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ASYMPTOTIC BEHAVIOR OF LARGE EIGENVALUES
OF THE TWO-PHOTON RABI MODEL

ANNE BOUTET DE MONVEL1 AND LECH ZIELINSKI2

Abstract. We investigate the asymptotic behavior of large eigenvalues for the two-photon
Rabi Hamiltonian, i.e., for the two-photon Jaynes–Cummings model without the rotating wave
approximation. We prove that the spectrum of this Hamiltonian consists of two eigenvalues
sequences (E+

n )∞n=0, (E
−
n )∞n=0, satisfying the same two-term asymptotic formula with remainder

O(n−1/3) when n tends to infinity. We also propose a conjecture on a three-term asymptotics
formula modeled on the GRWA for the one-photon Rabi model.

1. Introduction

The simplest interaction between a two-level atom and a classical light field is described by
the Rabi model [20, 21]. The quantum Rabi model couples a quantized single-mode radiation
and a two-level quantum system according to the idea that each photon creation accompanies an
atomic de-excitation, and each photon annihilation accompanies atomic excitation (see [23] for the
microscopic derivation of the quantum Rabi model in Cavity Quantum Electrodynamics). In the
pioneer work [17], E. T. Jaynes and F. W. Cummings introduced the rotating wave approximation
(RWA) of the quantum Rabi model. The model of [17] (with the RWA) is explicitly diagonalizable
and explains a range of experimental phenomena, but further developments in engineering of
quantum systems, shows the necessity of understanding the full Rabi Hamiltonian given by the
formula (1.3). We refer to [27] for an exhaustive overview of theoretical and experimental works
in relation with the quantum Rabi model and its various generalizations (see also [6]).

In this paper we investigate the two-photon quantum Rabi model. The corresponding Hamilton-
ian is given by the formula (1.2) which differs from (1.3) by the fact that the atomic excitation/de-
excitation appears via annihilation/creation of two photons. This model was used in [13] to
describe a two-level atom interacting with squeezed light and we refer to [8] for the overview of
works about the two-photon quantum Rabi model (see also [11]).

The purpose of this paper is to investigate the asymptotic behavior of large eigenvalues of
the two-photon quantum Rabi Hamiltonian. It appears that this problem can be reduced to the
analog problem for some infinite Jacobi matrices. The asymptotic behavior of large eigenvalues of
classes of infinite Jacobi matrices with discrete spectrum was initiated by J. Janas and S. Naboko
[16] and continued in [1, 15, 18]. However, in the case of a non-degenerated two-level system, the
corresponding Jacobi matrices do not belong to the classes of operators considered in [1,15,16,18]
and the asymptotic behavior of large eigenvalues is quite different. It appears that one deals with
Jacobi matrices that have diagonal entries perturbed by periodic oscillations, but the contribution
of these oscillations to the behavior of the n-th eigenvalue tends to 0 when n → ∞. This
phenomenon for the quantum Rabi Hamiltonian (1.3), was first investigated by E. A. Tur [24, 25]
(see also [26] and [2–5]). In this paper we prove that a similar phenomenon still holds for the
two-photon Rabi Hamiltonian (1.2). The main result of this paper is the two-term asymptotic
formula (1.4) given in Theorem 1.1. However, our approach allows us to conjecture the three-term

Date: March 11, 2020.
1



2 A. BOUTET DE MONVEL AND L. ZIELINSKI

asymptotic formula (1.6) which is the two-photon version of the three-term asymptotic formula
proved in [4].

1.1. The two-photon Rabi model. The two-photon Rabi model is given by a Hamiltonian
ĤRabi acting in a complex Hilbert space HRabi = Hatom⊗Hfield. This Hamiltonian is of the form

ĤRabi = Ĥatom ⊗ IHfield
+ IHatom

⊗ Ĥfield + Ĥint, (1.1)

where Ĥatom is the Hamiltonian of the two-level atomic system, Ĥfield is the Hamiltonian of the
light field, and Ĥint is the interaction term.

The two-level atomic system is defined by a self-adjoint operator Ĥatom acting in the two-
dimensional complex Hilbert space Hatom = C2. We denote by Eg ≤ Ee its eigenvalues, that is,
the energies of the ground state and of the excited state. To simplify the model we assume the
eigenvalues are ± 1

2∆ where ∆ := Ee − Eg is the level separation energy. Identifying a basis of
eigenvectors {ee, eg} with the canonical basis of Hatom = C2 we have

Ĥatom =
∆

2
σ3,

where σ3 = σz :=
(

1 0
0 −1

)
is the usual Pauli matrix. Henceforth we denote e1 := ee and e−1 := eg.

Hfield is a complex Hilbert space equipped with an orthonormal basis {en}∞0 . The Hamiltonian
Ĥfield is the self-adjoint operator in Hfield characterized by

Ĥfield en = nen, n = 0, 1, 2, . . .

The photon annihilation and creation operators are defined in Hfield by

â en =
√
n en−1, â†en =

√
n+ 1 en+1, n = 0, 1, 2, . . .

(with â e0 = 0). In particular, â†â = N̂ , where N̂ is the photon number operator characterized by
N̂en = n en. Therefore Ĥfield can be written as

Ĥfield = N̂ = â†â.

Finally, the interaction term Ĥint is given by

Ĥint = gσ1 ⊗
(
â2 + (â†)2

)
,

where g > 0 is the coupling constant and σ1 = σx := ( 0 1
1 0 ) is the Pauli matrix.

To summarize, (1.1) takes the explicit form

ĤRabi =
∆

2
σ3 ⊗ IHfield

+ IHatom ⊗ N̂ + gσ1 ⊗
(
â2 + (â†)2

)
. (1.2)

Remark. The usual (one-photon) quantum Rabi Hamiltonian is given by
∆

2
σ3 ⊗ IHfield

+ IHatom
⊗ N̂ + gσ1 ⊗ (â+ â†). (1.3)

1.2. Main result. Our aim is to prove

Theorem 1.1 (large eigenvalues of ĤRabi). Let ĤRabi be the two-photon Rabi Hamiltonian given
by (1.2), with parameters ∆ ≥ 0 and g > 0. We make the additional assumption g < 1

2 . Then
ĤRabi is self-adjoint, has discrete spectrum, its eigenvalues can be enumerated in two nondecreasing
sequences {E+

n }∞0 and {E−n }∞0 :

σ(ĤRabi) = {E+
n }∞0 ∪ {E−n }∞0 ,

and the large n behavior of these eigenvalues is given by

E±n =
(
n+

1

2

)√
1− 4g2 − 1

2
+ O(n−1/3). (1.4)
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Remark. In the degenerated case ∆ = 0 we have an exact formula for E+
n = E−n :

E±n =

(
n+

1

2

)√
1− 4g2 − 1

2
. (1.5)

The proof of (1.5), based on a paper by Emary and Bishop [10], is given in Section 6.2.

