy).

Proof. Take a sequence (u,) € N;aq and assume that S(u,) is bounded. Arguing
by contradiction, we assume that v, := ||u,||g1 — oo. Define a sequence (v,,) C
Hrlad(Rd) by
Un,
U = —.
V”l
Then (vy,) is bounded in HY ;(R%) and there exists v, € HL  (R?) such that v, —
Voo Weakly in Hrlad(Rd). We claim that vo, # 0. Arguing again by contradiction,
assume that v, = 0. By Lemma 2.10, for any s > 0 and n large enough, we have
2
S(up) = S(vpvn) = S(svy) = 5~ / F(svp)dx.
R



9
Since d > 2, the injection HY j(R?) < LI(R?) is compact for any 2 < ¢ < 2*.
Combined with (H2), this implies weak continuity of u — [, F(u)dz. Since we
assumed v, = 0, for n large we have

52

Zz
which is a contradiction since S(u,) is bounded and s can be chosen a large as
desired. Hence vo # 0. Moreover, since I(u,) = 0, we have
n 1 1
020 L p, 0 Vi (6)

2 2
vi 2 vi Jr

S(un) =

From (H6), we have F(s) > s’ thus

F
lim (5) =00

Emde o

Recall that upon extraction of subsequences, v, — voo # 0 weakly in HL j(R?) and
() = voo () a.e. By Fatou’s Lemma, this implies

1 F(vpvp)dx = / Mvidm — 00 as n — 0.
va Jr R (VaUn)?

This leads to a contradiction in (6). Therefore, (v,) = (||un|/g1) has to remain

bounded. As a consequence, there exists u € HL  (R?) such that u, — u. We

can prove that us, # 0 in the same way as we did for v,,. Moreover, there exists

S0 SUch that seotise € Niag and we have

S(Sooloo) < hnrggf S(Soottn) < hnrggf S ().

This concludes the proof. ([

The proofs of Theorem 2.6 and Theorem 2.8 follow from a similar line of argu-
ments. We give the details for the proof of Theorem 2.8, and we will only highlight
the differences for the proof of Theorem 2.6.

Proof of Theorem 2.8. Let (uy) be a minimizing sequence for myr,  ,ie. (un) C
Nn,oao. and S(up) — mpry . 88T = 00,
there exist 0 = pg < pf <--- < pR

Since (un) C Ny, yons
such that (pf,...,p%, ) Cu,'(0) and for all k = 0,..., Nuodes

nodes

< PNyodest+1 = 0

k._
Uy = (Un)fop pp,,] €N

By Lemma 2.11 the sequence (uF) is bounded in H! ;(RY) and there exists u¥, €

n

HL (R4 \ {0} such that uf — u¥ weakly in HL  (R?) and a.e. In particular,

o0
. . . . y k _ . k
pointwise convergence implies ul_uZ = 0 a.e. whenever j # k. Let s* be such that

I(s*u*.) = 0 and define

Nnodes
Uoo = E skuk
k=0

By construction 1., € Ny Moreover,

nodes *

Nnodes Nnodes

S(ueo) = Z S(sFuk)) < linrr_1>iorclf Z S(uf) = lim S(u,) = mar
k=0

n— 00 nodes ’
k=0

This proves that us is a minimizer for mps,

nodes
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Let us show that in fact s = 1 for k = 0,..., Nyodes and the sequence (u,,)
converges strongly in HL ;(RY) toward us. By (H2) and Strauss’ Lemma, the
functional u — [, f(u)udz is weakly continuous on H4(R?). This implies that
for all K =0,..., Nyodes, We have

I(u®)) < liminf I(uk) = 0.
n—oo

k

Hence by Lemma 2.10 we have s* < 1. Moreover

Niodes

S(uso) = MNN, des nh_{lgo S(up) = nh_}rjgo Z S(u

and weak continuity of the nonlinear part of S implies

Nnodes
el = timing > 3. @
k=0
Moreover
Nnodes Nnodes 5 Nnodes 1
. k . kK |2
fmint 3 Wil > 3 ool = 3 ol el
k=0 k=0
1 nodes 1
S St - :
- maxg—o,. nodeb( 2 ”S HHl maxg=o,. nodes(sk;)Q HUOCHHI
1 nodes
T MAX(=0, Npaen (5F hnniloréf Z i

where the first inequality is from weak convergence and the last equahty follows
from (7). Since we already know that s* < 1, this implies that s* = 1 for any
k=0,..., Npodes and strong convergence of (u,,) towards us, in H'(R%).

