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Abstract

This paper introduces the formalism required to analyze a certain class of stochastic
control problems that involve a super diffusion as the underlying controlled system.
To establish the existence of these processes, we show that they are weak scaling limits
of controlled branching processes. First, we prove a generalized 1t6’s formula for this
dynamics in the space of finite measures, using the differentiation in the space of
finite positive measures. This lays the groundwork for a PDE characterization of the
value function of a control problem, which leads to a verification theorem. Finally,
focusing on an exponential-type value function, we show how a regular solution to a
finite-dimensional HJB equation can be used to construct a smooth solution to the
HJB equation in the space of finite measures, via the so-called branching property
technique.

MSC Classification:— 93E20, 491.20, 491.12, 60J70, 35K10, 35Q93, 60H30
Keywords:— Stochastic control, superprocesses, Hamilton—Jacobi-Bellman equation, dynamic
programming principle

1 Introduction

Superprocesses are a class of stochastic processes that have garnered significant interest in recent
years, particularly due to their applications in various fields such as biology and finance. In
population dynamics, they have been introduced as limit approximation for large populations, of
branching diffusions, processes used to model the evolution of a population that is dispersed in
space (see, e.g., Dawson, 1993; Etheridge, [2000, 2019; [Li, [2011; Roelly-Coppoletta, [1986)). Their
study has been extensively developed to incorporate increasingly sophisticated model specifications,
such as mean-field interactions and varying impacts on model parameters (see, e.g., [Perkins|, 2002;
Etheridgel, 2004; |Etheridge et al., 2023; |Meleard and Bansaye, [2015; [Evans and Steinsaltz, 2007).

In |Cuchiero et al. (2024)); [Svaluto-Ferro et al.| (2018)), these processes have been incorporated
into the general framework of measure-valued polynomial processes, a versatile class of stochastic
processes known for their tractability and wide applicability in modeling complex systems. In



particular, |Guida| (2022)); Cuchiero et al.| (2022)) used them for its ability to incorporate stylized
facts observed in energy markets. Additionally, in|Cuchiero et al.| (2019)), they focus on the class of
probability measure-valued processes, where the Fleming-Viot process serves as a specific example,
highlighting the close connections with superprocesses (see, e.g., Dawson, (1993 Etheridge, 2000)).

The purpose of this article is to introduce and examine the class of controlled superprocesses.
As highlighted in |[Etheridge (2004)), understanding the impact of parameters within this class is
crucial for evaluating their effectiveness in critical issues such as survival and avoiding finite-time
explosion, which can be approached from an optimization perspective. This class seeks to bridge
the gap between spatial optimization at a microscopic level and a broader understanding, linking
possible spatial constraints, resource optimization, and general interaction on a global perspective.

This new framework extends classical superprocesses, when the controls are taken to be con-
stant, and they act a proxy for large critical controlled branching diffusion processes, which have
recently garnered attention in the literature. Studied by [Ustiinel (1981); Nisio| (1985); [Claisse
(2018)); [Kharroubi and Ocello| (2024b), we are going to build on the description in |Ocello| (2023).
This relaxed (and weak) control approach, introduced in [El Karoui et al.| (1987); Haussmann and
Lepeltier| (1990), enables us to focus on the laws of these processes associated with starting condi-
tion, control, and martingale problem. Following the lines of |Lacker| (2015, 2017)), by fixing the first
two elements and manipulating the martingale problem, we prove that controlled superprocesses
arise as a rescaling of branching processes, thereby establishing their existence. An example of
a study that combines the branching diffusion framework with the mean—field approach is also
present in |Claisse et al| (2023), where the authors introduce scaling limits that differ from the
dynamics of superprocesses. Moreover, a similar weak reasoning method is also used in|Talbi et al.
(2021)), where the optimal stopping problem is generalized to the mean field setting using a control
stopping strategy.

We then introduce, to the best of our knowledge, a novel formulation of a weak version of It6’s
formula specifically designed for superprocesses. This development is inspired by the methodologies
of Martini| (2023); (Guo et al.| (2023)); Cox et al.| (2024)), where It6’s formula is initially applied to
cylindrical functions and subsequently extended to sufficiently differentiable functions using the
denseness of the former class. This approach is advantageous because it relies solely on weak
versions of measure flows and it contrasts with methods that use a strong formulation approach
(see, e.g., Buckdahn et al., [2017; Li, [2018), the density with respect to a reference measure for
the process law (Cardaliaguet et al., 2019), or particle approximation techniques (Carmona and
Delarue), 2018a; |Chassagneux et al., [2014; Reis and Platonov, 2021; Dos Reis and Platonov, [2023).

Using the [t6’s formula, we address a general control problem and establish its well-posedness.
This leads to the identification of the value function as a solution to a Hamilton—Jacobi-Bellman
(HJB) equation in the space of finite measures and a verification theorem for “classical” solutions,
which provides the necessary conditions for proving the optimality of a controlling strategy. This
is achieved by showing that the value function of the control problem is a solution of this equation.
This point of view has been explored in several works, including those focused on Markovian
controls Pham and Wei| (2018), open-loop controls Bayraktar et al| (2018), Markovian and non-
Markovian frameworks Djete et al.| (2022), closed-loop controls Wu and Zhang (2020)), and McKean-
Vlasov mixed regular-singular control problems Guo et al.| (2023).

By employing cost functions that align with the geometry of the dynamics under study, we then
provide for an example that effectively utilize the so-called branching property technique. This
approach has been successfully applied in the literature on controlled branching processes (see,
e.g., Nisio, 1985; (Claissel, [2018} |Kharroubi and Ocello, [2024b,a)), where the complex global problem
is simplified into a finite-dimensional optimization. This strategy is similar to the approach used in
linear—quadratic problems in stochastic control, where solving the initial problem is reformulated



into finding specific solutions to a Riccati PDE (see, e.g., Abi Jaber et al., [2021}; Basei and Pham,
2019; [Lefebvre and Miller, 2021).

This work complements the ongoing focus on measure-valued processes in the context of their
integration with control theory, where they have been applied to problems such as mean-field
games and mean-field control (Huang et al., 2003, [2006, 2007blla; [Lasry and Lions|, 2006aib, |2007;
Cardaliaguet} 2010; Carmona and Delaruel 2018aljb), controlled measure-valued martingales (Cox
et al.,2024), and the Zakai equation from filtering theory (Martini, [2023,|2022). While the previous
studies focus on different classes of processes with varying state spaces and dynamics, our work
builds upon and extends these foundations. The processes considered here, including their state
spaces, formulation, and dynamics, are distinct yet complementary to those explored in previous
research. This is also evidenced by the differing It6’s formulas provided, which highlight the unique
aspects of our approach while integrating and extending the insights from earlier investigations.

The paper is organized as follows: In Section [2, we introduce the model setup, and in Section
we present the controlled superprocesses as a solution to a martingale problem as well as their
rescaled counterpart, the class of controlled n-rescaled branching diffusion processes. We conclude
this section by proving their uniqueness in law and existence as a weak limit of rescaled branching
processes. Section [ focuses on introducing the differential calculus in the space of finite measures
and provide the weak version of 1t6’s formula for the considered dynamics, generalizing the initial
martingale problem using the denseness of cylindrical functions in the space of regular functions
on finite measures. Finally, Section [5] is centered on the study of the control problem. After
establishing a non-explosion bound, we use the Dynamic Programming Principle (DPP) techniques
to derive the HJB equation satisfied by the value function of the control problem and prove a
verification theorem. We conclude the paper by providing a regular solution to the optimization
problem. In the appendix we collect the technical details of the paper. In particular, in [A] we
gather the proofs of the paper’s main results, in [B] we discuss the denseness properties of cylindrical
functions, used to provide It6’s formula, in [C]we give the moment estimates relying on a martingale
measure representation, and in [D] we give the prove the DPP for our control problem.

2 Model setup

For a Polish space (E,d) with B (FE) its Borelian o-field, we write Cy (E) (resp. Cy (E)) for the
subset of the continuous functions that are bounded (resp. that vanish at infinity), and M (E)
(resp. P (E)) for the set of Borel positive finite measures (resp. probability measures) on E. We
equip M (E) with weak™® topology, i.e., the weakest topology that makes continuous the maps
M(E) 3 X — [pe(x)A(dz) for any ¢ € Cy, (E). We denote (p,\) = [ p(x)A(dx) for X\ € M (E)
and ¢ € Cy (E).