By analogy with the Generalized Rotating-Wave Approximation (GRWA) proposed by Irish
[14] for the one-photon Rabi model (see also Feranchuk, Komarov, and Ulyanenkov [12]), and
proved in [4], we propose the following conjecture for the two-photon Rabi model.

Conjecture. For µ = 0, 1 and 1
2 < ρ < 1, we have the three-term asymptotics

E±2k+µ +
1

2
= E0

2k+µ ±∆
ωµ√
k

cos(αµk + θµ) + O(k−ρ) as k →∞, (1.6)

where
E0

2k+µ :=
(

2k + µ+
1

2

)√
1− 4g2 − 1

2
,

and ωµ, αµ, and θµ are real constants, depending only on g (see Section 5.3 for explicit expressions
of these constants).

Comment. As we will show in Section 5.3 below, the validity of this three-term asymptotics can
be derived from the following improvement of the estimate (5.8) from Lemma 5.6:

λj(L
δ
γ) = λj(L

0
γ) + δRγ(j, j) + O(|j|−ρ) as |j| → ∞. (1.7)

1.3. Plan of the paper. In Section 2, by splitting the canonical basis B of HRabi into four
parts Bν,µ, ν = ±1, µ = 0, 1 we introduce a natural orthogonal splitting

HRabi = ⊕ν,µHν,µ = H1,0 ⊕H−1,0 ⊕H1,1 ⊕H−1,1 (1.8)

which is invariant under the two-photon Rabi Hamiltonian. Moreover, using Bν,µ we show that
the restriction of the two-photon Rabi Hamiltonian to Hν,µ is unitary equivalent to some operator
defined in `2(N) by a Jacobi matrix Jν,µ. Thus the initial problem is reduced to the asymptotic
analysis of large eigenvalues of these Jacobi matrices Jν,µ.

In Section 3 we reduce this analysis to that of a simpler class of Jacobi matrices

Jδγ :=


δ gγ 0 0 . . .
gγ 1− δ g(1 + γ) 0 . . .
0 g(1 + γ) 2 + δ g(2 + γ) . . .
0 0 g(2 + γ) 3− δ . . .
...

...
...

...
. . .

 (1.9)

Lemma 3.2 shows that suitable estimates for large eigenvalues of the associated operator Ĵδγ imply
the assertion of Theorem 1.1.

In Section 4 we replace the operator Ĵδγ acting in `2(N) with its natural extension J̃δγ acting in
`2(Z). It appears that the spectrum of J̃ 0

γ was explicitly described in [9, 19]. Following [9] we use
the Fourier transform F0 : L2(−π, π)→ `2(Z) defined by (4.1) and consider the operator

Lδγ := F−1
0 J̃δγF0 (1.10)

acting in L2(−π, π). In the case δ = 0 this operator, L0
γ , is a first order differential operator in

L2(−π, π) with periodic boundary conditions (or a differential operator with smooth coefficients
on the circle). Our analysis of L0

γ given in Section 4 is a modification of the approach used in [9].
The main difference is that we use a unitary equivalence in order to obtain an explicit expression
for an orthonormal basis of eigenvectors of L0

γ .
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In Section 5 we use the form of eigenvectors of L0
γ to estimate the difference between the

eigenvalues of Lδγ and L0
γ thanks to an idea coming from [26]. Since the operator Lδγ is unitary

equivalent to J̃δγ , we obtain the asymptotic behavior of the eigenvalues of J̃δγ .
In Section 6 we complete the proof of Theorem 1.1, using that Ĵδγ is the restriction of J̃δγ to

`2(N).

1.4. Notations and conventions. `2(Z) is the Hilbert space of square-summable complex
sequences x̃ : Z→ C indexed by the set of integers Z and equipped with the scalar product

〈x̃, ỹ〉 :=
∑
k∈Z

x̃(k)ỹ(k), x̃, ỹ ∈ `2(Z)

and the associated norm ‖x̃‖ :=
√
〈x̃, x̃〉. We denote by {ẽm}m∈Z the canonical basis of `2(Z),

that is ẽm(m) = 1 and ẽm(k) = 0 when k 6= m.
The space `2(N) of square-summable complex sequences indexed by the set of nonnegative

integers N is identified with the closed subspace of `2(Z) generated by {ẽm}m∈N. Thus `2(N) is a
Hilbert space with the scalar product

〈x, y〉 =
∑
k∈N

x(k)y(k), x, y ∈ `2(N)

and the canonical basis {ẽm}m∈N which we also denote by {em}m∈N.
If L is an operator acting in the Hilbert space H, let σ(L) denote its spectrum. We say that

L has discrete spectrum if and only if every point λ ∈ σ(L) is an isolated eigenvalue of finite
multiplicity.

Assume that L has discrete spectrum. We say that {λj(L)}j∈J is a complete eigenvalue sequence
of L if and only if any λ ∈ σ(L) is some λj(L) and has multiplicity mλ := dim ker(L − λI) =
card{j ∈ J : λj(L) = λ}.

Assume that a self-adjoint operator L has discrete spectrum such that inf σ(L) = −∞ and
supσ(L) = +∞. Then we can choose a complete eigenvalue sequence {λj(L)}j∈Z such that
{λj(L)}j∈Z is a nondecreasing sequence such that λj(L) → ±∞ as j → ±∞. Moreover, there
exists an orthogonal basis {fj}j∈Z such that Lfj = λj(L)fj holds for all j ∈ Z and any other
nondecreasing complete eigenvalue sequence is of the form {λj+κ(L)}j∈Z with a shift κ ∈ Z.

Assume now that L is a self-adjoint operator with discrete spectrum such that inf σ(L) > −∞
and supσ(L) = +∞. Then there exists a unique nondecreasing complete eigenvalue sequence
{λn(L)}n∈N which we will call the eigenvalue sequence of L. Moreover, λn(L)→ +∞ as n→∞
and there exists an orthogonal basis {fn}n∈N such that Lfn = λn(L)fn holds for all n ∈ N.

2. Formulation in terms of Jacobi matrices

2.1. Jacobi matrices. Let J be a real symmetric tridiagonal matrix

J =


d(0) b(0) 0 0 . . .
b(0) d(1) b(1) 0 . . .

0 b(1) d(2) b(2) . . .
0 0 b(2) d(3) . . .
...

...
...

...
. . .

