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Abstract: We investigate the radiation of optical angular momentum by a dipole gas under
uniform magnetic field with an unpolarized source at its center. Conservation of angular momentum
implies a torque on both the source and the surrounding environment. We study the separate spin
and orbital contributions to the radiated angular momentum.

I. INTRODUCTION

The emission of radiation from a dipole source, such
as an atom or a quantum emitter, can be significantly
affected by its environment. An important phenomenon
in this context is the Purcell effect [1]. It refers to the
modification of the radiative properties of a source when
placed in close proximity to an environment with specific
optical properties. Notably, it has been shown theoret-
ically and experimentally that the angular momentum
emitted by a dipole source is affected by its environment
[2]. Previous work has shown that a dipole source at
the center of a Mie sphere under a magnetic field can
experience a torque that results in the emission of angu-
lar momentum into space [3]. In this work we calculate
the angular momentum emitted by an unpolarized source
placed at the center of a magneto-birefringent heteroge-
neous environment composed of small electric dipole scat-
terers. Due to the conservation of angular momentum,
not only the source experiences a torque but also the en-
vironment. We study the decomposition of the radiated
angular momentum into spin and orbital components.
Our aim is to understand the influence of multiple scat-
tering of light on both the radiated angular momentum
and the torque on the medium.

II. RADIATION OF OPTICAL ANGULAR
MOMENTUM

We consider an unpolarized dipole source in the center
of a spherical environment with radius R containing a
gas of N point-like electric dipoles (Fig.1). The electric
dipoles have polarizability [4]:
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where 7 is the radiative damping rate of the dipoles, wq
is the resonance frequency and w. = eBgy/2mcy is the
cyclotron frequency; «(0) is the static polarizability and
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FIG. 1. Schematical picture of the geometry considered in
this work. An unpolarized dipole source is located at the
origin, surrounded by two shells: the first shell is empty to
avoid scattering close to the source, while the second shell
contains an on average homogeneous dipole gas. The exter-
nal magnetic field is directed perpendicular to the plane. The
electromagnetic Poynting vector exhibits an azymuthal com-
ponent Sy which is orthogonal to both the magnetic field and
the radial vector. This component induces the emission of
angular momentum into space.

can be related to the volume u of the dipoles as «(0) =
3u [5]. In a microscopic theory for a two-level atom,
hw, represents the Zeeman splitting of the excited states
due to the interaction of the atom with the magnetic
field. The continuity equation for the angular momentum
J(r,t) confined in a sphere of radius r at time ¢ around
the source is given by [6]:
3
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The right-hand side of this equation represents the op-
tical angular momentum (AM) radiated into space. For
r > R the mechanical AM is independent on distance 7,



and dJ™eh /dt gives the torque on both source and en-
vironment. If the source has been stationary for a time
much longer than it takes light to travel a distance equal
to the radius r (t > r/cp), the total electromagnetic
AM inside the sphere of radius r stays constant, so that
dJ*d(r,t)/dt = 0. In that case, the leakage is indepen-
dent on the distance r. According to Eq. (2), matter
experiences a torque equal to the emitted AM. To de-
termine the amount of AM emitted, we can evaluate the
right-hand side of Eq. (2) at a large distance from the
environment (r — 00). The electric and magnetic fields
in Eq. (2) are determined by solving the Helmholtz equa-
tion for a classical monochromatic source with frequency
w = kcg [7]. The solutions for the electric and magnetic
fields can be expressed as,

E(r) = G¥(r) - (—Amiw/c})js

B(r) = G"(r) - (~4miw/cj)js 3)

