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Abstract

The paper analyzes the discontinuous Galerkin approximation of Maxwell’s equations writ-
ten in first-order form and with non-homogeneous magnetic permeability and electric permit-
tivity. Although the Sobolev smoothness index of the solution may be smaller than %, it is
shown that the approximation is spectrally correct. The convergence proof is based on a du-
ality argument. One essential idea is that the smoothness index of the dual solution is always
larger than % irrespective of the regularity of the material properties. Discrete involutions also
play a key role in the analysis.

Keywords. Curl-curl problem, duality argument, involution, spectral approximation, finite ele-
ments, Maxwell’s equations

MSC. 65M60, 66M12, 65N30, 35L02, 35L05, 35Q61

1 Introduction

Our objective is to approximate the Maxwell eigenvalue problem written in first-order form and
posed on a bounded domain D C R? (open, connected, Lipschitz subset of R?). The approximation
is done with the discontinuous Galerkin (dG) method. For simplicity, we assume that D is a
Lipschitz polyhedron, so that it can be covered exactly by a sequence of affine simplicial meshes.
We address the case of a material with discontinuous properties. More precisely, we assume that
the magnetic permeability, 1, and the electric permittivity, €, are piecewise smooth on a polyhedral
partition of D. We also assume that the meshes are conforming with the above partition. We do
not make any specific assumption on the topology of D, i.e., D may be multiply connected and its
boundary, 0D, may have more than one connected component.

This work is the second part of a research program started in [24] where it is shown that
the dG approximation of the Maxwell eigenvalue problem written in first-order form and with
constant properties is spectrally correct. The two key ingredients of the proof therein are that
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the dG approximation is shown to preserve weak forms of the involutions associated with Gauss’s
laws of electricity and magnetism, and that the solution to the boundary-value problem has a
Sobolev smoothness index larger than % when the right-hand side is square integrable. But the
analysis done in [24] does not hold when the magnetic permeability and the electric permittivity
are discontinuous as the Sobolev smoothness index of the solution of the boundary-value problem
is lower than % in this case. It is the objective of the paper to address this difficulty.

The case of discontinuous properties for Maxwell’s equations written in second-order form has
been investigated in Buffa and Perugia [9], and the dG approximation has been shown therein to
be spectrally correct. The method has been numerically tested in Buffa et al. [10]. A stabilized
continuous finite element method has been studied in Bonito et al. [7] and has been shown to
be spectrally correct when the Sobolev smoothness index is smaller than % Conforming methods
using edge elements have been investigated in Ciarlet [17] and in [22] for solving the boundary-value
problem with low regularity. Very few papers have addressed the dG approximation of Maxwell’s
equations in first-order form. Numerical experiments performed in Hesthaven and Warburton [26,
§5] and [27, p. 513-514] have revealed that the dG approximation performs well in the time domain
and the approximation of the eigenvalue problem seems to be spurious free when the magnetic
permeability and the electric permittivity are discontinuous. Similar observations are made in
Alvarez et al. [1, §V] and Cohen and Duruflé [18, §5]. We provide here a mathematical proof of
these observations.

In the paper, we extend the results from [24] and prove that the dG approximation of Maxwell’s
equations is spectrally correct for every positive Sobolev regularity index. The analysis significantly
differs from that done in [24] as the analysis therein strongly exploits the existence of a Sobolev
smoothness index for the solution that is larger than % Here again, the involution properties
identified in [24] play an important role, but convergence is proved by a duality argument instead
of invoking a generic inf-sup condition. The first key idea is that, irrespective of the smoothness of
the magnetic permeability and the electric permittivity, the solution to the dual problem always
lives in a Sobolev space with a smoothness regularity index larger than % Indeed, the smoothness
index of the dual solution is only controlled by the smoothness of the domain D and is therefore
larger than % in a Lipschitz polyhedron (see Lemma 4.3). The second key idea is that although
the discrete solution does not preserve the continuous involutions, the defect is small enough to be
controlled by the available regularity, no mater how small (see Lemma 4.10).

The paper is organized as follows. We introduce the problem and recall useful theoretical results
in §2. The discrete setting is described in §3. The important preliminary results established in this
section are the commutator estimates in Lemma 3.3 and the discrete Poincaré—Steklov inequalities
in Lemma 3.4. The error analysis is performed in §4. An priori estimate on the discrete solution is
proved in Lemma 4.1 as a consequence of a key deflated inf-sup condition established in Lemma 4.2.
In this condition, the discrete trial space is a proper subspace of the discrete test space, and this
allows us to control a stronger norm on the discrete trial space. The duality argument is introduced
in §4.3 and the main convergence result of the paper is stated in Theorem 4.9. Some standard
results on Helmholtz decompositions are collected in Appendix A. We point out that the above
analysis can be extended to establish the spectral correctness of the dG approximation of the

grad-div problem written in first-order form; details are omitted for brevity.

2 Continuous setting

In this section, we present the functional setting to formulate the exact eigenvalue problem and
the associated boundary-value problem.
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2.1 Domain and model parameters

We consider a material with magnetic permeability, 1, and electric permittivity, €, occupying the
domain D C R? d = 3, which is assumed to be an open, bounded, connected polyhedron with
Lipschitz boundary. The boundary of D is denoted 0D and its unit outward normal np. The
domain D can have a general topology; in particular, D can be multiply connected and 0D can
have several connected components. The material properties p and e can be heterogeneous, and in
particular, they can take discontinuous values. To fix the ideas, we assume that there is a partition
of D into a finite number of disjoint Lipschitz polyhedra such that p and e are piecewise smooth
on this partition.

The magnetic permeability and electric permittivity of vacuum are denoted g, €g, respectively.
To simplify the presentation, we assume throughout the paper that the ratios p 'y and € e are of
order unity, so that these ratios can be hidden in the generic constants used in the error analysis.
To be dimensionally consistent, we introduce a length scale, {p, associated with D; it can be for
instance the diameter of D. Recalling that ¢ := (uoeo)‘% is the speed of light, we introduce the
quantity w := céBl which scales as the reciprocal of a time scale.