 (2.1)

whose entries {d(k)}∞k=0 and {b(k)}∞k=0 satisfy the two conditions

d(k) −−−−→
k→∞

+∞, (2.2a)

lim sup
k→∞

|b(k)|+ |b(k − 1)|
d(k)

< 1. (2.2b)
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Let D = diag{d(k)}∞k=0 and B be the diagonal and off-diagonal parts of J :

J = D +B. (2.3)

Then it is known (see [7]) that under conditions (2.2) there exist constants C0 > 0 and 0 < c0 < 1
such that, in `2(N),

± 〈x,Bx〉 ≤ c0〈x,Dx〉+ C0‖x‖2 (2.4)
and the Jacobi matrix (2.1) defines a self-adjoint operator Ĵ characterized by

Ĵek = d(k)ek + b(k)ek+1 + b(k − 1)ek−1, k = 0, 1, . . . (2.5)

where Ĵe0 = d(0)e0 + b(0)e1 for k = 0.

2.2. Jacobi matrices and the two-photon Hamiltonian. Henceforth, ν = ±1 and µ = 0, 1.
We reindex the orthogonal basis B = {eν ⊗ en} where ν = ±1 and n = 0, 1, 2, . . . as follows:

eν,µm := eν(−1)m ⊗ e2m+µ.

LetHν,µ denote the closed subspace ofHRabi generated byBν,µ := {eν,µm }m≥0. An easy calculation
shows that

ĤRabi eν,µm =

(
2m+ µ+ ν(−1)m

∆

2

)
eν(−1)m ⊗ e2m+µ

+ g
√

(2m+ µ)(2m+ µ− 1)e−ν(−1)m ⊗ e2m+µ−2

+ g
√

(2m+ µ+ 1)(2m+ µ+ 2)e−ν(−1)m ⊗ e2m+µ+2, (2.6)

where eν(−1)m ⊗ e2m+µ = eν,µm and e−ν(−1)m ⊗ e2m+µ±2 = eν,µm±1. Therefore, each subspace Hν,µ
is ĤRabi-invariant and the partition B =

⊔
ν,µBν,µ defines the ĤRabi-invariant splitting (1.8):

HRabi = H1,0 ⊕H1,1 ⊕H−1,0 ⊕H−1,1.

Let Ĥν,µ denote the restriction of ĤRabi to Hν,µ. Thus the spectrum of ĤRabi splits into four
parts:

σ(ĤRabi) = σ(Ĥ1,0) ∪ σ(Ĥ1,1) ∪ σ(Ĥ−1,0) ∪ σ(Ĥ−1,1).

Moreover, each Hν,µ is isometric to `2(N) through the surjective isometry Uν,µ : Hν,µ → `2(N)

defined by Uν,µeν,µm = em. This isometry transforms Ĥν,µ into the operator Ĵν,µ := Uν,µĤν,µU
−1
ν,µ

in `2(N), so that both operators have the same spectrum:

σ(Ĥν,µ) = σ(Ĵν,µ).

Lemma 2.1. The operator Ĵν,µ := Uν,µĤν,µU
−1
ν,µ is associated with a Jacobi matrix whose diagonal

and off-diagonal entries are given by d(m) = dν,µ(m) and b(m) = bµ(m), m ∈ N, with

dν,µ(m) := 2m+ µ+ ν(−1)m
∆

2
, (2.7a)

bµ(m) := g
√

(2m+ µ+ 1)(2m+ µ+ 2). (2.7b)

Proof. Follows from (2.6) given (2.5). �

Lemma 2.2. Assume that 0 < g < 1/2. Let Ĵν,µ, ν = ±1, µ = 0, 1 be the operator in `2(N)
defined in Lemma 2.1. Then,
(i) Ĵν,µ is self-adjoint, bounded from below, and has discrete spectrum.
(ii) Moreover, its eigenvalue sequence {λn(Ĵν,µ)}∞n=0 satisfies

cn− C ≤ λn(Ĵν,µ) ≤ C(n+ 1), (2.8)

where C and c are some positive constants.
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Proof. (i) By the previous lemma it suffices to show that both conditions (2.2) are fulfilled when
the diagonal and off-diagonal entries are given by (2.7). By (2.7a) we clearly have d(m)→ +∞ if
m→∞. Moreover, for d(m) and b(m) given by (2.7):

lim
m→∞

|b(m)|+ |b(m− 1)|
d(m)

= 2g < 1.

(ii) The estimate (2.8) follows from (2.3), (2.4), and the min-max principle. �

Proposition 2.3. Assume that 0 < g < 1
2 . Let ν = ±1 and µ = 0, 1 be given, and let Ĵν,µ be the

self-adjoint operator defined in Lemma 2.1. If {λk(Ĵν,µ)}∞k=0 is its eigenvalue sequence we have
the large n asymptotic estimate

λn(Ĵν,µ) =
(

2n+ µ+
1

2

)√
1− 4g2 − 1

2
+ O(n−1/3). (2.9)

Proof. Lemma 3.2 will reduce the proof to that of Proposition 3.1, and the proof of Proposition
will be completed in Section 6.1. �

The next lemma shows that Proposition 2.3 implies Theorem 1.1.

Lemma 2.4. Estimates (2.9) for ν = ±1 and µ = 0, 1 imply estimate (1.4), that is, Theorem 1.1.

Proof. We deduce (1.4) from (2.9) setting E±2k+µ := λk(Ĵ±1,µ) for µ = 0, 1. �

3. A new family of Jacobi matrices

In this section we introduce a new family of Jacobi matrices and we will prove Proposition 2.3,
hence Theorem 1.1 in the degenerated case ∆ = 0.

3.1. Jacobi matrices Jδ
γ . For γ, δ ∈ R, let Ĵδγ be the self-adjoint operator in `2(N) defined by

the Jacobi matrix (1.9). Its diagonal and off-diagonal entries d(m) = d 0
δ (m) and b(m) = b0γ(m)

are defined by (m ∈ N)

d 0
δ (m) := m+ (−1)mδ, (3.1a)

b0γ(m) := g(m+ γ). (3.1b)

Thus, Ĵδγ is characterized by

Ĵδγem = d 0
δ (m)em + b0γ(m)em+1 + b0γ(m− 1)em−1.

Proposition 3.1. Assume 0 < g < 1/2. The eigenvalue sequence {λn(Ĵδγ )}∞n=0 satisfies the large
n estimate

λn(Ĵδγ) = n
√

1− 4g2 +
(
γ − 1

2

)
(
√

1− 4g2 − 1) + O(n−1/3). (3.2)

Proof. The proof is completed in Section 6.1. �

Lemma 3.2. Let ν = ±1, µ = 0, 1 be given. Estimate (3.2) for λn(Ĵδγ) with γ = µ
2 + 3

4 and
δ = ν∆/4 implies estimate (2.9) for λn(Ĵν,µ).

