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Résumé
The bracelet resonator is a low cost resonator made
from printed circuit technology. The resonance fre-
quency was first computed in [1], unfortunately the
whole transfert function of the resonator was not
yet computed, particularly coupling with external
circuit.
The coaxial shape of this kind of resonator may

render it particularly suitable as a trap filter for
coaxial line

Unfortunately, for these resonators, the extremely
small metalisation depth compared to radius renders
the simulation by finite element (FEM) extremely
hard (slow) and memory consuming. Moreover, the
simulation should be carried in 3D due to asym-
metric nature of the gaps, and the finite height,
increasing the complexity. Time domain methods
are not well suited due to high quality coefficient of
this kind of resonator. Thus a physical approxima-
tion of this resonator will be carried.

I Model
This sensor is mainly used in NMR field for in-
creasing signal to noise ratio (SNR) and is used for
instance for imaging small animals or determining
in-vivo clinical parameters [2, 3, 4]. This resonator
could be also use as a dielectric sensor [5, 6, 7, 8]
or as a wireless coupler for viscous fluids monitor-
ing [9]. This kind of resonator is also used as a quick
and easy to use trap filter (see figure 1 for a trap
filter used for rejecting a signal around 46MHz),
unfortunately in this case the design of this kind of
filter is only based on a single resonator element and
without taking in account the loss of the resonator.

The goal of this paper, is to build a model of the
resonator, and a in second time build an electrical
distributed model, that will be solved by analytical
modified nodal analysis (MNA). In order to study
this kind of resonator and in order to simplify the
analysis we could as usual in the electromagnetic

†This paper is dedicated to the memory of the late Profes-
sor Jean-Yves le Huerou 1959-2020.

Figure 1: Use of this kind of resonator as a quick
and easy to use trap filter around 46MHz

compatibility field consider that the resonator is
excited by a small probe.
The resonator (ℛ) and the excitation probe (𝒫)

are coupled thought a magnetic coupling. The res-
onator consist of two concentric sheets of metal
(rings), 𝒮+ for the exterior one (interior radius of 𝒮+
sheet is 𝑟+ = 𝑟0(1+ δ𝑟)) and 𝒮− for the interior one
(external radius of 𝒮− sheet is 𝑟− = 𝑟0(1 − δ𝑟)),
with 𝑟0 is the arithmetic mean of sheet radius:
2𝑟0 = 𝑟+ + 𝑟−. Sheets are separated by a dielec-
tric layer of relative permittivity 𝜀𝑟 and loss tangent
𝛿𝑑. Metalisation depth of each sheet is 2Ξ𝑟0 and
conductivity of metal is 𝜎. The height of resonator
is 2ℎ and is linked to the mean radius by the relation
ℎ = 𝜁𝑟0. Two gaps on the sheet are manufactured
at 𝜃 = ±𝜋/2 respectively for 𝒮+ and 𝒮−. The metal-
isation breaks dimension at the gap are negligible.
In order to simplify the computation, we could

also define the half-diagonal (normalised) of the coil,
defined by ℓ± = √(1 ± δ𝑟)2 + 𝜁2.

A summary of geometric concepts is given by the
figure 2.
The probe is considered sufficiently small to be

modelled as an inductive (lossy) lumped element
(thus an impedance 𝑍𝑝 = 𝑠𝐿𝑃 + 𝑅𝑃 with 𝑠 the
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Figure 2: Schematic diagram of resonator including
dimensioning (not to scale)

laplace variable).
Therefore, the problem can be simplified using

reciprocity and superposition. Instead, of studying
the scattered field by the resonator [11, 12] we study
the vector potential vector ⃗⃗ ⃗⃗ ⃗⃗𝐴 generated by two ar-
bitrary physical current distribution ⃗𝐽+(𝜃, 𝑧) along
𝒮+ sheet and ⃗𝐽−(𝜃, 𝑧) along 𝒮− sheet.
Following a classical approach [10], the current

density is decomposed in two orthogonal modal
current density ⃗𝐽𝑒(𝜃, 𝑧) = 1/2( ⃗𝐽+ + ⃗𝐽−) called the
antenna current density or common mode current
(even) and ⃗𝐽𝑜(𝜃, 𝑧) = 1/2( ⃗𝐽+ − ⃗𝐽−) called a differen-
tial (odd) current density. The ratio between the
two current is fixed by closure condition particularly
along the gaps where ( ⃗𝐽𝑒 + ⃗𝐽𝑜) ⋅ ⃗𝑒𝑛 = 0 (with ⃗𝑒𝑛 a
vector normal to the gap). Unfortunatly this decom-
position is valid only for lossless model, losses need
the real current and voltage and not modal current,
but nevertheless could be generally reintroduced at
the end of the study as a pertubation of the lossless
model.

