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Abstract.

Numerous current and future technological devices may benefit from the fundamental understand-
ing of the fluid instabilities leading to Vortex Induced Vibrations (VIV). Energy harvesting devices
are conceived to extract the mechanical energy of the flow by taking advantage of a fluid-structure
instability that leads to a cyclic displacement of the structure. Herein, we propose a Linearised
Eulerian-based Arbitrary Lagrangian Eulerian (L-ALE) method in order to rationalize the Eulerian
and the Lagrangian character of the flow and structural variables, respectively. We first demon-
strate that our method faithfully reproduces previous numerical results reported in the literature.
Then, we study the flow configurations of N = 2 cylinders, in terms of the distinct fluid-structure
instabilities and spatio-temporal properties of the global unstable modes.

Key words: instability, transition, cylinders, free-oscillations, VIV.

1 Introduction

Vortex induced vibrations (VIV) are of great interest to many fields of engineering.
The design of structures that prevent such vibrations to avoid damage is an obvious
example, cf [7]. One of their latest practical application worth mentioning is the de-
sign of submerged oscillating/deformable structures that are able to convert energy
from marine currents and waves, e.g., the Wave Carpet [1] or VIVACE [2] projects.
These applications aim, on the other hand, to optimize the structure displacement
to allow increased energy harvesting.
The canonical case of a single freely-oscillating cylinder has been extensively studied
with heavy focus on the lock-in phenomenon ([23]). It is defined as a synchronization
between the the frequencies of the body’s oscillation and of the vortex shedding.
Outside of the lock-in regime, however, the frequency tends to the vortex shedding
frequency of a fixed cylinder. [11] found that the lock-in phenomenon induces high
amplitude movement of the cylinder, which are characterized by the absence of non-
linear effects. It has also been shown that a decrease in the mass ration between
body and fluid leads to a wider synchronization regime.
Configurations involving multiple cylinders have been scarcely explored. [3] directly
simulated a tandem of cylinders for low reduced mass, L/D = 1.5 and Re = 200.
For low reduced velocities, they found that the oscillation amplitudes are small
therefore outside of the lock in region. The front cylinder exhibiting larger oscillation
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amplitudes than the rear. An increase of the reduced velocity brings the cylinders’
oscillations out of phase, increasing their amplitudes. At a critical reduced velocity,
the cylinders continue to oscillate out of phase but the rear cylinder’s amplitude
becomes greater than the front one. The authors therefore found a wider lock-in
region than for an isolated cylinder. Moreover, a structure that would be outside
of the lock-in region can be brought in the lock in region by placing it in a tandem
with a similar structure. This has important practical applications in the design
of structures that need to prevent VIV. It is however a phenomenon that can be
exploited for energy harvesting purposes. Thus, the VIVACE concept ([2]) converts
ocean or river currents kinetic energy to electricity using vortex-induced vibrations
of multiple oscillating cylinders. Nonetheless, the case of multiple cylinders has
been mainly studied for fixed cylinders. Recently, [10] used an immersed boundary
method to explore the flow past multiple rigidly-mounted cylinders. Depending on
the distance separating the cylinders, three regimes exist. Increasing the spacing,
the flow transitions from an attached regime to a fluctuating regime and finally to a
vortex shedding regime. The fully attached regime is characterized by a steady flow
in the gap between the cylinders whereas the fluctuating regime involves fluctuations
in the gap. The vortex shedding regime on the other hand is characterized by
vortex shedding in the gap, similar to that of a single cylinder’s wake. For multiple
cylinders, there is progression down the array from the attached to the fluctuating
and in turn to the shedding regimes. For longer arrays of cylinders, this cascade
repeats every few cylinder rows. On the other hand, the interaction between multiple
freely-oscillating bodies has not been widely studied.
Hence, we propose a Linearised Arbitrary Lagrangian Eulerian method to explore
the dynamics of multiple freely-oscillating bodies.