The proof of Lemma 3.2 is given in the next section and uses the following consequence of
[22, Theorem 1.1]:
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Theorem 3.3 (Rozenbljum [22]). Let L0 be a self-adjoint operator which is bounded from below
and has discrete spectrum. Let {λn(L0)}∞n=0 be its eigenvalue sequence. Assume that 0 /∈ σ(L0).
Let also R be a bounded symmetric operator such that R|L0|ρ is bounded for a certain ρ > 0.

Then L := L0 + R is a self-adjoint operator which is bounded from below and has discrete
spectrum. Moreover, its eigenvalue sequence {λn(L)}∞n=0 satisfies

λn(L) = λn(L0) + O(|λn(L0)|−ρ) as n→∞.

3.2. Proof of Lemma 3.2. We assume we know estimate (3.2) for λn(Ĵδγ ). The diagonal entries
dν,µ(m) and d 0

δ (m) of Jν,µ and Jδγ are given by (2.7a) and (3.1a), respectively. They are related
by

1

2
(dν,µ(m)− µ) = d 0

ν∆/4(m). (3.3)

The off-diagonal entries bµ(m) and b0γ(m) are given by (2.7b) and (3.1b), respectively, and they
are related by

1

2
bµ(m) = b0γ(µ)(m) + rµ(m), (3.4)

where rµ(m) = O( 1
m ) as m→∞ and

γ(µ) :=
µ

2
+

3

4
. (3.5)

To prove (3.4) it suffices to observe that

1

2
bµ(m) = g

√(
m+ 1 +

µ

2

)(
m+

1

2
+
µ

2

)
= g(m+ γ(µ)) + O

( 1

m

)
holds with γ(µ) given by (3.5). Therefore, using (3.3) and (3.4) we can write

1

2

(
Ĵν,µ − µ

)
= Ĵ

ν∆/4
γ(µ) + R̂µ,

where

R̂µem = rµ(m)em+1 + rµ(m− 1)em−1.

The operator R̂µĴν,µ is clearly bounded due to rµ(m) = O( 1
m ). Therefore, using the estimate

(2.8) and Theorem 3.3 with ρ = 1, we find

1

2

(
λn(Ĵν,µ)− µ

)
= λn(Ĵ

ν∆/4
γ(µ) ) + O

( 1

n

)
. (3.6)

Combining (3.6) with (3.2) we obtain

λn(Ĵν,µ)− µ = 2n
√

1− 4g2 + (2γ(µ)− 1)(
√

1− 4g2 − 1) + O(n−1/3). (3.7)

However the equality 2γ(µ)− 1 = µ+ 1
2 allows us to write (3.7) in the form

λn(Ĵν,µ)− µ =
(

2n+ µ+
1

2

)√
1− 4g2 − µ− 1

2
+ O(n−1/3),

which is exactly the estimate (2.9).
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3.3. Proof of Proposition 2.3 in the case ∆ = 0. It’s about proving the estimate (2.9) in
that case. Due to Lemma 3.2 for δ = ν∆/4 = 0 it suffices to prove the large n asymptotics (3.2)
for δ = 0. We will actually prove that

λn(Ĵ0
γ ) = n

√
1− 4g2 +

(
γ − 1

2

)
(
√

1− 4g2 − 1) + O(n−N ) (3.8)

holds for any integer N ≥ 1. Let Ĵδγ,1 be the self-adjoint operator in `2(N) defined by

Ĵδγ,1em = d1
δ(m)em + b1γ(m)em+1 + b1γ(m− 1)em−1,

where d1
δ(m) = d 0

δ (m) for m ≥ 1 and b1γ(m) = b0γ(m) for m ≥ 1. Next we set b1γ(0) := 0,
which implies Ĵδγ,1e0 = d1

δ(0)e0. Then we take d1
δ(0)� 0 to ensure that λ0(Ĵ0

γ,1) = d1
δ(0). Since

R̂ := Ĵδγ − Ĵδγ,1 is defined by a 2× 2 block, Theorem 3.3 ensures that

λn(Ĵ0
γ ) = λn(Ĵ0

γ,1) + O(n−N )

holds for any integer N ≥ 1. Let `2(N∗) be identified with the closed subspace of `2(N) generated
by {em}∞m=1. This subspace is invariant under Ĵ0

γ,1 and we denote by Ĵ ′γ the restriction of g−1Ĵ0
γ,1

to `2(N∗). It turns out that this operator Ĵ ′γ was investigated by Janas and Malejki in [15]. The
result of [15, Theorem 3.4], as completed in [15, Section 4], and applied for δ = g−1 and c = γ,
says that the eigenvalue sequence {λn(Ĵ ′γ)}∞n=0 satisfies

λn(Ĵ ′γ) = n
√
g−2 − 4 +

(
γ +

1

2

)(√
g−2 − 4− g−1

)
+ g−1 + O(n−N )

for any fixed integer N ≥ 1. Thus for n ≥ 1 one has

λn(Ĵ0
γ,1) = gλn−1(Ĵ ′γ) = (n− 1)

√
1− 4g2 + 1 +

(
γ +

1

2

)(√
1− 4g2 − 1

)
+ O(n−N ),

completing the proof of (3.8).

4. Extension to `2(Z)

For γ, δ ∈ R, we consider the self-adjoint operator J̃δγ in `2(Z) characterized by

J̃δγ ẽm = (m+ (−1)mδ)ẽm + g(m+ γ)ẽm+1 + g(m− 1 + γ)ẽm−1, m ∈ Z,

where {ẽm}m∈Z denotes the canonical basis in `2(Z).
The following theorem is a special case of the result of [9] (see also [19])

Theorem 4.1 (see [9, 19]). The complete eigenvalue sequence {λj(J̃ 0
γ )}j∈Z of the operator J̃ 0

γ

can be ordered so that
λj(J̃

0
γ ) =

(
j + γ − 1

2

)√
1− 4g2 − γ +

1

2
.

In this section we present a modification of the proof given in [9]. Our purpose is to give an
explicit expression of a basis of eigenvectors of J̃ 0

γ .

4.1. Preliminaries.

Notations. (a) We denote by L2(−π, π) the Hilbert space of Lebesgue square integrable functions
[−π, π]→ C equipped with the scalar product

〈f, g〉 :=
1

2π

∫ π

−π
f(ξ) g(ξ) dξ

and with the norm ‖f‖ :=
√
〈f, f〉.
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(b) For f ∈ L2(−π, π) we denote by 〈f〉 its mean value

〈f〉 :=
1

2π

∫ π

−π
f(η)dη.

(c) We denote by F0 : L2(−π, π)→ `2(Z) the Fourier transform defined by

(F0f)(j) =
1

2π

∫ π

−π
f(ξ)e−ijξdξ. (4.1)

(d) We denote by C∞per([−π, π]) the set of functions u ∈ L2(−π, π) whose 2π-periodic extension
is a smooth function R→ C.

