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Abstract

In a recent paper [J. Fluid Mech., 952: A22 (2022)], Roux et al. demonstrated that a translating monopolar
acoustic source is subjected to a self-induced radiation force opposite to its motion. This force results from a
symmetry breaking of the emitted wave induced by Doppler effect. In the present work, we show that for a
dipolar source, the self-induced radiation force can be aligned with the velocity perturbation, hence amplifying
it. This work suggests the possibility of a dipolar acoustic source surfing on its own acoustic wave, hence paving
the way towards acoustic quantum analogues.
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1 Introduction

In their seminal experiments, [Couder et al.(2005)] unveiled a classical hydrodynamic system exhibiting a wave-
particle duality. This system is made of a self-propelling drop driven by a resonant interaction with its own
wavefield. This wavefield is created by a drop bouncing (without merging) at the surface of a bath excited just
below the Faraday threshold ([Faraday(2022), Kumar & Tuckerman(1994)]) and giving birth to a localized wave
intrinsically linked to its dual particle. With this system, researchers were able to reproduce a wealth of be-
haviors classically associated with the quantum realm such as: tunneling ([Eddi et al.(2009), Hubert et al.(2017),
Nachbin et al.(2017)],[Tadrist et al.(2020)]), Landau levels ([Fort et al.(2010), Harris & Bush(2014), Oza et al.(2014)]),
quantum coral ([Harris et al.(2013), Gilet(2014), Gilet(2016), Sdenz et al.(2018), Cristea-Platon et al.(2018)]) or
Friedel oscillation ([Sdenz et al.(2020)]). An exhaustive list of the quantum analogies explored with these self-
propelling drops can be found in the recent review by [Bush & Oza(2020)].

While this system has considerably contributed to the development of the field of classical quantum analogues,
it also has some inherent limitations. For example, the possibilities and limits of these hydrodynamic quantum
analogues to reproduce the iconic double-slits experiment have been thoroughly explored by [Andersen et al.(2015),
Dubertrand et al.(2016), Faria(2017), Pucci et al.(2018), Rode et al.(2019), Ellegaard & Levinsen(2020)] after the
initial experimentation by [Couder & Fort(2006)]. More generally, (i) hydrodynamic quantum analogues are only
2D by nature, while quantum mechanics is inherently 3D. (ii) The influence of the hydrodynamic pilot wave through
memory effects is limited by viscous damping. Third, only monopolar bath vibrations can be created by the droplet
bouncing, excluding the exploration of other modes. Finally, the system requires a periodic disconnection between
the particle and its wave in an additional spatial dimension, that cannot exist in a 3D system.

Acoustic quantum analogues could provide an elegant solution to some of these limitations. Indeed, it is known
since the early work by [Rayleigh(1905)], [Brillouin(1925)] and Langevin (work reported later on by [Biquard(1932a),
Biquard(1932b)]), that an acoustic scatterer excited by an acoustic field is subjected to a nonlinear force called
the acoustic radiation force. This force results from intrinsic nonlinearities of Navier-Stokes equations and an-
other nonlinearity resulting from the integration of the stress exerted by the acoustic wave on a vibrating surface
([Brillouin(1925)]). The acoustic radiation force can be used to remotely trap and manipulate objects (see e.g. the
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review by [Baudoin & Thomas(2020)]). This has led to the development of standing-wave based and vortex based
selective acoustical tweezers ([Marzo et al.(2015), Baresch et al.(2016), Riaud et al.(2017), Baudoin et al.(2019),
Baudoin et al.(2020)]), with a renewed interest in the last century to manipulate millimeter down to microme-
ter scale objects both in vitro and in vivo ([Rufo et al.(2022)]). This interest in acoustic manipulation has also
led to some recent theoretical developments to compute the radiation force ([Silva(2011), Baresch et al.(2013),
Sapozhnikov & Bailey(2013), Gong & Baudoin(2021)]) and torque ([Silva et al.(2012), Gong & Baudoin(2020)]) ex-
erted by an arbitrary acoustic field on a spherical particle.

