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Introduction

Climate change is increasingly perceived as a global threat by stakeholders around the world. Several recent studies and surveys (e.g., [START_REF] Amel-Zadeh | The materiality of climate risk[END_REF], [START_REF] Hartzmark | Do investors value sustainability? A natural experiment examining ranking and fund flows[END_REF], [START_REF] Lagerkvist | Preferences for sustainable and responsible equity funds-a choice experiment with swedish private investors[END_REF] and [START_REF] Chew | The moral investor: Sin stock aversion and virtue stock affinity[END_REF]) have shown that investors have started to care about sustainability and are integrating environmental, social and governance (ESG) criteria more and more thoroughly in the construction of their portfolios. There is, however, no unambiguous way to do so, and asset managers can choose from a wide range of techniques, from simple screens (excluding brown sectors or worst-inclass corporations), to advanced optimizations -see for instance [START_REF] Pedersen | Responsible investing: The ESGefficient frontier[END_REF] and [START_REF] Alessandrini | Optimal strategies for ESG portfolios[END_REF]. 1 Relatedly, both retail and institutional investors have started to care about the footprint of their holdings. This footprint is multidimensional and spans all three ESG pillars, and we focus in the present paper on the environmental facet only. Given the importance of greenhouse gases (GHG) as driving force of global warming [START_REF] Stern | Anthropogenic and natural causes of climate change[END_REF], [START_REF] Storelvmo | Disentangling greenhouse warming and aerosol cooling to reveal earth's climate sensitivity[END_REF], it has become paramount to assess corporations' and organizations' carbon emissions accurately. This is a notoriously complicated task because rating agencies often have to rely on these organizations' own accounts of their emissions, thereby generating a self-reporting bias. While they are indeed the best suited to evaluate their environmental footprint, they are also strongly incentivized to publish favorable numbers, i.e., figures that do not make them look like heavy polluters.

Unfortunately for investors, there is, to date, no unified regulatory canvas that imposes a strict framework for reporting beyond the regular financial and accounting requirements. A few initiatives (e.g., the Task Force on Climate-Related Financial Disclosures (TFCD) and the Carbon Disclosure Project (CDP)) have blossomed that aim to sway corporate leaders towards increased transparency. Nevertheless, their impact will likely remain marginal as long as lawmakers do not supplement them with compulsory reporting standards.

In addition, it is now well accepted that direct emissions do not sufficiently capture the footprint of an organization -or a country: it is the entirety of the value chain that must be considered, including the supply chain (upstream) and the life-cycle of the products bought by customers (downstream). The main issue is that the overarching account of emissions (commonly referred to as Scope 3 ) is notoriously hard to assess.

The combination of all these elements implies that investors remain largely in the dark when it comes to measuring the carbon footprint of their securities portfolios accurately. This has mainly two consequences for the environmentally-driven investor. First, it refrains her to precisely quantify her impact. Second (and consequently), it prevents her from adjusting her portfolio allocation to better match her set of preferences.

In this paper, we seek to shed some light on these limitations and their consequences. First, we outline a methodology that aims to evaluate Scope 3 emissions and intensities in an exhaustive fashion. Second, we integrate these intensities in a traditional portfolio optimization scheme. Third, we evaluate their relevance when allocating to sector portfolios, both in the US and in Europe, according to data provided by two raters.

Our central result is illustrated in Figure 1 below, which shows the link between portfolios' average weighted carbon intensities and their Sharpe ratios, when the investment universe comprises the sectors of the STOXX 600 Europe. In the plot, carbon intensities measure the total emissions divided by firm revenue. As is depicted in the figure, in most of our backtests, lower emissions were overwhelmingly associated to higher Sharpe ratios (to the left of the figure). In addition, the traditional benchmarks (1/N and environmentally unaware mean-variance optimizers), which are located mostly to the right of the figure, fare worse than the green portfolios, meaning that, out-of-sample, the inclusion of emission constraints is beneficial. This is, however, true up to some point. Indeed, when the green penalization is too strong, the Sharpe ratio starts to decrease (to the extreme left of the plot). This corroborates the conclusion of [START_REF] Pedersen | Responsible investing: The ESGefficient frontier[END_REF] who also report an optimal level of sustainability. It must be noted that, in our case, the turning point occurs for nearly infeasible portfolios because the latter correspond to levels of leverage that are rarely implementable, e.g., shorting 300% in order to be long 400%. Finally, the negative intensities in Figure 1 come from the short positions in the banking sector, which is associated with the largest induced emissions across all sectors. We underline that the negative intensities shown in Average weighted carbon intensity (BtCO2/revenue) Sharpe ratio (out-of-sample)

Figure 1: Illustrative summary of findings. We plot the link between the average weighted carbon intensities of portfolios and the out-of-sample Sharpe ratio. The universe is the 20 sector indices of the STOXX 600 Europe and the emissions encompass all three scopes (source: Carbon4 Finance). The points correspond to alternative combinations of risk aversions (shades of grey), emission penalizations (x-axis), and leverage constraints (shapes).

this figure are unrelated to avoided and reduced emissions. Avoided emissions result from the comparison of an actual situation with a science-based scenario or sectoral benchmark, and indicate the degree to which an entity is contributing to the transition towards a low-carbon economy, usually within its value chain (Scope 3, upstream and downstream). Reduced emissions result from the evolution of an entity's carbon intensity over time, and therefore quantify the efforts implemented by the entity to lower its own carbon footprint (Scope 1-2).

Strikingly, our results are also not contingent on the geographical zone, or on choice of the data provider. This is surprising because both providers we resort to have a high level of disagreement with respect to emissions, both at the stock and at the sector level. In terms of utility-based welfare, we find that investors are better off with portfolios that are intensely penalized for their emissions. The pure financial impact of including emissions is unclear, but the reduction in total carbon intensity is, however, substantial. The shift from Scopes 1-2 to Scopes 1-2-3 does not alter the results significantly. This is critical, because integrating full scope data is much more relevant from an impact standpoint -if only because Scope 3 emissions often account for the majority of firms' emissions. In addition, our findings are robust to sub-period analysis, including the recent Covid-19 period, and also hold for various levels of risk aversion.

All in all, our findings have important consequences for investors, both individual (saving via thematic exchange traded funds) and institutional (overseeing billions in assets under management via factor investing). At the very least, it seems that sectors that are less carbon-intensive are not financially penalized. Sustainability-aware money managers thus do not face a dilemma and need not sacrifice profitability and risk-adjusted performance for greenness. Even if our results are somewhat optimistic and may be driven by recent trends towards high ESG assets, see [START_REF] Van Der Beck | Flow-driven ESG returns[END_REF], it is fair to assume that, in the long run, portfolios with low emission intensities are unlikely to under-perform their high emission counterparts.

