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Résumé

The bracelet resonator is a low cost resonator made from printed circuit technology. The resonance frequency was first computed in [START_REF] Gonord | Multigap parallel-plate bracelet resonator frequency determination and applications[END_REF], unfortunately the whole transfert function of the resonator was not yet computed, particularly coupling with external circuit.

The coaxial shape of this kind of resonator may render it particularly suitable as a trap filter for coaxial line Unfortunately, for these resonators, the extremely small metalisation depth compared to radius renders the simulation by finite element (FEM) extremely hard (slow) and memory consuming. Moreover, the simulation should be carried in 3D due to asymmetric nature of the gaps, and the finite height, increasing the complexity. Time domain methods are not well suited due to high quality coefficient of this kind of resonator. Thus a physical approximation of this resonator will be carried.

I Model

This sensor is mainly used in NMR field for increasing signal to noise ratio (SNR) and is used for instance for imaging small animals or determining in-vivo clinical parameters [START_REF] Darrasse | Perspectives with cryo-genic RF probes in biomedical MRI[END_REF][START_REF] Watrin-Pinzano | Effect of proteoglycan depletion on T2 mapping in rat patellar cartilage[END_REF][START_REF] Issartel | Freezing or supercooling: How does an aquatic subterranean crustacean survive exposures at subzero temperatures?[END_REF]. This resonator could be also use as a dielectric sensor [START_REF] Masilamany | Radiofrequency inductive probe for non-contact dielectric characterisations of organic medium[END_REF][START_REF] Dinh | Monitoring of yogurt formation using a contact-less radiofrequency dielectric sensor[END_REF][START_REF] Dinh | Contactless radio frequency monitoring of dielectric properties of egg white during gelation[END_REF][START_REF] Dinh | Non-invasive evaluation of yogurt formation using a contactless radiofrequency inductive technique[END_REF] or as a wireless coupler for viscous fluids monitoring [START_REF] Wilkie-Chancellier | Inductive magneto-acoustic technique for viscous fluids monitoring[END_REF]. This kind of resonator is also used as a quick and easy to use trap filter (see figure 1 for a trap filter used for rejecting a signal around 46 MHz), unfortunately in this case the design of this kind of filter is only based on a single resonator element and without taking in account the loss of the resonator.

The goal of this paper, is to build a model of the resonator, and a in second time build an electrical distributed model, that will be solved by analytical modified nodal analysis (MNA). In order to study this kind of resonator and in order to simplify the analysis we could as usual in the electromagnetic The resonator (ℛ) and the excitation probe (𝒫) are coupled thought a magnetic coupling. The resonator consist of two concentric sheets of metal (rings), 𝒮 + for the exterior one (interior radius of 𝒮 + sheet is 𝑟 + = 𝑟 0 (1 + δ𝑟)) and 𝒮 -for the interior one (external radius of 𝒮 -sheet is 𝑟 -= 𝑟 0 (1 -δ𝑟)), with 𝑟 0 is the arithmetic mean of sheet radius: 2𝑟 0 = 𝑟 + + 𝑟 -. Sheets are separated by a dielectric layer of relative permittivity 𝜀 𝑟 and loss tangent 𝛿 𝑑 . Metalisation depth of each sheet is 2Ξ𝑟 0 and conductivity of metal is 𝜎. The height of resonator is 2ℎ and is linked to the mean radius by the relation ℎ = 𝜁𝑟 0 . Two gaps on the sheet are manufactured at 𝜃 = ± 𝜋 /2 respectively for 𝒮 + and 𝒮 -. The metalisation breaks dimension at the gap are negligible.

In order to simplify the computation, we could also define the half-diagonal (normalised) of the coil, defined by ℓ ± = √(1 ± δ𝑟) 2 + 𝜁 2 .

A summary of geometric concepts is given by the figure 2.