Yet, the emergence of an acoustic wave-particle duality requires that the acoustic source is moved by its own
acoustic field, not by an incident field. Also ideally, the direction of motion of the source should not be set a
priori by an anisotropy of the radiated field. For symmetry reasons one can nevertheless easily figure out that an
isotropic acoustic field cannot give birth to a directional self-induced radiation force. Recently, [Roux et al.(2022)]
demonstrated theoretically that adding a slight translation perturbation to a monopolar source induces a symmetry
breaking due to Doppler effect and hence a directional acoustic radiation force. But in this case, the force was
opposite to the velocity perturbation, hence leading to a stable configuration. Here we compute the self-induced
radiation force exerted on a dipolar source. We show that depending on the orientation of the dipole compared to
the velocity perturbation, the radiation force can be oriented in the same direction as the velocity perturbation,
hence amplifying it. This unstable situation paves the way towards acoustic sources driven by their own acoustic
field, a situation analogous to the one at the origin of hydrodynamic quantum analogues. Note that this situa-
tion is reminiscent of some recent discoveries of hydrodynamic surfers driven by they own capillary and gravity
waves ([Ho et al.(2021), Benham et al.(2022)]), though in these cases, the direction of motion is set a priori by the
orientation of the source.

2 Dipolar source

The calculation of the acoustic radiation force for a dipolar source follows the same essential steps as the ones used
previously to compute it for a monopolar source ([Roux et al.(2022)]), but with an additional degree of complexity
induced by the vectorial nature of the source and the orientation between the source and the translation direction.

The first step is to model the dipolar source. In acoustics, a fixed punctual dipolar source can be seen as a
punctual volumetric source of force:

fu(r, 1) = £(t) - 5(x) - 6(y) - 0(2),

with ¢ and (z,y, z) the time and Cartesian coordinates associated with a Galilean reference frame R = (O, (z, y, 2), ),
0 the Dirac delta function, r = (x,y, z) the position vector and f the vector function specifying the time dependence
of the the volumetric force. If we consider a small translation perturbation of this source under the form of a
constant speed U = M¢ x along the axis Oz (Fig.1), with M < 1 the Mach number and ¢ the sound speed, the
translating source can be modeled by the source term:

fo(r,t) = £(t) - 6(x — Mect) - 6(y) - 6(2). 1)

For the sake of generality, the direction of the dipolar source is supposed to be arbitrary, leading to the general
expression:

Ca
f(t) = Fsin(wt) | ¢, (2)
cs
Cx
with ¢ = [ ¢, | a unit vector (||c| = 1), F the force amplitude, w the angular frequency and ||.|| the Euclidean
Cz

norm operator.



3 Wavefield radiated by a translating dipolar source

3.1 Wave equation

The wavefield radiated by a translating dipolar source can be computed by solving the linearized Euler equations
(mass and momentum balances):

dp1

5 TP Vi(va) =0, (3)
po oLy = (1) -3 — Met) - 6(y) - 0(2), (3b)

with p1, p1 and vy the first order perturbations in density, pressure and velocity respectively, and pg the density at
rest. In addition, the linearized equation of state for an inviscid fluid reads: p;/p; = ¢* with ¢ the sound speed.

(i) Subtracting ¢ times the gradient of eq. (3a) to the time derivative of eq. (3b), (ii) taking into account the
equation of state p;/p1 = ¢® and the irrotational nature of the acoustic wavefield leading to V(V-vy) = Avy, (iii)
introducing the acoustic displacement u; such that vy = 851; and (iv) integrating the resulting equation over time

leads to the classic wave equation for the displacement with the dipolar source on the rhs:

1
92 AAuy = %f(t) “0(x—Mect)-0(y) - 6(2) . (4)

3.2 Lorentz transformation

Using the Lorentz invariance of the wave equation, this equation can be rewritten in a reference frame wherein the
source is fixed with the following change of variables:

2’ =~(x — Mect) (ha)
v =y (5b)
2=z (5¢)
ct’ = ~y(ct — M) (5d)
where v = ﬁ This Lorentz transform allows to rewrite equation (4) into:
82111 2 A1 1 v / / ' / /
W—cAul—%f<g(ct +Mx)>5 e LRS! (6)

We can see that for any 2’ # 0, the rhs term is null, which means that we can consider it only when 2’ = 0. If we

combine this with the fact that ¢ (%/) =~6(2’), we can write:
Ty = L6055 )
o> T .