We now show that u is a critical point of S. Recall that Ny, ... is not a
manifold and we cannot use a Lagrange multiplier argument for the minimizers of
My, . Instead, we shall use the quantitative deformation lemma of Willem [28,
Lemma 2. 3], which we recall in Appendix (see Lemma A.1). Arguing by contradic-

tion, we assume that S’(us) # 0. Then there exist §, 4 > 0 such that
o — ttocllin <38 = 1Sl >
Define D = [1, 8] and g: D — H'(RY) by

Nnodes

g(s0, ..., gNnoaes) Z skuk,

Let s0,...,sNmwdes € D\ {(1,...,1)}. Then from Lemma 2.10 we infer that

nodei nod9§
S YL IR YT SR
Consequently, S(g(s°,..., anodCS)) = myy, . if and only if (80, ..., gNnodes) =
(1,...,1) and otherwise S(g(s°, ..., sNwede)) <mys, . Hence

:=maxSog<m
B 1a; g NN

nodes
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B

Let € := min (%, %). The deformation lemma A.1 gives us a deformation

n verifying
(a) n(L,v) =vifv g S~ (myy, = 2e,muy  Fel)
(b) S(n(1,v)) <mpy, . —¢foreveryv e H (RY) such that ||v —uoo|| g1 < &
and S(v) <myy  tE,
(c) S(n(1,v)) < S(v) for all v € HL ;(RY).
In particular, we have

max S(n(1,9(s%,...,s™1))) <my

(S,t)ED nodes
To obtain a contradiction we prove that n(1, g(D)) N Nn,.,.. # 0. Define

h(so, e sN“OdES) = 77(1’9(50’ . SNnodES)).

Observe that the deformation n can be chosen chosen small enough so that it does
not affect the number of nodal components of g(s, ..., sVnodes) and h(s?,. .., sNnodes)
has the same number of nodal components. We denote these components by h*,
k=0,...,Nn We also define

nodes *

77[}0(50, o SNnodes) = (I(sougo), o I(SNnodesuévonodes)) ,
11)1(80, o SNnodes) = (I(ho(so, . SNI.odes))’ . ’I(hNnodes(sO’ . SNnodes))) ,

As I(su¥)) > 0 (resp. < 0) if 0 < s < 1 (resp. s > 1), the degree of 1 (see
e.g. [1] for the definition and basic properties of the degree) is Deg(vg, D,0) = 1.
From (a) and (8), we have g = h on dD. Therefore, 109 = ¥ on 9D, which implies
Deg (1, D,0) = Deg(ig, D,0) = 1. Therefore, there exists (s°,...,sNnodes) € D
such that 1 (s0, ..., sNnedes) = 0. That means h(s’, ..., sVnodes) € Ny a con-
tradiction with (8) and the definition of myy, . Therefore u is a critical point
of S.

It remains to prove that u., has exactly Nyoqes nodes. Assume by the contrary
that there exists k € {0,. .., Npodes} such that u*_ vanishes on (pg, pr+1). Then uk,
cannot be a minimizer of the action on the Nehari manifold restricted to [pg, pr+1],
ie.

S(uf) > minfu € H'(H4(Qpk, prr1), ulpr) = ulprs1) = 01(u) = 0}.