A family % C G, (E) is said to be separating if, whenever (o, \) = (p, ') for all p € .Z, and
some A\, \' € M (E), we necessarily have A = \’. Since F is Polish, from the Portmanteau theorem
(see, e.g., Theorem 1.1.1, Stroock and Varadhan, 2006|), the set of uniformly continuous functions,
for any metric equivalent to d, is separating. From Tychonoff’s embedding theorem (see, e.g.,
Theorem 17.8, Willard, {1970), Cj (E) is also separable. Therefore, there exists a countable and
separating family .#g = {¢g, k € N} subset of Cj, (E) such that the function E 5 2 — 1 belongs to
Fp and ||pglleo := supg |¢x| < 1 for all £ € N. We use this setting to define the following distance

1
dep(AX) = D o [en ) = (e X)
YLEFE

for A\, N € M (E). As in Stroock and Varadhan (Theorem 1.1.2,2006), this distance dg induces on
M (E) the weak* topology. Whenever E = R?, we adjust this metric to take into account useful

)
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differential properties. Let .#pa be taken as a subset of C? (Rd), the set of real functions with
bounded, continuous derivatives over R% up to order two. We can take this set as separating since
C? is dense in CY for local uniform convergence (application of Theorem 8.14, Folland, 1999). We
define the distance

e V) = 3 o [l ) — (e X)) (2.1)

k
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with g = max{1, || Dk|lco; [|D*¢k||cc }, and D and D? denote gradient and Hessian.

Atomic measures We write N"[E] for the space of atomic measures in E where each atom
has a mass multiple of 1/n, i.e.,

N[E] = {Z‘Zéw ckieNax, e EforieV, VCN, |V| <oo},
eV

where |V is the cardinal of the set V. For n > 1, N"[E] is a weakly* closed subset of M (E).
If E is a Polish space, e.g. a Euclidean space, U,en/N™[E] is dense in M (F). First, the result is
shown for probability measures. By the fundamental theorem of simulation (see, e.g., Theorem
1.2, |Pages, 2018), there exists a Borel function ¢y : [0,1] — E, for any A € P (E), such that
A= Leb“m] ocpil, where Leb‘[m] 090;1 denotes the image measure by 4,0;1 of the Lebesgue measure
on the unit interval. With Glivenko—Cantelli theorem (see, e.g., Theorem 4.1, Pages, [2018), we
approximate the Lebesgue measure on the unit interval by probability measures \,, € N"[E]. We
get the final result decomposing each finite measure A as a probability measure times its total mass
A([0,1]) and using for the latter the approximation |nA (E)]|/n, where |-] denotes the integer part
of a real number.

State space Fix a finite time horizon 7' > 0. Let D¢ =D ([0,7]; M (RY)) be the set of cadlag
functions (right continuous with left limits) from [0,7] to M (R?). We endow this space with
Skorohod metric dpq associated with the metric dga, which makes it complete (see, e.g., Theorem
12.2, Billingsley, 1999). For P € P (Dd)7 P, eP (./\/l (Rd)) denotes the time-t marginal of P, i.e.,
the image of P under the map D% 5 p+ y; € M (R?). Denote D™ = D([0,T]; N [R7]), a closed
subset of D

We consider the canonical space D%, with w its canonical process, and F# = {F£'} . the filtration
generated by u. Let A be the set of actions and assume it is a compact subset of R™. Denote by
A the set of {B (]Rd) ® fﬁ}s—predictable processes from [0, 7] x R to A4, i.e., the set of processes

o measurable w.r.t. a g-algebra on R? x D¢ x [0, T] generated by all {B (Rd) ® FY }S—adapted left-

continuous processes when viewed as a mapping o : R x DY x [0,7] — [0,T] (see, e.g., Chapter
IV.5, Revuz and Yor, [2013).

Model parameters Given d,d € N, consider the following bounded continuous functions
(b,,7) : RY x M (]Rd> x A = RIxRUY xR,

Suppose b and ¢ are Lipschitz uniformly in a, i.e., there exist C' > 0 such that

’b(z:,)\,a) -b (m’,)\',a)‘ + ’o’(x,)\,a) -0 (J:’,A',a)’
<C (|x — 2| + dga ()\,)\')) ,




for any z,2’ € R%, A, N € M (R?), and a € A.
Let L be the generator defined by

Lo(xz,A\ja) = b(x, A, a)T Do(x) + %Tr (aaT (z, A\ a) D2cp(x)> ,

for ¢ € C7 (Rd).

3 The controlled superprocesses

The class of superprocesses is originally introduced as weak limits of branching particle systems
(see, e.g., Dawson, [1993; [Etheridge, 2000; Perkins, 2002; Roelly-Coppoletta; [1986|). Consequently,
we use the weak control framework outlined in |Ocello| (2023)) to later obtain the scaling limit, which
allows us to establish the existence of controlled superprocesses.

An alternative methodology for proving the existence of controlled superprocesses involves using
the positive maximum principle. This approach, as used in |Cuchiero et al.| (2022, 2024, 2018);
Cuchiero| (2019)), offers a different perspective compared to the weak limit framework employed
in our study. This method offers an alternative to our study, highlighting the diverse strategies
available for proving the existence of these processes.

Controlled n-rescaled branching diffusion processes Forn € N, let L™ be the generator
defined on the cylindrical functions F, = F({p, ")), for F € CZ (R) and ¢ € CF (R?), as

L"F, (z, A, a)
= F' ({9, M) Lo (2, 1,) & 5= F" ({9, M) Do) (2,1, )
+at a0 (F () - 1et) (82)
+5F (<¢, A+ :Lgo(x)> ~F. (V) >
Definition 3.1. Fiz (t,\,) € [0,T] x N [RY]. We say that (P,a) € P (D) x A is a controlled

n-rescaled branching diffusion process, and we denote (P, ) € Rl of P(ur = An) = 1 and the
process

Mstn = FAO (/’LS> B /;S /]Rd EnF@ (.’E, Hor O‘T(x)) :U'T(dx)dr (33)

is a (P, F)-martingale with quadratic variation

ren), = [T (@) [ (L1000 (s an @) +
[ oo LG o

w(x,ur,arm)@2<x>)ur<dm>dr,

for any F € C}(R), ¢ € CZ (R?), and s > t.



Controlled superprocesses Let £ be the generator defined by
1
LF, (x, M a) = F({p, )Ly (2, a) + S F"({p, N)7y (2, A, ) ¥* (@),

where F,, denotes the the cylindrical function F, = F({,)), for F € CZ (R) and ¢ € C? (R?) For
simplicity, we write Fi,(\) for F'((, A)) and F()) for F”((¢, \)).

Definition 3.2. Fiz (t,)) € [0,T] x M (R?). We say that (P,a) € P (D?) x A is a controlled
superprocess, and we denote (P, a) € R x), if P(ur = A) = 1 and the process

MEv = F (1) — /ts /Rd LFE, (z, pir, oy (z)) pr(d)dr (3.5)

is a (P, F)-martingale with quadratic variation
° 2
e, = [T ) [ 3 i) 2 ) (35)

for any F € C%(R), ¢ € CZ(R?), and s > t.

By taking linear combinations of the functionals F,, we can define the martingale problem
for a more extensive class of test functions (see (A.21])). This approach is utilized in the proof of
Proposition (Step 3), where the behavior of this expanded class is leveraged to establish the
uniqueness in law for these processes.

Remark 3.1. The previous definition represents a generalization of the classical class of superpro-
cesses as described in, e.g, |Roelly-Coppoletta (1986); Dawson (1993); |Etheridge (2000); Perkins
(2002); |Dynkin| (1995, |2004|), where the Dawson-Watanabe process is an example. In our for-
mulation, the previous class of superdiffusions can be retrieved by selecting specific values for the
parameters b, o, and v, while setting the control process to a constant.

Moreover, a more general class of controlled superprocesses can be defined with the same martin-
gale problem, as discussed in|Etheridge (2004), by considering the state space of tempered measures
and general p-tempered initial conditions, i.e., the space of locally finite measures p in R% such that

1
/ ——u(dx) < oo.
p/2
B (14 )

Existence result Using the weak formulation for the controlled n-rescaled branching diffusion
processes allows us to focus on the laws of these processes described by a martingale problem
associated with starting condition and control process. By fixing these elements and manipulating
the martingale problem, we prove that controlled superprocesses arise as a rescaling of branching
processes, thereby establishing their existence. To achieve this, we extend the Aldous criterion
presented in Dawson| (1993); [Etheridge (2000); Perkins| (2002)); Roelly-Coppoletta (1986)) for con-
vergence to superprocesses to a controlled setting.

Furthermore, we generalize the martingale problem to a class of functionals that are convergence-
determining in the space of cadlag paths on finite measures and then use the ideas of [Stroock and
Varadhan| (2006)), as detailed in Etheridge (2000); Ocello (2023), to establish uniqueness in law
through the duality method.

