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THE 2D NONLINEAR SHALLOW WATER EQUATIONS WITH A
PARTIALLY IMMERSED OBSTACLE

TATSUO IGUCHI AND DAVID LANNES

ABSTRACT. This article is devoted to the proof of the well-posedness of a model describing
waves propagating in shallow water in horizontal dimension d = 2 and in the presence of a fixed
partially immersed object. We first show that this wave-interaction problem reduces to an initial
boundary value problem for the nonlinear shallow water equations in an exterior domain, with
boundary conditions that are fully nonlinear and nonlocal in space and time. This hyperbolic
initial boundary value problem is characteristic, does not satisfy the constant rank assumption
on the boundary matrix, and the boundary conditions do not satisfy any standard form of
dissipativity. Our main result is the well-posedness of this system for irrotational data and at
the quasilinear regularity threshold. In order to prove this, we introduce a new notion of weak
dissipativity, that holds only after integration in time and space. This weak dissipativity allows
high order energy estimates without derivative loss; the analysis is carried out for a class of linear
non-characteristic hyperbolic systems, as well as for a class of characteristic systems that satisfy
an algebraic structural property that allows us to define a generalized vorticity. We then show,
using a change of unknowns, that it is possible to transform the linearized wave-interaction
problem into a non-characteristic system, which satisfies this structural property and for which
the boundary conditions are weakly dissipative. We can therefore use our general analysis to
derive linear, and then nonlinear, a priori energy estimates. Existence for the linearized problem
is obtained by a regularization procedure that makes the problem non-characteristic and strictly
dissipative, and by the approximation of the data by more regular data satisfying higher order
compatibility conditions for the regularized problem. Due to the fully nonlinear nature of the
boundary conditions, it is also necessary to implement a quasilinearization procedure. Finally,
we have to lower the standard requirements on the regularity of the coefficients of the operator
in the linear estimates to be able to reach the quasilinear regularity threshold in the nonlinear
well-posedness result.

MSC: 35104, 74F10
Keywords: Wave-structure interactions; nonlinear hyperbolic initial boundary value problems;
weakly dissipative boundary conditions; generalized vorticity.

1. INTRODUCTION

1.1. General setting. Motivated by applications to renewable marine energies such as offshore
wind turbines or wave energy convertors, as well as environmental issues such as the modeling
of sea-ice, many recent articles are devoted to the study of the interactions between ocean waves
and floating structures. There are several approaches to describe such interactions. Offshore
industry has traditionally employed tank testing, but simulations based on computational fluid
dynamics (CFD) are becoming increasingly popular and tend to replace model tests. CFD-based
simulations are particularly relevant to study turbulence-related issues, wave impact, strain on
mooring systems, etc. However, while CFD is a common tool in aeronautics or the automotive
industry, it is not yet the case for wave-structure interactions, as explained in [29] where the
main difficulties are pointed out, among which an open ocean environment that requires the
computation of a large volume of fluid and the computation of complicated wave fields.

Less costly than CFD computations is the so-called fully nonlinear potential flow (FNPF)
approach [45]; viscous effects are neglected, and the flow is assumed to be irrotational. The
velocity field therefore derives from a scalar velocity potential that can be found by solving the
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2 TATSUO IGUCHI AND DAVID LANNES

Laplace equation in the fluid domain. This approach is of course less precise than CFD, as
it misses turbulence-related effects, but it is interesting for its ability to capture the nonlinear
effects in the wave-structure interactions.

Both CFD and FNPF approaches are unable to describe wave-structure interactions on a
large scale and cannot for instance be used to study the impact of a group of floating structures
on the dynamics of the waves. This is not surprising because the simulation of ocean waves on
a domain whose size is of the order of several wave-lengths of the waves is out of reach with
these methods, even if there is no floating structure. For practical applications, waves are indeed
not computed using the free-surface Navier—Stokes or irrotational Euler equations, which are
the underlying mathematical equations for the CFD and FNPF approaches, but with simpler
approximate models.

For instance, most of the computations made to simulate wave farms, which are arrays of up
to dozens of wave energy convertors, are based on Cummins’ equation [16] which is an integro-
differential equation for the six degrees of freedom of the floating object. This equation relies
on several approximations performed on the FNPF equations: one neglects the variations of the
surface elevation for the domain of definition to the velocity potential as well as the variations
of the immersed part of the object, and the pressure is recovered using a linear approximation
of Bernoulli’s equation in terms of the velocity potential, which is itself computed using Green’s
functions. The resulting model is very efficient from a numerical point of view but, due to
these many approximations, cannot be used when nonlinear effects are important, in extreme
sea conditions for instance.

More recently, a strategy was proposed in [30] to derive wave-structure models based on other
approximations of the FNPF system. More precisely, the idea was to use the important advances
performed in the last two decades on the derivation and justification of shallow water asymptotic
models; see for instance [24, 1, 25, 26] and the review [31], and to use these models to build
new wave-structure interactions systems. Compared to Cummins’ equation, the limitation is
that the range of validity of these models is restricted to shallow water while the advantages
are that they are able to capture nonlinear effects and that very efficient numerical codes have
been developed for such wave models and are therefore likely to be used for the “wave part”
of such wave-structure models. To describe better this approach, let us briefly describe it on
the physical configuration considered in this article, namely, a fixed vertical cylinder partially
immersed in a 2 4+ 1 layer of fluid with a flat bottom; see Figure 1. Denoting by = € R? and
z € R the horizontal and vertical coordinates, the bottom is located at z = —Hy and the surface
can be represented at time ¢ by the graph of a function ((¢,-). At time ¢, the fluid domain is
therefore given by

Q) = {(z,2) e R*™| — Hy < z < ((t,2)}.

The horizontal plane R? is decomposed as R? = Z U £ U I', where T is the projection on the
horizontal coordinates of the wetted part of the object; this region is called the interior region;
the projection of the part of the surface which is in contact with the air is called ezterior region
and denoted &; finally, I' denotes the projection of the contact line. Finally, the bottom of the
object is parametrized by a function (y, where the subscript w is for “wetted”.

There are three steps in the strategy of [30]:

(i) Choice of the wave model. For the configuration mentioned above, the FNPF wave-
structure interaction model can be formulated equivalently as a system of evolution
equations on ¢ and on the vertically averaged horizontal velocity v. A very common
approximation, obtained by neglecting non-hydrostatic pressure terms and quadratic
interactions of the fluctuations of the horizontal velocity around its vertical average v,
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FIGURE 1. A fixed solid body with vertical sidewalls

results in the nonlinear shallow water equations,

8tC +V. (h?)) = 0,
Oy +v-Vu+gV(=— VP,

where h = Hy + ( is the depth of the water, g is the gravitational constant, p is the
constant density of the water, and P is the pressure on the water surface. This is the
wave model that we consider in this article.
(ii) Identification of the constraints in € and . We assume that the nonlinear shallow water
equations are solved in both £ and Z, but with symmetric constraints on P and (:
e In the exterior region &, there is a constraint on the pressure, namely, P = Py,
where P, is the atmospheric pressure assumed to be constant; on the other hand,
there is no constraint on (. We must therefore solve

¢+ V- (hv)=0 in (0,7)x¢&,
ov+v-Vo+gV(=0 in (0,7)x¢E.

e In the interior region Z, this is the reverse: there is no constraint on the surface
pressure which is one of the unknowns of the problem, but there is a constraint on
the surface elevation since, by definition, we must have (; = (, in Z. Here and in
what follows, we denote with a subscript i the quantities evaluated in the interior
region. Since (y is time independent in our configuration, we must therefore solve

V- (hivi) =0 in (O,T) X I,
i + v - Vu; + gViy = —%vgi in (0,7)xZT

with h; = Hg + (w; these equations have the same structure as the incompressible

Euler equations; the surface pressure P; can therefore be understood as the La-

grange multiplier associated with the constraint ( = (, while it is found through
Bernoulli’s equation in the standard FNPF approach.

(iii) Matching conditions on I'. Neither (1) nor (2) are well-posed without appropriate bound-

ary conditions on the unknowns. We must therefore provide such conditions. This is not

always an easy task. In the present case, we derive in Section 2.1 the following matching
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conditions:
N - (hv) = N - (hjv;) on (0,7)x1I,
(3) Pam + 8¢+ 30 = P+ glw + 3lui>  on (0,T)x I,
Nt.v=Nt.y on (0,7)x1I,

where N denotes the outward normal vector to I'. We also show that under such
boundary conditions, if the initial velocity field is irrotational in £ and in Z, then it
remains irrotational for all times.

The goal of this article is to prove that the wave-structure model (1)—(3) is locally well-posed
for irrotational data; see Theorem 5.

1.2. Related results. As mentioned above, it is necessary to understand the initial boundary
value problem (IBVP), which consists in solving the equations given initial and boundary data,
for the wave model under consideration. Unfortunately, the local well-posedness of IBVPs with
nonhomogenous boundary data remains an open question for most wave-models. In horizontal
dimension d = 1, the exterior domain £ is the union of two half-lines and the equations (1)-
(3) can be reduced to a transmission problem across the two connected components of £ [30].
One can check that these transmission conditions satisfy the Kreiss—Lopatinskii condition, from
which the well-posedness can be established [27]. In this one-dimensional setting, it is also
possible to deal with an object having non-vertical sidewalls: this is more complicated because
finding the location of I', which are reduced to two points, is then a free boundary problem.
This was solved in [27] where the object is also allowed to move freely under the action of the
waves, and where a general theory for hyperbolic boundary value problems in dimension d = 1 is
provided. The proof was adapted numerically in [23]. In [10], this approach was used to simulate
a wave-energy device, that is, the oscillating water column, and this one-dimensional approach
has also been extended to cover radially symmetric configurations in two-dimensions [7, 8]; let
us also mention [52] where controllability issues are investigated, and [39] where a viscous fluid
is considered.

In dimension d = 1, there are also some works dealing with other wave-models, and in partic-
ular for the Boussinesq equations which can be seen as a dispersive perturbation of the nonlinear
shallow water equations. The presence of dispersion makes the analysis of the IBVP completely
different, both theoretically [13, 4] and numerically [33], with an important role played by dis-
persive boundary layers. For practical applications, most authors use formal approximations
near the boundary to avoid this difficulty; see for instance [11, 42, 28, 22].

In order to avoid dealing with the IBVP for the wave model, some authors also proposed
to relax the constraint on the surface elevation in the interior domain: the pressure term is
then approximated by a pseudo-compressible relaxation for which efficient numerical tools exist
[20, 21]. This latter approach highlights the fact that the kind of wave-structure interaction
we consider here is a particular instance of congested flow. Such models appeared first as
an asymptotic model for two-phase flows [12] and are also relevant in biology [47], collective
dynamics [19, 37| or granular flows for instance; it is the maximal packing constraint at the
particle level that induces the congestion constraint at the macroscopic level. In the literature
devoted to congested flows, a distinction is often made [46] between soft congestion models where
a single model of compressible type with a singular pressure law is used in the whole domain,
and hard congestion models where the two phases are separated by a possibly free boundary.
The model we study in this article fits therefore in the category of hard congestion models. Such
models have generally been addressed from the point of view of weak solutions [6] but strong
solutions have also been considered more recently in [2, 17, 18], where smooth solutions have
been constructed in the neighborhood of explicit propagation fronts.
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Contrary to the previous references our present work deals with the case of strong solutions
in horizontal dimension d = 2. Even in the broader context of congested flows, this is to our
knowledge the first mathematical result of this kind. One of the main obstructions in the two-
dimensional case is the difficulty to handle the IBVP, even in the hyperbolic framework of the
nonlinear shallow water equations. As we shall see in Section 2, the wave-structure interaction
problem formed by (1)—(3) can be reduced to an IBVP for the nonlinear shallow water equations
(1) in € with nonlocal in space and time boundary conditions on I" that do not fit in any category
of boundary conditions for which quasilinear hyperbolic IBVP are well-posed. Contrary to the
one-dimensional case which is well understood [27], the well-posedness of IBVP for quasilinear
hyperbolic systems in general domains remains open in many cases, and even the well-posedness
of the linearized equations raises important difficulties.

The well-posedness in Sobolev spaces of linear hyperbolic IBVPs in certain classes of regu-
lar domains €2 is known when the boundary is non-characteristic, the differential operator is
symmetrizable, and with strictly dissipative boundary conditions whose notions are defined in
Section 4; even if the boundary conditions are not strictly dissipative, it is possible in certain
cases, in particular, in the case where the so-called Kreiss—Lopatinskii condition holds, to con-
struct a Kreiss symmetrizer that reduces the problem to the case of strictly dissipative boundary
conditions; see the works of Majda [34], Métivier [41], and the book of Benzoni and Serre [5].

When the boundary is not non-characteristic, which is the case in this article, if the boundary
condition is maximal dissipative and under the assumption that the rank of the boundary matrix
is constant on the boundary, one can use energy methods as in the non-characteristic case for
strictly dissipative solutions; however, in general, one has to work in conormal Sobolev spaces,
and there is a loss of half a derivative in the energy estimates with respect to the boundary
data. This is the reason why most studies assume homogeneous boundary data; we refer to the
works of Secchi, and in particular to [51] and references therein, where the case of quasilinear
systems is treated with linear homogeneous boundary conditions. In some particular cases, it is
not necessary to work with conormal Sobolev spaces because some additional information can
be obtained from the analysis of the vorticity or a similar quantity; this is for instance the case
for the compressible Euler equations [50] with homogeneous boundary condition on the normal
velocity, and for systems having a particular structure exhibited by Ohkubo [44].

When the boundary conditions are not maximally dissipative, it is natural to try to extend
the construction of Kreiss symmetrizers to the characteristic case; this was done by Majda and
Osher [40] under the quite restrictive assumption that the boundary matrix is of constant rank
in the vicinity of the boundary. In this situation, the failure of the uniform Kreiss—Lopatinskii
condition typically induces a loss of derivative in the energy estimate, as shown for instance
by Coulombel and Secchi for 2D compressible vortex sheets [14], so that solving the nonlinear
problem requires the use of a Nash-Moser iterative scheme [15].

There are several reasons why we cannot use these results here. A first reason is that we have
to deal with non-standard boundary conditions that are nonlocal in space and time; for such
boundary conditions, the notion of Kreiss—Lopatnskii condition is not very clear and several
technical steps such as localization arguments to reduce to the case where the domain € is a
half-space are not valid. A second reason is that the boundary conditions are fully nonlinear. A
third reason is that the boundary matrix does not satisfy the constant rank assumption, and a
fourth one is that the boundary conditions are not maximally dissipative.

We are however able to transform the equations into a new system that satisfies the constant
rank assumption, for which we exhibit a generalized vorticity that allows us to work with stan-
dard Sobolev spaces instead of conormal ones. We also exhibit a new kind of weak dissipativity:
contrary to the strict or maximal dissipativity conditions, this new form of dissipativity holds
only in integral form in space and time, but we show that it is sufficient to avoid derivative
losses. The specific structure of the equations also allows us to quasilinearize the equation by
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time differentiation only, that is, we do not need for spatial differentiation, and a priori estimates
allow us to obtain a well-posedness result at the critical quasilinear regularity H3.

1.3. Organization of this article. Our first goal is to derive the wave-structure interaction
problem (1)—(3) and to further reduce it to an IBVP in the exterior domain €. This is done in
Section 2. The first thing to do is to derive the last two matching conditions in (3): we show
that conservation of the total energy yields the continuity of the Bernoulli pressure across I" and
then explain why the continuity of the tangential velocity is a natural condition to be imposed
if we want that a flow preserves irrotationality. By solving the equations in the interior domain,
we are then able to reduce the coupled compressible-incompressible system (1)—(3) into an IBVP
for (1) with boundary conditions that involve the Dirichlet-to-Neumann map associated with
the interior domain.

We then gather in Section 3 some notations and technical results that will be used throughout
the article, such as the construction of normal-tangential coordinates, the definition of function
spaces, and some properties of the Dirichlet-to-Neumann map.

We turn to the study of linear hyperbolic IBVP in Section 4. In this section, we begin to
work with the case where the boundary is non-characteristic for a wide class of systems. The
system that we have to deal with is characteristic and adaptations will be done in the latter
part of this section. One of the objectives in this section is to insist on the notion of weak
dissipativity. We show that this notion, that is weaker than the standard strict and maximal
dissipativity conditions, is sufficient to derive higher order energy estimate without derivative
loss. Then, we work with a case where the boundary is not necessarily non-characteristic. We
impose some structural conditions to the equations, which allow us to introduce a generalized
vorticity. This generalized vorticity compensates the lack of the invertibility of the boundary
matrix to evaluate normal derivatives of the solution.

We then show in Section 5 that this notion of weak dissipativity can be used to obtain a
priori estimates for our nonlinear wave-interaction problem. Since this system has been built
to conserve the total energy, we get easily a control of the L?-norm of the solution. In order
to get higher order estimates, we need to obtain L?-estimates for the linear IBVP satisfied by
the derivatives of the solution. However, the boundary conditions for this linearized system do
not seem to satisfy any kind of dissipativity even in the weak sense of Section 4; moreover, the
boundary is not non-characteristic for this system, and the constant rank assumption mentioned
in Section 1.2 is not satisfied. Our strategy to answer these issues is first to use the irrotationality
condition to transform the problem into another equivalent one, but for which the constant rank
assumption is satisfied. In this new formulation, the boundary condition on the tangential
velocity is also removed. We then remark that if we include lower order terms in the linearized
equations, it is possible to perform a change of unknown that greatly simplifies the boundary
condition and that makes it weakly dissipative. The only thing left to do is therefore to check that
the transformed system satisfies the structural conditions introduced in Section 4. Gathering all
these results, we obtain nonlinear a priori estimates at the quasilinear threshold of regularity.

