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A Signal dependent analysis of Orthogonal Least
Squares based on the Restricted Isometry Property

Jonathan Bosse
DEMR, ONERA, Université Paris-Saclay F-91123 Palaiseau - France

Abstract—The Orthogonal Least Squares (OLS) is a
widespread greedy algorithm for sparse signal approximation
or reconstruction. We here address the problem of sufficient
condition for exact signal support recovery via OLS. Based on
the generalized Wielandt inequality, new bounds on the OLS
selection rule are provided that enable a simple approach of the
Restricted Isometry Property based analysis of OLS. Since these
new bounds naturally take the signal magnitude distribution into
account, they allow a derivation of a new relaxed exact support
recovery condition in the noise-free case. Moreover, we study
their influence on the design of such new conditions in bounded
noise and Gaussian noise cases.

Index Terms—Compressed sensing, greedy algorithms, orthog-
onal least squares (OLS), Restricted Isometry Property (RIP),
sparse reconstruction

I. INTRODUCTION

HE recovery of signals that admit a sparse representation

has been raising a lot of interest, especially since the
emergence of compressed sensing (CS) [1], [2]. The goal of
sparse recovery is, given a measured y € C™, to recover
the K -sparse signal vector (that contains at most K nonzero
entries) x € CV from y (usually m < N) such that

y = Ax, (D

where A € C"™*¥ s called the dictionary and its columns are
often called atoms. The observation y may also be corrupted
by additive noise.

Among the popular methods, popularity probably due to the
fact that they are very intuitive and exhibit good performances,
greedy algorithms such as Matching Pursuit (MP) [3], Orthog-
onal Matching Pursuit (OMP) [4] or Orthogonal Least Squares
(OLS) [5] have been extensively used and studied. MP is often
outperformed by both OMP and OLS. It has been observed in
[6] that OLS usually performs better than OMP at the price
of an additional computational cost.

Performance studies in sparse recovery are often conducted
through the coherence (the maximal absolute value of the
scalar product between dictionary columns) or exact recovery
conditions [4], [6] in a noise free case. Among the first OMP
analysis in presence of noise, one can cite [7]. The coherence
is a simple, convenient tool but often leads to severe bounds
that limit the analysis to small sparsity levels [8]. Although it
is often harder to evaluate, the Restricted Isometry Property
(RIP) [2] is a very popular mean to conduct a finer analysis.

A matrix is said to satisfy the RIP of order K if, for every
K -sparse vector x, we have

(1= 8x) Ixll5 < AXI5 < (1+6) [Ix]]5 -

The smallest such constant i € [0, 1] is called the Restricted
Isometry Constant (RIC).

The first RIP based performance study of OMP is due to [9].
It establishes conditions on the RIC for which OMP succeeds
in exact support recovery. Since then, these results have been
improved, so that the recovery conditions became tighter and
tighter [10-15] both in noise free and noisy cases. Conditions
for support recovery in presence of noise usually consists in
requirements on the minimal signal magnitude, assuming that
conditions on the RIC for noiseless support recovery hold true
[12-15].

Improving the result [16], an optimal sufficient condition
on the RIC of order K + 1 for exact support recovery of OLS
was recently proposed in [17], [18]

L K=2
K+31
Or41 < Cg = K1+i K=3 . )
16
1 —
> K=1K>4

This condition is optimal in the sense that if it is violated, there
exist dictionaries and signals such that the support recovery via
OLS fails. One can remark that the counterexamples given in
[17] for which recovery fails, all deal with signals of equal
amplitudes. It should be emphasized that these approaches
do not assume any prior knowledge on the signal and can
be seen as a worst case analysis. As such, they may be
overly pessimistic. It is indeed widely observed that greedy
algorithms often perform very well even if those sufficient
conditions are violated.

It has been acknowledged that “flat” signals that possess
the same magnitude are usually seen as a worst case [19].
But in many applications (e.g. Radar, Sonar), the signals have
no reason to be of equal amplitude: once they are reordered
(what can always be done without loss of generality), they
often obey some decay. Thus, relaxed bounds that exploit the
signal magnitude decay are helpful to understand why and how
in practice greedy algorithms might still perform well even if
worst case (flat signals) sufficient conditions are violated. In
[20] it has been proved that OMP indeed performs very well
when the signal is decaying. In [19], decay of the signal’s
coefficients has been exploited to relax usual condition on the
coherence for support recovery for both OMP and OLS. The
decay of the signal’s coefficients has also been exploited to
relax the condition on the RIC for exact support recovery on
OMP [9], [15], [21], block-OMP [22] or orthogonal multi-
matching pursuit [23]. But to the best of our knowledge,



such study for RIP based analysis of OLS has not yet been
addressed by the literature.

In this paper, we provide new bounds on the OLS selection
rule that are useful for a RIP based analysis of OLS. These
bounds are based on the generalized Wielandt inequality
[24], [25] and enable a quite simple analysis of OLS. The
virtue of the proposed bounds is to naturally take the signal
coefficient’s distribution into account, contrary to existing
recovery conditions in the literature [16-18]. We show that,
as soon a the signal’s coefficients obey some sufficient decay,
the proposed bounds can improve the state of the art. It
enables the derivation of a new relaxed condition for OLS
support recovery in the noiseless scenario as well as improved
sufficient condition on signal’s magnitude for support recovery
in the presence of noise. Unlike the state of the art, the
condition on k1 for noise free signal recovery depends both
on dx and on the signal amplitude’s distribution and becomes
naturally sharper than existing ones as soon as the signal
coefficients obey a sufficient decay. Moreover, the proposed
recovery conditions allow to give sufficient condition on the
signal magnitude decay to ensure perfect recovery given RIC
of order K +1 and K.