Indeed, by classical arguments, the minimizer can be shown to exist and to be
strictly positive inside Q(py, pxr1), see [5]. Replacing u¥ by the minimizer in the
construction of u.,, one would obtain a function verifying all required conditions,
with a strictly lower energy. This is a contradiction, hence u., cannot vanish inside
(pk, Pr+1) and must have exactly Npoges nodes. O

Proof of Theorem 2.6. The first parts of the proof of Theorem 2.6 follow from simi-
lar arguments as for Theorem 2.8, with most of the modifications consisting simply
in replacing the index/exponent k by +. To prove that us has exactly two nodal
domains, the arguments slightly differ and we give some more details.

Observe first that u., is also a minimizer for

Mgl = inf{/Rd —F(u) + %f(u)udm cT(ut) <0, I(u™) <0, u™ # 0},

By (H6), 2F(s) — f(s)s < 0 for any s. As a consequence, the minimizers of
Mz verify I(u™) = I'(u™) = 0. Indeed, arguing by contradiction and assuming e.g.
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I(u*) < 0, one could replace u™ by tut with 0 < ¢ < 1 such that I(tu™) = 0, which
would give a minimizer of mg; for a lower value and provides the contradiction.
Assume now that us, has more than one nodal region, i.e that there exists s; <
82 < 83 such that us > 0 on (0,81), s < 0 on (s1,82) and us > 0 on (sg,83).
Let u; be such that u; = ue on (0,s1) and u; = 0 elsewhere. Define similarly us
for (s1,s9) and uf = u, on (s3,00). Since I(uT) = 0 we either have I(u;) < 0
or I(uf) < 0. Without loss of generality, assume that I(u;) < 0. We may then
construct s, such that @, = ug on (0,81), Ueo = ug on (s1,82) and e = 0 on
(s3,00). As it is not containing the uz parts, e would be a minimizer for mg; for
a lower value than u.,, which provides a contradiction and finishes the proof. O

3. THE SHOOTING METHOD

We describe in this section the shooting method, its theoretical background and
its practical implementation. Radial solutions of (2) can be obtained as solutions
of the ordinary differential equation

—"(r) = T () 4 wulr) — fu(r)) = 0. (9)

They should satisfy the boundary conditions
I _ 3 —
u'(0) =0, Tllg)lo u(r) =0.

Remark 3.1. Notice that (9) does not fit directly into the standard Cauchy-Lipschitz
theorem. However, the equation is equivalent to

(r7 1 () = 7 wu(r) = f(u(r))),

which can reformulated (using the initial condition v'(0) = 0) as

{u(r) = u(0) +'for v(s)ds,
o(r) = mir J7 5 (wuls) — F(u(s)))ds.

This system might be proven to have a unique solution by a standard Picard iter-
ation scheme.

It was established in [15] that, under convexity assumptions on f (which hold
for example in dimension d = 2 when f is of power-type), that for any k € N, the
equation (9) admits exactly one solution having exactly k nodes. More precisely, it
was proved in [15] that there exists an increasing sequence (ay) C (0, 00) such that
for any k € N and for any « € (ag—_1,ax) (with the understanding that a_; = 0),
the solution of the Cauchy Problem

Ly~ 4]

' (r) + wu(r) — f(u(r)) =0, u(0)=cqa, «(0)=0, (10)

denoted by u(-; «), has exactly k nodes on [0, 00).
Moreover, when (and only when) o = ay, the solution u(-; o) of (10) verifies

rhﬁrgo u(r;ag) = 0.

In other words, finding the k-th radial state amounts to finding the corresponding
ay. We expect that k ~ a2 (see Figure 7). Observe that when a € (ay, ag4+1), then
the solution of the differential equation such that u(0) = « has exactly k nodes
(but does not converge to 0 at infinity).
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The so-called shooting method then consists in a simple application of the bi-
section principle to the search of ay. The idea is the following. Start with an
interval [a,, o] such that u(-; o, ) and u(-; @*) have respectively k — 1 and k nodes

n (0,00). Define the middle of [a,, a*] by ¢x = (ax +a*)/2. If the solution u(+; c,)
with initial data ¢, has k — 1 nodes on (0, 00), then reproduce the procedure on
[cx, ], otherwise iterate the procedure on [, c.]. The interval size is divided by
two at each step and its bounds converge towards ay.