The paper is structured as follows. Section 2 reviews the literature on Scope 3 emissions and related topics. Section 3 outlines our methodology for the computation of sector-based Scope 3 emissions. Section 4 presents the data. Our results are gathered in Section 5, along with the corresponding discussions. Finally, Section 6 concludes.

Related literature

This article relates to several streams of the literature. The first theme pertains to the evaluation of Scope 3 emissions. [START_REF] Downie | Evaluation of Australian companies' scope 3 greenhouse gas emissions assessments[END_REF] conduct a small scale (22 firms) sector-based study on Scope 3 emissions in Australia. The authors underline the lack of methodology of corporations. More particularly, [START_REF] Radonjič | Carbon footprint calculation in telecommunications companies -The importance and relevance of scope 3 greenhouse gases emissions[END_REF] propose a methodology for the telecommunications sector. [START_REF] Hertwich | The growing importance of scope 3 greenhouse gas emissions from industry[END_REF] estimate an input-output matrix of emissions across five sectors energy supply, transport, industry, buildings, and agriculture and forestry) and find that Scope 3 emissions account for more than 50% of all emissions.

On the broader topic of carbon footprint, [START_REF] Goldhammer | Estimating corporate carbon footprints with externally available data[END_REF] build a prediction technique based on simple variables such a firms size, vertical integration, capital intensity. Relatedly, [START_REF] Nguyen | Predicting corporate carbon footprints for climate finance risk analyses: A machine learning approach[END_REF] propose to solve the same task, but with machine learning models. More generally, portfolios' footprints pertain to the notion of impact investing, which is blurry, as it overlaps with ESG concerns. We point to the recent work of [START_REF] Roundy | Finance or philanthropy? exploring the motivations and criteria of impact investors[END_REF], [START_REF] Agrawal | Impact investing: review and research agenda[END_REF], [START_REF] Bengo | Preserving the integrity of social impact investing: Towards a distinctive implementation strategy[END_REF], [START_REF] Block | Which criteria matter when impact investors screen social enterprises[END_REF] and [START_REF] Cojoianu | Impact vs. ESG investing in private markets[END_REF] for typologies of impact investors.

Another interesting facet of the literature relates to the determinants of carbon disclosure. For instance, [START_REF] Patchell | Can the implications of the GHG protocol's scope 3 standard be realized?[END_REF] lists several factors (e.g., responsibility allocation and uncertainty) that hinder firms' willingness to disclose Scope 3 emissions. Given the current push for transparency, it is tempting to artificially reduce firm footprint. For instance, [START_REF] Mytton | Hiding greenhouse gas emissions in the cloud[END_REF] underlines that if firms relocate their IT services in the cloud, the corresponding emissions are withdrawn from the first two scopes. Altogether, [START_REF] Blanco | The state of supply chain carbon footprinting: analysis of CDP disclosures by us firms[END_REF] contend that firms greatly underestimate their Scope 3 emissions. According to the authors, in 2013, they only reported 22% of them. The study also finds that the propensity of firms to disclose carbon emissions (reported to the Carbon Disclosure Initiative) varies from sector to sector and that the energy industry tends to report typically less. Nevertheless, some corporations tackle the issue seriously. [START_REF] Plambeck | Reducing greenhouse gas emissions through operations and supply chain management[END_REF] and [START_REF] Eggert | Purchasing's contribution to supply chain emission reduction[END_REF] report that firms that manage the environmental footprint of their suppliers succeed in curbing the GHG intensity of their supply chain.

Finally, the last, and maybe most important, dimension is the impact of Scope 3 figures on green portfolio construction. On the broad topic of sustainability and financial performance, we refer to Chapter 4 of [START_REF] Coqueret | Perspectives in Sustainable Equity Investing[END_REF]. [START_REF] Ducoulombier | Understanding the importance of scope 3 emissions and the implications of data limitations[END_REF] provides an introduction to the subtleties of Scope 3 emission integration in the portfolio construc-tion process. Importantly, [START_REF] Cheema-Fox | Decarbonizing everything[END_REF] show that allocating according to Scope 3 emissions (over the total value chain) considerably changes the performance of a portfolio originally based on narrower scopes (operational carbon emissions). One step further, [START_REF] Harris | The emerging importance of carbon emission-intensities and scope 3 (supply chain) emissions in equity returns[END_REF] even concludes that "Scope 3 emission intensities leads to the greatest out-performance of low carbon intensity over high-carbon intensity portfolios", i.e., that polluters are penalized in financial markets. This is important, because, as [START_REF] Coeslier | On the relevance of low-carbon stock indices to tackle climate change[END_REF] recall, the global challenges of climate change can only be fully addressed if Scope 3 emissions are considered. They notably find that many green indices only hedge partly against carbon related risks. More generally, several recent articles estimate the impact of fossil fuel divestment on portfolio performance. [START_REF] Plantinga | The financial impact of fossil fuel divestment[END_REF] and [START_REF] Guo | The impact of fossil fuel divestments and energy transitions on mutual funds performance[END_REF] report that fossil fuel divestment is not linked with performance degradation. [START_REF] Jondeau | Building benchmarks portfolios with decreasing carbon footprints[END_REF] are able to build portfolios that have the same characteristics as market benchmarks, with a fraction (sometimes below 50%) of their emissions, while maintaining risk-adjusted performance.

Evaluation of emissions

In order to adjust portfolios with emissions constraints, it is imperative to get access to quality data with respect to emissions. Unfortunately, rating agencies often remain quite opaque with regard to their methodologies because they constitute a core component of their intellectual property.

This section is dedicated to a succinct presentation of the protocol used by Carbon4 Finance (https://www.carbon4finance.com) to quantify Scope 3 emissions (Carbon Impact Analytics -CIA henceforth). The CIA methodology was developed by Carbone 4, a French consulting company founded in 2007 with the aim of evaluating corporations' GHG emissions and design strategy to reduce them. Since 2016, Carbon4 Finance has been using the CIA methodology to measure the footprint of financial portfolios, thus building a database of GHG emissions for a large number of companies.

First, there are two ways to proceed which are usually implemented by raters: sector ratios and bottom-up approaches.2 Sector ratios provide coarser measures because they basically assume a constant ratio (across firms of a given industry) between emissions and some accounting figure, such as sales for instance. For a firm n with sales s n belonging to sector or industry i, emissions are e n = s n ×r i , where r i is the industry-specific ratio. Examples of sectors for which this applies in the CIA method include hotels and entertainment, asset management, insurance, pharmaceuticals, tobacco, and textile.

