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Abstract.

This paper proposes a new OpticaldFlow methed for particle image velocimetry
applications. The proposed method is based/on the u’se of an a priori sparse knowledge
of the flow. A particular insight is given to the optimization derivation based on
an image-independent method. Twe alternatives are introduced. The first one uses
particle-tracking velocimetry (PTV,) estimates as subpixel information to describe the
finest velocity scales. The expected true displacements related to the motion of the
individual particles are used as anchors for the optimization procedure when the density
of the particles is large enoughiyAlternatively, the second method solves the well-known
median problem based on new image-independent functions in areas of low particle
density. Studies have been carried out on synthetic images to characterize the error
and analyze the impact of image parameters (particle density, particle size, or noise)
on the methods. The new methods are compared with a reference method against
synthetic data:stwosLamb-Qseen vortex rings and a 3D Turbulent Homogeneous and
Isotropic flow. Theresults show that the performances of the new method exceed those
of the reference method in almost all tested cases, except for images with particles of
relatively’ small sizeIt is notably shown that the new method is less dependent on
the particle density and the noise embedded in the images than other optical flow
estimators.

Keywords: optieal flowgparticle tracking velocity (PTV), turbulent flow, optimization,
velocity measurements
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1. Introduction

The Optical Flow (OF) is the apparent motion of individual pixel brightness between
consecutive images. Since the original work of Horn and Schunck in 1981 (Horn and
Schunck 1981), its formulation has not changed much. One has to minimize ayterm
defined from the brightness constancy assumption, with a spatial.and independent
constraint for each velocity component: it is the so-called aperture problem,avhich is the
first-order form of Tikhonov’s formulation for ill-posed problems (Tikhonov et al 1977).
In the meantime, mathematical conditions on the constraint were fermulated and their
validity was proven (Schnérr 1991), the convergence of theseanethods was settled at the
end of the 1990s (Aubert et al 1999) and the physics foundationsof the aperture problem
were described (Liu and Shen 2008). With these strong, mathematical foundations,
the fluid mechanics community adapted these methods towvelogity measurements using
particle images.
The original spatial constraint for the resolution ofthe aperture problem was a Laplacian
null condition for each velocity component. This isfa ¢onvenient choice as it results in
independent constraints for each component, and it is easily computable or discretizable.
However, this condition is usually not valid for fluid flows as it tends to minimize both
the divergence and the vorticity (Chen et al “2015). Moreover, it has been proven
that the brightness constancy conditien. implicitly uses the hypothesis that the flow
is divergence-free (Corpetti et al 2002). Therefore, many works have been done in
the pursuit of a physics-based spatial constraint dedicated to fluid flows. Recently,
the implementation of an adaptivesLagrange coefficient was investigated (Schuster et al
2018) to balance the relative weight between the brightness constancy equation and
the spatial constraint imposed\on the velocity field at any iteration. Physics-based
constraints, by imposing éither a divergence null constraint (Kadri-Harouna et al 2013)
or the shape of the kinetie energy/spectrum (Schmidt and Sutton 2019), were proposed
using wavelet formulation to reach a velocity field estimate that follows an a prior:
knowledge of the flowiI'hesearch for a constraint-based on physical considerations also
led the fluid mechanics community to develop a correction to the OF estimate based on
a priori knowledge of the flow. To this end, deep learning methods were developed and
trained on synthetic images to correct OF estimates from experimental images (Cai et
al 2019). BEstimates from other optical methods, such as Particle Image Velocimetry
(PIV) (Heitz et al' 2008) or Particle Tracking Velocimetry (PTV) (Schneiders and
Scarano 2016) were also utilized to constrain or correct the velocity field obtained on
a reégular grid: Consequently, the large majority of OF studies dedicated to fluid flows
ended in spatial constraints or post-correction completely image independent. Some
reasonsieould be advanced.
First, an a priori knowledge of the flow is not difficult to obtain, whether it be
theoretically, from simulations, or from other optical methods such as PIV.
Second, the particle images are not flawless. Without even talking about purely
measurement considerations, particle images are known to contain inherent errors
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(Harris et al 2012). Taking a shot of a seeded flow with a camera is equivalent to
discretizing a continuous signal on pixels, i.e., on a coarse-grained grid. The number
and size of the pixels could be insufficient to describe the complexity of the signal, leading
to the so-called “pixel-locking” or “peak locking”. This error is thoroughly studied for
PIV applications, in which this problem of quantization leads to an errerin the position
of the peak of correlation (Hearst and Ganapathisubramani 2015). Theimetheds for the
detection of the particle centers in PTV are obstructed by this pixel-locking\(Feng et al
2007). An error based on particle diameter was also observed il"OF (Liucet al 2020).
Intrinsic errors in the resolution of the aperture problem and the dep&ldence on those
image flaws have been thoroughly considered (Liu et al 2015). These éxaminations led
the community to focus on image-independent spatial constraint or correction methods.
A third reason pushed the authors to focus on image-independent constraint and
correction.  As traditional OF methods minimize the sLaplacian of each velocity
component, they spatially smooth the calculated4welocity field (Seong et al 2019).
In this sense, it may be questionable to considerithepixel element as the true smallest
resolved scale of the optical flow estimate. This is analog?)us to the fact that the true
smallest resolved scale, given by a PIViealculation, does not correspond to the last
interrogation window, or a fraction of it if wesconsider the overlapping (Foucaut et al
2004, Nogueira et al 2005), although the mathematical arguments are different. As
far as the PTV estimate is concerned;tevery wvector is attached to a seeded particle
image, i.e., to the true displacement. A lot of work was done, including by the
authors, on the derivation of the velocity field from high-density particle images in PTV
applications. The idea is to hayveraceess to the real motion of each particle, regardless of
the quality of the images. Re¢ently, newrdetection (Cheminet et al 2018) and tracking
algorithms (Benkovic et ale#2020). obtained noticeable improvements when applied to
images with high particle density: Although a hybridization with PTV has already
been proposed for temegraphic PIV methods (Novara et al. 2016), this paper aims to
develop an optical flow method capable of working at a high density of particles, using
the sparse velocity fieldwestimated by PTV as a constraint. However, not all points on
the optical flowsgrid can benefit from this information. There are only velocity vectors
attached to the'eentroids of the detected particles, whereas the OF estimator requires a
constraint at each pixel. Consequently, a complementary strategy for the OF constraint
is requiredsin the régions where no particles (and their related PTV estimates) are
present: Following the arguments mentioned above, it is preferable to design an image-
independent optimization based on a prior: knowledge about the flow.
The remainder of the paper is organized as follows. In Section [2|the proposed algorithm
is presented. Section |3| gives details on the design of the test cases. The performance
of the proposed algorithm is analyzed in section [4| and compared with a reference OF
method. Finally, the main results are synthesized.
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2. FBOOF-PTYV algorithm