Note that in [13], an upper bound on the OMP selection rule
for atoms that are not in the signal support is proposed, based
on Wielandt inequality. As we will show, Wielandt’s bounds
are tighter for OLS and thus, suit the OLS analysis better.
Moreover, the generalized Wielandt inequality is needed to
provide a lower bound on the OLS selection rule for atoms
that are in the signal support, in order to derive the proposed
analysis.

The paper is organized as follows. In section II, we present
the basis of the OLS algorithm. Then, in section III, the
generalized Wielandt inequality is introduced, from which we
deduce new bounds for the OLS selection rule. These bounds
are compared to the state of the art. Then, in section IV, we
provide, thanks to these bounds, a new RIP based analysis
of OLS in the noise free case. Finally, section V deals with
sufficient signal’s condition for OLS support recovery in both
bounded and Gaussian noise scenarios.

Notations : The following notations will be used in the
paper. (., .) refers to the classic inner product between complex
vectors. Vectors are denoted by lowercases whereas matrices
are denoted by capital letters. I denotes the identity matrix.
a; denotes the ¢ — th column of A, and z; denotes the
i —th coefficient of x. A, denotes the matrix restricted to the
columns that belong to the set A. x, denotes the vector whose
index are restricted to the set A. P, denotes the orthogonal
projection on span (A,) and Py = I— Py its orthogonal
complement. |.||; and ||.||, denote the classic ¢;and ¢, vector
norms on CN. S c Q = {1,2,..., N} will be denoted as
the true support of the signal to be recovered x. |\S| denotes
here the cardinal of the set S. A\ S denotes the set A where
the subset S is excluded. Without loss of generality (since
the columns of the dictionary A can always be reordered
accordingly), we assume that the nonzero coefficients of x are
decreasing : ‘xsu)‘ > |x5(2)| > ... > |335(K)| where S(k)
denotes the & — th element of the set S. We also assume,
without loss of generality (since the signal x can always be

re-scaled accordingly), that the columns of A are of unit
norm. Apmin(.) and Apax(.) correspond to the minimal and
maximal eigenvalue of a matrix, respectively. E denotes the
complement of any event FE.

II. THE OLS ALGORITHM

The OLS algorithm is summarized in Algorithm 1. This
iterative algorithm aims at finding a sparse approximation in
a certain dictionary of a given discrete signal y. For that,
it selects relevant atoms according to a selection rule and
then gets rid of their contribution thanks to an orthogonal
projection (cleaning). If the stopping rule is not satisfied,
then the algorithm continues. This basic principle is common
to other greedy approaches : MP and OMP. The difference
between them lies in the way the projection is done and in the
choice of the selection rule. These iterative algorithms select
at each step an atom that best describes the signal residual,
according to a dedicated selection rule, and then remove an
estimated component of this atom to update the signal residual.

The stopping rule usually depends on the context (e.g. noise
free, Gaussian noise, bounded noise) and will consequently be
precised each time it is necessary in the sequel.

At the k—th step, given an estimated support S_1, the OLS
selects an atom a;, that minimizes the norm of the residual

_pl
rr—1ui = Pg,_ 0

i = argmin||rr_1u; |5,
1¢Skp_1

which can be rewritten, after some calculation [26], as

(@i, r—1)|

L )
‘Pskﬂm

3)

1) = argmax
Z‘%Sk_l

2

As it has been observed earlier, the OLS selection rule
(3) can be interpreted as a cosine of an angle [6], [27].
Indeed, as ||ri—1], does not depend on 4, one can always
divide (3) by this quantity. Since P§k is an orthogonal pro-
jector, it is idempotent and Hermitian, so that |(a;,rx_1)| =

‘<ai,P§,€_1rk71>‘ = ’<P§k_1ai,rk,1 . Then, we can write
i) = argmax cos © (Pﬁk_lai, rk71) , “4)
¢Sk —1

where for any pair of complex vectors (x,y) we define as in
[25]
[(x,5)]

cosO (x,y) = —————.
oY) = L v lh

The angle O (x,y) defined this way is then obviously such
that 0 < O (x,y) < 7/2.

Consequently, the OLS selection rule amounts to comparing
the cosine of the angle between each projected atom Pé'k,lai
and the residual ri_; and selecting the least angle. This
angular interpretation of the OLS selection rule is at the basis
of the present paper, where generalized Wielandt’s bounds
between pairs of complex vectors allowed us to derive new
relevant bounds for the OLS selection rule.



Data: y, A
Result: S = S;,x = x;
I‘0<—y,X0(—0, S()(—(Z), k <+ 0;
while Stopping rule is not met do
k< k+1
iy & arg maxiKaj’r’“‘l)l

¢Sk _1 | Sp_1
Sk +— 1, USL_1

-1

PSk < AS;C (AgASk)
r, < y—Psy=Pgy

xp — (AL Ag) ALy

a;
2

H
Ag,

end

Algorithm 1: the OLS algorithm

III. NEW BOUNDS ON THE NOISELESS OLS SELECTION
RULES

Greedy algorithms studies are often conducted comparing
lower bounds on the corresponding noiseless selection rule
for atoms belonging to the support S' to upper bounds on the
noiseless selection rule for atoms that are not in the support.
As a consequence, bounds on the noiseless OLS selection rule
are crucial, as they are at the basis of the algorithm analysis
both in noiseless and noisy cases. In this section we propose
such new bounds based on the generalized Wielandt inequality
that will be at the basis of the new recovery conditions derived
in section IV and V.

We now state the generalized Wielandt inequality that
quantifies how cos©(x,y) is affected, when an invertible
matrix B is applied both on x and y. Whereas Wielandt
inequality [28] deals with orthogonal signals, the generalized
Wielandt inequality deals with signals of arbitrary angle.
Initially introduced in [24], the study [25, Theorem 3.2] later
gave equality conditions as well as a symmetric formulation
of the bound that appears to be very useful for our study. This
is why we retain the formulation of [25]:

Theorem 1. [25, Theorem 3.2]For any invertible matrix B, if
we define cos ¢ = cos ©O(x,y) and cosp) = cos © (Bx, By),
then

—X + cos (/5

< costp < X + cos @
1—Xcos¢)

~ 1+ xcos¢ ®)
with

k(B)2 -1

k(B)2+1’

where k(B) is the condition number of the matrix B. If B is
Hermitian and positive definite K(B) = im“:((g)) .