We then turn to prove the existence of solution. With start in Section 6 where we show the
well-posedness of a class of linear IBVP that has the same structure as the linearized equations
associated with the wave-interaction problem, after the change of unknown exhibited in Section 5
has been performed; in particular, the coefficients of the space derivatives are constant. We first
propose a regularization of the problem that is non-characteristic and with strictly dissipative
boundary conditions so that existence follows by standard results; a difficulty is to construct,
starting from data that are compatible for the original system, some approximate data that are
more regular and satisfy higher order compatibility conditions for the regularized system. This
part is made quite delicate by the fact that the original problem is characteristic. Once this is
done, it suffices to prove uniform estimates for the regularized system, and to use compactness
arguments to pass to the limit. We must then check the continuity in time of the limit. During
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the whole process, we manage to lower the usual regularity requirements on the coefficients of the
operator, a fact that proves crucial later to get critical regularity in the nonlinear well-posedness
result.

We can then prove the main result of this article in Section 7. A difficulty is that while the
nonlinear shallow water equations are quasilinear, the boundary conditions are fully nonlinear.
We must therefore reduce the problem to a system of quasilinear equations. Using the specific
structure of the equations, it is possible to introduce a set of new unknowns that involve only
the original unknown and its time derivative, and that satisfies a system with is quasilinear.
We can use the linear existence result of Section 6.4 to build a standard Picard scheme on this
extended system. Since this procedure requires additional regularity on the data, we also need
to approximate the data by a sequence of more regular data satisfying higher order compatibility
conditions, from which we get a sequence of approximate solutions. We can then use the a priori
estimate of Section 5 to pass to the limit and get a solution that has sharp regularity.
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2. MODELING

The goal of this section is to reduce the whole wave-structure interaction problem described in
the introduction to an initial boundary value problem for the nonlinear shallow water equations
in the exterior domain. In Section 2.1, we present the set of equations in the exterior and interior
domains, as well as a continuity condition on the normal mass flux at the interface. In order
to close the system of equations, an additional condition is needed at the interface; we show in
Section 2.2 that imposing the conservation of the total energy leads to a continuity condition for
a quantity that we name Bernoulli pressure. Even with this additional condition, we show that
one cannot expect uniqueness of the solution. A way to discard this obstruction to uniqueness is
to impose irrotationality of the solution; as shown in Section 2.3 this leads to impose continuity
of the tangential velocity at the interface. We then show in Section 2.4 that this irrotationality
assumption is reasonable inasmuch as it is propagated from the initial condition; this is not
a trivial point because the vorticity equation is not non-characteristic in our setting. We are
then in a position to reduce the wave-structure interaction problem to an initial boundary value
problem in the exterior domain; this is done in Section 2.5; note that the boundary conditions
for this problem are not standard, as they are nonlocal and involve the Dirichlet-to-Neumann
map associated with the interior domain.

2.1. Shallow water model. We recall that we investigate the interactions between waves of
the water and a partially immersed solid body which is placed on the water surface. We assume
that the solid body is fixed and has a vertical sidewall whose projection on the horizontal plane
is a smooth Jordan curve I" of length L; see Figure 1. We call interior region and denote by
Z the interior of the domain delimited by this curve I', and similarly call exterior region and
denote by &£ the outer domain delimited by this curve. We also denote by N the unit normal
vector on I' pointing from Z to &.

We suppose also that the water surface at time ¢, the bottom of the wetted part of the solid
body, and the bottom of the fluid layer are represented as z = ((t,z) for z € &, z = (y(x)
for z € 7, and z = —Hy with a positive constant Hg, respectively. Therefore, the depth of
the water under the water surface and under the solid body are given by h(t,z) = Hy + ((t,x)
and hi(z) = Hy + (w(x), respectively. We denote by v(t,x) and v;(t,z) the vertically averaged
horizontal velocity fields under the water surface and the solid body, respectively. Then, the
nonlinear shallow water model proposed in [30] consists of the nonlinear shallow water equations
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in the exterior region

(4)

¢+ V- (hv)=0 in (0,7) x €&,
v+ (v-Vo+gV(=0 in (0,7) x¢E,

the nonlinear shallow water equations in the interior region

) V- (hivy) =0 in (0,7) xZ,
dpoi + (vi - V)i +gViy + 5VP =0 in (0,T) x Z,

and the matching condition on the curve I'
(6) N - (hv) =N- (hi’Ui) on (O,T) X F,

where g is the gravitational constant, p is the constant density of the water, and P;(t,x) is the
pressure measured on the bottom of the solid body. This matching condition represents the
continuity of mass flux across the interface I'. Here, we note that this matching condition is not
enough to close the equations and to ensure the local well-posedness of the initial value problem.
In particular, in order to determine the pressure P; from the interior equations (5), boundary
data must be provided at the interface I'. Such boundary conditions for the pressure can be
obtained, as in the one-dimensional case [39, 9, 13], by imposing the conservation of the total
energy.

2.2. Conservation of the total energy. Since the object is fixed, the conservation of the
total energy of the system, that is, the water and the solid, is equivalent to the conservation of
the mechanical energy, that is, the sum of the kinetic and the potential energies of the fluid,
denoted by €guiq(t) at time ¢t. The mechanical energy €qyuiq(t) is the sum of the mechanical
energy of the water below the water surface and below the fixed solid structure

Eauia(t) :/ge(t,-)—i—/zei(t,-),

where the densities of the energies ¢ and ¢; are given by

e = gphlo* + 5pgC®,  w = 3philuil® + $pely.
Now, suppose that ({,v) and v; satisfy the nonlinear shallow water model (4)—(6). It follows
from the nonlinear shallow water equations (4) and (5) that

Oe+V-§=0 in (0,7) x €&,
Oe; +V -3 =0, in (0,7)x7Z,
where § and §; are the energy fluxes in the exterior and interior regions respectively, that is,
§ = Ilhv, Si = Iihjv,

where II and II; denote the Bernoulli pressures in the exterior and interior domains respectively
and are defined as

(7) II=p(gl+3[v)*), I =P;— Pam + p(gl + 3uil?),

where P,tm is the atmospheric pressure, which is assumed to be constant. These equations
together with the matching condition (6) yield that the conservation of the energy %eﬂuid(t) =0
is equivalent to

/F(H—Hi)th:O.

Taking this into account we impose additionally the continuity of the Bernoulli pressures across
r

(8) =1L on (0,7)x 1,
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under which we have the conservation of the total energy.

Remark 1. If the pressure were hydrostatic in the fluid, then the boundary condition for P;
should be

P; = Py + pgl — pgCw  on  (0,T) x I

this differs from (8) by nonlinear terms that account for the hydrodynamical pressure and are
necessary to ensure total energy conservation.

2.3. A supplemental matching condition. The matching conditions (6) and (8) are still
underdetermined, that is, under these matching conditions the nonlinear shallow water equations
(4) and (5) with the initial conditions

(C?U)\t:o:(gin7vin) in 57

cannot determine uniquely the solution (¢, v, v;). In fact, we have the following simple example
of multiple solutions.

Let us consider the case where I' is the unit circle |z| = 1, the bottom of the solid body is flat
so that (y is a negative constant, and the initial data are identically zero (¢'*,v™) = 0. Then,
we can construct solutions (¢, v, v;) satisfying (¢,v) = 0 and v; # 0 as follows. In this case, v;
should satisfy

(9) Vv =0 in (0,7) x7Z,
Ov; + (vi - V)v; + %Vﬁi =0 in (0,7)x7Z,

with the boundary conditions

(10) N-vi=0 on (0,7) x IZ,
Bi = Patm — P(%”UiP + gCW) on (OaT) x OT.

It is easy to check that this problem has a one-parameter family of solutions

vi(z) = axt,
Pi(x) = Pam — p(3a2(2 — |of2) + gGy)
with a parameter a € R, where we write v+ = (—wvg,v1)T for a vector v = (vy,vo) 7.

One of the ways to exclude these multiple solutions is to impose an initial condition on v; since
the equations (9) for (vi, P;) are nothing but the incompressible Euler equations. The initial
boundary value problem associated with these equations in Z and Neumann boundary condition
N -v; =0 on [ is well posed, in particular, the value of P; is determined by the initial data up
to an additive constant and cannot be imposed as the second condition in (10). In other words,
the initial value problem associated with (9) and (10) is overdetermined.

Another way to exclude these multiple solutions is to impose the irrotationality of v;, namely,
that V- v = 0 in Z. We also impose irrotationality of v in the exterior domain &, and to avoid
the presence of a vortex line on I', we impose continuity of the tangential velocity across I', that
is,

(11) Nt w=Nt.v on (0,7)xT

as a supplemental matching condition. Under this condition, we can exclude the above multiple
solutions; the parameter a must be equal to zero. Moreover, we show in the next section that
with this matching condition, irrotationality is propagated from the initial data.
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2.4. Analysis of the vorticity. We check here that the irrotationality of v; in Z and of v in
€ is preserved under the time evolution by the nonlinear shallow water model (4)—(8) and (11).
To this end, suppose that ({,v,v;) is a solution to the model and put

w:Vl-fu, wi:VL'fui.

Then, the second equation in the nonlinear shallow water equations (4) and (5) can be written
as
12) Oy + wut + %VH =0 in (0,7)xE€,

Ov; + wiviL + %VHi =0 in (O,T) X T,
respectively, where the Bernoulli pressures II and II; are defined as in (7). Applying the curl
operator V1 to these equations, we have

Ow~+V-(wv)=0 in (0,T)x¢E,
Owi + V- (wivi)) =0 in (0,T) xZ,

which together with the first equations in the nonlinear shallow water equations (4) and (5)
yield

H(%)+v-V($)=0 in (0,T)xE,

O (7) +vi-V(3) =0 in (0,T)xZ,
so that ,

W)+ V- (2v)=0 in (0,T)xE,

2 2
O (7-) + V- (Fu) =0 in (0,T)xZ.

On the other hand, taking the inner products of the equations in (12) with N+ and using the
matching conditions (8) and (11) we have

wN-v=wiN-vi on (0,7)x1TI.

Therefore, we see that

d w? w2 w? w2
el hadl Fi) ZN-v— N .y
dt</gh+/zhi> /F<h " h ”>

Z/F<%+%l> (WN - v —wiN - v;)
—0,

where we used the matching condition (6) in the second equality. This shows that if w(0,-) =0
and w;(0,-) = 0, then w(t,-) = 0 and w;i(t,-) = 0 for all ¢. In other words, irrotationality in Z
and & is preserved under the time evolution by the nonlinear shallow water model (4)—(8) and
(11). In the following of this article, we will always consider irrotational initial data so that the
following conditions hold.

(13)

Vi-o=0 in (0,7)xE&,
Vi.oy=0 in (0,7)xT.

2.5. Reduction to an initial boundary value problem. Suppose that (¢, v, v;) is a solution
to the nonlinear shallow water model (4)—(8) and (11) and satisfies the irrotationality conditions
(13). Since vi(t,-) is irrotational in Z which is simply connected, vi(t,-) has a single valued
velocity potential ¢;(t,-), that is, v; = V¢;. Even though the exterior region £ is not simply

connected, we have
/Nl-fu:/NL'vi:/Vl-vi:O,
r r I
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so that v(t,-) has also a single valued velocity potential ¢(¢,-), that is, v = V¢. Therefore, by
choosing appropriately additive functions of ¢ to the velocity potentials ¢ and ¢; we can rewrite
the second equations in the nonlinear shallow water equations (4) and (5), or equivalently (12),
- {at¢+%nzo in (0,7) x &,

B+ 1T, =0 i (0,T) x T,
which together with the matching condition (8) yield

O =0y on (0,T) x I
On the other hand, it follows directly from the matching condition (11) that

N+t .Vé=N+.Vé on (0,7)x I

Since N -V is a tangential derivative on the curve I', these equations imply that the function
¢ — ¢; is constant on (0,7") x I'. Therefore, by adding an appropriate constant to ¢ or ¢; we
may assume without loss of generality that ¢ and ¢; coincide on I', and we denote by ¢; their
common trace, that is,

1/11 Z:¢:¢i on (O,T) x I
Taking the trace on I' of the equation for ¢, and recalling that v = V¢, we see that 1; is
determined by an ODE in time forced by the traces on I" of v and (, that is,

O +gl+2w>=0 on (0,T)xT.

The knowledge of ; is enough to reconstruct the velocity v; = V¢; in Z. Indeed, the first
equation in (5) can be restated as

(14) V- (V) =0 in (0,7) %I,

which, for all time ¢t € (0,7, is an elliptic equation that can be solved with the boundary
condition ¢; = v; on I'. It is also convenient to introduce the Dirichlet-to-Neumann map A as

Ay == (N - (hiv¢i))|r§

see Definition 1 below for a precise definition of the map A. The matching conditions (6) and
(11) can therefore be understood as non-homogeneous boundary conditions on the velocity v in
the exterior region that are expressed in terms of ¢, that is,

N-(hv)=A¢y on (0,7)x I,
Nt v =0u; on (0,7)x T,

where dan = N+ -V is a tangential derivative on [I'; see Section 3.2 below.
To summarize the above considerations, the nonlinear wave-structure interaction problem
formed by (4)—(8) and (11) reduces to the nonlinear shallow water equations in &,

15) {athrv-(iw) ~0 in (0,T) x &,
Ov+v-Vo+gV(=0 in (0,7)x&

with irrotationality condition

(16) Vt.oo=0 in (0,7)xE,

and boundary conditions

an {Nl-(hv) =AY on (0,T)x 7T,
N~ v =0mt¢i on (0,T)x1I,

where 1); is found by solving the forced ODE on I’

(18) Oy = —gC — 5[ on (0,T) xTI.
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Remark 2. We note that in this formulation of the nonlinear shallow water model the velocity v;
and the pressure P; have been eliminated. However, as explained above vi = Vi can be deduced
from 1; by solving an elliptic boundary value problem for ¢;, while the pressure can be recovered
by

P; = Pum — p(0165 + 5[V + gGu).

Remark 3. In the one-dimensional case considered in [30, 39, 10|, the exterior domain consists

of two half lines, & = (—o00,€) U (£,4+00) for some £ > 0, and the wave-structure interaction

problem reduces to a transmission problem between the two connected components of £

(19) 0 + 0z (hv) =0 in (0,T) x ((—o0,£) U (£,00)),
O + 00,0+ g0, =0 in (0,T) X ((—00,€) U (£, 00))

with boundary conditions

(20) (hv) on (0,T) x {x = =+L},

|ac::l:£ =&
where ¢ = ¢;(t) is found by solving the forced ODE

(1) oa=lgc+ 3] m O),

with the notation [f] = f(£) — f(—={), and with o = ffe hl, In order to see that (15)—(18) is a
natural generalization of (19)—(21), we can rewrite the boundary conditions (20)—(21) as

1 d
E(h)|,_y, = F= (W =) with e =—(g(+30),_,, in (0,T).

The local well-posedness of the initial value problem to this system is a consequence of the general
results for 1d nonlinear hyperbolic initial boundary value problems of [27].

3. NOTATIONS AND PRELIMINARY RESULTS

We introduce in Section 3.1 some notations that are used throughout this article. In Sec-
tion 3.2, we construct normal-tangential coordinates in the neighborhood of I' and then define
in Section 3.3 the functional spaces that we shall need. Finally, we introduce in Section 3.4
the Dirichlet-to-Neumann map and related objects, and prove some of their most important
properties.

3.1. General notations.

— We denote generically by C' a constant of no importance, whose value may differ from one
line to another.

— We write f S gif f < Cg.

— For a two-dimensional vector v = (vy,v2)T, we write v+ = (—vq,v1)T.

— We denote by = (x1, x2) the horizontal coordinates and by 9; and 0, partial derivation with
respect to 1 and xs.

— We denote by e; and ey the unit vectors of (0z1) and (Ozg) respectively.

— If we say that a quantity depends on Qu, this means that it depends on Oyu, dyu, and Osu.

— We use Einstein’s convention on repeated indices, so that a;b; = ai1by + abs.

— If u = (uy,uz,u3)’ € R, we write u! = u; and u'l = (ug,u3)?.
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3.2. Normal and tangential coordinates. We assume throughout this article that I', the
projection of the contact line on the horizontal plane, is a positively oriented Jordan curve of
C°-class. To fix the ideas, we suppose that I" is parametrized by the arc length s as z = y(s) =
(71(5),72(s))T for 0 < s < L. As usual, we can regard z = ~(s) as a function of s € Ty, ~ R/L.
Then, it holds that |y/(s)| = 1 and that the unit normal vector n(s) at v(s) to the curve I’
pointing towards the exterior is given by

n(s) = —'(s)" = (3(s), = (s)"
We also denote by Z the region enclosed by I', and by £ the outer region.

Near the boundary I of the exterior and interior domains £ and Z, it is convenient to work with
normal-tangential coordinates rather than the cartesian ones. Recalling that I' is parametrized
by its arc length s through an L-periodic function v, we have that v"(s) = x(s)¥'(s)* =
—k(s)n(s), where k(s) is the scalar curvature of the curve I" at y(s). For rg > 0 we define a

map 0 : (—rg,70) X Tr, 3 (r,s) = 0(r,s) € R? by
(22 00r,5) = 2(s) + rmls) = (110 H 7))
Then, it holds that

20(r, s)
det =1 .
e <8(r, 5 ) + rK(s)
Therefore, if we take 7o > 0 so small that ro|k|pe(r,) < 1, and define a tubular neighborhood
Ur of I' by

(23) Up ={x=0(r,s) € R?|(r,s) € (—rg,r0) x T},

then the map 6 : (—rg,r9) X Ty, = Ur is a C*°-diffeomorphism. Each point of Ur can therefore
be uniquely determined by its normal-tangential coordinates (r,s). We will also repeatedly use
a cutoff function xy, with support in Ur, equal to 1 in a neighborhood of I" and depending only
on the normal variable; such a function can be defined on Uy as

(24) (Xb o 6)(T7 S) - X(T)v
where x is a smooth cutoff function with support in (—rg,79) and equal to 1 in the neighborhood
of the origin; it is extended by 0 in R?\Ur.