This section introduces a new optimization strategy for optical flow. Itfis based on the
knowledge of sparse velocity fields with sub-pixel accuracy, such as those obtained by
PTV, for example. It is designed with the aim to be particularly adapted to the ¢ase of
highly 3D and unsteady turbulent lows. The context of a high particle.density is usually
not favorable for PTV (Westerweel et al 2013). However, recent detectiom, (Cheminet
et al 2018) and tracking (Benkovic et al 2020) methods have beemdeveloped in this
context and obtained remarkable results. To apply the new OF method to high particle
density images, these new PTV methods are used for this study.

2.1. The tracking-based optimization method

The optimization strategy proposed in this study is basedron OF hybridization with
PTV. The aim is to benefit from the features of the PIV, i.e. sub-pixel information on
a nonstructured mesh embedded with the velocity field estg'mate. At a given location of
the pixel (x,y) in the image, if a particle belongs to its neighborhood (with respect to
a user-defined parameter d.), the velocity of this particle up(t) is used as an anchor for
the optimization process. Ideally, if many particles belong to the neighborhood of the
considered pixel, a group V' (z,y,t),of particles in the neighborhood of the point (z,y)
is defined

peVizyt) gif  [x(E)s xp(t)]| < de, (2.1)

and a distance-weighted average of the velocities up(t) of all the particles in the
neighborhood of the given point (z,y) is performed. The corresponding tprv(X,y,t)
is assigned to the pixel elementsfor the optimization step

um(xa Yy, t) N 1_*IPTV(X7 Yy, t) (22)

The choice of parameter.d. is intrinsically related to the spatial scales of the velocity field
of concern. Ideally;"dgmmust.-be kept small enough to ensure that particle motions are
coherent in the neighborheood of a given point, that is, a small value of this parameter
should be set.within the regions of large gradients. Its determination thus requires
an a priori (knowledge of the flow, and a distribution d.(x,y) can be evaluated by a
coarse pre-estimation of the velocity field, either by PIV or OF for example. As the
flow of €oncern_here is turbulent, homogeneous, and isotropic, there is no preferential
orientation or organization present and we choose to retain d.(z,y) = 1 pixel, which
was kept comstant for the rest of this study.

The optimization strategy developed in this part is based on the presence of particles
togetherswith their PTV estimates in the neighborhood of each pixel of the grid. Since
this requirement is not willing to be met, a complementary strategy needs to be proposed
in the regions of the image where no particles are found. This is described in the next
part.
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2.2. The Flow-Based Optimization Optical Flow (FBOOF) method

For computer vision applications, Sun et al. (Sun et al 2010) proposed alternatively
solving the aperture problem with a median filtering problem. The resolution of the
latter was based on a priori knowledge of the object displacements embeddedyin the
composition of the image. The proposed method follows this idea: It isiderived as a
flow-based optimization, that is, it relies on a priori knowledge of/the flow. After the
initial Horn and Schunck (Horn and Schunck 1981) estimation step,one has to resolve
the following equations for u and v separately, ~

minimize : |u(z,y,t) —u(z,y,t)| =0 53

constraints : |u(x,y,t) — u(x,y,t)| =0 (2:3)
in which the spatially weighted mean velocity @ (resp. v).is defined in the original article
by Horn and Schunck (Horn and Schunck 1981) and @(x, y, &) (resp. 0(x,y,t)) is defined
as follows:

Z(m’,y’) wu<l‘, Y, IIJ qu t)U(.TI, y,’ t%
Z(m’7y’) wu(za y» xlv y/7 t)
wy(z,y, 2’y t) (resp. wy(x,y, 2’y t)) stands for the weight of the point (z,y) at the

u(x,y,t) = (2.4)

instant ¢ calculated from the surrounding points(&/,vy’) as in (2.5)).