1 Common mode current
The current ⃗𝐽𝑒 could be approximated by the means
term [13], if the loop circonference is less than 𝜆0/16
with 𝜆0 the free space wavelength. Experimental
evidence for small loop support this view [14] and
support that error in this case is inferior to 1%.
The dielectric sheet effect could be neglected for

antenna currents. Indeed, potential difference be-
tween the two sheets is constant for antenna current
mode under the previous assumption of constant cur-
rent density. Moreover under previous assumption
the common mode current is azimuthal.
The antenna current contribution is thus equiva-

lent, to two lossy coupled coils, coupled magnetically
to the probe. The inductance is computed using clas-
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Figure 3: Equivalent common mode circuit.

sical formulæ of sheet inductance, including mutual
inductance between the two sheets[15, 16, 17].
Losses could be introduced by a serial resistance

(denoted by 𝑅± for 𝒮±) taking in account conductive
loss but need to take in account the real current as
seen in the introduction.

Coupling between the probe and the two sheet of
current could be estimated by using Groover formu-
lae and some reasonable approximation and could
be represented by a mutual inductance 𝑚±.
Thus the two sheets for antenna current could

be modelled by a complex serial lumped impedance
𝑍± = 𝑠𝐿± + 𝑅±. Coupling to the sheets from the
probe are achieved by small mutual impedance 𝑚±.
The equivalent circuit, of this mode, is shown in

figure 3.

2 Differential mode current
The differential mode is modelled by a transmis-
sion line, exactly by a paired strips line [19, 20].
This structure is electrically related to a microstrip
line [20, 21], and thus the current is mainly az-
imuthal. The propagation mode of this current is
quasi TEM. The characteristic impedance 𝑍𝐿 of
the paired line of height 2𝑟0δ𝑟 is twice the one of a
microstrip of height 𝑟0δ𝑟. The propagation charac-
teristic of the line are computed by first computing
relative effective dielectric constant of the line 𝜀𝑒𝑟
defined 𝜀𝑒𝑟 = 𝑍2

𝐿/𝑍2
1, with 𝑍1 the impedance of the

same line filled with vacuum instead of dielectric [22].
Then the propagation constant 𝛽 is then computed
by using well known formula 𝛽 = 𝜔√𝜀𝑒𝑟/𝑐. Microstrip
impedance needed for the previous computation is
computed using classical expressions of Wheeler [23].
If needed empirical formulæ of Hammerstad could
be used in order to improve precision and take in
account the dispersion [24].
Losses are computed using classical formulæ for

microstrip but doubling the loss of the strip and
not taking in account the loss due to ground
plane [25, 23]. Dielectric loss are computed using
classical formulæ for microstrip line but doubling the
losses [23, 26]. Then the attenuation constant 𝛼 is
computed using classical transmission line formulæ.
Note that conductive loss should not be included
here in order to avoid a double accounting with
antenna current losses.
These lines could also be modelled using 𝑅 =

𝑍−1
𝐿 coth(𝛾ℓ) the reflection coefficient at input, 𝑇 =
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Figure 5: Electrical schematic of the resonator and
the probe.

𝑍−1
𝐿 csch(𝛾ℓ) = 𝑍−1

𝐿 (coth 𝛾ℓ/2 − coth 𝛾ℓ) the trans-
mission coefficient between input and output
Coupling between this mode and the probe is

negligible due to small δ𝑟.
The equivalent circuit, of this mode, is shown in

figure 4.
In order to ease notation for the next section, let

define means parameters ̃𝑥 of 𝑥± by using arithmetic
means (2 ̃𝑥 = 𝑥+ + 𝑥−), thus 2𝐿̃ = 𝐿+ + 𝐿−, 2𝑅̃ =
𝑅++𝑅−, 2 ̃𝑍 = 𝑍++𝑍− = 2𝑠𝐿̃+2𝑅̃, 2𝑚̃ = 𝑚++𝑚−.