Let i1 and g be the solutions to |(x,y)| = a1 (x,y) and
|(Bx,By)| = a3 (Bx,By). Equality in the right-hand side
is met if and only if H;;;‘” ﬁ is in the eigensubspace
of BEB corresponding to Amax (B B) and m
is in the eigensubspace corresponding to Amin (B B) and
either a1 = g or (Bx,By) = 0. Equality is met in the left-
hand side if and only if ﬁ — is in the eigensubspace

Ha XH

y
Iyl
corresponding t0 Amax (BH B) and i

|O‘2xH2

Yy s
—— s in the
T

eigensubspace corresponding t0 Amin (BH B) and either ay =
ag or (x,y) =0.

As we will see, the generalized Wielandt inequality allows
us to link the OLS selection rule to the eigenvalues of a certain
matrix at any iteration k. These eigenvalues can then be linked
to the RIC. Thus, one can deduce the following new bounds
on the noiseless OLS selection rule:

Lemma 1. For any given set Sy C S, we have the following
upper and lower bounds in absence of noise

I%&SX cos © (Pg‘kai,rk) <Iri41 (6)
cos ¢ — 9
ieS\S cos © (Pg,ai, 1) > 1 —?Kk cosgk’ @
where
COS @), = max L (8)
i€5\5 [[ x5 |
Proof. See Appendix A. O

Of course, these bounds can immediately be rewritten in
terms of the OLS selection rule

[(ai, )|
%ag( HPL H < 0k+1 ||I‘k||2,
d
an e [{a;,rg)] cos¢;€ el
eSS, [Prall, ~ 1- ok cos¢ Tl

A Wielandt’s inequality based upper bound has been es-
tablished in [13] for atoms that do not belong to the support
using Wielandt’s inequality for the analysis of OMP. The main
difference between OMP and OLS lies in the absence of the

denominator in the selection rule (3). Since |’P§k ain <1
[(ai, Ty
max |(a;, I < m T r—T—
¢S |< ) k>| S ||PJ_ al”

so that one can see that the bound (6) is tighter for the OLS
selection rule. As we can see, this bound is well suited to the
analysis of OLS. To our best knowledge, (7) is new and only
applies to OLS.

If we have a look at the conditions in Theorem 1 that have
to be fulfilled for the proposed bounds to be achieved, one can
see that they are not easily verified for any dictionary A and
signal x. Nevertheless, the proposed bounds naturally take the
signal’s amplitude distribution into account through the term
cos ¢, what can lead to great improvements, as we will see.

Note that unlike the state of the art bounds for OLS selection
rule that depend on ||rg Hg, Wielandt’s inequality based bounds
depend on ||r]|,.

The study [17], [18] exploits different bounds to prove (2).
The interested reader may consult Appendix B that provides
a comparison of the bounds (6) and (7) to the state of the art.
It is shown that the bound (6) is the tightest to date, whereas
(7) is looser than the bound exploited in [17], [18] when the
signal exhibit constant amplitudes and can be tighter when the
signal components are decaying.

In the sequel, two cases are studied where the proposed
bounds are useful to obtain improved results when the signal’s



coefficient exhibit some decay. First, one can see that the signal
decay allows some relaxation on the condition on df 1. Then,
the proposed bounds are used in a noisy context to obtain
improved recovery conditions.

IV. EXACT SUPPORT RECOVERY IN THE NOISE FREE CASE

One of the consequences of the proposed bounds consists
in relaxed OLS recovery conditions. This is achieved when
the signal’s coefficients are decaying through the parameter
cos ¢, in (7). As we will see, the way the signal’s coefficient
are distributed directly influences the values of this parameter.

We have the following result

Theorem 2. If a K-sparse signal x of support S follows the
model (1), then OLS with stopping rule ||ry||, = 0, recovers
any such x in K iterations provided

cos® — o

1—6xcos®’ ©)

OK+1

where

cos® =
(10)

Proof. This is a consequence of Lemma 1. For every step £,
given Si_1 composed of correct atoms, OLS selects a correct
atom when

i¢S 1€S\ Sk -1

That is to say, using (6) and (7), when

cos Pp—1 — O

0 < —
K+l =9 O K COS Qg1

(11)
where cos ¢y _1 is defned in (8).

The righthand-side of (11) is monotonically increasing
with respect to cos¢r_1 (see Lemma 7 in Appendix A).
As a consequence, the condition (9) implies (11) for every
k € {1,.., K}, so that OLS selects a correct atom at each step
k.

As soon as k < K, using Lemma 6 (in Appendix A) in
conjunction with [29, Remark1]

Ikl > V1 =6k [[xs\s, |,

so that ||ry||, > 0. We have ||rx |, = 0, so that the algorithm
stops at iteration K.

Equation (10) remains to be proved. Let us define SY =
{5(1),...,S(k)} an ordered subset of the true support S and
recall that, without loss of generality, we assumed |x5(1)| >
lzs@)| = .. > |xS(K)’. For any fixed k, let Sj_; C S be any

set of cardinality k¥ — 1. Then, let j = arg max |x;]|.
1€S\ Sk -1

If j € SP_,, denoting jo such that j = S(jo), then
HXS\Sk—luz < HXS\S;‘JO—I S and
e Lo [Esl

z€S\Sk,—1||XS\Sk71H2 HXS\S;JO*l )

T

s

ie{l,...,K}HXS\SQ 1

=1l2

If j ¢ SP_,., then S,_1 = Sp_, and by definition

|2 |z

max =
i€\Sk-1 ||xs\ 8, ||, HXS\SQ,1H2

Finally, we have for any Sy C S, with 1 <k < K,

S e 2 e T
i€S\Sk ||x ie{l,...K

BRS\Sk-11l9 HXS\S?—1 )

which implies (10). O]

The expression for cos ® in (10) is convenient in order to
avoid a combinatorial search.

