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A SECOND ORDER ASYMPTOTIC MODEL FOR DIFFUSION MRI IN
PERMEABLE MEDIA

MaARWA KcHAOUM2® AND JING-REBECCA L13*

Abstract. Starting from a reference partial differential equation model of the complex transverse
water proton magnetization in a voxel due to diffusion-encoding magnetic field gradient pulses, one can
use periodic homogenization theory to establish macroscopic models. A previous work introduced an
asymptotic model that accounted for permeable interfaces in the imaging medium. In this paper we
formulate a higher order asymptotic model to treat higher values of permeability. We explicitly solved
this new asymptotic model to obtain a system of ordinary differential equations that can model the
diffusion MRI signal and we present numerical results showing the improved accuracy of the new model
in the regime of higher permeability.
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1. INTRODUCTION

Diffusion Magnetic Resonance Imaging (dMRI) is a non-invasive imaging technique to investigate structural
and transport properties of porous media as well as to study anatomical, physical, and functional properties of
biological tissues and organs such as brain, muscles and bones [7,10,18,22,27,30]. The results contained in this
paper came out of the process of providing mathematical justifications, through homogenization theory [4], for
the use of higher order diffusion tensors in the modeling of diffusion MRI. For example, the imaging community
has proposed the so-called diffusion kurtosis imaging (DKI) (see, for instance, [3,15,16,20,25]). DKI is used to
directly measure the non-Gaussian property of water diffusion characterized by a fourth-order tensor referred to
as the diffusion kurtosis tensor. In three-dimensional space, the kurtosis tensor has 81 components, but, owing
to the full symmetry with respect to an interchange of indices, only 15 elements are independent. Higher-order
homogenization expansions have been employed in many other contexts in the literature and we refer the reader
to [1,2,9,23,28] and the references therein for an account of the vast literature on the subject.

The classical dMRI experiment consists in applying two pulsed gradient magnetic fields with a 180 degree spin
reversal between the two pulses in order to encode the displacement of water molecules between them [5,6,21,26].
Following the approach proposed in [8,12], we consider the Bloch—Torrey partial differential equation as a
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reference fine scale model for the complex-valued transverse water proton magnetization due to diffusion-
encoding magnetic field gradient pulses. The goal of this paper is to determine higher-order asymptotic expan-
sions of the solution in terms of the ratio of the cell-size to the voxel-size. This ratio is assumed to be small in
the dMRI application. The new model of this paper can be seen as a higher order extension of the lower ordered
model derived in [8,19]. Similarly to [8,11], we then rely on the interpretation of the macroscopic model in the
Fourier domain to derive a system of ordinary differential equations (ODEs) whose solution directly gives the
dMRI signal. We then validated the accuracy of the new higher ordered model through some two-dimensional
numerical simulations. We show in particular that the new model is more accurate in the regime of higher
interface permeability.

The paper is organized as follows. We present the reference fine-scale Bloch—Torrey PDE model and periodic
homogenization in Section 2. In Section 3 we provide the key steps to compute the different terms of the two-scale
asymptotic expansions and give explicit expressions up to order 2. We present in Section 4 the system of ODEs
that results from the order 2 asymptotic model. We give in Section 5 numerical validation using two dimension
geometries and in Section 6 we show improvement for higher permeability. For the readers’ convenience, we
complement our paper with an Appendix A containing some technical details associated with Section 3.

2. MATHEMATICAL CONTEXT

Let 2 be a domain (open set) containing biological tissue, excluding the boundaries of the biological cells,
and let I' be the union of the cell boundaries. The open set €2 is the union of the extra-cellular domain Q¢ and
the intra-cellular domain ¢:

Q=0°UQ".

Suppose D is the intrinsic diffusion coefficient:

De, in Q°
D — ) )

The effective time profile, f(t), represents the sequence of applied diffusion-encoding gradient pulses, and obeys

the following property:
T

i F(t)dt =0, (2.1)

where T is the time at which the signal is measured called the echo time.
A reference model for the complex-valued transverse water proton magnetization M = M, + M, subject to
diffusion-encoding is the following Bloch—Torrey equation [29]:

%—I‘t/[(m,t) +uf(t)q - xM (x,t) — div(D(x) VM (x,t)) =0, in 2x]0, Tg|,

[D(x)VM (x,t) - v] =0, on I'x]0, Tg|, 00
D(x)VM (x,t) - v = k[M(z,1)], on I'x]0, T, 22)
M('a O) = Minit, in Q,

where v is the unit normal vector pointing exterior to the intra-cellular domain, the brackets [] denote the jump
across the interfaces I, k is the membrane permeability, ¢ in the imaginary unit, T > 0 is the echo time, Myt
is the initial spin density. The constant vector in R¢, ¢ = ¢n, contains the amplitude ¢, which is the product of
the diffusion-encoding gradient amplitude multiplied by the gyro-magnetic ratio of the water proton, the unit
vector n points in the direction of the applied diffusion-encoding magnetic field gradient.

The dMRI signal at echo time Tg is the integral of magnetization M (x,Tr), normalized by the mass:

1
S = W/QM(w,TE)da:. (2.3)
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FI1GURE 1. Periodicity box Y containing 3 biological cells. It is composed of Y ¢, the exra-cellular
domain (red), Y¢ the intra-cellular domain (green), I'"™ the boundary of Y (dark green), and
the sides of the box (dark red).

Numerically, the signal is usually plotted against a quantity called the b-value

sah = 1o [ (o), (24)
where

F(t) = /0 £(s) ds. (2.5)

2.1. Periodic homogenization

In this work, we will apply periodic homogenization to derive asymptotic solutions of the Bloch—Torrey
equation, assuming that the size of the period, ¢, is small. We define the unit periodicity box

Y =]0,1[% Y =YeUYS, I'™ =9Y° = 9Y*°\ Y, (2.6)

with the analogous intra-cellular and extra-cellular subsets. See illustration in Figure 1.

The geometric assumption of periodic homogenization is that the domain € contains the union of periodic
copies of Y. If the domain € is finite, the notation is more complicated than if Q = R4™ See illustration in
Figure 2.

First, we give the notation when € is finite. The intra-cellular and extra-cellular domains are defined as
periodic extensions of Y¢ and Y¢:

Q= U {e(+Y9)NQ} Q= U {e(€+Y)NQ}, Q. =Q5UQE.
£ezd £ezd
The interior boundaries are defined as the periodic extension of I'":

= Eeuzd{e(g +I")N QY.

However, to simplify the presentation in this paper by avoiding complications coming from imposing external
boundary conditions on 99, we will choose to take Q = R? d is the space dimension. This assumption is
reasonable if the diffusion distance is small compared to the size of the imaging voxel.
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FIGURE 2. Periodic extension of the periodicity box, contained inside a finite €.