Associated with these normal-tangential coordinates, we can define normal and tangential
derivatives of functions f defined in the neighborhood I" by

(Dnorf)oezar(foe)y (Dtanf)oezas(foe)'

Then, we have
anor:j\[’va atan:T'vy

where T o 6 = (1 + rx(s))v/(s) and N o § = n(s) = (—+/(s))*. We note that D, and dgan
commute with each other. Conversely, we have a decomposition

L
T2
For a vector field f defined in the neighborhood I' we see that
(V-f)ob=J"V,s (J(00) " fob)
=T HO(J(N - £)00) + (ST £) 0 0)},

where 96 stands for the Jacobian matrix of the map 6 and .J = det(9) = 1+7k(s). This implies
that

(26) V-f=JYour(JN - ) +0un(J 1T £},

(25) V= Nanor + Tatan-
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where J o6 = J. Moreover, putting f = J "N f and J~'Tf in this formula and noting |T| = J
we have also

J_lanorf =V (J_le)7
(27) {J_lbtanf = V- (J'Th).

3.3. Function spaces. We introduce function spaces for functions of space, of time, and of
space and time.

3.3.1. Norms in space. We denote by LP(E), LP(T), and LP(I") with 1 < p < oo, the standard
Lebesgue spaces on £, Z, and I, respectively. Double bars are used to denote norms on the
two-dimensional domains £ or Z and simple bars on the curve I, for instance,

1/2 1/2
uuumz(/ﬂ \u(w)yzdx) , rg\W):(/F !f(w)lzdfx>

with Q = & or Z. When no confusion is possible on the domain of integration, we write ||u||z»
or even |[ul|, instead of |[ul|zr(q) and similarly |g|z» or |g], instead of |g|ze(r).
We define LP Sobolev spaces of order m € N as
W™P(Q) = {uc LP(Q)|ddkue IP(Q),0<j+k<m} (Q=EorT)

endowed with its canonical norm. We put H™(Q) = W"™2(Q). Note that in Ur, Sobolev
norms can be defined equivalently in terms of cartesian and normal-tangential derivatives. In

the proposition below, we write 0% = 01 222, for all a = (a1, az) € N2

Proposition 1. For all m € N, there exists a constant ¢, > 0 depending only on m and I" such
that for all reqular function f supported in Up, we have

1 (07
C_HfHHm(UF) < Z 0% fll L2y < emllf lam @wyy-
m aeN2 |a|l<m

We can define also fractional Sobolev spaces of order s € R on I' by using the fact that the
curve I' is parameterized by the arc length s as © = ~(s), which induces a natural isometry
between L?(Tr) and L?(I"). More precisely, we define

H(I) ={g€ Z'(I')|goy € H*(TL)}
endowed with its canonical norm, where H*(T}) is classically defined through Fourier series.

3.3.2. Weighted norms in time. We say that f € Lit = L8(0,t) with 1 < p < oo and X > 0, if

e M f e LP(0,t) with canonical norm

t ) 1/p
g, = ([ e irerar)
t 0

We also denote by I, ;(-) the norm of L(0,¢) N L3(0,t) defined as
(28) Da(f) = sup e M [F(E)] + VAL .

t'e[0,t]
which is not the canonical norm of L°(0,¢) N L2(0,t) because of the factor v/ in front of
the second term. The reason why we introduce it is because this quantity arises naturally in
hyperbolic energy estimates; see Section 4 below. We denote by S} ,(-) its dual norm for the

L3(0,t) scalar product, that is,

(20) S(f) = sup{

©p

[ e rwetrar

0

FVREn



THE 2D NONLINEAR SHALLOW WATER EQUATIONS WITH A PARTIALLY IMMERSED OBSTACLE 15

In particular, for all ¢ € L(0,t) N L3(0,t), we have

/0 D F(#)p(t)dE < I () SLa()):

From this definition, we get directly the following upper bounds

(30) Sl Wy, and - S300) < =flsg
3.3.3. Mized norms. For all m € N, we denote by C{*((0,7) x ) with Q@ = Z or £ the space

of functions that are continuous and bounded in (0,7") x €2, as well as their space and time
derivatives of order up to m.

Regularity for solutions to hyperbolic systems on (0,7 x £ is typically measured in the spaces
W7 with m € N defined as

= () ¢/ ([0,T]; H™(£))
=0
endowed with its canonical norm

(31) [ullwy == sup [lu(@)ll,, and [fu(®)]l, ZH@]u M zm—i )

te[0,7
We also introduce similar quantities, but with only non—normal derivatives involved. For o =
(ap, 1) € N2, we write
=070
and define, for functions u supported in the tubular neighborhood Ur where the normal-
tangential coordinates are well defined,

(32) Ol == > Ifu®)lr2e)-
a€eN? |a|<m

For a technical reason we use an LP version of the space W7 defined as

m
Wi = () C7([0, Tl W=7 (€))
j=0
endowed with its canonical norm || - [|yym» together with |-,

For functions defined on I' and depending also on time, we introduce the space LI/( A ()
defined for 1 < p < oo and s, \ € R as

(33) LY HP(I) = L5 (0, ¢ H*(D));

as well LitHfm)(F) with m € N defined as

(34) L3 (Hiy (T) = {g € LP(0, 6 H¥(T)) [ 19l sy, (ry € TR0, 1)},
where

(35) 9Ol = > )=,

aeN? |a|<m

m+1/ 2 , to which the

solution 1; to the nonlinear wave-structure interaction model (15)—(18) belongs, as

and endowed with their canonical norms. We introduce also the space W

Wi ? = () (0, 7] BT (T)),
§=0
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3.4. Extension operator and Dirichlet-to-Neumann map. Functions defined on the curve
I" can be extended as functions defined in the exterior domain £ or in the interior domain Z. For
the extension to the exterior domain, we will repeatedly use the fact that there is a regularizing
extension.

Proposition 2. Let 0 be the diffeomorphism constructed in (22). For all m € N and ¢ €

Hm_l/z(F), there exists an extension denoted V°** of v, compactly supported in € N Ur such
that ™ 0 6 € C([0,70); H™ Y2(TL)) and ¢t € H™(E), and that satisfies

T/Jethr =v¢ and ‘|¢6Xt‘|HM(€) < C|7/)|Hm71/2(p)
for some constant C' that depends only on I' and m.

Proof. Denoting (D) = (1—02)"/2, such an extension satisfying the properties of the proposition
is given by,

U o f(r, ) = x(r)x(r{D)) (¥ 0(0, ),
where r € [0,79] and y denote a smooth function supported in [0, rg) satisfying x(0) = 1. O

We can also extend functions defined on I to functions defined on the closure Z of the interior
domain. A natural extension of a function ¢ defined on I is provided by a harmonic extension
Y. More precisely, for any 1 € H'Y/2(I'), Y is defined as a unique solution in H'(Z) to the
elliptic boundary value problem

. (h: by — ;
(36) {vh (hiVy") =0 in Z,
P = on [

This is a natural extension in our context, because if ¢; denotes the velocity potential associ-
ated with the average velocity under the object of a solution to the nonlinear wave-structure
problem, then (14) shows that ¢; solves the above elliptic equation in the interior domain with
the boundary data 1 = ;. Note that existence and uniqueness of the solution " follow from
standard variational arguments under the assumption that h; does not vanish. We therefore
make the following assumption throughout this article.

Assumption 1. There exists a positive constant ¢y such that the followings hold.
(i) by € C>(T).
(ii) hi(x) > ¢o for xz € I.

Under this assumption, for each ¢ € H/ 2(I') the boundary value problem (36) has a unique
solution " € H'(Z). Moreover, (N - (hivwh))| can be defined as a function in H~Y2(I").
Therefore, the following definition makes sense.

r

Definition 1. Under Assumption 1, we define the Dirichlet-to-Neumann map A as

HY>(I'Y — HY*(D)

Ay o (N (V"))

Iro

where Y is a unique solution to the boundary value problem (36).

The following proposition gathers some properties of the Dirichlet-to-Neumann map; we use
the notation (-,-) 172, g1/2 for the standard H~Y/2(I")-H'/?(I') duality bracket.

Proposition 3. Under Assumption 1, the following properties hold.
(i) There exist positive constants ¢ and & that depend only on I', co, and ||h;||pe () such
that for any ¢ € H'2(I'), we have

E‘atanwﬁ'{—lm S <A1/}71/}>H*1/2 xH1/2 S glatanw‘?r{flm-
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(ii) For any 1,1y € HY?(I'), we have
(A1, o) 1725 iz = (A2, Y1) 1725 g1/
(iii) For any k € N, A maps H*/2(I') to H*=Y2(I") and we have
A ge—1/2 < CPiant| gre-1/2,

where the constant C' depends only on k, I', ¢y, and [ hill .00 () -
(iv) For any positive integer k, we have

|[Dlt€an’A]w|H*1/2 < Ol|atan¢|Hk73/2,
|[D§an7A]w|H1/2 < O2|Dtan¢|Hk71/2,

where the constant Cy depends only on k, I, co_l, and ”hi”W}c,oo(I), and the constant Cy
depends also on ||kl yrs1,00(7)-

Proof. The first two points are standard and follow easily from the relation

(M1 Vg s = [ 1V Vs,
The third point follows from the classical elliptic estimate
(37) ||V7;Z)h||Hk(I) S [0ant| grr-1/2;

for more details on this estimate, see for instance [38]. For the fourth point, we note first that
AT/) = (N . (hiVQﬁh))‘F = (hibnorﬂ)h)‘F, so that

(38) [afanv A]¢ = (N : (hiv(XbDfanwh - (Dfan¢)h))) Ir + ([Dfan7 hi]anor¢h)|p7
where yp, is the smooth cutoff function with support in U defined in (24) and we have used the
fact that 0ty commutes with 0,0, = N - V. The quantity Xbafanz/}h is defined and compactly
supported in Z N Up; we extend it by zero and consider it as a function defined in the whole
interior region Z. Then, we note also that in view of (26) the elliptic equation in (36) can be
written as
Dtan(J_lhiatanwh) + anor(t]hianorwh) =0 in ZInN UF,
so that we have
atan(J_lhiatan (Dﬁanwh)) + Dnor(Jhianor(afanwh))
= _Dtan([aﬁana J_lhi]Dtanwh) - Dnor([aﬁana Jhi]0n0r¢h) in N UF-
In view of (27) we can rewrite this equation as
V- (VEE W)=V -F in InNUp,
where
Fo = _J_l(T[afanv J_lhi]Dtanwh + N[D‘Isanv Jhi]DnorT;Z)h)'
Now, we define ¢¥) as
T/J(k) = Xbalganwh - (Dﬁanw)h'
Then, we see that (%) solves the boundary value problem

(30) V- (V") =V.-F+f in T,
Pp*) =0 on I,
where
F=xpFo+ 2hi(Dfan¢h)VXb7

f==Vxu-Fo— (V- (hiVxp))ok, 4.
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It is easy to see that (V- F)|,. = —([oF,,, hi]onort"), ., which together with (38) implies

Ir

(40) [aﬁamA]?ﬁ = (N - (h1v¢(k) - F))|
Therefore, for any ¢ € H/ 2(I') we see that

re

<[a]t€an7A]w71;>H71/2xH1/2 = /IV . ('l;h(hivw(k) — F))
- / (P - (hVy® — F) + Vg (V) — F)}
T

- /(d*{f _ b ),
A

where we have used (39) and the fact that ¥h solves the boundary value problem (36) with
1) = ). This identity yields

{[Ofans A0 ) -1z el < NE 2@ 19 )
S AVl nrzy 92,
which together with (37) with k& replaced by k — 1 gives the first estimate. As for the second

one, it is sufficient to evaluate (40) directly by the trace theorem. In fact, by a classical theory
on elliptic boundary value problem we see that

|OF s A 12 S IVEH 2y + | F L oy
SN ey + 1l
S IV vy,
which together with (37) gives the second estimate. O

4. A PRIORI ESTIMATES FOR LINEAR HYPERBOLIC SYSTEMS WITH WEAKLY DISSIPATIVE
BOUNDARY CONDITIONS IN AN EXTERIOR DOMAIN

We consider in this section the following system of n equations cast in the exterior domain &
(41) Owu + Aj(t,x)0ju+ B(t,z)u = f(t,x) in (0,T) x €,

where f is a R™-valued function defined in (0,7") x £ for some T > 0, while Ay, A, and B take
their values in the space of n x n real-valued matrices. We recall that throughout this article,
we use Einstein’s notation on repeated indices so that, for instance, in (41) above, A;(t,z)0;u
stands for Aj(t,z)01u + As(t, x)dou.

Our goal in this section is to derive a priori estimates for regular solutions to (41) subject to
some boundary conditions. Since the boundary conditions we have to deal with in this article
do not fit into any known class of boundary conditions, such as maximal dissipative or strictly
dissipative conditions, for which such a priori estimates are known, we introduce a new and
more general notion of weak dissipativity that allows the derivation of such estimates.

Throughout this section, we assume that there exists a Friedrichs symmetrizer S(¢,z) in the
following sense.

Assumption 2. There exists a n x n real valued symmetric matriz S(t,z) defined in (0,T) x €
such that for any (t,z) € (0,T) x €, matrices S(t,x)A;(t,x) (j = 1,2) are symmetric and the
following conditions hold.

(i) There exist constants o, Sy > 0 such that for any (v,t,x) € R™ x (0,T) x £ we have

aolv]* <v- S(t,x)v < Bolvl*.
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We also denote by ﬁ(i)n the best constant such that the second inequality holds at t = 0
for all (v,z) € R™ x £.
(ii) There exists a constant 31 such that for any (v,t,x) € R™ x (0,T) x £ we have

v - (O S(t, ) + 0;(S(t, x) A (t,x)) — 2S(t, 2)B(t,z))v < B1|v]*.

The organization of this section is as follows. In Section 4.1, we derive a priori estimates for
solutions to (41) that vanish in a neighborhood of the boundary. On the contrary, in Section 4.2
we deal with solutions which are supported near the boundary. In this case, we have to control
the contribution of the boundary term in the energy estimates. Various notions of dissipativity
can be found in the literature to deal with this boundary contribution, but none is adapted to
deal with the initial boundary value problem associated with (15)—(18). We therefore introduce,
for general hyperbolic systems of the form (41), a notion of weak dissipativity and show how
it can be used to derive a priori estimates. Finally, we extend in Section 4.3 this result to the
general case where no assumption is made on the support of the solution.

4.1. A priori energy estimates away from the boundary. We first provide energy esti-
mates for solutions that vanish near the boundary I'. This is the simplest configuration since the
boundary contribution in the energy estimates then vanishes. As in [27] for the one-dimensional
case, we provide a sharp dependence on the source term which improves the classical estimates;
see for instance [5]. In order to do so we use the quantities I, ;(-) and S} ,(-) defined in (28) and
(29), respectively.

Proposition 4. There exists an absolute constant C such that under Assumption 2, any reqular
solution u to (41) that vanishes in a neighborhood of I' satisfies

Dua(lu)lz2e)? < CEE[[u(0, )26y + CL285 (1 F Ol z2(e))?

for any A > 5_(1) and t € [0,T], where the constants g, By, B, and B1 are those in Assumption
2 and Iy4(-) and S} ,(-) are defined in (28) and (29).

Proof. For the sake of clarity we simply denote S, A;, and B instead of S(¢,x), A;(t,z), and
B(t, ), while (-, )72 stands for the standard scalar product in L?(€). Since SA; symmetric, we
have

(42) 2514]8]11, U= 8](514]'& . u) - (OJ(SA]))u - u,

and since u vanishes at the boundary we easily get that for all positive number A,

% {6_2’\t(5u, w2} + 2xe M (S, u) 2
=2 2A(Sf u) 2 4+ e 2M((0,S + 0;(SAj) — 2SB)u,u) 2.

Owing to Assumption 2 the last term can be absorbed into the left-hand side if we take A so
large that A > 2—(1) Then, integrating it in time yields therefore

t

(S, w) )2 < (Su(0),u(0)) 4 +2 /O 2 (SF(E), u(t)) 2t

2

where 1, At([f) is defined as

(43) L) = e MO+ VA Fl1z
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it differs from the quantity I +(f) defined in (28) by the fact that the first term in the right-hand
side is supy e € M| £(#)] in (28). By definition of S53.4(+), we have

2/0 e (SF(E), ult')) 2dt! < 285, ((SF. )5 ) Ine(Su,w)}2)

<~ L((Su,w) )2 + 485, (S )2

»-bl}—t

We have therefore
1~ 1
S (S, u)5)? < (Su(0),u(0) 2 + 1 Ine((Sw,w), ) + 483, ((SF. )5
Since the right-hand side is an increasing function of time, this inequality is still true if we
replace the left-hand side with 1, y((Su, u)l/ 2)2 for any ¢’ € [0,t]. It follows easily that the

inequality is also true with %I At((Su,u) L/2 )2 in the left-hand side. The proposition follows easily

using the properties of S listed in Assumption 2. O

We can also derive higher order energy estimates using the spaces W7 introduced in (31); we
recall that [|ullwy = supg<i<p|lu(t)(l,, and |lullgwme = supoc;<rllu@)|l,, ,, where

(), leaju Nam—ie) and |lu@®)ll,,, = leaju Mwm=sn(e)

In the statement below, we use the notation du = (Jyu, O1u, agu). Concerning regularities on
the coefficient matrices Ay, Ao, and B, we impose the following assumption.

Assumption 3. Let m be a non-negative integer. There exist an index p € (2,00) and two
constants 0 < Ko < K such that the following conditions hold.