2 Numerical procedure

2.1 Problem formulation

We consider N spring-mounted cylinders immersed in a Newtonian fluid, with dy-
namic viscosity ν and density ρ. The cylinders have the densities ρn, spring stiff-
nesses kn and damping parameters γn. Let Ω̃(t) denote the fluid domain and Γ̃n(t)
its interface with the cylinders. The problem is governed by the following set of
equations

∂ũ

∂t

∣∣∣∣
x̃

+ (∇̃ũ)ũ− ∇̃ · σ̃(ũ, p̃) = 0 in Ω̃(t), (1)

∇̃ · ũ = 0 in Ω̃(t), (2)

ÿn +
4πγn
U∗
n

ẏn +

(
2π

U∗
n

)2

yn =
2Cyn(t)

πm∗
n

, (3)

ẏn = ũ on Γ̃n(t). (4)

In eqs. (1) to (4), the symbol (~) is used for time dependant quantities as well as
time and spacial derivatives evaluated in the time dependant domain. The stress
tensor is defined as σ̃(ũ, p̃) = −p̃I+ 1

Re

(
∇̃ũ+ ∇̃ũT

)
where the Reynolds number
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Re = U∞D
ν

is defined using as a reference length and velocity the diameter of the
cylinders D and the uniform velocity at the far field. In the previous expressions,
the index n is used to refer to the nth cylinder, see fig. 1. Cyn(t) is the vertical force
coefficient and m∗

n the mass ratio between the cylinder and fluid densities. The
reduced velocity is referred to as U∗

n = 2πU∞
√

mcn/kn/D, where mcn and kn are
the nth cylinder’s mass and spring stiffness.

Γl

Γl

Γi Γo

k1 γ1

Γ̂1

ρ1

k2 γ2

Γ̂2

ρ2

kN γN

Γ̂N

ρN

. . .
Ω̂f , ρf

Figure 1: Array of N spring mounted cylinders with densities, spring stiffness and damping
parameters: ρn, kn and γn. The cylinders are immersed in a fluid domain Ω̂f of density
ρf . The domain is delimited by inlet and outlet boundaries, Γi and Γo as well as lateral
boundaries Γl.

2.2 ALE formulation

The Arbitrary Lagrangian Eulerian method is a conforming method that allows to
treat interfaces in a Lagrangian frame of reference while the fluid is treated in an
Eulerian frame of reference. We consider a fixed reference domain Ω̂ where unknowns
are evaluated in an Eulerian frame of reference. Lagrangian variables on the other
hand are evaluated on the actual physical domain Ω̃(t), which is time dependant.
Let us define the diffeomorphism A that allows us to express the position x̃(t) of
the actual domain with respect to the position x̂ of the reference domain:

A : Ω̂× R+ −→ Ω̃× R+

(x̂, t) 7−→ (x̃(t), t)
(5)

This diffeomorphism allows a mapping of the actual domain through the position

x̃ = x̂+ ξ̂e(x̂, t) (6)

where ξ̂e is an extension displacement field that propagates the Lagrangian interface
deformation to the rest of the domain. This field is arbitrary and usually dictated
by an elliptic equation −∇̂·Σe

(
ξ̂e

)
= 0 that ensures a smooth distribution over the

whole domain. Following the method used by [13, 18], we apply the diffeomorphism
to the Lagrangian variables in eqs. (1) and (2) which yields the non-conservative
ALE formulation of the incompressible Navier-Stokes equation:

4
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Ĵ
(
ξ̂e

) ∂û

∂t
+
(
∇̂ûΦ̂

(
ξ̂e

))(
û− ∂ξ̂e

∂t

)
− ∇̂ · Σ̂

(
û, p̂, ξ̂e

)
= 0 in Ω̂ (7)

−∇̂ ·Σe

(
ξ̂e

)
= 0 in Ω̂ (8)

−∇̂ ·
(
Φ̂
(
ξ̂e

)
û
)
= 0 in Ω̂ (9)

In the previous expression, Φ̂
(
ξ̂e

)
= Ĵ

(
ξ̂e

)
F̂
(
ξ̂e

)−1

is a deformation operator

introduced by the variable change, with Ĵ
(
ξ̂e

)
= det

(
F̂
(
ξ̂e

))
the Jacobian of the

deformation gradient F̂
(
ξ̂e

)
= I + ∇̂ξ̂e. The ALE fluid stress tensor expressed in

the reference configuration writes as

Σ̂
(
û, p̂, ξ̂e

)
= σ̂

(
û, p̂, ξ̂e

)
Φ̂
(
ξ̂e

)T
(10)

with the viscous dissipation tensor

D̂
(
û, ξ̂e

)
=

1

2

1

Ĵ
(
ξ̂e

) ((∇̂û)Φ̂
(
ξ̂e

)
+ Φ̂

(
ξ̂e

)T
(∇̂û)T

)
. (11)