Interestingly, the worst case (i.e. least value of cos ¢;,_4in
(7)) is achieved when OLS selects the support of the strongest
modulus of xg\g, , at each step k. This suggests that weak
greedy strategy for OLS [4] could benefit from not picking
necessarily the atom corresponding to the strongest OLS
selection rule at each iteration.

Comparing the condition (9) that involves both dx and
cos ® with the state of the art [17], [18] is not very convenient,
because the latter only involve dx 1 and K. However, note
that evaluating dx is usually less expensive than dx 1 that is
already required to verify the common sufficient conditions.

max cos © (P§k713i7 r k_1> < max cos© (PJS_k—l a;, rj_ ) Let us examine the following bounds on the condition imposed

on dx 41 in (9):

Lemma 2. The condition (9) becomes

1—sind
Oy < ———— (12)
cos @
in the worst case (0 = 0k +1) and
Sry1 < cos®, (13)

in the best case (6 = 0).

Proof. By definition 0 < dx < Jdx41. Since the quantity
% is monotonically decreasing with respect to §x (see
Lemma 7 in Appendix A), the best case corresponds to the
case g = 0 where the constraint imposed on dx 41 in (9)
is the lightest and the worst case corresponds to dx = dx 41
where the constraint imposed on dx 41 in (9) is the strongest.
The best case is immediate. The worst case corresponds to the

lowest §x 11 such that, combining (9) with dx = dx 41,
6% 41 €08 P — 2011 + cos® > 0.

Finding the desired root gives the corresponding result (12).
O

The relation (13) can be seen as an upper bound of (9),
whereas (12) can be seen as a lower bound. As a consequence,



(12) is a simpler but necessarily looser sufficient recovery
condition that does not depend on .

Lemma 3. If a K-sparse signal x of support S follows the
model (1), then OLS with stopping rule |ry|l, = 0, recovers
any such x in K iterations provided
1—sin®
cos®
Now, let us examine how the signal amplitude distribution
impacts cos . By definition, we have

dri1 < (14)

1
\/? S cos S 1,
where the lower bound corresponds to the case were the
signal’s components have the same modulus (i.e. “flat” signal)
and the upper bound corresponds to the case of strongly decay-
ing signal, where we can make the following approximation
2 2
Zfik |:rs(7;)| ~ |x3(k) , so that cos ® ~ 1.
Note that, implicitly, one assumes in (9) that cos® > 0
because df 41 is positive. In view of (12), since dx < dx 11,
this condition is met.

15)

; _ 1
A. Flat signals (cos<1> = \/7)

The lower bound in (15) is achieved for flat signals. Since

the quantity 1(:()2'@775;(@ decreases as cos® decreases (see
. —OK €OS . .

Lemma 7 in Appendix A), it proves that the case of flat signals

represents a worst case in our analysis: it leads to a stronger

constraint imposed on dx 41 in (9). In such case, using Lemma

2 and (15), one sees that for flat signals, the equation (9)

becomes
dxi1 < VK — VK —1,

in the worst case (0 = dx+1) and
1
011 < Nia
in the best case (0 = 0). This shows, as expected, that the

proposed bound (12) cannot improve upon the bound (2) in
this context.

B. Signals of
(decaying signals: cos ® > \/%)

uneven amplitudes

The quantity % increases as cos ® increases, so that

the condition imposed on dx ;1 in (9) becomes looser and
looser. Note that when cos ® tends to one, irrespective of the
value of g, the constraint (9) vanishes for dx 1 as it tends
to i 4+1 < 1. It can also be seen in (14), where in this context
sin ® decreases.

The case of increasing cos ® values corresponds to signals
exhibiting some decay. At a certain point, the lower bound
in (12) becomes superior to C'i-, and relaxed conditions with
respect to (2) can be envisaged for dx ;1. More precisely, as
soon as

cos® — g
— > (g,
1—0xgcosd
that is to say, when
o +Ck

cos® >

—_— 1
Z T 00Cr’ (16)

0.6 ‘

Ck
-8-(9),cos®=1/VK| |

03 —5—(9), cosD = 0.5

0 1 1 1 1
0 10 20 30 40 50

K

Figure 1. Comparison of the bounds (2) and (9). Upper, lower and center
of the bar corresponds to the best (5 = 0), worst (g = dx 1) and an
intermediate case (6 = 0 +1/2), respectively.

the proposed bound (9) improves upon the condition (2).
A sufficient condition that does not depend on dx can be
obtained using (14):

1—sin®

> Ck.
cos ® K

This is true, after straightforward calculation, when

(C?{ + 1) cos? ® — 20 cos ® > 0,

that implies

2 VK
cos ® > Cr VK

- , 17
o e T < a7

for K > 4.

This condition corresponds to the case where 5 tends to
Ok +1. Thus, it stands for a worst case. An upper bound for
cos @ can be achieved considering the case dx = 0 in (16),
giving

cos® > (¥, (18)
which is always verified.

Figure 1 illustrates the fact that, when the signal has
constant magnitude, (9) does not improve on (2) as it only
equals this result in the best case (0x = 0). When the signal
exhibit some decay larger than approximately % (e.g. that
does not depend on K), the proposed condition becomes
quickly less restrictive than (2).