To compute the solution of (9), we rewrite it as a first order system

U'(r) = AU + G(r,U(r)), U(0) = (3‘) (11)

where

v = (20) 4= (2 8) 6000 = (s sy

The solution of the initial value problem (11) is then computed using the classical
Runge-Kutta 4th order method. The only difficulty concerns the value to affect to
G at r = 0. The singularity can in fact be raised when u is sufficiently regular and
the initial condition contains u/(0) = 0. Indeed, assuming that «’ € C? and writing
the Taylor expansion at 0, we have

W/ (1) = o/ (0) + " () + " (0) 5 = u" (O +u"(B) . 6 (0,r),

Assuming that u verifies (9), we have

—u" (r) — (d — 1)u" (0) + u'"(@)@ + wu(r) — f(u(r)) = 0.
Letting r tend to 0, we obtain
—du" (0) + wu(0) — f(u(0)) = 0.

Therefore, we choose to set

“ (0’ (ug))» - <<wu<o> - 3(u<0)))/d).

Algorithm 1 The Shooting Method Algorithm.
Require: G, ¢, nb_expected nodes, b > 0

a<+0
while |a — b| < £ do
c+ (a+0)/2

Solve Y' = G(t,Y), Y(0) = ¢ with RK4

nb_nodes < number of nodes of Y

if nb_nodes > nb_expected_nodes then
b+c

else
a<c

end if

end while

The algorithm is given in Algorithm 1. Note that in Algorithm 1, it is understood
that b has been chosen large enough so that the initial data of the excited state
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Bound states for 1 node Bound states for 2 nodes
10 —p=11 —p=11
—p=12 —p=12
p=14 15 p=14
8 —p=18 —p=18
——p=2.3333 —p=2.3333
6
10
41
5
2+
0 5 10 15 20 25 30 0 10 20 30 40
r r
(A) Nnodcs =1 (B) Nnodcs =2
Bound states for 3 nodes Bound states for 4 nodes
40 P
35 —p=12
p=14
30 —p=138
. —p=123333
20
15
10
5
0 N ——
-5
0 10 20 30 40 50 0 10 20 30 40 50 60
r r
(C) Niodes = 3 (D) Nnodes = 4

FIGURE 1. Bound states in dimension d = 3

with the required number of nodes lies in [0, b]. In pratice, such a b can be obtained
by inspection, taking larger and larger values until the solution of (10) with initial
data o = b has a sufficiently large number of nodes.

Examples of solutions computed with the Shooting method are presented in
Figure 1.

4. THE NEHARI METHOD

In this section, we assume that f(u) = |u[P~tu with p € (1,1 +4/(d —2),) and
we consider on R? the problem
~Au+u — |ulP"ru = 0.

We want to compute numerically the sequence from Theorem 2.8.

For practical implementation, we must restrict ourselves to a bounded interval.
That is, instead of considering the problem on the whole line R, we restrict ourselves
to the interval [0, R] for a given R > 0 sufficiently large. We consider the space

R
H}ad,R = {u :|0,R] — R: /0 (| (r)|* + [u(r)*)r¢tdr < 400, u(R) = 0} ,
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on which we define the functionals S and I by the same formula, but restricted to
the interval [0, R]. Similarly, we define the nodal Nehari space

MNogtes R 7=
{U € Hl%ad,R : u*l(o) = {pl;an s 7PN,,odeS}a I(u|[pk,pk+1]) =0,0< k< Nnodes} ;
where 0 = pg < p1 < ... < PN, aee+1 = I are depending on u and we assume that
u changes sign at each node. Let
HNwoaeos & = {8 € Hpaa r| 71 (0) = {01, 2, PNoaes 1 -

Then, we define the projection Inry  r: HNpuees B > NNpoues, B DY

nodes

Niodes 1/(p—1)
o ”VUHM,MH] H%? + Hu‘[ﬁkapk+1] Hi?
[Pk sPr+1] :