This equation can be further simplified using the second transform:

2 = ya! (8a)

y' =y (8b)

2= (8c)

ct’" = et (8d)

leading to the final equation:
1 82111 ’}/2
AN _ — f t” 6 1 (5 /! 5 1 . 9
s e P (U COLTRED ©)



Figure 1: Sketch of the problem. R = (O, (z,y, 2),t) is a Galilean reference frame. U corresponds to the velocity
translation of the dipolar source and R* = (O, (z,* y*, 2*), t) to a reference frame linked to the source. The surface
S is a spherical surface centered on the dipole, moving with it at the velocity U in R and with a radius r., much
larger than all other characteristic length of the problem.

3.3 Solutions of the equation
The solution of the wave equation for a fixed punctual source is well known (see e.g. [Morse & Ingard(1968))):

o’
42 f(t jzc)

10
c2pg  Amr” (10)

u =

which becomes with the initial variables (see the details in [Roux et al.(2022)]):

B(t- )
W= oo R,
4mc p0R1

with R = M@=Mct)+R,

T the distance between the emission and observation points and:

Ry = /(x — Mct)? + (y2 + 22)(1 — M?). (12)

4 Expression of the radiation force in the far field

Now that we have determined the field radiated by the translating dipolar source, the next step is to compute the
self radiation force acting on it. The radiation force exerted on an object is by definition the time average of the
stress integrated over the surface S(t) of this object:

(Fraa) = < / /S <t>““d5>’ (13)

with @ the stress tensor, n a unit vector normal to the integration surface, dS an infinitesimal surface and (f) the
time average of a time-dependant periodic function f over its period. Such integration is difficult to perform directly
since generally the surface S(t) of the object is moving. In addition, this expression is not tractable in the punctual
source approximation. Hence, this integral is classically turned into an integral over a steady spherical surface in the
far field Sy (i.e. with a radius ro, much larger than all other characteristic length of the problem) encompassing the
source by using the divergence and Reynold transport theorems (see e.g. the review by [Baudoin & Thomas(2020)]).
Compared to the classical calculation, an additional difficulty is induced here by the translation of source. This
problem was solved by [Roux et al.(2022)] by considering a spherical surface Sy, centered on the source, and hence
translating at the same velocity U as the source in R, and adapting the classical calculation to this translating



surface. This leads to the following integral expression of the radiation force expressed as a function of the first
order acoustic field:

o= (L6 8) - wonlo) (f wmome)]

The first term corresponds to the classical integral expression of the radiation force on a steady surface at infinity,
while the second term appears due to the translation of the surface S.o.

5 Expression of the velocity, pressure and density fields in the far field.

The next step is to compute the velocity, pressure and density fields at first order in the far field to compute this
integral.

5.1 Expression of the velocity, pressure and density fields

The expression of the velocity field can be simply obtained from the definition of the acoustic displacement:

8u1
=, 15
V1T ot (15)
Then, the introduction of the acoustic displacement in the continuity equation (3a) leads to:
Opl 0
T . =0
ot o (pov ul) ’
which gives:
p
p1 = 073 =—poV - uj. (16)

5.2 Far field approximation

To simplify the calculation of these expressions and of integral (14), we introduce the following change of variables:

r* =z — Mect,

. ¥ =r*cosf*,
Yy =Y . . . .
. ’ and the associated spherical coordinates: y* = r*sinf* cos ¢*,
¥ =z, . .
- ; z* = r*sinf*sin ¢*,
= b

corresponding to the Galilean transformation from R to R* = (O*, (x*,y*, z*),t*) where R* is the reference frame
associated with the moving source.