Proposition 3.1. Fizt € [0,T], a € A.



1. Forn>1and\, € N" [Rd] , there exists a unique PtAnn ¢ P (Dd) such that (Pt o) €
RE .
(t,An)

2. For\e M (]Rd) and a sequence (M), ey such that A, — X weakly® and A, € N [Rd], there
exists a unique P € P (Dd) such that (P,a) € Ry ) and we have that PtAwn 5 P for
n — 00.

A detailed proof of this result can be found in

4 Itd’s formula

Before we proceed to consider the control problem and develop its optimality conditions, we need
to examine the behavior of s — u (us) for a certain class of test functions u, which is more general
than the class of cylindrical functions. To this purpose, we adopt the differential calculus developed
in Martini (2023)), taking advantage of its denseness results to extend the martingale problem used
to introduce these processes. This generalization is possible since the space of finite measures is
homeomorphic to a subset of the product between probability measures and the real line when far
from the measure zero. This allows, in particular, to use the lifting technique by renormalizing the
measures whenever we are not close to this critical measure.

This approach is similar to the techniques used also by (Guo et al. (2023); |Cox et al.| (2024)),
where the application of It6’s formula begins with cylindrical functions and is then broadened to
encompass sufficiently differentiable functions by leveraging the denseness of the initial class. The
strength of this method lies in its reliance exclusively on weak forms of measure flows, making it
particularly well-suited for analyzing stochastic processes that are presented in a weak form, as is
the case here.

4.1 Differential calculus

The growing literature about differential calculus in the space of measures focuses on two main
objects: the linear functional derivative (also called flat derivative or extrinsic derivative) and the
L-derivative (also called intrinsic derivative). The first is defined directly in P (Rd), while the
second relies on the lifting on a Hilbert space. It is found that one is the spatial gradient of the
previous one, coinciding with the notion of derivative of [Lions, and sometimes this is used as the
definition for the L-derivatives, like in (Cardaliaguet et al.| (2022). Detailed discussions of this
topic can also be found for example in |Cardaliaguet et al.| (2019); |Carmona and Delarue, (2018a);
Cardaliaguet et al.| (2022).

We present the reformulation of these concepts in M (Rd), using the directional derivative,
which corresponds to the linear derivative, as the foundational building block. As also discussed in
Martini| (2023)), this notion is fundamental in both the space of probability measures and the space
of finite measures. This approach simplifies the discussion of differential calculus by eliminating the
need for more complex notions of differentiation. We refer to Ren and Wang| (2021) to demonstrate
that this methodology is equivalent to directly employing more advanced differential concepts.

Definition 4.3 (Linear derivative). A function u : M (]Rd) — R is said to have linear derivative
if it is continuous, bounded and if there exists a function

Syu s M (]Rd) x RY3 (A z) = Syu(h z) € R,



that is bounded, and continuous for the product topology, such that
1
u(\) —u(N) = / Hu(th+ (1 —tN,z) (A= X) (dz) dt,
0 JR?
for A, N € M (Rd). We call C* (M (Rd)) the class of functions that are differentiable in linear

functional sense from M (Rd) to R.

Notice that dyu is uniquely defined up to a constant. We take

hu(A, 2)A(dx) =0,
Ra

as a convention in this paper. Moreover, second-order derivatives are introduced for u € C* (./\/l (Rd))
imposing that A +— Jdyu(\, x) is differentiable in linear functional sense for every x and that
(A, z,y) — 03u(X, z,y) is bounded and continuous. We call C*? (./\/l (Rd)) this class of functions.

Finite positive measures could not rely on lifting procedures. For this reason, the notion of
intrinsic derivative is introduced differentiating with respect to the x component the flat derivative,
as done in |Cardaliaguet et al.| (Definition 2.2, 2019)).

Definition 4.4 (Intrinsic derivative). Fiz u € C! (./\/l (Rd)). If 5yu is of class C' with respect to
the second variable, the intrinsic derivative Dyu : M (Rd) x R4 — R is

Dyu(\, x) = 0p0\u(A, ).
We denote with 1! (M (Rd)) this class of functions.

Differentiating with respect to the measure or the space component are two different operations.
We denote C** (./\/l (Rd)) with & € N to be the collection of functions u that are differentiable k
times with respect to the measure and such that the k-th derivative with respect to the measure
is £-th times continuously differentiable with respect to its spatial components.

4.2 Generalized Ito’s formula

We can now present (a weak version of) the It6’s formula for superprocesses. This formula is
interpretable only in a weak sense, reflecting the nature of these processes. Let L be the following
operator on u € 03’2 (M (Rd))

Lu(\,z,a) = b(z,\a) Dyu(\ z)+ %Tr (aaT (, A, a) Oz Dyu(A, x))
+%7 (2, A, a) S3u(p, =, )
for (z, A, a) € RY x M (R?) x A.
Proposition 4.2. For (t,\) € [0,T] x M (RY) and o € A, the following are equivalent:

(i) (P ) € Ry )

(ii) the process
M=) = [ [ Do, arta)) ueldoin @)
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is a (P,F)-martingale with quadratic variation
0, = [ s o) [y, ) (o) (1)
t

for any u € 05’2 (./\/l (Rd)), and s > t.

A detailed proof of this result can be found in[A.2] This result leverages the density of cylindrical
functions within Cg )2 (/\/l (Rd))—functions, as detailed in

5 The control problem

We are given two continuous functions 1 : R4 x M (Rd) xA—= Rand ¥ : M (Rd) — R. We
assume that there exists C' > 0 such that

¥ (z, X)) < C(1+dpe(A,0)),  [T(N)] < C(1+dga(X 0)%) (5.9)

for (z, X, a) € R x M (R?) x A with O the measure 0.
Let J and v be respectively the cost and the value functions w.r.t. the controlled superprocesses,
defined as

T
J(t N a) =E" [ / (@, s, s () s (da)ds + W (ur) | (5.10)
t R4
and

t,\) = inf 11
v(t,A) = inf J(t, X a), (5.11)

fort € [0,T], A e M (]Rd), and o € A.

Proposition 5.3 (Proposition [C.6). Fiz (t,\) € [0,T] x M (R?) (resp. (t,\) € [0,T] x N [RY]

form >1) and p € [1,2]. There exists a constant C > 0, depending only on T, and the coefficient

of the parameters, such that
EP

sSup de(.uT’ (D)p <C de()‘a (D)p’

relt,T)

for any (P, (as),) € R,n)-

The previous result entails that the cost functional J is finite for any control @ € A. Moreover,
using (5.9)), J is uniformly bounded from below, therefore the optimization problem that defines v
is well-posed.

5.1 Dynamic Programming Principle

We aim at analyzing the control problem — via a Dynamic Programming Principle
(DPP) approach, a powerful tool for solving control problems. We present the following result
here, but for a more detailed description and comprehensive explanation, please refer to This
section provides an in-depth analysis and the underlying methodology following the techniques
described in [El Karoui and Tan| (2013, 2015)), ensuring a thorough understanding of the result and
its implications.

Theorem 5.1 (Theorem [D.3). We have
0 (t\) = inf BF [ [ [ vt astanntands + ot
acA t R4

for any (t, ) € [0,T] x M (R%), and T stopping time taking value in [t,T).

9



5.2 HJB Equation

For general control problems, the DPP leads to a characterization of the problem through a non-
linear Hamilton-Jacobi-Bellmann (HJB) equation (see, e.g., [Yong and Zhou, 1999). Looking at
[@.7), define the operator H on R? x M (Rd) x A x R x R¥™4 x R such that

1
H (z,\ja,p,M,r) = b(x,)\,a)Tp—f— —Tr (O'O'T (z, A\ a) M)
L (5.12)
+§’y (x,\a)r +¢ (x, N a).

Then, if the value function (5.11)) is sufficiently smooth, generalizing Proposition to function
depending in time and measure yields the following HJB equation

O (t, ) + [painfaea H(x, A, a, Dyv(t, A\, x),

dxDyv(t, A\, x), 630 (t, A, z, :L‘)))\(dx) =0,

v(t,\) =WT(N).
The form of this HJB equation looks like the one for mean field control (see, e.g., Bayraktar et al.,
2018; |Djete et al., 2022 |Guo et al., |2023; Pham and Wei, 2018; [Wu and Zhang, |2020)), where the
infimum (or the supremum if maximizing) is taken inside the integral. The major differences here
are that we consider the space of finite measures and not only probability measures and that the

second-order flat derivative is explicitly involved in the Hamiltonian.
We have the following result in the regular case.