The bottom-up method, on the other hand, is based on a more granular approach. It seeks to identify the most important sources of emissions from the supply chain (upstream) and from the consumption of sold products (downstream). Obviously, these sources are very much sector-dependent, which also requires an industry-driven method. Carbone 4 has split its universe into 51 subsectors, which were originally derived from the Global Industry Classification Standard (GICS) decomposition. The list of the most important subsectors is provided in Table 6 in the Appendix; it shows which fields are used to assess Scope 3 emissions. Only the sectors with a bottom-up approach are listed. Each field relates to the GHG protocol (https://ghgprotocol.org) classification, which is the leading standard for GHG measures. The mapping between GHG protocol and CIA fields is outlined in Table 7, also in the Appendix.

As an illustration and for the sake of transparency, we provide a detailed account for emission assessment for three sectors (Aerospace, Oil and Gas, and Power; an exhaustive definition for all 51 subsectors is out of the scope of the present paper). For aerospace, the emissions mostly come downstream and are quantified as

E = C i U i e i ,
where U i are the units sold of each type of aircraft and e i are induced emissions over the lifetime of the item. The figure is normalized by C, which is the company-specific addedvalues, measured as the ratio of operating income divided by revenue. The rationale for this scaling is that the firm under consideration is not solely responsible for these downstream emissions. Thus, the responsibility is shared with other entities (e.g., airline companies).

The emissions e i are decomposed as

e i = A i B i C i D i E i , where
• A i is the GHG content of jet fuel (tCO2e/L) • B i is the average consumption of aircraft i (in L/p.km) • C i is the average annual distance traveled (km/year) • D i is the average lifetime of aircraft (years) • E i is the average occupancy (passengers/ aircraft).

For the oil and gas sector, the formula is based on the downstream fossil fuel combustion:

E = i,j V i,j e i v j ,
where

• i is the index of the product type, either liquid (from crude oil to petroleum products, including gasoline, diesel, jet fuel, natural gas liquids (NGLs), heavy fuel oil and others) and gas (conventional, shale, liquefied natural gas (LNG)). • j is the index of the activity carried out along the oil & gas value chain, from upstream (exploration & production) to final energy supply to consumers. • V i,j is the volume of product i handled in activity j, in tons of oil equivalent (toe).

• e i is the emission factor, i.e., the total amount of CO 2 emissions stemming from the combustion of 1 toe of product type i (or other non-energy use in the case of petroleum coke). • v j is the value added, approximated here by the ratio of the cost of activity j divided by the final price paid by the consumer. Again, this scaling reflects the fact that the downstream emissions are not attributable at 100% to the oil or gas extractor.

Finally, scope 3 emissions for the power sector emanate mostly from suppliers, and are evaluated as:

i P i e i + j P j e j ,
where both sums evaluate the same quantities, but for two alternative sources of emissions:

• i and j are the production source, including fossil sources (gas, oil and coal) and lowcarbon sources (renewables and nuclear). The index i pertains to emissions related to raw material, while index i relates to the emissions of plant construction. • P i and P j are the production of the source in megawatt per hour (MWh).

• e i and e j are emission factor of each source, in tons of CO 2 equivalent (tCO 2 e), extracted from the IPCC's 3 AR5 report.

We conclude this section by underlying that, in a handful of subsectors (e.g., materials, waste), Scope 3 emissions are considered to be marginal, compared to Scope 1 and 2 emissions, and are thus left aside.

The data environment

The purpose of the paper is to link emission intensity with financial performance in a portfolio allocation framework. Therefore, our empirical work relies on three sources of data: Carbon4Finance database for GHG emission analysis, 4 Refinitiv Eikon/Datastream for emissions and fundamental data, and the Kenneth R. French data library for additional market data (industry returns).

Carbon emissions and company related data

The starting point is the Carbon4 Finance database (the version was extracted in September 2021). The initial dataset has 7450 entries. Each entry in this dataset pertains to a company and gathers the results of the carbon footprint analysis in terms of Scopes 1-2 and 3. There can be multiple entries for the same company, namely when the initial analysis has been updated through time. From this initial dataset, we remove companies that cannot be matched in Refinitiv Eikon/Datastream via their LEI (Legal Entity Identifier) or associated ISIN (International Securities Identification Number), and companies that are not quoted. After this initial cleaning, we obtain 6748 entries corresponding to 5816 companies. The geographical spread of our data in terms of number of companies is given in Table 1 Table 1: Geographic spread of our dataset. Distribution of our dataset in terms of number of companies across four geographic regions.

For each company in our dataset, we collect the following firm-related information from Refinitiv: market capitalization in USD, revenues in USD, carbon emissions for Scopes 1-2 and 3 when they are present, as well as industry and sectors identifications such as GICS (Global Industry Classification Standard) and ICB (Industry Classification Benchmark). The distribution of emissions across firms is provided in Figure 2 below. We split the histograms across markets (Europe and US), providers (Carbon4 and Refinitiv), and scopes (Scope 1-2 and Scope 3). Moreover, in Figure 3, we provide the sector breakdown of these distributions. In Europe with the Carbon4 data (upper left panel), the shift between Scope 1-2 and Scope 3 is very pronounced for the banking sector. In the US with the Refinitiv data (lower right panel), it is for the Consumer Durables that the shift is the most marked. In addition, the relative share of each industry (based on ICB classification) in our dataset is provided in Table 2.

We then compute, for each company and for the two carbon emissions scopes (Scope 1-2 and Scope 3), the corresponding carbon intensity. The carbon intensity of a company is defined as the ratio between the total GHG Emissions in metric tons of CO2 equivalent (MtCO2) and total revenues in USD millions. For company i it is obtained as follows From a portfolio allocation standpoint, i.e. an investment standpoint, it is important to work with carbon intensities, rather than nominal GHG emissions because it allows us to assess companies with heterogeneous economic spans on the same basis. Said differently, the carbon intensity measures how much a company needs to emit in order to produce a reference amount of sales or revenues.

e i = GHG Emissions Company i Revenues Company i . ( 1 
For companies quoted in the U.S.A., we match each company to one of the 12 Fama-French industry portfolios, FF12 henceforth, based on their SIC codes (Standard Industrial Classification). In this respect, we follow the code ranges used to define the industry portfolios.5 For companies without a SIC code in Refinitiv, we use their NAICS code (North American Industry Classification System) and a correspondence table between NAICS and SIC.6 There are then 1165 companies quoted in the U.S.A. (NYSE or NASDAQ). We use the carbon intensities and market capitalisation of each company to compute the carbon intensity corresponding to the 12 Fama-French industry portfolios.