wu<x7 Y, ZU/, y/a t) = D({B, Y, lj? y/7 t) y Gu<x/a y/a t7 U) ' W(IL'/, y/7 tv u, U) (25)
_ =) Hy—y")?
D(x,y, 2",y )= 7d
S lvu .y )2
Gl o/t ulfe e o (2.6)
*(I(z/,y/,t)—l(z/—u(z,,y/,t)dt,y,—v(z,,y/,t)dt,t+dt))2

W(x' o it u, v)\: e o

Therefore, at agiven point (#,y) in the grid, the evaluated velocity components are
modified by the velocityestimates of the surrounding points. A higher weight is given
to the closest distant point according to the term D(xz,y, ', y',t) as given in (2.5). The
term G, (2',y', tgw) pinpoints the areas of the flow where the gradient velocity field is
large, giving lessiweight«n this case. Furthermore, the term W (a2, ¢/, ¢, u,v) in which I
corresponds to the intensity of the image identifies the points where the velocity is not
the motion-betweenithe images. More precisely, the velocity in the current iteration is
used to'warp (using a cubic interpolation scheme) the image at instant ¢ + dt toward
instant_t.,. The /differences between the two images could be explained by the lack of
convergence of the velocity estimate at this specific point and iteration, or by an inherent
error. in the image at this point. In any case, this point should have less weight in the
optimization process. o; only depends on the dynamic range of the gray level in the
images., 04, 0, and o, are based on the flow. o, (resp. o,) are directly the spatial average

of the flow gradient norms (o, = /(5%)% + (g—;‘)Q and o, = /(5%)2 + (2—2)2, where the
scheme for the derivation of the derivatives uses 5 points), and can be directly estimated

using the PIV method. Parameters 0,4, 0., 0, and o7 can be evaluated for experimental
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applications by PIV to find the values that stick the better to the PIV results or by
theory to find some known values (inlet flow rate, for example). Using synthetie images;,
these parameters can be used to find the values that reduce errors.

In order to illustrate how flow-based optimization actually works, Eigure|l| shows
the four terms D, G,, G, and W derived from a synthetic image pair at instants ¢
(Figure and t+ At (Figure[Ld). The flow is uniform: at all points«(@y), the velocity
field is (u,v,w) = (1,0,0). Therefore, the particle marked by a green circle undergoes
an out-of-plane motion between instants ¢ and t + At. G, (Figure and G, (Figure
do not discriminate between the different points due to the gradient-free velocity
field. The term D gives more weight to the nearest points (Figure the point (x,y)
in which D(z,y,2',y,t) is located in (' = 0,3/ = 0)). Finally, W gives less weight to

 sgieeeeees |
il

4 2 0 2 4

the pixels attached to the particle that exits the image.

,;_ija-

%107

(b)Y G (2" Y ,t,u) with  (¢) D(z =0,y =0,2",y/,t)
with o4 = 10

1

0

(d) I(t +It) (e) Gy(2',y, t,v) with (f) W(a', ', t, u,v) with
o, =1 or = 100

Figure 1: Example of weighted optimization with a pair of images (a) and (d) in which
3 particles (whose centersiare represented by a black cross, blue star, and green circle)
are subjeeted to.a uniform velocity field. The particle symbolized by the green circle has
an out-of-planefmotion. The terms D (c), G, (b), G, (e), and W (f) are represented.

Figure2| shows a second illustration. We now consider a single Lamb-Oseen vortex
withhits core of radius 1 pixel located at (5,5) and a tangential velocity of 1 pixel
superimposed on the uniform flow used in the previous illustration. D is similar to the
one imrthe previous example (Figure as the nearest pixels have more weight. In
contrast, G, (Figure and G,, (Figure[2€) allow optimization to discriminate between
the flow structures (the vortex ring) by giving less weight to the pixels in a different
flow structure. As for W (Figure is concerned, less weight is given to the pixels

Page 6 of 23
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subjected to a residual intensity difference once the warping of the image at/{instant
t + At to the image at instant ¢ with the current velocity estimate has been cénsidered:
In this example, this residual is directly related to a quantization error‘induced byuthe
non-integer local displacement: the smallest weight is attributed to the particley(marked
by a green circle) with a displacement close to (1.5,1.5) pixel in each direction.

1 = 1
2 74 74 r
2 2
Yo Yo
1
2 2
0 a 0
4 2 0 2 4
-

-4 -2 0 2 4

%102 ©

(b) Gyu(2', v/, t,u) with  (e)pD(z =0,y =0,2",y/,t)

oy =1 with o4 = 10
1 1
2 4 y
-9 -2
Yo Yo
1
2 2
0 0 0
. Ay 2 a2, 4 4 2 0 2 4
x x10° < <
(d) I(t+ At) (e) Gy(2",yl5t, v) with (f) W(',y/, t, u,v) with
oy =1 or =100

Figure 2: Example of weighted optimization with a pair of two images (a) and (d) in
which 3 particles (whose génters arefepresented by a black cross, blue star, and green
circle) are subjected to a uniform velocity field, and to a vortex core on the bottom
right of the image. Thie terms, Di(c), G, (b), G, (e), and W (f) are represented.