Assuming that the dipole velocity is small compared to the speed of sound (M < 1) leads to the following
expressions at first oder in M ([Roux et al.(2022)]):

{ Ry =1r" +0(M?) (17a)
R=1r*(1+Mcost*) +0O(M?) (17b)

We can also compute the derivatives of these terms, which will be used later on :

OR OR;

— ~—-M + M —~-M s 0"
5 c(cos0* + M), 5 ccos b,
OR OR;

~ cos0* + M ~ cos 0"

oy cos 6 + M, pe cos 6",

oR ~ sin 6" cos ¢*, OF, ~ sin §* cos ¢*,
oy* oy*

OR ~ sin §* sin ¢*, OF, ~ sin #* sin ¢*.
0z* 0z*



Figure 2: Sketch illustrating the spherical coordinates (r*,0*, ¢*) of a point P in R*.

5.2.1 Velocity field

Developping equation (15) within the small Mach number approximation leads to:

1
4mwc? po

_ R
1 of(t- B 1ale<t R)

R, 0t  R2 ot c

1T 10R)\ ,, R\ 10R R
T por _(1‘ m) f (t‘ ) T e (t‘ )}

1 [ M 0*
———— | (1 + Mcos6*)f’ <t - R) g Y ¢ (t - Rﬂ ,
Amc?por* | c T* c

1R

which can be simplified in the far field approximation into:

vV X~
c

N 1+M0089*f,<t R>.

42 por*

5.2.2 Pressure field

Doing similar developments for the pressure field starting from Eq. (16) leads to:

o= —=V-
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i.e.

1 cos0* + M R
P12 sin 0* cos ¢* | - f’ (t - ) ,

" dmer* ) . c
sin 6* sin ¢*

(19)

in the far field approximation, at first order in M. This pressure field for a translating dipole is represented on figure
3 in the 3 orthogonal planes (O, x,y), (O,x,z) and (O,y, z) for a dipole aligned with y axis (i.e. for ¢, = ¢, =0
and ¢, = 1). In this representation, the Mach number was set to 0.5 to magnify the asymmetry induced by Doppler

effect (visible on figure 3.c).



Figure 3: Normalized pressure field created by a dipolar source aligned along y-axis and translating along x-axis
calculated with equation (19) represented in (a) the (O,x,z) plane, (b) the (O,y,z) plane and (c) the (O,x,y) plane.
To magnify the asymmetry induced by Doppler effect, the pressure field is plotted for a Mach number M = 0.5.



5.2.3 Density field

The density p; is simply equal to:

(20)

5.3 Expression of the derivative of the dipolar source

We can see that the time derivative of the force f'(t) appears in all these expressions, which according to equation
(2) is equal to:

fa/: Cx
f'(t) = Iy = Fuwcos(wt) | ¢ |, (21)
f Ce
and whose mean square is equal to:
2 F2w2
<f > === (22)

6 Radiation force

The last step is to compute integral (14) with the expression of the velocity, pressure and density fields given by
equations (18) to (20). The radiation force (Fy,q4) can be decomposed into 4 contributions: the kinetic energy
contribution (Fy), the potential energy contribution (Fpy), the convective contribution (F¢) and the translation
contribution (Fy):

<Frad> = <Fk> - <Fp> - <FC> + <Ft> ) (23)

(Fi) = < / /S ) p20v12nood5’> (24a)
(Fp) = <//SOO polépjnmds> (24D)
® = ([[ mnovanaas) (240)

< / /S v noo)plvld5> (24d)

whose expressions are given by:

6.1 Potential energy term

Let’s start with the potential energy term:

1 x 2 R\\?
oo L (-2 in 6" n. ) do*de*. 2
(Fp) 3272 po /0*0/*0<(VR ( c)) sin #*n > 0] (25)

We have:
R\\ 2 cosb* + M 1 ® [ cos 0" sin 6*
<VR -f <t - >) sinf*n,, = sinf* cos¢* | - | f, sin? 6* cos ¢* |,
¢ sin 0* sin ¢* 1l sin? §* sin ¢*
with
cosb* + M 1 ?
sin@*cosp* | - | f,, = (cos0* + M)? 2 4 sin” 6* cos? qb*ff + sin? 0* sin? ¢* f72

sin 6* sin ¢* 1l
+ 2(cos 0" + M) sin 0* cos (ﬁ*f;f;
+ 2(cos 0 + M) sin 0" sin ¢* f1 f!
+ 25sin 0" sin 0% cos ¢* sin ¢ f, f.