3 Resonator model
Using models from the previous section a electrical
schematic of the resonator could be derived. An-
tenna current is represented using three coupled coils
whereas the differential current is represented by two
section of length ℓ of a four terminal transmission
line. The electrical schematic of the resonator is
given by the figure 5. Resolution of this schematic
could be carried by using block decomposition using
MNA of the whole schematic.
Coupling coil to line leads along the closure con-

dition at the gap, leads to the following system by
using current conservation law:

⎛⎜⎜⎜⎜⎜
⎝
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⎠

= M″
⎛⎜⎜⎜⎜
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(1)

With 𝑀″ the quasi symmetric matrix using the
following means parameters defined by 𝑚± = 𝑚̃(1±
δ𝑚̃), 2 ̃𝐴 = 𝐴+ + 𝐴− = 2( ̃𝑍 + 2𝑅𝑍2

𝐿), and ̃𝐴(1 ±
δ ̃𝐴) = ̃𝑍(1 ± δ ̃𝑍) + 2𝑅𝑍2

𝐿, and defined by

M″ = ⎛⎜
⎝

0 1 0 0
−1 𝑍𝑝 𝑠𝑚̃(1+δ𝑚̃) 𝑠𝑚̃(1−δ𝑚̃)
0 𝑠𝑚̃(1+δ𝑚̃) ̃𝐴(1+δ ̃𝐴) 𝐵
0 𝑠𝑚̃(1−δ𝑚̃) 𝐵 ̃𝐴(1−δ ̃𝐴)

⎞⎟
⎠

4 Input impedance
By Cramer’s rule input impedance is defined by
𝑍in = 𝑈in/𝐼in = detM″

1/detM″ = 𝑁/𝐷, with M″
1 the

M″ matrix with first column replaced by vector
(1, 0, 0, 0)⊺. By element computation detM″ =
𝐷 = ̃𝐴2(1 − δ ̃𝐴

2
) − 𝐵2. Therefore:

𝑍in = 𝑍𝑝 − 𝑠2 2𝑚̃2[ ̃𝐴−𝐵+δ𝑚̃2( ̃𝐴+𝐵)−2 ̃𝐴δ ̃𝐴δ𝑚̃]
̃𝐴2(1−δ ̃𝐴

2
)−𝐵2

This impedance could be written as:

𝑍in = 𝑍𝑝 − 𝑠2𝑚̃2

𝑍𝑄

This equation correspond to a coupled coil
impedance,with 𝑍𝑄 the internal (unloaded) res-
onator impedance:

𝑍𝑄 = 1/2 ( ̃𝐴−𝐵)( ̃𝐴+𝐵)− ̃𝐴2
δ ̃𝐴

2

̃𝐴−𝐵+δ𝑚̃2( ̃𝐴+𝐵)−2 ̃𝐴δ ̃𝐴δ𝑚̃
(2)

Using Taylor expansion near (0, 0) for (δ𝐴, δ𝑚̃),
until order 3:

𝑍𝑄 = 1
2 ( ̃𝐴 + 𝐵)⎡⎢

⎣

1 − (δ𝑚̃( ̃𝐴+𝐵)− ̃𝐴δ ̃𝐴)2

( ̃𝐴+𝐵)( ̃𝐴−𝐵)

+ 𝑜(‖(δ ̃𝐴, δ𝑚̃)‖32)
⎤
⎥
⎦

(3)

Let simplify a ̃𝐴+𝐵 terms using half angle formulae:

̃𝐴 + 𝐵 = ̃𝑍 + 2𝑅𝑍2
𝐿 + 𝑠𝑀± − 2𝑇𝑍2

𝐿

= 𝑠(𝐿̃ +𝑀±) + 𝑅̃ + 2𝑍𝐿 coth 𝛾ℓ/2

Let now simplify 𝐴−𝐵:

̃𝐴 − 𝐵 = ̃𝑍 + 2𝑅𝑍2
𝐿 − 𝑠𝑀± + 2𝑇𝑍2

𝐿

= 𝑠(𝐿̃ −𝑀±) + 𝑅̃ + 2𝑍𝐿[cosh(𝛾ℓ)−1]
sinh(𝛾ℓ)

= 𝑠(𝐿̃ −𝑀±) + 𝑅̃ + 2𝑍𝐿 tanh 𝛾ℓ/2

Thus until order 2, the following impedance and
main result of this paper:

𝑍𝑄 ≃ 1
2 [𝑠(𝐿̃ +𝑀±) + 𝑅̃ + 2𝑍𝐿 coth 𝛾ℓ/2] (4)

Experimental measurement of this kind of res-
onator is given in figure 6.

II Conclusion
A new model including losses and coupling was devel-
oped for a bracelet resonator. This new development
is expected to enable easy design of new trap filter
for coaxial lines or twin-lead line using well known
theory of microwave filters. New development will
be carried in order to evaluate more precisely the
losses of this kind of resonator, and carrying an
optimisation along the geometrical parameters.
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Figure 6: Measurement of a typical resonator
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