2.2 Functional spaces

We use standard notation for Lebesgue and Sobolev spaces. We use boldface fonts for R%-valued
fields and functional spaces composed of such fields. The space L?(D) is composed of Lebesgue
integrable fields that are square integrable, and its canonical inner product is denoted (-,-)2(p)-
We define the Hilbert space

H(curl; D) := {h € L*(D) | Vxh € L*(D)}, (1)
equipped with the natural graph norm Hh||§{(cml_D) = ||hH%2(D) + €%||V><h||iQ(D). We also con-
sider the closed subspace

Hy(curl; D) i= {h € Hcurl; D) | 15p(h) = 0}, (2)

where 7§, : H(curl; D) — H_%(GD) is the extension by density of the tangent trace operator

such that 75, (k) = hlopxnp for every smooth field h € H"(D), r > 3, with np the unit

outward normal to D. We consider the operators Vx : H(curl; D) > e — Vxe € L?(D) and
Vox : Hyo(curl; D) > h — Vxh € L?(D). These operators are adjoint to each other since we
have

(V()Xh,e)Lz(D) = (h,VXG)Lz(D), V(h,e) S H()(Cul‘l; D)XH(CUI‘I;D). (3)

We are going to make use of the following closed subspaces:

H(curl = 0; D) := {e € H(curl; D) | Vxe = 0}, (4a)
Hy(curl = 0; D) := {h € Hy(curl; D) | Voxh = 0}, (4b)

together with the corresponding L2-orthogonal projections

I1° : L*(D) — H(curl = 0; D), (5a)
IT§ : L*(D) — Hy(curl = 0; D). (5b)
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This leads to the following closed subspaces:

X¢ := Hy(curl; D) N Hy(curl = 0; D)™*, (6a)
X¢:= H(curl; D) N H(curl = 0; D)*, (6b)
o = 1h € Ho(curl; D) | ph € Ho(curl = 0; D)}, (6¢)
X¢:={e € H(curl; D) | ee € H(curl = 0; D)*}, (6d)

where the symbol + denotes the orthogonality in L?(D). Using the above L2-orthogonal projec-
tions, we can write

X; = {n € Hy(curl; D) | II§(n) = 0}, (7a)
X¢:={e € H(curl; D) | II°(e) = 0}, (7b)
X, 0= 1{h € Ho(curl; D) | II5(uh) = 0}, (7c)
X¢:={e € H(curl; D) | II°(ee) = 0}. (7d)
Lemma 2.1 (Isomorphisms). The following operators are isomorphisms:
Vx : X¢— Hy(curl = 0; D),  Vox : X — H(curl = 0; D)™, (8a)
Vx : X¢ = Ho(eurl =0;D)",  Vox : X5, — H(curl = 0;D)". (8b)
Proof. See Appendix. O

Remark 2.2 (Topology of D). Let H(div; D) := {v € L?>(D) | V-v € L*(D)} and Hy(div; D) :=
{v € H(div; D) | v (v) = 0}, where 3, : H(div; D) — H™2(dD) is the extension by density of
the normal trace operator such that v, (v) = v|gp-np for every smooth field v € H"(D), r > .
Consider the subspaces

H(div=0;D) :={v € H(div; D) | V-v = 0},
Hy(div =0; D) := {v € Hy(div; D) | Vp-v = 0}.

Then, the identities (61) show that Ho(curl = 0;D)" = H(div = 0; D) if D is connected, and
H (curl = 0; D)* = Hy(div = 0; D) if D is simply connected.

2.3 Preliminary results

The Vx and Vyx operators can be extended by density to Vx : L?*(D) — (X§) and Vpx :
L%(D) — (X¢)'. The following result is a straightforward consequence of Lemma 2.1.

Corollary 2.3 (Weak Poincaré-Steklov (in)equalities). The following holds:
lellzz(py = €ollV xell(xsy, Ve € H(curl = 0; D)", (9a)
IhllL2(py = €pl|Voxhl(xey,  Vh € Hy(curl = 0;D)", (9b)

. \(&,Voxn)ﬁw)l |(h7VX€)L2(D)|
with ||VX€||(X6)/ .zsupnexg m, ||VOXh||(Xc)/ ‘=8SUPge xe m

The following result is a consequence of the elliptic regularity theory and is proved in Bonito
et al. [6], Jochmann [29]. It generalizes a result due to Costabel [19, Thm. 2] (see also Birman and
Solomyak [4, Thm. 3.1]) for either constant or smooth properties, and in this case the smoothness
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index is s = % in a Lipschitz domain. One has s € (%, 1] if D is a Lipschitz polyhedron (see

Amrouche et al. [2, Prop. 3.7]) and s = 1 if D is convex (see [2, Thm. 2.17]). The reader is also
referred to Ciarlet [16, Thm. 16] for particular situations with heterogeneous properties for which
smoothness is established with s > % In what follows, the symbol Cp denotes a generic positive
constant whose value can change at each occurrence as long as it only depends on D and, whenever
relevant, the material properties.

Lemma 2.4 (Regularity shift). The following holds:
(i) Constant properties: There is s’ € (1,1] such that, for all (n,e) € X§xX°¢,

Mg (py < Cp L5 " 1IN0 X1l L2 (D), €l (py < Cp €5 ° IV €l L2(D)- (10)
(ii) Heterogeneous properties: There is s € (0, 3] such that, for all (h,e) € X ox X,
|h‘HS(D) < CD€1D_S||V0><]'LHL2(D), |e|H5(D) SCD€1D_8||VX6HL2(D). (11)

2.4 Boundary-value and eigenvalue problems

We define the space L¢ := L?(D)x L?(D) which we equip with the norm

1 1 i
I(Fs e == {Inz Flizo) + le2glizpy} s V(F.9) € L° (12)

We define the operator T : L¢ — L€ such that, for all (f,g) € L¢, the pair (H,E) :=T(f,g) €
Hy(curl; D)x H(curl; D) solves the following boundary-value problem:

WIS () — VB = w(T — TI5) (uf) = £, (130)
WII®(eE) + VoxH = w(I — II%)(eg) =: g'. (13b)

We notice that II§(f') = II°(g’) = 0. Moreover, (3) readily shows that
II5(VXE) =1I°(VoxH) = 0, V(H,E) € Hy(curl; D)x H(curl; D). (14)

Hence, the problem (13) can be equivalently rewritten as follows: Find (H, E) € Hy(curl; D)x H(curl; D)
so that

~VxE=f, TI(E)=0, (15a)
V()XH = g/, HB(,U,H) =0. (15b)

The following result confirms that the definition of the operator 1" makes sense.

Lemma 2.5 (Well-posedness and stability). (i) The boundary-value problem (13) has a unique
solution and its solution sits in X, o x X¢. (ii) The solution (H, E) satisfies the a priori estimate

1 1
(p(ud IVox H || p2(py + €¢ [IVXE||L2(p)) < I(£,9)]

Le, (163‘)
and there is s € (0, 1] such that
|H |+ (py < Cp £} *|VoxHl2(py, | E|me(p) < Cp Ly [ VXE| 2(p).- (16b)

(iii) The operator T : L¢ — L is compact.
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Proof. (i) The existence and uniqueness of a solution to (15) is a direct consequence of (8b). This
proves the first assertion because the problems (13) and (15) are equivalent.

(ii) As [[VXE|z2py < wung%fH,-Jz(D) and ||[VoxH||p2(py < w€g||€%g||L2(D), the estimate

11
(16a) is obtained by observing that wpudei = ¢5'. Moreover, the estimates (16b) come from (11).

(iii) This is a direct consequence of Lemma 2.4(ii) and the Rellich-Kondrachov embedding
theorem. O

We say that A € C and (H, E) € L° form an eigenpair of T if T(H,E) = A\(H, E) (notice
that the eigenvalue A is nondimensional). Whenever A # 0, we obtain (H, E) € X (x X¢ and

_VxE = ;,LH, Vox H — %E. (17)

The goal of the paper is to construct a discontinuous Galerkin approximation of 7" that is spec-
trally correct. This is done by proving that the discontinuous Galerkin approximation is strongly
convergent in the operator norm induced by the norm (12).

