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A B S T R A C T 

The motion of S2, one of the stars closest to the Galactic Centre, has been measured accurately and used to study the compact 
object at the centre of the Milky Way. It is commonly accepted that this object is a supermassive black hole, but the nature of its 
environment is open to discussion. Here, we investigate the possibility that dark matter in the form of an ultralight scalar field 

‘cloud’ clusters around Sgr A 

∗. We use the available data for S2 to perform a Markov Chain Monte Carlo analysis and find the 
best-fit estimates for a scalar cloud structure. Our results show no substantial evidence for such structures. When the cloud size 
is on the order of the size of the orbit of S2, we are able to constrain its mass to be smaller than 0.1 % of the central mass, setting 

a strong bound on the presence of new fields in the galactic centre. 

Key words: black holes physics – dark matter – gravitation – celestial mechanics – Galaxy: centre. 
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 I N T RO D U C T I O N  

he orbit of the star S2 in the Galactic Centre (GC) has been mon-
tored for almost 30 years with both spectroscopic and astrometric 

easurements, the latter reaching a precision of ≈50 μas since the 
RAVITY instrument at the Very Large Telescope Interferometer 

VLTI) has been put into operation (GRAVITY Collaboration 2017 ). 
2 is a star with mass around 10–15 M � orbiting Sgr A 

∗ with a period
f roughly 16 years and apparent magnitude K ∼ 14 (Ghez et al. 2003 ;
abibi et al. 2017 ). It is part of the so-called Sagittarius A 

∗ cluster,
onsisting of about 40 stars, known as S-stars, whose orbits are all
ocated within one arcsecond distance from Sgr A 

∗(Eckart & Genzel 
996 ; Sch ̈odel et al. 2002 ; Ghez et al. 2003 ; Gillessen et al. 2009a ,
 ; Sabha et al. 2012 ). The data collected has allowed constraining
 E-mail: arianna.foschi@tecnico.ulisboa.pt (AF); vitor.cardoso@tecnico. 
lisboa.pt (VC); pgarcia@fe.up.pt (PJV) 
 GRAVITY is developed in collaboration by MPE, LESIA of Paris Obser- 
atory / CNRS / Sorbonne Universit ́e / Univ. Paris Diderot and IPAG of 
niversit ́e Grenoble Alpes / CNRS, MPIA, Univ. of Cologne, CENTRA - 
entro de Astrof ́ısica e Gravita c ¸ ˜ ao, and ESO. 
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ith unprecedented accuracy both the mass M of the central object
nd the GC distance R 0 . In particular, the trajectory of the S2 star,
ogether with those of other stars in the S-cluster, showed that their

otion is determined by a potential generated by a dark object with
ass M ∼ 4.3 · 10 6 M � at a distance R 0 ∼ 8 . 3 kpc (Ghez et al.

008 ; GRAVITY Collaboration 2019b , 2022 ), widely believed to be
 supermassive black hole (SMBH, Genzel et al. 2010 , Eisenhauer &
illessen 2010 ). This hypothesis has been supported by the direct
bservations of near-IR flares in the relativistic accretion zone of Sgr
 

∗, corresponding to the innermost stable circular orbit of a black
ole (BH) (GRAVITY Collaboration 2018b ), and, most recently, 
nalysing the image of Sgr A 

∗ taken by the Event Horizon Telescope
EHT), which is compatible with the expected appearance of a Kerr
H with such a mass (Akiyama et al. 2022 ). 
While the nature of the central object seems to be well estab-

ished, its surrounding environment remains mostly unknown. In 
his context, an especially exciting prospect is that dark matter (DM)
ay cluster around supermassive BHs, producing spikes in the local 

ensity (Gondolo & Silk 1999 ; Sadeghian 2013 , Ferrer & Will 2013 ),
eaving imprints in the orbits of stars. The scattering of DM by
assing stars or BHs, or accretion by the central BH induced by
eating in its vicinities may significantly soften the spike distribution 
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Merritt et al. 2002 ; Merritt 2004 ; Bertone & Merritt 2005 ). Given the
utstanding challenge that DM represents, it is specially important
o test the presence of new forms of matter in the GC (for a re vie w
n the GC and how it can be used to constrain DM see de Laurentis
t al. 2022 ). 

Data collected for S2 has been used to test the presence of an
xtended mass within its apocenter ( r apo , S2 = 14 mas) with particular
ttention to spherically symmetric DM density distributions (see e.g.
acroix ( 2018 ); Bar et al. ( 2019 ); GRAVITY Collaboration ( 2022 );
eißel et al. ( 2022 )). 
Lacroix ( 2018 ) used data up to 2016 to fit the size of a DM spike

ithin a halo described by a density profile (Zhao 1996 ): 

NFW 

= ρs 

(
r 

r s 

)−γ (
1 + 

r 

r s 

)γ−3 

, (1) 

here r s is the scale radius, ρs is the scale density, which can
e trivially related to the local DM density. Lacroix was able to
xclude a spike with a radius greater than 10 3 pc (Fig. 2 , last plot),
hich corresponds to R sp ≈ 4 . 8 · 10 9 M , which can be translated in

n upper bound on the total ‘environmental’ mass δM within the
haracteristic size of the orbit, δM � 4 –5 · 10 4 M �, i.e. ∼ 1% M . 