Iary U= Z u|

nodes

1
k=0 ||u|[Pk,Pk+l]||iT’+1

To construct a minimizing sequence for the problem

eniin S(u), (12)

nodes R

a natural method is to use the so-called projected gradient descent given by

U(O) € NNnodesaR’
u D) =Ty, N (u(") + TS’(U("))) , Vn >0,

nodes**

where 7 € R is the time-step, which also writes as

u© S NNnodes,R’
u D =Ty, N (u(n) — r(Arad,Ru(") —um 4 |u(n)|p71u(n))) . VYn>0.

nodes>

Remark 4.1. This algorithm is designed in the following way: first a gradient step
is performed on the whole function, then each nodal component of the function is
projected on the corresponding Nehari manifold. In particular, the motion of the
nodes is determined during the gradient step. Furthermore, in practice, we observe
that the total number of nodes is conserved. In the context of parabolic flows, this
is an expected property which, for instance, has been proved in [20].

We now proceed with the spatial discretization. By setting 7y ([0, R]) := {ry :=
(k—1)h, 1 < k< N+1} with h = R/N, we can consider a discretization of Aaq g
by finite differences acting on R™. That is, for any v € 'H%ad’ r we use the second
order approximations, for any 2 < k < N — 1,

u(rpt1) — u(re-1)

) 3
UN(’I“/C) ~ u(rk-i-l) U(Tk) + u("“k 1) = 7

12
to deduce the following approximation

and  u'(rg) ~ (13)

w(rgs1) — 2u(rg) + w(rg—1) n d—1u(rgsr) — ulrg—1)
h2 Tk 2h '
Furthermore, the boundary conditions yield
2(u(rg) — u(r1))
B2
—2u(ry) +ulry—1) d—1lu(rn-1)

and Ara,d,}:iu(TANV) ~ h2 o TN 2h ’

Avad, ru(rE) =

Arad.,l:x’,u(rl) ~
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In the end, we obtain the matrix

2/h?, for (i,j) = (1,2),
—2/h?, for 1<i< N andj=1i,

[Avaa.r)ij =14 1/h?—(d—1)/2hr;, for2<i< N andj=i-1,
1/h? 4+ (d—1)/2hr;, for2<i< N —1landj=7i+1,
0, else.

By denoting u = (u(r;))1<j<n € RY as the discretization of u on 7n ([0, R]), we
deduce that

Arad,RU(Ti) ~ ([Amd’R]u)i, Vi € {1, - ,N}

We also need to discretize the positions of the nodes {p1,...,pn, a0} and the
functionals involved. For any u € Hrlad’ r» We assume that each node of u is located
in an interval (r;,r;41), for a certain 1 < j < N, where u(rj41)u(r;) < 0 (note that
here the term node refers to a point where the function changes sign). By a linear
approximation of u on each interval [r;,r;41], with 1 < j < N, an approximation
of a node p belonging in [r;, rj+1] will be given by

riu(r; —rjpu(r;
pR o= J (J+1) J+1 (]) (14)

u(rjpr) —u(ry)

We now turn to the discretization of the functionals and choose to rely on a trape-
zoidal rule. This yields, for any v € C([0, R]),

b v =1 4 y(a)ad™?
/v(r)rd_ldr’f:: (b)p —; (a) (b—a).

We denote (pr)o<k<Nooaeet+1 the nodes of u with pg = 0 and py, 4.+1 = R. For
any u € H}ad’R and 0 < k < Npodes, we deduce the approximation (using the
trapezoidal rule)