(e) We denote by {f0
j }j∈Z the orthonormal basis given by f0

j (η) := eijη.
(f) We denote by L0 the self-adjoint operator in L2(−π, π) defined by

L0f
0
j = jf0

j for j ∈ Z.

We denote by D(L0) the domain of L0 and observe that L0 is the closure of the operator Dη := 1
i

d
dη

defined on C∞per([−π, π]).

Proposition 4.2. Let q ∈ C∞per([−π, π]) be a real valued function and let Lq denote the self-adjoint
operator defined by

Lqf := L0f + qf, f ∈ D(L0). (4.2)

Then Lq is unitary equivalent to L0 + 〈q〉.

Proof. We define a unitary operator Uq in L2(−π, π) by

(Uqf)(η) = eiq̃(η)−i〈q〉ηf(η),

where q̃ is a primitive of q. Since q̃ − 〈q〉 belongs to C∞per([−π, π]), the subspace C∞per([−π, π]) is
invariant under U±1

q . Moreover, for f ∈ C∞per([−π, π]),

Uq(Dη + q)U−1
q f = (Dη + 〈q〉)f.

To complete the proof it remains to observe that Lq is the closure of the operator f 7→ Dηf + qf
defined on C∞per([−π, π]). �

Corollary 4.3. Let {fqj }j∈Z be the orthonormal basis of L2(−π, π) given by fqj := U−1
q f0

j . Then,
for every j ∈ Z we have

fqj (η) = ei(j+〈q〉)η−iq̃(η)

and
Lqf

q
j = (j + 〈q〉)fqj .

4.2. A unitary change of variable. Assume that p ∈ C∞per([−π, π]). Further on p(ξ)Dξ + hc

denotes a symmetric operator in L2(−π, π) defined on C∞per([−π, π]) by

(p(ξ)Dξ + hc)f := pDξf +Dξ(p̄f). (4.3)

The right-hand side of (4.3) can be expressed in the form

2(Re p)Dξf − (Im p′ + i Re p′)f. (4.4)

Assumptions. Further on we assume that Φ: [−π, π] → [−π, π] is a bijection which has a
derivative Φ′ ∈ C∞per([−π, π]) with Φ′ ≥ c0 > 0 for some positive constant c0.
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These assumptions ensure the property

f ∈ C∞per([−π, π]) =⇒ f ◦ Φ±1 ∈ C∞per([−π, π]).

Moreover, we define a unitary operator ŨΦ in L2(−π, π) by

(ŨΦf)(ξ) = Φ′(ξ)1/2f(Φ(ξ)),

and observe that the subspace C∞per([−π, π]) is invariant under Ũ±1
Φ .

Proposition 4.4. Assume that q ∈ C∞per([−π, π]) and Lq is given by (4.2). Then for any
h ∈ C∞per([−π, π]) one has the relation

ŨΦLqŨ
−1
Φ h =

(1

2
Φ′(ξ)−1Dξ + hc

)
h+ (q ◦ Φ)h. (4.5)

Proof. We assume that η 7→ f(η) belongs to C∞per([−π, π]) and write η = Φ(ξ). Then

ŨΦ(qf)(ξ) = Φ′(ξ)1/2q(Φ(ξ))f(Φ(ξ)) = (q ◦ Φ)(ξ)(ŨΦf)(ξ)

and
ŨΦ(Dηf)(ξ) = Φ′(ξ)1/2(Dηf)(Φ(ξ)) = Φ′(ξ)−1/2Dξ(f(Φ(ξ))). (4.6)

Let us consider the quantity

Φ′(ξ)−1Dξ(ŨΦf)(ξ) := Φ′(ξ)−1Dξ(Φ
′(ξ)1/2f(Φ(ξ))). (4.7)

However, the right hand side of (4.7) can be written in the form

Φ′(ξ)−1/2Dξ(f(Φ(ξ))) + Φ′(ξ)−1 (−i)

2
Φ′(ξ)−1/2Φ′′(ξ)f(Φ(ξ)) (4.8)

and the first term of (4.8) equals ŨΦ(Dηf)(ξ) due to (4.6). Thus the quantity (4.7) can be written
in the form

Φ′(ξ)−1Dξ(ŨΦf)(ξ) = ŨΦ(Dηf)(ξ)− i

2
Φ′(ξ)−2Φ′′(ξ)(ŨΦf)(ξ). (4.9)

Then using Φ′(ξ)−2Φ′′(ξ) = −(1/Φ′)′(ξ) we find that (4.9) gives

ŨΦ(Dηf) = (1/Φ′)Dξ(ŨΦf)− i

2
(1/Φ′)′(ŨΦf).

Using f = Ũ−1
Φ h and taking into account (4.4) with p = 1/(2Φ′) we obtain

ŨΦDηŨ
−1
Φ h =

(1

2
(1/Φ′)Dξ + hc

)
h

for any h ∈ C∞per([−π, π]). �

Corollary 4.5. The operator LΦ
q := ŨΦLqŨ

−1
Φ is essentially self-adjoint on C∞per([−π, π]). If

h ∈ C∞per([−π, π]) then LΦ
q h is given by (4.5) and one has

LΦ
q f

Φ
q,j = (j + 〈q〉)f Φ

q,j ,

where {fΦ
q,j}j∈Z is the orthonormal basis of L2(−π, π) given by fΦ

q,j := ŨΦf
q
j , i.e.

fΦ
q,j(ξ) = Φ′(ξ)1/2ei(j+〈q〉)Φ(ξ)−iq̃(Φ(ξ)). (4.10)
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4.3. Proof of Theorem 4.1. We consider the operator L0
γ := F−1

0 J̃ 0
γ F0 introduced in (1.10).

Following [9] we find that L0
γ is given by the formula

L0
γ =

((1

2
+ geiξ

)
Dξ + hc

)
+ γg(eiξ + e−iξ).

Using (4.4) we find

L0
γ =

(1

2
(1 + 2g cos ξ)Dξ + hc

)
+ (2γ − 1)g cos ξ.

Now we define

Φ(ξ) :=
√

1− 4g2

∫ ξ

0

dξ′

1 + 2g cos ξ′
(4.11)

and observe that an easy computation (see [9]) gives Φ(±π) = ±π. Thus Φ satisfies the
assumptions of Section 4.2 and one has

1/Φ′(ξ) = (1− 4g2)−1/2(1 + 2g cos ξ).

Introducing

qγ(η) := (1− 4g2)−1/2
(
γ − 1

2

)
2g cos(Φ−1(η)) (4.12)

we find that

L0
γ =

√
1− 4g2 ŨΦLqγ Ũ

−1
Φ .