We define the Green’s functions as G¥(R) and GP(R)
according to

GP(r)=Go(r)+ Y _ Go(r — Ra) - Top - Go(Rs) (4)
a,B

GP(r) = G(r) + Y Gy(r — Ra) Tap - Go(Rs) (5)
a.8

To distinguish between the spatial components and the
dipole indices of the tensors, we use Latin and Greek in-
dices, respectively. The dot denotes the contraction of
Latin indices associated with polarization. The Green’s
functions G° and GY% describe how the electromagnetic
waves generated by the electric dipole source propa-
gate in free space and can be obtained from [6]. For
a monochromatic electric dipole source at the origin
with a dipole moment d, the source current is jg(r) =
—iwdd(r). The transmission matrix T, g, that appears in
both Green’s functions, is a 3N x 3N matrix. It describes
how light emanating from a source and interacting with
a gas of electric dipoles propagates through the environ-
ment. The factor 3 corresponds to the 3 polarization
states of light. The T-matrix can be calculated as de-
scribed in [5]. We will first put By = 0 and treat the
external magnetic field later in perturbation. Without
external magnetic field, the T-matrix is given by:

_ to(w)
{10ap = to(w)G*(Ra — Rp)(1 — dap) }

0
{T,3) (6)
The superscript (0) indicates that this is the T-matrix
in the absence of an external magnetic field; ¢o(w) is the
T-matrix of a single electric dipole and is expressed near
its resonance frequency wg = cokg as:
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We introduced the detuning parameter ¢ [5], which is
the difference between the frequency w of the source and
the resonance frequency wgy of the surrounding dipoles
divided by the decay rate of the dipoles. The frequency
w is assumed to be near the resonance and v < wyp, so
that we set k = kg in the Green’s tensor. The T-matrix
describes a non-absorbing medium, and in our numerical
implementation we explicitly verified the optical theo-
rem. The presence of an external magnetic field in the
polarizability (1) modifies the T-matrix [8]. The change
is small and can be treated perturbatively. In first order,
the modified T-matrix is given by

0 ko - 0
Top = Tog +T) - |dy5(~i ne-Bo)| - T,5  (8)

The matrix element in polarization space (€ - Bo)ij is
defined as €ijkBOk. The dimensionless parameter p is
deduced from the expression of the polarizability (1) in
the presence of the magnetic field:
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All torques calculated in this paper will be linearly pro-
portional to x. In this diamagnetic picture, p ~ 5 x 1077
is small (calculated e.g. for hydrogen atom and the
transition 1.5 — 2P).

The mechanical torque in Eq. (2) can be split into two
parts: the torque on the source Mg and the torque on
the environment. The torque on the source is given by

3],
2T, 2 212 E
MS,i = —?k |d‘ Re eijkaj(OaO) (10)

By conservation of AM, the torque on the environment
equals the difference between the torque on the source
and the AM leakage Mg = M, — Mg

III. COMPUTATION OF THE RADIATED
OPTICAL ANGULAR MOMENTUM

The right hand side of Eq. (2) represents the radiation
of optical AM as mentioned, which includes a front fac-
tor proportional to 3. This factor means that the AM
emitted at infinity can be found by keeping only those
terms in EjE) and B;B; that are proportional to 1/r3
and that the leading terms 1/r? vanish. We assume an
unpolarised source, facilitated by a random direction of
the dipole direction d of the source. The tensor E_’jEm



for an unpolarized source is expressed as:
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A similar expression for average tensor B; B, is obtained
by the same procedure. The first term of Eq. (11) cor-
responds to the unscattered radiation of the source and
does not contribute to the radiated AM. The second and
third terms include the interference of the unscattered
electric field emitted by the source and the electric field
scattered by the dipole gas. The last term accounts for
the interference among all multiple scattering paths in-
side the dipole gas. When considering the radiated op-
tical AM at infinity, the angular integral in Eq. (2) sim-
plifies and can be performed analytically. The general
form of the expression for the radiated AM linear in the
magnetic field is given by

My, = Xp(Ry, ..., RN) + Ap(Ry, ..., Ry) - Bom (12)

The vector X vanishes when only one dipole is consid-
ered, but not for an arbitrary rotationally variant envi-
ronment. The second term in Eq. (12) represents the
torque linear in the magnetic field. We restore rotational
invariance by averaging over the orientation of the dipole
gas distribution. This means that we rotate all posi-
tion vectors of the scatterers by the same angle and then
calculate the average over all possible rotations. The
average of (M, - By), over the dipole gas distribution
orientation is physically equivalent to average over the
direction of the magnetic field By,