In fact, it was shown that resolving ([2.3)) is equivalent to solving the so-called
median probleni (Li and Osher 2009):

U, ys th= median(u, @). (2.7)

Thetwo regularization strategies are therefore combined within a single algorithm,
as detailed in Algorithm(l] A coarse to fine resolution (Mémin and Pérez 1998) is used to
evaluate the “large” displacements. Due to the well-known robustness of these methods,
a PIV estimate (using a code available online (Thielicke and Stamhuis 2014)) is used as
theinitial velocity field at the coarsest pyramidal step. A Gaussian filter of characteristic
size o4 (equal to 2 and 4 pixels for images without and with noise, respectively) is used
as a pre-processing step to reduce the noise and illumination changes in the images. The
only difference between the two constraints is visible in line 25: If there is a particle
in the neighborhood of a given point, u,, is defined as in Equation otherwise u,,
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is defined as in Equation This method is denoted FBOOF-PTV in the rest of the
paper.

Algorithm 1: Algorithm of the FBOOF method (the additions for the
FBOF-PTV method are shown in red)

N =

© 0 N o oA~ w

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

29

Result: two-dimensional velocity u=(u,v)

Compute PTV;

Set the residual criterion egg (for the Horn and Schunck estimato\r) and ergo
for the Flow-Based Optimization, and the maximum of iterations iter,,q, to
chosen values;

Set the warping velocity field (u,,vy) at (0,0);

Define the number of pyramidal steps N (for coarse-to-fine resolution);

for k=N to 0 do

Warp the image at instant ¢ 4+ dt to the onelat instant ¢ using (uy, vy,);

Compute the two images on the pyramidal grid;

Compute the derivatives of the image Iy, Ig and /y;

Compute the PIV velocity field (wpsv, vpiv);

Initialize the velocity field (u,v) at\(wpp/, verv);

Set n to 0;

# Horn and Schunck estimation;

while r > egg and n < iter,,,, do

n=n+1;
Compute (u",v™) asin (Horn and Schunck 1981);
Compute r = ||(u? — v~ o — o™ )||;

end A S

Compute u,, = Uy +4” and v, = v, + V";

# Flow-Based Optimization;

Set n to 0;

while r > eppgrand n < iter,,,, do

n=n+=1;

Compute (w,”, w,") using 1}

Compute (u"8") using 1)

Compute u,," and v,," using and ;

Comipute r = ||(u?, — u™ 1 0" — v H|[;

end

U = Uy, and v = v,,;

end
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3. Tests framework

In this section, we outline the testing framework. We begin with a brief déscription'ef the
generation of synthetic images and the error metrics used to evaluate the performance of
the algorithm. This section ends with a detailed description of the investigated datasets.

3.1. Synthetic images and error metrics

Synthetic images are generated as in Cheminet et al. (Cheminet el al2018). In the
images, there is a density of Nppp, expressed in particles per pixel. The mean value
of the distances among two neighboring particles d,, usually used fordPIV applications
will also be provided in this paper (evaluated over thesentire image). The positions
of the particles are randomly generated and their size_.is deseribed in the Point Spread
Function (PSF) model by the size parameter opgr (the particle diameter d, is obtained
directly by d, = 4opgr). To simulate experimental conditions, a Gaussian noise with
zero mean and a standard deviation oy of 5% is added to.each image.

As the theoretical velocity field is known at each pixel, the errors can be derived
using the usual RMSE (Root Mean SqudresError) andfAAE (Average Angular Error):

1
RMSE = \/NZH% — Uy, ||?

1 WU - Uy
AAE = — e
N 280 <||umi [y, )

7

(3.1)

where w,,, (resp. v,,) is the igh measured vector and u,, (resp. v,,) is the ith reference
vector.

N
3.2. Synthetic Lamb-Oseen_vortices

The flow constituted ofitwo counter-rotating Lamb-Oseen (LO) vortices (figure |3)) is
chosen as a test gase. The welocity field is derived from an exact solution of the two-
dimensional Nayier-Stokes equations (in a uniform Cartesian meshgrid):

1 —al
Ug /= Ug,, .o (1 + %) 7;—0 (1 —e T?J) (3.2)

where ug 1s the amgular velocity component, r is the distance from the center of the
vortex, g is the radius of the core (that is, the distance at which the maximum angular
velogity isreached), and ov = 1.26 (Devenport et al 1996). An illustration of this steady
velocity vetor field superimposed onto the curl of this velocity field is shown in figure [3]

The images have (IV, x NV,) pixel points and the Oseen vortice cores have coordinates
(X;,Y7) and (X5,Ys) (see table [l)). A study of the impact of particle density, particle
size, and noise is carried out by varying Nppp, 0psr, and oy. Table [I| summarizes the
values of all parameters or the range in which they are varied. Statistics are made on 50
image pairs for all (Nppp,opsr,on) considered. To the best of our knowledge, this is
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Figure 3: Lamb-Oseen vortex-ring flow: Curl of the velocity superimposed onto the
velocity vectors field. The red line is for further comparative analysis.

Table 1: Parameters of the Lamb-Oseen yortex-ringyflow test-case.

Parameters Value or Range 4
ug,, .. 2 pixel.s™!
(Ng, Ny) (512,512)
o N./5
(X1, Y1) (Ne/2, Ny [5)
(X2,Y2) (Nz/2,4Ny/5)
Nppp 0.04 — 0.12
dm 2.5~ 1.45
OpPSF 02—~14
dp 0.8 %5.6
ON 0 - 5%

~

the first time that an.OF method has been tested on particle images with a wide range
of particle sizes and ‘densities.