Bar et al. ( 2019 ) used similar data to constrain the presence of
ltralight dark matter, i.e. matter in the form of a self-gravitating
calar condensate. This assumption fixes the density distribution of
he mass profile, and they were able to set an upper bound on the
oliton mass of δM ∼ 5 · 10 4 M � for a fundamental scalar field with
ass m s ∼ 4 · 10 −19 eV. For m s � 10 −18 eV, the soliton is confined

nside S2 periastron and is degenerate with the BH mass. 
Della Monica & de Martino ( 2023 ) used a similar procedure to

erive an upper limit of < 10 −19 eV on the mass of ultralight boson
o beat 95% confidence level. 

Recently, GRAVITY Collaboration ( 2022 ) provided the current
 σ upper bound on the environmental mass δM within the orbit of
2, namely δM ∼ 4000 M �, or 0.1% of the BH mass. This limit was
btained assuming a Plummer model for the matter profile, 

Plummer = 

3 f PL M 

4 πa 3 0 

( 

1 + 

(
r 

a 0 

)2 
) −5 / 2 

, (2) 

ith a 0 a length scale of the external matter distribution, which has
ass f PL M . In fact, considering a scale length given by roughly S2’s

poastron ( a 0 = 0.3 arcsec), a best-fitting value for a fraction of
xtended mass within S2’s orbit of f PL = (2.7 ± 3.5) · 10 −3 was
ound, i.e. f PL is compatible with zero at 1 σ confidence level, and it
an be interpreted as a null result. Using, in addition, the orbits of the
ther four S-stars, upper limits on the extended mass were imposed,
f order 10 3 M �, equi v alent to 0.1% of the central mass M . 
Thus far, the profile of the matter distribution has been mostly

d hoc. Here, we study the possibility that new fundamental fields
xist and that they ‘condense’ in a bound state around the BH (for
 re vie w, see Brito, Cardoso & Pani ( 2015b )). These fields might be
 significant component of dark matter or simply as-yet unobserved
orms of matter. It is a tantalizing possibility that supermassive BHs
ight then be used as particle detectors, a possibility that we explore,

sing the motion of S2 as a probe of the matter content. In this context,
he matter profile is known and given by the spatial profile of bound
tates around spinning BHs (Detweiler 1980 ; Cardoso & Yoshida
005 ; Dolan 2007 ; Witek et al. 2013 ; Brito et al. 2015b ). It can be
rgued that also in the context of fuzzy dark matter, composed of an
ltralight scalar, the near-horizon region is controlled by BH physics
nd hence go v erned by the same type of profile we consider here
Cardoso et al. 2022b ). The suggestion that the stars’ motion can be
NRAS 524, 1075–1086 (2023) 
sed to probe light fields around BHs is not new (Cardoso et al. 2011 ;
erreira et al. 2017 ; Fujita & Cardoso 2017 ), but is here explicitly
xplored with data from the GRAVITY instrument. 

 T H E  SET-UP  

ight bosonic fields can arise in a variety of contexts, for example,
n string-inspired theories (Arvanitaki et al. 2010 ). Ho we ver, early
xamples arose out of the need to explain in a natural way the
mallness of the neutron electric dipole moment. They invoked the
xistence of a new axionic, light, degree of freedom (Peccei & Quinn
977 ; Weinberg 1978 ; Wilczek 1978 ; Abbott & Sikivie 1983 ; Dine &
ischler 1983 ; Preskill et al. 1983 ). 
In the presence of a spinning BH, small fluctuations of a massive

calar field can be exponentially amplified via superradiance, leading
o a condensate – a bound state – outside the horizon (Brito et al.
015b ). This structure can carry up to ∼10% of the BH mass if
rown in a vacuum. It is also possible that the scalar soliton existed
n its own, for example, if it is part of dark matter, in which case
he placing of a BH at its centre will lead to a long-lived structure (a
cloud’) that on BH scales resembles the superradiant bound states
Cardoso et al. 2022a , b ). Here, we will be agnostic regarding the
rigin of the scalar structure, but we will use our knowledge about
he spatial profile of bound states around BHs. 

.1 The scalar field profile 

onsider a particle moving in a potential given by a central mass M
urrounded by a scalar field cloud. Our starting point is the set-up
eveloped in GRAVITY Collaboration ( 2019a ), and here we recall
he most rele v ant steps of their procedure. 

A system composed of a central BH with mass M and a scalar field
inimally coupled to gravity is described by the action 

 = 

∫ 

d 4 x 
√ −g 

(
R 

16 πG 

− 1 

2 
g αβψ 

∗
, a ψ 

∗
, b −

μ2 

2 
ψ ψ 

∗
)

, (3) 

here R is the Ricci scalar, g μν and g are the metric and its
eterminant. We assume that the BH spins along the z-axis, with
dapted spherical coordinates ( t , r , θ , φ), with θ = π/2 defining the
quator. The scalar ψ( t , r , θ , φ) is a complex field, and μ is a mass
arameter for the scalar field. It is related to the physical mass m s via
= m s c / � and to the (reduced) Compton wavelength of the particle

ia λ̄C = μ−1 . The principle of least action results in the Einstein–
lein–Gordon system of equations, where the energy-momentum

ensor of the scalar field can be written as 

 μν = 

1 

2 

[
ψ ,μψ 

∗
,ν + ψ ,νψ 

∗
,μ − g μν

(
ψ 

,σ ψ 

∗
,σ + μ2 | ψ | 2 )]. (4) 

n the low-energy limit, i.e. neglecting terms of O( c −4 ), the energy
ensity of the field reads 