The probe is considered sufficiently small to be modelled as an inductive (lossy) lumped element (thus an impedance Therefore, the problem can be simplified using reciprocity and superposition. Instead, of studying the scattered field by the resonator [START_REF] Vukicevic | On the evaluation of antennamode currents along transmission lines[END_REF][START_REF] Heggo | Study of high frequency conversion from excited antenna mode to differential mode current at the transmission line terminals[END_REF] we study the vector potential vector ⃗⃗ ⃗ ⃗ ⃗⃗ 𝐴 generated by two arbitrary physical current distribution ⃗ 𝐽 + (𝜃, 𝑧) along 𝒮 + sheet and ⃗ 𝐽 -(𝜃, 𝑧) along 𝒮 -sheet. Following a classical approach [START_REF] Collin | Fundation for Microwave Engineering (The IEEE press serie on Electromagnetics Wave Theory[END_REF], the current density is decomposed in two orthogonal modal current density ⃗ 𝐽 𝑒 (𝜃, 𝑧) = 1 /2( ⃗ 𝐽 + + ⃗ 𝐽 -) called the antenna current density or common mode current (even) and ⃗ 𝐽 𝑜 (𝜃, 𝑧) = 1 /2( ⃗ 𝐽 + -⃗ 𝐽 -) called a differential (odd) current density. The ratio between the two current is fixed by closure condition particularly along the gaps where ( ⃗ 𝐽 𝑒 + ⃗ 𝐽 𝑜 ) ⋅ ⃗ 𝑒 𝑛 = 0 (with ⃗ 𝑒 𝑛 a vector normal to the gap). Unfortunatly this decomposition is valid only for lossless model, losses need the real current and voltage and not modal current, but nevertheless could be generally reintroduced at the end of the study as a pertubation of the lossless model.

𝑍 𝑝 = 𝑠𝐿 𝑃 + 𝑅 𝑃 with 𝑠 the 𝜃 𝒮 - 𝒮 + (𝜀 𝑟 , 𝛿 𝑑 ) 𝑦 𝑥 𝑟 - 𝑟 0 𝑟 + 2Ξ𝑟 0 2Ξ𝑟 0 𝑟 0 δ𝑟 𝑟 0 δ𝑟 𝑥 𝑧 𝑟 0 ℓ + 𝑟 0 ℓ - ℎ = 𝜁𝑟 0 ℎ = 𝜁𝑟 0 ℎ 𝑝 𝑟 𝑝 Probe (𝒫) Resonator (ℛ)

Common mode current

The current ⃗ 𝐽 𝑒 could be approximated by the means term [START_REF] Li | Exact solutions of electromagnetic fields in both near and far zones radiated by thin circular-loop antennas: A general representation[END_REF], if the loop circonference is less than 𝜆 0/16 with 𝜆 0 the free space wavelength. Experimental evidence for small loop support this view [START_REF] King | Tables of antenna characteristics[END_REF] and support that error in this case is inferior to 1%.

The dielectric sheet effect could be neglected for antenna currents. Indeed, potential difference between the two sheets is constant for antenna current mode under the previous assumption of constant current density. Moreover under previous assumption the common mode current is azimuthal.

The antenna current contribution is thus equivalent, to two lossy coupled coils, coupled magnetically to the probe. The inductance is computed using clas-

𝐼 + 𝑃 • 𝐿 𝑝 𝐼 𝑃 𝑅 𝑝 𝐼 - 𝑃 𝐼 + + • 𝐿 + 𝐼 + 𝑅 + 𝐼 - + 𝐼 + - • 𝐿 - 𝐼 - 𝑅 - 𝐼 - - 𝑉 + 𝑝 𝑉 - 𝑝 𝑉 + + 𝑉 - + 𝑉 + - 𝑉 - - 𝑚 + 𝑚 - 𝑀 ± Figure 3: Equivalent common mode circuit.
sical formulae of sheet inductance, including mutual inductance between the two sheets [START_REF] Lorenz | Ueber die fortpflanzung der electricität[END_REF][START_REF] Romanosky | Introduction au calcul des inductances[END_REF][START_REF] Cazenave | Inductance mutuelle de deux bobines cylindriques circulaires coaxiales à une couche de spires jointives en fil fin[END_REF].

Losses could be introduced by a serial resistance (denoted by 𝑅 ± for 𝒮 ± ) taking in account conductive loss but need to take in account the real current as seen in the introduction.

Coupling between the probe and the two sheet of current could be estimated by using Groover formulae and some reasonable approximation and could be represented by a mutual inductance 𝑚 ± .

Thus the two sheets for antenna current could be modelled by a complex serial lumped impedance 𝑍 ± = 𝑠𝐿 ± + 𝑅 ± . Coupling to the sheets from the probe are achieved by small mutual impedance 𝑚 ± .

The equivalent circuit, of this mode, is shown in figure 3.