3.3. Synthetic images generated from a Turbulent, Homogeneous, and Isotropic flow
database

The velocity field used as a reference in this test case comes from a DNS of a THI 3D
flow (Lifet al 2008). This database was already used for the synthetic generation of
particle images (Benkovic et al 2020, Lee and Hwang 2019). To the author’s knowledge,
thigfis, however, the first time that it is used to assess the performances of OF estimates.
The velocity fields are extracted at altitudes z € [7/5 : 97/5] from the DNS box, at the
instantyt= 2, with (z,y) € [1.5662,4.7109]%. An illustration of a specific velocity field
extracted at z = 7/5 is given in figure .

Images of 512 x 512 pixel size in 8-bit grayscale are generated independently. The
size of the pixel is the size of the DNS derivation grid. In each image, the number
of particles is specified according to the required particle density, and the locations
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Figure 4: (a - ¢): Colormap of the instantaneous velocity components given by the DNS
34 at z = 7/5. (d): Profiles of the third component w along the vertical lines x = 2.8450
35 (blue) and = = 3.6319 (red) on which further comparative analysis is conducted.

37 N

39 of the particles are randomly distributed within the entire image. The particles have a
40 diameter of 2.4 pixels;which cerresponds to opsr = 0.6. For every image, the associated
41 second frame is determined by estimating the time-delayed particle position with the
extracted velocity fields. »For this study, we considered 50 pairs of images. The time
44 delay between tworimages of a single pair is At = 5ms. Those parameters correspond
45 to Azp* &~ 244 and At* ~ 0.055, which are similar to those used previously (Azy* and
At* are the dimiensionless Jaser thickness and inter-frame time defined in table 2 of the
48 paper ofLee andiHwang (Lee and Hwang 2019)).

51 3.4 4 Spatiabwesolution test

The spatial resolution ability of FBOOF-PTV is evaluated with test case A4 of the
54 third international PIV challenge (Stanislas et al 2008), which is an open-source PIV
55 testicase commonly used to assess whether an algorithm can resolve small spatial scales.
This synthetic image pair is a patchwork of four different test cases and comprises flow
58 fields of one- and two-dimensional sinusoids and flow fields that mimic boundary layer
59 flows. We specifically focus on the sinusoidal test cases, which is a one-dimensional
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sinusoidal shear displacement and is characterized by a varying wavelength in the range
of 10 — 400 pixels. The maximal displacement amplitude varies around 2 pixels. The
density of the particles is set to Ny, = 0.1.

3.5. Application to a pair of experimental images

Since synthetic images do not model all physical dependencies prgperly, the ability of
FBOOF-PTV to work in a real flow configuration must be evaluated. To this end, we
choose an experimental pair of images (available online, (Liu and Salazar?2021)) that is
the one used by the reference HOFCC (Liu et al 2015). The flow is & jet of air that
normally impinges on a black-coated wall. The Reynolds number based on the diameter
of the nozzle is Re = 2600. More technical information ©n the expérimental setup can
be found in (Liu et al 2015).

4. Results

- 4
We evaluated the new FBOOF-PTV method in different test cases and compared it with

a state-of-the-art 2d optical flow algorithm specifically designed for 3d turbulent flows,
namely Hybrid Optical-Flow-Cross-Correlationy.or HOFCC (Liu et al 2020) whose
code is available online (Liu and Salazar 2021). 'HOFCC is a correction of the PIV
estimates based on the brightness constaneyreguation extended to the second order.
FBOOF-PTV and HOFCC both use the original Horn and Schunck estimator (HS), so
it was also interesting to compare,with it. The version used for HS uses a coarse-to-fine
strategy and a PIV-based initialization. Similarly, both FBOOF and HOFCC use the
PIV method (as initializationfor the first one and to warp the images for the second);
however, the comparison with PIVsvas not the purpose of this study. Here all the
parameters used are chosen for each method to minimize their errors (the parameters
used in the optimization process are available in table . The influence of varying
particle image diameters, seeding densities, and background noise levels is investigated
to evaluate the sensitivity,of FBOOF-PTV to these particular effects. Synthetic images
are rendered according to section

4.1. ResultsiondLO flow

As the FBOOE-PTV method will have to work without PTV estimates in the areas
where there are no tracked particles, it is necessary to first validate the FBOOF method
alone. This"is done specifically in this section, i.e. no PTV estimates are used for
the constraint to the brightness constancy equation and only the median problem is
considered.

Figure |5|shows the RM SE and AAE errors for the three methods tested on images
of particles without noise (o = 0). Although HOFCC (figures[5bland [5¢) is more precise
for relatively small particles (opsr < 0.4 pixel), the proposed FBOOF method excels

Page 12 of 23
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for moderate to large particles, as for the cases of a high particle density (figureg|sc|and

02 04 06 £08 1 o2
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) HOFCC »EBOOF

---10

0.25 04 06 08
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RMSE (pixel) =

AAE (°)
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Figure 5: RMSE (top line) and AAE (bottom line) errors on the velocity norm as
obtained by HS, HOFCC, and FBOOF as“asfunction of the particle density (Y-axis)
and the particle characteristic size (X-axig). Images without noise.