Theorem 5.2 (Verification Theorem). Let V : [0,7] x M (R?) — R be a function living in
CHE2) (10, 7) x M (RY)) 0 €O ([0,T] x M (RY)).

(i) Suppose that V satisfies
0V (t,\)
+ fRd infaca H(x, A a, DAV (t, A\, x),

(5.13)
8, DAV (t, A,x),5§V(t,A,x,x))A(dx) <0,

V(t,\) < T(N).

Then V (t,A) < v (t,A) for any (t,\) € [0,T] x M (R?), with v as in (5.11).

(i) Moreover, suppose that V satisfies (5.13) with equality and there exists a continuous function
a(t,x, ) for (t,z,\) € [0,T) x RT x M (R?), valued in A such that

a(t,x,\) € argmin H (z, A, a, Dyv(t, A, z),
acA (5.14)
OxDyv(t, \, x), 53\1}(25, )\,m,$)) )
Suppose also that the corresponding control
of ={ai(x) :=a(s,z,ps),s €t,T)} € A
Then, V = v, with v as in (5.11), and o™ is an optimal Markovian control.

A detailed proof of this result can be found in [AZ3]
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Remark 5.2. Finding a classical solution to control problems is challenging, even in the finite-
dimensional setting, due to the nonlinearity of the operators involved. This difficulty is here further
amplified by the infinite-dimensional nature of the space of finite measures. For these reasons,
viscosity solutions are typically considered in controlled problems (see, e.g., |Touzi, |2012; |Zhou
et all, |2024; | Burzoni et al., |2020). However, we leave a detailed investigation of viscosity solutions
for future work. We believe that, following the approach in|Coz et al| (2024), the value function can
be proven to be a viscosity solution to and a comparison theorem could be established. Under
a continuity condition, one can use the approximation of Dirac masses alongside the standard
finite-dimensional comparison theorem and conclude the viscosity characterization.

5.3 Example of regular solution

We present an example here to demonstrate a scenario in which the HJB equation admits
a classical solution. Solving this equation in full generality is a complex and challenging problem,
particularly due to the infinite-dimensional context.

By using cost functions that align with the dynamics’ geometry, this example demonstrates
the effective application of a branching property technique. This method, commonly used in the
literature on controlled branching processes (see, e.g., Nisio, [1985; |Claisse, 2018; Kharroubi and
Ocello, |2024bJa)), simplifies complex global problems into finite-dimensional optimization tasks.

Assume that there is no dependence on the measure for b, o, and ~. With abuse of notation,
we denote b(z,a) (resp. o(x,a), y(z,a)) instead of b(x,\,a) (resp. o (z, A a), v(x, A a)). Fix
h € C, (RY) with h(z) > 0 for any = € RY, and let U(\) := exp (—(h,\)) and ¢ = 0. Therefore,
the cost function J writes as

Jt A a) = EF [exp(—(h, ur))], (5.15)

for (¢,A) € [0,T] x M (RY), and a € A.
The following assumption will ensure that there exists a smooth solution to the HJB equation
(5.12) associated with this cost function.

Assumption Al. Assume that the following conditions hold:
(i) h e Gy (RY);

(i) (b, o, 'y)(-,a) € C? (Rd) for any a € A, and b, o, and v and their partial derivatives are
bounded on R* x A;

(iii) there exists Cy > 0 such that

oo (z,a) > Coly,  for (z,a) € R x A.

Proposition 5.4. Suppose that Assumptionm holds. Then, there exists a function w € C;’Q ([0, T]
such that

—Ow(t, )

1
—SUPgeca {b(,I, a)" Dw(t,z) + 5 Tr (O’O‘T (z,a)D*w(t, x))

. 2} (5.16)

—57(:3, a)w(t, x)

w(T,x) = h(x).

\
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Moreover, we have
v (ta >‘) = exXp (<’LU(t, ')a )‘>) )

for any (t, ) € [0,T] x M (R?), with v as in (5.11).
A detailed proof of this result can be found in

6 Conclusion

This article focused on controlled superprocesses, which is, to the best of our knowledge, a novel
category of processes. The first part of our study is devoted to introducing the formalism, which
we presented in a weak form through a controlled martingale problem. Following this definition,
we proved their existence, as weak limits of controlled n-rescaled branching processes, as well as
their uniqueness in law, given initial condition and control process.

Taking advantage of a differential calculus developped on the space of finite measures, we proved
a weak version of the It6’s formula for these dynamics. This was done through the generalization
of the original martingale problem to a larger class of functions, applying the denseness properties
of the class of cylindrical function. This led to the study of the control problem, establishing the
non-explosion property with respect to the chosen distance that metricizes weak™ topology. After
proving the DPP, we derived an HJB equation on the space of measures and provided a verification
theorem. Finally, we used this result to introduce a class of solvable problems. Utilizing the
branching property technique, we translated the problem on finite measures to a finite-dimensional
nonlinear PDE, reducing the dimensionality. We solved the latter using results from |[Krylov| (1987)),
and, with the help of the verification theorem, we provided an explicit description of the value
function.

A Proofs of main results

A.1 Proof of Proposition

Step 1. Fix a control process a € A. For n = 1, the existence of PtA1al ¢ P (Dd) such that
(PtALeil o) € R%t,kl)’ for any (t,A') € [0,T] x N'' [R?], is discussed in Ocello| (Section 4, [2023).
This is done for general horizons T > 0. Existence of PtAnn ¢ P (Dd) such that (Pt em o) €
Riian): for any (¢,An) € [0,T] x N™ [RY] stems from this. We denote Ré)@) the set of 1-rescaled
branching diffusion processes defined in the interval [0, S], for S > 0. For n € N, we define, on the
interval [0, nT], the control o™ such that

ay = Qgpp, for s €[0,nT].

Fix (t, A) € [0, T]xN™ [R?]. From the previous result, we have the existence of P! € P (D ([0, nT]; M (R%)))

such that (P™!,am) € 7??3; nAn)’ Define the map 9" such that

R D([0,T]; N [Rd]) —  D([0, nT]; N [Rd})
(MS)se[O,T] = (nMS/")se[O,nT]'

As in Dawson| (1993); [Etheridge| (2000); Roelly-Coppoletta, (1986), we have that PhA»ein .= pnl o
(™)' € P (DY) is such that (P",a) € R, , ;.
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To establish uniqueness in law, we follow the lines of (Ocello (Proposition 4.5, |2023)). This
involves extending the arguments used in the proposition the rescaled martingale problem (3.3])-

B9).

Step 2. Fix a control process a € A. Consider a sequence (), oy such that A, — X weakly*
and \, € N [Rd]. From Step 1, there exists P"* € P (Dd) such that (P, «) € R?t )’ Our goal

is to show (P"), . converges weakly to some P € P (Dd) and that (P,a) € R y).-
We define the projection 7, as

7@,:M<Rd> S5 A = (p,\) €R,

for any f € C° (Rd). Clearly, the weak* topology is the weakest topology for which the mappings
Ty, are continuous, for {yy},~, dense in Cj (Rd). Moreover, under P, for the semimartingale
(@K, pt.), we define the predictable finite variation process as V"( ) and the increasing process of
the martingale part as I™(y¢) for k > 1. From equations (3.3) and ( ., we have

Vior) = / [ Lo e, anta) i, (A17)
20 = [ [ (5 1Deu@o @) (A18)
+v(w,ur,ar(x))wi(@)m(dw)d?“-

We can now verify conditions (i) and (i) of Roelly-Coppoletta (Theorem 2.3, |1986]) to prove that
{P"},, is tight. This means proving that
(i) (P"o Wsakl) | 1s tight for k£ > 1;

(i1) VI (¢r) and I7(¢y) satisfy the following condition of Aldous for any k > 1: for each stopping
time 7 we can find a sequence d,, such that §, — 0 as n — oo and such that

lim sup EF» HVTn+5n<90) - Vrn(SD)H

lim sup EF» (12, IMy)|] =o0.
n

0,
(A.19)

From ({3.3), we have that (1, u.) is a P"-martingale for any n > 1. Therefore, for any n > 1,

1 _pn 1
P sup (1,ps) > K | < =EF" [(1, )] = = (1, \n).
(Sem< : LE (L )] = (LA
Since lim,, (1, A,) = (1, \), we obtain that sup,, P" <sup5€[t7T]<1, s) > K) tends to 0 when K tends

to infinity. (]P’" o7r<pk1) I also tight for k& > 1, since each function of Cj (]Rd) is bounded.