Whereas state of the art sufficient recovery conditions state
what conditions on the dictionary allows a perfect recovery
of the signal with OLS, our approach allows also to answer a
related question : “given a dictionary and its RIC of order K +
1 and K, what type of signals can be perfectly reconstructed
?”. This is a direct consequence of (9):

Lemma 4. Given a dictionary and its RIC dx 1 and §k,
every K-sparse signal x of support S following the model (1),



is perfectly recovered by OLS with stopping rule ||ry|, = 0
in K iterations, provided

dr+1+ 0K
14+ 0k0ri1’
where cos ® is defined in (10).

cos ® > (19)

The parameter cos ® is not always convenient to interpret.
This is why it is interesting to make the link with the decay
rate of the signals which is easier prone to interpretations.

Let o be the minimal decay rate between the amplitudes of
the signal as in [9]:

50|
’f”S(i+1)|

We have the following result

>a,VieS.

Lemma 5. If a K-sparse signal x of support S follows the
model (1) with decay rate «, then OLS with stopping rule
llrk|ly > O, recovers such x in K iterations provided

(6 + 0x41)*
a> 41+ .
\/ 1+ 05051 — 0% — 0%y

(20)
Proof. We have
—k i
< foswly 3 (2
S | TS(k) £ )
1- ()"
= lesoly =727
1
< lesw =
1—22
from which we deduce
/ 1
cosd > /1 — —-
«
The result follows combining this result with (9). ]

One can see that, contrary to [9], no condition on dg 1 is
required other than dx 1 < 1. The larger dx 1 and dx are ,
the larger « should be. As a consequence, when « verifies (20),
it is possible to recover the support of x even if 041 > Ck.
When §x 1 tends to one, o can take an arbitrary large value,
but since §x and dx 11 are usually required not to be too large
constants compared to one, the required value for « in (20) is
usually not large.

Again, the condition (20) depends on Jdx. A sufficient
condition that does not depend on dx 1 is obtained as we
did previously, when {x tends to dx 1, leading to

463,
(1-0%,,)°

Contrary to the studies [9], [15], where k11 needs to
satisfy some constraint (respectively 011 < 1/3 and dx 41 <
/2/2) for support recovery with OMP in presence of strongly
decaying signal, the proposed result for OLS does not require

a> |1+ 21

such condition. Potentially, even if dx 1 is close to one, OLS
should be able to succeed in exact support recovery, provided
the decay rate « is sufficient.

Example. Let us examine a real example from [17]: Let K =
2, and let us consider the dictionary A € R3*3 such that

[
2

— N>

ATA = -3 (22)

N[Oy =
—_

_9

2
In this case, dx4+1 = d3 = d. Since dx = do is equal to the
coherence [8] (i.e. the largest non diagonal coefficient modulus

of the Gram matrix ATA) we have dy = g. The paper [17]
states that the recovery occurs by OLS as soon as

1

1 )
Vi+2

irrespective of the signal value. The limiting case is the signal
X = [ 0 1 1 }Tfor which the reconstruction fails if (23) is
no true.

Let us consider the signal x = [ 01 =z ]T with z € R,
x > 1. The limiting value 3 for which (9) does not hold in
this context, is such that

03 < (23)

- cos<I>f%3
3 = 5. P
1—73COS<I>

x

Vidz2®

5 _3-VIT8sind
5= 2cos @ '

In Figure 2, we compare the value of d for which OLS fails and
call it df4i1yre. We see that when the signal is flat (i.e. z = 1)
the condition (23) is less restrictive than our proposed bound
63. When z grows, we can observe that, empirically, OLS still
continues to provide exact support recovery for values of ¢
that are larger than the bound (23). When x grows, then cos ®
is increasing and so is the proposed bound d3, contrary to
(23). As a consequence, the proposed bound becomes more
informative when cos ® is not too low. This illustrates the
benefit of the condition (9) that naturally takes the signal
amplitude into account: when the signal amplitude is decaying,
the condition on dx 1 can be relaxed.

with cos ® = After some calculus, one can find

C. Case of Gaussian random amplitudes

Let us now assume that the signal is Gaussian distributed:
the x; are now independent complex circular Gaussian random
variables: x; ~ CN (0,a'), where « is the decay rate of
the variances of the x;’s. This corresponds to a large variety
of signal models in the literature (radar, communications ...).
Even if we assume that all signal entries have the same
variance (i.e. « = 1), which is again a worst case, we can
see in Figure 3 that the proposed condition is often less
restrictive than the state of the art bound, depending on the
value of dx. This is due to the fact that for each realization
of the signal the ordered amplitude always exhibit some small
decay that allows our condition to be less severe on average.
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Figure 2. Value 6 fq;i1ure Of 0 above which OLS fails to recover the support
of the signal x = [ 0 1 2 | with the dictionary (22).
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Figure 3. Sufficient recovery conditions on §x 1 are plotted. The case of
circular iid Gaussian random variables: z; ~ CN° (0, aQi) is considered and
averaged in (9) over 10000 Monte carlo trials. Upper, lower and center of the
bar corresponds to the best (6 = 0), worst (6 = dx41) and intermediate
case (0 = dx41/2), respectively.

The result strongly depend on the value of dx (i.e. on the
structure of the dictionary A): this is why we consider the
upper and lower bounds (13) and (12) in Figure 3. When
the standards deviation are decaying (here by 5%) then our
recovery condition becomes appealing, whatever the value of
0r. This suggests that in practice, signals are quite likely
to obey a sufficient decay that makes the proposed relaxed
condition less restrictive than the state of the art (even if the
signal coefficients have the same distribution).

D. Link with coherence bounds

It is also possible to obtain generalized Wielandt’s inequality
based bounds on the OLS selection rules that exploits the
coherence rather than the RIC. For that, it is known that the

link between the eigenvalues of A¥ Ag and the coherence

(@i, ;)]

M= max—————,
2l flall

i#j
can be made through the Gershgorin disks theorem [4], [30]
1—(K—1)/,L < Amin(AISL’IAS) < Amax(‘A},S’LIIAS) < 1+(K_1)Ma

assuming that the columns of the matrix A are of unitary
norm. As a consequence, provided p < ﬁ one can
formulate a RIP with a constant (K — 1)u. Note that, by
definition 05 < (K — 1)u, except for K = 2, where 0o =
[8]. Consequently, it is possible to convert our RIP bounds (6)
and (7) into coherence bounds, replacing dx by (K — 1)u.