Table [2| presents the errorsiof each method tested for a particular case (opsr = 0.6,
Nppp = 0.08), with and without noise (o = 0 and on = 0.05). On images without
noise, the superiority of thie proposed FBOOF method is clearly visible. For further
comparison, the RMSE obtained on laser-induced-fluorescence images by a variational
solution of the physies-based,Optical Flow (Wang et al 2015) was 0.024 pixel for the
same flow. The error, im'both norm and direction, varies much more with the particle
size than with the particle concentration, which is a known result for OF methods
(Westerweel 2000).. HOFECC obtains better results for moderate particle density and
particle sizewhich confirms previous observations (Liu et al 2020). Except for the
range of small particles, the results of the current FBOOF method change very little
with particle density and particle size compared with the other, which is consistent
with the idea of an image-independent correction. One can notice that the FBOOF
method isiless affected by noise, as its error increases by 20% for RMSE and 29% for
AAE, while the errors of the other methods increase between 43% and 70% for the
RMSE and between 48% and 78% for the AAE. The FBOOF method seems to be so
less dependent on the quality of the images than the others. Self-reliant optimization
appears to actually operate as designed.

Figure [6] presents the errors on noisy images. HOFCC no longer obtains better
results on relatively small particles (figures and and approaches the results
obtained by HS (figures @ and . The current FBOOF method obtains better results
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Table 2: Errors of the tested methods on the LO test case. Images with, and svithout

oNOYTULT D WN =

noise. opgp = 0.6 pixel (d, = 2.4 pixel) and Nppp = 0.08 (d,,, = 1.98 pixel).

Method Without noise, oy =0 With noise, oy = 0.05
RMSE (pixel) AAE (°) RMSE (pixel) AAE (°)

HS 0.021 1.375 0.030 2.041
HOFCC 0.020 1.187 0.034 2.113
FBOOF 0.015 0.903 0.018 1.165

than the other methods in all cases, not only with large particlés ormnder conditions of
moderate to a high density of particles, but in all the cages tested (figures [6¢/ and @

107

RMSE (pixel) =

04 06 08 1 1.2 02 04 06 08 1 1.2

0.2 02 04 06 08 1 1.2

O e (Pixel) O (Pixel) b (Pixe])

(a) HS WHOFCC ) FBOOF
10
8 [
I

<

4
2

02 04 06 08 1 1.2
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(d) 1S (e) HOFCC (f) FBOOF

Figure 6: RMSE/(tophline)rand AAE (bottom line) errors on the velocity norm as
obtained by HSp HOFCC, and FBOOF as a function of the particle density (Y-axis)

and the particlé'characteristic size (X-axis). Images with noise.

Figuref7] shows/the velocity norm extracted on a line passing by the two cores of
the vortex (theaed line in ﬁgure, deduced from each method on the same noisy image
pair (Nppp = 0.08, opsrp = 0.6). It can be seen that FBOOF reconstructs the norm
distribution better than any other method, including the variational method in (Wang
et al,2015). The HS estimator fails to correctly estimate the velocity outside the cores.
For all'methods, including FBOOF, the area of higher errors coincides with the area of

“high”,velocity gradients (between or in the two cores, for example).
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Figure 7: Velocity norm on a line crossing the two vortex eores (see figure . Red ——:
2 analytic solution; yellow ------ : HS ; green +: HOECC; blue x: FBOOF.

&
25 4.2. Results on a Turbulent Homogeneous Isotropié¢ 3D (THI3D) flow

27 The RMSE and AAFE errors are estimated at each pixel over 50 pair of images
synthesized from 50 different velocity fields‘at 50 different locations z. All the following
30 results are given in dimensionless unitsyof the DNS (Li et al 2008).

31 The RMSE and AAE errors of thewvelocity estimates with respect to the particle
density Nppp (or the mean value of the distances between neighboring particles d,,, in
34 pixel evaluated over all the image)iand the measured velocity vector density Ny pp (i.e.,
35 the density of velocity vectorsiobtainediby PTV) are shown on tables 3| (images without
noise) and {f (noisy images)asThe difference between each error and the errors of the
38 reference HOFCC (Liu et al 2020) is also shown as a percentage. HOFCC is chosen as
39 a reference because, it is the most recent method at the time of this study and it was
specifically designed for,turbulent flows.

43 Table 3: RMSE and AARE errors as obtained by the tested methods on the THI3D flow
44 test-case. Images without noise.

47 Nppp = 0.06 Nppp = 0.09 Nppp = 0.12
48 dp = 2.05 dp = 1.67 dp = 1.45
49 Ny pp = 0.041 Ny pp = 0.055 Ny pp = 0.063

Method RMSE AAE () RMSE AAE () RMSE AAE (%)

52 HS 0.111 14.87 0.122 16.19 0.130 17.22
53 +31.3% +224% +31.6% +21.4% +34.2% +22.6%

HOFCC 0.084 12.15 0.092 13.34 0.097 14.05

56 FBOOF-PTV 0.064 9.04 0.069 9.77 0.078 10.91
57 -24.2%  -25.6% -25.1%  -26.8% -202%  -22.3%
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Table 4: RMSE and AAE errors as obtained by the tested methods on the THI3D flow
test case. Images with noise.