Finally, on €. defined as the union of infinite periodic extensions, the PDE becomes:

OM. (g, t) + 1f(t)q - €M (,t) — div(D.(x)VM.(x,t)) = 0, in Q. x]0, T,

ot
D.(x)VM_(x,t) - v = k. [M(x,1)], on I'™x]0,T7, @7)
[De(x)V M (x,t) - v] =0, on I'M™x]0,T7, )
ME('v 0) = Minita in Q&v

where D.(x) := D(Z). We assume that the initial data My, defined on €2 are independent of ¢ and belong to
L3(Q) N LY(Q).
3. DERIVATION OF ASYMPTOTIC MODEL

Following the classical periodic homogenization technique [4,17,28], we use the two-scale asymptotic expan-
sions for the solution M, in Q¢ and Q¢:

+o0o
n € 4 1 e
M;(m,t)ZZes Mn(sc,;,t>, in Q¢,
n=0
M, (x,t) = . (3.1)
n C z 1 (&
M¢S(x,t) = Ze Mn(:c,g,t), in Q¢,
n=0
where the component functions M (x,y,t) are defined on Q x Y*x]0,T[, « € {e,c} and are Y-periodic in y.

The aim is to separate the macroscopic variations and the microscopic ones to obtain a new problem involving
only macroscopic quantities.

3.1. Preliminaries

We substitute the asymptotic expansions (3.1) into the periodic model (2.7), and multiply the first equation
in (2.7) by €2 to obtain

+oo +oo +oo
0
n+2 «@ n+2 «@ n+2 73 fe% o
E € aMn +uq-xf(t) E e"m My — E " divg (D*V e M)
n=0 n=0 n=0 (3.2)
+oo too

=3 "N (divy (D Vy M) + divy (D*Va M) — Y " divy (D*Vy M) =0

n=0 n=0



A SECOND ORDER ASYMPTOTIC MODEL FOR DMRI IN PERMEABLE MEDIA 1957

for (z,y) in Q x Y,. In order to obtain the condition for the traces on the interface I'?", we observe that

Moy = Y (015 (2. .0) - 015 (2. 2.1)). o
and .
{ﬁa(x)VME(m, t) - u] - = Z e (DEVMﬁ (:c, %, t) -v —D°VM; (:1:, g, t) . u). (3.4)

By identifying each power of e, the no-jump relation for the flux becomes

DeVyM§ - v =DV,M§ - v, (3.5)
DVyMS v+ DV M:_ - v=DV,M: v+DV M | -v, forn>1 ’
Using (3.3), the jump relation for the fields becomes
0DV, ME - v + DYV MP - v + Vo M - v) + £2DY(V, Mg - v + Vo M - v)
—+oo —+o0
3.6
JrZe"HDa(Vny:H‘VJFVmMS'V) :ZZ,_:71+1H5(]\4-§7]\45)7 (3.6)
n=2 n=0
for (x,y) in Q x I'"™. The initial conditions are,
M§(z,y,0) = Miyi(x) and M (x,y,0)=0 forn>0, «c{ec}. (3.7
We define the following volume fractions and surface to volume ratios:
Y|
= ) (3.8)
Y|
]
0 = , (3.9)
Y
|
g =1L (3.10)
Y|
Notation
In order to shorten the formulas, we respectively denote by :, .". and :: the contraction products with respect

to the last 2, 3 and 4 indices of the given two tensors. For instance, for any fourth-order tensors C and P,
(C:Piy= Zciljkpiljky (C..P)i= Zciljkpiljk7 (C:P)= Z Cijx Pitjk-
3k 1,4,k ik
The tensor product of two vectors u and v is defined by
(u®v);; = uv;.
3.2. Second order asymptotic model under scaling k. = oge

From homogenization theory, we know that the choice of a scaling for the permeability coefficient x. has
an influence on the nature of the asymptotic model. We take a special form of the scaling of the permeability

coefficient corresponding to
Ke = 00€, (3.11)

that was used previously in [8]. This case corresponds to moderately permeable membranes and leads to a
two-compartment macroscopic model [8]. In this paper, we derive higher order asymptotic for this choice of .
First we need to define averages and jumps of functions that are solutions of PDEs that will appear later.
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Definition 3.1. These are the average and jump quantities in the domain and on the interfaces.

/\(X P (e P 1 (63
M (x,t) == (M (2, t)ya = Ve /ch Mj (x,y,t)dy, o€ {ec}, (3.12)
[Mn(m,t)] = M¢(z,t) — MS(z,t). (3.13)
1
(Wypm = ] o wds(y), (3.14)
[w] == w® — w". (3.15)

Now we summarize the equations satisfied by ﬁo(’, M i and ]/V.TS which are obtained after substituting (3.1)
into (2.7) and equating the same powers of €. The formal procedure is detailed in Appendix A.

We obtain the homogenized equations for M\g‘:

2 M — divy, (Devmﬁg) + 6% [MO} =0, inQx]0,T],

M (-,0) = M, in Q, (3.16)
9 M — div,, (Dcvmﬁg) — 00y {J\A/.ro} —0, inQx]0,T],
‘Z/\ZOC(70) = Minit7 in Q.

with the homogenized second-order tensor D defined by

Dg; := (D*Vw - e; + D% - ej>Ya = (D*(Vw§ + ;) (Vw + ei)>Ya, i,j=1,...,d, a € {c,e}, (3.17)

where to obtain D we need to compute solutions of d time-independent problems posed on the unit box Y:

—divy (D*Vyw + D%;) =0, in Yo,
D*Vywi -v+ D%, -v =0, on I'™, (3.18)
w is Y-periodic, (w§)y« =0,

with e;, i = 1,...,d are the vectors of the canonical basis of R€.

Likewise, the equations for M\f can be written as

2 M — div, (Devzﬁf) + 00, {J\A/.rl} 4 000 ([w])pm - Vo ME =0,  in Qx]0,TT,

M¢(-,0) =0, in Q, 3.19)
5 M — divy (D°Va My ) — 000 [ M| = 600 [w]) - Vo M§ =0, in 9x]0,T], '
M¢(-,0) =0, in Q.

No new homogenized tensors are needed.
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Finally, the equations for ﬁ? involve new homogenized tensors and can be written as

2 M — divg (D°Vo Mg ) +0°00 [ M| +0°00([w])pn - Ve M
= —divg (]Bae - vgﬁg) +f (0S¢ 1 q® Vo ME + o dive (Hevm []\/ZOD
+0g divy (Ze’evmﬁg) — 00 divg (Zevcvmz\?rg) — 0502 ([Y)])pn [1\70 ,

— divg (DCV MQ) — 0oy [1\72} — 00 {[w])rm - VM
— divg (B - VEME) + 1/ (1S : ¢ @ Vo M + oo divy (1°V4 [ M )
+ g dive (29 Vo Mg ) — oo divg (250V4 Mg ) + %03 ([u]) v [ Mo,
M(-,0) =0,

in 0x]0, 77,

in Q,
(3.20)

in Qx]0,T7,
in Q.