Then, a sufficient condition for support recovery with OLS
in absence of noise becomes analogously,

cos® — (K —1)u
1— (K —1)pcos®’

Ku<
which can be rewritten as
K(K —1)cos®pu? — (2K —1)pu+ cos ® > 0.

Finding the relevant root of this equation leads to the following
condition on p for support recovery

2K —1— \/1+4K(K—1)sin2¢>
2K(K —1)cos®

p< (24
Interestingly, note that when cos @ tends to one, that is to say
when the signal amplitudes are quickly decaying, the condition
(24) becomes p < % which is the best relaxed bound achieved
in [19]. But as soon as cos ¢ decreases, the condition (24)
becomes stronger than the classical bound qu Indeed, in

the worst case, when cos ® = \/%, the condition (24) becomes

2K —1— /1 +4(K —1)2
WK(K —1) ’

whose right-hand side can be shown to be lower than
m. This suggests that the proposed bounds are not
well suited to a coherence based study of OLS. The link
between the eigenvalues A (Af Ag) and 1 is made through
the Gershgorin Theorem, whereas, for the RIC the connection
with \ (Ag AS) seems more direct since [8]

w<

Ox = Amax (AYAL —1).
R VINES o (AX AL =)

V. EXACT SUPPORT RECOVERY CONDITIONS IN PRESENCE
OF NOISE

Now, we consider the following signal in noise model

y = Ax +n, (25)

where the signal is still assumed to be K-sparse and where
the noise n can be either bounded or white circular complex
Gaussian.



A. Bounded noise case
In this section, we consider the case of bounded noise. That
is to say, there exists € > 0 such that

[nfl, <e

We have the following result

Theorem 3. If a K-sparse signal x of support S follows the
model (25) and if the condition (9) is fulfilled, OLS with the
stopping rule ||ri||, < €, recovers the support of x in exactly
K iterations and then stops, provided

2¢
VI= 0k (5t — k)
where cos ® is defined in (10).

i % ’ 26
Ii%lélkr | > (26)

Proof. The proof, inspired from [7], can be found in Appendix
C. O

The current sharpest condition for support recovery (for real
signals) via OLS can be found in [18, Theorem 4], and states
that

1 1

minfei| 2 (1 “or/Ox m) & @D
is a sufficient condition for OLS to recover the support in
exactly K iterations, provided dx 41 < Ck. It can easily be
shown that (27) also ensures that the stopping rule ||r||, < €
is not met until & = K 4 1, so that it can be compared
with the proposed condition (26). Note that when the signal
amplitude do not possess any decay, this result is sharper
than the proposed result (26). This is due to the fact that
(27) is based on tighter bounds on the noisy selection rule.
Since the relevant usage of the generalized Wielandt inequality
requires in our case to investigate the angle between vectors
than should be sparse, their approach does not seem to be
directly applicable with the proposed bounds. Instead we based
our approach on [12].

Contrary to (27), (26) depends on Jx. A lower bound of
(26) can be achieved when §x = 0, whereas dx = dx 41
leads to an upper bound (worst case). In Figure 4, we compare
both sufficient conditions (27) and (26) for different values
of the parameter cos ®. As we can see, when the signal is
“flat”, the bound (27) is tighter than the proposed bound. But
when the parameter cos @ is high enough (i.e. the decay rate
is sufficient), the proposed bound is lower than (27). Note
also, that in this case the condition imposed on dx4; is also
weaker, as we have seen in the previous section and this can
be observed in Figure 4. Consequently, it allows to extend the
domain of validity of the proposed sufficient condition.

B. Gaussian noise case

We assume here that the noise is complex centered circular
white Gaussian: n ~ CN (0,0%I). In the Gaussian case, we
adopt the following stopping criterion

[(ai, )|

max———— < A\.

28
TP L al, @

[\
(9]

:
cos® =~

[ @) cose=
o (26),c08 P= 0.5
20% 26),cos = 0.8 1

1] (
T % (26),cos =1
- - —Condition (27)

—
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Figure 4. Sufficient condition (27) compared to (26) for different values of
cos @. For (26), the upper bar corresponds to the upper bound obtained for
0 = dx 1 whereas the lower bar stands for the case 6 = 0. K = 100.
e=1.

The threshold X is set such that when the residual rj, contains
only noise, for any i ¢ Sy,

|<ai’Pé_kn>’
o
occurs with probability P, (tuned false alarm rate), for a

given (non random) Sy.

Assuming a fixed set S}, (taking the true randomness nature
(2P, )|
Pg—k a; z
follows a centered 3 distribution of degree of freedom 2.
Then A = o %Fxél (1 — Pyq), where Fxél (.) is the in-
verse cumulative distribution function of the corresponding
central Chi square distribution. The test (29) corresponds to
the Generalized Likelihood Ratio Test when the previously
estimated atoms in Sy have already been selected and are seen

as interference [31].

= A (29)

of S, into account is much more involved), 2 -
o

Theorem 4. If a K-sparse signal x of support S follows
the model (25) and if the condition (9) is fulfilled, OLS with
termination rule (28) recovers the support of x in exactly K
iterations and then stops, provided

—1
minM > 2FX§ 0= Pfa)
s o V1—10k (71Cf§f:;§;‘¢ — 5K+1>
where cos ® is defined in (10), with probability at least 1 —
Sico (1 (1= Pra)NF).
Proof. See Appendix D. O

, (30)

When we compare the proposed bound to the state of the
art, the conclusions remain similar to the bounded noise case.

