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A B S T R A C T 

We present the expected X-ray polarization signal resulting from distant reprocessing material around black holes. Using a 
central isotropic power-law emission at the centre of the simulated model, we add distant equatorial and axially symmetric media 
that are co v ering the central accreting sources. We include partial ionization and partial transparency effects, and the impact 
of various polarization and steepness of the primary radiation spectrum. The results are obtained with the Monte Carlo code 
STOKES that considers both line and continuum processes and computes the effects of scattering and absorption inside static 
homogenous wedge-shaped and elliptical toroidal structures, varying in relative size, composition and distance to the source. 
We provide first order estimates for parsec-scale reprocessing in Compton-thin and Compton-thick active galactic nuclei, as 
well as winds around accreting stellar-mass compact objects, for observer’s inclinations abo v e and below the grazing angle. The 
resulting reprocessed polarization can reach tens of per cent with either parallel or perpendicular orientation with respect to the 
axis of symmetry, depending on subtle details of the geometry , density , and ionization structure. We also sho w ho w principal 
parameters constrained from X-ray spectroscopy or polarimetry in other wavelengths can lift the shown degeneracies in X-ray 

polarization. We provide an application example of the broad modelling discussion by revisiting the recent IXPE 2–8 keV X-ray 

polarimetric observation of the accreting stellar-mass black hole in Cygnus X-3 from the perspective of partial transparency and 

ionization of the obscuring outflows. 

Key words: polarization – radiative transfer – scattering – galaxies: active – X-rays: binaries – X-rays: galaxies. 
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 I N T RO D U C T I O N  

ince the establishment of the unification scenario of active galactic 
uclei (AGNs) (Antonucci 1993 ; Urry & P ado vani 1995 ), the
hysical and – in particular – geometrical description of AGNs has 
eached much greater detail. The central supermassive black hole is 
elieved to be surrounded by an accretion disc at sub-parsec scales 
ith a dusty obscuring material reaching a few parsecs further out 

n the equatorial plane. Polarimetry not only allowed the disco v ery
f the global AGN morphology back in the 60’s and 80’s (Dibai &
hakhovsk oi 1966 ; Walk er 1966 ; Angel et al. 1976 ; Antonucci 1982 ;
ntonucci & Miller 1985 ), but also serves as a powerful microscope

nto these extragalactic objects. That is because polarization – as 
 geometrical property of light – traces the unresolved structures 
n the origin of emission. The successful launch and operation of
he Imaging X-ray Polarimetry Explorer (IXPE) (Weisskopf et al. 
022 ) has recently brought fresh air into the often o v erlooked field
f X-ray polarimetry and consequently enabled the opening of a new 

bserv ational windo w for measuring polarization in the 2–8 keV 

and for virtually all X-ray sources, including AGNs. 
 E-mail: jakub.podgorny@asu.cas.cz 
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2023 The Author(s). 
ublished by Oxford University Press on behalf of Royal Astronomical Society. Th
ommons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whic
rovided the original work is properly cited. 
During the first year and a half of IXPE observations, a few
rightest type-1 AGNs (viewed pole on, directly into the nucleus 
f the axially symmetric accreting structure) were observed: MCG 

5-23-16 ( < 3 . 2 per cent of polarization fraction in 2–8 keV at a
9 per cent confidence level; Marinucci et al. 2022 ; Tagliacozzo 
t al. 2023 ), NGC 4151 (4.9 ± 1.1 per cent in 2–8 keV at a 68
er cent confidence level; Gianolli et al. 2023 ), and IC 4329A
3.3 ± 1.9 per cent in 2–8 keV at a 90 per cent confidence level;
ngram et al. 2023 ). In addition, the brightest prototypical type-2
GN (viewed edge on through the parsec-scale obscuring equatorial 
aterial), the Circinus Galaxy, was observed (20.0 ± 3.8 per cent in

–6 keV at a 68 per cent confidence level; Ursini et al. 2023 ). Because
ore fascinating observational results in X-ray polarimetry are yet 

o come in this decade through the IXPE mission, or its successors
e.g. the XL-Calibur experiment in 15–80 keV (Abarr et al. 2021 ) or
he eXTP mission in 2–12 keV (Zhang et al. 2016 , 2019 )], it is timely
o put effort simultaneously in the theory and numerical modelling, 
n order to interpret these results in a meaningful manner. 

In this paper, we present an updated and revised summary of
he X-ray spectropolarimetric models of the equatorial parsec-scale 
GN components (i.e. the dusty tori) using the STOKES code 

Goosmann & Gaskell 2007 ; Marin et al. 2012b ; Marin, Goosmann &
askell 2015 ; Marin 2018 ). STOKES is a Monte Carlo (MC) radiative

ransfer code that was originally developed to trace polarization 
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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ignatures of absorption and scattering in the optical and UV bands,
ut more recently has been adapted to the X-rays. It includes all
mportant line and continuum processes in the X-ray band and thus
orms an ideal tool to study the interaction of light and matter in the
entral regions of AGNs. STOKES is a successor of early MC X-ray
pectropolarimetric simulators of the dusty torus, such as Ghisellini,
aardt & Matt ( 1994 ); Ratheesh et al. ( 2021 ), and an equal partner

o other contemporary MC spectropolarimetric codes for the toroidal
GN structures, such as the SKIRT code (Baes et al. 2011 ; Baes &
amps 2015 ; Camps & Baes 2015 , 2020 ) that recently expanded to

he X-rays (Vander Meulen et al. 2023 ). Although in the X-ray band
he polarization treatment has not been thoroughly tested yet with
KIRT . 
We will study solely the equatorial reprocessing of low polarized

up to a few per cent (Beheshtipour, Krawczynski & Malzac 2017 ;
arinucci et al. 2018 , 2022 ; Tamborra et al. 2018 ; Krawczynski

t al. 2022 ; Krawczynski & Beheshtipour 2022 ; Ursini et al. 2022 ;
ianolli et al. 2023 ; Ingram et al. 2023 ; Tagliacozzo et al. 2023 )]
-ray power-law originating in the central accretion engine that is

ttributed to hot coronal plasma nearby the accretion disc (see e.g.
aardt & Maraschi 1991 ; Haardt 1993 ). We aim at those AGNs

hat do not have strong winds or jets in the polar directions, i.e.
he radio-quiet A GNs. W ithout the addition of polar scatterers, this
imple scenario can already serve as a good approximation to a
ull radio-quiet type-2 AGN model, where equatorial scattering off
he dusty torus is of prime importance on parsec scales (Marin
t al. 2018a ). The argumentation from IR spectroscopy and X-ray
hanging-look AGNs leads to the clumpy structure of the equatorial
catterer (Nenko va, Iv ezi ́c & Elitzur 2002 ; Risaliti, Elvis & Nicastro
002 ; Matt, Guainazzi & Maiolino 2003 ; Tristram et al. 2007 ).
ori of non-uniform density were spectropolarimetrically modelled
nd compared to smooth tori by STOKES as well as other codes
ainly in the optical and UV band (see e.g. Nenkova et al. 2008a , b ;
arin, Goosmann & Gaskell 2015 ; He, Liu & Zhang 2016 ) and

n X-ray thoroughly from a spectroscopic view (Liu & Li 2014 ;
urui et al. 2016 ; Buchner et al. 2019 ; Vander Meulen et al. 2023 ).
ven though pioneering attempts to model the X-ray polarization of
lumpy parsec-scale components of AGNs were done by Marin et al.
 2012a , 2013 ) and Marin & Dov ̌ciak ( 2015 ), we restrict ourselves to
 homogenous medium in this paper and leave a more detailed study
f clumpy equatorial (or polar) scatterers for future works. 
A homogenous static torus can already largely affect the polar-

zation outcome depending on its size, location, and shape, which
re all poorly constrained from both observational and theoretical
tudies (Fritz, Franceschini & Hatziminaoglou 2006 ; Suganuma
t al. 2006 ; Namekata, Umemura & Hase ga wa 2014 ; Siebenmorgen,
eymann & Efstathiou 2015 ; Buchner et al. 2019 ; Ricci & Paltani
023 ). Although it has not been thoroughly investigated in the X-ray
and, MC simulations in the near-IR, optical and UV bands suggest
hanging polarization due to changing geometry of the equatorial
omogenous dusty media on sub-parsec and parsec scales (Kartje
995 ; Wolf & Henning 1999 ; Watanabe et al. 2003 ; Goosmann &
askell 2007 ). We expand these studies into X-rays by comparing
edge-shaped tori with donut-shaped tori of elliptical profiles with
arious eccentricities for broad range of half-opening angles, ob-
erver’s inclinations, inner and outer boundaries, ionization levels,
nd densities of the medium, using STOKES . We also study the
ffects of changing the primary radiation, that is approximated using
 point-source power law. We do not model any timing properties as
etailed time-resolved X-ray polarimetry is not of primary interest
or the observations of obscuring matter around accretors. We do
ot assign any velocity to the equatorial material, representing e.g.
NRAS 526, 4929–4951 (2023) 
n outflowing wind from an accretion disc, although it is known to
hange the X-ray polarimetric properties due to aberration effects
see e.g. Poutanen, Veledina & Beloborodo v 2023 ). An y high-
esolution radiative transfer treatment of e.g. the spectral lines is also
ut of scope of this study, although we note the ambitious attempt of
stimating the X-ray polarization fraction from the warm absorber
ow in AGNs through detailed radio-hydrodynamical computations
y Dorodnitsyn & Kallman ( 2010 , 2011 ) with the emphasis on
ossible polarization gained through resonance lines in a particular
arge-scale accretion scenario. 