The needed tensors are B*, S®, Z*# 1* and they require the solutions wits Xi5, iy and @ for 4, 5,k =1,....d.
The functions wf* are defined as solutions to the problem (3.18) and the rest of the required functions are

solutions to the following box problems:

: o a) _ _0 a, : «
—ley(D Vyxij) = aTﬁ(D w; ), in Y,
D*Vyxi; - v + DSy = 0, on ', (3.21)
Xi; 1s Y-periodic, <X%>YG =0,
—divy (D*Vy¢s) = D* 2w + D5y — DY, in Y,
DOV ypi v =0, on I'™, (3.22)
g is Y-periodic, (¢), ., =0,
—divy (D*Vyy®) = F6°, in Y%,
DOV v =1, on I' (3.23)
¥ is Y-periodic, (¥%)ya = 0.
The symmetric second-order tensor S% is defined by
85 = —(wi o)y (3.24)
The symmetric fourth-order tensor B® is the Burnett tensor that is defined by Allaire et al. [1,2]
BY = —T* + D* ® S¢, (3.25)
where the fourth-order tensor T¢ is defined by
gk = (=D ?(Xjk + %‘k)wz +D (Xjk + Sﬁjk) . — (D*wiwr*dij)ya- (3.26)
Yi Yi va
The coefficients of the second-order tensor Z®# and I* are defined by
2y =207 (wug) =202 (xf+) (3.27)
and
I = <—D°‘awo‘wo‘ + Dawo‘awa> + 0S5, (3.28)
* y; ! ;i " [y 7 .
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respectively. We will use + sign where + corresponds to a@ = e and — corresponds to o = ¢ and F inversely.
These simplified expressions (3.26), (3.24), (3.27) and (3.28) are justified in the Appendix A.

By combining the equations for J/\i{jﬁ Mf‘ and 1\7[5* given in (3.16), (3.19) and (3.20), we get the following
equations for the second order approximation of (2.7), M. ~ M¢, + M¢,,

M, =1 (M\S + 5]\//.7{2 + 82]/W\26) and MS, =, (]/\/.75 + 5M\f + 52]/\/.720), (3.29)

€
namely,
%Mgg —divg (D"‘VmM;)Q) + (000° + 520895<[w}>pm)M§72 — (008° + 620396<[¢]>Fm)M§72
+e000([w])rm - Vo My = —dive (B . VEME,) + %0 f (£)S° : q @ Vo M¢,

+ %00 divg ((I° + Ze’e)VwM;Q) - :’7—:}5200 divg ((I°¢ + Ze’C)VwMECQ), in 2x]0,T7,
M:,Q('? 0) = neMinitv in Qv
%M;}2 —divg (DCVwMEC,Q) — (008° + 520893<[¢]>pm)M§72 + (008° + 820'806<[’¢]>Fm)MEC72

— 000 ([w])pm - Vo MSy = —2divg (BC . VEME,) +2f(1)S°: q @ Vo M¢,

+ ;LZE%O divg ((I° + Z9¢) Ve ME ) — e200 divg ((I° + Z¢) Vo ME ), in Qx]0, 77,
M 5(+,0) = n°Mini, in Q.

(3.30)
We note in the case that the intra-cellular domain is finite, then the tensor D¢ defined by (3.17) is identically
zero [8], hence B¢ = —T°.

4. CouPLED ODE MODEL FOR DMRI SIGNAL

In this section, we derive a system of ODEs whose solution gives the dMRI signal of the new asymptotic
model. The reference normalized signal is measured at the echo time Tr and it is given by
B Jga M (2, Tp) dz
Jga Minie de

SP"(q) :

where M. is the solution of the reference Bloch—Torrey equation (2.7). For the new second order asymptotic

model, we have
o f]Rd M;,Q(xv TE) de + f]Rd Msc.,Q(mv TE) de

, 41
Jpa Minie dee (41)

S2(q) :

where M, and M, are the solutions of (3.30).
We now prove that the second order signal obtained from solving (3.30) can be equivalently obtained by

solving a simpler system of coupled ODEs.

Theorem 4.1. If we assume that f satisfies (2.1), the signal §62 is well defined and can computed as
S2(q) = m&(Tp) + m¢(T), (42)

where (mS,m¢) is the solution of the second-order ODE model

Sme(t) + ((D§(g,t) + 008°) + ?E5(q, t))me(t) — (006 + £GS(q, t) + 2 G5(q, t))mE(t) = 0,
LmE(t) + (000°) + e2ES(g, t)yme(t) — (000° + cGS (g, t) + £2G5(g, 1)) mE(t) = 0, (4.3)
me(0) =n. and mE(0) = .,
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where

Di(q,t) := F(t)*¢*D : (n ®n) (4.4)
GS(q,t) := —1000°F(t)q([w])rm - (4.5)
Gi(g,t) := 1togf0°F(t)g{[w])rm - 1 (4.6)
E5(g,t) := 206<[1/J])pm + F(t )4 Age .. Mnenen)— f(t)F(t)qQSe :(nemn)

+00F2( )q ( +7Z%%) : (n@mn), (4.7
E5(q,t) == 030 ([Y])rm + F(1)'¢'B° = (n@n@non) - f(H)F()¢*S": (n@n)

— 0o F2(t)¢*(I° + Z°°) : (n®@mn), (4.8)
G5(q,t) := o0 ([¢])rm — JOEFz(t)(f(HC +Z°°) : (n®@n), (4.9)
G5(a.1) = A3 ([WDrm + o0 PO+ Z) : (n @ m), (4.10)

To give an idea of the proof, we first transform the macroscopic model (3.30) by introducing new unknown
variables MCQ and MECQ defined almost everywhere on R?x]0,T| as

M (@, 1) = MSy(@, )™ O and - M@, 1) = MEy(@, e s> 0.,

After the calculations detailed in Section A.4 of the appendiz, we obtain the system of equations for <o and
MEC’Q. After that, we denote by Mg 5 and M 5 the Fourier transform with respect to the space variable of

€

respectively M&Q and MQQ, and denote the dual variable by &:

2(5715):/ M2y (z,t)e™ 4% dz = M2y (x, 1) / M2, (€, t)e " dE.
Rd

6

We apply the Fourier transform to the system of equations satisfied by M¢ , and M: <9, and set

me(t) := Mg 5(0,¢) and m(t) == c2(0,1),

which can be formally written as
mg(t) = Mfg (z,t)de and m(t) = MECQ(% t) de,
R4 ! R4 ’

mg(O) = 776/ M, iidx and mg(()) = 770/ M, dx.
R4 R

We observe that for & = 0, the system of equations for Mg 5 and M¢ 5 directly implies the ODE model (4.3).
Finally, for the signal, we have the result that for a = e, ¢, using F(Tg) =0,

M2y (x, Tp) da = / M2y (x, Tp)e P T dg = | M2,y(2,T) dz = m&(Tg).
Rd

R4 R4

We refer to Section A.4 in the appendiz for more details on the proof of Theorem 4.1.
Remark 4.2. We recall that the Bloch—Torrey signal S is in theory complex-valued. The real part of M

represents the solution due to diffusion, the imaginary part is not relevant to diffusion. We note that the
function G¢, @ € {e, ¢} is imaginary.
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For this reason, the second-order ODE model (4.3) can be simplified by removing G§ and G¢ to get the ODE
system

Ime(t) + ((DE(q,t) + 000°) + e2E5(g,t))me(t) — (000 + c2GS(g,t))me(t) = 0,
Eme(t) + ((006°) + €2E$(g,t))mE(t) — (000 + £2G5(q, t))mE(t) = 0, (4.11)
mg(0) =ne and mg(0) = ne.