= 

m 

2 
s c 

2 

� 2 
| ψ | 2 = μ2 | ψ | 2 = 

( α

M 

)2 
| ψ | 2 , (5) 

here we have defined the dimensionless mass coupling α as 

= 

[
GM 

c 2 

] [ m s c 

� 

] 
. (6) 

rom now on, we will use natural units ( G = c = � = 1) unless
therwise stated. 
The solution of the Klein–Gordon equation for the field ψ on a

err background can be decomposed into a radial and an angular part,
s ψ = e −i ωt + im φS lm ( θ ) R lm ( r ), where l , m are the angular modes, and
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Figure 1. Comparison between the scalar field density in equation ( 5 ) with 
α = 0.01, � = 10 −3 , and θ = π/2 (blue-dashed line) and the Plummer 
density in equation ( 2 ) with a 0 = 0.3 arcsec and f PL = 10 −3 (orange solid 
line). Black-dotted lines correspond to S2’s periastron ( r peri ∼ 3000 M) and 
apoastron ( r apo ∼ 50 000 M). 
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 ∼ μ defines the frequency of the field. In the limit of small coupling
 α � 1), the radial part is proportional to the generalised Laguerre 
olynomials L 

2 l+ 1 
n and the angular part becomes S lm 

( θ ) = P 

m 

l ( cos θ )
ith P 

m 

l ( cos θ ) being the associated Legendre polynomials. In this
pproximation, the fundamental mode n = 0, l = m = 1 of the scalar
eld is given by (Brito et al. 2015a ) 

 = A 0 e 
−i( ωt−φ) r 

M 

α2 e −
rα2 
M sin θ, (7) 

here the amplitude of the field A 0 is related to the mass of the cloud
ia 

 cloud = 

∫ 

ρs 2 sin θd θ d s d φ = 

64 πA 

2 
0 

α4 
M. (8) 

e can now use the energy density of the field to solve Poisson’s
quation ∇ 

2 U sca = 4 πρ, using the usual harmonic decomposition 
mplemented in Poisson & Will ( 2014 ), i.e. expanding all quantities
n spherical harmonics Y lm = Y lm ( θ , φ). For the energy density
omputed in ( 5 ), the only non-zero terms that contribute to the scalar
otential are the l = m = 0 and l = 2, m = 0 terms, resulting in a
otential given by 

 sca = 4 π
[ q 00 

r 
Y 00 + p 00 Y 00 

] 
+ 

4 π

5 

[ q 20 

r 3 
Y 20 + p 20 r 

2 Y 20 

] 
= � 

(
P 1 ( r) + P 2 ( r) cos 2 θ

)
, (9) 

here � = M cloud / M is the fractional mass of the scalar field cloud
o the BH mass, 

 1 ( r) = 

M 

r 
+ 

3 M 

3 

r 3 α4 
− e −

rα2 
M 

16 M 

2 r 3 α4 

(
48 M 

5 + 48 M 

4 rα2 + 40 M 

3 r 2 α4 

+ 20 M 

2 r 3 α6 + 6 M r 4 α8 + r 5 α10 ), (10) 

nd 

 2 ( r) = −9 M 

3 

r 3 α4 
+ e −

rα2 
M 

(
9 M 

2 r 
+ 

9 M 

3 

r 3 α4 
+ 

9 M 

2 

r 2 α2 

+ 

3 α2 

2 
+ 

3 rα4 

8 M 

+ 

r 2 α6 

16 M 

2 

)
. (11) 

n Fig. 1 , we show the difference between the scalar field density in
 5 ) along the equator ( θ = π/2, with � = 10 −3 and α = 0.01) and
he density given by a Plummer profile ( 2 ), where we use the same
alues as in GRAVITY Collaboration ( 2022 ): a 0 = 0 . 3 arcsec and
 PL = 10 −3 . 
GRAVITY Collaboration ( 2019a ) showed that a scalar field cloud
escribed by the potential ( 9 ) can leave imprints in the orbital
lements of S2 if its mass coupling constant is in the range 

 . 005 � α � 0 . 05 , (12) 

ssuming a fixed direction of the BH spin axis with respect to the
lane of the sky, which corresponds to an ef fecti ve mass of the
eld in the range 10 −20 eV � μ � 10 −18 eV. Ho we ver, Kodama &
oshino ( 2012 ) showed that for an SMBH with the mass of
gr A 

∗, the allowed range of effective masses that can engage a
uperradiant instability on a time-scale smaller than the cosmic 
ge is 10 −18 eV � μ � 10 −15 eV. Hence, if a cloud exists and
eaves detectable imprints in the orbit of S2, then its formation
nd existence must be explained by means of a different physical
rocess, as discussed in Section 2 . Ho we ver, since the v ariations in
he orbital elements induced by the cloud are potentially detectable 
ith the current precision of the GRAVITY instrument, it is worth

omparing these theoretical expectations with the available data. 
n particular, we are interested in fitting the fractional mass of
he cloud � = M cloud / M to a fixed value of the mass coupling
onstant α. 

