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Abstract

This paper introduces the formalism required to analyze a certain class of stochastic
control problems that involve a super diffusion as the underlying controlled system. To
establish the existence of these processes, we show that they are weak scaling limits of
controlled branching processes. By proving their uniqueness in law, we can establish
a dynamic programming principle for our stochastic control problem. This lays the
groundwork for a PDE characterization of the associated value function, which is based
on the concept of derivations in the space of finite positive measures. We also establish
a verification theorem. To illustrate this approach, we focus on an exponential-type
value function and show how a regular solution to a finite-dimensional HJB equation
can be used to construct a smooth solution to the HJB equation in the space of finite
measures.

MSC Classification- 93E20, 491.20, 49112, 60J70, 35K10, 35Q93, 60H30
Keywords— Stochastic control, superprocesses, Hamilton-Jacobi-Bellman equation, dynamic
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1 Introduction

The goal of population dynamics scaling limits is to provide a simpler method for modelling large
populations. When particles have the ability to divide into more particles, we refer to them as
branching particle systems. These systems are called branching diffusions when their movement
through space follows a diffusion process.

Branching diffusions belong to a class of measure-valued processes that have received significant
attention over the past thirty years. A good introduction to this topic can be found in [I3]. The
class of branching diffusions, as well as their scaling limits known as superprocesses, have been
extensively studied in [37, 40, 20], among others. The purpose of this article is to introduce and
examine the controlled counterpart of these processes, namely the controlled superprocesses.

Branching diffusions are discrete particle systems that underlie superprocesses, and there have
been several studies on their controlled versions. This was first conducted in [47] and further de-
veloped in [34]. Along the same lines as the latter paper, [10] generalized this setting to controlled



branching parameters and provided solutions to the problem using the branching property tech-
nique. This successful strategy involves emulating the symmetry of the problem to reduce it to a
finite-dimensional optimization problem.

In particular, [10] and [34] focused on a cost of the same form. This is defined considering the
product on all the particles alive at the terminal time of a continuous positive function taking values
in the unit interval. Its associated value function can be seen as a cylindrical function of exponential
type, which allows for the minimization of a global functional to be split into an optimization over
the individual particles. Additionally, the fact that the coefficients are autonomous, meaning they
only depend on the control and the position of each particle, translates the optimization into
solving a finite-dimensional problem. This idea was later used in [27] to address the stochastic
target problem over branching particle systems. We will utilize this technique, in the final part of
the article, to provide a class of control problems for which the solution can be explicitly computed.

The concept of breaking the coupling between individual actions and global population be-
haviour has already appeared in the stochastic control literature. In particular, it is central to
Mean Field Games (MFG) and Mean Field Control (MFC) problems. In this framework, the opti-
mization problem for a large population is related to the control of a single participant interacting
with the limit of the empirical measure of identical copies of itself. This is proven to converge
to an interaction between a process and its law, satisfying a fixed point criterion. References for
this topic can be found in [31), 4, [7, 8]. The existence of the controlled McKean-Vlasov dynamics
is established as a weak limit of the law of interacting particle systems. In the MFC setting, for
example, [29] [30, @] use the relaxed control approach introduced in [15, 24] to show this limiting
results. A similar weak reasoning method is used in [42], where the optimal stopping problem is
generalized to the mean field setting using a control stopping strategy.

We aim to adopt a similar strategy for defining, weakly, the controlled limiting dynamics.
Specifically, we utilize recent advancements in the analysis of controlled branching diffusions de-
scribed in [35], which employs a relaxed setting that allows for a new characterization of these
processes as weak controls. This weak control representation enables us to focus on the laws of
these processes associated with starting condition, control, and martingale problem. By fixing the
first two elements and manipulating the martingale problem, we prove that controlled superpro-
cesses arise as a rescaling of branching processes, thereby establishing their existence. To achieve
this, we extend the Aldous criterion presented in [I3], 37, 140} 20] for convergence to superprocesses
to a controlled setting. Furthermore, we generalize the martingale problem to a class of functionals
that are convergence-determining in the space of cadlag paths on finite measures and then use the
ideas of [41], as detailed in [20, [35], to establish uniqueness in law through the duality method.

Once existence and uniqueness have been shown, we focus on the related control problem and
we adopt the Dynamic Programming Principle (DPP) approach. The DPP is a powerful tool for
solving control problems and we achieve it applying the methods described in [I8, [19]. It has been
shown (see, e.g., [46]) that the DPP leads to a characterization of the problem through a nonlinear
Hamilton-Jacobi-Bellmann (HJB) equation. In our setting, the HJB needs to be defined the space
of finite measures. In the literature, PDEs on space of measures have already been investigated.
In fact, MFG and MFC literature pushed the development of differential calculus in the space of
probability measures to this tackle this problem.

This approach leads to a verification theorem, which provides the necessary conditions for
proving the optimality of a controlling strategy. This is achieved by showing that the value function
of the control problem is a (viscosity) solution of this equation. This point of view has been
explored in several works, including those focused on Markovian controls [38], open-loop controls
[1], Markovian and non-Markovian frameworks [14], closed-loop controls [45], and McKean-Vlasov
mixed regular-singular control problems [23]. An example of a study that combines the branching



diffusion framework with the mean-field approach is presented in [I1], where the authors introduce
scaling limits that differ from the dynamics of superprocesses.

These techniques have then been extended to study dynamics on finite measures, as in [32].
In latter article, the author studies backward Kolmogorov equations associated with stochastic
filtering, entending the differential calculus developed for probability measures to general finite
measures. Such an extension is presented introducing flat derivative and Lions’ derivative with the
same strategy of [6]. In the latter paper, the flat derivative is defined as a directional derivative,
while the Lions’ derivative is obtained as the derivation of the flat derivative with respect to the
space component. This is done since the approach used by Lions in [31] cannot be employed in this
new setting, as there is no lifting of the space of finite measures to that of L? random variables.
Theoretical studies of the intrinsic properties of these differential operators can be found in [39],
where intrinsic and extrinsic differentiations are introduced and shown to coincide with the notions
of flat derivative and Lions’ derivative in this context.

We adopt the differential calculus developed in [32], taking advantage of its density results to
extend the martingale problem used to introduce these processes. This generalization is possible
since the space of finite measures is homeomorphic to a subset of the product between probability
measures and the real line when far from the measure zero. This allows, in particular, to use the
lifting technique by renormalizing the measures whenever we are not close to this critical measure.
This approach is similar to [I2]. In this paper, the authors achieve the HJB equation and a
verification theorem for the value functions using the density of the cylindrical functions in the
spave of continuously differentiable functions.

We will employ the generalized martingale problem on functions with sufficient differentiability
relative to the measure. With this method, we provide the HJB equation and a verification theorem.
The resulting Dynamic Programming Equation (DPE) features a second-order flat derivative. To
the best of our knowledge, such a term has been seen before in a DPE only in [12], in the study
of controlled probability measure-valued martingales. Nevertheless, this setting differs from ours
where finite measure are involved. Moreover, the structure of the differential operators in our HJB
equatons reveals a remarkable symmetry with the standard controlled diffusions, where a second-
order operator appears in the PDE that describes the dynamics. Establishing the regularity of the
value function poses a challenging problem in the context of solving non-linear PDEs, particularly
for functions defined in measures. This question as well as the investigation of viscosity solution
to our DPE is left for future research.