Suppose one only wants the first order approximation, the signal 581 can be computed as
SHq) = m&(Tg) +mE(Tk) (4.12)
where (mg, m¢) is the solution of the first-order ODE model.

qme(t) + (D§(a, 1) + 000 )me(t) — (000° + G (g, t))mE(t) = 0,
GimE(t) + (000°)mE(t) — (000 + eGi(g, t))mE(t) = 0, (4.13)
mg(0

)=mn. and mS(0) = ..
Suppose one wants the zeroth order approximation, the signal §g that can be computed as
$%(q) = mi(Te) + m§(T). (4.14)
where (m§, m§) is the solution of the zeroth-order ODE model

Gm6(t) + (DG (q,t) + o0f*)mi(t) — oof°mi(t) = 0,

Lmg(t) + (000°)m§(t) — oof°m§(t) = 0, (4.15)

m&(0) =n. and m§(0) = 7.
The above is precisely the asymptotic model derived previously in [8].

Remark 4.3. We recall that the Bloch-Torrey signal S is in theory complex-valued. The real part of M
represents the solution due to diffusion, the imaginary part is not relevant to diffusion. For this reason, the real
part of the dMRI signal can be obtained just by solving the zeroth-order ODE model (4.15), there is no need
to compute the first-order ODE model (4.13).

Remark 4.4. The new second order model we derived is not unconditionally stable. Its stability depends on
the choice of the model parameters. For a given choice of parameters one can show stability numerically by
computing the eigenvalues of the time-dependent matrix in the ODE system.

5. NUMERICAL RESULTS

Our objective is to validate the accuracy of the new second-order asymptotic model and measure its improve-
ment over the previously derived zeroth-order asymptotic model of [8]. Our reference solution will be provided
by the numerical solution of the reference Bloch-Torrey model (2.7). The three models we compare will be
denoted by:

(1) “Ref”: the reference solution from solving the Bloch—-Torrey PDE.
(2) “R0”: the zeroth-order asymptotic model given in (4.15).
(3) “R2”: the newly derived second-order asymptotic model given in (4.11).
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(1) (B)

FIGURE 3. Periodicity box Y = [0,1]? with two different configurations.

We use the classical Pulsed Gradient Spin Echo (PGSE) sequence, with two rectangular pulses of duration
0, separated by a time interval A — §:

1, if0<t<§,
fy=4¢-1, ifA<t< A+,
0, elsewhere.

We take the echo time T = 6 + A. We remind that for this time profile the b-value is written as

b(q) =qQ/OTE(/Otf(s)ds>2dt=q252<A_g).

We choose the gradient direction to be n = e,. We fix 09, A, ¢ and b and vary the non-dimensional parameter
€ in order to stay within physically reasonable parameters. The values of the intrinsic diffusivities D, = 3 x
1073 mm? /s, D. = 1.7 x 1073 mm? /s, are chosen close to the values often used in the literature [13,31].

We validate the convergence in simple two-dimensional geometries, see Figure 3.

5.1. Finite element solution

To compute numerical solutions, we used the finite element method (P; elements on triangular elements in
two dimensions), implemented in the open software FreeFem++ [14]. For example for the geometry on the left
in Figure 3 we use 15380 triangles in Y, and 15664 triangles in Y.

5.1.1. Reference signal

In order to solve the Bloch-Torrey problem (2.7), we will consider the case of constant M,;; and recall that
we take Q = RZ. Following the approach of [24], we transform the Bloch-Torrey equation by defining a new
unknown MZPT almost everywhere on R?x]0, T[ by

MEBT(w,t) = Mg(w,t)e“’m'nF(t).
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Multiplying the equation of the system (2.7) by e*4®™F(®) and using the definition of MEBT(:C, t), we obtain the
following transformed PDE on the box:

2 MET (2, t) — div (Dg(a:)VMfT(a:, t) — 1qnF(t)D.(x) MET (z, t))

+ g F (t)D-(x)VMBT (z,t) + ¢*F(t)?D.(x) MBT (z,t) = 0, in Y.x]0, 7],
['DE(CB)VMEBT(:E, t) - v — 1qnF(t)D.(z) MBT . u} lrm =0, on I'™x]0, T, (5.1)
Ds(w)VMEBT(w,t) SV — anF(t)DE(:c)MEBT “V|pm = ke [MEBT(:E,t)], on I'"™ %10, T7,
MEBT(,O) = My, in Y.,

MEBT is Y.-periodic,
where Y. = €Y. The normalized signal is
1
SRef = — — / M. (z,Tg) dz.
© Miic|Ye] Jy. (%, Tg) dw
5.1.2. Second-order reduced model
To obtain the second order reduced model, we observe that the ODE model (4.11) is
d
om(t) + Alg, tym(t) = 0,
_ (mE®)
where m(t) = (mé(t)) and
Alg.t) = ((D§(q,t) + 000°) + €°E5(q, 1)) —(006° + e2G5(g,1)) (5.2)
’ — (0096 +e2G$(q, t)) ((0090) + e2E$(q, t)) . '

The above quantities are written as functions of 11 tensors D¢, B¢, B¢, S¢, S¢, ¢, I¢, Z%¢, Z%°, 7%, Z>° (3.17),
(3.26), (3.24), (3.25), (3.27) and (3.28). In order to obtain these tensors, we need to solve four periodic box
problems (3.18), (3.21), (3.22) and (3.23) on Y. Numerically, we solve these four box problems by using the
finite element method (P; on triangular elements in two dimensions). We solved the variational problems and
obtained the tensors. To solve the ODE model we used the -method.

5.1.8. Zeroth-order Reduced model
To obtain the zeroth order reduced model, the ODE model (4.15) only requires

((D§(g; 1) + 000°)) —(000°) )

Alg,t) = ( —(000°) (D§(q,t) + 006°))

5.2. Convergence

In Figure 4 we display the logarithm of the computed signals as a function of € for the reference signal Ref,
the order zero approximation R0 and the order two approximation R2. The zeroth-order signal is a horizontal
line because the model (4.15) does not depend on €. One clearly observes the improvement of the second-order
approximation over the zeroth-order approximation.

In Figure 5 we show the convergence of the approximation errors |Sgref — Sgro| and |Srer — Sgra| as functions
of ¢ for three different choices of (A, b). The convergence order is numerically computed to be 1.8 for the zeroth-
order model and it is numerically computed to be around 3.5 for the new second-order asymptotic model. The
convergence orders are consistent in that R2 converges 2 orders faster than R0. The apparence of the half order
is typical for diffusion problems.
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FIGURE 4. Logarithm of the normalized signals versus ¢, which is varied between 1 x 1072 and
1 x 1072, The geometry is a single disk of radius R = 0.2mm. The experiment parameters are
D. =3 x 1073 mm?/s, D, = 1.7 x 103 mm?/s, 0y = 2 x 1072m/s, n = e, and § = 5ms. (a)
A =15ms, b = 850s/mm?. (b) A = 30ms, b = 2500s/mm?.