Nppp = 0.06 Nppp = 0.09 Nppp = 0.12
d,, = 2.05 d,, = 1.67 d,, =1.45
Nypp = 0.039 Ny pp = 0.053 Ny pp = 0:061
Method RMSE AAE RMSE AAE RMSE AAE
HS 0.112 15.1 0.122 16.3 0:131 17.3
+21.2% +135% +24.6% +14.8% [ +294%  +17.7%
HOFCC 0.092 13.3 0.098 14.2 0.102 14.7
FBOOF-PTV  0.070 10.0 0.075 10.7 0.082 11.6

-23.8%  -248%  -234% -246% -193% -21.1%

The historical Horn-Schunck estimator (Hornsand Se¢hunck 1981) does not correctly
describe the THI3D flow. HOFCC obtains slightly better #esults than HS. This implies
that the OF correction of this method may not be suitable for this particular kind of
flow. Overall, FBOOF-PTV obtains the bestiresults for all particle densities and noise
cases. For example, at Nppp = 0.09 with noisy images, FBOOF-PTYV has errors on the
norm and the direction that decreaSesby. 23. 4% and 24. 6%, respectively, with regard
to the reference HOFCC.

The global performance griteria, suchras those discussed previously, only give a
partial insight into the capacity of.each method to efficiently estimate the velocity field,
particularly for a flow as complex as a THI3D. To better highlight the sensitivity of each
method to local flow characteri{cics, the velocity components u and v are represented in
figure [§|along the two vertical lines shown in figure |4 at x = 2.8450 over which the third
component w has globally minimal amplitude and at x = 3.6319 where, in contrast, w
presents large amplitudes. Along the latter profile, out-of-plane motions are therefore
not to be ignored, awhich isichallenging for estimators limited to a measurement plane.
For this comparison, a pair of noisy images at ¢t = 2s, z = 7/5 and Nppp = 0.09 is
considered.

Overall{ the #ested methods fail to correctly reconstruct the velocity profile with,
however, important muances between them that we want to discuss in the following.
When the velocity profiles are of moderate amplitude and exhibit a smooth spatial
evolution, as observed for u(zr = 2.8450,y), the estimates given by all methods are
satisfactory.mBut when the local spatial variations are large as observed for v(z =
2.8450,y > 2.5), large discrepancies appear between the estimates and the true profile
given byythe DNS.

More importantly, the observed discrepancies between the estimates and the true
velocity appear to be closely related to the local amplitude of the third component w
(shown in figure ). Where w significantly deviates from the zero value as observed
for y > 2.4, the estimates given by HS and HOFCC strongly differ from the reference
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Figure 8: Instantaneous velo€ity u (top) and v (bottom) components at z = 2.8450
(left) and = = 3.6319 (right) recomstructed by each method and superimposed onto
the original reference DNS (red ——). Yellow - ----- : HS ; green +: HOFCC; blue x:
FBOOF-PTV. Noisy images'with. Nppp = 0.09.

DNS and tend to overestimatesthe amplitude of the estimated velocity components in
areas where w is large. On. the contrary, the velocity estimates computed by FBOOF-
PTV tend to smooth outithe large local velocity variations and also appear to be less
dependent on the third component w than the other methods. The proposed method
appears to a¢t as:a low-pass filter.

The proposed OF method hybridized with PTV for the optimization process is
expected to provide increasing performances with increasing robustness and precision of
the PTV method itself and decreasing sparsity of the available information. In this sense,
to evaluatethe sensitivity of FBOOF-PTV to the PTV estimates, a test is conducted
with the same available synthetic database. It consists in computing the FBOOF-PTV
veloeity fields with the use of the exactly available velocity vectors (given by the DNS)
at _all trackable particles (which we refer to as ideal PTV) for the optimization process
and then comparing it to the previously discussed FBOOF-PTV velocity fields. It
should be noted that the density of the velocity vectors (Nypp) increases significantly
in comparison with the measured PTV vectors (see table [5). This is especially true
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Table 5: Effect PTV robustness and accuracy on the hybridized FBOOF-PTV. Noisy
images.

Nppp = 0.06 Nppp = 0.09 Nppp = 0.12

Method NVPP RMSE AAE vap RMSE AAE NVPP RMSE AAE

FBOOF-PTV 0.039 0.070 10.0 0.053 0.075 10.7 0:061 0.082 11.6

(measured PTV)

FBOOF-PTV 0.047 0.048 6.98 0.071 0.037 5.46 0.094 0.030 4.50
(ideal PTV) +20.5% -31.8% -30.2% +33.4% -50.3% -500% +5411% -62.9% -61.2%

Table 6: Part 7pry of optical flow points using PTV informatiofi: Noisy images.

Nppp =0.06  Nppp = 0090 Npps — 0.12

Method Nvpp 7Tprv  Nvpp Tprv Nypp TeTV
FBOOF 0 0 0 0 0 0
FBOOF-PTV (measured PTV) 0.039 0.16 0.053 0.21 ’0.061 0.25
FBOOEF-PTV (ideal PTV) 0.047 0.29 0.071 0.40 0.094 0.49

when NV, is large.

Table [6] shows the rate 7pry ‘of pointsyin the optical flow grid that are using the
PTV information (i.e. the number of pixels verifying Equation over the number
of total pixels). 7pry dependsion the parameter d., which is, in fact, related to the
parameter o4. In the best case; there are only half of the points that are using the
sparse information as an optimization, However, even in the worst case tested in which
only 16% of the pixels arefusing the/PTV information, and even with no exact PTV,
the FBOOF-PTV method can propagate it and describes the flow with more fidelity
than the other tested method.