The paper is organized as follows: In Section [2| we introduce the model setup as well as the
controlled superprocesses as a solution to a martingale problem. We prove their uniqueness in
law and existence as a weak limit of rescaled branching processes in Subsection [2.2] In particular,
the latter is done with the use of the martingale problem for rescaled branching diffusions. We
then show its convergences to a solution to the martingale problem defining the controlled super-
processes. We also establish a non-explosion bound, with respect to the metric metrizing weak*
topology. In Section [3] we present the control problem of interest and prove its measurability
property and the DPP. In Section [4, we derive the HJB equation satisfied by the value function
of the control problem. To this purpose, we introduce a differential calculus in the space of finite
measure and generalize the initial martingale problem using the density of cylindrical functions in
the space of regular functions on finite measures. Finally, in Subsection [4.4] we derive the Dynamic
Programming equation and prove a verification theorem. We conclude the paper by providing a
regular solution to the optimization problem.



2 Controlled superprocesses

2.1 Model setup and definitions

For a Polish space (E,d) with B(E) its Borelian o-field, we write Cy(E) (resp. Co(FE)) for the
subset of the continuous functions that are bounded (resp. that vanish at infinity), and M(E)
(resp. P(FE)) for the set of Borel positive finite measures (resp. probability measures) on E. We
equip M(FE) with weak* topology, i.e., the weakest topology that makes continuous the maps
M(E) > X = [, o(z)M(dz) for any ¢ € Cy(R?). We denote (¢, A) = [ o(z)A(dz) for A € M(E)
and ¢ € Cp(E).

A family .# C Cy(E) is said to be separating if, whenever (p, \) = (p, X') for all ¢ € .Z, and
some \, N € M(FE), we necessarily have A = ). Since E is Polish, from the Portmanteau theorem
(see, e.g., [41l, Theorem 1.1.1]), the set of uniformly continuous functions, for any metric equivalent
to d, is separating. From Tychonoff’s embedding theorem (see, e.g., [44, Theorem 17.8]), Cy(E) is
also separable. Therefore, there exists a countable and separating family .#g = {¢k, k € N} subset
of Cy(E) such that the function E 3 x +— 1 belongs to .Zr and ||¢k||e = supg |¢r| < 1 for all
k € N. We use this setting to define the following distance

1
A AN) = Y o e ) = er X))
PLEFE

for \, N € M(F). As in [4I, Theorem 1.1.2], this distance dg induces on M (E) the weak* topology.
Whenever E = R¢, we adjust this metric to take into account useful differential properties. Let
Fra be taken as a subset of C’g(Rd), the set of real functions with bounded, continuous derivatives
over R? up to order two. We can take this set as separating since C? is dense in C° for local
uniform convergence (application of [22, Theorem 8.14]). We define the distance

1
deaA ) = D g [{w N) = (ow V)
PLETpd k

, (2.1)

with g, = max{1, ||D¢||cos ||D?*@k||oc }, and D and D? denote gradient and Hessian.

2.1.1 Atomic measures

We write N"[E] for the space of atomic measures in E where each atom has a mass multiple of
1/n, i.e.,

ki .

N"E] = {25% ckieNx, e EforieV, VCN, |V| <oo},
n eV

where |V] is the cardinal of the set V. For n > 1, N"[E] is a weakly* closed subset of M (FE). If E

is a Polish space, e.g. a Euclidean space, U,enN"[E] is dense in M (E). First, the result is shown

for probability measures. For the fundamental theorem of simulation (cf [36, Theorem 1.2]), there
exists a Borel function ¢y : [0,1] — E, for any A € P(E), such that A = Leb“0 j° ¢y, where

Leb“[J 1 o (p}l denotes the image measure by (p)_\l of the Lebesgue measure on the unit interval.

With Glivenko—Cantelli theorem (cf [36, Theorem 4.1]) we approximate the Lebesgue measure on
the unit interval by probability measures A\, € N"[E]. We get the final result decomposing each
finite measure A as a probability measure times its total mass A([0, 1]) and using for the latter the
approximation |nA(E)]|/n, where || denotes the integer part of a real number.
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2.1.2 State space

Fix a finite time horizon T' > 0. Let D? = D([0, T]; M (Rd)) be the set of cadlag functions (right
continuous with left limits) from [0,7] to M (R?). We endow this space with Skorohod metric
dpa associated with the metric dga, which makes it complete (see, e.g., [3, Theorem 14.2]). For
P € P(DY), Py € P(M(R?)) denotes the time-t marginal of P, i.e., the image of P under the map
D? >y € M(R?). Denote D™ = D([0, T); N*[R%]), a closed subset of D?.

We consider the canonical space DY, with p its canonical process, and F# = {F4'} ¢ the filtration
generated by p. Let a compact subset A of R™ representing the set of actions, and A the set of
{B(RY) ® Fs} -predictable processes from [0, 7] X R¢ to A. Finally, for a given P € P(D?) and a
stopping time 7, we denote (IP’W, w € Dd) a regular condtional probability distribution of P given
F- (see, e.g., [41, Chapter 1.1]).

2.1.3 Definition

We consider the following assumptions. We are given dimensions d,d’ € N and the following
bounded continuous functions

(b,0,7) :R¢x M(RY) x A — RIxRP? xRy,
Suppose b and o are Lipschitz uniformly in a, i.e., there exist L > 0 such that
!b(x,)\,a) — b(x’,)\',a)‘ + ‘U(:c,)\,a) - a(x',)\',a)‘ <L (\:Jc — 2| + dga (), )\')) )

for any z,2’ € R%, A, X € M(R?), and a € A.

In [35], various equivalent descriptions for branching particle systems are presented. Among
these, we opt to use the formalism of weak controls as it involves less cumbersome notation.
We adopt the same perspective to establish a definition for controlled superprocesses, which will
subsequently facilitate the proof of their existence as a weak limit of the aforementioned branching
processes.

Let L be the generator defined by

1
Le(r.\a) = bz, )a) De(x) +5Tr (00" (2. 0.a)Dp(a)) .
for ¢ € CZ(RY) Let also £ be the generator defined by
1
LF (N a) = F'((p, ))Le(@, A a) + S F" ({9, M)y(, A, a)¢ (),

where F, denotes the the cylindrical function F, = F((p,")), for F € C(R) and ¢ € CZ(R?) For
simplicity, we write Fi,(\) for F'((p, ) and F()) for F”((¢, \)).
We can now define the controlled superprocess.

Definition 2.1. Fiz (t,\) € [0,T] x M(R%). We say that (P,a) € P(D%) x A is a Controlled
superprocess, and we denote (P, o) € R n), if (e = ) = 1 and the process

S
F,

Ms? = Fy(ps) — /t o LF,(x, oy, 0y () pro (dr) dus (2.2)
is a (P,F)-martingale with quadratic variation

[MFe] = /ts (F;(Mu)f/Rd’Y(x,uu,au(m))<p2(x)uu(dac)du (2.3)

for any F € C2(R), ¢ € CZ(RY), and s > t.