(MY, - Bo)o = (M, - Bo) 5, (13)

Averaging over the orientation of the dipole gas restores
rotational symmetry Consequently, only the direction of
the external magnetic field remains for the radiated AM,
this can be expressed as

<ML>0 = FGL(Rl,...,RN)BO (14)

The scalar k1, is easily related to the second-rank tensor
A using Egs. (13) and (12):

Ky, = éTrA (15)

The same averaging of Eq. (10) leads to:

(Ms), = rsBy (16)

The calculation of kj for one single dipole, whose
position is averaged over the same shell, has been
done analytically. We used the analytical expression to
calculate k, in the single scattering approximation (see
Section V).

Note that ki, and kg can still fluctuate from one re-
alization of dipole positions {R,} to another. The full
distributions will be obtained later.

IV. ORBITAL AND SPIN ANGULAR
MOMENTUM

In this section we separate the optical radiated AM
into optical spin and orbital AM, and associate the total
torque with the magneto-transverse component Sy of the
Poynting vector in the far field. To establish the second
we assume that the radiative AM propagates with the
speed ¢y from the source so that,

dJrd g [eot . S(r)
7 :dt[/o d?"rz/drrx C%]:ML (17)

where S(r) is the Poynting vector. This equation shows
that 4773 (P x Sy)5/co for large 7 is equal to My,. Hence,
after averaging over the orientation of the dipole gas dis-
tribution, we get the simple expression,

RLCo A

/dw X (Sy)o(r) = 0By (18)

r3

We can separate the radiated AM into spin and orbital
AM using [9],

2
M = _le/df E X E+ E,(r x V)E,,
8wk
_ MEpin + Mfrbit (]_9)

The angular integral in Eq. (19) must be evaluated on an
arbitrary surface outside the environment. We evaluate
it at infinity (r — o0), which allows us to perform
the angular integral analytically. When evaluating the
surface integral at infinity, only terms in the integrand
that are proportional to 1/72 need to be considered.

In conclusion, the scalar k1, associated with total leak-
age of AM, can be separated either into its spin and or-
bital components, or into torques exerted on environment

and source,

KL = KSp + KO = Ks + KE (20)

V. NUMERICAL RESULTS

In the numerical simulations, we calculate the dimen-
sionless ratios kw/Psp. Here Ps is the power emitted by



the dipole source, which is also affected by the surround-
ing environment (Purcell effect [1]); x refers to either sy,
Ksp, etc. This ratio normalizes the torque to the amount
of radiated energy and quantifies the amount of emitted
AM in units of /& per emitted photon. The power emitted
by the source is given by [3]:

2
Ps = —§k3c0|d|21mc:5(o, 0) (21)

The different ratios kw/Psu are computed as a function
of two parameters 1 and 7y defined as,

47n

n=—5 To E = Lno,, (22)
Ky

=7
The parameter n is the number of dipoles per cu-
bic of wavelength, and 7y is (assuming independent
scattering) the optical thickness, which is the ratio of
the radius R of the sphere and the mean free path
lo = (nog.)~1; n is the scatterer density and o, is the
scattering cross section for one dipole. For n < 1, the
contribution of recurrent scattering and interference to
multiple scattering is expected to be negligible, but as
n approaches unity, recurrent scattering can no longer
be neglected. The neglect of recurrent scattering and
interference is referred to as the Independent Scattering
Approximation (ISA)[10], so that ¢y is the mean free
path in the independent scattering approximation. For
7 ~ 1, the mean free path is usually larger than ¢y [5].
We will ignore this change of the mean free path in the
optical thickness 7y and use ¢y to calculate the optical
thickness.