Combining the last formula with Corollary 4.5 we obtain

Proposition 4.6. Let Φ and qγ be given by (4.11) and (4.12), respectively. For each j ∈ Z we
denote fγ,j := fΦ

qγ ,j
, where fΦ

q,j is given by (4.10).
Then {fγ,j}j∈Z is an orthonormal basis of L2(−π, π) and, for every j ∈ Z,

L0
γfγ,j =

√
1− 4g2(j + 〈qγ〉)fγ,j .

Due to Proposition 4.6, the proof of Theorem 4.1 will be complete if we show that

〈qγ〉 =
(
γ − 1

2

)(
1− 1√

1− 4g2

)
. (4.13)

However using the change of variable η = Φ(ξ) in

〈qγ〉 =
γ − 1

2

2π
√

1− 4g2

∫ π

−π
2g cos(Φ−1(η)) dη (4.14)

we can express the quantity (4.14) in the form

γ − 1
2

2π
√

1− 4g2

∫ π

−π
2gΦ′(ξ) cos ξdξ =

γ − 1
2

2π

∫ π

−π

2g cos ξ

1 + 2g cos ξ
dξ (4.15)

and the right hand side of (4.15) equals(
γ − 1

2

)(
1− 1

2π

∫ π

−π

1

1 + 2g cos ξ

)
dξ =

(
γ − 1

2

)(
1− 1√

1− 4g2

)
.
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5. Eigenvalue asymptotics for Lδγ

In this section we investigate the operator Lδγ introduced in (1.10). We observe that we can
express

Lδγ = F−1
0 J̃δγF0 = L0

γ + δTπ, (5.1)
where Tπ is defined in L2(−π, π) by the formula

(Tπf)(ξ) =

{
f(ξ − π) if 0 ≤ ξ ≤ π,
f(ξ + π) if − π ≤ ξ ≤ 0.

The operator Tπ is unitary and self-adjoint because it satisfies T 2
π = I. We will prove

Proposition 5.1. The operator Lδγ has discrete spectrum and its complete eigenvalue sequence
{λj(Lδγ)}j∈Z can be ordered as a nondecreasing sequence such that

λj(L
δ
γ) = (j + 〈qγ〉)

√
1− 4g2 + O(j−1/3) as |j| → ∞, (5.2)

where 〈qγ〉 is given by (4.13).

By (5.1) the operators J̃δγ and Lδγ are unitary equivalent, hence Proposition 5.1 gives the
following corollary.

Corollary 5.2. The operator J̃δγ has discrete spectrum and its complete eigenvalue sequence
{λj(J̃δγ)}j∈Z can be ordered as a nondecreasing sequence such that

λj(J̃
δ
γ) = (j + 〈qγ〉)

√
1− 4g2 + O(j−1/3) as |j| → ∞, (5.3)

where 〈qγ〉 is given by (4.13).

5.1. Auxiliary results. The following result was proved by Janas and Naboko (see [16, Lemma
2.1]):

Theorem 5.3 (Janas and Naboko [16]). We fix ε0 > 0 and assume that (µn)∞n=0 is a real sequence
such that µn → +∞, |µn| ≤ |µn+1| and |µn − µm| ≥ ε0 if µn 6= µm (n,m ∈ N). Let {e0

n}∞n=0 be
an orthonormal basis of the Hilbert space H and denote by L0 the self-adjoint operator satisfying
L0e

0
n = µne

0
n for any n ∈ N.

If R is compact in H, then the operator L := L0 +R has discrete spectrum and its eigenvalue
sequence {λn(L)}∞n=0 can be ordered so that one has the estimate

|λn(L)− µn| ≤ C‖R∗e0
n‖,

where C > 0 is a large enough constant and R∗ denotes the adjoint of R.

Theorem 5.3 was used by E. A. Yanovich to prove the following result ([26, Theorem 2.2]):

Theorem 5.4 (Yanovich [26]). Let {e0
n}∞n=0 be an orthonormal basis of the Hilbert space H and

let L0 be the self-adjoint operator satisfying L0e
0
n = ne0

n for n ∈ N.
If R is a symmetric bounded operator in H satisfying

lim
n→∞

〈e0
k+n, Re

0
n〉 = 0

for every k ∈ Z, then the operator L := L0 +R has discrete spectrum and the eigenvalue sequence
{λn(L)}∞n=0 satisfies the estimate

|λn(L)− n− 〈e0
n, Re

0
n〉| ≤ Cs1/2

n for all n ∈ N, (5.4)

where C > 0 is some constant and

sn :=
∑
k 6=n

|〈e0
k, Re

0
n〉|2

(k − n)2
.
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We will also use the following version of van der Corput Lemma.

Lemma 5.5. For h,Ψ ∈ C∞per([−π, π]) and τ ∈ R denote

J Ψ
h (τ) :=

∫ π

−π
eiτΨ(ξ) h(ξ) dξ.

Assume that Ψ is real-valued and satisfies the condition

Ψ′(ξ) = 0 =⇒ Ψ′′(ξ) 6= 0. (5.5)

Then there is a constant C0 such that for all τ ∈ R∗ one has∣∣J Ψ
h (τ)

∣∣ ≤ C0 |τ |−1/2

(
|h(0)|+

∫ π

−π
|h′(t)|dt

)
.

5.2. Proof of Proposition 5.1. We begin by

Lemma 5.6. Let {fγ,j}j∈Z be the orthonormal basis of L2(−π, π) defined in Proposition 4.6 and
denote (j, k ∈ Z)

Rγ(j, k) := 〈fγ,j , Tπfγ,k〉. (5.6)
If for every k ∈ Z one has

lim
|j|→∞

Rγ(k + j, j) = 0, (5.7)

then Lδγ has discrete spectrum and its complete eigenvalue sequence {λj(Lδγ)}j∈Z can be ordered
in nondecreasing order so that we have the estimate

|λj(Lδγ)− λj(L0
γ)− δRγ(j, j)| ≤ Cs1/2

j for all j ∈ Z, (5.8)

where C > 0 is some constant and

sj :=
∑
k 6=j

|Rγ(j, k)|2

(k − j)2
. (5.9)

Proof. Define the operators

L̃0 := (1− 4g2)−1/2L0
γ − 〈qγ〉,

R̃ := (1− 4g2)−1/2δTπ + 〈qγ〉.

Then L̃0fγ,j = jfγ,j for all j ∈ Z and (5.8) becomes

|λj(L̃0)− j − 〈fγ,j , R̃fγ,j〉| ≤ C1s
1/2
j .