2.2 Existence and uniqueness

We first focus on the uniqueness in law for the controlled superprocesses. Using Doob’s functional

representation theorem (see, e.g., [25, Lemma 1.13]), we remark that a {B(RY) ® Fs} -predictable
process « from [0, 7] x R? to A boils down to be a predictable map a such that

a:[0,T]xRIxD? — A (2.4)

(57 €, (Nu)ue[O,TO = a (87 T, (/Lu)ue[o,s]) = O‘S(:U)' (2'5)

As [35] Section 4], we generalize the martingale problem (2.2)) to a domain that characterizes

the law of processes in [0, 7] X D?. To do so, we first introduce the domain of cylindrical functions
D C C%([0,T] x D?) as the set of Fipy,py 10,1 % D? — R of the form

F(f1,...,fp)(5ax) =F (<f1(5 Nty, ')7XS/\151>7 ceey <fp($ Ntp, ')>Xs/\tp>) ) (2'6)

for (s,x) € Ry x D? and some p > 1, t1,...,t, € [0,T], F € CA(RP), and fy, ..., f, € C*([0,T] x
RY). For f € 02’2([0,T] x RY) | we use the notation Lf(s,z,\,a) = Lf(s,-)(z,)\ a). For a
measurable function 3 : [0, T] x RY — A, we then define the operator L? on D by

LOF, . 1)(5%) = DF ((fils A1, Xentr)s -5 (o8 A )y Xongy)) | 27 (5,%)
+%Tr< <6ﬂf(sﬂf)T(s, -),xs> D2F ((fu(s At1,-), Xen)s - -
(Fols My ) Xon,)) )
with g = 0, where
]ls§t1 f]Rd atfl (37 SC) + Lf1(37 T,Xs, /B(Sv x))xs(d‘r)
£Pf(s,x) = : )
]]-sgtp f]Rd 8tfp(57 Q?) + pr(S, T, Xs, B(Sv :C))XS(d‘T)

]lsgtlfl(sa x)\/y(ac, X5 /B(Sa CE))
SPf(s, 2, x) = : )

]lsgtpfp(sv .%') \/7($7 Xs) 6(57 ZL‘))

for (s,z,x) € [0,7] x R¢ x D4, Following the language of [21], we call the graph of D the full
generator G, with

G:={(¢9,Lg): g€ D}. (2.7)

We define the domain D7 C C%(M (R?)) of the functions

F(f1,...,fp)()‘) :F(<f1y)\>v"'7<fp7)‘>)7 )‘GM(Rd)> (2'8)

for some p > 1, F € CZ(RP), and f1,..., fp € 05’2([0, T] x R?). These functions are embedded in D

when we consider functions as in such that f; does not dependon sandt; =T, fori=1,...,p.

Therefore, with abuse of notation, we say that L acts on D? with the obvious adjustments.
Considering the canonical process u € D?, we have that, if (P,ar) € R(t,n) the process

M .= h(psp.) — / LR (pup.)du, t<u<T, (2.9)
t

S
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is a (P, F)-martingale with quadratic variation equal to

[Mh} = /t Tr(<6af(6af)T(s, '),us> (2.10)

S

DE(DF)T ((f1(s At1, ) ttsnts)s - - (o5 Aty ) phane, ) >du,

for any h = Fy, . s, € D. Therefore, we can finally prove uniqueness in law for the controlled
superprocesses as follows.

Proposition 2.1. Fiz (t,)\) € [0,T] x M (RY) and o € A. There ezists at most one Pt** € P(D?)
such that (PN, a) € Ry y)-

Proof. The proof is based on [35, Proposition 4.5] and [35, Theorem 4.1], whose proofs are the
same as in our setting with respect to the operator L. O

We can now consider the existence proble. Existence of solutions to martingale problems is
usually proven as a weak limit of solutions to well-posed problems. Superprocesses, in particular,
arise as scaling limits of branching particle systems (see, e.g., [13] 20, 40]).

For n € N, let L™ be the generator defined on the cylindrical functions F, = F({y,-)), for
F € C3(R) and ¢ € CZ(R?), as

LA a) = Fl(p )Ll X a) + 5 F (o, 2) IDela)o (. A, )
+v(x, A, a)n? <;F <<g0, A) — igp(x)) (2.11)

+37 ((en+ 2ot@)) - B ).

Definition 2.2. Fiz (t,\,) € [0,T] x N*[R?]. We say that (P,a) € P(D? x A is a n-rescaled
branching diffusion, and we denote (P, ) € Rl of P(pe = A) =1 and the process

MEe™ = F(us) — / LMFp(, s () o (da) du (2.12)
t JRd

is a (P, F)-martingale with quadratic variation
n s 2 1
[prfer], = / (Fo(ra)) / ( 1D ()0 (s, () + (2.13)
t R \ T
7(337Mu70éu(£€))g02(3:)> ()

for any F € C2(R), ¢ € CZ(RY), and s > t.

Proposition 2.2. Fizn > 1 and (t,\,) € [0,T] x N*[RY]. For o € A, there exists a Pt o ¢

P(DY) such that (PP " ) € R?t,)\n)'

Proof. Fix a a € A. For n = 1, the existence of PPA1%1 ¢ P(D?) such that (PA1%1 o) € R%t A

for any (¢, \!) € [0, T] x N'{[R9], is discussed in [35, Section 4]. This is done for general horizons T' >
0. Existence of Pt € P(D9) such that (PtA»%" o) € R, for any (t, \n) € [0,T] x N"[RY]



stems from this. We denote 73‘(5; A the set of 1-rescaled branching diffusions defined in the interval
[0,5], for S > 0. For n € N, we define, on the interval [0,nT], the control o™ such that

ay = agpy, for s €[0,nT].

Fix (¢, \n) € [0, T]xN™[RY]. From the previous result, we have the existence of P! € P(ID([0, nT]; M (R)))

such that (P™!,am) € 72?73; nay)- Define the map 2™ such that

R D(0, TN RY) = D([0,nT] N [RY)
(MS)SE[OaT] = (n“S/n)se[o,nT] ’
As in [I3} 20, 40], we have that PtA»®n .= prlo(937)~1 € P(D?) is such that (P", o) € Riiay O
Now we have all the ingredients to give existence for controlled superprocesses.

Proposition 2.3. Fiz (t,\) € [0,T] x M (R?). For a € A, there ezists a unique P € P(D?) such
that (P,a) € Ry 5)-

Proof. Fix a {B(Rd) ®]~'S}S-predictable process a from [0,T] x R? to A. Consider a sequence
(An)pen such that A, — X weakly* and A, € N"[RY. From Proposition there exists P" €
P(D?) such that (P", a) € Riga,- Our goal is to show (P™),,en converges weakly to some P €

P(D%) and that (P,a) € R ).
We define the projection 7, as

To t M(RY) 5 A (p,A) €R

for any f € C°(RY). Clearly, the weak™ topology is the weakest topology for which the mappings
Ty, are continuous, for {p;},~, dense in Co(R?). Moreover, under P", for the semimartingale
(o, i), we define the predictable finite variation process as V() and the increasing process of
the martingale part as I"(p) for k > 1. From equations and , we have

Vi) = [ [ Loamau@)ndn)d, (2.14)
20 = [ [ (G 10a@0e )k (2.15)
#(osina))0) o

We can now verify conditions (i) and (4) of [40, Theorem 2.3] to prove that {P"} is tight. This
means proving that
(i) (Promy}), o, is tight for k > 1;

(ii) VI'(pr) and I7(py) satisfy the following condition of Aldous for any k& > 1: for each stopping
time 7 we can find a sequence d,, such that J,, — 0 as n — oo and such that

limsup EF* [|V 5 (0) — V2 ()]]

limsup E™ [| 175, (9) = I7(9)]] = 0.
n

0,
(2.16)



From (2.12)), we have that (1, u.) is a P"-martingale for any n > 1. Therefore, for any n > 1,

1 _pn 1
]P)’Vl s < _ P —— n).
(SZE?T]G,M ) > K) < 7B (L)) = 221 A)
Since lim,, (1, A\,) = (1, \), we obtain that sup,, P" <sups€[t7T]<1,,us> > K) tends to 0 when K tends

to infinity. (P Oﬂwl) >, is also tight for k > 1, since each function of Co(R?) is bounded.