(1) [[(A1, A2)|l Lo (0,1)xe) < Ko-
(iD) [[8(A1, A2)lyym—1wie s [1Bllzeomyxe)s 19Bllym-1qpn, < K-

Remark 4. In place of the condition in (i), we may assume Ha(Al,Ag)HW?qnW% < K, which
is slightly restrictive than the above condition due to the Sobolev embedding H(E) — LP(E).
We note also that the requirement u € W3., so that du € W%, corresponds to the quasilinear
reqularity in the sense that it is the minimal integer regqularity index mqg that ensures the em-
bedding uw € WI° — Whee((0,T) x €). However, in applications, especially in the analysis of
the reqularity of solutions to nonlinear problems, the condition (A1, As) € W2 is rather strong
and causes a difficulty in the critical case m = 3; see Section 7.4.

Proposition 5. Let m be a non-negative integer. There exists a constant C' depending only
on m such that under Assumptions 2 and 3, any regular solution u to (41) that vanishes in a
neighborhood of I' satisfies

Dy (lluO)l,)? < CBO w17, + C22S55 (11 £ Oll,)?
for any A > X\g and t € [0,T], where Ay depends only on m, p, g—é, and K.

Proof. For a multi-index 8 = (8o, 81, f2) € N3, we apply 9° = 8?08{31 8252 to (41) to obtain
(44) 00" u + A;0;0°u + BdPu = fg,
where
fa=0"f —10%, Aj]05u — [0”, Blu.
The commutator terms in fz can be controlled by using the following classical commutator

estimates, which can be easily obtained by using Sobolev embeddings W!?(£) «— L*°(£) and
HY(E) «— LI(E) for any q € [2,00).
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Lemma 1. Let m be a non-negative integer, f € N® a multi-index satisfying 1 < |3| < m, and
2 < p < oo. Then, for any smooth functions f and g we have

81 Mg () s for m=1,2,
110°, Flg@) 2y S § MOL Mo gy for m >3,
10F )l masgm—1.13 9O,y for m >1.

Using this lemma, we obtain the following upper bound for the source term f3
D s® e S MF@ M+ K@)l
|8]<m

Applying Proposition 4 to (44) and summing over all 5 such that |8| < m, we get therefore
Dya(luC)ll)? < CEu(O)I2, + C2285 (1 Ol + CEX 2Dy e((l[u(),)?,

where we used the second inequality in (30) to derive the last term. By taking A large enough,
this last term can be absorbed into the left-hand side and the result follows. O

4.2. A priori energy estimates near the boundary. Energy estimates for solutions to (41)
supported away from the boundary I' have been derived in the previous section. For solutions
that do not vanish near I', an additional boundary term prevents us from getting directly the
energy estimate in Proposition 4. This boundary term comes from the integration of (42) over
£, that is,

2/ SAjaju U = —/ SAnor’LL U — ((@-(SAJ-))u,u)Lz(g),

& r

where A, is the boundary matrix, also called the normal matrix, defined by
Anor = NjAj.

Compared to the energy estimate of Proposition 4, there is therefore an additional boundary
term if the solution does not vanish in the neighborhood of the boundary, that is,

(45) D) l2)? SCE 0, )|Bae) + CL85,(1F Ol 2 e))?

+aio /0 te—w’ < /F %[u(t’)])dt/,

where the boundary quadratic form BJu| is defined as
(46) Blu| == SAports - u.

This term cannot be controlled in terms of |[u(t, -)||z2(s) by Sobolev embeddings and additional
information is therefore needed on the solution. This additional information comes from the
fact that the equations (41) should be complemented by boundary conditions on .

Example 1. A typical example consists in complementing (41) with a set of linear boundary
conditions of the form

(47) M(t,x)u =g(t,z) on (0,T)x I,

where g is an RP-valued function defined on (0,T) x I', while M takes its values in the space of
p X n real-valued matrices, so that p is the number of scalar boundary conditions.

Finding a good set of boundary conditions and a symmetrizer that provides a control on the
boundary contribution to the energy estimate is in general a difficult task that we shall not
address at this point of the discussion. For the moment we just assume that the boundary
term B[u] is weakly dissipative in the following sense; see Examples 2 and 3 below for classical
configurations leading to a weakly dissipative boundary term.
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Definition 2. We say that the boundary term Blu| associated with a regular solution to (41)
1s weakly dissipative if there exist a positive constant Ay, a non-negative and mon-decreasing
function of time Sqgatalu|(:) depending only on the initial and boundary data possibly imposed
on u, and a non-negative boundary energy function Eygry(-) such that for any X > Ao and any
t € [0,T] we have

¢
_ ’ Q
@) [ e ([ B < B )+ Sawat) + L) ey
0 r
where oy is the coercivity constant of the symmetrizer as defined in Assumption 2.

Remark 5. The coefficient 52 in front of the term In;(|[u(-)||12(g))? in the right-hand side
allows one to absorb this term by the left-hand side in the energy estimate.

When the boundary term is weakly dissipative, it is possible to state a generalization of
Proposition 4 for solutions that do not vanish in the neighborhood of I". We omit the proof,
which is straightforward; we just need to use (48) in (45).

Proposition 6. There exists an absolute constant C such that under Assumption 2, if u is a
reqular solution to (41) and if the boundary term is weakly dissipative in the sense of Definition
2, then for any A > max{g—(l), Mo} and t € [0,T] we have

o)l 2)* + & Brarg () < OB a0, )13 ey + CE85 (£ Ol 2()* + S Saara(?),

where the constants g, Bo, B, and By are those in Assumption 2 and I (-) and S;k\’t(-) are
defined in (28) and (29).

There are two standard notions of dissipative boundary conditions, namely, maximal and
strictly dissipative boundary conditions. Both of them are algebraic conditions on the quadratic
form B[u], while the weak dissipativity only requires a condition for an integral in space and
time of this quantity. We shall show that the boundary conditions we have to deal with in
this article are neither strictly nor maximal dissipative, but that they however lead to weakly
dissipative boundary contributions. Let us for the moment check that maximal and strictly
dissipative boundary conditions satisfy the conditions in Definition 2.

Example 2 (Maximal dissipative boundary conditions). We say that the boundary condition
(47) is maximal dissipative if there is a constant B2 > 0 such that

Bv] < fo|Mv|* on (0,T) x T
holds for any v € R™; in particular, Blv] <0 on ker M. In this case, (48) is satisfied with
Ebdry(t) =0 and Sdata(t) - /82‘9’%3 th(F)'

Therefore, Proposition 6 provides an energy estimate controlling ||u(t)||r2(s), but there is no
boundary energy granting further information on the trace of u.

Example 3 (Strictly dissipative boundary conditions). We say that the boundary condition (47)
is strictly dissipative if there are constants ag > 0 and By > 0 such that

Bv] < Bo|Mv|? — aglv]* on (0,T) x T’
holds for any v € R™. In this case, (48) is satisfied with

In this particular configuration, the information we get from the boundary energy is a control
of the L2((0,T) x I')-norm of the trace of the solution that cannot be deduced through Sobolev
embeddings from the control of |[u(t)||12(¢)-
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We derived in Proposition 5 higher order energy estimates for solutions that vanish in the
neighborhood of I'. In the same spirit, for functions that do not necessarily vanish near I,
we now want to generalize the energy estimate in Proposition 6 for higher regularity. We will
actually consider solutions that are supported near I, that is, in £ N Ur, where, according to
Section 3.2, Ur is a tubular neighborhood of I'" in which normal-tangential coordinates can be
used. We recall in particular that normal and tangential derivatives can be defined in € N Ur
using the extensions N and T of the unit normal and tangential vectors to I' constructed in
Section 3.2; they are defined through the relations 0poy = N -V and 0¢an =7 - V. Since N is a
unit vector while 7' is not, we have the decomposition

= |T) 72 T00an + Nopor.

In the neighborhood & N Ur, the system (41) can therefore be written equivalently under the
form

(49) Opu + AtanOtant + AnorOnorth + Bu = f in (0, T) X (5 N U[‘),

where
Atan = |T|?TjA; and  Apor = NjA;.

Two additional assumptions will be needed to derive these higher order energy estimates.
The first one states that the weak dissipativity of Definition 2 is stable by time and tangential
differentiations. This will allow us to obtain a control of the time and tangential derivatives
of the solution using Proposition 6; note that a control of the normal derivatives cannot be

obtained along this procedure. We also recall that for a = (ap, a1) € N? we write o = 0L .

Definition 3. Let m be a non-negative integer. We say that the boundary term Blu| associated
with a regular solution to (41) supported in € N Ur is weakly dissipative of order m if for
each o € N? satisfying || < m there exist a non-negative and non-decreasing function of time
Sdata,altt|(-) depending only on the initial and boundary data possibly imposed on w, a non-
negative boundary energy function Ebdry,a(-), and a non-negative continuous function v, on
[0,00) satisfying vo(0) = 0 such that for any A > Ao with a positive constant Ao and any
t € [0,7] we have

/_2>‘t</’30||u )dt

< ~Ebdry,a(t) + Saata,a(t) + 3 eIl z2e))? + aovaA I (lu() )%

where g is the coercivity constant of the symmetrizer as defined in Assumption 2. In this case,
we put

(50) Ebdry Z Ebdera’ Sg}ita - Z Sdata’a’ V= Z Vo

laj<m laj<m laj<m

Remark 6. The component 521 t(HDﬁlu(')HLz(g))Z in the right-hand side is the same as the one

in Definition 2 with u replaced by dj'u. The additional term aoVa A" It (lu)|ll,,)? is here to
control commutator terms; it contains non-tangential derivatives.

In order to deduce a control of the normal derivatives in terms of the time and tangential
ones, we will use the equations under the assumption that the boundary is non-characteristic.
In Section 4.2.1 we treat this non-characteristic case. Note that in the nonlinear wave-structure
interaction problem we are interested in here, this assumption is not directly satisfied and that
an adaptation is necessary. To this end, in Section 4.2.2 we consider the case where the boundary
is not necessarily non-characteristic, but assume some structure of the equations under which
one can introduce a generalized vorticity, which compensate the equations to control the normal
derivatives.
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4.2.1. A priori energy estimates in the non-characteristic case. In this subsection, we consider
the case where the boundary is non-characteristic in the following sense.

Assumption 4. The problem (41) is non-characteristic, that is, the boundary matriz Aye is
invertible in (0,T) x (ENUr) and there exists a constant K¢ such that

|Anor(t7x)_1| < KO
holds for any (t,z) € (0,T) x (£ENUp).
Proposition 7. Let m be a non-negative integer. Suppose that Assumptions 2—4 are satisfied
and that the constants Ko and K in Assumptions 8 and / are taken such that g—g < Ky and
5_(1) < K, where the constants «q, Py, and p1 are those in Assumption 2. Then, any reqular
solution u to (41) supported in €N Ur and with a boundary term that is weakly dissipative of
order m in the sense of Definition 3 satisfies

m * 2 m
D (l[w()lll)? + & By (8) < CCEO) (1O, + S50 (1 O lll) ™ + 2 Sitaealt))
for any A > X\o(K) and t € [0,T], where \o(K) depends also on v.
Example 4. If a boundary condition of the form (47), with M constant, is maximal or strictly
dissipative, and if the data g is in H™((0,T)x I"), then the boundary term is weakly dissipative at

order m. For strictly dissipative boundary conditions, for instance, we have, with the notations
i Bxample 3,

— 2 _ 2
Eg}iry(t) = Q9 | |§<: \Oﬁ‘u!LiytLg(F), Sg;ta(t) - /82 | Z: ’Dﬁlg’[,iytlﬂ(l“)a
al<m al<m

and Proposition 7 therefore gives a control of the trace on I' of all time and tangential derivatives
up to order m. Using the equation as in the proof of Lemma 2 below, one can deduce a control
of the trace of all derivatives up to order m.

Proof of Proposition 7. We first note that according to Proposition 1, it is possible, for functions

supported in Ur, to replace the norm [[|u(t)||,, with
j, kel
Hu@lls = > 10O 2e),
JHk+HI<m

where uUFD = 9ok ol wu. We also denote by lw(E)l,5, the sum of all terms in the above
expression that do not contain any normal derivative, that is,

@l = D 1O @) 2e).

j+k<m
For the sake of conciseness, let us also write
17y (w) = Ly (lu)ll,,.)  and 1750 w) = I (luC) ).

The following lemma shows that the fact that the problem is non-characteristic allows us to
control the full quantity I3",(u) of solutions by its non-normal version I;”l;” (u).

Lemma 2. Under the assumptions of Proposition 7, there exists a constant \g = Ao(K) such
that any reqular solution u to (41) supported in €N Ur satisfies

I, (u) < C(Ko) (I (w) + [1a(O) I, + S5 NS Oll)
for any A > X\g and t € [0,T].
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Proof. Applying 20U+l = Gjbtan nor With 5 +k +1 < m — 1 to the equations, we get

(51) u(J+1’k7l) + Atanu(j’k—l—l’l) + Anoru(j7k’l+1) = fj,]%l’

where

(52) fj,k,l = D(Lk’l)(f - B’LL) - [D(Lk’l)a Atan]Dtanu - [D(Lk’l)a Anor]anoru-
Since we assumed that A, is invertible, we can now use (51) to write

(53) ORI < C(Ko) ([u 0| 4 [ulF D] 4|5 00),

from which we deduce
18 (uRHY < C(Ko) (I3 (u T HED) 4 19 (uOAH D) 1 19 (F500))-

There is one less normal derivative on u in the right-hand side than in the left-hand one, so that
this relation can be used inductively to obtain

Iy ) < CR) (I )+ D0 By ()
J+k+I<m-—1
We now need the following property
(54) 134(#) < C(le0) 22 + 310 ()l 22)

for all smooth enough function ¢ defined on R4 x &; see Lemma 2.16 in [27] for a proof. Therefore,
B o(fira) < CUFi x|z + 310 560 [122))-
Here, on one hand, by regarding (51) as an expression of f;;; we have
1£5,0(0)[ 2 < C(Ko)[[u(0)|l,,
On the other hand, by the definition (52) of f;;, we have also
10 fika ()l 2 < M Ol o, + CE)u(@)]]]y,-

Therefore, we obtain

Iy (w) < C(Ko) (135 (w) + [u(O) 5, + 53,61 F V) + CEOSK(HuC)ll)-

We conclude by recalling that, from (30), we have S3,([lu()l,,) < %If\r”’t(u), so that the last
term in the above inequality can be absorbed into the left-hand side when X is large enough
depending only on K. O

Owing to the lemma, it is enough to control the L?-norm of time and tangential derivatives of
the solution. For any a = (ag,a;) € N2, we write 0” = 0,00 . Applying D” to the equations

tan*
(49), we get
(55) 0051 + Atandtan 0t + Anordnordffu + B u = fa,
where

foc = Dﬁlf - [Dﬁly Atan]atanu - [Dﬁly Anor]anoru - [aﬁéa B]U

In particular, proceeding as in Lemma 1, we get

Y Ma®lzz < WSOl + CE) N,

|| <m

Applying Proposition 6 to (55) and summing over all |a| < m, we therefore obtain

I ) + (& Bte) Y <C o) (IO, + S5, O + (& STa) )
+ C(K) S5, (Ilu() ) + C(Ko)r (AT, (u).
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Lemma 2 allows us to replace I;nt’”(u) with I7"(u) in the left-hand side, and the last two terms

in the right-hand side can be absorbed for A large enough into the left-hand side as in the proof
of Lemma 2. This concludes the proof. U

4.2.2. A priori energy estimates in a characteristic case. We proceed to consider the case where
the boundary is not necessarily non-characteristic and impose structural conditions on the equa-
tions. Since the lower order term B(¢,z)u in (41) does not contribute to the main structure of
the equations in our analysis, we absorb the term in the right-hand side and consider in this
subsection the equations

(56) Ou+ Aj(t,x)0ju = f(t,z) in (0,T) x&.
Multiplying a matrix go (t,z) to this equation, we have
Ao(t, 2)0u + A;(t,2)0u = f(t,z) in (0,T) x &,

where ij = EOA]- (j = 1,2) and f = ;10 f. The corresponding boundary matrix is given by
Apor = NjAj = AgApor with Ay = NjA;, for which we impose the following assumptions.

Assumption 5. For any (t,z) € (0,7) x (£ NUr), Anor(t,x) has eigenvalues \;j(t,z) (j =
1,2,...,n) with associated left eigenvectors lj(t,:n), which satisfy the following properties:
(i) The last ny eigenvalues An,+j (j = 1,2,...,n2) are positive or negative definite, where
ny +ng =n.
(ii) The left eigenvectors l; associated with the first ny eigenvalues A\; (j =1,2,...,n1) can
be written as

Li(t,z) = Ni(2)gj(t,z) + No(2)gj2(t, @),
where R™-valued functions q;1 and qj 2 satisfy the relations

q) (A1 — w1 Ap) = qf5(As — wjpAg) = 07,
4} 1 (A2 — wjaAo) + q;5(A1 — wj14g) = 0T

for some R?-valued functions w; = (wj,l,wj72)T forj=1,2,...,n1.

(iii) The n xn matriz L(t,z) defined by L = (goTll, . ,goTlm,lmH, ooy Uny4my) is invertible
for any (t,x) € (0,T) x (ENUr).

(iv) We have N -w; <0 on (0,T) x I' for j =1,2,...,n;.

Remark 7. For j = 1,2,...,n1 and k = 1,2, wji(t,z) is necessarily an eigenvalue of the

matriz Ag(t,x) associated with a left eigenvector go(t,:n)qu,k(t,x) if Avo(t,l‘)Tq]'7k(t,:E) # 0.
Particularly, we see that N - w; is an eigenvalue of the boundary matriz Aper.