Hereinafter, we particularize the elliptic operator Σe = ∇, that is, the extension
displacement field is determined by solving a Laplace equation. The complete for-
mulation used to determine the extension field is as follows,

∆ξ̂e = 0 (12)
ξ̂eΓi

= yi on Γi (13)

ξ̂eΓj
= 0 on Γj,i ̸= j. (14)

The eq. (12) is linear, and the number of cylinders is finite, thus we can look for a
solution of the extension field as a function of the cylinders’ vertical displacement:

ξ̂e =
N∑
i=1

yiξ̂ei . (15)

The extension field is therefore decoupled from the system and can be calculated a
priori.

2.3 Linearised-ALE (L-ALE) for VIV problems

In the following, we detail the procedure employed to analyse the asymptotic sta-
bility of the fluid-structure configuration. First, we write the FSI variable q̂ =(
û, p̂, ξ̂e, y1, ..., yn, z1, ..., zn

)
. Then, we decompose the flow field into

q̂(x̂, t) = q̂0(x̂) + εq̂′(x̂, t), (16)

where q̂′ is a perturbation about the base flow q̂0, and ε ≪ 1. Substituting the
ansatz eq. (16) into eqs. (1) to (4) and taking the Laplace transform of the time
variable leads to the following formulations. In the following, we will denote by q
the Laplace transform of q̂′.
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Figure 2: Sketch of the geometrical transformations involved in the ALE approach.

ALE fluid-structure coupled formulation

λ

 u︸︷︷︸
B0

−
N∑
i=1

yiξi · ∇0û0︸ ︷︷ ︸
Bi

 = − ((∇0û0)u+ (∇0u)û0)−∇0p+ 2µ∇0 ·D (u)︸ ︷︷ ︸
A0

+
N∑
i=1

yi

[
−∇0û0

(
∇0 · ξiI −∇0ξi

)
û0 −∇0 · p̂0

(
∇0 · ξiI −∇0ξi

)
−µ∇0 ·

(
∇0û0∇0ξi + (∇0ξi)

T (∇0û0)
T
)
+ 2µ∇0 ·

(
D0(û0)

(
∇0 · ξiI −∇0ξi

))]
︸ ︷︷ ︸

Ai

,

(17)

0 = ∇0u︸︷︷︸
D0

+
N∑
i=1

yi ∇0 ·
((

∇0 · ξiI −∇0ξi
)
û0

)
︸ ︷︷ ︸

Di

. (18)

The linearization of eqs. (7) and (9) introduces the terms A0 and D0 that are purely
driven by fluid variables, and the terms Ai and Di that arise from the interaction of
fluid and ALE variables.

Cylinders equations Defining zi =
∂yi
∂t

as the velocity of a cylinder, and introduc-
ing eq. (16) in eq. (3), we obtain the following system for each cylinder

λy = zi, (19)

λzi = −Γizi − Ωiyi + Ci + C̃i(y). (20)

The vertical force acting on each cylinder can be divided in two components. The
first one is found by integrating on the boundary the stress which is purely linked
to the fluid motion:

Ci =
4

πm∗

∫
Γi

(
− pIn+ 2µD0(u)n

)
· eyi dΓi. (21)
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In eq. (17), part of the stress results in a coupling of the fluid variables with the
extension field, which after integration leads to the second lift component:

C̃i(yj) =
∑N

j=1 yj

( 4

πm∗

∫
Γj

(
(−p̂0I + 2µD0(û0))

(
∇0 · ξjI −∇0ξj

)T
−µ
(
∇0û0∇0ξj + (∇0ξj)

T (∇0û0)
T
) )

n · eyj dΓj

)
.

Matricial system The system of equations described above can therefore be writ-
ten as the following matricial system

λBq = Aq, (22)

with matrices

B =



B0 B1 . . . BN 0 . . . 0
0 0 . . . 0 0 . . . 0

Id
. . . (0)

Id
Id

(0)
. . .