Therefore, (i) is satisfied.
Fix o € {1} U{gx : k > 1}, a stopping time 7 taking values in [¢t,T], and d,, > 0. Using ({2.14))

and (2.15)), we have
P P T+5n
B [V, (0 = V2@ < B | [ [ Lot auo)natdo)a]
< 6 ({1, )] [1El e = {1 A} |l

where the last equality comes from the martingale property. By the same arguments, we also have
2%
E™ [| 1205, (0) = I (9)]]

T4+0n
e [ ] (R 10eo (e ol 2l a6 )) ]
< 6,1, A) (I Dol % + 271lell3) -

Therefore, if lim,, §, = 0, we get , which gives that (Py),,~; is tight in D<.

To conclude, we take a sequence (IP,), -, converging to a probability measure P € P(D%)
and prove that (P,a) € R ). To do that, we focus on the convergence of L,. For (z,v,a) €
R x M (]Rd), the third term in the expression of £,, in (2.11)) is equal to

Wata,0) = lavand (F () = o)) 5+ F (Lo + 0@ 5 = F () )

Using Taylor’s development with Lagrange reminder, we have

F' (e, v) +21) + F" ({p,v) + 25)

5 ;
with z}" (resp. 2§) a point in {h{p,v) + (1 —h)p(z)/n: h € [0,1]} (resp. {h{p,v)—(1—h)e(x)/n:
h € [0,1]}). Since « is bounded, we have W({L‘ v,a) = lim, Wy (z,v,a) = F(v)y(z,v, a)¢?®(z) for
any (z,v,a). We can now prove that Fy(u.) — [, fRd LFE,(x, ftu, oy (2)) o (dz)du is a P-martingale,
i.e., for each stopping time 7 taking Value in [t,T],

Why(z,v,a) = v(z,v,a)

B | Fuliar) = Folo) = [ [ £F )| =
We have

hmEPn [F (NT) Fap(ﬂt)] EF [F, [F, (NT) Fw(ut)] )



and

P [/; 5 /;F@(x,uu,au(w))/ﬁu(dx)d“} —E™ [/tT Rd
_ P V; 9 [,F<p($,ﬂu7au(x))/‘u(d$)du:| —E™ |:/tT

an¢<x,uu,am))uu(d@du}
L sl )]
Rd

80| [0 (6 LBl o))

The last term on the right side satisfies

B | [ [ (€~ L)oo cu()a o)

EP [ / ' /R d (21”}7”((%%)) |Dp(@)0 (2, ftus (@) [2 + W (2, fras (@) — Wz, o, au<z>>)

Mu(dw)du] < Ca i),

for a constant C' which depends only on Fclp/ ,0,Dp, v, . Hence,

i [Py (ue) = Bl — [ [ 0Bt (e
& [Rylr) = Botp) = [ [ LB pcuonalde)i] <o

O]

Remark 2.1. It can be observed that the proof of the aforementioned result relies on either a
compact control space or bounded coefficients. In the case of unbounded action space and linear
dependence on the control in the coefficients, an integrability bound similar to the following must
be established

e | ' [ Joutel(ds)an] < o.

Applying this condition to the rescaled problem does not guarantee its retrieval in the limit.

2.3 Moment estimates

Before defining the control problem and proving it is well posed, we need to provide moment
estimates for these processes. To do that, as in [35], we give the representation of the controlled
superprocesses as Stochastic Differential Equations. This makes use of martingale measures, in
extensions of the original space, and lets us apply the general theory of semimartingales in a more
general setting. Relevant definitions and results on these objects are concisely summarised in [17]
(see, e.g., [43] for a monograph on the subject). We recall briefly their definition.

Definition 2.3. Let (G,G) be a Lusin space with its o-algebra, and (0, F,P,F = {F,},) a filtered
space satisfying the usual condition, where we define P the predictable o-field. A process M on
Q x [0,T] x G is called martingale measure on G if

(i) Mo(E)=0 a.s. for any E € G;
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(ii) My is a o-finite, L*(Q)-valued measure for all t € [0,T);
(iti) (Mi(E))ieio.r) 15 an F-martingale for any E € G.

We say that M is orthogonal if the product M(E)M(E') is a martingale for any two disjoint
sets E,E' € G. We also say, on one hand, that it is continuous if (M;(E)),~, is continuous,
purely discontinuous, on the other hand, if (Mi(E));>q is a purely discontinuous martingale for
any £ € G.

Proposition 2.4. Let (P, (as),) € R ). There exists an extension <Q = DixQO, F = FieF, P=
PRP, {.7:"5 =Fie® .7:"3} > of (Dd,}#,IP’,F“), where we naturally extend p and o, that satisfies the
S

following properties.

1. (Q,ﬁ,fﬁ‘,]@) 1s a filtered probability space supporting a continuous F—martingale measures M
on Q x [0,T] x B(R?), with intensity measure pi,(dx)du.

2. PoX; 1=\
3. We have that
o) =+ [ [ L@t (o)

[ VA @) @M, du)

for all f € C2(RY) and all s € [t,T).

Proof. The representation of these processes is grounded in representation theorems for continuous
martingale measures. We follow [33] and [35 Proposition 3.2] applying their construction here. [J

(2.17)

We can now prove the non-explosion of these processes, which will imply the well-posedness of
the optimization problem.

Proposition 2.5. Fiz (t,\) € [0,T] x M(R?) and p € [1,2]. There ezists a constant C > 0,
depending only on T, and the coefficient of the parameters, such that

EP | sup de(uu,cD)p] < Cdga(), O)F, (2.18)

u€lt,T)

for any (P, (as),) € R -

Proof. Fix (P, (as),) € R,x)- We recall that dga(p, 0) = Zcpkefkd ﬁ |{©k, pu)], for any u €
[t,T]. We define the stopping times Ty as

TNZIHf{uZt<]—7Mu>ZN}’

and denote ;Y = gy ns, for N > 1. Proposition implies that there exists an extension of 2
where p can be satisfies (2.17)) on the stochastic interval [t, 7x]. Such SDE is driven by MV a
orthogonal continuous martingale measure in [0, 7] x R?, with the intensity measure jis(dz)1 <,y ds.

Applying (2.17)) to ¢, we have

i) = h) + [ [ Lonlaear@)n (@) < dr +

+ /ts /Rd Y (@, i o (2)) e () MY (daz, dr).
1

1



for s > t, and k € N. Applying Young’s inequality, there is a constant C' (which may change from
line to line) such that

EP[SUP !<<pk,uév>!p] < Cller NP

s€(t,T)
s P
+CE"| sup //Lgok(ac,,u,T,ar(m))ur(dx)]lf,«gmdr]
seft,T] | Jt JRd
s p
+CE" | sup // (@, o, () ) pr () MY (daz, dr) ]
selt, ) |/t JRE

Recalling qx = max{1, || Dpk||co, || D?*¢k||oo }, We have

EY [ P !<wk,uiv>lp] < Clgr, NP + CqJE
selt,

s p
sup (/ |<s0k,uuN>|dU>]
s€(t,T) t

T
+CqyEF [ / <1,uiv>pd4
t

+CE" | sup

s€(t,T)

/ts /Rd v (, i, e () ) o () MY (daz, drr)

]

From Jensen’s and Burkholder-Davis-Gundy’s inequalities (see, e.g., cite[Chapter VII, Theorem
92]Dellacherie:Meyer:B), and recalling that ||ox||ec < 1, we get