P Phe d—1
I [ / fu(r) [Pr=dr

Pk
L(ok+1) (
_ Tm(or) — Qk) —h _
~h Z |u(rj)|p7";»i Ly mien) 5 |u(rm(gk))‘p7’zz(;k)
j=m(ok)
(Okt1 — Ty( )) —h d—
+ 2Qk+1 |u<T€(9k+1))|pr5(gi+1) =: Si(“’)? (15)

where m(g) = min{j € {1,...,N}: r; > o}, £(0) = max{j € {1,...,N}: r; < o}
and gy is the approximation of pg obtained by (14). Furthermore, we have, by
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using (13), for any u € Hy 4 p and 1 < k < Nyodes — 1,

rad,

RS u(rjir) —u(rj_1)|?
(TS ’ ) Zulriz)
Jj=m(exr)
2
+ (Tm(e) = 0k) = h | u(rm(o) +1) = W(Tm(o)-1) Fa—1
2 2h mex)
Tm(e) ~ Ok | Um(en) — W(rm(en-1) " 41
2 h Ok
2
n (Ok+1 = Te(oren)) — P | u(Te(opi)+1) — W(Te(oprr)—1) a1
2 2h 2(0k+1)
2
+ Ok+1 — T0(or41) u(ré(gk+1)+1) — u(r@(gkﬂ)) d—1
k+1
2 h
=: M (w), (16)

where we used the following finite differences approximation

W (p) ~ u(ry) —u(rj-1)

Ty —Tj-1

b

with j € {1,..., N} such that p is a nod belonging in (r;_1,7;). We notice that, in
the case k = Npodes, the previous expression is replaced with

N-1 2
u(rji1) —u(rj—1)

I T DS o
j:m(gNnodes)
2
(’rm(gNnodcs) = ONpoues) — 1 u(rm(gNnodCSHl) - U(Tm(gzvnodcs)fl) d—1
2 2h "m(enygaes)
2
Tm(gNnudes) B QNnOdes u(rm(‘gNnodes)) B u(rm(gNnudes)_l) d—1
2 h gNnodes
hlu(ry-1) ? d—1
Tyl |
= mNnodes (u) (17)
For the case k = 0, we use instead
Z(Ql) U,('I"‘_A,_l) U,('I"‘ 1) 2
_ B 0
Hvul[O,pl]HQL2 ~h Z . oh : T, !
=2
2
L Ler = ren) = b | ulreen 1) — ulreen-1)|” as
2 2h £(e1)
2
L9 ey [UTeen+1) — U(Teen) |7 ams
B A 01
= MNo(u). (18)

Thanks to (15) and (16)-(17)-(18), we can deduce an approximation of the func-
tionals. For the sake of simplicity, we do not take into account the exceptional case
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where a zero of a discretized function falls precisely on a point of the grid. We
define the set of vectors RY with N,o4es nodes as
RNones = {0 € R\{ODY :#{i =1,..., N = 1: wjuj41 < 0} = Naodes} -
Furthermore, for any u € R%ﬂodes, we define
m(u)={j=1,...,N —1:ujuj; <0} € NVoodes
L(u)={j=2,..,N:uj_ju; <0} € NVoodes,

We deduce that the restricted Nehari functionals writes, for any u € R%ﬂod% and
any 0 < k < Nnodesa as

T(w) = My (u) + €4 (w) — L7 (u),

as well as the total action

- Nnodes 1 1 5 1 p+1
k=0

By setting the discrete nodal Nehari manifold as

NN p={ueR) :J(u)=0,k=0,..., Nnodes} ,

nodes» nodes

the discretization of the minimization problem (12) writes as

min  &(u).

N
ueN
€ Nnodes: R

The solution of the above problem is obtained by a projected gradient method. By
denoting €, (u) = 39 (u)+ 5 £%(u), we obtain the projection Py, on the space

nodes
NE 5 of any vector u € RY

nodes» nodes

Niodes @ ('U,) Pil
k
u = E u — ,
B Noodes {m(uw)k,£(uw)r} (22-5-1(“))

k=0
where, for 1 < j < N,
oy, if m(u) < j < E(u)g,
(@ mnent); = o) else,

We can now gives a completely discretized version of the projected gradient descent
method which is described in Algorithm 2 (where [v]; ; = v; if i = j and 0 if i # j).

Algorithm 2 The projected gradient descent method .