Remark 2.6 (Involutions). We refer to the orthogonality properties II°(e E) = 0 and II$(unH) = 0
as involutions since these properties are involutive for the time-dependent Maxwell equations. These
conditions imply Gauss’s laws, i.e., V-(eE) = 0 (in the absence of free charges) and V-(uH) = 0,
but they are not equivalent to Gauss’s laws when the topology of D is nontrivial (see Remark 2.2).
We emphasize that the above involutions are essential to prove Lemma 2.1 (see, e.g., Hiptmair [28,
Cor. 4.4] for a related statement formulated as a Poincaré-Steklov inequality).

3 Discrete setting

In this section, we introduce the discrete setting.

3.1 Mesh, polynomial spaces, and orthogonal projections

Let (7n)nen be a shape-regular family of affine simplicial meshes such that each mesh covers D
exactly and is compatible with the partition of D associated with the discontinuities of the material
properties. For simplicity, we assume in the paper that the meshes are quasi-uniform. A generic
mesh cell is denoted K, its diameter hx and its outward unit normal nx. We define h as the
piecewise constant function on 7Tj, such that h|x = hx for all K € Ty; we set h := HBHLOO(D). The
set of mesh faces, Fy, is split into the subset of mesh interfaces, say F;, and the subset of mesh
boundary faces, say ]-'}?. Each interface is shared by two distinct mesh cells which we denote K,
K. Each boundary face is shared by one mesh cell, K;, and the boundary, dD. For every mesh
face F' € Fp, hr denotes the diameter of F'. Every mesh interface ' € F} is oriented by the unit
normal, np, pointing from K; to K,. Every boundary face F € .7-'}? is oriented by the unit normal
N =np.

In what follows, for positive real numbers A, B, we abbreviate as A < B the inequality A < CB
where C'is a generic constant whose value can change at each occurrence as long as it is independent
of h € H, the parameters py, eo, {p and any fields involved in the inequality. For simplicity, C' can

depend on the ratios essinf £, esssup £, essinf i and esssup =

Let k£ > 0 be the polynomlal degree. Let Py.a be the space composed of d-variate polynomials
of total degree at most k and set Py 4 := [Pk,d] Consider the vector-valued broken polynomial
spaces

Py (Ty) := {wp € L™(D) | wyx € Pra, VK € Tp}. (18)
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We shall also consider the H (curl; D)-conforming finite element space, PZ(7y), composed of piece-
wise Nédélec polynomials of order k& > 0, and its subspace, P, (75), composed of discrete fields in
Pg(Ty,) whose tangential trace vanishes on 9D. We set

Pi(curl = 0;7,) :={e}, € P(Th) | Vxey, = 0}, (19a)
P{,(curl = 0;7;,) := {hy, € Py (Tr) | Voxhy, = 0}. (19Db)

Notice that Pg(7y) is not a subspace of PP(Ty) (actually Pg(T) € PP, (Th)), but we are going
to make use of the following well-known result (see, e.g., [23, Chap. 15&18]).

Lemma 3.1 (Curl-free subspaces). The following identities hold:

P (T,) N H(curl = 0; D) = P¢(curl = 0;73,), (20a)
P (T3) N Hy(curl = 0; D) = P,(curl = 0; 7). (20b)

We define the L2?-orthogonal projection onto the broken polynomial space P,? (Tw),
I} : L*(D) — P2(Th), (21)

and the L?-orthogonal projections onto the curl-free subspaces defined in (19),

IS : L*(D) — P¢(curl = 0;73), (22a)
I, : L*(D) — Pfy(curl = 0;7y,). (22b)

The above discrete projection operators play a key role to establish that the involutions satisfied by
the dG approximation are strong enough to guarantee the strong convergence of the approximation
in the operator norm induced by that of L°.

Lemma 3.2 (Discrete projections). We have
ho © Iy = I, j o II° =TI, (23)
The above lemma, whose proof is omitted for brevity, allows us to assert that if II°(e) = 0,

then IIf, (e) = 0; similarly, if II§(h) = 0, then IIf,(h) = 0.

3.2 Jumps, averages, and discrete curl operators

For all K € Ty, all F € F, with F C 0K, and all wy, € PP(T},), we define the local trace operators
such that V5 p(wp)(®) := wi|k (2), Vi p(wn)(x) := wi|k(x)xnp for ae. x € F. Then, for all
F € Fp and x € {g, c}, we define the jump and average operators such that

(7}((1,F(wh) + ’7}((T,F(Iwh))- (24a)

N |

[wi]s =5, p(wn) = Vi, r(wn),  {wn}F =

To allow for more compact expressions, we also set [wy]5 := {wn }5 := v, p(wp) for all F € F7.
Notice that [h]% = 0 for all hy, € PS,(Tr) and all F' € Fj,, whereas [e},]} = 0 for all e, € P(Ty)
and all F € F;. We define the jump sesquilinear forms such that for all Hy,, hy, Ey, e, € PP (Th),

sy (Hp, hp) = Z ([HL] %, [Pa]F)L2(r), 577 (En, en) = Z ([E]%; len]F) L2 (r)-
FeF, Fery
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These sesquilinear forms induce the following seminorms which we henceforth call jump seminorms:

halS = 85 (Rn, ha) %, e

0= 59°(en, en)?. (25)
The discrete curl operators
Cho: PY(Th) = PY(Th),  Cu: PY(Th) = PL(Th) (26)

are defined as follows: For all (hy,en) € PP (Th)xPE(Tr), Cho(hy) and Cj(ep) are the unique
members of PP(7},) such that the following identities hold true for all e}, h}, € PP(Ty):

(Cho(hn), €})z2(p) = (Vixhn,e)p2 oy + Y ([Ra]§. {eh }5)L2r), (27a)
FeFy,

(Ch(en), b)) L2y = (Vaxen, hy) 2oy + Y ([enlf, {RL 15 o), (27b)
FeFp

where Vj,x denotes the broken curl operator (evaluated cellwise). The following integration by
parts formula holds (compare with (3)):

(Cho(hh),eh)LZ(D) = (hhach(eh))LQ(D)y V(h;“eh) S P]?(E)XP]?('Th) (283.)
Since PP(7y,) is not a subset of H (curl; D), it is useful to define the spaces
V" := Hy(curl; D) + Ph(Th), V" := H(curl; D) + P2(Th). (29)

If the pair (H, E) € Hy(curl; D)x H (curl; D) solves the continuous problem (13) and if the pair
(Hp, Ey) € PP(Ty) < PP(Ty) solves the discrete problem resulting from the dG approximation (to
be defined more precisely in Section 4), the errors satisfy

H—HhEWH, E—EhEWE. (30)