Therefore, (i) is satisfied.
Fix ¢ € {1} U{¢pk : k > 1}, a stopping time 7 taking values in [¢,T], and d,, > 0. Using (A.17))

and (A.18)), we have
P P o
En H T+6 “P) - Vrn(SO)H < E™ I:/ /]Rd L@(xu/iraar(x))‘ﬂr(dx)dr]

< B [(1, )] (|1 L0lle, = Gn (L, An) | Lol
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where the last equality comes from the martingale property. By the same arguments, we also have

E™ |12y, (0) = I (9)]]

_ g [ /T” /R< D)0 (@, pirs ()

+y (.’E, Hor ar(-r)) 902<37)> /Jq«(dl')d?“:|
< 6a(1, M) (I1Dwo |3 +2900l1%) -

Therefore, if lim,, 6, = 0, we get (A.19)), which gives that (P,),-; is tight in D

To conclude, we take a sequence (P,),~, converging to a pr(;bability measure P € P (Dd)
and prove that (P,a) € R ). To do that, we focus on the convergence of L,. For (z,v,a) €
R x M (Rd), the third term in the expression of £,, in is equal to

Wi(2,v,a) = y(x, v, 0) n? <;F <<g0, vy — ig@(m))
+ 57 (o) + 20 = F(tp).

Using Taylor’s development with Lagrange reminder, we have

F"((p,v) +27) + F" ({pv) + 25)

2 )
with z}" (resp. 2§) a point in {h{p,v) + (1 —h)p(z)/n: h € [0,1]} (resp. {h{p,v)—(1—h)p(x)/n:
h € ]0,1]}). Since 7 is bounded, we have W(x v,a) = lim, Wy(z,v,a) = F(v)y(z,v,a)p*(x) for
any (z,v,a). We can now prove that F,(u.) — [, fRd LF, (z, pir, ap(x)) pr(dz)dr is a P-martingale,
i.e., for each stopping time 7 taking value in [t,T],

Wi (z,v,a) = ~y(z,v,a)

B | Foar) = Folis) = [ [ 2P, (o0 (o | <o
We have
W [F, (1) = Fy(n)] = BF [Fy(pr) = Fiolyu)]

and

E° U; y LF, (2, pr, ar()) ur(dﬂf)dr]

5 | [ af (o o)) o)

—5* | [ [ £Fo ot >>m<dw>d}

e | [ ] er ur,ar<x>>ur<dx>dr]

+EP [/ [ (£~ L), @.iroo ))m(dw)dr].
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The last term on the right side satisfies

EP- [/ (L LE, (20 ))ur(dl‘)dr]

R
_ |ge- [ " (%F"«w,m ID()er (a1 pr ap () +

W ot 2)) = W ) ) )|

%(1+T(1/\>)

for a constant C' which depends only on F</p/ ,0, Dy, v, 0. Hence,

i [Fotr) ~ Folp) = [ [ 200 ()]

=EP [F@(uT) — F,(u) — /tT 3 LF, (x,ur,ar(x))ur(dx)dr} =0.

Step 3. Now, we focus on the uniqueness in law for the martingale problems (3.3))-(3.4]) and

E3-E9).

Using Doob’s functional representation theorem (see, e.g., Lemma 1.13, |Kallenberg, [2002), we
remark that a {B (R?) ®Fs}s—predictable process a from [0,7] x R? to A boils down to be a
predictable map a such that

a:[0,T]xRIx DY — A
(A.20)
(s,x, (IU‘T)TG[O,T}) —a (s, x, (MT/\S)TE[O,T]> = ag(x).

The reason that each « can be interpreted as a map from [0, 7| X R?x D9 to A is that F; is generated
by (IUT)re[O o Furthermore, for a fixed s € [0,7], by applying the monotone class theorem (see,

e.g., Chapter 0.2,|Revuz and Yor, 2013) and the definition of {B (R ® F, } -predictable processes,
we can observe that the reahzatlon of this map depends only on (MT/\S)TE[O AR

The martingale problem (3.5 . resp. q . can be easily generalized to a domain
that characterizes the law of processes in [0, 7] x (as done in |Ocello, 2023)). First, we introduce

the domain of cylindrical functions D C CO([O, T] x D% as the set of Figy,p) 1 10,T] % D? - R
of the form

F(fl’“_,fp)(s,x) =F (<f1(s A1) Xsaty)s -5 (fp(8 Atp, ), Xsnt, ) (A.21)

for (s,x) € Ry x D? and some p > 1, t1,...,t, € [0,T], F € CZ(RP), and fi,...,f, €
05’2 ([0,T] x R?). For f € C;’Q (10, 7] x R?) , we use the notation Lf(s,z,\,a) = Lf(s,") (z, ), a).
For a measurable function 3 : [0,7] x R? — A, we then define the operator L8 (resp. ]LB’”) on D
by

LOF, . 1) (5:%)
=DF (<f1(5 Nty, ')’XS/\t1>a s <fp(8 NAtp, ')axs/\tp>)T S’Bf(s,x)
+ %Tr( <65f(65f)T(s, '),xs> D2F((f1(8 At1, )y Xonts)s - - -

(Fo(s Aty ), xwp>))
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(resp.
H‘B’nF(flw-’fp)(S’ X)

=DF (<f1(8 Nty, ')’XS/\t1>> S (fp(s Nitp, ')aXs/\tp>)T Eﬁf(,s’x)

+ %Tr( <65»“f(65»"f)T(s, -),xs> D2F((f1(5 A1) Xants)s - - -
(Fols Ao ) xon,))

p
+leltj_1<sgtj Ad n2 7(x75(87l‘)7xs)
]:

(;F (105 A1, ) Xonts Yoo ey (15 A b1, ) Xane, 1),
O (s, 2%, -, B (s, x,xs)>
+ %F ((fr(s A1), Xsaty s - (Fi—1(s Atj—1,+), Xnt; 1),
B Fi(5,2,Xa), -, B (s, x,xs))
= F (s At Xent oo ol A ) ) ) )

with g = 0, where

]lsgh fRd 8tfl (37 .CC) + Lfl (37 T,Xs, /8(37 x))xs(dx)

£0f(s,x) == : )
Ts<t, fRd O fp(s,z) + Lfp(s, x,xq, B(s, x))xs(dx)
To<t, [1(s, )7/ (2, %5, B(s, 7))
SPf(s, 2, x) == : )
]lsgtpfp(saﬂ«")\/W (7, x5, B(s, 7))
Ls<t, [D fi(s,z)o (2, %5, B(s, )|
SPnf (s, x,x) == : 7

]lsgtp ’Dfp(svx)o' (IL',XS,,B(S, .CC))|

B Fi(s,0,%) = (fy(5,),x0) = Sy (5,7),

for (s,z,x) € [0,T] x R x D?. Following the language of Ethier and Kurtz| (1986), we call the
graph of D the full generator G (resp. G"), with

G:={(g9;Lg): 9D}  G":={(9,L"g): g€ D}. (A.22)

We define the domain DT C C° (./\/l (Rd)) of the functions
oty V) = F (12 (A, for de M (RY) (A.23)
for some p > 1, F € CZ(RP), and fi,..., fp € 05’2 ([O,T] X Rd). These functions are embedded
in D when we consider functions as in (A.21)) such that f; does not depend on s and ¢; = T, for

i =1,...,p. Therefore, with abuse of notation, we say that L (resp. L"") acts on DT with the
obvious adjustments.
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Considering the canonical process p € D?, we have that, if (P,a) € R(t,n) the process
S
M" = h (psp.) — / LY (ppp.)dr,  fort <r <T, (A.24)
t

is a (P, F)-martingale with quadratic variation equal to

{]\thL = /ts Tr( <6af(6af)T(r, -),,ur>
+ DF(DE)" ({(fi (r At1,-) s frass) s - - (A.25)
<fp (rA lp, ) aMrAtp> ))d’l",

for any h = Fy, .. t,) € D. Therefore, we can finally prove uniqueness in law given a fixed initial
condition and control for the controlled superprocesses as follows.
Therefore, following Ocello| (Proposition 4.5 and Theorem 4.1, 2023), which generalize Ethier

and Kurtz| (Theorem 4.1 and Theorem 4.2, 1986), there exists at most one PN € P (Dd) (resp.
ptAnain ¢ P (D)) such that (P4, a) € R (resp. (PAm%" o) € Rii ) for a given initial
condition (¢, A) € [0,T] x M (R?) (reps. (t,\,) € [0,T] x N [R?]) and control a € A. O

A.2 Proof of Proposition 4.2

(i1) = (i): From Equation (B.28), F, € 05’2 (R?) for any F € CZ(R) and ¢ € C? (R?) and
equations (4.7) and (4.8) becomes (3.5) and (3.6|) for u = F,.