In our numerical simulations, we have excluded a
small spherical region with a radius of A\/4 around the
dipole source to avoid divergences due to the singular
behavior of the Green’s function at small r (see Fig.1).
We accounted for this small exclusion volume to obtain
the value of 79 and 7. However, we did not impose any
constraints on the distance between the dipoles that
would induce spatial correlations. We did not encounter
any problems due to close dipoles in the simulations. To
ensure the reliability of our results, we carefully ensured
that the medium was on average homogeneous. We
performed the full statistics of the value of the various
kappa’s over at least 10% independent realizations for
each data point, to be discussed later in Fig.6.

We now present the numerical results. Figure 2 shows
that for 7 = 0.03 the radiated AM is proportional to 72
and is directed opposite to the external magnetic field.
This behavior is also expected to hold for smaller val-
ues of n that are more difficult to access numerically.
For larger 7, however, the 7& scaling disappears as 7y in-
creases, and the radiated AM decreases as 7 increases at
constant optical thickness. This figure illustrates the in-
fluence of recurrent scattering and interference on the ra-
diated AM. More optical thickness increases the amount
of radiated optical AM per photon, but larger values for

—#- n=01
-2.51 % n=03

FIG. 2. Numerical results for the total leakage krw/Psu per
emitted photon for different values of the parameters n and 7.
The bars indicate the standard deviation of the full statistic
of k1, values, and are not error bars. The dashed line denotes
the level zero.
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FIG. 3. Results of numerical simulations for the spin leakage
kspw/Psp per emitted photon as a function of the optical
thickness for various values of the parameter 7.

7 reduce the amount of radiated AM. The small leak of
AM for large n may imply that interference phenomena
suppress the propagation of AM inside the sphere. The
result obtained for = 0.3 and 7y ~ 1.25 is quite remark-
able, since the leak of AM actually vanishes, although the
torque on the source still has a significant value (Fig.4).
This indicates that a direct transfer of AM exists from
the source to the environment. For these parameters,
the radiated spin and orbital AM are exaclty opposite
ksp + ko = 0, with no net leak.

In Fig.3 we show the numerical results for the spin
component of the radiated AM. Surprisingly, we can see
that the spin component represents only a small part of
the total radiated AM, showing that the radiated AM is
dominated by orbital AM. Only for n = 0.3, the spin part



of total AM becomes significant.

6=0.1
0.25
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FIG. 4. Numerical results showing the torque on the source
per emitted photon as a function of the parameters n and 7.

In Fig.4 we have plotted the torque acting on the
source, given by the formula (10). It is strictly positive
in the applied parameter range. Upon comparing Figs 4
and 2, it can be seen that for small values of 7, the torque
exerted on the source is relatively insignificant compared
to the torque exerted on the environment. This implies
that it is primarily the environment that acquires AM.
However, as n increases, this is no longer the case. For
n = 0.3, the torque on the source becomes comparable
to the torque on the environment, though with oppo-
site sign, indicating that they acquire opposite AM. It is
worth noting that the curve for n = 0.3 exhibits oscil-
lations. The cause of these oscillations is not yet fully
understood, and it is possible that they are the result of
an imperfect average over the dipole gas distribution.

The aim of Fig.5 is to compare the roles of multiple
and single scattering. We compare the radiated AM cal-
culated with multiple scattering (MS) and the radiated
angular momentum calculated from N single dipoles for-
mula:

KPS = kL(Ra) (23)

where k,(R,) is the radiated angular momentum for a
single dipole. The single dipole formula obviously ne-
glects any kind of multiple scattering. As expected for
7o > 1, the multiple scattering result deviates signifi-
cantly from the single dipole formula.

The full statistics of the different s are shown in Fig.6
for n = 0.03, 790 = 2.074 and § = 0.1. The standard devi-
ations shown earlier in Fig.2 correspond to the widths of
the probability distribution function for xj, for the differ-
ent values of 7 and 7y and are given by the usual formula:

olmo,m) = | 5 Do (i — ()2 (24
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FIG. 5. Effect of multiple scattering on the radiated optical
AM. The multiple scattering curves are labelled 'MS’ and the
single scattering approximation curves are labelled 'SS’.

where N is the number of realizations, k; is the value
of k for the realization ¢ and (k) is the mean value
of k over the N realizations. It can be seen from
Fig.2 that as either n or 7 increase, the width of the
distributions of the radiated AM increases. Thus, both
the increase in recurrent scattering and the increase in
multiple scattering tend to broaden the distributions.
The distributions for the spin and orbital AM are seen
to be quite different, again revealing the dominant role
of orbital radiated AM. Contrary to ko, the average of
Ksp is small because it takes both positive and negative
values.