6. IMPROVEMENT FOR HIGHER PERMEABILITY

For application to dMRI, we observe that the ODE models (4.15) and (4.11) are independent from the choice
of the measuring unit of the unit box Y. For instance, if one replaces Y by Y’ = pY where p is a scaling factor
and y by ' = py, then one should change € by ¢/p. If we denote by wy's Xps ¢, ¥y and AY the solution of the
box problems computed by replacing Y with Y”, one can easily check that

e} la 1 (e @
ngav 0/)_;07 779:777

9
wi (W) = pw (), (X§+e5) W) =P (X" + ")),
VoY) = py*(y,) and AJ(y') = A%(y),

where w®, x%, ¢ and * are the solutions of the box problems (3.18), (3.21), (3.22) and (3.23), respectively.
These equalities confirm the independence of the ODE models from the box size.

We will choose a value of ¢ = 1 x 1072 which allows us to use the periodicity box Y. = €Y of 10 um?. This
means that we assume that the periodicity is on the order of the sizes of brain cells (O(um)). Let us emphasize
that we did not check that this periodicity length assumption is valid with experimental data. Our comparison
will be done with the solution to the Bloch—Torrey equation. Physically, diffusion time in the brain in the range
of 1ms-100ms can be measured which correspond to average diffusion distance of 2.5 pum-25 um. In addition,
the permeability coefficient x varies among the different tissues from sub 10~%m/s to more than 103 m/s.
For instance, for values of x between 107%m/s and 10~*m/s, the membranes are semi-permeable while bigger
values of x correspond to very permeable membranes. If  is below 1076 m/s, the membranes can be considered
as impermeable.

In our numerical tests, we will vary the diffusion time A and the cell permeability k. We see clearly in
Figures 6a and 6b that the signal of R2 is closer to the reference signal when we use a long diffusion time A.
In Figures 6¢c and 6d, we consider the effect of the membrane permeability. We can see with varing « that at
higher permeability, R2 is closer to Ref.

Two interesting quantities in AMRI are the ADC (the apparent diffusion coefficient) and the AK (the apparent
kurtosis). According to [16], the ADC and the AK can be fitted from the signal using

S ~ SoefADCbJr%AK(ADCb)Z'
In Figure 7, we see that the ADC and AK of the R2 model are closer to the reference values than the R0 model.

We show in Figure 8 that in a configuration of 4 biological cells, the R2 model is more accurate than the R0
model for a wide range of b-values and especially at higher permeability.
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The new second order model is not unconditionally stable. Its numerical stabililty depends on the choice of the
model parameters. For the choice of parameters in the previous simulations, we show the stability numerically,

by computing the eigenvalues of the matrix A(q,t) in

M. KCHAOU AND J.-R. LI

logy(e)
(B)

written as the ODE system

Therefore, to have stability, both eigenvalues of A(q,t) must be non-negative. In Figure 9, we plot the two
eigenvalues as a function of time for two values of k and different values of b and A. According to Figure 9, we

%m(t) + A(q, t)m(t) = 0.

can see that both eigenvalues are always non-negative which shows numerical stability.

2 T T T T T
O A=15 ms, b =850 s/mm?
¢ A=30ms, b = 2500 s/mm?
0 H © A=40ms, b = 2500 s/mm® i
—y=18%+19
—y=18%+1.1
—y=1.8"%+0.81 00000
2F i
8688
4F i
_6 1 1 1 1 1
-2.6 2.4 -2.2 -2 -1.8 -1.6 -1.4
logyy(e)
(4)
2 T T T T T
O A=15ms, b = 850 s/mm? 6
O A=30ms, b = 2500 s/mm? o
2
o+ O A=40 ms, b = 2500 s/mm _
—y=4"x+57 o
—y=35"%+37
—y =3.5"x + 3.6
2F i
o}
o
4+ -
_6 1 1 1 1 1
-2.6 2.4 -2.2 -2 -1.8 -1.6 -1.4

FIGURE 5. Signal convergence for a single disk of radius R = 0.2mm in the periodicity unit
box. The experiment other parameters are D, = 3 x 1073 mm?/s, D. = 1.7 x 1073 mm?/s,
00 =2x10"?m/s, n = e, and § = 5ms. (a) RO. (b) R2.

(5.2). Recall that the new second order model can be
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FIGURE 6. log;, Normalized signals versus the b-value for a single circular biological cell of
radius R = 4 um in a periodicity box Y. of 10 um?, with D, = 3 x 107> mm?/s, D, = 1.7 x
1073 mm?/s, n = e, and § = 5ms. (a) A = 25ms, K = 5 x 10°m/s. (b) A = 50ms,
k=5x10""m/s. (¢) A=25ms, s =7 x 10°m/s. (d) A =25ms, k =1 x 1074 m/s.
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FIGURE 7. ADC and AK of homogenized models and the reference model for one circular
biological cell of radius R = 4 pum in a periodicity box Y of 10 yum?, with D, = 3 x 1072 mm? /s,
D.=17x10"3mm?/s,n=¢,, § =5ms and K =5 x 10> m/s.

Remark 6.1. Finally, we say a few words about the practical utility of the derived model for diffusion MRI
applications. This question depends very much on whether the regime of validity of this model coincides with
the achievable experimental settings, given the physical sizes and membrane permeabilty of the biological cells.
We have shown in the numerical results that at least for the sizes of cells in the micron range and membrane
permeability in the larger range of what is found in the literature, the second order model offers an improvement
over the zeroth order model. However, since brain cells have many different scales depending on whether one
is examining the somas of neurons or the axons and dendrite trees, the validity of the new model may be
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FIGURE 8. log;, Normalized signals versus the b-value for 4 circular biological cells in a peri-
odicity box Yz of 2 um?, with D, = 3 x 10~*mm?/s, D, = 1.7 x 1073 mm?/s, n = ¢, and
§=5ms. (a) A =5ms, k =3x10"%m/s. (b) A =5ms, x =6 x 107*m/s. (¢) A = 10ms,
k=3x10"%m/s. (d) A = 10ms, Kk = 6 x 107*m/s. (e) A = 15ms, k = 3 x 10~ 4m/s. (f)
A=15ms, k =6 x 10~4m/s.

questionable or it may not offer improved accuracy over the zeroth order model when the cells or cell components
in questions are much larger or much smaller than what we have simulated in this paper.

7. CONCLUSIONS

In this paper, we formulated a second order asymptotic model to treat higher values of permeability. We
explicitly solved this new asymptotic model to obtain a system of ordinary differential equations that can model
the diffusion MRI signal and we present numerical results showing the improved accuracy of the new model in
the regime of higher permeability.