Require: R,> 0,u® e RN, 7> 0,6 >0

Crit + 2¢

7+0

while Crit > ¢ do
v (10— 7([Asat ] + [Ju @)l
u(j+1) — ‘BN
Crit < maxi e N |u
j—j+1

end while

nodesv
(3+1) (4)
¢ —uy|
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Note that we chose stagnation of the absolute error between two iterations as a
stopping criterion. This is giving good results in the experiments, but other criteria
such as the evolution of the action could have been considered.

5. SOME PROPERTIES OF THE NEHARI AND SHOOTING METHODS

In this section, we discuss some properties of the methods that we have intro-
duced. Our goal is to point out some of their strengths and weaknesses.

In the case of the shooting method, observe that there is an inherent numerical
difficulty associated with its practical implementation. Indeed, given k € N, the
value of ay, can be determined only up to machine precision, i.e. 10716 in practice.
This is limiting the size of the domain in  on which u(+; o) can be computed accu-
rately, even assuming no error on the numerical resolution of the Cauchy problem
(10). Indeed, let € > 0 and define w. = u(-; ax) — u(-; ax +€). Then w, verifies

—w! +we — f'(u(; on)Jwe = O(w?).

As lim, o f/(u(r;ag)) = 0, the linear part of the equation is given by —w? +
we. Whenever w. become small enough so that O(w?) becomes negligible, the
dynamics of the equation of w. becomes driven by the linear part, for which 0 is
an exponentially unstable solution. As a consequence, we may have w.(x) ~ ee®,
which leads to we ~ 1 after x ~ —In(e) (after which nonlinear effects cannot
be neglected any more). For e = 10716, the best we can hope (assuming that
the numerical method used to solve the ordinary differential equation is perfectly
accurate) is therefore to solve our equation on an interval of length —In(e) ~ 36.
This is illustrated in Figure 2, on which we calculate the ground state with the
shooting and Nehari methods in the case of the dimension d = 2 and for p = 3
when R = 100. We observe on the log-graph that at a distance from the origine
around 19, the calculated solution starts to increase and goes far away from the
expected solution (which is exponentially decreasing toward 0 at infinity). This
issue is not observe in the case of the Nehari method due to the fact that we
implement a Dirichlet boundary condition directly in the operator. This ensures
that the numerical solution decreases properly to zero at the end of the domain.

We now turn to the number of iterations required to compute a bound state. In
the case of the shooting method, this number is naturally bounded by the maximal
number of iterations used in the bisection. With a maximal precision set to be
€ = 10716 and an initial interval of length 100 for the initial data, the number of
iterations will always be lower than 181log,(10) ~ 60. The Nehari method does not
benefit from such bound on its number of iterations. In Figure 3, we depict the
number of iterations necessary to the computation of bound states with respect to
their number of nodes for d = 2, p =3, R = 30 and N = 2'2. In each case, we use
the following initial data

ug(r) = cos(r)e*ﬁ/go.

We remark that this initial data has a large number of nodes and decreases rapidly
to zero. By construction, the algorithm selects the desired number of nodes and
the excess nodes are discarded. We can see that the number of iterations grows
rapidly, making the Nehari method numerically costly compared to the shooting
method.

Finally, we investigate the convergence properties of these methods with respect
to the number of discretization points. To do so, we compute bounds states in
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F1GURE 2. Computation of a ground state on large domain
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FIGURE 3. Total number of iterations for the Nehari method de-

pending on the number of nodes
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FiGure 5. Convergence for the shooting method depending on
the number of nodes

dimension d = 2 and for p = 3 on the interval [0, R], for R = 30, for different
numbers of nodes with each method. The number of discretization points is set to

be 2V with N € {8,9,10,11,12} and we compute the errors

2N
1 r N ref
ey = ™ —ut = n Y uf™ — u )
k=1

and eg\,oo)

= ™

—ul e = sup
1<k<2N

N ref
|u§€ )_u]({; )|a

for each N, where u(*) is the bound state computed with 2! discretization points.
The results are depicted in Figure 4 for the Nehari method and Figure 5 for the
shooting method. We can see that the order of convergence of the Nehari method
depends on the number of nodes and does not seems to be a specific value. However,

we can affirm that it is of order above 1.