.2 The equations of motion 

o obtain the equations of motion of a particle moving in a central
otential plus the toroidal scalar field distribution described by ( 7 ),
e started from the Lagrangian 

 = 

1 

2 
( ̇r 2 + r 2 θ̇2 + r 2 sin 2 θφ̇2 ) + U ( r, θ ) , (13) 

here 

( r , θ ) = 

M 

r 
+ � 

(
P 1 ( r ) + P 2 ( r ) cos 2 θ

)
, (14) 

s the sum of the Newtonian and the scalar potential. Solving
he Euler–Lagrange equations translates into having the following 
quations of motion, 

r̈ = −M 

r 2 
+ r( ̇θ2 + sin 2 θφ̇2 ) + � 

(
P 

′ 
1 ( r) + P 

′ 
2 ( r) cos 2 θ

)
θ̈ = cos θ sin θφ̇2 − 2 

r 
ṙ ̇θ − �P 2 ( r) sin 2 θ

r 2 

¨ = −2 ̇φ

r 
( ̇r + cot θ r ̇θ ) , (15) 

here the prime (dot) indicates a deri v ati ve with respect to the
adial (time) coordinate. Since the Schwarzschild precession has 
een detected in the orbit of S2 at 7 σ confidence level (GRAVITY
ollaboration 2022 ), we also included the first Post Newtonian 
orrection in the equations of motion. The acceleration term is given
y (Will 2008 ) 

 1PN = f SP 
M 

r 2 

[ (
4 M 

r 
− v 2 

)
r 
r 

+ 4 ̇r v 

]
, (16) 

here r = r ̂  r , 

 = ( ̇r ̂  r , r ̇θ ˆ θ, r ̇φ sin θ ˆ φ) , (17) 

nd v = | v | . Here, we have also introduced the dimensionless
arameter f SP that quantifies the Schwarzschild precession, and it 
s found to be f SP = 0.99 ± 0.15 (GRAVITY Collaboration 2022 ). In
his work, we fixed f SP = 1. 

If we impose � = 0 and f SP = 0, we reco v er the classical motion
f a particle orbiting a central point mass. The six initial conditions
MNRAS 524, 1075–1086 (2023) 
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Table 1. Uniform priors used in the MCMC analysis. Initial guesses � 

0 
i 

coincide with the best-fit parameters found by minimize . 

Parameter � 

0 
i Lower bound Upper bound 

e 0.88441 0.83 0.93 
a sma [as] 0.12497 0.119 0.132 
i orb [ ◦] 134.69241 100 150 
ω orb [ ◦] 66.28411 40 90 
�orb [ ◦] 228.19245 200 250 
t p [yr] 2018.37902 2018 2019 
M [10 6 M �] 4.29950 4.1 4.8 
R 0 [10 3 pc] 8.27795 8.1 8.9 
� 0.001 0 1 
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or the set of equations in ( 15 ) can be obtained from the analytical
olution of the Keplerian two-body problem, namely 

r 0 = 

a sma (1 − e 2 ) 

1 + e cos φ0 
, ṙ 0 = 

2 πea sma sin E 
P (1 − e cos E) 

θ0 = 

π

2 
θ̇ = 0 

φ0 = 2 arctan 

( √ 

1 + e 

1 − e 
tan 

E 
2 

) 

φ̇0 = 

2 π(1 − e) 

P ( e cos E − 1) 2 

√ 

1 + e 

1 − e 
, 

(18) 

here e , a sma , P are the eccentricity, the semimajor axis and the
eriod of the orbit, respectively, while E is the eccentric anomaly
 v aluated from K epler’s equation: E − e sin E − M = 0, where

 = n ( t − t p ) is the mean anomaly, n = 2 π/ P is the mean angular
elocity and t p is the time of periastron passage. Details about how
e performed the numerical integration and how we solved Kepler’s

quation are reported in Appendix A . The solution of the previous
quations of motion gives the spherical coordinates of the star in the
H reference frame, related with Cartesian coordinates { x BH , y BH ,
 BH } via the usual transformation. In this frame, z BH is aligned with
he BH spin axis. Following Grould et al. ( 2017 ), we can define a
ew reference frame { x ′ , y ′ , z obs } such that x ′ = DEC, y ′ = R . A . are
he collected astrometric data, z obs points towards the BH and v z obs 

orresponds to the radial velocity. Despite most of the S2 motion
ccurring in a Newtonian regime (i.e. with v � 1) making the
bo v e classical approximation appropriate, near the periastron it
eaches a total space velocity of v ≈ 7650 km s −1 ∼ 10 −2 . In this
egion, the numerical solution v z obs obtained from equations ( 15 )
ust be corrected. We include the two main relativistic effects in

rder to model the measured radial velocity V R : the relativistic
oppler shift and the gravitational redshift. Moreo v er, due to the
nite speed of light propagation, the dates of observation t obs are
enerally different from the dates of emission t em 

. This is a pure
lassical effect known as Rømer’s delay and for S2, we have �t =
 em 

− t obs ≈ 8 d on av erage o v er the entire orbit. Including this effect
n our simulation requires solving the so-called Rømer’s equation,
amely: 

 obs − t em 

− z obs ( t em 

) = 0 (19) 

here we corrected a minus sign in Grould et al. ( 2017 )) that we
olved using its first-order Taylor’s expansion, as already done in
RAVITY Collaboration ( 2018a ); Heißel et al. ( 2022 ). 
Details about how to implement the transformation between the

rbital frame and the observer frame, how to include the relativistic
orrections and how we solved equation ( 19 ) are reported in Ap-
endix B . 

.3 Data 

he set of available data D can be divided as follows: 

a) Astrometric data DEC, R . A . 