Differential mode current

The differential mode is modelled by a transmission line, exactly by a paired strips line [START_REF] Wadell | Transmission Line Design Handbook[END_REF][START_REF] Wheeler | Transmission-line properties of parallel strips separated by a dielectric sheet[END_REF]. This structure is electrically related to a microstrip line [START_REF] Wheeler | Transmission-line properties of parallel strips separated by a dielectric sheet[END_REF][START_REF] Schinzinger | Conformal mapping, methods and applications[END_REF], and thus the current is mainly azimuthal. The propagation mode of this current is quasi TEM. The characteristic impedance 𝑍 𝐿 of the paired line of height 2𝑟 0 δ𝑟 is twice the one of a microstrip of height 𝑟 0 δ𝑟. The propagation characteristic of the line are computed by first computing relative effective dielectric constant of the line 𝜀 𝑒𝑟 defined 𝜀 𝑒𝑟 = 𝑍 2 𝐿/𝑍 2 1 , with 𝑍 1 the impedance of the same line filled with vacuum instead of dielectric [START_REF] Schneider | Microstrip lines for microwave integrated circuits[END_REF]. Then the propagation constant 𝛽 is then computed by using well known formula 𝛽 = 𝜔 √ 𝜀 𝑒𝑟/𝑐. Microstrip impedance needed for the previous computation is computed using classical expressions of Wheeler [START_REF] Wheeler | Transmission-line properties of a strip on a dielectric sheet on a plane[END_REF]. If needed empirical formulae of Hammerstad could be used in order to improve precision and take in account the dispersion [START_REF] Hammerstad | Accurate models for microstrip computer-aided design[END_REF].

Losses are computed using classical formulae for microstrip but doubling the loss of the strip and not taking in account the loss due to ground plane [START_REF] Pucel | Losses in microstrip[END_REF][START_REF] Wheeler | Transmission-line properties of a strip on a dielectric sheet on a plane[END_REF]. Dielectric loss are computed using classical formulae for microstrip line but doubling the losses [START_REF] Wheeler | Transmission-line properties of a strip on a dielectric sheet on a plane[END_REF][START_REF] Schneider | Dielectric loss in integrated mi-crowave circuits[END_REF]. Then the attenuation constant 𝛼 is computed using classical transmission line formulae. Note that conductive loss should not be included here in order to avoid a double accounting with antenna current losses.

These lines could also be modelled using 𝑍 -1 𝐿 csch(𝛾ℓ) = 𝑍 -1 𝐿 (coth 𝛾ℓ /2 -coth 𝛾ℓ) the transmission coefficient between input and output Coupling between this mode and the probe is negligible due to small δ𝑟.

𝑅 = 𝑍 -1 𝐿 coth(𝛾ℓ) the reflection coefficient at input, 𝑇 = 𝐼 1 𝐼 2 𝐼 4 𝐼 3 𝐼 ′ 1 𝐼 ′ 2 𝐼 ′ 4 𝐼 ′ 3 𝑉 1 𝑉 ′ 2 𝑉 * 2 𝑉 3 𝑉 ′ 4 𝑉 * 4 𝐼 * 2 ≜ 0 𝐼 * 4 ≜ 0 (𝑍 𝐿 , ℓ, 𝛾) (𝑍 𝐿 , ℓ, 𝛾) Figure 4: Equivalent differential mode circuit 𝑈 𝑖𝑛 𝐼 𝑖𝑛 𝑅 𝑝 𝐿 𝑝 • 𝐿 - 𝑅 - 𝑅 + 𝐿 + • (𝑍 𝐿 , ℓ, 𝛾) (𝑍 𝐿 , ℓ, 𝛾) 𝑚 - 𝑚 + 𝑀 ±
The equivalent circuit, of this mode, is shown in figure 4.

In order to ease notation for the next section, let define means parameters x of 𝑥 ± by using arithmetic means (2

x = 𝑥 + + 𝑥 -), thus 2 L = 𝐿 + + 𝐿 -, 2 R = 𝑅 + +𝑅 -, 2 Z = 𝑍 + +𝑍 -= 2𝑠 L +2 R , 2 m = 𝑚 + +𝑚 -.