Besides the strongly accreting supermassive black holes, a few
ccreting stellar-mass black holes have been already observed by
he IXPE mission (Krawczynski et al. 2022 ; Kushwaha et al. 2023 ;
odgorny et al. 2023 ; Ratheesh et al. 2023 ; Rawat, Garg & M ́endez
023 ; Rodriguez Cavero et al. 2023 ; Veledina et al. 2023 ). These
re located inside X-ray binary systems (XRB) and, apart from their
horter physical sizes, show remarkably similar properties to AGNs,
ncluding the accretion disc structure, the hot X-ray emitting coronae
bo v e, below or within the disc, and the formation of jets surrounded
y ionization cones in the polar directions. Even though the dusty
orus in its grandeur is forming only around AGNs when switching
o the accretion-efficient state (Schawinski et al. 2015 ), sometimes
 co v ering equatorial medium in a funnel shape is considered for
RBs or ultra luminous X-ray sources (ULX) (see e.g. Wielgus

t al. 2016 ; Narayan, Sa ̀I§dowski & Soria 2017 ; Ratheesh et al.
021 ). Of direct rele v ance to our study is the recent discussion
n Veledina et al. ( 2023 ) on the IXPE observation of Cygnus X-
 XRB (20.6 ± 0.3 per cent and 10.4 ± 0.3 per cent in 2–8 keV
t a 68 per cent confidence level in two subsequent observations
eparated by ∼2 months), where the models of AGN tori described
n this paper have been used to interpret the X-ray polarimetric data,
longside new analytical models for single scatterings on the inner
urface of a conical funnel. Therefore, we point to the applicability of
GN modelling results to the neighbouring field of XRBs and vice
 ersa. Moreo v er, the Be-transient X-ray pulsar LS V + 44 17/RX
0440.9 + 4431 was recently observed by IXPE (for two subsequent
bservations 4.4 ± 0.2 per cent and 4.9 ± 0.2 per cent in 2–8 keV at
 68 per cent confidence level; Doroshenko et al. 2023 ) with part of
he observed polarization suggested to arise due to a partially ionized
quatorial obscurer. Thus, we note potential usefulness of some of
he ideas presented here for the accreting neutron stars and white
warfs studies, because of the co v ering outflows present also near
uch compact objects. 

The paper is organized as follows: in Section 2 we introduce the
hysical processes, assumptions, and numerical methods used. Sec-
ion 3 provides the broad-range X-ray spectropolarimetric modelling
esults of reprocessing of a central power-law emission by axially
ymmetric homogeneous equatorial obscurer of various types. An
xample of an application of the MC models to interpretation of the
-ray polarimetric observation of XRB Cygnus X-3 is presented in
ection 4 . We conclude in Section 5 . 

 M O D E L L I N G  

he Monte Carlo computations were made with the STOKES code 1 

Goosmann & Gaskell 2007 ; Marin et al. 2012b ; Marin, Goosmann &
askell 2015 ; Marin 2018 ), version v2.07 that is suitable for X-rays

nd that was also used in Marin et al. ( 2018a ) and Marin, Dov ̌ciak &
ammoun ( 2018b ). The code is ideal for studying polarization

file:www.stokes-program.info
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Figure 1. A schematic in the meridional plane of the axially symmetric 
equatorial reprocessing regions studied. The illuminating disc–corona region 
is located in the centre of the coordinate system, approximated as a point 
source. In Section 3 , we study reprocessing in various homogenous equatorial 
media that differ primarily in geometry. Case A (in red) represents the wedge- 
shaped geometry, Case B (in dotted blue) represents a general elliptical torus 
(i.e. a �= b ), and Case C (in blue) is a special subcase of the latter that 
represents a circular torus (i.e. a = b ). A ‘type-1’ observer is referred to when 
i < � . A ‘type-2’ observer is referred to when i > � . See the text for details 
for the rest of the parameters. 
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roperties of light in media where scattering and absorption is the 
ominant source of opacity. It allows combinations of user-defined 
D regions with a given density, scattering, and absorbing structure. 
ll known line and continuum processes in the X-rays, such as
hoto-electric absorption and multiple Compton downscattering, 
re included with the exception of Compton upscattering, and 
ynchrotron and thermal emission that would need to be corrected for
d hoc (not self-consistently, because the temperature and magnetic 
elds are not computed) and that should not play a major role in

he cold parsec-scale components of AGNs or distant outflows of 
ccreting stellar-mass compact objects. 

The emitting region can be located at arbitrary position and any 
ncident polarization state. The user defines its energy distribution 
nd initial polarization state. The 3D geometry is given by the 
rigin of Cartesian coordinates { x , y , z} , not taking into account
ny distortion of space–time by strong gravity. We place the X-ray 
mitting region representing the central disc–corona system in the 
entre of our coordinates, neglecting its physical size, but assuming 
hat the disc lies in the equatorial xy -plane. We assume an isotropic
ower-law emission with a power-la w inde x � from the central point
hat is either unpolarized, 2 per cent polarized (in Section 3 ), or 4
er cent polarized (in Section 4 ). If polarized, we consider the input
arallely or perpendicularly polarized with respect to the axis of 
ymmetry of the system, although general-relati vistic ef fects in the 
icinity of the central compact object and non-trivial superposition 
f radiation can result in different polarization angles in-between 
he two directions we defined (see e.g. Krawczynski & Beheshtipour 
022 ; Ursini et al. 2022 ). Photons are detected by a spherical web of
irtual detectors with particular energy binning and azimuthal and 
olar binning from the central source, allowing symmetrization in 
id-plane and around the z-axis of the scattering region. An auxiliary 

outine ANALYZE created by the authors of STOKES is used in the
nd to convert the output to conveniently readable files storing the 
tokes parameters I , Q , and U , per energy bin and angular bin of
ach detector. We consider the energy range between 1 and 100 keV
ith a medium energy resolution of 200 logarithmically spaced bins 

o be able to discuss all major spectropolarimetric properties of the 
e-processed radiation. We will use 20 bins (in Section 3 ) or 40 bins
in Section 4 ) for the observer’s inclination 0 ◦ < i < 90 ◦ measured
rom the pole and one azimuthal bin, expecting axial symmetry. 

A schematic representation of the equatorial scatterers studied in 
he paper is shown in Fig. 1 , viewed edge-on through the meridional
lane. All ‘tori’ studied in this paper have uniform densities, are 
ymmetric with respect to the black-hole rotation axis and reside 
ymmetrically in the equatorial plane around the accretion disc 
shrinked to negligible size in STOKES ). We study 

(i) Case A: a wedge-shaped torus defined by r in , r out , and its half-
pening angle � . 
(ii) Case B: a true geometrical torus with an elliptical profile given 

y the parameters R , a , and b . 
(iii) Case C: a subcase of B representing a torus with circular 

rofile, i.e. when a = b . 

The choices of parametric values for the displayed results are 
hysically and observationally motivated and we refer the reader 
o Goosmann & Gaskell ( 2007 ), Marin et al. ( 2018a ), and Marin,
ov ̌ciak & Kammoun ( 2018b ) for further details. We al w ays directly

ompare the wedge-shaped tori with r in fixed to the inner-most circle 
f the elliptical tori to study the effects of concave or convex inner
urfaces. For Case A, r out is left as a free parameter. 

Let us first describe the geometrical comparisons in Section 3 , 
here we only trace the reprocessed radiation, i.e. photons that 
cattered at least once before reaching the observer (this is not the
ase for Section 4 where we include all photons). For Case B, we
et b relative to R and study various eccentricities from prolate to
blate tori: b = R /8, b = R /4, b = R /2, b = 3 R /4, where R = b +
 in for a given r in . Thus, through changing the eccentricity, we also
race the effects of changing curvature of the inner side. For a given
alf-opening angle � measured from the pole, we then have in Case
 the parameter a self-consistently computed via: 

 = tan 
(π

2 
− � 

)√ 

R 

2 − b 2 . (1) 

ase C is denoted as a special case of an elliptical torus, because we
ill use it as a referential torus shape for future model comparison

Podgorn ́y et al., in preparation). Also Case C has a = b computed
n a different way than the Case B tori, allowing direct relative size
omparisons in the resulting polarization within one geometrical 
rchitecture. For case C: 

 = b = r in 
cos � 

1 − cos � 

, (2) 

here again r in is fixed. In this way, for a given � , when comparing
ase C to Cases B with any b / R ratio, the torus radii R are different,
ut the inner boundary remains the same between the two cases. Case
 would equal Case C, if b / R = cos � . We always directly compare

he geometrical shapes with the same � and observer’s inclination i
representing a type-1 view, if i < � , and type-2 view, if i > � ). 