It is then convenient to extend the jump sesquilinear forms and the discrete curl operators defined
above to the spaces VﬁH and VﬁE To this purpose, we notice that although the sums in (29)

are not direct, every field hy, in Hoy(curl; D) N PP(Ty,) satisfies [hy]% = 0 for all F € Fj, and
Cho(hp) = Voxhy, because Vox(Ho(curl;D) N Pf(ﬁ))) C PP(Ty,). Similarly, every field e, in
H (curl; D) N PP(Ty,) satisfies [en]S = 0 for all F € Fp, and Ch(es) = Vxey. It is therefore
legitimate to set, for all b = h + hy, € V," with h € Hy(curl; D) and h;, € PP(T;), and for all
e=¢é+ep €V with € € H(curl; D) and e, € Ph(Th),

Cho(h) = V()Xil + ChO(hh)a [[h]]%‘ = [[hh]]%‘, VF € Fy, (313.)
Chr(e) :=Vxeé+ Ch(epn), le]lw == len], YE € Fp. (31b)
For simplicity, we use the same symbols for the extended operators; in particular, we now have

Cho: V" — L%(D) and Cy, : V — L?(D). The following commutators are useful to estimate the
defects introduced by the above extensions:

5h(hha 6) = (hh, VXE)LZ(D) — (Cho(hh), e)LZ(D), (32&)
dp(en, h) := (en, Voxh)r2(py — (Crlen), h)L2(py, (32b)
for all hy, e, € PP(Th), all e € H(curl; D), and all h € Hy(curl; D). The following result gives a

control on the defects whenever the continuous fields are smooth enough, for instance, when they
are in X§xX°.
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Lemma 3.3 (Bound on commutators). The following inequalities hold for all (hp,, ey) € PP (Th)x PP (Th)
and all (n,e) € X§xX°,

1

’ 1
160 (R )] S (h/€p)* ~ 205 RS |V xell L2 (py. (33a)
< (h/ep)* 203 enl5° Vo xn L2(pys (33b)

|05, (en, m)|
where s' € (3,1] is the regularity pickup introduced in (10).

Proof. We only prove (33a) since the proof of the other estimate is similar. Let hj, € PP(T},) and
€ € X°. Using the definition of the commutator (32a) and integrating by parts, we obtain

5h(hh,E) = (hh,VXE)Lz(D) — (Cho(hh),E)Lz(D)

= (Vixhn, e)r2 oy + Y ([hal§. £e}5) 2(r) — (Cro(hn), €)L2(p).-
FeFy,

Notice that the summation over the mesh faces is meaningful since the regularity estimate (10) im-
plies that e € H* (D) with s’ > 1. Moreover, we have (Cpo(hy),€)r2(py = (Cho(hn), I} (€)) L2(p)-
Thus, using the definition (27a) of the operator Cpg, we infer that

On(hn,€) = (Vpxhp,€)r2(py + Z ([ha]%. £e¥5) L2cry — (Cro(hn), TI}(€)) L2 ()

Fer,

= (Vaxhn,e =TR(e) 2y + Y ([Pl fe — T () }5) L2 ()
Fer,

= ([hal%, fe — (&) B L)

FeFn

Hence, |0y, (hp, )| < hsl’%|hh|§|€|H5/(D). The assertion follows by invoking the regularity esti-

mate (10). O

3.3 Quasi-interpolation operators

In the paper, we invoke two types of quasi-interpolation operators. The first type of operators, con-
sidered in the proof of Lemma 3.4 and Lemma 4.10, are the averaging operators Z, 5" : P,? (Th) —
Pgy(Tw) and Z;™ : PP(Ty) — PE(Tn) analyzed in [21, §6]. The key approximation property of
these operators is that, for all vy, € PP(Ty),

c,av 1 c,av 1 c,0
lon = Ty (wn)ll2py S h2[wnls,  llon = 2, (wn) L2y S 02 [only” (34)

The second type of operators, invoked in the proof of Lemma 3.4, Lemma 4.2, and Lemma 4.10, are
the commuting approximation operators J<, : L*(D) — P¢y(Tr) Jf¢ : L*(D) — P¢(Ty) devised
in [23, §23.3] following the seminal ideas in Arnold et al. [3], Christiansen [14], Christiansen and
Winther [15], Schoberl [31]. The required properties of these operators are the following: (i) they
are projections; (ii) they map curl-free fields to curl-free fields; (iii) they are stable in L? and
enjoy optimal approximation properties in the L?-norm for fields in H" (D), r € (0,1]. As these
operators are not locally defined, their approximation properties involve the global mesh-size. This
is not an issue here since we have assumed the meshes to be quasi-uniform. We notice that an
interesting extension of our work is to lift this restriction by considering the operators devised in
Chaumont-Frelet and Vohralik [13].
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3.4 Discrete Poincaré—Steklov inequalities

We prove in this section discrete versions of the Poincaré—Steklov (in)equalities stated in Corol-
lary 2.3. We consider the following discrete subspaces:

X5 o = {hn € PL(Th) | phy, € Pgy(curl = 0;7,)*}, (35a)
X¢, = {en € P(Th) | ehy € Pg(curl = 0;7,)"}. (35b)

Lemma 3.4 (Discrete Poincaré—Steklov inequalities). The following holds:

Il z2(py S CollVoxhallxey +hE|RalS,  Yhy € XS o, (362)
“°, Ven € XCy. (36b)

1
lenllzz(py S €ollVxenl|(xs) + hzlen

Proof. We only prove (36a) since the proof of (36b) is similar. We revisit the proof of Lemma 3.2
in [24] to account for the presence of discontinuous material properties. Let hj, € XZ no- We define

hi=Th (hn), &= hj —TI5(hj).
As & € Hy(curl = 0; D)™, the weak Poincaré-Steklov (in)equality (9b) gives
I€llz2(py = €nl[Vox€ll(x<) = £pl|Voxhill xey - (37)
Since h§, € P, (Th), we have J5,(h§,) = h§, whence
hi, = Tho(€) = Tro(hi, — &) = Tho(IT5(h7,))-
The commuting property of J, implies that
Vox (hf, = To(€)) = Vox (o (T (ki) = T (Vox (T (h5,))) = T (0) = 0.

Hence, hj, — J;5(§) € Pgo(Tn) N Ho(curl = 0; D) = Pgy(curl = 0;7,). As hy, € X, 1, we have
phy, € Pgy(curl = 0; T;,)%, so that

1 C C C C
142 il 22 py = (whn, B — B5) L2 (p)+ (b, B, — T50(€)) £2(0) + (Bhins Tio(€)) 2 ()
= (phn, hy, — hy,) L2 0y + (B, Tio(€)) L2 (p)-
Invoking the Cauchy-Schwarz inequality, the L?-stability of J,, and (37), we obtain
_1 1 c
to * 1> hnllz2(py S llhn = hillL2(p) + [1€llL2(p)
S lhn — ki llL2(py + o || Vo xhj, || xey -

Using the triangle inequality, the inequality ¢p||Vox@||(x<) < [|@| z2(py which holds for all ¢ €
L?(D), and the approximation properties of Z; 5", we infer that

_ 1
1o 2 2 hallzzpy S Ihn — B ll2(py + ol Voxhal (xe)
< W2 [R5 + o || Vo xha | (xey-

This proves (36a). O
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4 Discontinuous Galerkin approximation

This section deals with the analysis of the dG approximation of the eigenvalue problem associated
with the operator T': L° — L defined in (13). Recall that L¢ := L?(D)x L?(D) is equipped with

the norm defined in (12), i.e., ||(f,g)|/%. := ||,Uz%f||%2(D) + HE%QH%Z(D).