Higher-order homogenization expansions have been employed in many other contexts in the literature and
we made ample use of higher dimensional tensors in the development of our asymptotic model. We hope our
work will offer insight into the role higher dimensional tensors play in multiple scale diffusion phenomena.
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FIGURE 9. The two matrix eigenvalues (the smaller one on the left, the larger one on the
right) of the second order model as a function of time for the geometry of 4 circular biological
cells in a periodicity box Yz of 2 um?, for different values of A, with D, = 3 x 1073 mm? /s,
D.=17x103mm?/s, n = e,, § = 5ms. (a) A =5ms. (b) A =5ms. (¢) A = 10ms. (d)
A =10ms. (e) A =15ms. (f) A =15ms.
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We here give some details of the calculations that lead to the macroscopic equations for J/\ZOQ, M i and J/\/I?“
as well as some symmetry properties for the homogenized tensors. The convention of summation on repeated
indices is adopted in the following expressions. Using the differentiation rules we observe that

VM (m, g,t) =V.M (m, %,t) +e 'V, MY (m, %,t), a € {c, e},

and therefore

div(D*VM) = dive (D*Ve Mg + D'V M?) + e~ ! divy (D*VoMS + D% 'V, M)
= divg(D*Va M) + et divg (DYVy M) + e ! divy (D*V M)

+ e 2divy (D*V, M2).

Substituting M, by the asymptotic expansion (3.1) in problem (2.7) and multiplying the first two equations by

€2, we then

obtain (3.5)—(3.7).
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To derive the averaged equations, we need the following theorem, which can be proved using the Green’s
identities.

Theorem A.1. For problem of the form

—divy (D*(y)Vyu®(y)) = g*(y), nY",
D*(y)Vyu®(y) -v = h*(y), on I'™,
u®(y) is Y-periodic,

for some regular data g% and h®, there is a unique solution, up to an additive constant, if and only if the
compatibility condition holds

/a g% (y)dy + /m h*(y) ds(y) = 0. (A1)

A.1. Macroscopic model for ]/\/IO
By equating the zeroth-order terms in € we get
—divy (D*V,M§) =0, in Y%,
DVyM§ v =0, on ' (A.2)
M is Y-periodic.

It is clear that Mg does not depend on y and therefore ([My])rm = [My] = [ﬁo].
By equating the first-order terms in € we get

— divy (DOV,Mf + DOV Mg ) =0, Y,
D (VyM{ + Vo Mg ) v =0, on I, (A.3)
M7 is Y-periodic.

The compatibility condition (A.1) is automatically verified which guarantees a unique (up to an additive con-
stant) solution M7 that depends on V,M§'. Then, by linearity we obtain

M =w® Vo Mg + Mg, inY® (A.4)
where J/\/.Tf‘ = (M{)yo and for i = 1,...,d w® are solutions of box problems (3.18).
Next, by equating the second-order terms in € we get

—divy (D*Vy M5 + DV M) = W*?, in Y,

DN yM3 - v + DN M - v = 0g[ M), on I'™ (A.5)

M3 is Y-periodic
where ~

W = divy (D*Vy M{" + DV, Mg ) - %J\A/_rg. (A.6)
We use the notation ~

& Mg = 2 N+ 1Q(@) (1) M.

It is easy to see that the compatibility condition (A.1) for problem (A.5) implies

{<W6>ye + 000 ([Mo])pm =0,

A7
(We)y, — 000 ([Mo]) . = 0. (A7)

Replacing M by its expression (A.4) we obtain the macroscopic model (3.16) satisfied by Mg
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A.2. Macroscopic model for ]/\jf‘

We here would like to determine the correction given by first-order terms. To derive the macroscopic model
for M{*, we need to get the expression of M$'. By inserting the expression of M (A.4) into (A.5), we can look
for a solution Ms' such that

Mg = M + MS? + MS® + M$™ + Mg,
where ]/\/.72“ = (M3)ye
— M is the solution of
— divy DoV, M) = divy (DVo M), in V®,
DOV, M v+ DOV, M v =0, on I'™, (A.8)
M;"l is Y-periodic.

Thus, using for i = 1, ..., d the cell problems (3.18), which are well posed according to (A.1), one can express

the solution as - .
Mt =w® VoMY + M5, inY*, (A.9)

where M = (M$)ya.
— M"? is the solution of

— divy (DV, M5??) = div, (D*Vo (0 - VaMg)),  inY?,
DOV, M v+ DOV, (wa : vmﬁg) v=0, on T, (A.10)
M3 is Y-periodic.
For i,j =1,...,d the cell problems (3.21) are well posed, one can express the solution as
M2 = x* : V2 Mg + M2, inY?, (A.11)
where M = (M%) y.

According to (A.7), we can write

{W@ =We — (We)y. — 0°00[ My, (A.12)

We = We — (We),. + 6%0[My].
— M is the solution of
—divy (DOV, M ®) = We — (W), iy,
DV, Mg v =0, on I'™, (A.13)
M;’?’ is Y-periodic.

We have

= 0
W — (W), = (vng) 3 (Da 8ylw§ +Dij — D?j).

ij
So, we can express the solution of (A.13) as
M;"?’ =% Viﬁg‘ + M§’3 in Y%, (A.14)

where J/\ig‘?’ = (M$?)yo and fori,j =1,...,d 5 are solutions of box problems (3.22).
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— M5 is the solution of

— div,, (D“VyM;‘A) — 0%, [ﬁo} inve,
D“VyMQO"4 -V =0y {ﬁo}, on I'™, (A.15)
M is Y-periodic,

which can be expressed as

M = oy {MO} + M, (A.16)
where J/\ZS’4 = (M$"*)y« and ¢ is solution of box problem (3.23).
Finally, we regroup all the solutions obtained M;"i for i € {1,2,3,4}

Mg = w® VM2 + (x* + ¢%) - (viz\?rg) ¥ ogy® [ﬁo} + M inYe, (A.17)

where w®, x%, ¢* and ¥® are the solutions of cell problems which are defined in (3.18), (3.21), (3.22) and (3.23),
respectively.
By equating the third-order terms in € we get

—divy (D*V, Mg + DV, M5) = G, in Y,
DV yMS - v + DN MS - v = 0o[M,], on I'™, (A.18)
My is Y-periodic.