Under these assumptions, we can define a generalized vorticity w = (wy,wa, ... ,wm)T by
(57) wj = qfkg(]@ku
for j = 1,2,...,n1, where we used Einstein’s convention on the index k. It follows from (56)
that this generalized vorticity w satisfies the equations
(58) Owj+w;-Vw;=F; in (0,7)x(ENUr)
for j =1,2,...,nq, where

Fj = (0 +w; - V)(g; 1 A0))0ku + @) Ao (O f — (OpAr)Dyu).

Example 5. The nonlinear shallow water equations (4) can be written as in the form (56) with

u=(¢,vN)7T and
A= <1)j hejT >
ge; vjldaxa
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for j =1,2. By choosing ﬁo = Idsxs, the boundary matrix gnor = Apor 18 given by

N-v ANT
59 Anor =
(59) < gN (N U)Id2X2>

and has eigenvalues A1 = N -v, Aa = N-v++/gh, and A3 = N -v—+/gh. Under the subcriticality
condition

o inf h(t — t 2 0
o (tvl‘)El(I(l),T)xé‘(g (t,z) = [v(t,z)|") > 0,

the last two eigenvalues are positive and negative definite, respectively, so that we can choose
ny = 1 and ng = 2. A left eigenvector 11 associated to the first eigenvalue A1 is given by
(0, (NN s0 that we have g11 = (0,e3)T and q12 = —(0,el)™. Therefore, the corresponding
generalized vorticity is given by w = qlTJﬁku = V= . v, which is nothing but the vorticity of
the velocity field v. This is the reason why we call w as a generalized vorticity. Moreover, the
R2-valued function wy is now given by v, so that the condition (ii) in Assumption 5 is satisfied.
The left eigenvectors associated with the last two eigenvalues are given by ly = (y/gh, ANT)T
and 13 = (—/gh, ANT)T, so that we have det L = 2h+/gh and that the condition (i) is also
satisfied. Finally, the condition (iv) is reduced to N -v <0 on (0,T) x I'.
We put Q = (q1,1,91,2;- -+, qny,1,qny 2) and W = (w1, ..., wy, ).
Assumption 6. There exist two constants 0 < Ko < K such that the following conditions hold.
. - -1
@) TG - A )l (o myxenur) < Ko
(ii) [|(Ao, A1, Az, L, L1 Q) Iz (0,7 < (erw) < Ko-
(i) [|(Ao, A1, A2, Q, W)lwt.ee (0,7 x ey < K-
Lemma 3. Suppose that Assumptions 5 and 6 are satisfied. Then, any regular solution u to
(56) supported in ENUr satisfies
Dye([Pnoru(-))22) < C(Eo) (w(0)ly + Dne(loyu()lizz)) + CE)SK (IOl
for any X > No(K) and t € [0,T).
Eroof. Since u is supported in € N Ur, we can rewrite the equation under the form Znorbnoru =
Ao(f — Opu — Atandanu). Taking the scalar product of this equation with the last ny left
eigenvectors 1;, we have ;- dporu = /\j_llj - Ao(f — Opu — Agandtant), which yields

Lj - noru| < C(Ko)(|f + [ogul) for ny+1<j<ng+na.
By the definition (57) of the generalized vorticity w, we have w; = 1; - Agdnorts + T ~2Tqj s -
ApOtant, which yields
|AT1; - dnoru| < O(Ko)(Jwj| + [ranul) for 1< j<mny.
Since L = (ﬁgll, e ,gglm,lmﬂ, .oy lny+ny) 1s invertible, these two estimates imply
(61)  DoelPuoru(-)llz2) < C(Eo) (DI f ()llzz) + Dne(lw()llz2) + Dne(oyul)lz2))-
We proceed to evaluate the generalized vorticity w. Since w; satisfies (58), we see that

d

dt

= 26 (0, 255(0) + (V - wyhy)pa 4 ¢ [ (V)
r

(s} + 20 s 0l

j .

In view of (iv) in Assumption 5, we can drop the last integral on I'. Therefore, by similar
calculations to the proof of Proposition 4 we obtain

(62) Dyl Ol z2) < Cllw; (0|22 + Sxe(1F () 22)-
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Here, we see that |w;(0)| 2 < C(Ko)|u(0)|| g and that
S3(IF5O)llz2) < CE) (S UV Olle2) + S5 (IVul)2))
< CE)SX O
+ATO(K) (D (IPranu() £2) + Dne(onoru(-)llz2)).-
Moreover, by (54) we see also that
Da(lfOlle2) < CIFO0)2 + SK 4 (10ef ()l 2))
< C(luO)ly + Sxe(lLF CllL))-
These estimates together with (61) and (62) give the desired estimate. O

Proposition 8. Let m be a non-negative integer. Suppose that Assumptions 2, 3, 5, and 6 are
satisfied and that the constants Ko and K in Assumptions 3 and 6 are taken such that g—g < Ky

and g—(l) < K, where the constants «g, By, and By are those in Assumption 2. Then, any reqular

solution u to (41) supported in €N Ur and with a boundary term that is weakly dissipative of
order m in the sense of Definition 3 satisfies

m * 2 m
Due(llwl)® + 25 By (8) < C(Eo) (w017, + S5 (I Ollln)” + 25 Sdasa(?)
for any A > Xo(K) and t € [0,T], where \o(K) depends also on v.

Proof. Thanks to Lemma 3, the proof is almost the same as that of Proposition 7 so that
we point out only the place where we need modifications. Applying 2050 = §ok ol with
i+ k+1<m—1 to the equations, we get

atu(j’k’l) + Alalu(j’k’l) + A282u(j’k’l) = fj,k,la
where f; 1 is given by (52). By Lemma 3, we obtain
Lue([uP D ()| 2) < O o) (P POy + Dna(lfoyut D ()| 2)
+ CE)S 15,k )-

Here, we have ||| fjx:(t)[l, < CE)If©OIll,, + llw@)l,,), so that by using the above estimate
inductively, we obtain

137, u) < C(K0) (a0, + Iy () + CUH)SE (UL Oll) + A I (),
Here, the last term can be absorbed in the left-hand side if we take A sufficiently large. Once

we obtain such an estimate, the rest of the proof is the same as that of Proposition 7. O

4.3. A priori energy estimates in the general case. Combining the results of Propositions
5 and 7, we show that one can remove the assumption that u is compactly supported in ENUp
in Proposition 7.

Theorem 1. Let m be a non-negative integer. Suppose that Assumptions 2—4 are satisfied and
that the constants Ky and K in Assumptions 3 and 4 are taken such that 5—8 and % < K, where
the constants g, fo, and (1 are those in Assumption 2. Then, any reqular solution u to (41)
with a boundary term that is weakly dissipative of order m in the sense of Definition 3 satisfies

m * 2 m
Due(llwll)? + 35 Evary (8) < C(Eo) (w017, + S5 (I Olll)” + 5 Sdasa(?)
for any A > X\o(K) and t € [0,T], where \og(K) depends also on v in Definition 3.
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Proof. Let xp, be the smooth cutoff function supported in Up defined in (24). We can decompose
u as u = uy + ug with u; = xpu and ug = (1 — xp,)u. Then, we have

Oy + Aj@jUg + Buy = fy (L =1,2),

where

fi=xof +(Oixp)Aju and  fo=(1—xp)f — (9jxp)Aju.
We can therefore apply Proposition 7 to u; and Proposition 5 to us, which of course has exactly
the same weak dissipativity properties as u, and deduce by adding the two energy estimates and
using the triangular inequality that

Due(llull)® + 25 Eoary (1)
< O(K0) (Iu(O)l5, + SX U M) + 25 Sdea () + S3eUllul)ll0)%).

The term S;‘\’t(|||u()|||m)2 in the right-hand side, which comes from the terms involving deriva-
tives of x in fi and fo, can be absorbed into the left-hand side for A large enough, which yields
the desired result. O

Similarly, combining the results of Propositions 5 and 8, we show that one can remove the
assumption that u is compactly supported in &€ N Ur in Proposition 8. Since the proof is the
same as that of Theorem 1, we omit it.

Theorem 2. Let m be a non-negative integer. Assumptions 2, 3, 5, and 6 are satisfied and that
the constants Ko and K in Assumptions 3 and 6 are taken such that g—g < Ko and g—é < K,
where the constants «g, By, and (1 are those in Assumption 2. Then, any reqular solution u
to (41) with a boundary term that is weakly dissipative of order m in the sense of Definition 3
satisfies

m * 2 m
Lue(llwll)? + 35 By (8) < C(Eo) ([lu(O)II7, + S50 (I Ollln) ™ + 25 Sdasa(?))
for any A > No(K) and t € [0,T], where M\o(K) depends also on v in Definition 3.

5. A PRIORI ESTIMATES FOR THE NONLINEAR WAVE-STRUCTURE INTERACTION PROBLEM

The goal of this section is to derive a priori estimate for solutions u = (¢,v™)T to the non-
linear wave-structure interaction problem (15)—(18). We remark that (15) forms a hyperbolic
quasilinear system of the form considered in the previous section, that is, u solves

Ou+ Aj(u)0ju=0 in (0,7) x €&,
where the matrices A;(u) (j = 1,2) are defined by

A = <vj heT >

ge; vjldayo
with h = Hy + (. There is a conservation of energy for (15)—(18) from which a control of the
L?-norm of u can be deduced. In order to derive higher order energy estimates for solutions to
(15)—(18), we consider the system satisfied by derivatives of u, which is a linearized system of
the form

(63) O+ Aj(w)dii = f i (0,T) x &,

for which an obvious Friedrichs symmetrizer in the sense of Assumption 2 is given by S(u) =
diag(g, h, h). Of course, @ should also satisfy a linearization of the boundary conditions (17)—
(18). The natural strategy is to prove that solutions to (63) subject to these linearized boundary
conditions satisfy the weak dissipativity properties introduced in Section 4, so that a control of
u is granted by Theorem 1. There are however at least two obstructions.
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The first obstruction is related to the boundary matrix Ao given by (59). As explained in
Example 5, the eigenvalues of this matrix are N-v, N-v+ \/g_h, and N -v— \/g_h While the last
two eigenvalues are positive and negative, respectively, under the subcriticality condition (60),
the first one may vanish and even change the sign. This is known to be a very delicate situation
for the study of initial boundary value problem to the hyperbolic system. Classical results based
on the construction of Kreiss symmetrizers cannot be applied and there is no general theory
covering such situations; see [48, 41] as well as Chapter 9 of [5]. Here, the boundary term (46)
associated with the Friedrichs symmetrizer S(u) = diag(g, h, h) is given by

Blu] = (N -v)(g¢* + hlv|* + 2gh(),

and it does not seem to satisfy any dissipative property, even in the weak sense of Definition 2.

The second obstruction to the use of the results of Section 4 is that the non-characteristic
property of Assumption 4 is obviously not satisfied.

We proceed in several steps to bypass these obstructions. Firstly, we use in Section 5.1 the
irrotationality condition (16) to transform the problem (15)—(18), for which the boundary matrix
has an eigenvalue of indefinite sign, into another problem in which the eigenvalue of indefinite
sign is replaced with 0. For this new formulation, the second boundary condition in (17) is also
removed. In Section 5.2, we prove that the nonlinear system conserves an energy that controls
the L?-norm of the solution. As explained above, it is necessary, for higher-order estimates, to
linearize the equations. To this end we use a non-standard linearization process and a change of
unknowns that exploit the structure of the system and greatly simplify the boundary conditions.
Such a linearization is explained first in Section 5.3 on a toy problem, and then in Section 5.4
on the original equations to the nonlinear wave-structure interaction problem. We then derive
in Section 5.5 L?-energy estimates for this linear system; the main step is to prove that the
boundary conditions are weakly dissipative in the sense of Definition 2. Higher order estimates
are then provided in Section 5.6. The main difficulty there is that the problem does not possess
the non-characteristic property in Assumption 4. However, we check that it satisfies properties
in Assumption 5 so that one can introduce a generalized vorticity to obtain higher order energy
estimates. The nonlinear estimate can then be established in Section 5.7.

5.1. An equivalent formulation. Remarking that
(64) V(3 = (v V)o— (V- o)t

we see that solutions u = (¢,vT)T to (15)-(18) satisfying the irrotational condition V+-v = 0
also solve the following system of equations
¢+ V- (hw)=0 in (0,7) x¢&,
(65) T
dv+V(gl+3)=0 in (0,T)xE,

and boundary conditions

(66) N-(hw)=AY; on (0,7)x1I,
where 1); is found by solving the forced ODE
(67) Oy = —gC — %|v|2 on (0,T)xT.

The main difference between (15)-(18) and (65)—(67) is that the boundary condition on N+ - v
imposed in (17) is no longer present in (66). The following proposition shows that, for initial
data with an irrotational velocity, the initial boundary value problem associated with (15)—(18)
is equivalent to the one associated with (65)—(67). From now on, we will therefore work with
the latter. We impose the initial conditions of the form

{(gv)t_o:(cin,vin) in €,

(68) P on I
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Proposition 9. Let .(Cin,qbin) be smooth functions defined on € and put v™ = V¢, hi* =
Ho+¢™, and " = ¢™ .. If the compatibility condition

N - (h"™) = Aypi™ on T
holds, then (¢,v,;) solves (15)—(18) and (68) if and only if it solves (65)—(67) and (68). More-
over, we have v = V¢ with ¢ = ™ — fg(gC + %|v|2)dt’ and i = ¢y ..

Proof. Let us prove first that solutions to (65)—(67) and (68) also solve (15)—(18) for initial
data as in the statement of the proposition; in particular, V+ - v = 0. The irrotationality is
obviously conserved by the flow so that (16) is satisfied. Moreover, (64) shows that (15) is also
satisfied. It remains to show that the second boundary condition in (17) is satisfied, namely,
that T - v = Dgant; on I'. Multiplying the second equation in (65) by 7" and using (67), we get
that Op(T - v — ganthi) = 0 on I'. Since T - v'™ — Dtan¢iin = 0, this implies that T - v = Dan?); on
I’ for all times. The reverse implication follows directly from (64). Finally, the last assertion
of the proposition follows from the observation that writing the second equation in (65) in an
integral form and using the fact that v'™ = V¢'* yields

. t
v=V <¢m - /0 (8¢ + %|v|2)dt'> .

Moreover, ¢in| . =¥ and 01(¢|.) = Oy, so that ¢, = 1; for all times. O

5.2. Energy conservation. We show here that the total energy of the fluid

1 1 1
Efyia = 5/58C2+ g/gh\UF + §/Fl/1if\1/11

is preserved by the flow. This is not surprising since the above expression is a reformulation
of the fluid energy considered in Section 2.2; we have actually Equiq = %eﬁuid so that Fquiq is
not an energy in physical units. It is however instructive to derive this property directly from
(65)—(67) since the last term can be understood as a boundary energy, closely related to the
notion of weak dissipativity introduced in Definition 2.

Proposition 10. Assume that u = ((,v™)T and 5 form a reqular solution to (65)—(67) for
some T > 0. Then for any t € [0,T], we have

Efuia(t) = Eqwia(0).

Proof. We can check that the modified nonlinear shallow water equations (65) satisfy the same
conservation of the local energy as the standard nonlinear shallow water equations, that is,

Oe+V-F=0 in (0,T)x¢&
with ¢ = 3g¢? + hv|? and § = (g{ + $|v|?) hv. We therefore have

%(/geJr%/pwiAwi) :_/EV%JF/F(@%)A%
= [ eC+ v ) = [ (ec+ B,

where we used (67) to derive the second identity. Using (66), the right-hand side vanishes, which
proves the result. ]

If the water height is bounded from below by a positive constant, Proposition 10 furnishes a
control of the L?(£)-norm of ¢ and v, and also, with the help of Proposition 3, of the H~/2(I)-
norm of 0¢,n?i. In order to get some control on the derivatives of these quantities, it is necessary
to study the linearization of (65)—(67). Since this linearization process is not the standard one,
we discuss it first on a simpler toy problem.
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5.3. Transformation of the linearized equations for a toy problem. Let us consider a
system of equations of the form

(69) 8tu + @]—}(u) =0 in (O,T) X 5,

where u and the smooth mappings F; (j = 1,2) take their values in R™. Denoting Fpor(u) =
N;F;(u) € R", we consider nonlinear boundary conditions of the form

(70) MFuor(u) =0 on (0,7) x I,

where M is a p X n matrix with constant entries. The system (69) can be put under quasilinear
form

(71) Ou+ Aj(u)dju=0 in (0,T) x &,

where A;(u) = d,Fj(u). Therefore, a standard linearized system around the state u is given by
(72) O+ Aj(w)0;i=f in (0,T) %€,

with boundary conditions

(73) MAynwi=g on (0,T)x1TI,

where Apoy = NjAj(u) and f and g are source terms typically accounting for the presence
of commutators. If solutions to (72) subject to the boundary condition (73) satisfy, for some
Friedrichs symmetrizer S(u), the weak dissipativity property introduced in Definition 2, then
the energy estimates in Proposition 6 hold and furnish some control on # and therefore on the
time and tangential derivatives of the solution u to the nonlinear problem.

Alternatively, we could apply x1,9) to the conservative form (69) of the equations, leading to
a linear system of the form

(74) O+ 0j(Aj(u)) = f in (0,T) x €&,
where f is different from that in (72). This formulation can be written
Ot + Aj(u)0;0 + B(u,0pu)u = f in (0,T) x &,

where B(u,0,u) = 0j(Aj(u)); the linearized boundary condition is still given by (73). This
problem falls into the category (41) considered in Section 4, but the form of the matrix B
induces a loss of one space derivative in the dependence on w in the energy estimates. This is
the reason why the linearization (72) is generally preferred to (74). However, when the matrices
Aj; satisfy the following assumption, the linearization (74) would be convenient.

Assumption 7. Let Q0 C R™ an open set, which represents a phase space of w. Suppose that for
all uw € Q, there exists a positive definite matriz X(u) and two constant symmetric matrices Gp
and Go such that Aj(u) = Gj3(u) holds for j =1,2.