4.1 Definitions

We define the discrete space L§ := PP(T,)x PP (T;,). The dG sesquilinear form ay, : L§ xL§ — C
is defined as follows:

an((Hpn, En), (hn, en)) = w(@fo(uHy), hy) L2 () + w(IL5, (€En), €n) 2 (D)
— (Ch(En), hp) 2 (p) + (Cho(Hpn), en)r2(p) (38)
+ kusy (Hp, hp) + kusy° (En, ep),

with &y 1= powlp = (,uo/eo)% and kg := eqwlp = (eo/uo)%; notice that kyr; = 1.

We now define T3 : L°® — Lj C L, the discrete counterpart of the operator 7. For all
(f.9) € L, Ty(f,g) := (Hp, E}) € L§ is the unique pair in L§ so that the following equality
holds for all (hp,en) € L,

ah((Hh7 Eh)v (h’ha eh)) = w((I - Hﬁo)(#f)a hh)LQ(D) + w((I - HZ)(GQ), eh)LQ(D)' (39>

The definition of T}, makes sense owing to Lemma 4.1.

The goal of this section is to prove that limpes o |7 — Thllz(ze;zey = 0. To this purpose,
we are going to derive an a priori estimate on the discrete solution (Hjy, E}) by establishing a
deflated inf-sup condition restricted to the involution-preserving space X, XXy (see (35) for
the definition of these spaces). Then we prove convergence by using a duality argument a la Aubin—
Nitsche. Invoking a duality argument to establish convergence in a low-regularity context is rather
natural. The idea has been employed to analyze the convergence of the dG approximation to
the Helmholtz problem in Chaumont-Frelet [11] and that of Maxwell’s equations in the frequency
domain in Chaumont-Frelet and Ern [12].

4.2 Discrete involutions, deflated inf-sup condition and a priori estimate

We equip the space L§ with the norm ||-|| - (induced by L¢). We also introduce the mesh-dependent
norm

[(his €)oo= w? | (b, en) || e
1 7 1 7 c,o
+ 52 {1172 Cho(ha) | 2oy + hal§} + 52 {I1h% Ch(en) 2oy + lenl§°}- (40)

Lemma 4.1 (Discrete involutions and a priori estimate). The discrete boundary-value problem (39)
is well-posed, its solution (Hp, Ey) sits in X, ,0xX¢ ), and satisfies the a priori estimate

1
[(Hns Ep)lls.n S w2 [[(F,9)llLe- (41)
Proof. Notice that

(Ch(En), o (uHn)) L2 (D) = (En, Vox Iy (nHp)) L2(py = 0.
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Similarly, (Cro(Hn),II§ (eEn))p2(py = 0. Moreover, since IT§ (uH},) has zero tangential jumps
and zero tangential traces, and since ITf, (e E ) has zero tangential jumps, we have s§ (-, IS  (uHp)) =
$7°(+, II5, (eEy)) = 0. Hence, testing (39) with (hy, ep) = (I15 o (nHy,), II5 (eEy)) gives

I (uH)) = 0, I (cEy) = 0. (42)

This proves that every solution to (39) satisfies (Hp, En) € X, ;0xX¢ ;. The deflated inf-sup
condition established in Lemma 4.2 then implies the uniqueness of the solution to (39). Since
(39) amounts to a square linear system, this also proves the existence of the solution. Finally,
the a priori estimate (41) follows from the Cauchy—Schwarz inequality and the deflated inf-sup
inequality (43). O

Lemma 4.2 (Deflated Inf-sup condition). The following holds for every discrete pair (Hp, Ey) in
X,i,hoXXec,h-'

(43)

w?||(Hp, Bp)|pn S sup lan (H, B), (s en))|
T (hnen)eLs, |(hn,en)| L

Proof. Let S denote the supremum on the right-hand side of (43)
(1) Testing (39) with (hy,en) := (Hp, Ep), using that II§ (vH}) = II§, (eEp,) = 0 (by assump-
tion) and the integration by parts property (28a) gives
’%H(|Hh|§)2 + KE(lEhG@)Q = ah((Hh7 Eh)7 (Hh7 Eh)) < S”(H’H Eh)”LC' (44)
(2) Testing (39) with (hp, en) := (—kshCy(E}),0) and using that kyk, = 1 gives
kullh Ch(En)|32(py = an((Hn, En), (o, en)) = kus,(Hn, hy)
S|lu® hallzepy + 5(Hn, hCh(Ey)).

On the one hand, we have

1 1o~ 1~
102 |2 (py S (olpke) w2 | B2 Ch(Ey)||L2(p) = w2 K2 |22 Ch(En)l| L2 (py

where we used that h < ¢p and {pugks = w™!. On the other hand, invoking a discrete trace

inequality shows that |hCy,(Ep)|S < ||B%Ch(Eh)||L2(D). Using the Cauchy—-Schwarz inequality
and using again that kyky = 1, this gives
- 1
rellhd C(En) 320y S (0748 + i | LIS |1 Co (Bl 2 o)

Therefore, we conclude that

1 -

72 113 Co(En)lla() S w38+ it [HlS.

Similarly, testing (39) with (hp,ep) := (0, /@HﬁCho(Hh)) gives

k2 17% Cho(Ew) || 2(p) S w ™ 3S + w2 [ By[S°

Gathering the above two bounds and invoking (44) gives

K4 ||k %ChO(Hh)”L%D) + "én ||h2Ch(Eh)||L2(D) SwTES + 87 ||(Hy, Ep) |7 (45)
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(3) We now estimate ||Vox Hyl|(x<) and |[VxEp|(xc). Let € € X¢. Recalling the definition
of the commutator d;, in (32a) and setting €, := J¢(€), we have

(Hp,Vxe)r2(p)y = o(Hp), e )L2(D)+5h(Hh,)

(Ch
= (Cno(Hn),en)r2(p) + (Cho(Hpn), € — €n)r2(py + 6n(Hp, €)
= an((Hp, Ex), (0, €h)) (Cho(Hp),€ — en)r2(py + 0n(Hp, €),

where the last equality follows from the fact that e, has zero tangential jumps. Using the ap—
proximation properties of Jy¥, the commutator estimate (33a), and the estimate |ep||r2(py <

lellL2(py + R° el o () S {p|[VxellLzpy (which follows from the Poincaré-Steklov inequality
llellL2(py < €pl|V xel|L2(p)y and the regularity property (10) since € € X ), we obtain

1 ’ ~
|(Hn, Vx€)r2(p)| S <S¢ llenllz2(py + 2° 7%||h%Cho(Hh,)||L2(D)|€|Hs'(D)

+ (h/tp)* "%th\JHVX&IILz

<H{egS+ (h/tp)* 7%2 (||h§ChO(Hh)||L2(D) +|H[5)}
X €D||VX€|‘L2(D).