In Section 4 we also allow to register photons that are reach-
ng the observer directly from the central emission, without any 
cattering, in order to study the transparency effects and provide a
ather realistic example in application to XRBs, compared to the 
heoretical reprocessing-only discussion in Section 3 . In addition, 
or geometrical comparisons in Section 4 , we use an alternative style
or plotting the results, in order to provide a dif ferent perspecti ve and
irect comparisons with the analytical model presented in Veledina 
t al. ( 2023 ) and MC simulations from Ghisellini, Haardt & Matt
MNRAS 526, 4929–4951 (2023) 
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 1994 ) adapted to study the torus in Circinus Galaxy in Ursini et al.
 2023 ). Otherwise the geometrical setup is the same, except we
oosen the condition of a fixed r in and we fix R instead to study
he effects due to various inner edges. In this way, for Case B, we
ave b again given by the ratios b = R /8, b = R /4, b = 3 R /4, and
 consistently computed from equation ( 1 ). The wedge-shaped Case
 has r in computed from r in = R − b , where b = a is from a circular

orus with b = R cos � . 
For all displayed results, the composition of the axially symmetric

quatorial scattering regions assumes the same atomic species used
or Marin et al. ( 2018a ), Marin, Dov ̌ciak & Kammoun ( 2018b ) and
he solar abundance from Asplund, Grevesse & Sauval ( 2005 ) with
 Fe = 1.0. The uniform neutral hydrogen density n H is given by the

otal column density N H = n H L , where L is the size of the scattering
egion between the centre and an equatorial observer. Apart from the
ase A, N H of the scattering region in the line of sight varies with

nclination, but the photons that reach the observer can reprocess
verywhere in the model and change direction according to the
cattering la ws. Moreo v er, the y are allowed to escape the material
nd be reprocessed again in other part of the torus, allowing self-
rradiation effects. We also define the optical depth for scattering on
ree electrons τ e = σ T n e L via the standard Thomson opacity σ T and
ree electron density n e , which allows us to trace effects of partial
onization. The only exception in composition is the application
xample discussed in Section 4 . There, for the case of Cygnus X-3
e, expect the circumnuclear outflows to be originating from stellar
inds of the companion, which is a Wolf–Rayet star with severe
ydrogen depletion in the outer atmospheric layers due to its past
tellar evolution (Fender, Hanson & Pooley 1999 ; Kallman et al.
019 ). Thus, we will keep the abundances and metalicities, and only
emo v e the most abundant neutral hydrogen, providing rather the
 He values, which are more informative as neutral helium is then

he most abundant element. In this way, we can asses the effects of
hanging chemical composition in the system. 

We define the linear polarization degree p and polarization position
ngle � using the Stokes parameters I , Q , and U 

p = 

√ 

Q 

2 + U 

2 

I 

 = 

1 

2 
arctan 2 

(
U 

Q 

)
, (3) 

here arctan 2 denotes the quadrant-preserving inverse of a tangent
unction and � = 0 means that the polarization vector is oriented
arallel to the system axis of symmetry projected to the polarization
lane. � increases in the counterclockwise direction from the point
f view of an incoming photon. Due to symmetry, the polarization
enesis is such that the observed photons are polarized on average
arallel or perpendicular to the axis of symmetry, thus we will use
he notation of positive or ne gativ e polarization de gree p for such
esulting �, respectively. 

 RESU LTS  

hroughout this section (in contrast to Section 4 ), we study re-
rocessed light only, i.e. we do not register photons that did not
catter at least once before reaching the observer. We set r in = 0.05,
epresenting a fraction of a parsec for the outer accretion disc edge
r the inner torus boundary in AGNs. None the less, the units are
rbitrary and the results can be used for orders of magnitude lighter
bjects, because for polarization genesis in this approach only the
elative sizes inside the system matter. A few other values of r in 
NRAS 526, 4929–4951 (2023) 
ere tried with generally lower impact on the polarization results
han other parameters (see also Section 4 for a fixed R and changing
eometry with respect to r in ), but the effects of changing distance to
he centre r in relative to other proportions should be more thoroughly
nvestigated in the future. The outer boundary of Case A is set to
 out = 10, representing the outermost torus boundary in parsecs.
nlike the inner edge, the outer edge distance and geometrical

hape plays little role on the emergent polarization, as long as the
olumn densities of the entire scattering and absorption region are
ept constant and high enough. Because in that case the first orders
f scattering happening on the inner walls are determinative for
he total geometry of scattering of unabsorbed photons. In order to
rst discuss the geometry and composition effects of the scattering
egions, we display the results for a generic example of the primary
adiation with � = 2 and 2 per cent parallel polarization with respect
o the axis of symmetry, if not stated otherwise. We tested three cases
f ionization, referring to them as low, moderate, and high ionization
evel ( τ e = 0.07, 0.7, 7, respectively, for N H = 10 25 cm 

−2 and τ e =
.007, 0.07, 0.7, respectively, for N H = 10 24 cm 

−2 ). In this way
e study a range of ionizations from nearly fully ionized medium

o nearly neutral medium, corrected for density change of neutral
tomic species. 

Fig. 2 shows the energy dependence of flux and polarization degree
or a few examples from all cases studied, which are further directly
ompared to each other integrated in energy in order to study other
arametric dependencies in detail. Compared to the total flux, the
olarization degree is binned to 10 neighbouring bins in energy for
etter MC statistics in the figure, but the Q and U parameters were
omputed in the same resolution as I . We clearly see depolarization
n the emission lines, which is expected (see e.g. Goosmann & Matt
011 ; Marin et al. 2018a ; Marin, Dov ̌ciak & Kammoun 2018b ),
ompared to polarization gained through Compton scattering. The
rop of polarization in fluorescent lines is in detail dependent
n each line’s formation mechanism, and also on the scattering
nd absorption conditions that can add polarization to unpolarized
hotons originating in emission lines elsewhere, such as the accretion
isc, winds, or other part of the dusty torus, from which the emission
ine photon may escape to be reprocessed again. Therefore, we will
ot aim for a detail study of these effects due to low photon statistics
nd complexity of the problem. Especially at energies lower than
.5 keV where many emission lines are present and where for
ower densities the flux is low due to energy-dependent opacities
see top panels of Fig. 2 ). We also note there could be additional
ncrease of polarization via resonant lines, which are treated by the
TOKES code, but in terms of spatial and energy resolution not in
uch detail as in the radiative transfer estimates for warm absorbers
y Dorodnitsyn & Kallman ( 2010 , 2011 ). These studies claim the
olarization produced by means of resonant lines below 2 keV to
e as important as Compton scatterings. We will later compare the
nergy ranges 3.5–6 and 30–60 keV to discuss pure continuum results
n middle and hard X-rays, while the first band is especially important
or IXPE operating in 2–8 keV. 

The flux, and consequently the polarized flux, which is an
mportant quantity for studying detectability of polarization, is
nergy-dependent also due to obscuration effects, i.e. we see higher
bsorption for lower half-opening angles and higher inclination
ngles. Although absorption in general enhances polarization in
lab-like problems (e.g. for the atmospheres of accretion discs in
lane-parallel approximation; Lightman & Shapiro 1975 ; Losku-
ov & Sobolev 1979 , 1981 ), in toroidal geometries this is not
l w ays expected. The detailed reasoning is quite complex, because
elative polarized flux contributions from different regions of the
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Figure 2. Top: the spectra, EF E , normalized to value at 50 keV. Bottom: the corresponding polarization degree, p , versus energy. We show the Cases A, B (for 
b = R /4) and C from left to right. Various inclinations i and half-opening angles � for both type-1 and type-2 observers are shown in the colour code. We show 

the torus column densities N H = 10 24 cm 

−2 and τ e = 7 (solid lines) and N H = 10 25 cm 

−2 and τ e = 0.7 (dotted lines), i.e. the highly ionized cases. The remaining 
parameters are r in = 0.05 (Case A), R out = 10 (Case A), and the primary input was set for � = 2 and p 0 = 2 per cent for all displayed cases. The detailed 
parametric dependencies are shown in following figures when integrated in energy. The fluorescent spectral lines are depolarizing on top of the continuum. High 
photo-absorption (stronger for higher densities and at softer energies) causes higher perpendicular polarization contribution to the total emission. The details 
are geometry dependent. In the bottom-left and bottom-right panels, the high polarization at 3–5 keV in blue and turquoise cases reaches 75 per cent to 100 
per cent. We reduced the y -axis range, because any such values are loosely determined due to simulation precision that suffers from high absorption, hence low 