If the assumption is satisfied, then we can rewrite (74) under the form
O+ 0;(GiX(u)u) = f in (0,T) x &
with boundary conditions
MN;G¥(u)a =g on (0,T)x I
Introducing @ = ¥ (u)w, the system (69)—(70) is therefore equivalent to

(75) ot + X(u)G;0;u + B(u, )t = X(u)f in (0,T) x &,
where B(u,0u) = %(u)0;(X(u)~1), and linear boundary conditions
(76) MGyni=g on (0,T)x I,

where Gpor = N;G;. The system (75) is obviously symmetrizable in the sense that Assumption
2 is satisfied by choosing S(u) = ¥ (u)~! as symmetrizer; in order to use Proposition 6 to derive
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an energy estimate on 4, we just have to check the necessary assumptions. In particular, we
must check whether the boundary term B[u] = Gyt - U associated with this symmetrizer is
weakly dissipative in the sense of Definition 3 for solutions @ to (75) that satisfy the boundary
conditions (76).

In the next section, we adapt this strategy to (65)—(67) whose boundary condition is more
complicated than (73); the fact that such a weak dissipativity property is satisfied will then be
addressed in Section 5.5.

5.4. Transformation of the linearized equations for the wave-structure interaction
problem. The nonlinear shallow water equations (65) are written in the conservative form (69),
that is,

(77) Ou+ 0;Fj(u) =0 in (0,7T) x €&,

where F;(u)T = (hvj, (g¢ + %\0\2)e;r) for j = 1,2. The boundary conditions (66)—(67) are not
exactly under the form (70) but can be seen as a nonlocal, in time and space, generalization of
it. They can indeed be written as

{]:nor(u)I - AT,Z)I =0 on (O,T) x I,

78
( ) 8t7;bi+N']:nor(u)H:0 on (O,T)XF

Here and in what follows, we use the notation u' = u; and ' = (ug,u3)™ for u = (u1,us, uz)T €

R3. Applying xb0| to these equations with 9| = 0; or dtan and xyp, as in (24), we find that
U= XbOH’u, and ”(bi = 0”1/}1 solve

(79) i+ 0j(Aj(uw)yu) = f in (0,T) x &
with boundary conditions

(80) {(Anoru)I — A =g on (0,7)x1I,

Ohi + N - (Aprt) = g5 on (0,T) x I',
where Aj(u) = dyFj(u), Anor = N;jAj(u), and
(81) f=—bwoy, 0j]F;(w), g1 =, Als, and g2 =—@N) - Fuor(uw)™.

In the following argument, we will always assume that the flow is subcritical so that we impose
the following assumption on u = (¢,vT)T.

Assumption 8. There exists a positive constant ¢y such that for any (t,z) € (0,T) x & we have
gh(t,z) — Ju(t,2)]* > co,
where h = Hy + ¢ with a positive constant Hy.
The following proposition provides a convenient reformulation of the problem (79)—(80).

Proposition 11. Let T > 0 and suppose that Assumptions 1 and 8 are satisfied. Let us also
define the matrices G (j =1,2) and ¥(u) as

0 el g ot
_ j =
(82) G <ej 02X2> and  X(u) <v hId2X2> .

Then, X(u) is invertible on (0,T) x € and that 1 is a regular solution of (79)—(80) if and only
U = X(u)t and 1 == 1y solve

(83) Ot + X (u) G051 + B(u, pu)ii = X(u)f in (0,T) x &,
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where B(u, 0u) = X(u)0y(X(u)~Y), and boundary conditions

{N-z\ZH—AJi:gl on (0,T)x 1T,

84 -
(84) s + U = go on (0,T)x1TI.

Proof. The assumption made on u ensures that 3(u) is invertible. The result follows from a
straightforward adaptation of the procedure described in the previous section after remarking
that A;(u) = d,Fj(u) (j = 1,2) satisfy Assumption 7, that is,

v el
(%) B =(2 %) =6

O

5.5. L’-estimates for the transformed linearized equations. We are interested here in
the analysis of the transformed linearized equations (83) under the boundary conditions (84), as
provided by Proposition 11. Since the lower order term B(u, d;u)% in the transformed equations
does not contribute to the main structure of the system in our analysis, we absorb the term in
the right-hand side and consider in this and the following subsections the equations

(86) Ot + S(u)G;0;t = S(u)f in (0,T) x &,

under the boundary conditions

{N-ﬂn —A?,\Z)/i =g1 on (0,7)x1T,
Ohy + U = go on (0,7)xT.
If u e L>®((0,T) x ) satisfies Assumption 8, the matrix
T
(88) S(u) = E(u)_l - ﬁ < —hv gldaxo —U%vl ® vt >
furnishes a Friedrichs symmetrizer in the sense of Assumption 2 for (86). The corresponding
boundary term (46) is given by
(89) B[] = Grorll - % = 20" (N - uM).

We could obtain an L? energy estimate for % from Proposition 6 if we could control this boundary
term by proving that solutions satisfying the boundary conditions (87) are weakly dissipative in
the sense of Definition 2 and for the choice (88) of symmetrizer. This is done in the following
proposition. We recall that the functional spaces we use are defined in Section 3.3.

(87)

Proposition 12. Let u,dyu € L>®((0,T)xE) and suppose that Assumptions 1 and 8 are satisfied.
Let also 0 < ¢ < € be the constants in Proposition 3 and g1 an extension of g1 to (0,T)xE so that

G = g1- Then, for any regular solution (ﬂ,izi) of (86)—(87), the boundary term (89) is weakly
dissipative in the sense of Definition 2, that is, there exists g = /\0(%, H(u,atu)HLoo((O’T)Xg))
such that for any A > Ao and any t € [0,T] we have

Qg

Z/Ot Paad (/F (N - ﬂH)> dt’ < —Ehbdry (t) + Sdata(t) + 3 D (a() [l z2)?
with
Biary (£) = (€ Puan V(D -1/2(py + MOwanthilZz o12(ry)-
Saata(t) = Co(Pranti ()3 172y + 131(0)|72 )
+ 85U Oz + S3alaOl)* + A~ PranglZs g-12(ry):

where Co = Co( - 1¢, HU”L“"’((O,T)Xf))'

co’ o’
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Proof. Throughout the proof, we use the fact that under the choice of the symmetrizer S(u)
given in (88), the positive constants oy and fp in Assumption 2 can be taken so that —- = L 5, <

C(%, ||w|| o (QT)Xg)). We also use the notation

Bt (1) = / il

Recalling that @' = —atqu + g9 and that N - 3T = A% + g1, we have

‘ t
9 / e N (/ ﬂI(N-ﬁH)> dt' = —2 / ™M (O, A) 2yt
0 r 0

t t
+2/ G_M,(A?Z)i,gz)w(r)dt/+2/ e M (g1, 1Y) 2 pydt!
0 0
=: By + By + Bs.

Let us evaluate separately each integrals By, Bs, and Bs.
— Analysis of By. From the symmetry of the Dirichlet-to-Neumann map A, we get directly

t
rd ~
Bl = —2/0 6_2)\t @ int(wi(t/))dt/

—_9 <e—2MEim(zZi(t)) + 2 / t e_z’\t'Eint(zZi(t’))dt’> + 2B (43 (0)).

0
Here, by Proposition 3 we have

(90) E’Dtand}i’?{—lm(lﬂ) S 2Eint(wi) S glatanwi’?{—lm(lﬂ)'
Therefore, we obtain

(91) Bl S _2(6_2)\t‘atanwi(t)’?{—I/Q(F) + 2)\‘atanwi‘i§’tH—1/2(p)) + glatanwi(o)ﬁq—lm(]ﬂ)-

— Analysis of Bo. Since the Dirichlet-to-Neumann map A is symmetric and positive in L2(I"),
we can apply the Cauchy-Schwarz inequality and (90) to obtain

| By 32/(: T B (45(8) " Buug (92 (1)) /2

< 2§’Dtan{§i‘L§’tHfl/2(p)’Dtang2’L§\7tH*1/2(]‘)a
so that, using Young’s inequality we get
(92) [Ba| < eMPuanthlls gy1/a(ry + (0 CPuant2 Tz vy
— Analysis of Bs. We note the identity %' = (0, NT)T - Gropil, so that we have
g1 = ¢ - Gorll = Nj(ip - G410)

with ¢ = (0, xpg1NT)T. We note also that the transformed linearized equations (86) can be
written as

B (S(u)i) + G;0;i = f in (0,T) x &,
where f = f — (8,S(u))i. Therefore, we see that

(glu LQ(I‘ /a G U

=5 [Ste-i= [(@e+ G -ite- .
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so that

By = 2¢7 (S (u() (1), U(t)) 12(e) — 2(S(u(0))2(0), %(0)) L2 (g
+ 4 i M (S(w)p, ) p2(eydt’

t
- 2/0 e M Y(S(u)drp + G050,1) r2(e) + (0, ) r2(e) Yt
This implies that
|Bs| < 480D (loC) |22 ) Ine ([0 22)

+2(80 + DI (1@C) [ £2) K (Ol + 200 (e Ol 22)SK e (1 ()l z2)-

Here, it follows from (54) that I.(|[¢(-)llz2) < [[¢(0)l[z2 + 53 :(lle()ll1), so that by the defi-
nition of ¢ we easily have [|©(0)]|z2 < [|g1(0)|lz2 and |||, < lg1(8)]l];. Moreover, we have
= |

IF Ol < 1 @)llz2 + Billi(®)] 2 with By

(0% 2 .
©9) 180l < (594 52 ) DOl + ColnO)Es + SO + 83,17 C))?)

where Cy = C’o(aio, Bo). Here, we note that 8 < C’(%, Il (w, atu)HLoo((O,T)Xg)).
Gathering the estimates provided by (91), (92), and (93), and taking \g > 0 so large that
ﬁ% < %)\3 holds, we get the result stated in the proposition. ]

|06S () || oo ((0,7)x€) SO that

From Proposition 6, we deduce directly the following corollary that provides an energy esti-
mate for the solution of the linearized equations (86)—(87).

Corollary 1. Under the assumptions of Proposition 12, there exists a positive constant Ag =
/\0(%, (| (w, Byw) || oo (0,1 x8)) Such that for any regular solution (i, ;) of (86)~(87) we have the
energy estimate

Dng(8()[22)2 + I ([0san ()] jr-1/2)?
< Co([[E(0)[|22 + Pranti(0)%, 172 + |31 (0)]2
+ S5 (£ Oll22)® + Sl Ol D) + A Peangelfs gr-12)-

for any A > X\ and any t € [0,T], where Cy = Co(%, %,g, llwll oo (0,7 %£)) -

Proof. We note that the transformed linearized equations (86) have the form (41) with A; =
Y(u)Gj for j = 1,2 and B = 0343, so that in view of the choice of the symmetrizer S(u) given
by (88), we have 0;S + 0;(SA;) — 2SB = 0,S. Therefore, the constant §; in Assumption 2

can be taken so that #1 < [|9;5(u)l| Lo ((0,1)xe) < C(%, [ (u, Oyu) || o ((0,1)x&)) - From Proposi-

tions 6 and 12, we get the estimate with I ,\,t(|0tan1Zi(')| 5-1/2)? in the left-hand side replaced by
Iyt ([otanti ()| gr—1/2)?, where I 4(-) was defined in (43). Proceeding as in the proof of Proposition
4, we obtain the desired estimate. ]

5.6. Higher order estimates for the transformed linearized equations. We showed in
the previous section that solutions to (86)—(87) satisfy the weak dissipativity property of Def-
inition 2, and deduced in Corollary 1 an L2-based a priori energy estimate for such solutions.
Following the general approach developed in Section 4, the derivation of higher order energy
estimates requires that solutions to (86)—(87) satisfy a higher order dissipativity property, in
the sense of Definition 3. Such a property is established in the following proposition. We refer
to (33), (34), and (35) for the definition of LitHS(F), LitHs )(F), and |g(t)|H(sm). We also

(m
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recall that [[@(?)]],,, | was defined in (32) and that the constants ¢ and € were introduced in
Proposition 3.

Proposition 13. Let m be a non-negative integer and assume that Assumptions 1 and 8 are
satisfied. Assume also that u € Wi N W%p for some p € (2,00) and take two constants 0 <
Ko < K such that

{0107 o & [lull e 01)xe) < Ko,

Ko, HUHW%QW%Z’ < K.

Then, for any reqular solution (’ZL/,Tz}/i) of (86)—(87) supported in ENUr, the boundary term (89)
is weakly dissipative of order m in the sense of Definition 3, that is, for any a = (ag, 1) € N?
satisfying |o) < m and any A > \o(K) it holds that

2 /0 Lo < /F (7 ) (N - (oﬁa)ﬂ)> a

< —Buaryia(t) + Saunalt) + LI(RFE0)] 2)? + COON (10 ,)?

with
Bnary,o(t) = 5e(¢ 0 anti (7172 + ARFOrantills pr1/2),
Staaal®) = CIR) (IR, NT - 7(0) |22 + 105 0uanBi (O 112 + T g1 O) 1
+ S (o) FOllz2)? + S5 A0 ()] &;/2)2 + A7 ’D” atangzlii,th{flm)-

Proof. Applying 0” with |a| < m to the transformed linearized problem (86)—(87) we see that
(@ = Dﬁ‘u and 1/)1 = Dﬁl% solves

(94) '™ + S (u)G;0;u'Y = S(u) f in (0,T) x (ENUY)

with boundary conditions

{N-(a NI AR =gl on (0,7) x

(95) ¢(a (u(a ) _ D” o on (O,T) X

r,
r,
where

£ —D||f [, S(w)]0y i,

g™ = (0% g1 + [of, Aleh) + (~[of, N] - a)

= 9§ 1) +9§a2)

The problem (94)—(95) has the same structure as (86)—(87), and we can therefore apply Proposi-
tion 12 with @ replaced by @@, f by f(®), etc. The result follows therefore from the proposition
and the following estimates.

— Estimate of |||§§a) (®)ll;, where ggo‘) is an extension of gga) to (0,T) x & so that g§°‘)‘F = g%a).

This extension is taken as §§ ) = gﬁ) + §§?‘2) with §§7O‘1) = (gg 1))CXt and ggoé) =— N ]-u!, where

()®** is the extension constructed in Proposition 2. Therefore, it follows from Proposition 3 that
G < 191 e + 19091 11172
< 01l gz + 1000 g1l gr-172 + |[0f Althil grase + |[0f, AlOyhi 172

< |O”gl| 1/2 4 . o lf a1 = 07
[0tan0; ° Vi| fag —172 + [06an0;° " Uil oy 52 if a1 > 1.
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Here, we have easily |Dtan8f°zzi|Ha171/z < |atanaﬁ%|H,1/2. On the other hand, in the case oy > 1
by using atzZi = go — ' we see that
1Y o
‘atanatao—i— wi’Ha173/2 < ’Dtanataogﬂ]{al*?)/? + ’afou’Halflﬂ
S [tand]{ 92| gr-3/2 + (|1l -
(a)

As for §1?‘2, we evaluate easily it as | §§02) Iy < Il|ell],,—;- Therefore, we obtain
S5 O S Sxallofi o1 () o) + A7 Ruandffgaly oo
+ A Prandff [Ty e + AL (IEC) ),

where we used Sy (f) < )\_1/2]f]L§ < AL 4(f). Here, we note that the third term in the
right-hand side can be absorbed into Eyqry o for sufficiently large A.

— Estimate of || g§°‘) (0)||z2- Using again Proposition 3 to control the commutator term in ggix)
we get easily

13 Ol < IR7 N - 7 (0) 12 + 0504t (0) gr-a/2 + [0%91 (0) 172

)

~ Estimate of || f(®||,2. If follows from Lemma 1 that the commutators can be evaluated as

oSl pllall, — for m=1,2,

1105, S (w)]ds]| 2 < !
| B2 88 @) ], for m > 3.

The following lemma gives a non-sharp variant of the classical Moser type inequality, which can
be easily shown by using Sobolev embedding H!(E) < LI(&) for any q € [2,00).

Lemma 4. Let U be an open set in RN, F € C®(U), and m € N. If u € W?H takes its value
in a compact set I C U, then for any t € [0,T] we have

@F @) (O)ll,p, < CU) (1 + 10w () rm—2,13) " (D) ()]

Using this lemma, we obtain
1F N2z < 1R fllz2 + CE)1Ell, -

Finally, applying Proposition 12 to the problem (94)—(95) and using the above estimates, we
get the result stated in the proposition. O

In the general theory developed in Section 4, dissipativity of order m of the boundary term
allows us to derive higher order energy estimates, see Theorem 1. However, this result relies
on the non-characteristic property of Assumption 4, which is not satisfied by the system (86).
Indeed, the associated boundary matrix is X (u)Gyper, which is given by

_(N-v gNT
E(“)Gnm_<hN ’U®N>

and has eigenvalues A\ =0, \o = N - v + \/g7h, and A3 = N -v — \/g7h The matrix is therefore
not invertible and Assumption 4 is not satisfied. The key step in the proof of the following
corollary, which provides a priori energy estimates of order m on 1, is to prove that it satisfies
the properties in Assumption 5 so that one can apply Theorem 2 in place of Theorem 1.

Corollary 2. Under the assumptions of Proposition 13 and with the same notations, for any
regular solution (U,v;) of (86)—(87), we have the energy estimate

Dot (INaC)I)° + IA,t(\Otanizi(-)!H(;i)/z)Q < C(Ko)Sdata(t)
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with
~ 2 Y
Sg;‘ta(t) = H’U(O)’Hm + ‘atanwi(o)’?q(l)/z + \91(0)’2(1)/2
+ 85 (F Ol + 83691 () =12 )2+ A7 Prangal?, 12
(m+1) A,t7 7 (m)

for any A > No(K) and t € [0,T].