Hence, recalling the definition of ||Vox Hp||(x<) introduced in Corollary 2.3, we have
/1,1 o~
IVox Hillxey S 68+ (h/£p)* =25 (11h* Cro (H)l| 20y + [ HELS).
We proceed similarly to establish the estimate

IV Bl xgy S #eS+ (h/0p)" =2 €52 (|| Ch(En)

(4) Since Hj, € X, o, we use the discrete Poincaré-Steklov inequality (36a) in Lemma 3.4 and
the above estimate on ||V x Hp|[|(xe) to infer that

1 1
2 Hpllz2(py S #g 1 Hwl L2(D)
1
< g (o || Vox Hill (xey + h* [ Hy|S)
1 1
< g (p||Vox Hil|(xcey + (h/€p)* "WD\H}J )

Sw S+ (/) 2wz k2 (|h% Cho(Hp)|| L2y + [HilS)},

;11
where we used that hz < (h/lp)* _%Kf’) on the third line, and £p(poe)2 = w! and polpry! =
w™! on the fourth line. We proceed similarly to establish that

le2 Byl z2(py S w H{S+ (h/€p)* ~ 2wk (|h2Ch(En) || z2(py + | Enl5)}-
Gathering the above two bounds, invoking (44) and (45), and using h < £p gives
1
[(Hp, Ep)|re S w 'S +w 2S5 ||(Hy, Ey)| ;..

Invoking Young’s inequality, we conclude that ||(Hp, Ey)|/zc < w™!S. Substituting this bound
into (44) and (45) and putting everything together proves (43). O
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4.3 Duality argument

The main result of the paper is established in this section, namely in Theorem 4.9 where we prove
that limpes 0 |7 — Thllz(ze;zey = 0. This is done by invoking a duality argument. Recall that

the space L° is equipped with the norm ||(f, )|l ze == {12 FI3(p + leZgl32 ()} 2-
Let (H, E) be the solution to the continuous problem (13) and let (H}, E},) be the solution to
the discrete problem (40). We define the errors

oh ZZH—Hh, de ::E—Eh. (46)
We consider the following dual problem: Find (n,€) in Hy(curl; D)x H (curl; D) such that

wIT(n) + Vxe = w(I — IL5)(udh), (47a)
well®(e) — Voxn = w(I — II°)(ede). (47b)
The following regularity estimate on the dual solution plays a key role in the analysis.

Lemma 4.3 (Well-posedness and stability). (i) The dual problem (47) has a unique solution (n,€),
and this solution sits in X§x X°. (i) The solution (n,€) satisfies the following a priori estimates
with s’ € (1,1]:
1 1

o (16 [IVoxnllz2(p) + €5 IV xellL2(p)) < [1(8h, de)lze, (48a)

e (o) S €5 IVox 2Dy el 0y S €5 ° IV xellL2(p)- (48b)
Proof. (i) Testing (47a) with II§(n) and testing (47b) with II¢(¢) readily shows that ||2 IT§(n) lz2(p) =
||e%HC(s)||L2(D) = 0. This proves that

I15(n) = () = 0, (49)

The existence and uniqueness of a solution to (47) is then a direct consequence of (8a) in Lemma 2.1.
Moreover, (49) means that (n,e) € X{xX°.

(ii) The a priori estimate (48a) follows from (47), (49), and fpw(poeg)2 = 1. The a priori
estimate (48b) is a consequence of the regularity estimate (10). O

Lemma 4.4 (L>-error representation). The following holds:
wl|(8h, 8e)|Fc = Oapp + Oga1 + Ocr1 + Oaiv, (50)

with the approximation error, the Galerkin orthogonality error, the curl commuting error, and the
divergence conformity error defined as follows:

gapp = ah((ah’v 56)7 (T] — Nh, € — Eh))? (513‘)
Ogar := an((Sh, de), (nn, €n)), (51b)
Ocrl == 0p(0h,€) — 67 (de, m), (51c)
odiv = W{((sh,].__[g(/l(sh))L2(D) + (ﬁe,Hc(e(Se))Lz(D)}, (51d>

with np, = M2(n), en := ML(e), IV defined in (21), and the commutators &, and 65 defined
in (32).
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Proof. Since IIf,(nHp) = 0 and II§ (uH) = II5 (II§(nH)) = 0 (see (23)), we infer that
IT§ ,(u6h) = 0. Similarly, we have IIj(ede) = 0. We also have s§(-,n) = s7°(-,e) = 0. Re-
calling the definition of the sesquilinear form a; (see (38)), the definition of the commutators
(see (32)), and using that Vxe = w(I — II§)(udh) and —Voxn = w(I — II°)(ede), we infer that

ah((6h7 66)7("7 E)) = —(Ch(6€), T’)LZ(D) + (Ch0(6h)7 €)L2(D)
= —(66, V()X’I])LZ(D) + 52(56, T]) + ((Sh, VXE)L2(D) — (5h(6h, EZ)
= w{(éh, (I —TII5)(udh)) L2(py + (e, (I — HC)(e6e))Lz(D)} — Ocrl
= w{llu0hl|Za p) + lle= 8el| 22 (p) } — baiv — en
= w||(6h,8€)||%c — Oaiv — Oexl-
Since ap,((0h, de€), (N, €)) = Oapp + Ogal, re-organizing the terms proves (50). O
We shall use the following a priori estimates which follow from Lemma 2.5 and Lemma 4.1,
respectively:
1 1
(o (kg Vo x H | 12Dy + €5 IV X Bl L2(py) < I(f,9) | Le, (52a)
|(Eny Bl S w2 (£ 9) 2 (52b)

To alleviate the notation, we also set

1 1
crot(n,€) == o (15 [[Voxnll L2 (py + €5 Vel L2(py) (53a)
and observe that ¢,ot(n,€) < ||[(0h, de)|| e owing to (48a).