Id


(23)

and

A =



A0 A1 . . . AN 0 . . . 0
D0 D1 . . . DN 0 . . . 0

Id

(0)
. . .

Id
C1 C̃1(y1)− Ω1 C̃1(yN) −Γ1
...

... . . . ... . . .
CN C̃N(y1) C̃N(yN)− ΩN −ΓN


. (24)

Equation 22 is rewritten in a variational formulation, spacially discretised and solved
with the FreeFem++ software ([8]). The system is complemented with suitable
boundary conditions for the external boundaries (Γi, Γl, Γo). A Dirichlet boundary
condition is imposed at the inflow boundary Γi: û0|Γi

= U∞, u|Γi
= 0, and a stress-

free condition is imposed on the lateral and outflow boundaries. Additionally, to the
linearised problem, we employ the complex mapping method ([15, 20]) to faithfully
characterise the stability properties of the problem and to suppress artificial unstable
modes arising due to a non-local feedback between the outflow boundary and the
near-wake. Such a method has been successfully employed in the past in other
fluid configurations, for instance, the jet flow past a circular aperture [16, 9], a flow
configuration of two coaxial jets [5] or wake flow past a rotating particle [17]. When
using the complex mapping method, the spatial structure of the global mode near
the boundary becomes evanescent and do not have an influence on the stability
properties of the problem.
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2.4 Validation

The L-ALE code is validated against the canonical cases of one fixed cylinder as
well as one freely-oscillating cylinder. By setting U∗

1 = m∗
1 = ∞ in eq. (3), we

investigate the stability of the flow around a fixed cylinder. At critical Reynolds
number of 47, the first mode becomes unstable as can be seen in figure 3. We then

40 42 44 46 48 50 52 54 56 58 60

−0.04

−0.02

0

0.02

0.04

Re = 47

Re

λ
r

=
-ω

i

40 42 44 46 48 50 52 54 56 58 60
0.114

0.1145

0.115

0.1155

0.116

0.1165

0.117

0.1175

0.118

Re

St
=
λ

i/
2*

π
Figure 3: Growth rate and Strouhal number of the leading mode in the case of a fixed
cylinder. Present results are shown as and compared to results produced from the code
developed by [6] ( ).

set the damping ratio γ to zero and vary the reduced velocity U∗ at the two reduced
masses m∗ = {5, 20} for a fixed Reynolds number of Re = 60. According to [11]
and [14], two leading unstable modes are found. These modes are referred to as the
elastic mode (EM) and the fluid mode (FM). Figure 4 shows the real and imaginary
parts of both eigenvalues as a function of U∗ for Re = 60 and m∗ = {5, 20}. The
eigenvalue of the EM mode tends to the natural structural frequency of the cylinder,
whereas the eigenvalue of the FM mode is similar to the one of the fixed cylinder
case. Overall, the L-ALE method developed for the present study shows consistent
results compared to data from [14]. We found qualitative agreement against the
results reported by [22]. A possible explanation of the quantitative discrepancy
found for reduced velocities higher than U∗ = 6 could be the use of a coarse mesh or
small added mass effects that emerge for large U∗ or small m∗. Further investigation
on the reasons for this disagreement will be presented during the conference.

3 Results and discussion

We investigate the flow dynamics and interaction with two elastically mounted cylin-
ders of the same reduced mass m∗ = 2.546. Throughout this study, the damping
parameter of both cylinders is set to zero. Within the range of Reynolds numbers
Re < 200, there are three unstable global modes. Figures 5(a) and 5(c) show the
real and imaginary parts of the eigenvalues against U∗ for Re = 100 and m∗ = 2.546.
These results are also compared with data from [22]. The structure of the modes
is shown in figure 6. For value of reduced mass m∗ = 2.546, the structure of the
third mode ( ) resembles the one of the wake of two fixed cylinders (figure 6(e)).
Its frequency remains constant and is slightly higher compared to the frequency of
the leading mode behind the fixed cylinder tandem ωf = 0.76 ( ). It therefore
appears to be a purely fluidic mode and will be named FM. Modes 1 and 2 seem
however to have a more complex structure arising from the fluid structure interac-