photon statistics in these bins. 
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catterer need to be considered, including the dominant polarization 
ngle from each part. We see highly polarized reflection from the 
nner side of the funnel (depending on the ionization level), the 
ux contribution from each section is inclination and geometry 
ependent, and reprocessing occurs at various volumes, depending 
n the optical depth (in turn dependent on the density) of the
edium. Mirror symmetry in meridional plane leads to either parallel 

r perpendicular orientation of polarization from a solid angle 
ubtended by each meridionally symmetric region of the torus with 
 given relative flux and polarization fraction contribution, which 
as a consequence on the net polarization. In scattering-dominated 
edia the following geometrical explanation holds for the emergent 

olarization angle: if the dominant scattering plane is equatorial, 
.e. the observed scattering medium is rather equatorially elongated, 
he expected polarization is parallel to the axis of symmetry; if
t is the meridional plane, then the net polarization arising due 
o the dominant single-scattering angle will be perpendicular to 
he principal axis (see e.g. Kartje 1995 ; Goosmann & Gaskell 
007 ; Schnittman & Krolik 2010 ; Krawczynski et al. 2022 ). Then,
igher o v erall flux absorption may also cause depolarization due to
utually perpendicular polarization vectors of light rays originating 

n different regions and reaching the observer. In the bottom panels of
ig. 2 , we see a general trend of increasing perpendicular polarization

o wards lo wer energies at soft X-rays due to relatively high flux
ontribution from scattering at the further side of the torus, which 
hen reaches the observer with a dominant single-scattering angle 
n the meridional plane. Hence with high perpendicular polarization 
ained through Compton scattering ‘periscope’ effect, because the 
esulting polarization is al w ays perpendicular to the dominant plane 
f scattering. The opposite is true for hard X-rays, especially for low
olumn densities when partial transparency allows larger visibility 
ngles of the inner illuminated walls (not just the back side), and
 dominant parallel angle due to scatterings in parts of the medium
hat are on the left and right sides from observer’s point of view
together forming a larger polarized flux contribution through the 
otal observable solid angle) and rather elongated in the equatorial 
lane. Their lower obscuration (i.e. the opacity drop at hard X-
ays due to photo-electric absorption optical depths being roughly 
E 

−3 dependent compared to nearly constant Compton scattering 
ptical depths with energy) causes higher polarization with parallel 
rientation in most of the lower density cases and high half-opening
ngles – creating rather equatorial ring scattering environments than 
 ertically e xtended walls. Thus at hard X-rays, in the cases were
he net emergent polarization angle is parallel, we rather expect 
epolarization for higher absorption (by higher uniform density), 
ecause the higher obscuration emphasizes observed regions with 
he competing perpendicular polarization angle. The results are 
eometry dependent and although the two elliptical tori shown, 
.e. Case B (for b = R /4) and Case C ( b = a ), are rather similar,
he wedge-shaped Case A preferentially shows parallel orientations, 
ven at lower energies. This is logical, because the column density in
he line of sight towards the primary source is inclination independent 
a step function in between type-1 and type-2 viewing angles) for
edge-shaped tori, unlike the elliptical tori, where the transition in 

ine-of-sight column density is more gradual. Therefore, we expect 
ifferent contribution of light scattered in different volumes along 
he entire radial extent near the grazing angles. They also undergo
ifferent geometry of scattering on the inner side, due to a change
n curvature sign of the inner surface with respect to the centre of
mission between Case A and Cases B and C. 
MNRAS 526, 4929–4951 (2023) 
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Figure 3. Case A (dashed lines) compared to Case C (solid lines): we show the energy-integrated flux, F , versus inclination, i , for � = 25 ◦ (left), � = 45 ◦
(middle), and � = 75 ◦ (right) and for N H = 10 24 cm 

−2 (top) and N H = 10 25 cm 

−2 (bottom). We show the results for low level of ionization, i.e. τ e = 0.007 for 
N H = 10 24 cm 

−2 and τ e = 0.07 for N H = 10 25 cm 

−2 , integrated in 3.5–6 keV (blue) and 30–60 keV (black), as well as for high level of ionization, i.e. τ e = 

0.7 for N H = 10 24 cm 

−2 and τ e = 7 for N H = 10 25 cm 

−2 , integrated in 3.5–6 keV (green) and 30–60 keV (magenta). The remaining parameters are r in = 0.05 
(Case A), R out = 10 (Case A) and the primary input was set to � = 2 and p 0 = 2 per cent for all displayed cases. The ionization level impacts reflectivity of the 
medium, while the geometry and density impacts the shape of the flux drop with inclination. For wedge-shaped tori (Case A), the total flux decreases relatively 
steeply below the grazing angle due to sudden increase of line-of-sight column density with inclination compared to the circular torus (Case C). 
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We will now examine the results in more detail by integrating the
pectra in energy in ranges where spectral lines do not contribute.
e will include the discussion of partial ionization effects that were

ot shown in Fig. 2 . We will first compare the wedge-shaped tori
ith circular tori. Fig. 3 shows the relative flux drop with inclination

or Case A versus Case C for various densities, ionizations, and half-
pening angles. The shape of the circular torus, with a concave
pper and lower boundary in the meridional plane compared to
he straight wedge-shaped torus, clearly impacts the received flux
hrough gradually decreasing transparency when changing the view
rom the grazing angle towards the equator. Whereas the wedge-
hape tori provide much steeper flux drops with a sharp column
ensity switch in the line of sight just below the grazing angle.
his effect is more important for higher densities of the matter and

s rather ionization independent, although higher ionization means
igher flux due to enhanced reflection. Since we show the results
n continuum dominated energies, the relative flux change is rather
nergy-independent. 

Figs 4 and 5 show the polarization comparison for the same
onfigurations with respect to various inclination and half-opening
ngle combinations. We see gradually less distinct regimes while
hanging i from minimum to maximum, and more distinct regimes
n � – that is for the choice of plotting and number of panels. The
olumn density clearly affects the dominant symmetry that results in
et observed parallel or perpendicular polarization angle. For lower
ensities we obtain almost e xclusiv ely parallel polarization reaching
rom unpolarized emission to ∼20 per cent polarized emission for
igh inclinations and high half-opening angles. This is due to
ifferent angular flux distribution, i.e. the partial transparency is
llowing the observer to see more reprocessed light from the left and
ight sides of the tori than from the far side in observer’s point of
iew, compared to the case of higher densities. Since the front side
NRAS 526, 4929–4951 (2023) 
s illuminated from an opposite side, the flux contribution is low, as
lmost no radiation passes through the torus in the type-2 viewing
ngles. Even though we forbid here the registration of zero-scattered
hotons, the results for obscured viewing angles are not much
ifferent when including them, which we did in Section 4 . For higher
ensities, the same scenario is true for high inclinations and high half-
pening angles. But when we obscure the central source with low
alf-opening angles, the reflection on the further side off the inner
alls of such funnels pre v ails and we see a dominant perpendicular
rientation with average polarization reaching up to ∼25 per cent.
 or this re gime, we see depolarization for lower densities, as the
scaped photons scatter in larger volumes of the equatorial medium,
hus on average come through higher diversity of directions and the
 v erall symmetry is less broken. The most fa v ourable obscuration
cenario for perpendicular polarization genesis through on average
erpendicular reflection in the meridional plane, i.e. the highest
elativ e contribution re garding flux and polarization, happens at
oderate inclinations, from ∼40 ◦ to ∼70 ◦ between 25 ◦ and 50 ◦

alf opening angles. We refer the reader to Section 4 where the
ependence on i and � is viewed from a different, perhaps more
omplete perspective for one application example. 

The continuum energy-dependence traces the amount of photo-
lectric absorption with respect to scatterings. Apart from some
rregular contribution of ionization edges (less present in the two
nergy bands shown), we have higher photo-electric absorption in
he 3.5–6 keV band compared to 30–60 keV. This causes an opposite
ependence of polarization degree on energy with respect to the
wo dominant regimes appearing in the resulting polarization angle.
o we ver, the le vel of ionization is more important than the energy
and chosen towards the resulting polarization fraction, which is seen
n both figures. More prominently for higher densities, as the density
ffects the energy-dependent ratios between bound-free and free–free
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Figure 4. The same as in Fig. 3 , but energy-averaged polarization degree, p , versus inclination i is shown. The reprocessed polarization can reach tens of per cent 
and geometrical details are important. For lower densities, the prevalent polarization orientation is parallel with the axis of symmetry. Circular tori (Case C) 
then in some cases of high obscuration lead to a resulting perpendicular polarization. 