VI. CONCLUSION

In this paper, a new approach to Restricted Isometry
Property based analysis of the Orthogonal Least Squares is



proposed. The generalized Wielandt inequality allowed us to
derive new bounds on the algorithm’s selection rule, that natu-
rally take the signal’s coefficient distribution into account. This
enabled the derivation of a new sufficient condition for exact
support recovery for Orthogonal Least Squares in absence of
noise. This condition improves state of the art results, as soon
as the signal’s coefficients exhibit some sufficient decay. In
this case, conditions on the Restricted Isometry Constant can
be relaxed, as well as the minimal requirement on the signal
amplitude for exact support recovery in noisy scenarios.

APPENDIX A
PROOF OF LEMMA 1

Let us first remark that for any ¢ ¢ S

0
(P, ai,11)| = ‘<P§kAiu5\ske1,PﬁkAiUS\sk [ X5 }>

where e; is a (K 4+ 1) x 1 vector that contains zero every-
where except for the first component equal to 1. Applying
the generalized Wielandt inequality (5) witlll x = e; and

)

y = [O,xfg]T B = (AiI{JS\SkPé'_kAiUS\Sk) ® one finds that
COS¢: |<X7y>| :O,
[y [l 11l
and consequently since |x"BBy| = [(a;, ri)|, |Bx|, =
[P, and By, =[x, with
k(B)2 -1
= 220 - 31
X1 KB+ 1’ (€29)
Amax (BB)
B)?=""2__/ 32
(B = 62)
we have that
|<ai7rk>|
X1-
(Piaill, el

The matrix B is invertible, because its eigenvalues are com-
prised between the square root of the maximal and minimal
eigenvalues of Afﬂ gAus (see Lemma 6), which is positive
definite if (SK+1 < 1.

Lemma 6. [7, Lemma 5]Let S1 and S be two sets such that
S1 NSy =0, then

)\min(AgI USs Asl USg) S )\Inin (Agl PJS_2A51 )a
)\max(Agl ]-DJS_z A51 ) S )\max(Agl USs Asl U52)~

As noted in [29, Remark 1], the link between the RIC and
the eigenvalues of A# A g can be made noticing that for any
subset S C {1,..., N} of cardinal K

1= 0k < Amin(A§ Ag) < Anax(AF As) < 140k, (33)
Using Lemma 6, we have
Amax (BYB) < Amax (AflsAius) < 1+ 0k1,
and

)\min (BHB) Z )\min (Af_JSAiUS) Z 1- 5K+1a

which gives

Amax (BYB) 14641

B)? = )
K(B) Amin (BEB) = 1— 0541

(34)

Since Y is increasing with the positive variable x(B)?2,
14041
1-4r41 !
THoRg 41 +1

inserting (34) in (31) gives x1 < = 0k +1- This

1-46
concludes the proof for the upper bounﬁ+(16).
Now, for any 7 € S\ Sy, let us remark that

(aire)| = [(Pg,As\s.€i,Pg As\s.Xs5\5, )]

where e; is now a K x 1 vector that contains zero everywhere
except for the column index of Ag\g, that corresponds to
a;, where its component equals 1. Applying the generalized
Wielandt inequality (5) with x = e; , y = xg\g, anld the

following invertible matrix B = (Ag\skpsl*kAS\Sk)E one
finds that

s i) “Xatoospi
’|P§kai ‘2”1"‘3”2 1_XQCOS<,01‘7
with
#(B)? —
X2 - K(B)Z + 17
where
)‘max (Ag S PéAS\S)
K(B)Q _ \Sk k 7 (35)
)‘min (Ag\SkP#AS\Sk)
and
oS p; = ‘<X7 y>| _ |{I?l| .
Iyl el ~ Tsvs.l,
Then, it comes
[, x| Xz + cos s

max — —————
i€S\ Sk ’|P§kai||2 lrsll, i€S\S, 1 — x2 cos ¢,

where cos ¢y, is defined in (8). Using Lemma 7, it comes

—X2 +Cosp;  —X2 + COS Py,
max =

= . 36
i€S\Sx 1 — X2 cos p; 1 — x2 cos ¢, (36)

Lemma 7. The function f(c,x) = TEEE is respectively

monotonically increasing and decreasing with respect to ¢ and
x, positive reals inferior to one.

Proof. This is straightfrorward, since the partial derivatives are

such that %(c,x) = (11:5)2 > 0 and %(c, x) = (1{;:1)2 <0

for (c,x) € [0,1] x [0,1).

Using then Lemma 6, we have

/\max (Ag\SkPé_kAS\Sk) 1 + (SK
)\min (Ag\skpﬁkAS\Sk) 1= 5K

that implies yo < dx. The result (7) follows using Lemma 7.



APPENDIX B
COMPARISON OF THE BOUNDS (6) AND (7) TO THE STATE
OF THE ART
A. Upper bounds on cos@(PJS-kai,rk) for i & S in the
literature
In the context of real signal and dictionary, the study [16]
proposed the following bound

[(ai, )| iz
a; < , 37
195 [a B3], = VE = Flxss, ]l
which has been improved in [17] by
e L@ | O el )
i#s [af P [, = Txsvs.l,

provided dx 11 < % . The bound is said to be tight in the
sense that it is possible to provide a particular dictionary A
and signal x (with all positive amplitude being equal to one)
for which (38) is an equality [17]. We have

P35, As\s, Xs\s ||,

\/)\max (Ag\skPékAS\Sk) ||XS\Sk H2

a)

[l

—

(b) /
S /\max (AgAS) HXS\Sk H2
< VItok|xss, (39)

where (a) follows from standard results on Rayleigh quotient,
(b) from the Lemma 6 in Appendix A and the last inequality
from (33).

Inserting (39) in (37) and (38) gives respectively

V1+46
max cos © (PS al,rk) < #, (40)
¢S K-k
and
max cos © (Pskai,rk) <V140kdki1. 41

¢S
Under the RIP condition §x 11 < —= K [17], (41) is tighter than
(40). Both are clearly less informative than (6).