For companies quoted in Europe, we work with the STOXX 600 Europe index and its 19 sectoral sub-indices. These sectoral sub-indices are built according to the ICB classification of the STOXX 600 Europe constituents. The composition of each sub-index can be directly obtained from Refinitiv. These 19 sub-indices are referred to as the STXE sectoral indices.

We compute the carbon intensities of the FF12 industry portfolios and STXE sectoral indices from the carbon intensities and market capitalizations of their individual components. For the industry portfolio or sectoral index s, with n components, the carbon intensity is denoted by e s and computed as

e s = n i=1 m i × e i ,
(2)

m i = cap i n i=1 cap i , ( 3 
)
where m i is the relative market capitalisation of asset i in the portfolio or sectoral index, cap i is the total market capitalization of asset i (in USD) and e i is the carbon intensity of asset i. The weighting scheme we use is based on the market capitalisation of each company because the FF12 industry portfolios and the STXE sector indices are calculated with such a weighting scheme. Note that this carbon intensity computation can be adapted to any other weighting scheme depending on the considered index.

Disagreement on emissions

In Tables 3 and4, we report the carbon intensities corresponding to the FF12 portfolios and to the STXE sectoral indices. We do so for Scopes 1-2 and 3 separately and for our two sources of carbon emissions data, namely Carbon4Finance and Refinitiv Datastream. [START_REF] Berg | Aggregate confusion: The divergence of ESG ratings[END_REF], [START_REF] Avramov | Sustainable investing with ESG rating uncertainty[END_REF]). This is salient if we only consider the first rows of each table, for which Scope 1-2 emissions figures of the two raters coincide. However, the magnitudes of Scope 3 emissions differ substantially. This is particularly true in Table 4 for the banking sector.

This divergence can in fact be traced back at the stock level. In Figure 4, we plot the Scope 1-2 and Scope 3 emissions computed by Carbon4 Finance (y-axis) as a function of those disclosed by Refinitiv (x-axis).

Visually, the correlation between the values of both raters is weak. The relationship is however more robust for Scope 1-2 emissions (the p-value of the slope between the two ratings is virtually zero). This makes sense because a large part of these values come from the self evaluation of corporations, whereas Scope 3 quantities are subject to more methodological variation. For instance, it is likely that Refinitiv values either come from sector ratios, or from firms' own assessments, which do not necessarily include the most material emissions -and may be subject to self-reporting bias. This is why we will report all our results based on the two rating methods (Carbon4 Finance and Refinitiv).
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Market data

In order to develop our portfolio allocation investigations, we work with two investment universes, namely the FF12 industry portfolios for the US and the STXE sectoral subindices for Europe. This choice is driven by data availability. While reliable emission data is scarce at the firm level, aggregates at the sector level are less subject to noise. In addition, in the cross-section of sectors, the distribution of emissions is very stable through time.7 This is why, in our empirical protocol, we will assume that carbon intensities are constant, and given by Tables 3 and4. In fact, we only need to assume that relative intensities are constant, which is a realistic supposition.

For the FF12 industry portfolios, we collect the daily returns for the period January 2010 to December 2021 from the Kenneth R. French data library, see link in footnote above. For the STXE sectoral sub-indices, we obtain the daily returns for the period January 2010 to December 2021 from Refinitiv Eikon.8 For these sub-indices, we work with their USD denominated versions, so that all the empirical results obtained in the paper are in USD. (y-axis) alongside those from Refinitiv (x-axis). The left panel pertains to Scope 1-2 while the right one to Scope 3 emissions. The blue line shows the linear relationship between the two and the p-value associated with its slope is provided in red.

Portfolio strategies with Scope 3 data

In this section, we formalise the portfolio allocation problem when taking into account the carbon intensities of assets. We then present our empirical protocol and results.

Portfolio allocation

We consider investors allocating their portfolios according to hybrid mean-variance-carbonintensity utility functions. This has become mainstream in the sustainable investing literature [START_REF] Pástor | Sustainable investing in equilibrium[END_REF], [START_REF] Pedersen | Responsible investing: The ESGefficient frontier[END_REF]). The portfolio allocation problem is defined and solved in an investment universe with N risky assets. We consider feasible portfolio allocations that are fully invested and with restricted leverage. In practice, such constraints hold for most investors, especially large mutual and pension funds. To enforce diversification and reduce leverage, we resort to a constraint of the form w w ≤ δ, 9 where w is the vector of portfolio weights. More precisely, the investor seeks to solve the following constrained optimization scheme:

max w w µ -λw κ - γ 2 w Σw , s.t. w 1 N = 1 (budget) w w ≤ δ (diversification) , ( 4 
)
where w denotes the transpose of w, and 1 N is an N -dimensional vector of ones. This portfolio allocation problem works with the following inputs and parameters:

9 The sum of squared weights (or Herfindahl-Hirschman index) is a well known measure of diversification [START_REF] Goetzmann | Equity portfolio diversification[END_REF]).
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• µ, the vector of mean returns, • κ, the vector of carbon intensities,10 • Σ, the the covariance matrix of returns, • γ > 0 investor's attitude with respect to portfolio's volatility (risk aversion),

• λ ≥ 0 investor's attitude with respect to portfolio's carbon intensity (carbon aversion),

• δ ≥ 1/N the diversification constraint.11 γ, λ and κ are parameters characterizing the strategy followed by the investor: this triplet of values tunes the relative weights of the corresponding terms in the objective function. κ is a vector of carbon intensities obtained using the method described in Section 4. For this vector of carbon intensities, we take the sum of Scope 1-2 and Scope 3 so that we have portfolio compositions taking into account the full scope of assets carbon footprints. Finally, µ and Σ are estimated using historical data. The output is a portfolio composition w * expressed in proportion of the initial wealth to be invested in each asset. To solve the above program, we resort to the Lagragian expression and its gradient:

L(w) = w µ -λw κ - γ 2 w Σw + ζ(w 1 N -1) + η(w w -δ) ∂L ∂w = µ -λκ -γΣw + ζ1 N + η 2 w
The first order condition ∂L ∂w = 0 N implies

w * = (γΣ + ηI N ) -1 (µ -λκ + ζ1 N ), (5) 
where the Lagrange multipliers ζ and η are chosen so as to saturate the budget and diversification constraints. Notably, ζ is such that (w * ) 1 N = 1, i.e., that