T T
EP [ w |<<pk,uiv>!”] < Cllpr, NP + CgPER [/ |<90k,uﬁ’>|”d4 + CqpEP [/ <1,uiv>de}
selt, t t

IN

SE[t,ul

T
Cq (o \)|P + CqlE" [/t sup |<90k,X§V>|deI

T
-I-Cq],gE]P l/ sup <1,X8N>pdu] .
t

SE[t,ul

P
Finally, multiplying by (ﬁ) , summing over k € N and applying the monotone convergence
theorem, in addition to the fact that function equal to 1 is in FRa, we have

EF | sup dge(XY,0)?

w€(t,T]

T
< Cdga(),0) + CEF / sup dga(XY,0)Pdu| .
t

sE[t,u]

Using Gronwall’s lemma, we conclude that EF SUPyeft, 7] dga (XY ,(D)p] < Cdpa(A, O)P for any
1), 0

N > 1. Applying Fatou’s lemma, we obtain

3 The control problem

We are given two continuous functions ¢ : R x M (Rd) XxXA—=Rand ¥: M (Rd) — R. We assume
that there exists C' > 0 such that

[v(x, A, a)] < C (14 dga(),0)), W(N)| < C (1+dge(N,0)?) (3.19)
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for (z,\,a) € R x M(Rd) x A with O the measure 0.
Let J and v be respectively the cost and the value functions, defined as

129 WeY T
Jt,\a) = EF7 [/t 9 (x, ps, as(x)) ps(dz)ds + \I/(,uT)] , (3.20)
v(t,A) = ireliJ(t,)\,a), (3.21)

for (t,A) € [0,7] x M(R?), and a € A. From Proposition the cost function J is finite for
any control @ € A. Moreover, using (3.19), J is uniformly bounded from below, therefore the
optimization problem that defines v is well-posed.

3.1 Weak formulation

Before establishing the Dynamic Programming Principle (DPP), we give a new description of the
control problem —. As described in [35, Section 5], we interpret the control set as a
subset of finite measures. This is the so-called weak formulation, introduced in [16], and it allows
for dealing with the control space and its topology more flexibly.

Consider [0,T] x R? x A equipped with the o-algebra B([0,7]) @ B(R?) @ B(A). Let AP C
M ([0, T] xR x A) be the set of measures, whose projection on [0, T is the Lebesgue measure. Each
a € AP can be identified with its disintegration (see, e.g., [26, Corollary 1.26, Chapter 1]). In
particular, we have a(ds,dx,da) = dsy,(dx)as(x,da), for a process (ys(dz)), (resp. (as(z,da)),)
taking values in the set of functions from [0, 7] (resp. [0,T] x R?) to M (R?) (resp. M(A)).

We denote Q := D% x b, On Q, let (u, B) be the projection maps (or canonical processes),

and F#8 = {.Fé‘ B } the filtration generated by these maps, i.e.,

Flb = 5 (MS(B),B([O,T] x B x C), for s,r € [0,T), B, B' € B(RY),C € B(A)) .
Moreover, define the following map

7a:Dix A — Ak
(x,a) = dsxs(dr)dg,(z)(da).

Definition 3.4. Fiz (t,\) € [0,T] x N[RY]. We say that P € P(Q) is a weak control rule, and we
denote P € C y, if P(ue = \) = 1, there exists ol € A such that P (7TA (u, ap) = B) =1, and the
process

Mfw = Fy(us) — / / LFy(, p, a)Bs(x, da)py(dz)du
t JRIxA

s a (P,F“vﬁ)—martingale with quadratic variation

[MF(P]S = /ts (F;(Mu)y/RdXA'y(x,uu,a)ﬁs(:r,da)<p2(x)uu(dx)du

for any F € C2(R), ¢ € C2(RY), and s > t.

It is clear that each element of C(; y) can be identified to an element of R ), and viceversa.

With abuse of notation, we write J (¢, A, P) for P € C(, ) to denote J(t, A, o). With this description,
we have

v(t,\) = iniJ(t,A,a) = inf J(t,\,P).
ac

PGC(L)\)
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In this framework, we can consider the notion of conditioning as well as concatenation on €.
For (t,w) € [0,T] x €2, we denote

P = {0 u@) = wm(w)},
Voo = {@ (16 Mo(0)) (@) = (115, () (@), for s € [0,1], 6 € Cy ([0,T] xR x 4) },

where
M6 = [ [ olsaa)plds.dada).
0 JRixA
Then, for all @ € B, we define the concatenated path w ®; @ by

(hs; Ms(0)) (@), for s €0, 1),
(hs; Ms(0) = Me()) (@) + (s, Me(0)) (w),  for s € [t, T,

for all ¢ € Cy ([Q,T] x RY x A).
Fix P € P(Q), and 7 a F*B_stopping time. From [46, Proposition 1.9, Chapter 1], there is a
family of regular conditional probability distribution (r.c.p.d.) (Pg)geq w.r.t. Fr # such that the

(s M (0)) (@ ®, @) = {

F#P_measurable probability kernel (Po)geq satisfies

P (2]37(5,)@) =1 forP—ae we.

On the other hand, take a probability measure [P defined on (Q, FHb ) and a family of probability

measures (Qg)cq such that © — Qg is FF _measurable and

Qg( Z(Q)) =1 forP—ae wel

w

There is a unique concatenated probability measure that we denote P ®, Q. defined by

P®, @(C) = /QIP)(d’II)) /Q 1c (’LIJ ®T(w) (I)) Q@(d@) for C € .7'—;’5.

3.2 Measurable selection and DPP

This weak formulation has the advantage to simplify the proof of the DPP. We follow the path
detailed in [18] and [19], which clarify [2, Chapter 7] in the context of stochastic control theory,
generalizing it to our setting. In particular, to reach the DPP, as in [I8, Theorem 4.10] and [19,
Theorem 3.1], we need to show that the setting so far presented satisfies [19, Assumption 2.2],
which in our setting reads as follows.

It is clear that the full generator G as defined in is countably generated. Combining
Proposition with the weak formulation description, C; ) is nonempty for all (¢, ) € [0,T] x
M (RY). Fix (t,A) € [0,T] x M(R?), P € C( 5 and 7 a F*F-stopping time taking value in [t,T.
Using [19, Lemma 3.2] and [19] Lemma 3.3], we obtained

— Stability by conditioning: There is a family of r.c.p.d. (Pg)gecq W.r.t. 7 such that Py €
C(T(@)M(w)) for P-a.e. @ € Q.
— Stability by concatenation: Let (Qz),cq be a probability kernel from F£ into (Q,]—#’ﬂ)

such that @ — Qg is F¥ & -measurable, and Qg € C(r(
]P) ®7‘ Q E C(t)\)

o)u(@) for P-ae w € Q. Then,
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These two conditions are those of [19, Assumption 2.2]. This allows to prove the following
DPP.

Theorem 3.1. We have

o) =t [/t /RdXA D(, i, @) Bs(x, da) s (dz)ds + v, NT)} -

— inf EP [ [ [ vt astamin)ds + ot lm] ,
acA t R4

for any (t,\) € [0,T] x M(R?), and T stopping time taking value in [t,T).