(a) 128 data points collected using both the SHARP camera
at New Technology Telescope (TNN) between 1992 and 2002
( ∼10 data points, accuracy ≈4 mas ) and the NACO imager at
the VLT between 2002 and 2019 (118 data points, accuracy
≈0 . 5 mas ); 

(b) 76 data points collected by GRAVITY at VLT between
2016 and April 2022 (accuracy ≈50 μas ). 

b) Spectroscopic data V R 

(a) 102 data points collected by SINFONI at the VLT
(100 points) and NIRC2 at Keck (2 points) collected be-
NRAS 524, 1075–1086 (2023) 
tween 2000 and March 2022 (accuracy in good conditions
≈10 –15 km s −1 ). 

.4 Model fitting approach 

o fit S2 data, we perform a Markov Chain Monte Carlo (MCMC)
nalysis using the Python package EMCEE (F oreman-Macke y et al.
013 ). The fitting procedure is as follows: we set the value of the
ass coupling α roughly within the range reported in ( 12 ). For any

i ven v alue of α, we fit for the follo wing set of parameters, 

 i = { e, a sma , �orb , i orb , ω orb , t p , R 0 , M, x 0 , y 0 , v x 0 , v y 0 , v z 0 , � } , 
(20) 

here �orb , i orb , and ω orb are the three angles used to project
he orbital frame in the observer reference frame using the
rocedure reported in Appendix B1 . The additional parameters
 x 0 , y 0 , v x 0 , v y 0 , v z 0 } characterize the NACO/SINFONI data refer-
nce frame with respect to Sgr A 

∗ (Plewa et al. 2015 ). The log-
ikelihood is given by 

ln L = ln L pos + ln L vel , (21) 

here 

ln L pos = −
N ∑ 

i= 1 

[ 
(DEC i − DEC model , i ) 2 

σ 2 
DEC i 

+ 

(R . A . i − R . A . model , i ) 2 

σ 2 
R . A . i 

] 
, (22) 

nd 

ln L vel = −
N ∑ 

i= 1 

( V R ,i V model ,i ) 2 

σ 2 
V R ,i 

. (23) 

he priors we used are listed in Table 1 . We used uniform priors for
he physical parameters, i.e. we only imposed physically moti v ated
ounds and Gaussian priors for the additional parameters describing
ACO data, since the latter have been instead well constrained
y previous work by Plewa et al. ( 2015 ) and are not expected to
hange. 

The initial points � 

0 
i in the MCMC are chosen such that they

inimize the χ2 when f SP = 1 and � = 0. The minimization is
erformed using the Python package lmfit.minimize (Newville et al.
016 ) with Levenberg–Marquardt method. In the sampling phase of
he MCMC implementation, we used 64 w alk ers and 10 5 iterations.
ince we started our MCMC at the minimum found by minimize, we
kipped the burning-in phase and we used the last 80 per cent of the
hains to compute the mean and standard deviation of the posterior
istributions. The convergence of the MCMC analysis is assured by
eans of the autocorrelation time τ c , i.e. we ran N iterations such

hat N � 50 τc . 
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Figure 2. Corner plot of the fitted parameters with f SP = 1 and � = 0. Red lines represent values from minimize , while dashed black lines represent the mean 
value and 1 σ interval of the posterior distributions. 
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In a first preliminary check we set � = 0 and we fit for the first 13
arameters of ( 20 ) imposing f SP = 1. In Fig. 2 , we report the corner
lot of the parameters, which are in very good agreement with the
revious best estimates obtained in GRAVITY Collaboration ( 2022 ). 
n the following, we assume that z BH is aligned with z orb , i.e. the
irection of the BH spin axis is aligned with the angular momentum
f the S2 orbit. This means that the motion happens in the equatorial
lane ( θ = π/2) of the BH and the initial conditions for the numerical
ntegration of the orbit are those reported in ( 18 ). We fit for the 14
arameters listed in ( 20 ). 
 RESULTS  

efore running the MCMC algorithm, we used a χ2 minimiser to 
 v aluate the best-fit values of � and to quantify how accurately we
an constrain the scalar cloud mass. Results are summarised in Fig. 3 .
 or v ery small ( α � 0.0035) or large ( α � 0.045) values of α, � has
ery large uncertainties, and the results are compatible with � = 0,
.e. having a vacuum environment. 

Uncertainties on � become much smaller in the range 0.01 � α

 0.03. The underlying reason for this can be understood from the
MNRAS 524, 1075–1086 (2023) 
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M

Figure 3. Best fit values of � with 1 σ uncertainty when α is fixed and it is varied o v er the range [6 · 10 −4 , 10 −1 ]. The dashed grey line represents R peak as a 
function of α as illustrated in ( 24 ). The yellow band represents the orbital range of S2 delimited by its apoastron and periastron positions. Although a nonzero 
value of � is apparent for a restricted range of α, the statistical significance of this finding is not significant, see Table 3 . 
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f fecti ve peak position of the scalar density distribution 

 peak = 

∫ ∞ 

0 ρr̄ d ̄r ∫ ∞ 

0 ρ d ̄r 
= 

3 M 

α2 
. (24) 

or the range of α above, one finds 3000 M � R peak � 30 000 M , i.e.
hen R peak is located between S2’s apoastron and periastron and the

tar crosses regions of higher density. This analysis is reported in
ig. 3 , where we show the behaviour of R peak as a function of α,
ictated by equation ( 24 ), and S2’s apoastron and periastron. 
Notice that Fig. 3 seems to indicate that the motion of S2 is

ompatible with a cloud of scalar field for 0.01 < α < 0.03. Ho we ver,
s we now discuss, the statistical evidence for a nonzero � is not
ignificant. 