ζ = 1 -(µ -λκ )(γΣ + ηI N ) -1 1 N 1 N (γΣ + ηI N ) -1 1 N , ( 6 
)
and η must be determined numerically, e.g., via Newton-type methods. In practice, because there is a one-to-one relationship between δ and η, we will fix the latter and analyze its impact on the diversification of the portfolios. Equation ( 5) shows the traditional fund separation of the optimal allocation. This result is similar in spirit to the decomposition of [START_REF] Pedersen | Responsible investing: The ESGefficient frontier[END_REF] and nests several optimal portfolios as particular cases. One important distinction with Pedersen et al. ( 2021) is the shrinkage of the covariance matrix towards the identity matrix, as in [START_REF] Ledoit | A well-conditioned estimator for large-dimensional covariance matrices[END_REF]. Another important distinction is that our agent is fully invested in the risky assets, which is why the optimal allocation has only three funds. It is noteworthy to underline that, as η increases to infinity, ζ also increases to infinity and thus, the allocation converges to the equally-weighted portfolio, which is, analytically, the most diversified. When η = 0, w * is a mix of the maximum Sharpe ratio portfolio (∝ Σ -1 µ), the minimum variance portfolio (∝ Σ -1 1), and the green portfolio (∝ Σ -1 κ). When λ = η = 0, the problem becomes the traditional mean-variance allocation optimisation program

max w N i=1 w i µ i - γ 2 w Σw . (7)
Finally, when λ → +∞, the optimisation program degenerates and the portfolio is fully invested in the asset with the lowest carbon intensity. Practically, when λ is too high, there is no allocation anymore and the portfolio is just the asset with the lowest carbon intensity. This is why it is imperative to consider reasonable values of λ.

Empirical Protocol

In order to assess the empirical performance of the strategies defined above, our protocol is designed as follows. Given a portfolio strategy characterized by a (γ, λ, η) triplet, an investment universe and a carbon data source, we compute the portfolio composition given by Equation ( 5) (allocation across sector portfolios). In Section 5.3, we briefly discuss an in-sample analysis, but the remainder of the paper considers an out-of-sample approach. More specifically, we estimate expected returns µ and covariance matrices Σ based on the past year of data, and rebalance our portfolios on a quarterly basis (in this respect, we follow an industry standard). For µ, we use the sample mean, whereas for Σ we use the shrinkage estimator of [START_REF] Ledoit | A well-conditioned estimator for large-dimensional covariance matrices[END_REF].

Once this quarterly portfolio computation and rebalancing has been done, we compute and store three performance metrics namely the portfolio's realized Sharpe ratio, its average carbon intensity, and its volatility. All metrics are computed out-of-sample.

For a portfolio strategy leading to portfolio compositions w(t) for 0 ≤ t ≤ T , the realized Sharpe ratio is denoted by SR real (w, 0, T ) and the average carbon intensity is denoted by ci avg (w, 0, T ). These performance metrics are computed as

• Sharpe ratio: SR real (w, 0, T ) = r(0,T ) σ(0,T ) ,

• Volatility: σ(0, T ) = 1 T T t=0 (r t -r(0, T )) 2 , • Average return: r(0, T )) = 1 T T t=0 r t , r t = pt p t-1 -1, • Average carbon intensity: ci avg (w, 0, T ) = 1 T T t=0 N i=1 w i (t)κ i , • Average leverage: L = 1 T T t=0 N i=1 |w i (t)|
and where p t is the portfolio value at date t.

We have to rely on such measures of realized performance because the composition of the portfolio and, in turn, its carbon intensity, evolve endogenously between two rebalancing dates. The definition of leverage is that of gross leverage in [START_REF] Ang | Hedge fund leverage[END_REF]. In this case a leverage of 1.2 means that 1.1 long positions are compensated by 0.1 short position.

For each investment universe (FF12 and STXE) and each carbon data source (C4F and RDS), we run this protocol for 360 strategies corresponding to triplets of parameters (γ, λ, η), formed with γ ∈ {1, 5, 10}, 30 values of λ uniformly sampled in the interval [0; 0.05], and η/N ∈ {0.1, 0.2, 0.6, 5}. These values correspond to feasible portfolios with realistic levels of leverage (see Figure 7 below). When η/N is low, the portfolio allows leverage, when it is high, diversification is imposed and shortsales disappear. The value of η depends on N , the number of assets in the universe. Indeed, the diversification constraint is highly sensitive to the size of the investment universe.

In addition to the realized Sharpe ratio, carbon intensity and volatility, we also compute, for each strategy (γ, λ), the improvement in terms of realized utility for the investor compared to the corresponding standard mean-variance portfolio obtained without considering carbon intensities. This improvement is formally computed by comparing the performance metrics of the strategy (γ, λ, η) with those of the reference strategy (γ, 0, η), using the formula

∆ri(γ, λ, η) = (r γ,λ,η -rγ,0,η ) -γ (σ γ,λ,η -σγ,0,η ) -λ (ci γ,λ,η -ci γ,0,η ) . ( 8 
)
The intuition is that the improvement in realized utility is positive if the green portfolio strategy performs better than its traditional counterpart according to a linear functional taking three performance metrics, namely the mean return, the volatility, and the average carbon intensity as inputs, as well as the investor's attitude towards these metrics.

Alternatively, it is possible to assume that our investor cares only about the realized Sharpe ratio and carbon intensity of her portfolio strategy, while staying agnostic with respect to her exact attitude when it comes to evaluating the performance of a portfolio strategy. Thus, we say that a mean-variance-carbon-intensity (MVCI) strategy outperforms its traditional mean-variance (MV) counterpart when it has both a higher realized Sharpe ratio and a lower average carbon intensity. We then write

Strat M V CI Strat M V . ( 9 
)
When the MV strategy outperforms its MVCI counterpart, we write Strat M V CI ≺ Strat M V . Note that, being two-dimensional, this outperformance rule is a partial order in the space of portfolio strategies.

In-sample analysis

This subsection is the only dedicated to in-sample results. Indeed, from a practical standpoint, out-of-sample results are the only that are useful, as they reflect the actual performance that can be expected from portfolio strategies. In Figure 5, we show the relationship between the average weighted carbon intensities of portfolios and the corresponding Sharpe ratios. For simplicity, we set η = 0 (no leverage constraint), work with the Carbon4 data, and focus on the European market. These choice are made without loss of generality, as our conclusions hold for all other cases.