Proof. Fix (t, ) € [0,T]x M (R?), and 7 to be a stopping time taking values in [t,7]. We have that
the cost function (3.20)) is continuous, thus a fortiori upper semi-analytic. Following the stability
by conditioning, for any P € Cy ), there is (Pg)ycq a family of r.c.p.d. w.r.t. FHP such that

Pg € Cir(@) (@) for P-a.e. w € Q. Therefore, we get

T
T (7(©), pr() (@), Pg) = E= U /RdxA¢(:E,Ms,a)ﬂs(w,da)ﬂs(dﬂﬁ)ds + ‘II(MT)] , forP—ae e

Since, by definition, v(7(@), pr(@)(@)) < J (7(©), tir (@) (@), Pa), it follows from the tower property
of conditional expectations that

s0A2) = [ (5@ @2+ [ [ s dopanis) 2

> & ot 4 [ [ bt )it dop (s

which provides v(¢,A\) > inf EF {/ / W(x, ps, a)Bs(x, da)ps(dx)ds + v(T, ,uT)] by the arbi-
PEC(t.x) t JRixA

trariness of P.
We now turn to the reverse inequality. Fix some arbitrary P € C; )y and € > 0. Consider the
set C(Et, ») defined as follows
Civry = {QeCuyy v\ N)+e>J{H,N,Q)}, for (t',))el0,T]x M(RY).

From the [I8, Proposition 2.21], there exists a family of probability (QF),cq from F¥ # into

(Q,]—#’@ such that @w — Qf is FMP_measurable, and Q5 € Cr (@) (e for P-ae. @€ Q. Then,

P ®:; QF € C,») by the stability by concatenation condition. This implies that

T
Jt,\P®, Q) = EFT {/t /Rd Aw(x,us,a)ﬁs(x,da)us(da:)ds+‘II(MT)}

- / ( / " /R e ). da)(da)ds

RS [ / ' /R Ve a) (o daps(d)ds + wm] )P(d@

— EP

(@)
/ / V(z, ps, a)Bs(z, da) ps(dz)ds + J (T(W)aur(w)(w),Qi))]
t Rix A
P T
< E [/t /RdXA¢(x,Ms,a)ﬁs(:r,da)us(dx)ds + v (T, MT)] te
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From the arbitrariness of P € C(; y) and € > 0, we obtain the inequality

ot < _inf EP [/ [ e Bt dapdz)ds + ofr )
PeCy,z) t JRiIxA

4 Dynamic Programming Equation

The DPP opens the way to the characterization of the value function as a (viscosity) solution
to nonlinear PDE. This approach links the (optimal) controlled dynamics of the processes under
analysis in a "weak” way. This means that we are interested in the behaviour of s — u(us) for a
certain class of test functions u.

For this purpose, first, we need to analyse the differential property of the space of finite measure.
There exists a growing literature about differential calculus in the space of probability measures.
This is due to the development of the mean field games theory. The two main objects discussed in
this context are the linear functional derivative (also called flat derivative or extrinsic derivative)
and the L-derivative (also called intrinsic derivative). The first is defined directly in P(R%), while
the second relies on the lifting on a Hilbert space. It is found that one is the spatial gradient of
the previous one, coinciding with the notion of derivative of [3I]. Therefore, sometimes this is the
definition used for the L-derivatives, like in [5]. Detailed discussions of this topic can be found for
example in [7, [6l, 5].

Readjusting these concepts to M (]Rd), we present the same two notions, as introduced also in
[32]. A survey on how these notions of derivatives intertwine is [39], where their properties are
studied in a more general setting.

4.1 Differential properties

Definition 4.5 (Linear derivative). A function u : M(Rd) — R s said to have linear derivative
if it is continuous, bounded and if there exists a function

Syu: M(R?) x R > (A, z) = dhu(),z) € R,

that is bounded, and continuous for the product topology, such that

1
u(\) —u(N) = /0 /Rd Syu (tA+ (1 =t)N,z) (A= X) (dz) dt,

for M, X € M(Rd). We call CI(M(Rd)) the class of functions from M(Rd) to R that are differen-

tiable in linear functional sense.

Notice that §yu is uniquely defined up to a constant. We take

u(A, z)A\(dx) =0
Rd
as a convention in this paper. Moreover, second-order derivatives are introduced for u € C*(M (Rd))
imposing that A — Jyu(\, x) is differentiable in linear functional sense for every x and that
(A, z,y) — 63u(X, z,y) is bounded and continuous. We call C%(M (R?)) this class of functions.
Finite positive measures could not rely on lifting procedure. For this reason, the notion of

intrinsic derivative is introduced deriving with respect to the x component the flat derivative, as
done in [6 Definition 2.2].
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Definition 4.6 (Intrinsic derivative). Fiz u € C'(M(R?)). If Syu is of class C' with respect to
the second wvariable, the intrinsic derivative Dyu : M(]Rd) xRT 5 R is

Dyu(X, ) = 0z0 u(A, x).
We denote with CV1(M (R?)) this class of functions.

Deriving with respect to the measure or the space component are two different operations. We
denote C**(M (]Rd)) with k£ € N to be the collection of functions u that are differentiable k times
with respect to the measure and such that the k-th derivative with respect to the measure is ¢-th
times continuously differentiable with respect to its spatial components.

Remark 4.2. As in [32, Example 2.9], we have that DT C C*?(M(R?)), where DT is the domain
of eylindrical functions as in (2.8)). In particular, it holds that

Hh(\x) = DF({fi, Ny, (for )T £(2),
5/2\h()‘7$7y) = f(y)TDF2(<f1’)\>,,<fp,)\>)f(l‘)’
Dyh(\z) = DF({(fi,\),..., {(fo, )" Df(x),

with £(z) := (f1,..., f») (x) ", and Df(z) = (Df1,...,Dfp) (x)T, for h = Fiy y € DT.

1o fp

4.2 Density properties

To get the Dynamic Programming Equation associated with the value function v we first need to
generalize the martingale problem (2.2). As in [23] and [32], to do this we first restrict ourselves
in a compact space, prove the density of DT in C?2(M (Rd)) and conclude with a localization
argument.

First, we restrict the space we work into a compact set. This is done to apply the Stone-
Weierstrass theorem and prove the density of cylindrical functions. Consider the set of compact

rectangles {KN =[N, N]d}N>1 C R%. For every k, N € N, we define the
1
My(RY) = {)\ € M(R?Y) : AR € [kk]}
Kk = {)\ € M(R%) : supp(\) C KN} .

These sets are non-empty. In particular, ICfV is compact for the weak™ topology for any k, N € N.
Indeed, this space is homeomorphic to ICf\}l X [%, k} with IC?\}l = lCﬂ“V NP(R?) with the homeomor-
phism

H: MERYN{0} — PRY) xR,

1
A= [(c=m MARY) )
()
The set IC?\}I is weakly* precompact, using Prokhorov’s theorem (see e.g. [3, Theorem 1.6.1]), and

is closed as any limit point of the sequence in Kﬁﬁ\}l also has support contained in K. Therefore,
IC?V is compact as homeomorphic to the product of two compact sets.

Given A € Mi(R?), we denote with p p the measure such that % = p", with p a positive
and smooth cut-off function equal to 1 in Ky and identically zero outside Kn41. We observe that
pN X is always in leV +1- Thus, we set

uM () = u(pVN), for A € My(RY), N > 1. (4.23)
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With these notations, we give [32, Lemma 3.3] that proves the first approximation theorem for
functions on Mj,(R%).