Figure 5. The same as in Fig. 4 , but energy-averaged polarization degree, p , versus half-opening angle � is shown for i = 22.3 ◦, i = 43.5 ◦, i = 68.0 ◦, and i = 

85.7 ◦ (left to right). In dif ferent vie w of the results, we see the polarization dependence on half-opening angle: the smaller the vertical extension of the torus is, 
the more equatorial reprocessing we witness and the higher and clearer the parallel polarization contribution is, especially for low column densities. 
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bsorption opacities and scattering opacities on free electrons. The 
eometrical shape is intermediately important compared to changes 
n p with energy and ionization. Even though we have the inner radius
 in fixed here when comparing the Case A with Case C, the curvature
f the inner boundary and shape of the top or bottom surface with
espect to the equatorial plane is determinative for the net geometry of 
cattering. We thus obtain similar conclusions to the optical and UV 

tudy in Goosmann & Gaskell ( 2007 ), which found non-negligible 
ensitivity of polarization to the details of the geometry, similar half-
pening angle and inclination effects on the polarization angle, and 
olarization degree forming a peak with inclination, i.e. showing a 
on-monotonous behaviour. The results are also similar, although not 
qui v alent, to pre vious MC studies of equatorial X-ray polarization
eprocessing in Ghisellini, Haardt & Matt ( 1994 ), Goosmann &
att ( 2011 ), Ratheesh et al. ( 2021 ), and Ursini et al. ( 2023 ). The
orks of Ratheesh et al. ( 2021 ), Ursini et al. ( 2023 ), departing from
hisellini, Haardt & Matt ( 1994 ), stated ho we ver only perpendicular
rientation of the resulting polarization vector with respect to the 
xis of symmetry. And even though Goosmann & Matt ( 2011 ) used
he same code, the e xact computational conditions, e.g. re garding
he geometry and column densities, resulting in different energy 
ependence, were not the same and they were simulated in particular
or the nucleus of NGC 1068, while here we provide much broader
arametric o v erview. One should also compare the results only for
he type-2 viewing angles, as in this section we do not register direct
hotons, only the reprocessed ones. 
MNRAS 526, 4929–4951 (2023) 
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Figure 6. Case B for various ellipse eccentricities compared to the circular Case C in energy-averaged polarization degree, p , versus inclination i for � = 

25 ◦ (left), � = 45 ◦ (middle), and � = 75 ◦ (right). We show the results integrated in 3.5–6 keV (top) and 30–60 keV (bottom) and for N H = 10 24 cm 

−2 . The 
black curve corresponds to the Case C ( b = a ). The magenta, red, yellow, green curves correspond to the Case B for b = R /8, b = R /4, b = R /2, b = 3 R /4, 
respectively. The results are shown for high level of ionization, i.e. τ e = 0.7, see corresponding Fig. A1 for low ionization. The primary input was set to � = 2 
and p 0 = 2 per cent for all displayed cases. Due to the adopted definitions, Case C does not al w ays represent the middle case between the more general elliptical 
Cases B. The more oblate the elliptical scattering structure is, the stronger parallel polarization contribution is and the closer to the wedge-shaped result the net 
polarization gets. 

Figure 7. The same as in Fig. 6 , but for N H = 10 25 cm 

−2 . The results are shown for high level of ionization, i.e. τ e = 7, see corresponding Fig. A2 for low 

ionization. For high enough densities and soft energies, the dependence on eccentricity is reversed for low half-opening angles and high inclinations. 
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We will now study the effect of changing eccentricities of elliptical
ori only, fixing the conv e xity sign of the illuminated inner side of
he obscurer (with respect to the source of emission). We compare
n the same style in Figs 6 –9 the elliptical Case B for various b
 alues relati ve to R and the circular Case C (with a = b ). Because
he distance r in of the closest toroidal point to the centre is fixed for
ll cases shown, and because we vary R denoting the distance of
NRAS 526, 4929–4951 (2023) 
he centre and the elliptical centre in the meridional plane, we track
ore precisely the shape difference between a compact torus and a

eometrically extended torus. Due to a different computation of a
etween Cases B and C (see equations 1 and 2 ), the Case C does
ot al w ays produce an intermediate result between the shown Cases
. The more prolate and equatorially compact the torus is, the more
erpendicular and higher polarization we expect. The more oblate
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Figure 8. The same as in Fig. 6 , but energy-averaged polarization degree, p , versus half-opening angle � is shown for i = 22.3 ◦, i = 43.5 ◦, i = 68.0 ◦, and i = 

85.7 ◦ (left to right). Different view of the previous results. For high energies the geometrical differences are minor. 

Figure 9. The same as in Fig. 8 , but for N H = 10 25 cm 

−2 . Dif ferent vie w of the previous results. The high obscuration presented here causes dominant 
perpendicular polarization arising from scattering on the furthest side of the torus from observer’s point of view, especially for low half-opening angles more 
prolate elliptical tori, if inclinations are moderate or low with respect to the axis of symmetry. 
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he structure is, i.e. equatorially elongated, the lower perpendicular 
nd higher parallel polarization we observe for the aforementioned 
easons. In this sense, the oblate Case B with b = 3 R /4 is the most
imilar to the wedge-shaped torus results, providing similar high 
olumn density conditions for light rays seen under inclinations near 
he half-opening angle. For such cases the exact convex or concave 
hape of the inner-most wall plays little importance. The dependence 
n eccentricity is reversed only for low half-opening angles, in 
articular at soft energies, high densities, and high inclinations, when 
he absorption effects cause high perpendicular polarization for more 
blate tori under extreme obscurations (with low numerical noise 
een e.g. in top-middle panel of Fig. 7 and in comparison with Case
 in dashed green curve of bottom-middle panel of Fig. 4 ). This is

lso the example of configuration space corner where the reflection 
n the inner walls matters mostly for the net result and the curvature
ign (whether conv e x or concave with respect to the centre) of the
nner reflecting surface affects the result. Direct comparisons with 
ther models, such as in Ratheesh et al. ( 2021 ), Ursini et al. ( 2023 ),
nd Veledina et al. ( 2023 ) are beyond the scope of this paper, but we
nticipate that, if anywhere, the conical shape adopted therein with 
ssentially no inner wall would produce different results than the 
lliptical tori presented in our study (and even more the wedge-
haped tori presented here) for this part of configuration space 
ost clearly. Section 4 and Appendix A provide a different way

f plotting the typical geometrical dependencies, which is perhaps 
ore comparable to the modelling results presented in the other 

ublications. 
Figs 6 and 7 , representing the inclination dependence for lower and

igher density cases, are displayed for high ionization. See Figs A1
nd A2 for the same figures with low ionization of the scattering
edia. Although more numerical noise is present, because more 

adiation is absorbed for the same number of simulated photons, 
e see qualitatively the same sensitivity of polarization to changing 

cattering geometry. The results are quantitatively similar for low 
MNRAS 526, 4929–4951 (2023) 
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Figure 10. Case C only for different cases of primary radiation: energy-averaged polarization degree, p , versus inclination i for � = 25 ◦ (left), � = 45 ◦
(middle), and � = 75 ◦ (right). We show the results integrated in 3.5–6 keV (solid) and 30–60 keV (dashed) and for N H = 10 24 cm 

−2 and τ e = 0.7 (top) and N H = 

10 25 cm 

−2 and τ e = 7 (bottom). The magenta curves correspond to the 2 per cent parallelly polarized primary with � = 2.0. The red and yellow correspond to 
the unpolarized and 2 per cent perpendicularly polarized primary with � = 2.0, respectively. The green and black curves correspond to the 2 per cent parallelly 
polarized primary with � = 1.2 and � = 2.8, respectively. The results are shown for high ionization, although other ionization levels show similar dispersion in 
polarization with respect to the changing primary input. This dispersion is different with respect to the chosen geometry, while the displayed Case C represents 
an intermediate result from all tested cases. The spectral index of incident emission drives the emergent polarization more strongly than the realistic cases of 
primary polarization tested. 
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ensities, but when we simulate high densities, we see smaller
ispersion in polarization with respect to eccentricity in the parallel
riented regimes. This is because when low ionization is present,
he absorption on neutral atoms under these densities is large
nough compared to pure reflection on free electrons, even for the
ost prolate cases. Then the furthermost side of the torus towards

he observer is not able to produce enough scattered radiation to
epolarize the parallelly polarized component from closer visible
egions towards the observer. To view the ionization effects more
irectly, we show the same polarization results versus inclination and
alf-opening angle on Figs A3 and A4 for three different ionization
evels in one plot for the Case C only. 