The main conclusion from Figure 5 is that the link between emission intensities and the in-sample Sharpe ratio is strongly tied to the level of risk aversion. This is readily seen from the expression of the in-sample Sharpe ratio (from Equation ( 5), with η = 0):

SR γ (λ) = µ w * (w * ) Σw * = µ Σ -1 (µ -λκ + ζ γ 1 N ) (µ -λκ + ζ γ 1 N ) Σ -1 (µ -λκ + ζ γ 1 N ) = a γ + bλ c γ + d γ λ + eλ 2 , 16
Electronic copy available at: https://ssrn.com/abstract=4012629 where b = -µ Σ -1 κ, e = κ Σ -1 κ, and all other terms depending on γ via ζ γ are identified similarly. This implies

∂SR γ (λ) ∂λ = b(2c γ + d γ λ) -a γ (d γ + 2eλ) 2(c γ + d γ λ + eλ 2 ) 3/2 ,
from which we infer that the derivative is likely (depending on parameter values) to switch sign for some value of λ. Assuming the denominator is strictly positive (it is variance-based), the turning point, at which the derivative vanishes, is

λ = a γ d γ -2bc γ bd γ -2a γ e . ( 10 
)
Therefore, even in-sample, a carbon penalty may improve the Sharpe ratio of the portfolio. One surprising feature of Figure 5 is that portfolios' carbon intensities (x-axis) are overwhelmingly negative. This comes from the relative under-performance of the European financial industry in our sample (see Figure 13). Thus, unconstrained mean-variance portfolios will have a marked tendency of shorting the banking sector, which is associated with very high carbon intensities. The same would hold in the US market, but for the energy sector. The net effect is that the portfolios' weighted intensities are negative. In all cases, there seems to be an optimal level of greenness for portfolios, as is for instance also reported in [START_REF] Pedersen | Responsible investing: The ESGefficient frontier[END_REF].

Qualitative description of out-of-sample portfolios

We now turn to out-of-sample analyses. Before we discuss the relationship between emissions and performance, we check a few empirical properties of the portfolios analyzed in the subsequent study. We first look at average allocations in Figure 6. The graph shows clearly the sector bets that are forced by the green constraints: in the US, the utility and energy industries are shorted in favor of business equipment, health, and shops. The money and finance sector, is also slightly shorted, in line with its large emission intensity reported in Table 3. We also note that, even when emissions are not taken into account (mean-variance portfolios with mild constraints), the energy sector is also shorted. This is a consequence of the low average returns and high volatility for this industry in our sample (see Figure 13 in the Appendix). With regard to Europe, it is the banking sector which is overwhelmingly used for leverage. This comes from the staggering level of Scope 3 carbon intensities of the sector reported in Table 4 combined to disappointing returns (see Figure 13). Again, even in the unconstrained allocation, this explains why banks are under-weighted. folios. The risk aversion is γ = 5 and the leverage penalty is η = 0.1 (US) and η = 0.2 (Europe), except for the EW portfolio, for which η = 5. For the green portfolio, the penalization λ is 10 -4 . The rebalancing is done quarterly. The source used for computing carbon intensities is Carbon4 Finance.
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Next, we turn to the distribution of the average leverage of all strategies tested in this study. In Figure 7, we display the link between leverages (averaged over all dates in the backtest) and the intensity of the green penalization. We use gross leverage, as defined in [START_REF] Ang | Hedge fund leverage[END_REF], that is, we sum the absolute values of the weights of portfolios. 

(~equally weighted)

Figure 7: Average leverage of portfolios. We show the distribution of the average leverage (across all dates in the backtest), spanning the two series of 360 parameters (for the two data providers). The rebalancing is done quarterly. The source used for computing carbon intensities is Carbon4 Finance. The dashed horizontal line marks the limit for reasonable (i.e., implementable) levels of leverage, corresponding to 150% long and 50% short portfolios.

The impact of η, the diversification constraint is clear. When it is low, all portfolios are leveraged, with total short positions reaching 300% in some cases. A gross leverage of 7 implies 300% of short and 400% of long positions. Note that even in the hedge fund industry, these values are rare for equity strategies. When η/N = 0.6, there are almost no shortsales and portfolios are mostly long-only. When η/N = 5, the allocations are not only purely long, but also very close to the agnostic equally-weighted (1/N) portfolio, as is shown in Figure 6. All in all, the variety in constraints will allow for different types of portfolios, along the dimensions of risk aversion (γ), diversification (η), and greenness (λ).

Link between greenness and performance

We now present the results obtained following our empirical protocol. In Figures 8 and9, we report the four realised performance measures obtained with our MVCI portfolio strategies for the period 2011-2021 and when the carbon data comes from two alternative sources: Carbon4Finance and Refinitiv Datastream, respectively. The realised performance measures, namely Sharpe ratio, carbon intensity, volatility and utility improvement are reported for the two investment universes as a function of the carbon penalization term λ. The origin of the x-axis corresponds to the case λ = 0, which is the strategy without any carbon penalization. As λ increases, portfolios become greener. The scale of λ is only determined by the magnitude of emission intensities in Tables 3 and4.

A striking and counter-intuitive pattern is the overall increase of the Sharpe ratio with 19
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Electronic copy available at: https://ssrn.com/abstract=4012629 λ: equivalently, this corresponds to the decrease of the Sharpe ratio with respect to the greenness of portfolios. This is verified across both markets and both data providers. We nevertheless acknowledge that when λ increases too much, the pattern starts to reverse. This situation arises when the portfolio makes green bets that are too pronounced and too risky. Thus, as in [START_REF] Pedersen | Responsible investing: The ESGefficient frontier[END_REF], there does seem to be a point beyond which too much greenness is hurtful. However, this point, in our study, is quite far. Indeed, beyond λ = 0.1 for η/N = 0.1 and λ = 0.4 for η/N = 0.2, the portfolios become very leveraged and imply very strong bets on emissions. While theoretically interesting, such cases are of little practical relevance. Therefore, for reasonable allocations, the Sharpe ratio is decreasing with its weighted average carbon intensities. It is only for unrealistic parameter values that the relationship reverses. This creates a hump shape, akin to that in [START_REF] Pedersen | Responsible investing: The ESGefficient frontier[END_REF].

As expected, an increase in λ reduces emission intensities, and, when the penalization is strong enough and leverage is permitted (η = 0.1), emission intensities can even become negative. This occurs when heavily emitting sectors (e.g., energy, banking) are shorted, which more than offsets the positive intensities of less carbon intensive industries.

With regard to the changes in realized utilities, they are all positive, and increasing with the greenness parameter λ. When η = 5, portfolios are too constrained by the diversification penalization, which explains why performance indicators do not change in this case (curves are close to constant).

The volatility is the indicator for which the results are the less clear. They are clearly driven by leverage: more leverage implies more bets and thus more risk. Naturally, volatility is also strongly impacted by risk aversion (γ). However, the influence of λ is not clear-cut: the curves are quadratic with non-monotonic behavior in the "feasible zone", that is, roughly speaking, when λ is smaller than 0.2. When leverage is high, we see that too much greenness becomes too risky and this ends up penalizing the Sharpe ratio.