(1) = (i1): If A = O, it is clear that M™ is constant in time, thus a martingale with a null
quadratic variation. Consider a starting condition (¢, A), with (1, A\) > 0, a control o € A and the
sequence of stopping times {7j}r>1 as

1
T, :=1inf {s > t: <1,,u3>>/f}/\inf{32t:<1,,us> <k}.

Defining (¥ := p.pr, for (1,\) € [1/k, k], we have that under PEA) | this process lives in My, (Rd)
by construction. Thus, applying Lemma and Lemma there exists a sequence u, € DT
such that u, — u as n — oo pointwise as well as their derivatives and there exists C' > 0 such that

lunllcz2 (pagrayy < Cllullcz (u(zay)-

Equation (B.28)) shows how derivatives operate on cylindrical functions. Looking at (A.24)) and
(A"25), we see that for h € DT equations (4.7) and (4.8)) are satisfied if applied to p*. We prove
now that

)= [ [ Larsar(a) un(doin

is a PGAY)_martingale, i.e., for each stopping time 6 in [t, T,

B LuGu) w0 - [ 9 [ Lt onubtanyar| o.

Since ([4.7) is satisfied for h € DT, and from the bounds on the derivatives and on the coefficients
b, o and -y, we can apply the Dominated Convergence Theorem and obtain

0
0 = limE"™ {u (kh) = un(n) ~ /t /R Lu, (2.4 (@) M:(dwdr]

n

_ Rt [u <u’g> —u()) — /te /Rd Lu (x,,uf,ar(x)> u,’f(dm)dr] .
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By definition of the quadratic variation and ([4.8)) applied to u, € DT, we have for n € N that

EPA) [(u (1) = w = [ [ L (w10 (0) m’f(dw)dr> 2]

_ gPU { / e (g; ,uff,ar(x)> ‘(mn (u,’f,x) (2 ,uf(dx)dr} .

t

(A.26)

Therefore, we apply again Dominated Convergence Theorem again and obtain (A.26]) with respect
to u.
Finally, we can remove the localization using the Dominated Convergence Theorem since u €

C2? (R%) and the bound (C.32). O

A.3 Proof of Theorem 5.2
(i) Since V € C® ([0, T) x M (R%)), we have for all (£, ) € [0,T) x M (R4), and o € A, by
(4.7), the process

Vi(s,pus) =V (¢, N) —/ OV (u, pr) +/ LV (u, x, pir, or(z) ) por (dx ) dr
t R4
is a martingale under PvM®, By taking the expectation, we get
BT V(s )]
=V (t,\) + EF [/ OV (u, pr) +/ LV (u, z, pir, o (x) ) por (dx)dr |
t R4

Since V satisfies (5.13)), we have

OV () + [ TV (g ar(w) 6 (2 (0) ) < 0,

PhAY g,

for any a € A. Therefore,

2 W V@ B [ [ o anaae],
t JRE

PtAY g s,

for any a € A. Since V is continuous on [0,7] x M (Rd), we obtain by the dominated convergence

theorem and ([5.13])
T
P [W(ur)] < V (1, A) — EP [ [ [ <az,m,ar<x>>ur<dm>dr} ,
t Rd

PtAY _ as.

for any a@ € A. From the arbitrariness of the control, we deduce that V (¢, \) < v (¢, ), for all
(t,A) € 0,T] x M (R%).
(i) By (4.7),

D Wet
EX [V (s, )]

=V (N + EF"° {/ OV (u, pr) +/ LV (u, @, pir, () i (d)dr |
t R
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By definition of a(t, z, \), we have

OV (1 2) + / LVt A, 2, a(t, 2, \)) + (2, A, a(t, 2, A))A(dz) = 0,
Rd

and so
EF [V (s, pus)] = V (£, A) — BB [ / iz, \ oz, ur)),ur(dx)dr} .
t JRA

By sending s to T, we then obtain

* T
V(1 \) = EF [www I [ w<x,x,a:<x,ur>>mdx>dr} — J(t, A a"),
¢ d

which shows that V' (¢, \) = J(¢t, \,a*) > v (t, ). Therefore, V = v and o* is an optimal Markovian
control. O

A.4 Proof of Proposition |5.4

Our goal is to determine the function w using |Krylov (Theorem 6.4.4,|1987)), which guarantees the
existence of smooth solutions for a certain category of fully nonlinear partial differential equations.
First, we need to modify (5.16)) to fall into this class. If w satisfies ((5.16)), we see that the function
w(t,z) := e tw(t, x) satisfies the following nonlinear PDE

1
—OyB(t, ) — SUPyep {b@;, @) Dib(t, x) + Tr (UUT(x, a) D*a(t, x))

— 37(z, a)ehw(t, z)? + ﬁ)(t,x)} -0, (A.27)

W (T, z) = e Th(x).
Let C > 0 be a constant such that
y(x,a) > C,, for all (z,a) € R x A.

T
Che

Without loss of generality, we can take C, to be such that =%— > 1. This means that

1 T
57(3:, a)e! ME — My < CV;

1
57(m, a)e! M3 4+ My > My > 6,

M§ — My < —6,

for all (z,a) € R? x A, with My := ﬁ > 0 and §g := Mg. Combining these inequalities with
Assumption the property that equation belongs to the class of Krylov| (Theorem 6.4.4,
1987) follows from Krylov| (Example 6.1.8,/1987)). Therefore, this theorem ensures that there exists
w e C;’Q (10, 7] x R?) solution to (A-27). Thus, w(t,z) := e'®(t,z) is a bounded solution of
belonging to C;’Q ([0, T] x ]Rd).

We conclude this proposition by applying Theorem [5.2} Define V (¢, \) := exp ({(w(t,-), \)).
Using the terminal condition of w, we see that V (¢, \) = ¥(X). Moreover, in this setting
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writes as

exp ((w(t, ), ) /

R4

1
— sup {b(x, a)" Dw(t,z) + =Tr (aaT(x, a)D*w(t, a:))
acA 2

<—8tw(t, z)

—%’y(x, a)w(t,x)2}> Adz) = 0.

It is now clear that V satisfies since w satisfies . Moreover, the optimal control a,
defined as in , is the point that reaches the maximum over a compact set of a continuous
function. This means that ¢ can be chosen continuously, thus predictably. Therefore, its associated
optimal control belongs to A. We can now apply Theorem and conclude. O

B Denseness properties of the cylindrical functions

This section is a reminder of fundamental theorems that show the denseness properties of the class
of cylindrical functions and follows the procedure outlined in Martini (2023), which shares similar
techniques to the ones outlined in |Guo et al. (2023); Cox et al. (2024). First, we restrict ourselves
in a compact space, prove the denseness of D’ as defined in (A.23) in C*? (/\/l (}Rd)) and conclude
with a localization argument.

In particular, as in Martini (Example 2.9, 2023)), we have that DT C %2 (M (]Rd)), where DT
is the domain of cylindrical functions as in . In particular, it holds that

S\h(N z) = DF ((f1,\), ..., (fp, M) £(2),
S3h(\,w,y) = £(y) T DF? ((f1, ), - - (fp, A) £(3), (B.28)
Dah(\,x) = DF ((f1, ), (£, A)) " Df(x),
with f(z) :== (f1,..., fp) ()7, and Df(z) = (Dfy, ..., Dfp,) (z)T, for h = Fipi,.p) € DT,

A compact set We work into a compact set. This is done to apply the Stone-Weierstrass
theorem and prove the denseness of cylindrical functions. Consider the set of compact rectangles

{KN :=[—N, N]d}N21 C RY. For every k, N € N, we define the
wi (Re) = frem (=) n (B € |1}
Kko= {)\ € My (Rd) : supp(\) € KN} .

These sets are non-empty. In particular, IC?V is compact for the weak™® topology for any k, N €
N. Indeed, this space is homeomorphic to Ile\}l X [%,k] with Kf\}l = IC?V npP (Rd) with the
homeomorphism

H: M (]Rd> {0} — P (Rd) x Ry
A <)\JMA,A (Rd>> .

The set K?\}l is weakly™ precompact, using Prokhorov’s theorem (see, e.g., Theorem 1.6.1, |Billings-

ley, 11999), and is closed as any limit point of the sequence in lCﬁ}l also has support contained in
K. Therefore, lq“v is compact as homeomorphic to the product of two compact sets.

20



Cutting-off strictly positive measures Given A € M, (R?), we denote with p™p the

N
measure such that % = pV, with p" a positive and smooth cut-off function equal to 1 in Ky

and identically zero outside Kpy41. We observe that pV X is always in IC?‘?V 41- Thus, we set
W) = u(pVN),  for Ae My, (]Rd) N >1. (B.29)

With these notations, we give Martini (Lemma 3.3, 2023) that proves the first approximation
theorem for functions on My, (Rd).