Lastly, let us discuss the effects of changing the incident radiation
roperties. Although we do not aim to study the imprints of extended
nd anisotropic emission sources (and the scattering regions in
TOKES are not even thermally radiating), Fig. 10 shows the effects
f changing � between 1.2 ≤ � ≤ 2.8 on the resulting polarization
tate for the Case C torus. We also include the effect of changing
rimary polarization between unpolarized and 2 per cent polarized
entral emission with a polarization vector oriented parallelly and
erpendicularly to the axis of symmetry. Studying only the repro-
essed light rays, we see the incident polarization state effect on
he resulting polarization fraction of the order of a few degrees.
he departure from the originally unpolarized emission is in the
ame direction, i.e. depolarizing or additionally polarizing depending
n the resulting net polarization angle. The power-law index � 

lays, ho we ver, a larger role in the resulting polarization. Even
hough we omitted the energy bands with emission lines, whose
qui v alent widths are also �-dependent, the relative contribution
etween the soft and hard X-rays is important for the energy-
ependent absorption effects. For low �, we rather see parallel
NRAS 526, 4929–4951 (2023) 
riented polarization, originating on the left and right sides from
he observer’s perspective, because photo-electric opacities that are
n general larger at soft X-ray energies allow in this case more
hotons passing through the torus edges. Therefore the polarized
ux contribution for perpendicular polarization originating in highly
educed geometry for high obscuration is weaker. The opposite is at
ork for large �. The difference can be even as large as ∼20 per cent

n polarization fraction in 3.5–6 keV for high densities, moderate
nclinations, and low half-opening angles (see Section 4 for the
iscussion on de generac y of the parameter space with respect to a
ingle 2–8 keV polarimetric measurement). We note that Fig. 10
hows the result for high ionization only, but when inspecting
ther levels of partial ionization we observe similar dispersion in
olarization with respect to the changing primary input. Ho we ver,
he dispersion is different with respect to the chosen geometry. The
isplayed circular Case C represents an intermediate result from all
ested cases. The more prolate elliptical tori are the most sensitive to
 (up to ∼30 per cent difference in polarization in the most sensitive
onfigurations in 3.5–6 keV), while for the more oblate elliptical
ori and the wedge-shaped tori the differences are the smallest (up
o ∼10 per cent in 3.5–6 keV). Regarding application to XRBs, a
uestion arises on how the presence of thermal peak at soft X-rays
riginating from inner accretion would affect the results on top of
he tested power law. Assuming that the region of emission would
till hav e ne gligible size and location in the centre, we can draw
pon the abo v e conclusions. The IXPE observations of 4U1630-
7 (Rodriguez Cavero et al. 2023 ) reveal no significant change in
olarization, despite a spectral state change. But even if the thermal
omponent was producing different polarization, the changing flux
ontribution at soft X-rays due to thermal radiation would be of
uch higher importance, as our results for varying � with respect to
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hanging primary polarization indicate. Ho we v er, an y more detailed
uantitative estimate would require new simulations. 
The effects of partial transparency, changing ionization and the 

olarization, and slope of the primary power law on the resulting
olarization are directly related to the X-ray band. They shall be care-
ully X-ray spectroscopically analysed for X-ray spectropolarimetric 
bservational campaigns in order to reduce the shown polarization 
egeneracies. The default geometrical parameters of the obscurer, 
uch as � , i and orientation of the system axis of symmetry, are
n addition directly shared for the same medium examined in other 
avelengths. In particular, IR, optical, and UV polarimetry of AGNs 

s able constrain the torus geometrical properties, alongside hints 
n the geometry of the broad line regions or polar scatterers with
espect to the inner sub-parsec accretion engine (e.g. Antonucci & 

iller 1985 ; Oli v a et al. 1998 ; Smith et al. 2004 ; Gaskell et al.
012 ; Marin et al. 2018c , 2020 ; Hutsem ́ekers et al. 2019 ; Stalevski
t al. 2023 ). IR and optical polarimetry alongside radio and optical
maging of accreting compact objects allows us to constrain large- 
cale jet orientation, which can then be linked to the orientation of
he accretion disc, knowing how the particle acceleration originates 
e.g. Unger et al. 1987 ; Jones et al. 1994 ; Mart ́ı, Paredes & Peracaula
000 ; Stirling et al. 2001 ; Miller-Jones et al. 2004 ; Cooke et al. 2008 ;
rawczynski et al. 2022 ; Kravtsov et al. 2023 ). 

 APPLICATION  TO  X - R AY  BINARY  SYSTEM  

Y G N U S  X - 3  

hroughout this section (in contrast to Section 3 ), we register and
isplay all unabsorbed photons, including the unscattered emission, 
f not stated otherwise. The inclusion of zero-scattered photons is 
mportant for the type-1 viewing angles, as the direct flux contribution 
ltimately dilutes the observed polarization. We set R = 0.5 constant 
n this section and let r in vary, referring to the results in Section 3
here R was a variable and r in fixed. Again, the true units are
nimportant for the presented polarization studies. We also provide 
n alternative way of displaying the results, similar to Veledina et al.
 2023 ), so that the MC modelling is easily compared to the analytical
odelling therein, or to the equatorial obscuring MC simulations 

rom Ghisellini, Haardt & Matt ( 1994 ), displayed in Ursini et al.
 2023 ) (see their fig. 6) for the X-ray polarimetric analysis of the case
f obscured Circinus Galaxy . Finally , as mentioned in Section 2 , we
o not account for neutral hydrogen to simulate the hydrogen-poor 
ase of Cygnus X-3 accreting stellar-mass black hole and to trace the
hemical composition effects. The N He and τ e are scaled accordingly 
o represent similar obscuration and partial ionization levels to the 
revious sections. We will first show the results integrated in the 
–8 keV band, which is the full energy range of the IXPE mission,
nd directly compare the models to the latest Cygnus X-3 data. Later
e will discuss the energy dependence of polarization. We show the 

esults only for � = 2 and unpolarized primary, but we performed the
ame set of simulations also for � = 3 and for 4 per cent parallelly
nd perpendicularly polarized primary radiation, which we discuss 
n words. 

Fig. 11 shows the resulting polarization in { i , � } plane in the
–8 keV band for an elliptical torus, i.e. Case B, with b = R /4 and
arious column densities and ionization levels. The dashed black line 
arks the grazing inclination angles. The black rectangles represent 

he main IXPE observation in 2–8 keV from 2022 October, i.e. p =
1 ± 3 per cent with simulation uncertainty, and the green rectangles 
epresent the additional Target of Opportunity (ToO) observation 
rom 2022 December, i.e. p = 10 ± 3 per cent with simulation uncer-
ainty, interpreted in Veledina et al. ( 2023 ) as depolarization due to
igher transparency of the equatorially obscuring funnel. The empty 
ins (in white), that are typically at high inclinations and low half-
pening angles, did not converge within reasonable computational 
ime of the MC simulations ( ∼2 months at the available institutional
luster capacities). Despite the modelling changes with respect to 
he previous sections, and despite the inclusion of spectral lines in
he main geometrical dependencies shown in the entire 2–8 keV 

and, we obtained comparable polarization prediction for the type- 
 viewing angles, i.e. similar linear polarization degree and angle 
nd their dependencies on inclination and half-opening angle of the 
bscurer. For almost all tested type-2 viewing angles, we obtained 
erpendicular polarization due to high obscuration and dominant 
eflection off the inner walls of the furthermost side of the reflecting
unnel. 

In Figs A5 , A6 and A7 we show the same panels for elliptical
ase B tori with b = R /8 and b = 3 R /4 and the wedge-shaped
ase A, respectively. The effect of constant R and varying r in with

espect to different elliptical eccentricities is similar to that of fig. 7 in
oosmann & Gaskell ( 2007 ), studying the compactness of the torus

n optical and UV radiation. We show that also in the X-rays the large
ori scatter fewer photons in the direction of the observer, because of
he geometrically extended surface area that reflects them, resulting 
n less reduced geometry of scattering and lower polarization. In this
ay, we see larger differences between the geometrical archetypes. 
he two more prolate elliptical tori show rather similar behaviour 

n resulting polarization (up to about ∼10 ◦ error in i and � for the
ull-band IXPE results between b = R /8 and b = R /4), but once we
witch to the most oblate cases of b = 3 R /4, the results are similar
o those of the wedge-shaped torus. The reason is simple: for the
atter the line-of-sight column densities are large shortly below the 
razing inclination angle, where we see very high polarization degree 
lready . Ultimately , for the Case A the line-of-sight column density
s a sharp step function of inclination from zero and does not change
urther with inclination for any type-2 observer. 