Let’s take a closer look at < f]fi >, with i and j two indexes taken among {z,y, z}. From equation (21), we

can write:

< fifj>

F?w?

- 5 <cos(wi — 1)) + cos (th — 2w

F2w2
= —5CiCj.

2

ot (o 2)) o

1+ M cos 6*
c

Too + @i + ¢j) > CiCj

Hence, within the approximation of small velocity perturbation, we see that < f/ fj’ > does not depend on 6*; we
can therefore take these terms out of the integral. Then, the terms in cos ¢*, sin ¢*, and cos ¢* sin ¢* cancel when
they are integrated over [0, 27], as well as the ones in cos® §* sin 6%, cos 6* sin® §*, cos §* sin 6*, and cos® §* sin® 6*
when they are integrated over [0, 7]. These simplifications lead to:

MF2? [ &
(Fp) = — | cacy
247 poct c

6.2 Kinetic energy term

Now let’s focus on the kinetic energy term:

T 2
(Fi) = / / <@v12nmr§o sin 9*> de*de*.
*—=0) *—=0 2

cos 0* sin 0*

We have:
<pz—0v12noo7’§O sin 9*> =

which with the help of equation (22) turns into:

(1 4+ M cos 6%)?
3272t pg

().

1+ M cos0*)? F2w?

<@v12noorzo sin 9*> = (

2 32m2ctpg
After integration over ¢+ and 6%, we get :
MF?,?
Fr=—""—x.
k 247t pg

6.3 Convective term

We then study:

2

sin? 6* cos ¢* | ,
sin? #* sin ¢*

cos 0* sin 0*

wo=([[ i SV ).

We have :

2 s 9* —
PoT=, sin 0" (vi @ v1)ne T6m2ci g

12
(1 + M cos 6*)? £z

folz
fits

f;/Q{I
fy
fi1y

faf:

sin? 6* cos ¢*
sin? 6* sin ¢*

cos 6" sin 6*
sin? 6* cos ¢*
sin? 6* sin ¢*

(26)

(29)



When integrating over ¢*, we find that the terms in cos ¢* and sin ¢* cancel so that:

2

™ /(1 + M cos6*)? e
(Fe) = 2m (+ Mcosf7)” cos0*sin0* | flfr ]| )do*
167264 yda
0 T=CTPo f/f/
F2u? < T
= —0 | & / (1 +2M cos ) cos 6 sin §*do*
167cpo c.cn) 70
2
MF2,? z y 4
= _— Ny Coyy C. by
1 yzCyCa
167c*pg oo 3
Finally, we obtain:
MF2w? [ G
©= 127t pg yCa
2Cx
6.4 Source translation term
And finally we can compute the translation term:
(Fy) = <// (U- noo)plvld5>.
Seo
We have:
cos 0* sin 6*
(U-ny)p1virs sinf* = Mcex- [ sin®6* cos ¢* p—;vlrgo
sin? 6* sin ¢*
1+ M cos6* cos 0 + M : :
M cos 6* sin 6* BTy sinf* cos¢* | - | £, Y
e o sin 6* sin ¢* ! !