This estimate is similar to the estimate (5.4), except that indices belong to Z instead of N.
However we obtain the result in the case of Z by reasoning as in [26] and replacing Theorem
5.3 with its generalized version proved by Malejki [18]. In fact the assumption µn → +∞ from
Theorem 5.3 can be replaced with |µn| → ∞. Therefore, choosing a bijection Z → N, j 7→ nj ,
one can use the sequence {µnj}j∈Z and the basis {enj}j∈Z. �

Since Proposition 5.1 follows from Lemma 5.6, it remains to show (5.7) and

sj = O(j−2/3) as j →∞, (5.10)

where sj is given by (5.9). However, (5.7) follows immediately from the following

Lemma 5.7. Assume that Rγ(j, k) is given by (5.6) and sj by (5.9). Then there exists a positive
constant C such that

|Rγ(j, j + k)| ≤ C(1 + |k|)(1 + |j|)−1/2

holds for all j, k ∈ Z.
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Proof. In order to simplify the expression of

Rγ(j, k) =
1

2π

∫ π

−π
fγ,k(ξ) (Tπ f̄γ,j)(ξ) dξ

we denote
pγ(ξ) := ei〈qγ〉Φ(ξ)−iq̃γ(Φ(ξ))(1 + 2g cos ξ)−1/2.

Then,
fγ,j(ξ) = eijΦ(ξ) pγ(ξ)

and we can express

Rγ(j, k) =

∫ π

−π
ei(kΦ−jTπΦ)(ξ) pγ(ξ) (Tπp̄γ)(ξ) dξ.

In order to apply van der Corput Lemma 5.5 we observe that R(j, j + k) = J Ψ
hγ,k

(j) holds with

Ψ(ξ) = Φ(ξ)− (TπΦ)(ξ),

hγ,k(ξ) = eikΦ(ξ)pγ(ξ) (Tπp̄γ)(ξ).

It remains to check the condition (5.5). For this purpose we observe that

Ψ′(ξ) =

√
1− 4g2

1 + 2g cos ξ
−
√

1− 4g2

1− 2g cos ξ
,

hence Ψ′(ξ) = 0⇐⇒ cos ξ = 0, and

cos ξ = 0 =⇒ Ψ′′(ξ) =

(
2g
√

1− 4g2

(1 + 2g cos ξ)2
+

2g
√

1− 4g2

(1− 2g cos ξ)2

)
sin ξ = ±4g

√
1− 4g2 6= 0. �

In order to prove (5.10) we first observe that∑
k∈Z
|Rγ(j, j + k)|2 =

∑
m∈Z
|〈Tπfγ,j , fγ,m〉|2 = ||Tπfγ,j ||2 = 1 (5.11)

holds due to Parseval’s equality. Next we observe that using (5.11) we can estimate∑
|k|>j1/3

|k|−2|Rγ(j, j + k)|2 ≤ |j|−2/3
∑
k∈Z
|Rγ(j, j + k)|2 = O(|j|−2/3)

and using Lemma 5.7 we get the estimate∑
1≤|k|≤j1/3

|k|−2|Rγ(j, j + k)|2 ≤
∑

1≤|k|≤j1/2
|k|−2C(1 + |k|)2(1 + |j|)−1 = O(|j|−2/3).

5.3. About the asymptotics conjecture. We will show that the improved estimate (1.7)
implies the validity of the three-term asymptotics (1.6). This estimate actually implies

λk(Ĵδγ) = λk(Ĵ0
γ ) + δRγ(k, k) + O(k−ρ) as k →∞. (5.12)

In Section 3.2 we proved that

E±2k+µ = µ+ 2λk(Ĵ
±∆/4
γ(µ) ) + O(k−1) (5.13)

holds with γ(µ) = µ
2 + 3

4 . Therefore, combining (5.12) and (5.13) we get

E±2k+µ = E0
2k+µ ±

∆

2
Rγ(µ)(k, k) + O(k−ρ)

and observe that the stationary phase formula allows us to express

Rγ(k, k) =
ω√
k

cos(αk + θ) + O(k−1),
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where ω, α, and θ are constants depending on γ and g. Indeed, we observe that ξ = ±π2 are
non-degenerated critical points of Ψ,

Ψ(νπ/2) = ν

∫ π/2

−π/2

√
1− 4g2

1 + 2g cos ξ′
dξ′ = 4ν arctan

(√
1 + 2g

1− 2g

)
,

and
Ψ′′(νπ/2) = 4gν

√
1− 4g2.

Moreover q̃γ(Φ(ξ)) = (2γ − 1)g(1− 4g2)−1/2 sin ξ gives

θ̃ := q̃γ(Φ(π/2))− q̃γ(Φ(−π/2)) = 2g(2γ − 1)(1− 4g2)−1/2

and the stationary phase formula gives

Rγ(k, k) =
∑
ν=±1

ei(k+〈qγ〉)Ψ(νπ/2)+iνβ+iνπ/4√
2kπ|Ψ′′(νπ/2)|

+ O(k−1)

=
1√
k

2 cos
(
(k + 〈qγ〉)Ψ(π/2) + θ̃ + π/4

)
2(2πg)1/2(1− 4g2)1/4

+ O(k−1)

with 〈qγ〉 =
(
γ − 1

2

)
(1− (1− 4g2)−1/2) according to (4.13).

6. End of the proof of Theorem 1.1

6.1. Proof of Proposition 3.1. Due to Lemma 3.2, to prove Theorem 1.1 it suffices to prove
Proposition 3.1, that is, estimate (3.2) for λn(Ĵδγ). We will use the following consequence of
[22, Theorem 1.2]:

Theorem 6.1 (Rozenbljum [22]). Let L0 be a self-adjoint operator with discrete spectrum. We
assume that 0 /∈ σ(L0), inf σ(L0) = −∞, and supσ(L0) = ∞. We denote by {λj(L0)}j∈Z a
nondecreasing complete eigenvalue sequence of L0. Let R be a bounded symmetric operator and
denote L := L0 +R.

If R|L0|ρ is bounded for a certain ρ > 0, then L has discrete spectrum and one can order a
complete eigenvalue sequence {λj(L)}j∈Z so that

λj(L) = λj(L0) + O(|j|−ρ) as |j| → ∞.

Let δ0 > 0 be an arbitrary fixed positive real number. Further on we assume that δ ∈ [−δ0, δ0].
By the min-max principle, inf σ(Jδγ) ≥ −|δ|+ σ(J0

γ ). We choose ρ0 > 0 large enough so that

−ρ0 < inf σ(Jδγ) for δ ∈ [−δ0, δ0].

Further on `2(Z \ N) denotes the orthogonal complement of `2(N) in `2(Z). Then for n0 ∈ N we
denote by Ĵδγ,n0

the self-adjoint operator in `2(Z \ N) satisfying

Ĵδγ,n0
ẽm = dn0

δ (m)ẽm + bn0
γ (m)ẽm+1 + bn0

γ (m− 1)ẽm−1 for m ∈ Z, m < 0,

with

dn0

δ (m) :=

{
m+ (−1)mδ if m < −n0,

−ρ0 if − n0 ≤ m < 0,

bn0
γ (m) :=

{
(m+ γ)g if m < −n0,

0 if − n0 ≤ m < 0.