Overall, the fact that both the Sharpe ratio and the change in realized utility increase with λ for reasonable levels thereof leads to the conclusion that the MVCI strategies outperform their traditional mean-variance counterparts. This is yet another example that illustrates that, sometimes, imposing unexpected constraints can be beneficial out-of-sample (see [START_REF] Jagannathan | Risk reduction in large portfolios: Why imposing the wrong constraints helps[END_REF]).

The impact of scopes

In Figure 10, we link the out-of-sample Sharpe ratio to carbon intensities when the latter are based on Scopes 1-2 instead of the full Scopes 1-2-3 as above. Note that carbon intensities stemming from Scopes 1-2 have been scaled using a factor 5.27 in order to be comparable. This is just a technical adjustment linked to the magnitude of λ. This factor is obtained as the ratio of average Scope 1-2 intensities compared to average Scopes 1-2-3 across sectors and data providers.

The sensitivity of the Sharpe ratio to the green penalty is less pronounced than in Tables 8 and9. We observe a strong contingency on the market. In Europe, the Sharpe ratio increases with greenness, but in the US, the relationship reverses rapidly for leveraged portfolios (η = 0.1, η = 0.2). The absolute levels of Sharpe ratios are slightly slower, compared to those of Figure 8. Overall, these figures show that including Scope 3 emissions can lead to changes in performance, though, in our samples, the changes are for the best.
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Electronic copy available at: https://ssrn.com/abstract=4012629 We plot the Sharpe ratio of the portfolios for λ between 0 and 5 × 10 -4 . We report results for different values of η with γ = 5, and for the two investment universes, namely STXE sector indices (left) and FF12 industry portfolios (right). The estimations are based on daily returns over the period 2010-2021 (including a one year buffer for the first estimations). The rebalancing is done quarterly. The source used for computing carbon intensities is Carbon4Finance (upper panel) or Refinitiv (lower panel).

Further robustness checks

To conclude our empirical investigations, we run complementary analyses. First, we check if the link between performance and greenness changes in time. To do so, we split our sample into three non-overlapping periods. The two splitting moments are the COP21 at the end of 2015, which led to the Paris Agreement and the COP 24 in 2018. The latter featured the speech by Greta Thunberg and was shortly preceded by President Trump's announcement that the US would withdraw from the Paris Agreement.

In Figure 11, we plot the link between the Sharpe ratio and weighted averaged carbon intensities of portfolios over five periods, including the full sample. The big picture is that most curves are downward sloping in the vicinity of zero carbon intensities. This neighborhood of zero intensity is the one that is the most easy to implement practically, requiring mild levels of leverage. There is, however, one exception, which is the period between 2015 and 2018 (black line).

An additional analysis pertains to the proportion of MVCI strategies that fare better than their MV counterparts both in terms of Sharpe ratio and with respect to carbon intensity. In practice, because weights drift during one quarter before rebalancing, it can happen (though it is highly unlikely) that MV portfolios could have lower carbon intensities that MVCI allocations. The criterion we choose ensures that the latter beats the simple MV choice on both metrics.

In Table 5, we report these proportions of out-performance for both geographical zones (US and Europe) and both data providers (Carbon4 and Refinitiv) for the full dataset. This corresponds to the results displayed in Figures 8 and9.

Our last batch of results relates to the sensitivity of our conclusions to the estimation of expected returns. Our baseline estimator is the past annual return of assets, which is an arbitrary choice. In Figure 12, we plot the carbon penalty versus Sharpe ratio relationship when, at each point in time, estimates for expected returns are perturbed by an i.i.d. multivariate Gaussian noise (with scaled identity matrix for covariance matrix). The draws are re-drawn for each value of the penalty (λ), which explains the harsh oscillation around the baseline curve. While it is clear that the magnitude of the noise blurs the results, the overall shape of the curve remains.

Lastly, in unreported results, we tested the difference in Sharpe ratios, inside each investment universe, using the procedure of [START_REF] Ledoit | Robust performance hypothesis testing with the sharpe ratio[END_REF]. In all pair-wise tests, the statistics rejected the null of equal Sharpe ratios for fewer than 5% of the configurations, thereby implying that most strategies have comparable risk-adjusted returns.

Conclusion

This paper provides new evidence that penalizing carbon emissions in portfolio construction is not necessarily financially detrimental. Technically, because the inclusion of sustainability criteria is likely to reduce the opportunity set, the financial performance of green portfolios is expected to be sub-optimal. We find that this is not necessarily the case in terms of realized performance. A possible explanation may be that greenness (via low carbon intensity) is somewhat priced in the cross-section of stocks, at least for the considered investment universes and period. We investigate the integration of Scope 3 emissions in the portfolio decision process. Compared to Scopes 1-2, Scope 3 emissions suffer from acute disagreement between rating agencies, because they allow for more methodological leeway. Our results suggest that while allocations may differ when considering total emissions along the value chain, the performance is not substantially altered. This has clear implications for investors who care about their carbon footprint. Including Scope 3 emissions provides a much more faithful picture of actual emissions, and hence a more accurate and more reliable assessment of the true impact of holdings. In fact, in many instances, environmentally friendly portfolios have higher risk-adjusted returns, compared to traditional mean-variance strategies. Our results hold for two geographical zones (US and Europe), as well as for two rating providers, which highlights their robustness. These strong results pertain to the considered assets and period.

Our findings suggest that investors willing to exhaustively and efficiently reduce their environmental footprint can do so with little downside. The implications for asset managers are paramount in a world where the push towards limited footprint is acute, stemming both from the pressure by the general public, and from regulators. More and more, the demand for net-zero investment vehicles (Le [START_REF] Guenedal | Net zero carbon metrics[END_REF]) will require the supply of carbon-balanced investment solutions.

Our conclusions obviously pertain to the empirical data used for the study. We must also acknowledge that our results are, at least partially, contingent to the recent favourable push towards green assets that has generated strong returns, either because of intense demand (van der Beck (2021)), or because of attention to climate news [START_REF] Pastor | Dissecting green returns[END_REF]). Nevertheless, the alignment of investment portfolios with sustainability goals will remain a major challenge for the financial industry and one can expect the push towards green assets to continue.
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Figure 2 :

 2 Figure 2: Distribution of emissions. We plot the histogram of emissions for Scope 1-2 (left) and Scope 3 (right) emissions, across firms from Carbone4 Finance (upper panel) and Refinitiv (lower panel). Markets (Europe and US) are shown via colors. The x-axis is in log-scale.

Figure 3 :

 3 Figure 3: Distribution of emissions -sector breakdown. We provide the boxplots of Scope 1-2 (left) and Scope 3 (right) emissions across firms according to their sectors. The providers are Carbone4 Finance (left) and Refinitiv (right). Markets are Europe (upper panel) and the US (lower panel). The x-axis is in log-scale.