Lemma B.1. Fiz k > 1 and u € C?*? (/\/lk (Rd)). Let {uN}N>1 be the sequence defined by
[B.29). Then, u™(\) — u(N) as n — oo, for every A € M, (Rd), and we have that the sequences
{5)\uN}N>1, {(5?\uN}N>1, {D)\uN}N>1, and {8ID)\uN}N>1 pointwise converge to the respective

derivatives of u. Moreover, ||uN oo < ||t|loo, and there exists C > 0 independent of u, N, and k
such that

Ixu™ oo < (103t
103u™ oo < (103t
IDxuM oo < C(I[Drufloo + l1xulloo)
10: Dy oo < O ([IDxulloo + Ixulloo + [0z Dullso) -

This result allows us to approximate functions in C?? (Mk (]Rd)) with functions in C'?2 (IC?V),
for k, N € N. We can now adapt Martini| (Lemma 3.4, 2023|) showing that the domain of cylindrical
functions DT is dense in C?? (lCﬂ“V)

Lemma B.2. Fiz k> 1 and N > 1. Let u be in C*? (IC?V) There exists a sequence of cylindrical
functions {uy},~, C DT such that u, (A) = u(\) asn — oo, for every A € M (R?), and {oxunt,>1s
{5§un}n21, {Dkun}nzp and {&CD,\un}n21 converge pointwise to the respective derivatives of u

for any X\ € KX.. Moreover, ||un|loo < ||t]loo, and the same holds for the derivatives, up to a

multiplicative constant independent of u, N and k.
Since IC?V is compact in M (]Rd), the previous lemma proves
||l wn — UHCE,Q(M(Rd)) — 0, asn — oo,
where

lullaa(uray = sup {[u)]+ [8au(h,2)| +[03u(A z.y)|
AERR z,yeKN (B.30)

+Dau(\, )| + 0, DA, )] |

for u in C?2 (./\/l (]Rd)) which is bounded with bounded derivatives. A stronger norm could be used
by adding in the supremum also the terms depending on 8x5§u and Diu as in Martini (2023). For
our scope, norm (B.30]) is enough to generalize the martingale problem (3.5)).

Remark B.3. A different approach could have been taken to prove that DT is dense in C?? (Kf\,)
As proven in |Guo et al| (2023), this domain separates points in ICfV and vanishes at no point,
therefore using Stone- Weierstrass theorem, it is dense in the C° (IC?V) with the topology of the strong
convergence. Then, using the definition for the Linear derivative and the intrinsic derivative, the
convergences of the different derivatives could be established, as in|Guo et al| (Lemma 3.12,2023).
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C Moment estimates

We now consider the representation of the controlled superprocesses as Stochastic Differential
Equations (SDE), similar to|Ocello| (2023). This will help in providing moment estimates for these
processes and proving that the control problem is well posed.

This representation makes use of martingale measures, in extensions of the original space, and
lets us apply the general theory of semimartingales in a more general setting. Relevant definitions
and results on these objects are concisely summarised in El Karoui and Méléard| (1990) (see, e.g.,
Walsh, [1986)) for a monograph on the subject). We recall briefly their definition.

Definition C.5. Let (G,G) be a Lusin space with its o-algebra, and (Q, F,P,F = {Fs},) a filtered
space satisfying the usual condition, where we define P the predictable o-field. A process 9 on
[0,T] x Q x G is called martingale measure on G if

(i) Mo (E) =0 a.s. for any € € G;
(i) My is a o-finite, L* ()-valued measure for all t € [0,T);
(iti) (M (E))sepo,m) is an F-martingale for any € € G.

We say that M is orthogonal if the product My (€)M (E') is a martingale for any two disjoint
sets £,E" € G. We also say, on one hand, that it is continuous if (M (£)),>o is continuous,
purely discontinuous, on the other hand, if (9 (£));>q s a purely discontinuous martingale for
any £ € G.

Finally, if M is continuous, we call intensity the o-finite positive measure v (ds,de) on [0,T] x
Q x G, F-predictable, such that for each £ € G the process (v ((0,t] X £));5¢ 4s predictable, and
corresponds to the quadratic variation of (9My (£));>q, for any € € G and t € [0,T].
Proposition C.5. Let (P, (as),) € R, y). There erists an extension (Q =D'xQ,F = Fhr @
FP=PgP, {]}S = F¥ ®]:'5} ) of (Dd,]:éf,]P,F“), where we naturally extend p and o, that

satisfies the following properties.

1. (Q,]:" ,IF‘,I@’) s a filtered probability space supporting a continuous I@‘—martmgale measures M
on [0,T] x Q x B (RY), with intensity measure i, (dz)dr.

2. PoX; 1=
3. We have that

o) = o)+ [ [ L o)) ()
+ [ [ VAt aa) s @ms.dr)

for all f € Cg° (RY) and all s € [t,T).

(C.31)

Proof. The representation of these processes is grounded in representation theorems for continuous
martingale measures. We follow Méléard and Roelly| (1991)) and Ocello (Proposition 3.3, [2023)
applying their construction here. O

We can now prove the non-explosion of these processes, which will imply the well-posedness of
the optimization problem.
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Proposition C.6. Fizx (t,\) € [0,T] x M (Rd) and p € [1,2]. There exists a constant C > 0,
depending only on T, and the coefficient of the parameters, such that

EF | sup dga(pr, O)P| < Cdga(),0)?, (C.32)

relt,T)

for any (P, (as),) € Ry, where O denotes the measure 0.
Proof. Fix (P, (as),) € R,5). We recall that
Qe 0) = Y i lnoinl,
€T pa
for any r € [t,T]. We define the stopping times 7 as
v =inf{u>t:(1,u) > N},

and denote ,uév ‘= lryns, for N > 1. Proposition implies that there exists an extension of 2
where u can be satisfies (C.31]) on the stochastic interval [t, 7x]. Such SDE is driven by MY, a
orthogonal continuous martingale measure in [0, 7] x R?, with the intensity measure jis(dz) 1<y ds.

Applying (C.31) to ¢k, we have
sy = (e N+ [ [ Lou(or,ar@) ir(de)crydr
t
+ [ /R VA @k )R (i dr).
t

for s > ¢, and k € N. Applying Young’s inequality, there is a constant C' (which may change from
line to line) such that

EIP’

sup |(¢x, uf)p]
s€ft,T)

< Cl{w, \)[P + CE"

pl

/ /R Lk (@ prs v (2)) p () Ly

sup
s€ft,T)
p
+ CEP | sup / | VA G a@en(o)m (da, ) ] .
s€(t,T] R4

Recalling g = max{1, || D¢k ||co, [|D*@k oo}, Wwe have

EY | sup |{pp, u))|P
s€[t,T]

< Cl{k, NP + CGE"

sup </ ’ spknur |dT> ]
s€t,T)

T
+ COqJE* [ / (1, p? >pdr]

+ CE? | sup

s€(t, T

/ /Rd (, prs ()i (2) MY (daz, dr)

]
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From Jensen’s and Burkholder-Davis-Gundy’s inequalities (see, e.g., Chapter VII, Theorem 92,
Dellacherie and Meyer} 1982), and recalling that ||pg|lcc < 1, we get

E" | sup (¢, pl)P

s€t,T)

T T
< Cllpm NP + CPE? [ JE >rpdr] OB [ [ >pdr]
t t

T
< O (o NP + CqPEF / sup |{pns XN Pdr
t

s€t,u]

P
+ CqlE

T
/ sup <1,X§V>pdr] .
t

s€[tu]

P
Finally, multiplying by (ﬁ) , summing over kK € N and applying the monotone convergence

theorem, in addition to the fact that function equal to 1 is in FRa, we have

T
< Cdgi(N,0) + CEF / sup dga(XN, 0)Pdr
t

s€t,u]

EF | sup dga(XN,0)P
rel¢,T)

Using Gronwall’s lemma, we conclude that EF sup,cp, 1) dpe (XN ,(D)p} < Cdga(A, O)P for any
N > 1. Applying Fatou’s lemma, we obtain (C.32)). O

D Dynamic programming principle

In this section, we provide the DPP for the control problem —, following the approach
outlined in [El Karoui and Tan| (2013, 2015|). This formulation relies on the so-called relazed control
framework, introduced in El Karoui et al. (1988)) and developped in [Haussmann and Lepeltier
(1990), which allows for a more flexible and comprehensive analysis of the control strategies within
the given stochastic setting. We do that as in |Ocello| (Section 5, 2023) and interpret the control
set as a subset of finite measures satisfying special constraints.

For a given P € P (Dd) and a stopping time 7, we denote (]P’w,w € Dd) a regular conditional
probability distribution of P given F; (see, e.g., Chapter 1.1, Stroock and Varadhan, |2006).