Then it is clear that we can fix n0 large enough to ensure

supσ(Ĵδγ,n0
) = −ρ0 for δ ∈ [−δ0, δ0].
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Let J̃δγ,n0
be the self-adjoint operator in `2(Z) defined as the direct sum

J̃δγ,n0
:= Ĵδγ,n0

⊕ Ĵδγ

and let {λj(J̃δγ,n0
)}j∈Z be a nondecreasing complete eigenvalue sequence of J̃δγ,n0

. Since all
eigenvalues of Ĵδγ,n0

are smaller than inf σ(Ĵδγ) we can order the sequence {λj(J̃δγ,n0
)}j∈Z so that

λn(J̃δγ,n0
) = λn(Ĵδγ) for n ∈ N. (6.1)

Next we observe that R := J̃δγ − J̃δγ,n0
is given by a finite block matrix. Thus, Theorem 6.1 can

be applied for any ρ > 0. Therefore there exists κγ(δ) ∈ Z such that

λj(J̃
δ
γ,n0

) = λj+κγ(δ)(J̃
δ
γ) + O(|j|−ρ) as |j| → ∞. (6.2)

However, using (6.1) and (5.3) in (6.2) we obtain

λn(Ĵδγ) = (n+ κγ(δ) + 〈qγ〉)
√

1− 4g2 + O(n−1/3) as n→∞. (6.3)

Therefore we can express

κγ(δ) = lim
n→∞

(
(1− 4g2)−1/2λn(Ĵδγ)− n− 〈qγ〉

)
and we claim that the function δ 7→ κγ(δ) is continuous. Indeed,

|λn(Ĵδ1γ )− λn(Ĵδ2γ )| ≤ |δ1 − δ2|

holds due to the min-max principle. Using the fact that the function κγ : [−δ0, δ0] → Z is
continuous, we deduce that the function κγ is constant. Since we have proved that in the case
δ = 0 the formula (6.3) holds with κγ(0) = 0, we conclude that (6.3) holds with κγ(δ) = 0 for
every δ ∈ R.

6.2. Proof of (1.5). In the case ∆ = 0 the two-photon Rabi Hamiltonian ĤRabi is unitary
equivalent to

Ĥ ′Rabi = â†a+ gσz ⊗
(
â2 + (â†)2

)
.

The decomposition BRabi = B1 ∪B−1 with Bν := {eν ⊗ em}∞m=0 shows that Ĥ ′Rabi is unitary
equivalent to the direct sum Ĥ ′g ⊕ Ĥ ′−g, where

Ĥ ′±g := â†a± g
(
â2 + (â†)2

)
.

If 0 < g < 1
2 , then Ĥ

′
±g is self-adjoint in Hfield = `2(N) and its spectrum is discrete and bounded

from below. Let {λn(Ĥ ′±g)}∞n=0 be the eigenvalue sequence of Ĥ ′±g. It remains to prove

λn(Ĥ ′±g) =
(
n+

1

2

)√
1− 4g2 − 1

2
. (6.4)

The proof is based on the following result.

Lemma 6.2 (Emary and Bishop [10]). Denote α := (1−
√

1− 4g2)/(±2g) and define

ẑ† :=
â† + αâ√

1− α2
, ẑ :=

â+ αâ†√
1− α2

, (6.5)

Then [ẑ, ẑ†] = 1 and

Ĥ ′±g +
1

2
=
√

1− 4g2
(
ẑ†z +

1

2

)
.
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To complete the proof of (6.4) it suffices to check that

λn(Ĥ±g) = n+
1

2
(6.6)

where
Ĥ±g := (1− 4g2)−1/2

(
Ĥ ′±g +

1

2

)
.

The idea is well known, but we present the details below.
For simplicity let H := Ĥ±g. We first observe that 〈Hx, x〉 ≥ 1

2 ||x||
2 implies σ(H) ⊂ [ 1

2 ,∞).
We denote by D(H) the domain of H equipped with the graph norm. Let z† and z denote
bounded operators D(H)→ Hfield acting on {em}m∈N according to (6.5). Since Hẑ† − ẑ†H = ẑ†

holds on the subspace generated by {em}∞m=0, we deduce z†H−1−H−1z† = H−1z†H−1. Assume
now that λ ∈ σ(H). Then H−1λx = x holds for a certain x ∈ D(H) \ {0} and the equality
z†H−1λx − H−1z†λx = H−1z†H−1λx implies H−1z†λx = z†x − H−1z†x. We conclude that
z†x ∈ D(H) and (λ+ 1)H−1z†x = z†x, hence λ+ 1 ∈ σ(H) if z†x 6= 0. However, if z†x = 0, then
for every y in the subspace generated by {em}∞m=0 one has 〈z†x, ẑ†y〉 = 〈x, ẑẑ†y〉 = 〈x, ( 1

2 +H)y〉 =

〈( 1
2 + H)x, y〉 = 0, and ( 1

2 + H)x = 0 is in contradiction with x 6= 0. Thus λ ∈ σ(H) implies
λ+ 1 ∈ σ(H).

Assume now that λ > 1
2 . Using Hẑ − ẑH = −ẑ in similar computations we find that Hx = λx

implies (λ − 1)H−1zx = zx, hence λ − 1 ∈ σ(H) or zx = 0. However, if zx = 0, then for
every y in the subspace generated by {em}∞m=0 one has 〈zx, ẑy〉 = 〈x, ẑ†ẑy〉 = 〈x, (H − 1

2 )y〉 =

〈(H − 1
2 )x, y〉 = 0 and (H − 1

2 )x = 0 implies λ = 1
2 . Thus λ− 1 ∈ σ(H) holds if λ > 1

2 .
Assume now that there is k ∈ N such that k+ 1

2 < λ < k+ 3
2 and λ ∈ σ(H). Then λ−m ∈ σ(H)

holds for m = 1, . . . , k + 1. In particular we obtain λ − k − 1 ∈ σ(H) and λ − k − 1 < 1
2 is in

contradiction with σ(H) ⊂ [ 1
2 ,∞).

To complete the proof of (6.6) we take λ ∈ σ(H) and observe that there exists k ∈ N, such
that λ = k+ 1

2 . Then we have λ−m ∈ σ(H) for m = 1, . . . , k, hence 1
2 ∈ σ(H) and consequently

1
2 +m ∈ σ(H) for every m ∈ N. It remains to show that each eigenvalue of H has multiplicity
1. However the family g 7→ Hg is analytic in the sense of Kato, hence the multiplicity of each
λ ∈ Z + 1

2 is constant. Thus the multiplicity is 1 as in the case g = 0.
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