Figure [9 illustrates,a comparison of both instantaneous velocity components
determined from FBOOE-PTV using either measured PTV velocity vectors or exact
PTV vectors. It is observed that FBOOF-PTV allows for the reconstruction of the
instantaneoug’velocity~components, which are quite identical to the reference DNS
velocity field. The tesulting RMS and AAE errors are indicated in table 5| and are
comparedsto the previous FBOOF-PTV estimates using measured PTV vectors. In
this table, the percentage corresponds to the relative difference between both methods.
Using.ideal P'TV velocity vectors, the errors decrease while the density of particles
ingreases. An such an ideal case, it is observed that FBOOF-PTYV is able to converge
very close to the truth, although the a priori information is still very sparse.

4.3.28patial resolution test

The ability of FBOOF-PTV to accurately resolve even the smallest wavelength is
evaluated with test case A4 of the third international PIV challenge (Stanislas et al
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(c) v(x = 2.8450) (d) v(z = 3.6319)

Figure 9: Instantaneous velo€ity u (top) and v (bottom) components at z = 2.8450
(left) and x = 3.6319 (right) reconstructed by FBOOF-PTV and superimposed onto
the original reference DNS (red ——). Black ------ . true sparse a priori information ;
blue x: measured sparse agpriogiinformation

2008). The particle'densitynisiset to N,,, = 0.1 and the ratio of unpaired particles
is 10%. In this context, our PTV algorithm obtains 30737 vectors with a high level of
accuracy (not shown here). The vertical component of the velocity is shown in figure
and its average along the vertical direction is presented in figure The top-first and
bottom-last gen lines were not considered in the averaging calculation. The ground
truth was partly digitized by the authors from Stanislas et al. (Stanislas et al 2008) to
facilitate the analysis. FBOOF-PTV reconstructs the velocity field very precisely and
accurately estimates the local displacements even in the range of the lowest wavelengths
andevery fine spatial scales.

4.4.“Application to a pair of experimental images

Theyparameters used in the optimization process are accessible in table [7] Figure
shows the resulting velocity norm obtained by HOFCC (Figure and FBOOF-
PTV (Figure . The close similarity between the two estimates is promising for the
robustness of FBOOF-PTV in a real flow configuration, while the efficiency of HOFCC
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Figure 10: Test case A4 - modulated 1D sine signal. The verticalsomponent of the
velocity (in pixel) obtained by FBOOF-PTV.
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Figure 11: Test case A4 - modulated 1D sine signal. The mean vertical component of
the velocity (in pixel) obtaingd by FBOOF-PTV (blue continuous line) superimposed
to the ground truth (black e)idigitized from (Stanislas et al 2008).

on these flows has alveady beensdemonstrated (Liu et al. 2020). It should be noted that
this image pair is nevertheless the least suitable configuration for FBOOF-PTV due
to the poor dynamic range of the images and the low particle density (Nppp =~ 0.02,
d,, =~ 2.1): In case there is no particle in the neighborhood, FBOOF-PTV only resolves
the median problem (Equation as in the FBOOF method.

5. Conclusion

A new optical flow (OF) estimator was proposed for particle image velocimetry
applications. Most current techniques are based on the historical groundwork of
computer yision applications. However, it is undoubtedly true that particle images
from fluid flow experiments have specificities that are not compatible with the design of
an appropriate constraint of the brightness constancy equation, if it were based solely
on image features. Therefore, a lot of work has sought to propose a formulation of the
constraint independent of the image features. This study was part of this approach.
On the basis of recent work by our team, we proposed using Particle Tracking Velocity
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Figure 12: Norm velocity field and velocity vectors of the HOFCC (Liu et al. 2020)
on the left and the FBOOF-PTV (on the right) methed on an'experimental image pair
describing an air jet normally impinging a wall.

(PTV) estimates as the constraint to the brightness constzmcy equation. However, the
PTV information remaining sparse in all circumstances (there are only velocity vectors
attached to the centroids of the detected partieles), so a complementary constraint had
to be designed for these regions where no PTV estimate is available. It was built as the
median problem based on new image-independent functions. The proposed hybridized
method was proposed to be named FBOOEF-PTV.

We evaluated the performance of FBOOF-PTV in tens of test cases and revealed
its generalization relative to ¢hallenging synthetic and experimental PIV images. In
particular, we found that FBOOF-PTV is very robust to the range of common error
sources (particle density, /particlépsize, and noise) that were tested and exceeds the
performance of the gold standard OF algorithm, except for images with particles of
relatively small size'(gpsr <n0.4 pixel). In particular, FBOOF-PTV is well suited for
high seeding densities. " EBOOF-PTV works accurately for a large range of possible
displacements and their respective gradients, while being less sensitive to the out-of-
plane component than the reference method. FBOOF-PTV clearly has the potential to
resolve smallflow structures of large Reynolds number flows. We showed that FBOOF-
PTV works reliably under real flow conditions. The predicted flow fields appeared
realistic awith a detailed representation of small-scale localized features.

More reseatrch has to be done with large-scale experimental datasets to demonstrate
the abilityy.of FBOOF-PTV to access the small scales of a high Reynolds-number
turbulent flow. The sensitivity of the proposed algorithm to out-of-plane motion should
also be further studied.
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Table 7: Parameters of FBOOF-PTV for each flow. The parameters of the fizst three
flows are estimated by reducing the errors, and those of the last flow are evaluated from
PIV estimates.

Flow Uniform Lamb-Oseen vortex THI3D Modulated sinuseidal test ~ Wall Jet

o4 10 10 0.8 3 1

Oy 1 10~2 1072 1071 107t
Oy 1 1072 1072 1073 107t
or 100 100 100 500 ~ 50

6. Annex
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