D.1 Relaxed formulation

Consider [0,7] x R? x A equipped with the o-algebra B([0,7]) ® B (R%) @ B(A). Let 2> C
M ([O,T] x RY x A) be the set of measures, whose projection on [0, 7] is the Lebesgue measure.
BEach o € A" can be identified with its disintegration (see, e.g., Corollary 1.26, Chapter 1,
Kallenberg, [2017). In particular, we have a(ds, dz,da) = dsys(dx)as(z, da), for a process (ys(dx)),
(resp. (as(z,da)),) taking values in the set of functions from [0,77] (resp. [0,7] x RY) to M (R?)
(resp. M (A)).

We denote Q := D% x 2", On Q, let (1, 8) be the projection maps (or canonical processes),
and F## = {]—“ﬁ B } the filtration generated by these maps, i.e.,

Fii = o (uo(B), B([0,7] x B' x C),

for s,r € [0,T], B, B' eB(Rd) ,CeB(A)).
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Moreover, define the following map

ﬂ'AZDdX.A — QlLeb
(x,a) = dsxs(dr)da,(m)(da).

By using controls expressed through 74, we obtain a representation of the class of controlled
superprocesses, which are defined in a weak sense, within the framework of relaxed controls. This
approach allows us to embed the controlled superprocesses into a broader class, ensuring that the
original dynamics are preserved while providing additional flexibility in the analysis.

Definition D.6. Fiz (t,\) € [0,T] x N'[R?]. We say that P € P(Q) is a weak control rule, and
we denote P € C ), if P(ue = A) = 1, there ewists af € A such that P (7rA (u,ozp) = ﬁ) =1, and
the process

Mfw =F, (1s) — / / [,Fw(x,u,.,a)ﬁs(x,da),ur(dx)dr
t JRiIxA

s a (P,F“’B)—martz’ngale with quadratic variation

[MFe] = /ts (F;(Mr))Q/RdxA’Y(SU,/Lr,a)Bs(x,da)gOQ(w)ur(dx)dr,

for any F € C%(R), ¢ € CZ (R?), and s > t.

It is clear that each element of C; y) can be identified to an element of R, y), and viceversa.
With abuse of notation, we write J(t, A\, P) for P € C(; ») to denote J(t, A, o). With this description,
we have

t.\) = inf J(t, M\, o) = inf J(t,\P).
v (t,\) ;gAJ(, , Q) Pelat,A>J(’ ,IP)

In this framework, we can consider the notion of conditioning as well as concatenation on 2.
For (t,w) € [0,T] x €2, we denote

B = {0 ul@) = m(@)},
Pro = {@ (e M(6)) (@) = (10, Me(9)) (),
for s € [0,T],¢ € C, ([O,T] x RY x A)},

where
M) = [ [ 6ls0,0)5(ds, do.da).
0 JRIxA
Then, for all @ € PL,, we define the concatenated path @ ®; & by

(ks Ms(9)) (@), for s € [0,2),
(15 Ms () (0 @ @) = § (s, Ms(¢) — M(9)) (@)
+ (ps; Mi(9)) (w),  for s € [t, T,

for all ¢ € Cy ([0,T] x R? x A).
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Fix P € P(Q), and 7 a F*P-stopping time. From [Yong and Zhou (Proposition 1.9, Chapter
1, [1999), there is a family of regular conditional probability distribution (r.c.p.d.) (Pg)geqn w.r.t.

F#P such that the F#*’-measurable probability kernel (Pg ) q satisfies

P (q37(w)@) =1 forP—ae we.

On the other hand, take a probability measure [P defined on (Q, FHb ) and a family of probability

measures (Qg)cq such that © — Qg is FF _measurable and

@g( i(a)))zl for P —a.e. @ € Q.

w

There is a unique concatenated probability measure that we denote P ®, Q. defined by

P®., @(C) = /QP(d’lD) /Q 1c (u_) ®T(7I,) LD) Q@(d@)), for C € f#’ﬂ.

D.2 Measurable selection and DPP

This weak formulation has the advantage of simplifying the proof of the DPP. We follow the path
detailed in [El Karoui and Tan| (2013) and El Karoui and Tan| (2015)), which clarify Bertsekas and
Shreve| (Chapter 7,/1996)) in the context of stochastic control theory, generalizing it to our setting.
In particular, to reach the DPP, as in |[El Karoui and Tan| (Theorem 4.10,2013)) and [El Karoui and
Tan| (Theorem 3.1,|2015), we need to show that the setting so far presented satisfies El Karoui and
Tan (Assumption 2.2, [2015]), which in our setting reads as follows.

It is clear that the full generator G as defined in is countably generated. Combining
Proposition with the weak formulation description, C; 1) is nonempty for all (¢,A) € [0,77] x
M (Rd). Fix (t,A) € [0,T] x M (Rd), PeCyy and 7 a FHP_stopping time taking value in [t, T].
Using El Karoui and Tan| (Lemma 3.2, 2015) and El Karoui and Tan| (Lemma 3.3, [2015]), we
obtained

— Stability by conditioning: There is a family of r.c.p.d. (Pg) cq W.r.t. F#P such that Py €
C(T(w),u(w)) for P-a.e. @ € Q.
— Stability by concatenation: Let (Qz),cq be a probability kernel from FP into (Q,}#’B)

such that w — Qg is f#’ﬁ—measurable, and Qp € Cirw)uw)) for P-ae. w € Q. Then,
]P) ®T Q E C(t)\)

These two conditions are those of El Karoui and Tan (Assumption 2.2, 2015). This allows us
to prove the following DPP.

Theorem D.3. We have

v(t,\) = inf EF [/tT/RdXA¢(x,/zs,a)ﬂs(x,da)us(dx)ds—I—v(T,,uf)]

PeC
o (D.33)

— inf EP [ [ [ vtensastamands + ot m] ,
acA t R4

for any (t, ) € [0,T] x M (R?), and T stopping time taking value in [t,T).
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Proof. Fix (t,\) € [0,T] x M (Rd), and 7 to be a stopping time taking values in [t,T]. We have
that the cost function is continuous, thus a fortiori upper semi-analytic. Following the
stability by conditioning, for any P’ € C; ), there is (Po)geq a family of r.c.p.d. w.r.t. FEP such
that Py € Cir(@),uw)) for P-a.e. & € Q. Therefore, we get

J (T((D)v//ﬂ'(w) ((D)’P@)
= EP» [ ! da)ps(dx)ds + U (ur)
= /7- /RdXAw(x’us’a)/BS(m7 a)ls HT)| >
for P-a.e. @ € Q.

Since, by definition, v(7(@), pir(@)(@)) < J (7(©), ir () (@), Pa), it follows from the tower property
of conditional expectations that

AP = /Q <J (7(@); tir(@) (@), Pa)
+/t7 /RdXAw(x,Ms,a)ﬁs(x,da)us(dx)d8> P(d)

28 ot [ vl (e doanis

which, by the arbitrariness of P, provides

v(t,\) > inf E° [/tT/RdXAw(x,us,a)ﬁs(:v,da)us(dx)ds—i—v(T,,uT)].

- PEC(t,n)

We now turn to the reverse inequality. Fix some arbitrary P € C; ») and € > 0. Consider the
set C(at, ») defined as follows

C(Et/)\/) = {Q S C(t’,/\’) : 'U(t/, )\/) +e> J(t,, )\/,@)} ,
for (¢, ') € [0,T] x M (]de) .

From the |E]l Karoui and Tan| (Proposition 2.21, 2013)), there exists a family of probability (QF).cq
from 77 into (Q,]—"ﬁ’ﬁ> such that @ — Qf is F*’-measurable, and QS € Clr (@) u(@) for P-ae.
@€ Q. Then, P®, Q° € C(¢,») by the stability by concatenation condition. This implies that

J(t,\P®,; Q)
; T
— ]EP@TQ. |:/ / fd)(l" s, a)ﬁs({lj, da)/js(dﬂf)d‘s + \I’(,UT):|
t Rix A

-/ ( [ e dap s

RS [ / ' /R Ve a) (o daps(d)ds + wT)] >P<dw>
= EF [/tT(W) /RdxA (@, pis, a) Bs(z, da) ps(da)ds + J (T(@), pr (@) (@), @i)]
<8 | [ [ bl )bt dada)ds + o (r)| 4
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From the arbitrariness of P € C(; y) and € > 0, we obtain the inequality

v(t,\) < inf EF [// Y(z, ps, a)Bs(z, da)ps(dz)ds + v(T, pr)
PeCt,n) t JRixA

O]
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