Proof. Tt is sufficient to check the conditions in Assumptions 5 and 6. We choose Ay = S (u) =
E(u)_l. Then, the corresponding boundary matrix is given by gnor = Ghor, whose eigenvalues
are given by Ay = 0, Ao = 1, and A3 = —1, so that we can choose n1 = 1 and no = 2. The
corresponding eigenvectors are given by Iy = (0,(N)N)7T, I, = (1, NT)T, and I3 = (-1, NTT.
The condition (ii) in Assumption 5 is satisfied with g11 = (0,el)T, g1o = —(0,el)T, and
w1 (t,x) = 0. Moreover, as for the condition (iii) we see that det L = 2S(u)(NOL) : (NOL ), which
is strictly positive. Therefore, we can apply Theorem 2 to obtain the desired estimate. O

5.7. Nonlinear a priori estimates. We are now ready to derive a priori estimates for the
nonlinear problem (65)—(67) which imply the following stability result.

Theorem 3. Let m > 3 be an integer and assume that Assumption 1 is satisfied. Let also
(u, i) be a reqular solution of (65)—(67) such that the initial data satisfy (u(0,-),dant0(0,)) €
H™(E) x H™Y/2(I') and the subcriticality condition

gh(0,z) — [v(0,2)]? > 2¢y for z€&

with a positive constant cg. Then there exist a positive time Ty and a constant My depending
only on [[u(0, )| gm (g, [Otanthi(0, ) grm-1/2(p), and ot such that we have

()17, + Peanti ()2 1o < Mo,
(m)
gh(t,z) — |[v(t,z)|> > co for (t,xz) € (0,T) xE.

Proof. Let us introduce the notation

T (u,n) = D (IluC)llL,,)° + fx,t(\atanibi(’)’H(ni{z)Q,

which is the quantity we are going to control. Decomposing u = xpu + (1 — xp,)u, we get

(96) T (s i) S TR O ) + D (0= xu)u)l,,)%,
and we further decompose the first term of the right-hand side as
(97) '])T:Lt (Xbuv ¢1) ,S Jg\),t(Xbua ¢1) + J)T\rft_l(Xbatuy 8t¢i) + J)T:Lt_l (Xbbtanua Otan¢i)

+ IA,t(|||0nor(Xbu)|||m—1)2,
where we use the fact that yj;, commutes with 9y and 0¢a,. There are therefore five terms
to control: I +(|[[(1 — xp)u(-)|l,,) J,(\),t(Xb%iﬁi), Jg’ft_l(XbD”u,D”z/Ji) (0 = O or dian), and
Iy +(IPnor (Xb)|,,—1)- We evaluate these terms in four separate lemmas. In the statements
of these lemmas, the constants Ko, K, and K™ are such that

= [[ull Lo 0,1y <) < Ko,

K07 HUHWZF < K7

[w(0)]| frm—1(gy < K™.
Lemma 5. Let u = ((,v™)T be a reqular solution of (65) such that Assumption 8 is satisfied.
Then,

Dl = xu)uO)ll,,)? < CEo)ll[u(0) 17, + CEIA L (llu)]l,,)°
holds for any A > X\o(K) and t € [0,T].
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Proof of lemma 5. We write (65) in the form

Oru+ Aj(u)dju=0 in (0,7) %€,
where A;(u) is given by (85) in Proposition 11, so that we checks readily that @ = (1 — xp,)u
solves

ot + A](u)aju = f in (O,T) x &
with f = —(0jxp)A;(u)u. Here, we see easily that 3(u) is a symmetrizer of this system and
that we have C(Kp) 'dzx3 < ¥(u) < C(Kp)Idsxs in (0,7T) x € and

100X () 4 95(3(u) Aj (w)l oo ((0,1)xg) < C(Ko) K.
Moreover, by the embedding W2, — Wflp’p for any p € [2,00) we have also [|0A;(u)l|ym-1~py1r <
T T

C(p, K) for j =1,2. Since [|f(®)]l],, < C(K)||u(?)]|,,, the result therefore follows directly from
Proposition 5 and (30). O

Lemma 6. Under Assumption 1, let (u,1;) be a reqular solution of (65)—(67) such that As-
sumption 8 is satisfied. Then,

T, 5) < C(Ko) (w0172 + Puantis(0) 7-1/2)-
holds for any A >0 and t € [0,T].

Proof of lemma 6. From the energy conservation in Proposition 10 and the coercivity of the
Dirichlet-to-Neumann map established in Proposition 3, we have

lu()lI72 + Peanti()[F 12 < CEo) (Iu(0) |72 + Prantis(0)[F;1/2),

from which we infer the result. O

Lemma 7. Under Assumption 1, let (u,;) be a regular solution of (65)—(67) such that As-
sumption 8 is satisfied. Then,

J;\??t_l(XbaHEa D||¢1) < C(K()a KIH)(H‘U(O)H‘E;@ + ‘atarﬂ/}i(o)‘?{m—l/z) + C(K))\_2J§?t(u, ¢)
holds for any A > X\o(K) and t € [0,T].
Proof of lemma 7. Let us write (1, ;) = (Xb0)u, X0 i), which solves (79)-(81). Defining, as
in Proposition 11, % = S(u) and ¢ = ) which solves (83)—(84) and denoting S(u) = X (u)™!,
we have
@)l = NS @)a@ll,n—
< CEMADON oy + Y 0% S@)]a(t)] 1.
|| <m—1
Here, by using (54) and Lemmas 1 and 4 we have
0%, S(w)i(t)] 2 < C(Il[0%, S)](0)| L2 + SX 1 (10:[0%, S(w)]u(")|| )
< Cllla(O) -y + CEMEON, -y + CU)SK T 1)
< C(Ko, K™)|[[w(0)ll,,, + CUE)SK o (@) 1)
and therefore,
D) 1) < CE) It (GGl —y) + C o, K™ [u(0) ], + CU)SK (T s )-

The last term can be absorbed into the first term in the right-hand side for sufficiently large A,
so that

Dyl oy < CK) Dy (@) —1) + C (Ko, K™)[[[w(0)]],,5
and then

(98) Ty ) < O(Ko) T (@) + C (Ko, K™)[[u(0)

-
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The result stated in the lemma is a direct consequence of (98) and of the following upper bound
on Jf\”t_l(ﬁ, ;)

99) YT ) < O (Ko, K™ ([w(O)I, + Peanthi (0)3-1/2) + CUOAT2 T (u, ).

that we now turn to prove. We note that by the embedding W?:’p — W?p’p for any p € [2,00) we
have ||u|ym-1-p2e < CK, so that we can use Corollary 2 with m replaced by m — 1 to obtain
T T

TR (@, 05) < C(Ko) ([[(0)]17,—; + [Prandi (0)[2 +191(0)3, 12 )

o2
(m=1) (m=1)
+ C(Ko) (Sx o U F M lllper)® + Si,t(lgl(')IH(—l)/z)2 + )‘_1|Dtang2|iz y1e)

A t7 T (m—1)

=:J1+ Jo,
where f = %(u)f — B(u, du) with f, g1, and go given by (81), that is,
f=—bwoy, 0j]F;(w), g1 =[,Als, and g2 =—N) - Fuor(w)".

Here, we recall that B(u, ) = S(u)0y(S(u) ™), F;(w)T = (hvj, (g¢ + %|v|2)ejT), and Fpor(u) =
N;F;(u). Let us control separately J; and Jy, which deal with the initial data and source terms,

respectively. _
— Control of J;. From the definition of %, we have easily ||@(0)]||,,_; < C(K™)||w(0)]],, and

using Proposition 3, we get |g1 (O)’H(—lii) S [0tanti(0)[ ;-1/2 , so that

(m—1)

Ji < C(Ko, K) (lu(O)17, + [Peanti(0)2, -1/2)-

(m)
In order to get an upper bound on |Dtan¢i(0)|H71/2, we need to give an upper bound on
(m)
|Dﬁ‘0tan1[)i(0)|H71/z for all & = (ag,1) € N? such that |o| < m. In the case ag = 0, o
contains only tangential derivatives so that |Dﬁ‘0tan¢i(0)|H71/2 < 9tan®i(0)| ym-1/2. In the other
cases, we have \Oﬁbtanwi(O)]H,1/2 < |0i(0)[ ;172 - Replacing Oy = —g( — $|v|? and using the

(m—1)

trace theorem, we deduce that \Oﬁbtanwi(O)\H,1/2 < C(K™M)[|u(0)]],,- Therefore,

Jr < C Ko, K™) (|u(0)17, + Peant(O)Fym-172).
— Control of J5. Using Proposition 3, Lemma 4, and the trace theorem, we get

’gl (t)‘H(W < C’Dtanwi(t) ’H*1/27

m m

1 @1+ Prang2 ()] -172 < CU )l
From (30), we then obtain
Jo < CUONIY ().

These upper bounds on J; and Jo prove (99) and therefore complete the proof of the lemma.
O

Lemma 8. Let u = ((,v")T be a reqular solution of (65) such that Assumption 8 is satisfied.
Then,

Dy (lonor (xb) lln—1)* < C(E0) (Ilw(O)II, + Ine(ll n0tt, xp0eant) 1))
+ O LuallluO)lln)?
holds for any A >0 and t € [0,T].
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Proof of the lemma 8. The proof can be carried out in the way as the proof of Proposition 8.
Let us write @ = xpu. Then, we have

o+ A](u)aju =f in (O,T) x &
with f = (0;xp)A;(u)u, where A;(u) is given by (85) in Proposition 11. Denoting wUkb) =
d]ok ol 1 as before, for j + k +1 < m — 1 we have
B kD 4 AUk 1 ApqURD = £ in (0,T) x €.

We proceed to verify that the coefficient matrices A; and As satisfy Assumptions 5 and 6.
We choose Ag = S (u) = X(u)~!. Then, the corresponding boundary matrix is given by Apor =
(1) " Gror X (u), whose eigenvalues are given by \; = 0, Ay = 1, and A3 = —1, so that we choose
n1 = 1 and ny = 2. The corresponding left eigenvectors are given by Iy = X(u)(0, (N+)TT,
I = B(u)(1, NTT and I3 = (u)(—~1, NT)T. The condition (ii) in Assumption 5 is satisfied
with g11 = X(u)(0,e3)T, g12 = =S (u)(0,e])T, and w; (t,z) = 0. Moreover, as for the condition
(iii) we see that det L = 2 det(E(u))S(u)(]&) : (NOL ), which is strictly positive. Therefore, we
can apply Lemma 3 to obtain
L([[uO D) 12) < C(Ko) (1w D)y + Ina(foyu D ()] 2)
+ C(E)SS (k2 Clll)-

Using this inductively, we get the desired estimate. O
By (96), (97), and Lemmas 5-8, we get
T (s ) < C (Ko, K™) ([lw(0)[11%, 4 Peantii (0)[3m—1/2) + C KNI (u, 45).
The last term can be absorbed by the left-hand side for sufficiently large A. We can also use the
equation to get [[u(0)[[,, < C(K™)[[u(0)| g ¢), leading to the upper bound

([P

(100) TN (u, 1) < Cr(Ko, K ([[w(0)[[Frm gy + [Ptani(0) [ Fymo1/2)
for any A > A\g(K) and any ¢ € [0,7]. We note also that

(101) gh(t,z) — |v(t,:17)|2 =gh(0,z) — |v(0,:17)|2 + /t (g@tC — - atv)(t/,:n)dt’
> 2c0 — Co(K)t 0
hold for any (t,z) € (0,7) x £, where we used the Sobolev embedding W7 — Wh>°((0,T) x £).
Similarly, for any (¢,2) € (0,T) x £ we have
(102) lu(t, )| < [[u(0, )| oo () + Co(K)2.

We can now conclude the proof of the theorem. We recall that we want to find My and Tj
that depend only on the initial data, more precisely, on ¢y and an upper bound of [[u(0)| g (¢)

and [0¢an®i(0)| jm—1/2, such that &, (t) == ||u(®)[|?, + |Dtan¢i(t)|§{,1/2 < My holds over the time
(m)
interval [0, 7). We will do this in two steps.

Step 1. Choice of My and Ty. We first choose positive constants Ko and K™ such that
5 2[u(0, )| Lo () < Ko,
(0, ) grm-1(g) < K™,

where ¢y is the positive constant in the subcriticality condition on the initial data. Then, we
choose the positive constant M such that

2C1 (Ko, K™) (1u(0) 3 (e) + Pranthi(0) Frm-1/2) < Mo,
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where Cy (Ko, K™) is the constant in (100). In view of |[|u(t)[|?, < eI (u, 1), we choose the
positive constant K such that %, v My < K. Finally, we choose a positive time T such that

2)\0(K)T0 < log 27
CQ(K)TQ < min{co, %K()},

where \g(K) is the constant so that (100) holds for any A > A\o(K) and Ca(K) is the constants
in (101) and (102). Here, we note that by the choice of the constant My we have &, (0) < 1 M.

Step 2. We will show that under the choice of the constants My and Ty in the previous step
ém(t) < My holds for any ¢ € [0,7p] by contradiction. In fact, if it does not hold, then there
exists a time tg € (0, Tp] such that &,,(tg) > My. Then, we can define a time T} by

T, = inf{t > 0| &, (t) > My}.

Since &,,(0) < My and &, (to) > My, we have 0 < Ty, < ty < Tp. We have also &,,(t) < M)
for t € [0,T,]. Therefore, by our choice of the constants in Step 1 we see that the subcriticality
condition in Assumption 8, [[u(t)|[z) < Ko, and [[u(t)[,, < K hold for any ¢ € [0,7%],
so that (100) also holds for any ¢ € [0,7.]. Particularly, we have &,(t) < LMye2 (T <
%MerAO(K To < M, for any ¢t € [0,T,]. Therefore, by the continuity in time, there exists a small
e > 0 such that &,,(t) < My holds for any ¢ € [0, T\ + €], so that by the definition of T} we get
T, + & < T, which is a contradiction. This completes the proof. ]

6. WELL-POSEDNESS OF THE LINEARIZED HYPERBOLIC SYSTEM

The aim of this section is to establish the well-posedness of the initial boundary value problem
to the transformed linearized equations (86)—(87) for the wave-structure interaction problem, so
that we will consider in this section the following linear symmetric hyperbolic system

(103) S(t,x)0u+ Gjoju = f(t,x) in (0,7) x &
under the boundary conditions
O +ul = go(t, x) on (0,7)x 1T,

where f is an R3-valued function defined in (0,7) x £ for some T > 0, S takes its values in the
space of 3 x 3 real symmetric and positive definite matrices, G; (j = 1, 2) are constant symmetric

matrices given by
0 T
e; O2x2

N is the extension of the normal vector to I' constructed in Section 3.2, A is the Dirichlet-to-
Neumann map defined in Section 3.4, g; and g, are real-valued functions defined in (0,7") x I'.
Comparing (103) to (86), the equations have been multiplied by S = ¥~!; both formulations
are of course equivalent. We also recall that for v = (uy,us2,u3)’ € R? we write u! = u; and
ull = (ug,u3)T. We impose the initial conditions

(105) o =u" i £,
Yij,—o = ¢i" on I

Since S(t, ) is invertible by assumption, the symmetric hyperbolic system (103) can be written
in the form (41) and S(¢,z) plays the role of a Friedrichs symmetrizer. The corresponding
boundary quadratic form defined as (46) is now given by B[u] = Groru - u with Ghor = N;Gj.
The eigenvalues of the boundary matrix Gy, are =1 and 0, so that the boundary is characteristic.

In order to prove the well-posedness of the problem (103)—(105), we first propose in Section
6.1 a regularization of the problem for which the well-posedness is known. We then establish
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in Section 6.2 uniform energy estimates with respect to the regularization parameter. As usual
with hyperbolic initial boundary value problems, we have to impose compatibility conditions
on the data to allow regular solutions. Such compatibility conditions are studied in Section
6.3 and several approximation results proved; the task is made delicate by the fact that the
problem is characteristic. It is in particular shown that data compatible up to order m — 1 can
be approximated by more regular data satisfying higher order compatibility conditions. The
well-posedness of the linearized equations is then proved in Section 6.4. It is important to note
that we are able to work with regularity requirements on the coefficients of the operator that
are lower than those usually required for linear IBVPs. This will be used to get the critical
regularity in Theorem 5.

6.1. Regularized problem. As we have seen in Propositions 12 and 13, for any regular solu-
tions of (103)-(104) the boundary term is weakly dissipative in the sense of Definitions 2 and
3 so that a priori energy estimates of the solutions can be obtained. Nevertheless, a standard
theory of the initial boundary problem for hyperbolic systems cannot be applicable directly to
show the existence of regular solutions. To show the existence, we first regularize the equations
with a regularizing parameter € > 0 and construct a solution (u®, ) to the regularized problem.
Then, by passing to the limit € — 40 we shall show that the series of approximate solutions
{(u®,95)}es0 converges to a solution of the original problem (103)—(104). In this article, we
adopt the following regularized problem

(106)  S(t,2)(8 — expN - V)u + Gd;u = f(t,2) —eS(t,z)(xpN - V)uP) in (0,T) x €
under the regularized boundary conditions

(107) {N ull = AL+ i) on (0.7) x T

at¢i + ul = 92(t7$) on (07T) x I,
where xy, is the smooth cutoff function supported in Ur defined in (24), u(0# will be constructed
a priori from the initial data so that (8gu(0)75)‘t:0 = (8tju)|t:0 holds for j = 0,1,2,..., and
J. = (1 +¢|D|)7! is a smoothing operator. Here, we used a standard notation of Fourier
multipliers acting on functions defined on I', so that |D| = (—02,,)'/2. We note that this type
of regularization in (106) was already used in the analysis of the local well-posedness for the
compressible Euler equations in a fixed domain [50]. We impose the initial conditions

) oo =i
Yij,—o = ¢ on I,

where the initial data ©™*¢ is in general not the same data as u'™ to the original problem (103)-
(104); even if the data (u'™,1™) satisfy the compatibility conditions to the original problem
(103)—(104), which will be introduced in Section 6.3 below, they do not necessarily satisfy the
compatibility conditions to the regularized problem (106)—(107). Therefore, we need to modify
the initial data u™ so that the modified data (u'™*¢, 1/1%“) satisfy the compatibility conditions to
the regularized problem and that {u™¢}..q converges to u'™ as & — +0.