For the type-1 viewing angles we obtain typically very low 

olarization – following the incident polarization state. Compared 
o the results in the previous sections, this is due to the inclusion
f the zero-scattered photons that are dominating in the total flux
hen the observer can see directly into the accreting nucleus. We

onclude that for type-1 observers, reprocessing changes the original 
olarization by ∼1 per cent in polarization fraction in the 2–8 keV
and, depending on the equatorial environment, which may still be 
ele v ant for the interpretation of the IXPE observations of type-1
GNs and other unobscured accreting compact objects. On the other 
and, the zero-scattered photons play negligible role in resulting mid 
-ray polarization for the Compton-thick sources. 
Observing the polarization change with column density, we 

onfirm the possible interpretation of the depolarization by ∼
0 per cent in Cygnus X-3 due to scatterings in larger volumes of
ower column densities, thus diluting the preferred scattering-plane 
rientation inside the system. When testing even lower densities 
han those displayed, we obtained nearly unpolarized emission. 
imilarly to density, lowering the ionization level can also completely 
epolarize the output for type-2 viewing angles due to effectively 
igher symmetry and absorption of otherwise highly collimated 
nd highly polarized photons. In Figs 11 and A5 –A7 we also see
 different manifestation of depolarization with lowering density and 
onization level with inclination per one � . For type-2 inclinations
ust below the grazing angle, we see the higher depolarization due
o changing ionization via lowering the homogenous free electron 
ensity. This is because the transparency of surface layers of the
oroidal structures matters for changing ionization. On the other 
MNRAS 526, 4929–4951 (2023) 
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Figure 11. In the colour code we show the STOKES model polarization de gree, p , inte grated in 2–8 keV for the Case B elliptical equatorial obscurer with b = 

R /4 with respect to various inclinations i and half-opening angles � . All photons are registered and the black dashed lines marks the grazing inclination angles. 
The black and green rectangles represent the simulation results roughly matching the main and ToO IXPE observ ations, respecti vely, of an X-ray binary system 

Cygnus X-3, e xtensiv ely described in Veledina et al. ( 2023 ). We show the case of unpolarized primary radiation with � = 2. The left column shows the results 
for high ionizations, how they differ when lowering the column densities, i.e. from top to bottom we show (a) N He = 8.5 × 10 23.0 cm 

−2 and τ e = 7, (c) N He = 

8.5 × 10 22.5 cm 

−2 and τ e = 2.21, (e) N He = 8.5 × 10 22.0 cm 

−2 and τ e = 0.7. In top right and centre right we show the highest density case for lower ionization 
levels, i.e. (b) N He = 8.5 × 10 23.0 cm 

−2 and τ e = 2 and (d) N He = 8.5 × 10 23.0 cm 

−2 and τ e = 0.7, respectively. The (f) bottom right panel shows the moderate 
density case for lower ionization, i.e. N He = 8.5 × 10 22.5 cm 

−2 and τ e = 0.63. The way of displaying results is identical to the MC simulation in fig. 6 of Ursini 
et al. ( 2023 ) and to the analytical modelling presented in Veledina et al. ( 2023 ). 
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and when lowering the uniform density of ions while keeping 
he ionization level roughly equivalent, we first see depolarization 
t moderate and higher type-2 inclinations than those just below 

he half-opening angle. This is because the change occurs in the 
ntire scattering location. Its shape, elongation, and relative size are 
mportant when increasing the volume for reprocessing consistently. 
or future X-ray polarimetric observations, the depolarization due 

o ionization level is perhaps more likely to be constrained from
imultaneous X-ray spectroscopy than Compton thickness. 

The inclination, half-opening angle, density, and ionization level 
eem to play much larger role in resulting polarization than any other
ested parameters. For all tested geometries, the � = 3 cases and/or
he 4 per cent polarized cases lead to an error in derived i or � of

10 ◦ for type-2 viewing angles. This is negligible compared to the 
rbitrary polarization (up to tens of per cent) that is given by the
ain four parameters that have to be in prior constrained from X-ray

pectroscopy, if one desires to interpret the IXPE polarization data 
n the full energy band. In this way, we show the level of de generac y
n parameter constraint through a single 2–8 keV polarization data 
f a particular source. The actual chemical composition seems 
o be of low o v erall importance unless we have ambitions to
tudy contribution of individual spectral lines to polarization, and 
onization edges in the photo-electric opacities in detail, which is 
eyond the energy resolution adopted, and sensitivity of current and 
ear-future X-ray polarimeters, and scope of this study. 
The contour maps of solutions in the { i , � } space show two

ranches of solutions, both compatible with the single-scattering 
nalytical model presented in Veledina et al. ( 2023 ) and the upper
ranch being compatible with the modelling result shown in Ursini 
t al. ( 2023 ), using the Ghisellini, Haardt & Matt ( 1994 ) model,
hich did not provide low enough half-opening angles to see the 

ower branch of solutions. Both of these models assumed a conical 
hape of the torus, which means that also the true geometrical 
hape is of lower importance for the resulting polarization fraction 
han the aforementioned parameters. Ho we ver, a detailed one-to- 
ne comparison is required for further analysis of the different 
onfigurations and methods. 
STOKES is unique in a sense that it can provide the effects

f partial ionization and partial transparency. We approximate the 
esults of the other two models best in the high ionization and
igh density cases. The fig. 6 in Ursini et al. ( 2023 ) follows the
hisellini, Haardt & Matt ( 1994 ) model with neutral matter and

hus provides in general perhaps more dissimilar predictions from 

he STOKES code than the analytical model presented in Veledina 
t al. ( 2023 ), which targets single-scattering on electrons. Moreo v er,
he latter model was directly applied to the Cygnus X-3 example 
iscussed in this section and we plan to focus on the dusty obscurer
n the Circinus Galaxy with STOKES in a separate publication. The 
nalytical model presented in Veledina et al. ( 2023 ) is representing
he single-scattering inner-wall reflection, which we tried to approach 
ith STOKES in a separate round of simulations where we detected 
nly the single-scattered photons. We plotted the results in the same 
ay in Fig. 12 , for the same geometry of scattering as in Fig. 11 ,
ut similar conclusions apply when comparing the single-scattering 
esults to the full simulations in other geometries. Clearly, we are 
uch closer to the analytical model in the type-2 viewing angles than
hen all radiation is taken into account. We note that there is still a
rincipal difference in between the two models that in STOKES even 
n this single-scattering regime we work with absorption of photons. 

The model de generac y for the type-2 viewing angles with respect
o the 2–8 keV data is further reduced when analysing the polarization 
nergy-dependence within the 2–8 keV range. This is in practice 
ore achie v able for Galactic sources than for AGNs, o wing to
he larger average count rates. The wedge-shaped model shown 
n Fig. A7 shows too high obscuration for the high line-of-sight
olumn densities just below the grazing inclination angles. Thus, 
e do not have enough MC photon statistics to study the energy-
ependence with the performed MC runs even in theory – apart from
oticeable depolarization in 6–8 keV compared to lower energies, 
hich occurs clearly due to the dominant iron emission line present

n all studied spectra. With the performed simulations, detailed 
nergy-dependence of polarization is ho we ver possible to examine 
or the partially transparent elliptical tori when integrated in the 2–
.5, 3.5–6, and 6–8 keV bands. This is shown in Figs 13 and 14 .
e display the energy-dependent results for the approximate orbital 

nclination of Cygnus X-3, i = 30 ◦ (Vilhu et al. 2009 ; Antokhin et al.
022 ) (which can still be different with respect to the true average
ccretion disc orientation) and for lower half-opening angles and 
arious combinations of densities and ionizations. The numerical 
oise is too high to provide acceptable geometry and composition 
onstraints for both IXPE Cygnus X-3 observations represented by 
he grey and green horizontal lines, which should match within one
ranch of solutions. 
First of all, we pro v e that the single-scattering analytical model

iscussed in Veledina et al. ( 2023 ) well represents the general
TOKES model in 3.5–6 keV band where no prominent spectral lines
re present. Apart from spectral lines, the energy-dependent bound- 
ree and free–free absorption also impact the energy-dependence of 
olarization, which is inherently related to the geometrical param- 
ters of the system. The STOKES single-scattering approximation 
compared here directly to the full STOKES model) is valid in the
.5–6 keV in all cases apart from the lowest column densities of
eutral species (red lines in Fig. 13 ). In this case the depolarization in
ontinuum energies is too high due to enlarged angular distribution of
catterings. Although the conditions of line formation can be complex 
ith respect to the level of depolarization caused on the underlying

ontinuum radiation, our simulations show that at 2–3.5 and 6–8 keV
he fluorescent spectral lines may noticeably depolarize the observed 
pectrum compared to the values of polarization at 3.5–6 keV band.
he stronger depolarization is more likely for lower ionization 

ractions, as expected from the line formation. The depolarization 
hrough changing the N He density is sensitive with respect to the
articular Compton-thickness energy transition, which occurs in 
r near the 2–8 keV band due to photo-electric opacities, being
omparable to Compton opacities. We observe smaller decrease of 
olarization degree from 3.5–6 to 2–3.5 keV (increase actually in 
ome low N He density cases) when compared to the depolarization 
rom 3.5–6 to 6–8 keV, because the obscuring medium is indeed
ore transparent for the central source photons at higher energies, 
hich causes monotonous depolarization with increasing energy 

see Fig. 2 ), unlike the spectral lines effect. This would explain
he leveling of polarization degree at 2–6 keV with energy in the
oO observation of Cygnus X-3 with IXPE (Veledina et al. 2023 ), if

he source was caught in obscuring outflows with lower total column
ensity during the second observation period. However, our models 
re largerly simplified due to the uniform density assumption. The 
ffects of obscurers with non-uniform density on polarization are left 
or future studies. 