B. Lower bounds on cos © (Pﬁkai,rk) fori € S\ Sk in the
literature

The study [16] exploited the following lower bound
Hrkn%

VE HXS\Sk HQ

This bound is due to the fact that HaiH Pék H , <1land

@ [xs\si

>

= ,7K_k'HXS\SkH27‘éI}9%)§k |<az>rk>|

ZleeS\Sk |xl|ig}32\l>s<k |(ai, )]

|(ai, 1)
max
i€s\ ||allPS H

(42)

e [(a'ri)]

VE = k|jxs\s,]|,
®) 1
! |(z1a5, 1)
VE = k|jxs\s,][, 166;\516
sl

VE = F|xs\s.ll,

where (a) is due to the fact that for any vector of length N,
[x]l, < VN ||x||, with equality if and only if all entries in x
have constant modulus. The equality in (b) does not seem to
be easily reachable for any dictionary A. This shows us that
this bound should be rather tight when all signal’s entries have
the same magnitude.

With a similar reasoning as in (39), one has |rgll, >
V1—90k HXS\Sk ||2 One can then rewrite (42) as a cosine

1—-4k

0 (P35 a;,ry) > . 43
iy 0050 (Psaim) 24/ 3 @)
As we can see, if the signal is “flat” (|a;| = |z;| for every

(i,4) € S), then cos ¢y, = and the bound (7) writes
1- VK —kég 5K
VK — 0K

Since dg is usually much smaller than /K — k, the latter
bound is usually a worse bound than (43) in the case of signals
of even amplitudes.

When cos ¢, is large, that is to say when the signals exhibit
some decay, the proposed bound increases (see Lemma 7
in Appendix A) and becomes more informative than (42)
which does not depend on cos ¢ (i.e. the signal magnitude
distribution).

1
vVE—Fk

max cos © (PSA a;, rk)
1€S\ Sk

APPENDIX C
PROOF OF THEOREM 3

OLS succeeds in reconstruction at iteration k if

> @i, re-1)] max (i, ri—1)| ad)
i % L
e al, H s,
By definition,
rg_1 = Pﬁkil (Ax +n)

0 L
Tr1 + PSk,1n7

where r)_, = Py, Ax is the noiseless residual at iteration
k.

Since one can write, using the triangular and Cauchy-
Schwartz inequalities

bl
@i, re—1)|  [(air)_y)] ‘<a“PS’<—1n>’
[Pt a, [ps a, [Péa,
< |l
< €.

Thus, combining this with (44), OLS succeeds if
|<ai’ r%71>|

[(ai, 13_1)|
max — max
i€s\Sk |pL  a, ¢S HPL

> 2¢,
k—1 Sp_1 Qi

2
using (6) and (7), it is sufficient that

2

cosP — O

RN

- 5K+1) > 2e. (45)

— 0 cos®



Since

[riall, = V1= 0k [[xs\s,
> V1-0xgVK —k+1 min |z, (46)
1€S\Sk_1
it is sufficient to have
. ' cos® — O s 2¢
z‘eg\lgi_1|xl|<l—5;<cos@ K+1> - VI=oxvVK —k+1’

for every k. A sufficient condition is then (26) for the OLS to
select a correct atom of the support at each iteration ..
At the iteration 1 < k < K, we also have

Irelly, = HP Ax + P nHz
21, ~ [Pl
if (26) holds true then, so is (45). We finally have

2e
cos P—Ik
1—0x cos ®
> €

v

v

([l —€

— 0K 41

so that the algorithm does not stop until k& K, where
Hr(l)(Hz = 0 and |rgf, = HPfq‘Ile < [nlf], < e. Conse-
quently, the OLS algorithm stops after iteration K.

APPENDIX D
PROOF OF THEOREM 4

Le us denote, for any set Sy composed of correct atoms

(P52, m)|

Nj = max
P all,

¢Sk

Following the same reasoning as for the bounded noise case,
we have that OLS selects a correct atom at step k, as soon as

max |<ai,r271>| - x|<ai’r271>| > 2Ng_1.
i€es\Sk1 |[pL  a i¢s HPL N
Sp_17 2 Skp_1? 9

Following the same lines that led to (45) and (46), one can
deduce the following sufficient condition for OLS to select a
correct atom

2Nj_1
VI=ORVE =R+ 1 ({52505 — o4 )

The latter is true when

min |z;| >
1€S\Sk_1

2Nk
VI= 05 (£2525505 — ok )

Now, if (30) holds true, (47) is valid as soon as Njp_1 < A
and OLS selects a correct atom at each step k.

We now have to check that the stopping rule is not met until
k=K.For k<K

min

. |z:| >
1€S\Sk-1

(47)

ma |<azark>| > |<ai’rg>| ~ N,
P52, [Pg,aill,
cos® — 0k

2 5 eosd 1Tkl = Ve

when (28) holds true, then

0 > 2\
HrkH2 = cos®-dk g ’
1—06x cos ® K+1
Consequently, if N < A,
a;,r
maX |< (2 k>| S)\,
P35, aill,
and the stopping rule is not met. When k = K then
H
max”:i "l = Nk so that the stopping rule is met if
Skal
Nk < ’

Finally, when (30) is true, the probability for OLS to
succeed at each step and then stop is at least the probability of
the event ' = [y, x N < A. We have, using the classical
union bound,

pr(E) = 1-Pr| |J E,
0<i<K
K
> 1-) Pr(Np>N).
1=0

The proof is concluded using the fact that

|<Pékai’ 1’1>|
Pgal,
<P§kai’ Il>|

M |
H Pr
i=1,i¢ Sk ||PSkaL||

N—k
= (I_Pfa) ’

PT(Nk</\) = Pr /\,Vi%S}C

Y

where the inequality is due to [32].
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