Let us define

G = divg (D*V, Mg + DV M?) — %Mf“- (A.19)

Then, the compatibility condition for (A.18) implies

G®y — 000°({M1])pm =0,
{< )y, — 000 ([M1])p (A.20)
(G%)y, +000°([Mi])pm = 0.
By replacing M and Mg by their expressions (A.4) and (A.17) and after recollection we obtain
(Mg = [ M + o) - VM — ) - Vo M. (A21)
Then,
5 AT : fe' AT « v : « 2 A ra for
=M — div, (Do M) + 000 [M] = diva (H® : VAM) + o0p® - Va My
— +o0h° <<w6>rm Vo ME — (W) - vmﬁg).
Since H* is antisymmetric in its last two indices, it follows that divg(H® : Vi]\//fél) =0.
We introduce the vector p* through
o = <Daa¢“> i=1,....d (A.22)
p’L ayl Yu’ AR b .
which can also be expressed in the simplified form
pE = £07 () . (A.23)

Then, we obtain the macroscopic model (3.19) satisfied by ﬁf‘
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A.3. Macroscopic model for ]/\/Ig‘

1973

To derive the macroscopic model for M35* in this case of scaling, we need to have an expression for Mg in

terms of M\g‘ , ﬁf‘ and ]/\EQC“ So we consider the problem (A.18) and replace My{* and M$ by their expressions

(A.4) and (A.17). We look for a solution Mg such that
Mg = M+ M2 + M + M5 + ME° + M + Mg
where Mg = (M)y,
— M s the solution of
— divy (D*Vy M5! ) = div, (DV,Mg), i Y®,
DOV, M v+ DOV MS v =0, on T,
M;" Lis Y-periodic,

which can be expressed as
1 — —~ .1 )
M = w® VMg + M3, in V¢,

where wf* is the solution of the cell problem (3.18). Since we have (w*)yo =0, Ma !
— M$? is the solution of
— divy (DV, M5?) = divy (D°V, M5 ), in Y,
DOV, Mg»* v+ DV My v =0, on I'™,
M3a’2 is Y-periodic.
By linearity, we obtain
M? = (szl) XO+ ME? i Ye,

where x“ is the solution of the cell problem (3.21) and Ma 2 = (M$?)ya
— M3 is the solution of

— divy (DOV, M5®) = divy (DV, (M52 + M5®)),  in v,
DOV, MS v+ DOV, (M52 + M5 ) v =0, on T,

M7 is Y-periodic,
which can be expressed as
M3 <V3 MO) Ra+ M, Y
The third-order tensor R® is defined as the solution to:
—divy (D*VyRE, ) = o2 (D (g + 3 ) ), Yo,
D*VyRyy, - v +D* (X?k + W?k)l/i =0, on I'™,
R”k is Y-periodic, <R?Jk>ya =0,

where X, and ¢, are solutions to (3.21) and (3.22), respectively.
We have assumed (R}, )y« = 0 and so MO‘ B = (M$?)ya.

= (M3")yo

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)
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— M$* is the solution of
—divy (DU, M) = 0 divy (DY, (0 [My]).  in Y,

DaVyM?’fA v+ 00DV (P[Mo]) - v =0, on I'™, (A.31)
M is Y-periodic.

Then, My’ 4 can be expressed as
M = 0V, [1\70} e MO, i ye, (A.32)
where M;A = (M$"")ya and for i =1,...,d £ are solutions of box problems:

vy (DO €)= £ (D), i Y,
Davyf? v+ DYy = 0, on '™, (A.33)
£ is Y-periodic, (£)ya = 0.

According to (A.20), we note that

{Ge = G* — (G")ye + 008 (M) =0,
G* = G~ (G)y. — 0ob (M) = 0.

— M’ is the solution of

~divy (D*Vy My®) = GO = (GP)ye,  in Y,
DOV, Mg v =0, on I, (A.34)
M is Y-periodic.

Then, we have that

— 0
G — <Go<>Ya — (vng)U ('DOL w]‘?‘ + Dafsij — D%)

9y
+ (V3M\a) 'Do‘i( @ 4% ) + DYWES. . — HO
x 0 ijk ay7 XJk sojk k% ijk

— WY Vydivy D“Vw]/\jg‘) 4w - qf(t)]/\jg‘

(
, D"“iw“ - p;
>Z< yi )

One can express the solution of (A.34) as

M5 = VEME : o® + V3ME - Q% — £ Vg dive (Davmﬁg) +uf(£)L - g M s
+00Ve [M\o} (£ +6°L%) + M, i Y©, '
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where Mé’s = (M$"°)ya. The tensor Q* is the solution of

—divy (D*V, Q%) = i(z)a(xgj +¢%) + D*wdjp — HYy, in YO,

ijk oYk
DY, 0%, -~ 0, on T (.36)
Q% is Y-periodic, (Q%;)ya = 0.
For ¢ =1,...,d, we also obtain the cell problems
—divy (D*Vy L) = w, in Y,
DV LY -v =0, on I'™ (A.37)
L2 is Y-periodic, (L$})y. =0,
—divy (D*Vy&) = 57- (DY) — <@%(Daw>> o in Y,
'Davygia U= 0, on Fm, (A'38)
& is Y-periodic, (£%)y. =0.

— M5 is the solution of
= divy (DVy M5™") = £0°00((Mi])pn, 0 Y,
DOV, M v = oo[M], on '™, (A.39)
M3 is Y-periodic.
According to (A.21), one can express the solution of (A.39) as
M5 = g [K/L] + 0N - Vg ME — 0N - Vo ME + M, in Y©, (A.40)
where ﬁé”ﬁ = <M§’6>ya. For a, 8 € {e, c}, we take

—divy (DOV N ) = k0 (W) . m v
l"m
DOVN v =], on I'™, (A.41)
/\/io"ﬁ is Y-periodic, <,/\/f’g> =0.
YOL
We will use + sign where + corresponds to o = e and — corresponds to a = c.

Therefore, the expression of Mg is written as (A.42). To derive the macroscopic model for J/\jza, we will look
for the expression of M$. Therefore, we can express the solution to (A.18) as

MS = w® - VoM + VM : (x* + ¢%) + VEMS - (R + Q%)
+ 00Va [ Mo (€% + €% & 8°L%) + 00V M - N — 00V M5 - N (A42)
— L% Vg dive (Davmﬁgf) Fuf ()L - gME + oo [1\71} +MS, imye
By equating the fourth-order terms in £ we get
—divy (D*V, MY + DV, ,M$) = Ve, in Y,
DNy MY - v+ DN M§ - v =09 M, on I'™, (A.43)
M is Y-periodic.
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where

P
V= dive (D*Vy Mg + DV M) - = Mg, (A.44)

The compatibility condition for this problem implies

{<V6>YE — 000*([Ma])pm =0,

(Ve + 000 ([Ms])p = 0. (A.45)

Substituting the expressions (A.17) and (A.42) for M$ and M$ in (A.45), and after some simplification, we

—~

obtain the macroscopic model (3.20) for M.
T is the homogenized fourth-order tensor T = 7, T¢ + 7. T¢. The coefficients of the homogenized fourth-order
tensor T® are given by

0
ia» = Dai Rla +Q? > Y Z.v .7k7l:17"'7d7
ikl < ayl ( ik Jk) va J

which can be simplified as (3.26) and S is the symmetric homogenized second-order tensor S = 7.S¢ +n.S°. The
components of the symmetric second-order tensor S are

(o2 ar)
ayj Yo
which can be simplified as (3.24).

For {a, 8} € {e, ¢}, Z%’B and [ are defined by

0
af _ [pa_9 prap — 40P 4 P
and 5
I = ( DY — (& & + 6°S;. A4
5= (Dgler +ED) w00, (A7
Using again the divergence theorem, we get
0
DY NP =0 (wfwe A4
< 53/3‘/\/’ >yw <w’ i >Fm’ (A.48)
and 5 5 5
D*— (& + & > = <—D"“ “w + D "‘wf‘> . A.49
(ot ) v Wit (A.49)

Then, we obtain (3.27) and (3.28).