 C O N C L U S I O N S  

e compared the X-ray polarization properties in the 1–100 keV 

and of homogenous static equatorial obscuring media around 
ccreting compact objects. We performed simulations of partially 
MNRAS 526, 4929–4951 (2023) 
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M

Figure 12. The same as in Fig. 11 , but for registered single-scattered photons only. Compared to the simulations with all photons, the polarization still contains 
two branches of solutions in the { i , � } space for type-2 viewing angles, but the average obtained polarization is higher and the dependence on free electron 
density is negligible. 
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Figure 13. The STOKES model polarization degree, p , averaged in 2–3.5 keV (left), 3.5–6 keV (middle), and 6–8 keV (right), versus half-opening angle � 

(in the obscured type-2 configurations only) for a selected i = 30 ◦ inclination angle, corresponding to the orbital inclination in Cygnus X-3 (Vilhu et al. 2009 ; 
Antokhin et al. 2022 ). The corresponding energy-averaged polarization data from the main and ToO observations are marked with gray and green horizontal 
lines with shadowed areas corresponding to simulation uncertainties. The top, middle and bottom panels correspond to the Case B simulations of elliptical tori 
with eccentricities given by b = R /8, b = R /4, and b = 3 R /4, respectively. We show the results for all registered photons (solid lines) and only those photons 
that scattered once (dotted lines). The different colours correspond to various column densities for high ionization: N He = 8.5 × 10 23.0 cm 

−2 and τ e = 7 (blue), 
N He = 8.5 × 10 22.5 cm 

−2 and τ e = 2.21 (green), N He = 8.5 × 10 22.0 cm 

−2 and τ e = 0.7 (red). Apart from low densities, the total result is well represented 
by the single-scattering simulation in 3.5–6 keV band. The density affects absorption, which is energy dependent and results in lower polarization at higher 
continuum energies. 
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onized and partially transparent 3D toroidal structures with the 
TOKES code (Goosmann & Gaskell 2007 ; Marin et al. 2012b ;
arin, Goosmann & Gaskell 2015 ; Marin 2018 ), which is an
C simulation suitable for studying the effects of scattering and 

bsorption. Placing the source of low (up to a few per cent) polarized
ource of isotropic power-law emission in the centre of the axially 
ymmetric equatorial obscurer, we defined distinct geometries for 
he reprocessing studies: the wedge-shaped torus and elliptical tori 
ith various eccentricities. When a v oiding the observed polarization 

tate of spectral lines by selecting the 3.5–6 and 30–60 keV bands,
e found large dependence of polarization degree on inclination, 
alf-opening angle, density of the scatterer, and ionization level. We 
ound relatively minor impact (up to a few per cent) of changing
rimary polarization state by 2 per cent from unpolarized emission 
nd moderate impact of changing primary power-law index � by 
.8 from 2.0 (low tens of per cent in very specific geometries).
v erall, the div ersity in resulting polarization is striking. The
olarization fraction of reprocessed-only radiation can vary from 

ompletely unpolarized results up to high tens of per cent, with
arge degeneracies with respect to the geometries examined and 
he density and ionization effects. The resulting polarization angle 
an be either perpendicular or parallel with respect to the main
MNRAS 526, 4929–4951 (2023) 
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M

Figure 14. The same as in Fig. 13 , but for lower ionization lev els. F or the highest density case N He = 8.5 × 10 23.0 cm 

−2 we show τ e = 2 (yellow) and τ e = 

0.7 (magenta). For the moderate density case N He = 8.5 × 10 22.5 cm 

−2 we show τ e = 0.63 (cyan). The amount of ionization affects the presence of spectral 
lines, which depolarize at the lower and upper energy band shown (left and right columns, respectively). 
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xis of symmetry, as we do not take into account any general-
elati vistic ef fects. The former scenario is fa v oured for low half-
pening angles, high column densities, high ionization levels, and
ow inclinations, causing the dominant single-scattering plane to be
eridional. The opposite configurations will more likely result in a

arallelly oriented net polarization angle with equatorial dominant
ingle-scattering plane, while the intermediate cases depend on subtle
etails of relative size, shape, and composition of the obscurer. The X-
ay polarization fraction typically reaches a maximum for moderate
nclinations per given half-opening angle, ef fecti v ely pro viding two
olutions as a diagnostic tool for energy-integrated observations.
he modelling results are roughly consistent with other codes in

he literature (Ghisellini, Haardt & Matt 1994 ; Ratheesh et al.
021 ; Ursini et al. 2023 ; Veledina et al. 2023 ) and STOKES code
omputations performed for more specific configurations (Goos-
ann & Matt 2011 ). We obtained similar geometry effects of the

quatorial obscurers on polarization studied in the optical and UV
NRAS 526, 4929–4951 (2023) 
avelengths (Kartje 1995 ; Goosmann & Gaskell 2007 ), confirming
he fundamental geometrical explanations provided therein. This is
ecause the physical mechanisms behind generation of polarization
re alike: absorption that selects the dominant reprocessing geometry
ith respect to the observer and scatterings that additionally modify
olarization of individual photons. The main differences are caused
y individual spectral lines and relative contribution of absorption
nd scattering opacities, which is energy dependent. 

In addition, we provided a different perspective and usage ex-
mple of the MC simulations by studying in detail the equatorial
bscuration in the context of recent IXPE observation of the XRB
ygnus X-3 (Veledina et al. 2023 ) with severe hydrogen depletion.
ocusing on the IXPE operational band 2–8 keV, we showed maps of
redicted polarization state with respect to inclination, half-opening
ngle, different toroidal geometries, equatorial column densities,
nd ionization levels for single-scattered photons and all photons
including direct radiation). For constant density, ionization level
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nd geometrical parameters, the actual chemical composition seems 
o have low effect, if one does not have ambitions to study the
olarization signatures in spectral lines in detail. In the continuum 

.5–6 keV band we obtained a match between the moderate and high
ensity full MC simulations with the single-scattering option and the 
nalytical single-scattering results presented in Veledina et al. ( 2023 ). 
or type-2 viewing angles the primary state of emission is washed out
p to ∼10 ◦ of error in inclination and half-opening angle, which is
egligible compared to the effects of changing density and ionization. 
lthough spectroscopy and polarimetry in other wavelengths can 

ignificantly help to lift the model degeneracies, X-ray polarimetry 
an do so already, if energy-dependent polarization is obtained with 
ufficient photon statistics in the 2–8 keV band, which is particularly 
ensitive to partial transparency effects and spectral lines. This was 
lso illustrated on the recent IXPE observation of the obscured 
ccreting stellar-mass black hole in Cygnus X-3 in comparison with 
he MC models within the limits of una v oidable numerical noise for
easonable computational times. 
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Figure A2. The same as in Fig. 7 , but for low level of ionization, i.e. τ e = 0.07. The numerical noise is higher due to absorption, but we still observe the same 
eccentricity effects. 

Figure A3. Case C: the polarization degree p versus inclination i for � = 30 ◦ (left), � = 45 ◦ (middle), and � = 75 ◦ (right) for low, moderate, and high 
ionization levels (i.e. dashed, dot-dashed, and dotted lines representing τ e = 0.07, 0.7, 7, respectively, for N H = 10 25 cm 

−2 and τ e = 0.007, 0.07, 0.7, respectively, 
for N H = 10 24 cm 

−2 ). We show the results integrated in 3.5–6 keV (blue) and 30–60 keV (black) and for N H = 10 24 cm 

−2 (top) and N H = 10 25 cm 

−2 (bottom). 
Especially for high densities, the ionization is crucial for the emergent polarization. 
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Figure A4. The same as in Fig. A3 , but energy-averaged polarization degree, p , versus half-opening angle � is shown for i = 22.3 ◦, i = 51.3 ◦, i = 68.0 ◦, and 
i = 82.8 ◦ (left to right). Different view of the previous results. When absorption is high, i.e. for high densities, low half-opening angles and high inclinations, 
the perpendicular polarization contribution arising from inner reflection in the meridional plane is higher due to higher ionization. 
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Figure A5. The same as in Fig. 11 , but for a Case B elliptical obscurer with b = R /8. The two branches of solutions in the displayed configuration space remain 
in the same topology as in Fig. 11 . 
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Figure A6. The same as in Fig. 11 , but for a Case B elliptical obscurer with b = 3 R /4. Compared to the previous cases, the line-of-sight column density is high 
for inclinations already just below the grazing angle (dashed line). Hence the resulting high polarization and deformation of the pattern previously observed for 
more prolate cases. 
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Figure A7. The same as in Fig. 11 , but for a Case A wedge-shaped obscurer with R out = 10 and r in = R − b , where b = a is consistently computed through 
equation ( 2 ) for any circular torus, depending on inclination i and half-opening angle � . The step increase in line-of-sight column density results in high 
polarization for inclinations just below the grazing angle. For high inclinations and low half-opening angles the MC results suffer from low photon statistics. 

This paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 

© 2023 The Author(s). 
Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative Commons Attribution License 
( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/526/4/4929/7304419 by guest on 21 April 2024

https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 MODELLING
	3 RESULTS
	4 APPLICATION TO X-RAY BINARY SYSTEM CYGNUS X-3
	5 CONCLUSIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX A: ADDITIONAL MODELLING FIGURES