Figure 4 :

 4 Figure 4: Comparison of emission data. We plot the emission values from Carbone4 Finance

Figure 5 :

 5 Figure 5: In-sample Sharpe ratios versus carbon intensity. We plot the in-sample Sharpe ratios as functions of average weighted carbon intensities (x-axis). The results are shown for three values of risk aversion γ. The investment universe comprises the STXE sector indices and the data provider is Carbon4 Finance. The estimation of parameters is performed on the entirety of the available sample (2010-2021).

Figure 6 :

 6 Figure 6: Average portfolio weights. We show the average allocation of three typical port-
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 89 Figure 8: Performance of MVCI portfolio strategies (period: 2015-2021, carbon data from Carbon4Finance). For different values of γ and for the two investment universes, namely STXE sector indices (left) and FF12 industry portfolios (right), the performances obtained by our low carbon portfolio strategies when choosing the parameter λ between 0 and 5 × 10 -4 . The estimations are based on daily returns over the period 2010-2021 (including a one year buffer for the first estimations). The rebalancing is done quarterly. The source used for computing carbon intensities is Carbon4Finance.

Figure 10 :

 10 Figure 10: Performance of MVCI strategies with Scope 1-2 (period 2011-2021).

Figure 11 :

 11 Figure11: Subperiod analysis. We plot the out-of-sample Sharpe ratio of the portfolios as a function of weighted carbon intensities. We report results for three values of leverage penalties η/N (0.1 0.6, and 1) and γ = 5 and for the two investment universes, namely STXE sector indices (upper panel) and FF12 industry portfolios (lower panel). The estimations are based on one year of daily returns. The rebalancing is done quarterly. The source used for computing carbon intensities is Carbon4Finance.

Figure 13 :

 13 Figure 13: Summary statistics of returns (period 2015-2021). We provide the first two moments and co-moments of returns for both investment universes: the US sectors (upper panel) and the European ones (lower panel). The correlation matrix is shown with colors, while the (annualized) mean and volatilities are shown in the tables.
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		Nb. Companies
	North America	1311
	Europe	2609
	Asia Pacific	1683
	Rest of the World	213
	Total	5816

Table 2 :

 2 Distribution of our dataset in terms of industries. Composition of our dataset, in relative share, according the ICB industry classification.

	ICB Industry	Share in %
	Financials	14.67
	Real Estate	7.24
	Industrials	18.26
	Technology	9.03
	Basic Materials	6.84
	Telecommunications	3.20
	Consumer Discretionary	15.27
	Health Care	8.05
	Utilities	4.42
	Energy	6.34
	Consumer Staples	6.24
	Unaffected	0.45

Table 3 :

 3 Carbon

intensities for assets in the FF12 investment universe. Carbon intensities computed for the 12 Fama-French industry portfolios built with U.S. stocks. Carbon intensities are based on Scope 1-2 and on Scope 3 obtained from Carbon4 Finance (C4F) and from Refinitiv Datastream (RDS). Reported numbers are in MtCO2 per USD million of total revenues. Both tables illustrate the impact of ESG rating divergence (see

[START_REF] Busch | Corporate carbon performance data: Quo vadis?[END_REF]

,

[START_REF] Dimson | Divergent ESG ratings[END_REF] 

Table 4 :

 4 Carbon

	Scope 1-2 Scope 3 Scope 1-2 Scope 3

intensities for assets in the STXE investment universe. Carbon intensities computed for the 19 sectoral sub-indices of the STOXX 600 Europe. Carbon intensities are based on Scope 1-2 and on Scope 3 obtained from Carbon4 Finance (C4F) and from Refinitiv Datastream (RDS). Reported numbers are in MtCO2 per USD million of total revenues.

Table 5 : Percentage of times MVCI strategies outperform their MV counter- parts.

 5 For each configuration (provider, market, η diversification, gamma risk aversion), we compute the proportion of cases for which portfolios generate both lower emisions intensities and higher Sharpe ratios. The protocol and parameter values are identical to the baseline results of Figure8.

	Provider Market Full sample 2011-2015 2015-2018 2018-2021 2020 (Covid-19)
	Carbon4	Europe US	100.0 100.0	100.0 100.0	46.1 0.0	90.6 100.0	100.0 100.0
	Refinitiv	Europe US	100.0 100.0	100.0 100.0	0.0 0.0	73.1 97.2	0.0 100.0
			Europe			US	

Noisy annual expected returns. We

  The estimations are based on one year of daily returns. Expected returns are polluted by the random draw of an i.i.d. multivariate Gaussian noise term, with standard deviation equal to 0 (base case), 2% (small noise), 4% or 6% (large noise). The noise is reshuffled for each value of the carbon penalty. The rebalancing is done quarterly. The source used for computing carbon intensities is Carbon4Finance.

plot the out-of-sample Sharpe ratio of the portfolios as a function of the carbon penalty. The other parameters are the following: η/N = 0.1 and γ = 5. The two investment universes, are STXE sector indices (left panel) and FF12 industry portfolios (right panel).

A third, possibly related approach is to rely on firms own assessments, as is the case for the Carbon Disclosure Project (CDP). This source is for instance used in[START_REF] Azar | The big three and corporate carbon emissions around the world[END_REF].

The definition of these industry portfolios with corresponding SIC code ranges are available here: https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/Data_Library/det_12_ind_port.html

The correspondence tables between SIC and NAICS codes can be obtained at this link: https://www.naics.com/sic-naics-crosswalk-search-results/

See, e.g., see[START_REF] Lamb | A review of trends and drivers of greenhouse gas emissions by sector from 1990 to 2018[END_REF],[START_REF] Chen | An empirical study on the co2 emissions in the chinese construction industry[END_REF][START_REF] Gao | Carbon emission efficiency of china's industry sectors: From the perspective of embodied carbon emissions[END_REF].

Note that because we require a one year sample to estimate results, portfolio allocation will only start in January 2011.

Carbon intensities are taken to be constant in time. Sector emissions are quite stable in time (see[START_REF] Lamb | A review of trends and drivers of greenhouse gas emissions by sector from 1990 to 2018[END_REF],[START_REF] Chen | An empirical study on the co2 emissions in the chinese construction industry[END_REF],[START_REF] Gao | Carbon emission efficiency of china's industry sectors: From the perspective of embodied carbon emissions[END_REF]), hence this is not a restrictive assumption.

Technically, w w cannot be lower than 1/N . This value is reached for perfect diversification, that is, for the equally-weighted portfolio.
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Analytics methodology is described in a white paper available here: http://www.carbon4finance.

A Methodology tables