A.4. The proof of Theorem 4.1

Our object if is to show the first equation of the ODE model (4.3). We start by transforming the macroscopic
model (3.30) by introducing new unknown variables M¢, and M¢, defined almost everywhere on R?x]0, T'[ by

MEo(,t) = MEy(2, )™ ™0 and  MS,(x,t) = My (a, t)e s ™0, (A.50)

To simplify the exposition, we shall use the following notation.

5 (o4 a (e e}
&M" = &Mn +uq-zf(t)My. (A.51)
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Using definition (2.5) and (A.51), we obtain

8 NQ a (o3 (o34 Lqr-n 5 (03 Lqr-n
aMs,z = (mMe,z +qf(t)m - nMs,2>6 w i) = &Ms,ze aw i)

and
VoM = (VoM + o F(t)qnMy)e =m0,

So, we have

iva (Do M2,y ) = (diva (D" Vo ME) + gF (1) Va M2y - 1)e ™™ O 4 igF (0D : (VM2 @ n).

According to the equation (A.53),
VmMgzeLqm'"F(t) = Vm]T/[/gQ - LF(t)qn]’\\J/SQ.
Taking the expression of VmME‘er‘q‘”‘"F(t) and replacing it in (A.54), we obtain
divg (DV, M2,) 9™ ™) = div, (Dava;jQ) — @F2(H)D : (n@n) M2,
— 2qF(t)D* : (VwMSQ ® n)
and the same for

dive ((JIO‘ + Z“ﬂ)vag)eLqm'"F ® = div, ((H“ + Zavﬁ)vwz\“jg)

~ PPt (I*+2*F) : (n® n)MEB2 — 2qF (t) (1% + 2P (VmM£2 ® n)7 a, B € {e,c}.

Our objective now is to write divg(B® .- VngQ)eLqm'"F(t) in terms of MQQ, we have
V2MSy = (VEME, + 2F()q(Va M2y @ n))e ™™ — 2 F2(1)(n @ n) M2,
and
VEMS, = (VEME, + 3uF(£)gVEME, @ — 3¢ F2(t) (n © n @ Vo MS,))etd= (1)
— 1P tnen® nﬂé"z

So, we obtain

dive (IB%"‘ vngQ) = divg (IB%C’ ViM;erLq”""F(”) + divg (3LF(t)qn ® vi.Mngebqw'"F(“)

—divg (3q2F2(t)n N VEMSQeLqm'"F(t)) —divg (LqBF?’(t)n N nM32>
After some simplifications, we find

divg (Ba Vngg)equ'nF@ = divy, (BO‘ Viﬁf&) —4F(t)gBY :n® ViMffzeLqm'"F(t)

+6°F*(t)B* i n@n® ViMECerLqm'"F(t) + 4P B it n@nen® VZMSQem'"F(t)

—¢'F'HB* :nenen® n]T/fSQ
Using (A.55), (A.58) and (A.59), we find

V2 M2, et = nF (1) = g2 3o, — 2LF(t)q(VwM§2 ® n) — F*(t)(n @ n) M2,

1977

(A.52)

(A.53)

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)

(A.61)

(A.62)
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and
V3 M2t 1= ™ () = V3 M2, —3uF (1) qgn@ VEMS, — 32 F2(Hnen© Ve Mo, +1* FA (Hnon@nM,. (A.63)
Finally, we replace (A.55), (A.62) and (A.63) in (A.61), we obtain
divg (Bo‘ ViM;fQ)eLqm'"F(t) = divy (IB%O‘ V‘;’:MSQ) —4LF(t)gBY = n® V‘;MSQ
—6°F*(t) B :nen® ViﬂgQ + 4B tn@nedn® Vm]T/[;(f2
+¢*FH(t)B” = n~n®n®nﬁgz. (A.64)

By multiplying the first equation of the model (3.30) by e*4®™F(t) we obtain

%Mseaebqw'nﬂt) — divg (Devaf,z)ebqw'nF(t) + (000° + 520895([q/)])Fm)Mf,Qe‘qm'"F(t)
— (000° + 2030 ([])rm ) ME 1 1= ™0 4 2000 ([w])pm - Vo ME ye 1™ ™D

— —2div, (Be ViMsg)eLqm'nF(t) + €2Lf(t)Se q® vaEeQeLqm-nF(t)

+ 820'0 divg ((He + Ze,e)va;Q)eLqm-nF(t) _ %6200 div,, ((I[e + Ze’c)vaég)eLqm'nF(t)' (A.65)

We take (A.55)—(A.57) and (A.64) and replace them in (A.65), we obtain

%1\7;2 — dive (]D) Va M@2> + @ FX(D (n @ n)ME, + 2gF()D* V4 My @ n
+ (000 + 22030 ([W]) e ) ME y — (008° + 2030 W] ) My + 000 [w])rm - (Vo lEy — LF(andEs )
= —e? divg (Be Vi’:]T/I;eQ) + 240 F () gB° :: (n ® V3 M§2) + 26> F(t) (n ®n® V2 M§2)
— 24P F3(t)B° = (n NN Vmﬂzg) — 2@ F{(t)B° : (n®n®n ®n)M
+ (057 5 q @ (VoI — F(t)qnley ) + =200 (dive (1 + ZS’E)va;,Q) - q2F2 (£)(1° + 2°°)

€

: (n@n)MEy — 2gF(t)(I° + Z9°) ; (v My @ n)) . %820’0 (divm ((11@ v ZevC)va;z)
PFA)(I° +Z°°) : (n@n)MEy — 2qF(8)(I° + 2°°) : (vaTI;Q ® n)) (A.66)

By using the same approach on the second equation of the model (3.30), we obtain the system of equation for
M <o and Ms,2

We denote by Mg, and M¢ , the Fourier transform with respect to the space variable of respectively M;Q
and J\7§2 and denote the dual variable by &.

2(5,15):/ M2y (z,t)e™ "% da & M2y (x, 1) / M, (€, 1)et™ de. (A.67)
Rd

We now apply the Fourier transform to the system of equations satisfied by <o and M <. For example
— div, (D° VmMEQ) will become D¢ - EME 5

We set

me(t) = c2(0,t) and m(t) ;== ;2(07t)
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which can be formally written as

me(t) = N M¢y(z,t)de and me(t) = N M¢ (. t) de,

me(0) = ne /]Rd My de and  mE(0) = 7. /Rd M,,;; dz.

We observe that for £ = 0, the system of equations for M¢ , and M¢ , directly implies the ODE model (4.3).
Finally, for the signal we have for « = e, ¢, using F(Tg) = 0,

. M2, (z, Tp) dz = . M2y (x, Tp)e 1= F(Te) qg = /R ) M2y (x, Ty) dz = m2(Tg)

which concludes the proof. O
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