Lemma 4.1. Fiz k > 1 and u € C%?(My(RY)). Let {uN}N>1 be the sequence defined by
[@.23). Then, for every A\ € Mi(R%), uN(\) = u()\) as n — oo and {5,\uN}N>1, {6/2\uN}N>1,
{D,\UN}N>1, and {amD,\uN}N>1 pointwise converge to the respective derivatives of u. Moreover,
[[u||oo < ||t||oo, and there exists C > 0 independent of u, N, and k such that

Noau™ oo < 162Ul |oos

63uM oo < 11632 [c0s

IDAuN oo < C (||Daullos + [10xt]s0) »
10: D3t |loo < C (I1Dxu]|oo + [[6xu]|oo + |10z Dattl]oo) -

This result allows us to approximate functions in C*2(Mj,(R9)) with functions in C%2(Kk),

for k, N € N. We can now adapt [32, Lemma 3.4] showing that the domain of cylindrical functions
DT is dense in C?2(Kk)).
Lemma 4.2. Fixr k > 1 and N > 1. Let u be in 0272(IC§€V). There exists a sequence of cylin-
drical functions {up},~; C DT such that u,(\) — uw(A) as n — 0o and {Sxun},>1, {63un}, o
{Dyun}, >, and {0:Dyuy}, -, converge pointwise to the respective derivatives of u for any \ € Kk;.
Moreover, ||un||oo < ||t||oo, and the same holds for the derivatives, up to a multiplicative constant
independent of u, N and k.

Since IC?V is compact in M (]Rd), the previous lemma proves

[|un, — ul] — 0, asn— oo,

C (u (Be2))
where

= s )]+ 1) + e )
NEKK @ yeK N (4.24)

+Dyu(A @)| + 0: Dyu(x, @)1},

HuHCg’2(M(IRd))

for u in C%?(M (R?)) which is bounded with bounded derivatives. A stronger norm could be used
by adding in the supremum also the terms depending on 9,63u and D3u as in [32]. For our scope,
norm (4.24)) is enough to generalize the martingale problem (2.2]).

Remark 4.3. A different approach could have been taken to prove that DT is dense in CZ’Q(ICR,).
As proven in [23], this domain separates points in IC?V and vanishes at no point, therefore using
Stone-Weierstrass theorem, it is dense in the CO(IC?”V) with the topology of the strong convergence.
Then, using the definition for the Linear derivative and the intrinsic derivative, the convergences
of the different derivatives could be established, as in [23, Lemma 3.12].

4.3 Generalized martingale problem
We define the operator L on u € Cg’Q(M(Rd)) by
1
Lu(\ z,a) = b(x, )\,a)TD)\u()\,:L‘) + §Tr (JUT(x, A, a)@xD,\u(/\,:r))
1
+*’7($‘, )\7 CL)(S/Q\U(/,L, x, QS‘)

2
for (z,\,a) € R? x M(R?) x A.
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Proposition 4.6. For (t,\) € [0,T] x M(R?) and o € A, the following are equivalent:
(i) (P a) € R

(ii) the process

= u(ps) — /ts /Rd Lu(z, poy, o () oy (dz) dus (4.25)

is a (P,F)-martingale with quadratic variation

M), = / (& s 0 (2)) 180, )| () (4.26)

for any u € 02 2(Rd), and s > t.

Proof. (i) :> (4): From Remark (4 F € CzQ(Rd) for any F € C2(R) and ¢ € CZ(R?) and

equations (4.25)) and ) becomes 1 2|) and 2.3)) for u =

(1) = ( ) If )\ = (D it is clear that M" is constant in tlme, thus a martingale with a null
quadratic variation. Consider a starting condition (¢, A), with (1,\) > 0, a control @ € A and the
sequence of stopping times {73 };>1 as

1
T, :=inf{s > t: <1,,us>>k:}/\inf{52t:<1,,us><k}.

Defining p* := ji.ar,, for (1,A) € [1/k, k], we have that under P(A) | this process lives in My, (RY)
by construction. Thus, applying Lemma and Lemma there exists a sequence u,, € DT such
that u, — u as n — oo pointwise as well as their derivatives and there exists C' > 0 such that

HunH 22( R4 )—CHUH 22 (Rd))

Remark shows how derlvatives operate on cylindrical functions. Looking at (2.9)) and (2.10)),
we see that for h € DT equations ({4.25) and (#.26)) are satisfied if applied to u*. We prove now
that w(u®) — [} fea Lu(®, ftu, 0 () o (dz)du is a P(tA)_martingale, i.e.,, for each stopping time
6 in [t, T]

B LuGu) — w0y - [ 9 [ e andaitayta) =o.

Since (4.25)) is satisfied for h € DT, and from the bounds on the derivatives and on the coefficients
b, o and y, we can apply the Dominated Convergence Theorem and obtain

P(t:A0) k o k k
0 = limE [un (u9> — up(N) —/ / Luy, (m,,uu,au(sc)> ,uu(dx)du]
n t JRA
0
— gPM [u (,u§> —u(N) —/ / Lu (:L‘,,uﬁ,ozu(:n)) uﬁ(dm)du] .
t JRd
By definition of the quadratic variation and ([4.26]) applied to u, € DT, we have for n € N that
ERE) [( (Ns / / Lun z, 1k o, (x )) uu(da:)du> ]
Rd
(t,A,a) s

= E]P t |:/t Y ($a /‘Lﬁa O‘u(x)> ‘5>\un (Mﬁa .’E) ‘ uﬁ(d@du]

Therefore, we apply again Dominated Convergence Theorem and obtain (4.27) with respect to wu.
Finally, we can remove the localization using Dominated Convergence Theorem since u €

C>*(R?) and the bound (2.18). O

(4.27)
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4.4 HJB Equation

We are ready to introduce the HJB equation associated with this control problem. Looking at
(4.25), define an operator H on R% x M(Rd) x A x R% x R4 » R such that

1
H(z, A\, a,p, M,r) =b(z,\a) p+ =Tr (aaT(x, A, a)M>
2
. (4.28)
+§*y(x, X a)r +¢(z, A a)
Then, if the value function (3.21f) is sufficiently smooth, generalizing Proposition to function
depending in time and measure yields the following HJB equation
at’U(t, )‘) + fRd infaEA H(ZL’, )\7 a, D)\U(t7 >\7 ZL‘),
dxDyv(t, A, x), 53v(t, )\,x,m)))\(dx) =0
v(T,\) = U(N)
The form of this HIB equation looks like the one for mean field control (see, e.g., [23], [38], [1],
[14], [45]), where the infimum (or the supremum if maximizing) is taken inside the integral. The
major differences here are that we consider the space of finite measures and not only probability

measures and that the second-order flat derivative is explicitly involved in the Hamiltonian.
We have the following result in the regular case.

Theorem 4.2 (Verification Theorem). Let V : [0,T] x M(R?) — R be a function living in
Cr®2(0,7) x M(RY)) N CO([0,T] x M(RY)).

(i) Suppose that V satisfies
OV (t,N) + [painfaca H(x,A,a,DAV(t, A ),

0u DAV (A, 2), 63V (£, X, ,2) ) A(do) <0 (4:29)
V(T,\) < T(N).

Then V(t,A) < v(t,A) for any (t,A) € [0,T] x M(R?), with v as in (3:21).

(i) Moreover, suppose that V' satisfies (4.29) with equality and there exists a continuous function
a(t,z, \) for (t,z,A) € [0,T) x R x M (R?), valued in A such that

a(t,z,\) € arg ming (a:, A, a, Dyv(t, A\, x), 0, Dyv(t, \, x), 5?\11(25, Az, m)) . (4.30)
ac

Suppose also that the corresponding control o = {a(x) := a(s,x, us),s € [t,T)} € A. Then
V =, with v as in (3.21), and a* is an optimal Markovian control.