Lemma 4.5 (Bound on approximation error). The following holds:

Bappl S (1/00)"~20(F, )l zecron(m, €)- (54)
Proof. Recalling that I, (pdh) = IIS (ede) = 0, we have
Oapp = — (Cr(d€),m — mn)L2(p) + (Cho(0h), € — €n)r2(p)
+ kusy (8h,m — np) + kesy(de, e — €p)
= —(VXE,n—nu)r2p) + (VoxH, e —ep)r2(p)
- K:HSZ(H}M n— nh) - KESZ’O(Eha € — €h)7

since (Ch(ER),n — Mn)r2p) = (Cho(Hy), € — €1)r2(py = 0 by definition of the L*-orthogonal
projection IIY and since s§(H,-) = s7°(E,-) = 0. Invoking the Cauchy—Schwarz inequality and
the approximation properties of H'fw we obtain

| - (VXEvTI - nh)L2(D) + (VOXH,E' — Eh)LQ(D)‘
5 HVXE”Lz(D)hS |n|H5/(D) + HV()XHHLz(D)hS ‘€|H5/(D)'

Invoking the a priori estimate (52a) on (H, F) and the regularity estimate (48b) on (n, &) gives

| = (VXE,n—mnn)r2p) + (VoxH, e — )12 (py| S (h/€p)* Wl|(£,9)]| e crot(n, €).
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, ’ 1 .
Moreover, since |9 — 1|5 < h° ’%\n\HSI(D) < (h/ep)?® 7%€%||V0><17||L2(D) and since e — &, |7° <

~ ~

(h/ED)SL%K%||V><€HL2(D), we infer from the a priori estimate (52b) that
|kusf,(Hpym — 1) + kesy” (B, € — €n)|

1 1 i co % c,o

S it [Hul56d [0 — 0l + 52 | Bnly ki le —enly
1 ‘1, 11 11

Sw2|(f9)llze(h/€p)* ~2 (kELRHINoxnl L2 (D) + KELH|V Xel L2 (D))

1
= (h/tp)* "2wl|(f, 9)l|LeCrot(n, €),

. i1 1 i i1 1 i .. . .
since ki f7) = w2lppg and kg £7) = w2lpe;. Combining the above two estimates and using h < £p

proves the assertion. O

Lemma 4.6 (Bound on Galerkin orthogonality error). The following holds:

Ogat] S (1/20)" WI|(f+ 9) e Crot (1, €)- (55)

Proof. We observe that

egal = a’h((H’ E)v (nhv eh)) - ah((Hhv Eh)7 (nh7€h))'

Since IS, (nH) = TS (eE) = 0, s (H, ) = s7°(E,-) = 0, and Cpo(H) = Vox H, Cy,(E) = VXE,

we have

an((H, E), (mn,en)) = —(VXE,np)r2(p) + (VoxH, ) L2(p)
= w{((I - HS)(Mf)Wh)L?(D) +((I - HC)(€9)7€IL)L2(D)}~

Moreover, by definition of the discrete solution (Hyp, Ey), we have
an((Hp, En), (mn,en)) = w{ (I = TI50) (uf),mn) 20y + (I — 1I5,)(e9), €n) L2(p) } -
Hence, we have
Ogar = w{ (T — IL;0) (1 f ), ma) 20y + (L, — II;)(e9), €n) L2 () } -

Since IT§(n) = 0 and I ,(n) = 0, invoking the Cauchy—Schwarz inequality and the approximation
properties of H';’L, we infer that

w| (1o — II5) (1), Uh)LZ(D)| = w|((Myo — TI5) (1S ), mn — 7I)L2(D)|
S wnd e £l b 1l (o)
< wid Il Fllz2 (o) (h/£0)* €0 | Vo xl| 2oy
S (h/tp)* w|[(£,9)] e Crot (1, €).
A similar bound holds for w|((IIj — II°)(eg), €n) L2 (p)|- N

Lemma 4.7 (Bound on curl commuting error). The following holds:

ent] < (h/CD)* 2 w||(£, g)llzeCrot(n, €).- (56)
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Proof. We observe that
ecrl = _6h(Hh7 E) + §Z(Eh7’r’)7

since 0,(H ,€) = §5(E,n) = 0. Invoking Lemma 3.3 then gives

;1 1
0cet| < (R/€p)” ~2 L3 {|HW|SIIV el L2(p) + | En

TNVoxnllL2(p) }-
Using that £pkyeg = w™!, we obtain
1 1 _1 i
(B Hp |5V e L2(py = ki [Hrl5({pkneo) 2Lpes |V Xe| L2(p)

Sw2||(f,9)llzew? crot(n; €)
= w|(f, gl Lecrot(n, €).

A similar bound holds true for e%,|Eh|§’°\|v0 xn||L2(p)- This completes the proof. O

Lemma 4.8 (Bound on divergence conformity error). The following estimate holds with o =
min(s, s’ — 1) > 0:

[Oaiv] S (h/€0)°wlI(f, 9)||Le[|(8h, €)|e- (57)

Proof. The proof crucially relies on Lemma 4.10 below. Since IIf,(udh) = 0, we can apply the
estimate (58a) with B := udh, which gives

|(6h, I (u8R)) 20| S {(1/20)* 5 | H 12+ () + (/)" €| Vo x H|2(p)
(/)" =% £, (11% Coo ()| 2 ) + | HAIS) F 1T (48R 12 ).
Since (3 |H|gs(py < p||[VoxH | g2(py < u5%||(f,g)||Lc owing to the continuous a priori esti-

mate (52a) and also invoking the discrete a priori estimate (52b), we obtain since h < £p and
s < s,

|(8h, TI§(16R)) 22y | S (B/€D)7|(£,9) |l Letto * | TIG(10R) || L2 ()
S (WD) NI(f @) llze 28R L2 ).

Proceeding similarly, one proves that

|(8e,TI%(ede)) L2 ()| < (h/ED)7|I(£,9)]

Putting the above two bounds together proves the claim. O

6%66“L2(D).

Le

We are now ready to state the main result of the paper which, owing to standard spectral
approximation results (see, e.g., Bramble and Osborn [8, Lem. 2.2|, Osborn [30, Thm. 3&4]|, Boffi
[5, Prop. 7.4]), proves the spectral correctness of the dG approximation. Recall that o := min(s, s'—
1
3)>0.

theorem 4.9 (Convergence). We have ||T — Th| c(pe;ey S (B/€p)7-

Proof. Combining the L?-error representation formula (50) together with the bounds from Lem-
mas 4.5-4.8 and since ¢;01(n,€) < ||(8h, de|| e owing to (48a), we infer that

w[|(8h,de)|Z. < (h/lp) w|(f,g)lLell(8h, de)llLe,

where we used that o < s'—1 < s’ and h < £p. This implies that ||[(6h, 8€)| e < (h/€p)°||(£, )| Le-
whence the claim.
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4.4 Technical lemma

In this section, we establish a result that plays a central role in the analysis to estimate the

divergence conformity error.
Lemma 4.10 (Divergence conformity). Let s € (0,1]. For all H € Hy(curl; D) N H*(D), all
H), € P>(Ty,), and all B € L*(D) satisfying IS (B) = 0, we have

|(H — Hy,, II§(B)) 2(n) | < {(h/fD)sfsb|H|Hs(D) + (h/Lp)* tp|[Vox H|2(p)
+(h/Lp)* =203 (1> Cho(H)| L2(p) + Ithﬁ)}HHB(B)lIm(D), (58a)

and for all E € H(curl; D)NH?*(D), all E;, € PP(Ty,), and all D € L?(D) satisfying IIS (D) = 0,
we have

|(E — By, TE(D)) 20| S { (1/00)*C5 | Elrr-(0) + (h/E0)" £p |V X B 1)
+(h/00)" AR Cu (B 2oy + [Bnl) I (D)), (58D)

where s' € (3, 1] results from the regularity estimate (10).