MCMC results confirm the trend observed in Fig. 3 but provide
ore insight into how � is distributed in the range of α considered. In

articular, we looked for the maximum likelihood estimator (MLE)
f � , i.e. ˆ � = arg max L ( � ; D). Results are summarized in Fig. 4 .
or 0.006 < α < 0.075, the posteriors P ( � α| D ) look like normal
istributions. Here, ˆ � and associated uncertainties coincide with
he mean and standard deviation of the distributions, and they are
oughly the same reported in Fig. 3 . Ho we ver, when we move away
rom this range, the posteriors start to be peaked around zero and ˆ �

oes not coincide with the mean value of the distributions anymore,
s a result of the prior bounds we imposed on � . Since in these cases
ˆ 
 is al w ays very close to zero (and far below the precision of current

nstruments), we estimated � 1 and � 2 such that P ( � α < � 1 | D) ≈
8 per cent and P ( � α < � 2 | D) ≈ 99 per cent of P ( � α| D ). In this
ay, we were able to obtain a rough upper bound on the fractional
ass at 1 , 3 σ confidence levels, reported in parenthesis in Table 3 .
e notice also that for smaller values of α, P ( � α| D ) flattens out,

howing the difficulties of finding a meaningful MLE 

ˆ � as soon as
he cloud is located far away from S2’s apoastron. These features
re shown in Fig. 4 , where we report the one-dimensional projection
f the (marginalised) posterior distributions of � for the values of α
eported in T able 3 . W e also show the mean (red-dashed line) when
istributions are normal and the 1 σ confidence interval (orange band,
 v aluated as explained above when the distribution is non-normal).
ot surprisingly, we noticed that basically no rele v ant information
NRAS 524, 1075–1086 (2023) 
an be extracted from those confidence intervals when R peak is far
rom S2’s apoastron. Ho we ver, in the case with α = 0.075, which
orresponds to R peak ≈ 530 M , we found that � � 5 · 10 −3 at 3 σ
onfidence level, roughly recovering the upper bound δM � 10 −3 M 

ound in GRAVITY Collaboration ( 2022 ). 
In order to determine the statistical significance of our results we

omputed the Bayes factor K , i.e. the ratio of the maximum likelihood
omputed for different values of α and ˆ � reported in Table 3 (that we
all model α) to the maximum likelihood associated with the non-
erturbative case (model 0). According to Kass & Raftery ( 1995 ) if 1
log 10 K ≤ 2, there is a strong evidence that model α is preferred o v er
odel 0, while if log 10 K > 2, the strength of evidence is decisive.
e gativ e values of log 10 K correspond to ne gativ e evidence, i.e. model
 is preferred o v er model α. As e xpected, we found log 10 K � 1,
very time the cloud is located far away from S2 orbital range. In
ontrast, when r apo, S2 � R peak � r peri, S2 , there is only mild evidence
hat model α is preferred o v er model 0 (we found log 10 K < 2
l w ays). 

 DI SCUSSI ON  

recision observations by the GRAVITY instrument can now be used
o set exquisite constraints on possible dark matter structures around
gr A 

∗. We have shown that with current observations, scalar clouds
possibly of superradiant origin, with mass couplings in the range
∈ [0.015, 0.045] can be ruled out, for cloud masses � � 0 . 1% of

he central BH mass (equi v alent to δM ∼ 4000 M �). It is similar to
hat of GRAVITY Collaboration ( 2022 ), who provided a 1 σ upper
ound of 0.1% of M on the observational dark mass within the orbit
f S2 assuming a Plummer profile for the distribution. 
We also note that, for certain scalar couplings α, observational data

re well fitted by a non-zero value of � of order 10 −3 . Ho we ver, all
hese values of � are consistent with zero within the 3 σ confidence
nterval. The computation of the Bayes’ factor showed that this
erturbed model is only mildly preferred o v er the non-perturbed
odel predicting a single central BH without a cloud. We conclude

hat there is no strong evidence to claim the existence of a scalar
loud around Sgr A ∗ described by our set-up. 
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Figure 4. Posterior probability densities P ( � α | D ) for dif ferent v alues of α. Red-dashed lines represent the mean value of Gaussian distributions (which 
coincides with the MLE 

ˆ � ), while orange bands correspond to 1 σ confidence level, i.e. ≈68% of P ( � α | D ) lies in that region. 

Table 2. Gaussian priors used in the MCMC analysis. Initial guesses � 

0 
i 

coincide with the best-fit parameters found by minimize . ξ and σ represent 
the mean and the standard deviation of the distributions, respectively, and 
they come from Plewa et al. ( 2015 ). 

Parameter � 

0 
i ξ σ

x 0 [mas] − 0 .244 − 0 .055 0 .25 
y 0 [mas] − 0 .618 − 0 .570 0 .15 
v x 0 [ mas yr −1 ] 0 .059 0 .063 0 .0066 
v y 0 [ mas yr −1 ] 0 .074 0 .032 0 .019 
v z 0 [ km s −1 ] − 2 .455 0 5 

Table 3. Maximum Likelihood Estimator ˆ � with associated 1 σ error and 
Bayes factors log 10 K for dif ferent v alues of α. The measurements for each α
are not independent (the same orbit was used to derive them) and therefore 
cannot be combined to derive a more stringent upper limit.For non-normal 
distributions we report � 1 and � 2 defined such that P ( � α < � 1 | D) ≈ 68% 

and P ( � α < � 2 | D) ≈ 99% of P ( � α | D ). 