In Figure 7, we show the effect of taking small op-
posite detunings on the radiated AM for n = 0.03 and
1 = 0.1. For small values of 79, the radiated angular mo-
mentum has opposite signs for opposite detunings. This
is expected from the single dipole formula, proportional
to Imt3. As 7o approaches unity and beyond, this is no
longer the case, and the curves for opposite detunings
show similar behavior, with only a slight shift with re-
spect to each other.

In Fig.8 we have made an attempt to find a single-
parameter scaling of the AM leak. To this end we multi-
plied all curves by 7/0.03. There is a good agreement for
the curves n = 0.06 and n = 0.1 but the curve n = 0.3
clearly deviates. This figure shows that for values of 7
up to 0.1, the total radiated angular momentum is pro-
portional to the mean free path £y for 7y constant. When
1 ~ 1, the mean free path is no more given by the ISA
formula (22) and the true value of the optical thickness
7 is smaller than 7.
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FIG. 6. Left: the distribution of the normalized total leakage xrw/Psp and the normalized torque on the source ksw/Psu for
n = 0.03, optical thickness 79 = 2.074 and detuning 6 = 0.1. The right figure depicts the distribution of the normalized spin
leakage kspw/Psp and the normalized kow/Psp for the same values of 7, 7o and 4.
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FIG. 7. Impact of opposite detunings on the total AM leakage
for the curves n = 0.03 and n = 0.1. The bars indicate the
standard deviation of the distribution of krw/Psu values.

VI. CONCLUSION AND OUTLOOKS

In this paper we have investigated the transfer of
angular momentum radiated by an electric dipole
source into a magneto-birefringent environment. Two
parameters have been considered for this study: 7
the density of scatterers per cubic of wavelength and
7o the optical thickness in the independent scattering
approximation (ISA). We have shown that for n < 1 the
total radiated AM is proportional to 7¢ and opposite
to the direction of the magnetic field. However, it is
observed that as 7 approaches unity, the 72 behavior

KL w/Psu % (n/0.03)

FIG. 8. Single parameter scaling of the normalized angular
momentum leak for n = 0.03, n = 0.06, n = 0.1 and n =
0.3 obtained by multiplying them by 7/0.03. For n = 0.3,
the scaling starts to break down. This figure shows that for
values of n up to 0.1, the total radiated angular momentum
is proportional to the mean free path £y times f(7o) ~ 7¢ for
T0 S 2.

disappears as 7y increases. For constant 7y, the radiated
AM is proportional to the mean free path ¢y as long as
the density is small enough (n < 0.1).

The torque on the medium was separated into the
torque on the source and the torque on the environ-
ment. Previous work [5] showed that the torque on a
homogeneous environment vanishes. For small values



of 7, the torque on the source is negligible and the
torque environment dominates. As 7 increases, the
torque on the source increases while the total radi-
ated AM decreases. We conclude that there is more
and more transfer of AM from the source directly
to the environment. For 79 ~ 1.25 and = 0.3 we
see a special case with no radiated AM at all, thus
the torque on the source is fully compensated by the
torque on the environment. Finally, the impact of small
opposite detunings ¢ on the total radiated AM is studied.

We have also separated the total radiated angular
momentum into spin and orbital components. Surpris-
ingly, the radiated angular momentum turns out to be
dominated in most cases by orbital AM.

This work can be extended to consider a magnetic
dipole field rather than a uniform magnetic field, with-
out much qualitative difference. This could be relevant
for astrophysical phenomena such as AM transport in
stars.
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