Proof. We only prove the estimate (58a), since the proof of (58b) is similar.

(1) Using the commuting property of J<,, we obtain Vx 75, (II§(H — Hj)) = 0. This implies
that J5,(II§(H — Hjp)) is a member of Pg,(curl = 0;7,). Moreover, invoking Lemma 3.2, we
have IT§ , (IT§(B)) = II§,(B) = 0 by assumption. Hence, IT§(B) € Pgy(curl = 0;7,)*. This, in
turn, implies the following identity:

(H — Hy, II5(B)) 2 (p) = (H — Hy, — T (I (H — Hy)), II5(B)) L>(p)-
Using the L?-orthogonality of II§ followed by the Cauchy—Schwarz inequality gives
((H — Hy,, II§(B)) £2(p)| < (I = T0) W5 (H — Hy)) | £2(0) |15 (B) | £2 (D)

It remains to bound |[(I — Jy,)(TI§(H — H}))|L2(p)-

(2) Let us set Hy, := I, ;" (Hy) and w := H — Hf — II§(H — Hf). Then w € Hy(curl; D)
with Voxw = Vox(H — Hj), and II§(w) = 0. Hence, w is a member of X§. The regularity
estimate (10) followed by the triangle inequality give

jwl g S 05 [ Vox (H = HE) | £2(p) < 05" (INox Hl| 20y + [ Vox H | £2(p))-

Invoking the triangle inequality, the approximation properties of JS,, and the fact that (I —
Tfo)(HE) = 0 (since Hy, € Pgy(Ty)), this implies that

(X — J5%) (T (H — HE))||z2(p)
ST = Tio)w)llz2o) + I(X = Tiio) (H — HE) || L2(p)
< hS,|w|HS’(D) + (I = Tgo) (H)[2(p)
< (1/tp)* to(|Vox Hl| 12 (py + [INox Hf | 2(p)) + (h/€D)* €| H | £+ (1)

Moreover, invoking the triangle inequality, an inverse inequality, and the approximation properties
of Z,7", we infer that

Vox H|lz2(py S [|Cho(H}, — Hy)| L2 (p) + |Cro(Hn) L2 ()
< B3 (||hE Cro(Hp) |l n2(oy + [ HiS)-
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We conclude that

(I — TE) TG (H — H)) 20y S (/€0)* o] Vo x Hl[ 2 (py + (h/€)* | H] me(p)
+ (h/€p)* 203 (||h% Cro(Hy) | L2(p) + | HilS)-

Finally, using the triangle inequality, the L2-stability of Jg and that of ITf, and the approximation
properties of Z, 7", we obtain

(T = T5) TG (H — Hy)) 220y S (T = o) (TTS(H — HY))| 120
+ (I = Tio) (TS (HE, — Hy))llz2 ()
ST — Ti) MG (H — HE)) |22y + 73 | HylS-

The assertion follows readily. O

A Helmholtz decompositions

In this appendix, we recall some useful results on Helmholtz decompositions; these results are
mostly drawn from Amrouche et al. [2], Dautray and Lions [20], and Girault and Raviart [25]. We
also give a short proof of Lemma 2.1.

A.1 Topology of D

Recall that D is an open, bounded, Lipschitz polyhedron of R3. We denote I'y the boundary of the
only unbounded connected component of R¥\ D. If 9D is not connected, i.e., D # I, we denote
{Ti}ieq1:1y the connected components of D that are different from I'y (see, e.g., [25, p. 37|, [2,
p. 835, [20, p. 217]). If D is not simply connected, we assume that there exist J cuts ((d — 1)-
dimensional smooth manifolds) {¥;};e1.s} that make the open set D* := D\ Ujeqi.y Xj simply
connected. Additional regularity assumptions on these cuts as stated in [2, Hyp. 3.3, p. 836] are
assumed to hold true.

A.2 Helmholtz decompositions

We consider the subspaces
H"(div=0; D) := {v € H(div="0; D) | [, vnds=0,Vie {1:1}}, (59a)
H} (div = 0; D) := {v € Hy(div = 0; D) | Jo, vmds =0,Yj € {1:7}}. (59b)

The following L2-orthogonal decompositions hold true:

L?(D) = Hy(curl = 0; D) & H"(div = 0; D), (60a)
L*(D) = H(curl = 0; D) & HZ(div=0; D). (60b)

In other words, we have
Hy(curl = 0; D) = H" (div = 0; D), (61a)

H(curl = 0; D) = H} (div = 0; D). (61b)
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For all ¢ € L?(D) such that q|ps € H'(D*), we denote by Vxq the broken gradient of ¢ such
that (Vsq)(x) = (Vq|p=)(x) for a.e. & € D. For all i € N, let ¢; denote any real number. We
define

H%(D) = {q € Hl(D) ‘ q‘Fo =0,¢ r; = ¢, Vi € {11}}7 (623)
Hy (D) :={q € L*(D) | ¢|p= € H'(D*), [dlls, = ¢;,¥j € {1:]}}. (62D)

Then, the following L?-orthogonal decompositions also hold true:

L?*(D) = VH}{(D) s VxH (curl; D), (63a)

L?(D) = Vs HL(D) & Vo x Hy(curl; D). (63b)

A.3 Proof of Lemma 2.1

We only prove that the operators Vx : X¢ — Hy(curl = 0; D)L and Vo x : X o — H(curl = 0; D)*
are isomorphisms, since the other proof is similar. (Recall that the spaces X¢ and X, o are defined
in (6).)

(1) Integration by parts readily shows that Vxe € Hy(curl = O;D)J‘ for all e € X¢ and
Voxh € H(curl = 0;D)" for all h € X§ .

(2) Injectivity. Let e € X¢ be such that Vxe = 0. Then, e € H(curl =0;D), and by
definition of X¢, we infer that (ee,e)r2(py = 0. This proves that e = 0. Hence, the operator Vx :
X¢ — Hy(curl = 0; D)" is injective. The proof that the operator Vo x : X, o~ H(curl = 0; D)*
is injective is similar.

(3) Surjectivity. Let @ € Hy(curl = 0; D)l. Since every ¢ € HL(D) satisfies Vg € Hy(curl = 0; D),
we have § € (VHE(D))t. Owing to (63a), we infer that there is € € H(curl; D) such that
Vxe' = 0. Let p € HL(D) be the unique function solving (¢Vsp, Vsq)r2(p) = (€', V=q)L2(p)
for all ¢ € HL(D). Set e :== € — Vsp. We have Vxe = Vxe' = 0, and ce € (VsHL(D))*.
Owing to (63b), we infer that ee is in the range of the Vi x operator. Integration by parts readily
implies that ee € H(curl = 0; D)J‘. In summary, we have shown that e € X¢ and that Vxe = 6.
This proves the surjectivity of the operator Vx : X¢ — Hy(curl = 0; D)L. The proof that the
operator Vox : X o — H(curl = 0; D)™ is surjective is similar.
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