Proof. (i) Since V' € C;’(2’2)([O,T) x M(R?)), we have for all (¢t,\) € [0,T) x M (R?), and a € A,
by (4.25)), the process

Vis,pus) — V(t,\) — /ts OV (u, i) + /]Rd LV (u, x, py, o () pro (dz) du

is a martingale under Pv»®. By taking the expectation, we get
S
EF° [V (s,us)] = V(t,A) + EF"° [/ OV (u, p) + / LV (u, @, p, 0 (@) ps (dz ) duu
t R
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Since w satisfies (4.29)), we have

6tV(UaMu) + / LV(U,.%’,MU,Oéu(ZE’)) +¢($7Mu>au($))ﬂu(d$) S 07 Pt,)\@é —a.s.
R4

for any o € A. Therefore,
EP [V (s, )] < V(8 A) — B [ [ [ vt au<x>>uu<dx>du} P s
t JRre

for any o € A. Since V is continuous on [0, 7] x M (]Rd), we obtain by the dominated convergence

theorem and by (4.29)
T
EF (W(ur)) < V(t,A) — EF [ / w<x,umau<x>>nu<dw>du] . PP s,
t JRd

for any o € A. From the arbitrariness of the control, we deduce that V(t,\) < wv(t,\), for all
(t,A) € [0,T] x M(R?).
(ii) By (£25),

EWWqV®W9F=V@A%+EmM[/1@VWMWW+/ wawwmadwﬂmwﬂm4
t Rd

By definition of a(t,z, \), we have

AV(t,A) + / LV (1, A, 2. d(t, 2, N) + (., A, a2, \))A(de) = 0,
]Rd

and so
E]P’t)“a* [V(S, 'us)] = V(t, A) - EPL)\’Q |:/ 4 w(% )\7 04:1(377 Mu))ﬂu<dx)d“} '
t JR

By sending s to T, we then obtain

X T
V(t,A) = EW’/\@ |:\I](MT) + /t R Y(x, A, o (, Mu)),uu(dm)du] = J(t, A "),

which shows that V (¢, ) = J(t, A\, a*) > v(t, A). Therefore, V' = v and a* is an optimal Markovian
control. O

4.5 Example of regular solution

For the following part of the paper, we suppose that there is no dependence on the measure for b, o,
and . With abuse of notation, we denote b(z, a) (resp. o(z,a), y(z,a)) instead of b(z, A, a) (resp.
o(x, N, a), y(z, X, a)). Fix h € Cy(R?) with h(x) > 0 for any z € R?, and let U(\) := exp (—(h, \))
and 1 = 0. Therefore, the cost function J writes as

Jt, N a) = EF [exp(—(h, ur))], (4.31)
for (t,\) € [0,T] x M(R?), and o € A

The following assumption will ensure that there exists a smooth solution to the HJB equation
(4.28) associated with this cost function.
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Assumption Al. Assume that the following conditions hold:
(i) hh € C3(RY);

(it) (b,0,7)(-,a) € C%(R?) for any a € A, and b, o, and v and their partial derivatives are
bounded on R% x A;

(i1i) there exists Cy > 0 such that

oo (z,a) > Coly,  for (z,a) € R x A.
oL . . . 1,2 d
Proposition 4.7. Under Assumptwn there exists a function w € C,"°([0,T] x R?), such that

—Opw(t, ) — Sup,e 4 {b(ac, a)" Dw(t,z) + %Tr <UUT($, a)D*w(t, 55)) - %’Y(% a)w(t,w)Q} =0 (4.32)
w(T, z) = h(z).

Moreover, we have
U(ta )‘) = eXp ((w(ta ')a )‘>)

for any (t,\) € [0,T] x M(RY), with v as in (3:21).

Proof. Our goal is to determine the function w using [28, Theorem 6.4.4], which guarantees the
existence of smooth solutions for a certain category of fully nonlinear partial differential equations.
First, we need to modify (4.32) to fall into this class. If w satisfies (4.32), we see that the function
W(t,z) := e tw(t, x) satisfies the following nonlinear PDE
1
—0y(t, x) — SupPgeg {b(m, a)" D(t,x) + §Tr (UO’T(QJ, a)D%i(t, x))
- oo ? + i) p =0 (133

W (T, z) = e Th(x).

Let C, > 0 be a constant such that
y(x,a) > C,, for all (z,a) € R x A.

T
Without loss of generalities, we can take Cy to be such that 0746 > 1. This means that

1 T
57(3:, a)e! Mg — My < CV;

1
iy(x, a)e! M3 + My > My > 6,

M§ — My < 6,

for all (z,a) € R? x A, with My := ﬁ > 0 and &g := MS. Combining these inequalities
with Assumption the property that equation belongs to the class of [28, Theorem
6.4.4] follows from [28, Example 6.1.8]. Therefore, this theorem ensures that there exists @ €
02’2([0,T] x R?) solution to (#.33). Thus, w(t,z) := e'w(t,z) is a bounded solution of

belonging to 05’2([0, T] x R%).
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We conclude this proposition by applying Theorem Define V (t,\) := exp ((w(t,-), A)).
Using the terminal condition of w, we see that V(¢,\) = W(\). Moreover, (4.28) in this setting
writes as

exp ((w(t, ), A)) /Rd ( — ww(t,x) — ilelg {b(m, a) " Dw(t,z) + %Tr (UUT(JJ, a)D*w(t, 13))

—%’y(x, a)w(t, r)? }) A(dz) = 0.

It is now clear that V satisfies since w satisfies . Moreover, the optimal control a,
defined as in , is the point that reaches the maximum over a compact set of a continuous
function. This means that a can be chosen continuously, thus predictably. Therefore, its associated
optimal control belongs to A. We can now apply Theorem and conclude. ]

Remark 4.4. When we are not under Assumptz’on can be solved in a viscosity sense.
In particular, one can follow [10, Section 5] to prove a comparison principle and an approrimation
procedure to give a solution in a viscosity sense to this equation. This translates directly to
and is a way to entail viscosity properties reducing the dimensionality.

5 Conclusion

This research centres on controlled superprocesses, which is, to the best of our knowledge, a novel
category of processes. The first part of our study is devoted to introducing the formalism, which
we present in a weak form through a controlled martingale problem. Following the definition, we
prove their existence and uniqueness in law. Uniqueness uses the same method as in [35], where
the initial martingale problem is generalized to define cadlag processes with values in M (Rd).
Subsequently, we employ the duality method to establish that there exists at most one probability
satisfying the martingale problem once control and starting condition are fixed. In the second part,
we prove the existence of these processes as weak limits of rescaled branching processes. Thus,
we introduce this new class of processes, whose existence has been proved in [35]. We prove the
weak limit using the Aldous criterion (see, e.g., [13] 20} 40]), while adapting these ideas to this new
setting. We notice that there are several choices for the branching parameters to build the class of
superprocesses as limit points. We refer to [13] 37, 20, 40] for more details.

Once we establish the non-explosion property with respect to the chosen distance that metricizes
weak™® topology, we introduce the control problem. We define a weak formulation for controlled
superprocesses as in [35]. This allows to extend the methods in [I8, 19] to this setting and prove
the DPP.

In the final section, we derived an HJB equation on the space of measures. Adopting the
differential calculus developed in [32], we generalized the original martingale problem to a larger
class of functions. This enabled us to derive the HJB equation and provide a verification theorem.
Finally, we used this result to introduce a class of solvable problems. Utilizing the branching
property technique, we translated the problem on finite measures to a finite-dimensional nonlinear
PDE, reducing the dimensionality. We solved the latter using results from [28], and, with the help
of the verification theorem, we provide an explicit description of the value function.
Acknowledgements. I gratefully acknowledge my PhD supervisor Idris Kharroubi for supervising
this work.
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