8
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λ

i
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Figure 4: Real and imaginary parts of the leading eigenvalues with respect to U∗ at Re = 60
for m∗ = 5 (a,c) and m∗ = 20 (b,d). The unstable region is depicted as the grey zone. The
eigenvalues of the two leading modes found by the present study are respectively shown by

, . Results found by [14] are displayed as and ; and results from [22] are shown
as and .

tion. They will be respectively named as FEMI ( ) and FEMII ( ), following
the denomination used by [11]. For low reduced velocities, FMI matches the natural
frequency of a cylinder (ωn = 2π

U∗
n
, shown as ), and the mode remains stable. For

higher reduced velocities, the mode becomes unstable and its frequency tends to ωf

but the two cylinders display transverse motion, confirming the structural nature of
the mode (figure 6(a)). On the other hand, FEMII frequency’s mayches ωf for low
reduced velocities and remains stable. For moderate to higher reduced velocities,
the mode becomes unstable and its frequency decreases. Transverse motion of the
two cylinders is present, again showing the structural nature of the mode.
For m∗ = 20, the transverse motion of the two cylinders introduces four unstable
complex-conjugate eigenvalues and associated eigenmodes. Figures 5(b) and 5(d)
show the real and imaginary parts of the eigenvalues against U∗ for Re = 100 and
m∗ = 20. The FM ( ),FEMI ( ) and FEMII ( ) modes are still present at
m∗ = 20. FM however remains stable for all reduced velocities invistigated. The
frequency of FEMII has a similar behaviour to that at m∗ = 2.546. It matches the
fixed tandem case up to a reduced veloctity of U∗ = 7.5 and then starts decreasing.
Its growth rate however shows that the mode is unstable over most of the range
of reduced velocities explored. Only around U∗ = 7.5 is the mode stable. The
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frequency of FEMII matches ωn up to a reduced velocity of U∗ = 7.5, after witch it
tends to ωf . An additional unstable mode is found for m∗ = 20. Its behaviour and
structure show similarities to FEMII, we will call it FEMIII ( ). Where FEMII
is unstable for all reduced velocities greater than U ∗= 4, FEMIII is only unstable
around U∗ = 4 an U∗ = 7.5.
The behaviour of the modes around U∗ = 7.5 lead us to believe in the existence of
a complex non-linear bearing. We will further explore that region by the means of
weakly non-linear methods as well as direct numerical simulations.

2 4 6 8 10 12 14
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−0.05

0
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0.1

0.15
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λ
r

(a)

2 3 4 5 6 7 8 9 10 11 12
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0
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λ
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i
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π
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i
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π

(d)

Figure 5: Real and imaginary parts of the leading eigenvalues with respect to U∗ at
Re = 100 for m∗ = 2.546 (a,c) and m∗ = 20 (b,d). The unstable region is depicted as
the grey zone. The eigenvalues of the three leading modes found by the present study are
shown by , and . Results from [22] are shown by and . The natural frequency
of the cylinders ωn = 2π

U∗
n

is shown as . The frequency of the fluid mode behind two
fixed cylinders (ωf = 0.76) is displayed as .

4 Conclusion & perspectives

We propose a Linearised Arbitrary Lagrangian Eulerian method to study the Vortex
Induced Vibrations of multiple bodies. The method was derived in order to decouple
the field associated with mesh deformation from the other unknowns of the problem,
hence considerably decreasing computational time. The outcome of linear stability
analysis of a single freely-oscillating cylinder showed good accordance with results

10
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Figure 6: Vorticity of the three leading modes at Re = 100 and U∗ = 6 for a reduced mass
of m∗ = 2.546 (a,c,e) and of m∗ = 20 (b,d,f): FEMI (a,b), FEMII (c,d) and FM (e,f).

from the literature. The method was then applied to a tandem of freely-oscillating
cylinders. The structure and behaviour of the leading eigenmodes was described for
a set of reduced masses at fixed Reynolds number.
Nonlinear effects will be considered in future studies. In particular, we aim to
develop an efficient time-stepping Finite Element solver [4], similar to the one de-
veloped in the thesis of Pfister [12]. In a second step, we would like to continue
the limit cycles emerging from the Hopf bifurcations highlighted herein. To do so,
we would like to reconstruct the limit cycle with the Harmonic Balance method
[19], and to determine the existence of secondary instabilities with the Floquet-Hill
technique [21].
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