As previously, the terms in sin ¢* and cos ¢* cancel when integrating, leading to:

= . fal
1+ M zJ T
(Fy) = /Mcos@*sinQ*_FCOSH(cosG*—i—M)< faf, >d9*
0

87Tc4po f/ f/
MF?%u,? ([T ¢
1674/ cos 0" sin 0 (1 + M cos 0" )(cos 8" + M) | czcy | dO*
mctpo Jo oc,
2
MF?? [ % L2
———— | e =,
16mct pg cy 3
We finally obtain:
MF2 2 02
w xX
<Ft> = 1 CaCy
24wt po .
6.5 Total radiation force
If we now gather equations (30) to (32), we obtain:
(Fraa) = (Fi) = (Fp) = (Fe) + (Fy)
2
MF?? ‘e MF%?  MFw?  MF??
= —x CxC - - ,
247t po Y 24mpoct  12wctpy 24wt pg
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and thus the final expression of the self-induced radiation force acting on a translating dipolar source:

MF20J2 1/2 Ci
<Frad> = m —CzCy (33)
—CyCy

7 Discussion

As expected, this expression shows that the radiation force only exists in presence of a velocity perturbation i.e.
for U = Mc # 0 and the radiation force is proportional to the intensity of the wave radiated by the source. An
interesting point is that the projection of this radiation force along the velocity perturbation axis x can be either
positive or negative depending on the orientation of the dipole. To further analyse this expression, it is interesting

A A

to introduce the spherical coordinates (6, ¢) of the unit vector ¢ which sets the direction of the dipolar radiation:

¢p = cos, (34a)
¢y = sin 0 cos §, (34b)
¢, = sinOsin ¢. (34c)

If we replace these expressions in (33), and compute the norm of the radiation force, we obtain:

MF%?® [(1 N\ s s S gA g
| (Fraa) || = 22 (2 = cos2d + cos? 0sin” § cos? ¢ + cos? fsin? f sin? ¢
127t pg 2
MF2w2\/1 20 4+ cost O + cos2 Osin
= ———1/—- —cos cos cos? fsin
127ctpo V 4
MF?w?* |1 5 A -
= 1271_04‘;0\/4 + cos? 0 (—1 + cos? f) + sin? 9)
_ MF?w? (35)
 247ctpy

This calculation shows that the radiation force magnitude is independent of the angles (é, é) between the dipole
orientation and the perturbation displacement.

Let’s now consider the above calculation as a stability analysis, with a stable state corresponding to the dipolar
source at rest perturbed by a small velocity perturbation. Then the most unstable situation arises when the
projection of the force along the velocity perturbation x is maximum, since in this case the amplification of the
velocity perturbation by the radiation force will be maximum. Since the magnitude of the radiation force is
constant whatever the orientation of the dipole, this happens when (F,.q) is directed in the x direction, i.e. when
0 = 5. The same result is of course obtained if we maximize (Frad) x = % — cos2f. Since the most unstable
situations correspond to a dipole direction orthogonal displacement, an interesting point is that the direction of
motion is not set a priori by the anisotropy of the source as in recent experiments with capillary and gravity waves

([Ho et al.(2021), Benham et al.(2022)]) surfers.

8 Conclusion and perspectives

In this paper, we compute the self-radiation force exerted on a dipolar source in presence of a small axial velocity
perturbation. We show that when the dipole orientation is orthogonal to the velocity perturbation axis, the radiation
force is aligned with the motion hence amplifying it. This result suggests the possibility of an acoustical source
surfing on its own acoustic field, a prerequisite for pilot waves analogues. From a theoretical point of view, a next
step would be to derive constitutive equations for these acoustic surfers dynamics. It would also be interesting
to investigate the response of an arbitrary multipole source since our result with monopolar and dipolar sources
exhibit drastically different behaviours. Of course the most compelling challenge would be to materialize these
acoustic surfers experimentally. Many different types of acoustic sources and surrounding fluids can be envisionned.
A first requirement is to find a way to excite these acoustic surfers in absence of any incident directional acoustic
field. Otherwise the source will be driven by this incident field and not by its own wave. Different possibilities can

11



be considered as (i) using a non-acoustic homogeneous field to excite the source (acceleration, magnetic, electric)
or (ii) creating a stochastic acoustic field which does not prescribe the motion in any specific direction. A second
requirement is that the radiation force should overcome the drag force for the situation to be unstable. This might
require to work in low viscosity fluids, such as gases, cryogenic fluids or superfluids.

This work hence paves the way for further theoretical, numerical and experimental investigation of acoustic
quantum analogues.
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