α ˆ � log 10 K 

0.00065 � (0 . 470 , 0 . 980) 0.09 
0.001 � (0 . 470 , 0 . 980) 0.08 
0.002 � (0 . 440 , 0 . 978) −0.06 
0.0035 � (0 . 140 , 0 . 780) −10.58 
0.006 0.34671 ± 0.13666 1.44 
0.01 0.00361 ± 0.00147 1.29 
0.015 0.00101 ± 0.00042 1.24 
0.02 0.00075 ± 0.00030 1.33 
0.025 0.00068 ± 0.00028 1.35 
0.03 0.00073 ± 0.00029 1.33 
0.045 0.00328 ± 0.00135 1.27 
0.075 � (0 . 0013 , 0 . 0052) 0.0001 
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Stronger constraints, or a detection, require more observations 

r the inclusion of other stars of the S-cluster in the fit. Ho we ver,
ince the potential describing the cloud is non-spherically symmetric, 
he inclination of stars with each other plays a fundamental role, 
t least in theory, and this same analysis can not be performed
traightforwardly. For the same reason, we were forced to set an
nitial angular position for S2 co-planar with the BH equator ( θ =
/2). This is the simplest choice but also the one that maximizes the
calar potential in equation ( 9 ), i.e. our chances to actually detect
he cloud. We can try to quantify the error we are making in setting
he initial angular position of the star, by looking at the difference in
he orbits for two different initial inclinations: θ = π/2 and θ = 0,
ocusing on the interesting range of α: 0.01 ≤ α ≤ 0.045. We found
hat the maximum relative (per centage) difference in the astrometry 
s achieved for α = 0.01, where � DEC ∼ � R . A . ≈ 25%, while the
aximum difference in the radial velocity is found to be �V R ≈ 15%

or α = 0.045. Although these differences may seem significant, we 
oint out that: (i) they would be smaller for any values of θ ∈ [0 , π/ 2]
nd (ii) they are only reached in correspondence of the two periastron
assages, while they remain much smaller o v er the rest of the orbit.
ence, we are relatively confident that there will be no significant

hanges in the best-fit parameters we found for different initial 
nclinations of S2. In addition, GRAVITY Collaboration ( 2019a ) 
howed that also the inclination of Sgr A 

∗’s spin with respect to the
bserver frame plays an important role in the effects the cloud has
n S2 motion. Indeed, results including the motion of other S-stars
nd Sgr A 

∗’s spin direction are left for future works. 
Recently, Sengo et al. ( 2023 ) studied constraints on scalar struc-

ures using EHT data. Not surprisingly, bounds are of order � ∼
0%, compatible with the measurement precision of the telescope. 
ur results impro v e consistently and considerably this estimate for
gr A 

∗, showing that a bosonic structure can only exist with a
aximum (fractional) mass of � ≈ 10 −3 , at least for spin 0 fields. 
Yuan et al. ( 2022 ) used the motion of S2 to derive an upper limit of

M � 10 −4 M for a scalar cloud with particle mass m s = 10 −18 eV
 α ∼ 0.015) interacting with either the Higgs boson or the photon.
heir estimate only uses publicly available and not GRAVITY 

ata, which, due to their very small uncertainties, dominate our 
ikelihood. This is reflected in the best-fit parameters found, which 
re not compatible (within 3 σ uncertainties) with the most recent 
nes reported in GRAVITY Collaboration ( 2022 ). We argue that
MNRAS 524, 1075–1086 (2023) 
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his difference already at the non-perturbative level may lead to
isleading results when the cloud is included in the fit. 
Finally, we point out that the spin of Sgr A 

∗ is rele v ant when
iscussing superradiant phenomena, since it affects the possible
rigin of the scalar cloud. Despite recent work by Fragione & Loeb
 2020 ) placing a strong constraint on Sgr A 

∗ spin parameter ( χ �
.1), other studies (Qi 2021 , O’Shaughnessy & Brady 2021 ) question
uch a result and show that the current astrometric measurements are
ot yet sufficient to constrain the value of the spin. On the other
and, Kato et al. ( 2010 ) used quasi-periodic oscillations in the radio
missions of Sgr A 

∗ to claim that its spin is χ = 0.44 ± 0.08.
he current best estimate for Sgr A 

∗’s spin comes from the EHT
bservations (Broderick et al. 2011 ), which reported a measurement
f χ = 0.00 ± 0.64, where the error is the 1 σ uncertainty. Due to the
igh uncertainty of these results and the ongoing discussion about it,
t can be assumed without loss of generality that Sgr A 

∗ is (was) in
act spinning enough to engage a superradiant instability. We note,
o we ver, that e ven a non-spinning BH can bind a scalar ‘cloud’ if
t was grown via some other mechanism (for example, primordial,
ardoso et al. ( 2022a )). 
An upgrade of the Gravity experiment towards Gravity + is

ngoing at the time of writing, as well as the commissioning of
he ERIS instrument. The increased sensitivity of Gravity + and
he patrol field of view of ERIS strongly increase the prospects of
etecting and tracking further stars in inner orbits, putting stronger
onstraints on the scalar cloud. 
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PPEN D IX  A :  DETA ILS  A B O U T  N U M E R I C A L  