Resonator model

Using models from the previous section a electrical schematic of the resonator could be derived. Antenna current is represented using three coupled coils whereas the differential current is represented by two section of length ℓ of a four terminal transmission line. The electrical schematic of the resonator is given by the figure 5. Resolution of this schematic could be carried by using block decomposition using MNA of the whole schematic.

Coupling coil to line leads along the closure condition at the gap, leads to the following system by using current conservation law:

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 0 0 0 𝐼 + * 𝑃 -𝐼 - * 𝑃 2 𝐼 + * + -𝐼 - * + 2 𝐼 + * --𝐼 - * - 2 ⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ = M ″ ⎛ ⎜ ⎜ ⎜ ⎜ ⎝ 𝐼 𝑃 𝐼 + 𝐼 - 𝑉 + 𝑃 -𝑉 - 𝑃 𝑉 + + -𝑉 - + 𝑉 + --𝑉 - + ⎞ ⎟ ⎟ ⎟ ⎟ ⎠ (1) 
With 𝑀 ″ the quasi symmetric matrix using the following means parameters defined by

𝑚 ± = m(1 ± δ m), 2 à = 𝐴 + + 𝐴 -= 2( Z + 2𝑅𝑍 2 𝐿 ), and à (1 ± δ à ) = Z (1 ± δ Z ) + 2𝑅𝑍 2 𝐿
, and defined by

M ″ = ⎛ ⎜ ⎝ 0 1 0 0 -1 𝑍 𝑝 𝑠 m(1+δ m) 𝑠 m(1-δ m) 0 𝑠 m(1+δ m) Ã (1+δ Ã ) 𝐵 0 𝑠 m(1-δ m) 𝐵 Ã (1-δ Ã ) ⎞ ⎟ ⎠ 4 Input impedance By Cramer's rule input impedance is defined by 𝑍 in = 𝑈 in/𝐼 in = det M ″ 1 /det M ″ = 𝑁 /𝐷, with M ″ 1 the M ″ matrix with first column replaced by vector (1, 0, 0, 0) ⊺ . By element computation det M ″ = 𝐷 = Ã 2 (1 -δ Ã 2 
) -𝐵 2 . Therefore:

𝑍 in = 𝑍 𝑝 -𝑠 2 2 m2 [ Ã -𝐵+δ m2 ( Ã +𝐵)-2 Ã δ Ã δ m] Ã 2 (1-δ Ã 2 )-𝐵 2
This impedance could be written as:

𝑍 in = 𝑍 𝑝 -𝑠 2 m2
𝑍 𝑄

This equation correspond to a coupled coil impedance,with 𝑍 𝑄 the internal (unloaded) resonator impedance:

𝑍 𝑄 = 1 /2 ( Ã -𝐵)( Ã +𝐵)-Ã 2 δ Ã 2 Ã -𝐵+δ m2 ( Ã +𝐵)-2 Ã δ Ã δ m (2) 
Using Taylor expansion near (0, 0) for (δ𝐴, δ m), until order 3:

𝑍 𝑄 = 1 2 ( Ã + 𝐵) ⎡ ⎢ ⎣ 1 -(δ m( Ã +𝐵)-Ã δ Ã ) 2 ( Ã +𝐵)( Ã -𝐵) + 𝑜(‖(δ Ã , δ m)‖ 3 2 ) ⎤ ⎥ ⎦ (3) 
Let simplify a à +𝐵 terms using half angle formulae: = 𝑠( L -𝑀 ± ) + R + 2𝑍 𝐿 tanh 𝛾ℓ /2

Thus until order 2, the following impedance and main result of this paper:

𝑍 𝑄 ≃ 1 2 [𝑠( L + 𝑀 ± ) + R + 2𝑍 𝐿 coth 𝛾ℓ /2] (4) Experimental measurement of this kind of resonator is given in figure 6.

II Conclusion

A new model including losses and coupling was developed for a bracelet resonator. This new development is expected to enable easy design of new trap filter for coaxial lines or twin-lead line using well known theory of microwave filters. New development will be carried in order to evaluate more precisely the losses of this kind of resonator, and carrying an optimisation along the geometrical parameters. 
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 1 Figure 1: Use of this kind of resonator as a quick and easy to use trap filter around 46 MHz
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 2 Figure 2: Schematic diagram of resonator including dimensioning (not to scale)
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 5 Figure 5: Electrical schematic of the resonator and the probe.
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 6 Figure 6: Measurement of a typical resonator