In the case of the shooting method,

the conclusion is more straightforward since the order of convergence is clearly 1
regardless of the number of nodes. This is explained by the fact that the positions
of the nodes are computed with an error of the order of the space discretization.
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FIGURE 6. Gap between the bound states computed with the Ne-
hari method and the shooting method

We then perform a comparison between the bound state obtained by each method
in the same configuration. That is, we compute the errors

oN
E(l) — ”u(N,Nehari) . u(N,Shooting)HLl —h E |u(N7Nehari) _ u(N7Sh00ting)‘
N k k
k=1
i i N,Nehari N,Shooti
and E1(\[OO) = Hu(N7Nehar1) _ u(N7Shootmg)||Loo = sup |ul(€ ,Nehari) ’ll,]i ,Shoo 1ng)|7
1<k<aN

for each N € {8,9,10,11,12}, where w(V:Nebar)) (regp  qy(N:Shooting)) jg the bound
state obtained by the Nehari method (resp. the shooting method). The results can
be observed in Figure 6 where we can see that, no matter the number of nodes,
both methods converge to the same bound state.

In conclusion, we have studied two numerical methods to compute the bound
states of the nonlinear Schriodinger equation in the radial case. The shooting
method offers the advantage of being fast but the disadvantage of being less ro-
bust, whereas the Nehari method is robust but slow. Based on this observation,
this suggest, for numerical experiments, to combine these two methods, that is; to
make an initial approximation of the bound state using the shooting method and
then refine it using the Nehari method to obtain the desired decay towards zero at
infinity.

6. NUMERICAL EXPERIMENTS

In this section, we present some results obtained by numerical experiments con-
sisting in running first the shooting method and then take the outcome as initial
data for the Nehari method.

In Figure 7, we consider the case d = 2 and p = 3 and depict the relation
between the number of nodes k of the bound state uy and its initial value u(0).
We fit the data points with a function k +— a 4 bvk where a = 0.4841 (with
95 percent confidence bounds [0.4487,0.5194]) and b = 2.415 (with 95 percent
confidence bounds [2.409, 2.422]).

We also studied the positions of the nodes depending on the bound state (that is
depending on its total number of nodes). These positions are depicted in Figure 8a.
For each node, the position seems to follow a certain behavior that can be modeled
by the function k — 1/v/ak + b. We illustrate the value of the coefficients a and b
for each node in Figure 8b.
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In Figure 9, we plot the positions and (absolute) values of the extrema of the
bound states between two consecutive nodes. We observe that for large numbers
of nodes in the bound state, the extrema tend to a constant value which is /2.
This can be explained by the fact that for large r the first derivative term in (9)
vanishes and the solution is close to a soliton of the one dimensional setting whose
expression is known to be 7+ v/2sech(r). This is illustrated in Figure 10 where
we superimpose this soliton (adequately shifted) with the (absolute) value of the
bound state between its last two nodes (with a total number of nodes equal to 60).

APPENDIX A. QUANTITATIVE DEFORMATION LEMMA

In this appendix, we recall the quantitative Deformation Lemma used in the
proof of Theorem 2.6.
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For X in a Banach space and S C X, introduce the notation
Ss = {u € X|dist(u, S) < d},
and for p : X — R, ¢ € R, define
¢ = ¢ H((—00, ).
Lemma A.1 (Quantitative Deformation Lemma [28]). Let X be a Banach space,
p€eCYX,R), SC X, ceR, e >0 such that
' (u)]|x = % for all u € o~ ([c — 2¢, ¢+ 2¢]) N Sas,

Then there exists n € C([0,1] x X, X) such that
(i) n(t,u) =u ift =0 or if u ¢ o~ ([c — 2¢, ¢ + 2¢]) N Sas,

(i) n(1,¢°T=NS) C °F,
(iii) n(t,-) is an homeomorphism of X for all t € [0,1],
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