N T E G R AT I O N  

he numerical integration of the equation of motion in ( 15 ) is per-
ormed making use of the PYTHON library scipy.integrate.solv e i vp 

ith a Runge–Kutta 5(4) algorithm, meaning that the steps are 
 v aluated using a 5-th order method while the error is controlled
ssuming the accuracy of the 4-th order method. The convergence of
he integration is assured by looking at the conservation of energy 
 v er the entire integration period (almost two orbits in ∼30 years
ives �E/E ∼ O(10 −10 )). 
Kepler’s equation is solved instead using a PYTHON ’s root 

nder ( scipy.optimize.newton ), which implements a Newton–
aphson method. The latter solves the equation with precision 
f O(10 −16 ). 

PPEN D IX  B:  C O O R D I NAT E S  

R A N S F O R M AT I O N S  A N D  INCLUSION  O F  

ELATIVISTIC  EFFECTS  

1 Coordinate transformation 

he transformation from the orbital reference frame to the observer 
eference frame can be achieved using the following conversion: 

x ′ = Ax BH + Fy BH v x ′ = Av x BH + F v y BH 

y ′ = Bx BH + Gy BH v y ′ = Bv x BH + Gv y BH 

z obs = −( Cx BH + Hy BH ) v z obs = −( Cv x BH + H v y BH ) , 
(B1) 

here A , B , C , F , G , H are the Thiele-Innes parameters (Catanzarite
010 ) defined as: 

A = cos � cos ω − sin � sin ω cos i 

B = sin � cos ω + cos � sin ω cos i 

F = − cos � sin ω − sin � cos ω cos i 

G = − sin � sin ω + cos � cos ω cos i 

C = − sin ω sin i 

 = − cos ω sin i, (B2) 

hile the Cartesian coordinates { x BH , y BH , z BH } and velocities
 v x BH , v y BH , v z BH } are those obtained from the numerical integration.
or a more detailed discussion about how the coordinate system { x ,
 

′ , z obs } and the abo v e transformation are defined we refer the reader
o Fig. 1 and Appendix B of Grould et al. ( 2017 ). 

2 Relativistic effects and Rømer’s delay 

s said in the main text, there are two main contributions that must
e taken in consideration when S2 approaches the periastron: the 
elativistic Doppler shift and the gravitational redshift. Both of them 

nduce a shift in the spectral lines of S2 that affects the radial velocity
easurments. The former is given by 

 + z D = 

1 + v z obs √ 

1 − v 2 
, (B3) 

hile the gravitational redshift is defined as 

 + z G = 

1 √ 

1 − 2 M/r em 

. (B4) 

he two shifts can be combined using Eq.(D.13) of Grould et al.
 2017 ) to obtain the total radial velocity 

 R ≈ 1 √ 

1 − ε
· 1 + v z obs / 

√ 

1 − ε√ 

1 − v 2 / (1 − ε) 
− 1 . (B5) 

here ε = 2 M / r em 

. In the total space velocity v = | v | , we must also
dd a correction due to the Solar system motion. We followed the
ost recent work of Reid & Brunthaler ( 2020 ) and take a proper
otion of Sgr A ∗ of 

 

SSM 

x = −5 . 585 mas yr −1 = 6 . 415 cos (209 . 47 ◦) mas yr −1 , 

v SSM 

y = −3 . 156 mas yr −1 = 6 . 415 sin (209 . 47 ◦) mas yr −1 . (B6) 

he Rømer’s delay is instead included using the first order Taylor’s
xpansion of equation ( 19 ), which reads: 

 em 

= t obs − z obs ( t obs ) 

1 + v z obs ( t obs ) 
. (B7) 

he difference between the exact solution of equation ( 19 ) and
he approximated one in ( B7 ) is at most ∼4 s o v er S2 orbit and
herefore negligible. The Rømer effect affects both the astrometry 
nd the spectroscopy, with an impact of ≈450 μas on the position
nd ≈50 km s −1 at periastron for the radial velocity. Our results
eco v er the previous estimates for this effect in Grould et al. ( 2017 );
RAVITY Collaboration ( 2018a ). 

PPENDI X  C :  C O R N E R  PLOTS  

ere, we report the corner plots for two representati ve v alues of α
 α = 0.01 and α = 0.001), to show the behaviour of the parameters
hen the cloud is located inside and outside S2’s orbital range. The

trong correlation between � and the periastron passage t p when 
= 0.01 can be understood following the argument of Heißel et al.

 2022 ): the presence of an extended mass will induce a retrograde
recession in the orbit that will result in a positive shift of the
eriastron passage time, needed to compensate the (ne gativ e) shift in
he initial true anomaly. Indeed, when considering the Schwarzschild 
recession, which instead induces a prograde precession (hence a 
ositive initial shift in the true anomaly), t p will undergo a ne gativ e
hift, as can be seen from the strong anticorrelation between f SP and
 p reported in GRAVITY Collaboration ( 2020 ). 
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Figure C1. Corner plot of the fitted parameters with f SP = 1 and α = 0.01. Dashed lines represent the 0.16, 0.50, and 0.84 quantiles of the distributions. 
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Figure C2. Corner plot of the fitted parameters with f SP = 1 and α = 0.001. Dashed lines represent the 0.16, 0.50, and 0.84 quantiles of the distributions. 
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