The boundary matrix to the regularized hyperbolic system (106) is given by Guor — €S.
Concerning the eigenvalues of this boundary matrix, we have the following lemma.

Lemma 9. Let S be a 3 x 3 real symmetric matriz. There exists a sufficiently small eg > 0 such
that for any unit vector N € R? and any € € [—cq,&0] the matriz Guor — €S has three different
eigenvalues A\G(N) and £X5.(N). Moreover, the eigenvalues satisfy

(109) A(N) = M(N)e +O0(e?), NL(N)=1+0(e)

as € — 0, where \o(N) = _(z\9l) : S(z\?l ) Particularly, if S is positive definite, then for any
e € (0,e0] the matriz Gyor — €S has one positive eigenvalue and two negative eigenvalues.
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Proof. In the case € = 0, the matrix Gy, has three different eigenvalues 0 and +1, so that the
perturbation theory from simple eigenvalues implies the first part of the lemma. Therefore, it
is sufficient to show that \o(N) = —( ]\?L) - S ( NO g ) The characteristic equation of Gpor — €5
is given by det(—Ghor + Ad3xs + €S) = 0. Here, we recall Jacobi’s formula & det(A(f)) =
tr(adj (A(H))%A(t)), where adj(A) is the adjugate of the matrix A. Particularly, we have det(A+
B) = det A+tr(adj(A)B)+O(|B|?) as |B| — 0. Therefore, as e — 0 and A — 0, the characteristic

equation can be expanded as

0 = tr(adj(—Gror)(Ad3xs +5)) + O(\* + &%)

— - (&1) 5 (&1) e OO +e2).

Plugging A = \g(N)e + O(£?) into the above equation and looking at the coefficient of &, we
obtain the expression of Ag(XNV). O

Remark 8. In view of this lemma, the number of the boundary conditions should be one for
the reqularized system (106), which is consistent to the boundary conditions (107), because the
second condition in (107) can be integrated as 1; = Y™ + fg (g2 — uh)dt’ so that the unknown
i could be eliminated from the boundary conditions, leading to one boundary condition. We
also note that the term J.AJ:h; can be regarded as a lower order term thanks to the smoothing
operator J.. Moreover, if we assume that S(t,z) > agldsxs holds for any (t,z) € (0,T) x &,
then we see that

(Gor —eS)u - u = 2u' (N - u!V) —eSu - u
< 2u||N - u"| — eagul?
< %0
- 2
Therefore, (107) could be regarded as strictly dissipative boundary conditions for the regqularized

system (106), so that we can apply a standard theory to construct a solution to the reqularized
problem (106)—(108).

]u\z + i\N . uH]2.
EQ

6.2. Uniform energy estimates. We will derive uniform energy estimates of regular solutions
to the regularized problem (106)—(107) with respect to the small regularized parameter ¢ along
with the same lines as in Sections 5.5 and 5.6 with slight modifications. For simplify the notation
we put f¢ = f—eS(xpN-V)ul®, so that the regularized hyperbolic system (106) can be written
simply as

S(t,z)(0y —expN - V)u+ Gj0ju = f°(t,z) in (0,T) x€E.

Corresponding to Assumption 2, we impose the following conditions.
Assumption 9. There exist a positive constant ¢y and a constant 1 such that for any (t,z) €
(0,T) x & the following conditions hold.

(i) apldsxs < S(t,x) < Boldsxs.

(ii) 0¢S(t, ) —€0;i(xb(x)N;j(2)S(t,x)) < Bildzxs.

In the statement of the following proposition, we use the notational convention ||- ”W;lmw;p =

0 in the case m = 0. Note also that the quantity SJ’, _(t) is the same as the quantity S, (t)
that appears in Corollary 2, except that f has been 7replaced by f€ and that it contains an
additional term E’glléy((o,t)xr)'

Proposition 14. Let m be a non-negative integer and assume that Assumptions 1 and 9 are
satisfied. Assume also that OS € W?_l N W;’p for some p € (2,00) in the case m > 1 and take
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two constants 0 < Ko < K such that

1 1
{a_ovﬁ(b f)g < K07

K07517 ”85HWZ’F’L*1QW;P < K.

Then, there exist positive constants g = £9(Ko) and Ao = Ao(K) such that for any e € [0,¢eq]
and any regular solution (u, ;) of (106)—(107) we have the energy estimate

TneU)ln)* + Do (Ruan e () gy o172)* + eluligg 0.9y < OO Sfatae (1)
for any A > No(K) and t € [0,T], where

Sg;ta,s(t) = H’U(O)H‘En + ‘atanwi(o)‘é(l)m + ‘gl(o)’z(l)/Q

+ S5 Ol)* + Selgi ()l -1/ )2+ )‘_1’Dtan92‘iz g2t 5‘9ﬂ§{;ﬂ((0,t)xf)'

(m+1) At (m)

Proof. We can prove the proposition along with the same lines as in Sections 5.5 and 5.6 with
slight modifications, so that we focus the points where we need the modifications, which will be
given by the following lemmas.

Lemma 10. Under the assumptions of Proposition 14 and with the same notations, there exists
a positive constant Ao = Ao(K) such that for any e € [0,1] and any regular solution (u,;) of
(106)—(107) with u supported in €N Up we have

Dt llm,)? + fA,t(latanJewi(')lH(l)/z)2 +elulfp o.xr)
< C(Ko)Siua(t) + CUEON Ine(lu()]l,)?
for any A > No(K) and t € [0,T).

Proof of Lemma 10. We prove the lemma only in the case m = 0, because the case m > 1 can
be proved along with the same line as in the proof of Proposition 13. For the regularized system
(106), the boundary quadratic form B[u] is given by B[u] = 2u' (N - u") — eSu - u. Therefore,
by the boundary conditions (107) and noting that the smoothing operator J. is symmetric in
L?(I') we have

/0 Lo < /P %[u]) ar

t t
=-2 / e_2>\t,(at=]€¢i, AJeﬂ)i)Lz(p)dt/ + 2 / e~ (AJ 1, J592)L2(p)dt/
0 0

¢ L
+ 2/ e (g, UI)LZ(F)dt/ - 26/ e M (S, w) 2(rydt’
0 0
=: By + By + B3 + By.
Here, as in the proof of Proposition 12 we obtain
Bl < —£(€_2M|atan<]€¢i(t)|§{—1/2(p) + 2>‘|Dtan=]€¢i|%§7tH71/2(F)) +§|atan¢i(0)|§{71/2(p)a

‘32‘ < E)\’Dtanjal/}i’%?\ JH-1/2(I) + (E)\)_lg2‘atang2‘i§ JH-1/2(I)

where we used the inequality |Jot)|gs(ry < [¢|gs(r). As for Bz, we put ¢ = (0, xpg1 N )T with
g1 an extension of g; to (0,7) x & so that g;|,. = g1 as before. Then, we obtain

gluI = Nj(p - (Gj —expN;S)u) +ep - Su,
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which together with the hyperbolic system (106) implies

d
I
(91,9 ) 2y = E/gg@-Su—ks/Fgo-Su
- /g{(S(@t —exulV;0j)p + Gj0jp) - u+ - (f*+ (0eS — €0;(xpN;S))u)}-

Therefore, proceeding as in the proof of Proposition 12 we get

o K «Q
|Bs| < (go + §> Do(llu()|z2)* + 705’“\2@((07t)xr)
+ C(Ko) (1g10) 172 + S5 Ngr(lll1)? + Sx (1l z2)* + E!Ql\%g((o,t)xr))v

where we used the Sobolev embedding W1 (€) — L*(€) to obtain [|0S]| s ((0.1)x&) S [0Sy
T

Finally, B, is easily evaluated as By < —aos\uliz ( Gathering the above estimates, we
A

0,6)x 1)
can deduce the desired estimate. O

Lemma 11. Under the assumptions of Proposition 14 and with the same notations, there exist
positive constants €9 = €o(Ko) and Ao = Ao(K) such that for any e € [0,e0] and any regular
solution (u, ;) of (106)—(107) with u supported in €N Up we have

Doe(llu()lll)* < C o) (Ine(MlwC) ) + WOl + S5 UL O)?)
for any A > \o(K) and t € [0,T].

Proof of Lemma 11. The proof can be carried out in the same way as the proof of Proposition 8
and Lemma 8, that is, we apply Lemma 3 to uU%!) = 8gbfanbﬁwru for j+k+1 <m—1. To this
end, we have to check that the coefficient matrices satisfy Assumptions 5 and 6. In this case,
we choose go = Idsx3 so that A; = £¥G; — expN; for j = 1,2, where X(t,z) = S(t,z)~t. The
corresponding boundary matrix is given by Anor = XGror — €ldsxs. To calculate eigenvalues of

this matrix, we write
T
Y <O‘0 0'/> .
o X

Then, the eigenvalues of A, are given by A\y = —¢, \a = N -0 + vooN -X'N — ¢, and
A3 =N-0—+ogN -X'N —¢e. By (i) in Assumption 9, we have Bo_lIdgxg < N(t,x) < aglldgxg,
so that

_ o N .o _
BO 1Id2><2 S <N 00_ N . E,N> S Oé() 1Id2><2’

Therefore, in the case £ = 0 we have [AaA3| > 352 so that [A\; ], [A\31] < 282a,'. Hence, Ay and
Ag are positive and negative definite, respectively, for |e| < g¢(Kp). Although these eigenvalues
have definite signs for 0 < & < g¢(Kj), we have to choose ny = 1 and ny = 2 to obtain uniform
estimates with respect to the regularizing parameter €. The corresponding left eigenvectors are
given by
L=s(Y ly=5( Y20 =S Y70 ).
Nt )» VN -YNN)’ VN -X'NN

It is easy to see that the condition (ii) in Assumption 5 is satisfied with g1 = S(0, e)T, qi2 =

~S(0,el)T, and w; = —expN. Moreover, we have det L = 2(det S)\/ooN - /N > 20"
Therefore, we can apply Lemma 3 to obtain the desired estimate. O

Lemmas 10 and 11 are sufficient to conclude the proof of the proposition. O
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6.3. Compatibility conditions. It is classical for hyperbolic initial boundary value problems
that smooth solutions can exist only if the initial and boundary data satisfy an appropriate
number of so-called compatibility conditions. In this section, we derive these compatibility
conditions for the initial boundary value problem (103)—(105) as well as for its regularized version
(106)—(108). It turns out that these compatibility conditions are different, so that data that are
compatible with the original problem are not necessarily compatible with the regularized one;
we show however that it is possible to approximate them by data that are compatible with the
regularized problem. We also show that compatible data for (103)—(105) can be approximated
by more regular data satisfying higher order compatibility conditions.

6.3.1. Compatibility conditions for the original problem. We first consider the initial boundary
value problem (103)—(105). Let (u,;) be a smooth solution to (103)-(105) and put (uj",¢y) =
(8tju,8tj1/)i)‘t:0 for 7 =0,1,2,.... By applying 8tj to (103) and to the second condition in (104)
and putting ¢ = 0 we see that the {uzn} are calculated inductively by

j—1 .
in J j—k in in j
S|t:0uj+1 + Z <k> (ag S)lt:ouk—i-l + Gpapuj - (81?-}0)&:0
k=0
for j =0,1,2,..., and that {¢! } are given by 1[)1‘;“ (6]92)|t:0 — (ui]-n)l|r for j =0,1,2,....
Then, by applying GZ to the ﬁrst condition in (104) and putting ¢ = 0 we obtain
(110) N - () = A%+ (g1, on T

for j =0,1,2,.... These are necessary conditions that the data (u'™™, iin, f, g1, g2) should satisfy
for the existence of a regular solution to the problem (103)—(105). We check easily that under
assumptions

(111) Wt e HM(E), ¢t e HMVAD), feWRTh, g1, e Wi T2

together with Assumption 9 (i) and 9S € Wi =2 n W%p for some p € (2,00) in the case m > 2,
we have uijn € H™ (&) and 4™ € H™IT1/2(T) for j = 0,1,...,m, so that each term in (110)
belongs to H™'=7+1/2(I") for j = 0,1,...,m — 1. Therefore, the condition (110) make sense
forj=0,1,...,m—1.

Definition 4. Let m > 1 be an integer. For any integer j € {0,1,...,m — 1} we say that
the data (u™,¢¥i", f, g1, 92) satisfying (111) for the initial boundary value problem (103)-(105)
satisfy the compatibility condition at order j if (110) holds.

6.3.2. Compatibility conditions for the regqularized problem. We proceed to consider the initial
boundary value problem (106)—(108) for the regularized system with the regularized param-

eter ¢ € (0,1]. Let (u®,¢f) be a smooth solution to (106)-(108) and put (uijn’a,zpiif}’a) =
(8gu5,6g¢f)|tzo for j = 0,1,2,.... We recall that «(? will be constructed a priori from the
initial data so that (8gu(0)75)‘t:0 = (Ggua)hzo holds for j = 0,1,2,.... Therefore, by applying Gf
to (106) and to the second condition in (107) and putting ¢ = 0 we see that {u}ne} are calculated
inductively by

J— .
in, J '—k in in, j
S|t:0uj+€1 + Z <k‘> (ag \t ouk-:l +G apu T = (@Jf)\t:o

for j =0,1,2,..., and that {ﬂ)me} are given by ¢1j+1 (6]92)|t:0 - (uijn’e)l| for j =0,1,2,....
I

Here, we note that this recursion formula is exactly the same as that of {u}n}, the only difference
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in,e j

is the initial data u'bn = u™ and Uy~ = u'™¢. Then, by applying &/ to the first condition in (107)
and putting ¢ = 0 we obtain

(112) N - (uijn,E)H = JEAJE@Z)iigﬁ + (8g91)\t:o on I
for j =0,1,2,.... Asin the case ¢ = 0, this condition makes sense for j = 0,1,...,m — 1 under

the assumptions
(113) Wt e HM(E), e HMYAD), feWpTl g g e Wi
together with the same condition on S as before.

Definition 5. Let m > 1 be an integer. For any integer j € {0,1,...,m — 1} we say that
the data (u'™°, 1", f, g1, 92) satisfying (113) for the initial boundary value problem (106)—-(108)
satisfy the compatibility condition at order j if (112) holds.

6.3.3. Approximation of the data by compatible data to the reqularized problem. Even if the data
(u™, ™ f, g1, go) satisfy the compatibility conditions for the initial boundary value problem
(103)—(105), the same data does not necessarily satisfy the compatibility conditions for the
initial boundary value problem (106)—(108) to the regularized system. However, the following
proposition ensures that we can approximate the initial data u™ by «™¢ so that the data
(ul™e ,zbiin, f191,92) satisfy the compatibility conditions for the initial boundary value problem
(106)—(108) to the regularized system, and that u™¢ — u™ as ¢ — +0.

Proposition 15. Let m > 1 be an integer and suppose that the coefficient matriz S satisfies
Assumption 9 (i) and dS € Wir=2n W%p for some p € (2,00) in the case m > 2, and that
Assumption 1 is satisfied. Assume also that the data (u™, ™™, f,g1,92) satisfy (111) and the
compatibility conditions for the problem (103)—(105) up to order m —1. Then, for any e € (0, 1]
there ezists an initial data u'™° € H™(E) such that the data (u'™, ¥ f,g1,g0) satisfy the
compatibility conditions for the regularized problem (106)—(108) up to order m — 1. Moreover,
we have
m

(114) tim [0 = ul? | s gy = 0.
-0

J

Since the boundary is characteristic for the symmetric hyperbolic system (103), a standard
technique cannot directly be applicable to prove this type of proposition and we need a more
delicate analysis than the standard one. Before giving a proof of this proposition, we state the
following algebraic lemma whose proof is straightforward and thus omitted.

Lemma 12. Let W, F € R? and Gpor = N1G1 + NoGo, where Gy and go are matrices defined
as in (82) and N = (N1, No)¥ € R? is a unit vector. Then, the following two assertions are
equivalent:

(i) The vectors W and F solve the algebraic equation Guo, W = F';
(ii) We have F' - (]\?l) = 0 and there exists o € R such that W = Gpor F + a(]&).

If, in addition, Sy is a definite positive matriz and fe R, then the following two assertions are
equivalent:
(iii) The triplet (W, F, f) solves the algebraic equations Guo:W = F and SO(NOL) W= f,
(iv) We have F - (]\?l) =0 and W = Gpor F' + a(]\?l ), with « given by

1 . 0
CE sl (VS ) G,
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Proof of Proposition 15. We construct such an approxunate data «™¢ in the form u'™® = 4™ 4

w™¢ and put wm = u}ns u}n and qu <= 1/)‘“ o i % for j =0, 1, 2,...,m. Then, we see that
{wm 6}m o are determined inductively from wgl 6 = w'™ by
(115) oWy + Z ( > (@7"8)| _ywysy + Gpopw™ =0
and that {que * , are given by que = 0 and qbir;il = —(w;n’e)l‘ for j = 0,1,...,m — 1.
’ r
Moreover, the compatibihty condition (112) at order j to the regularized system is reduced to
116 N - () = JATGM + (JAT. — A on I
J

We are going to construct the initial data wgn’e

satisfied up to order m — 1.

such that these compatibility conditions are

Step 1. Compatibility at order j = 0. The compatibility condition at order 0 can be Written
as N - (wi* ) = g5 with g5 = (J-AJ. — A)¢™ on I'. There are many choices for such wy"*. We
can for 1nstance impose additionally

in,eNT _ F
(117) (wg ) mOE o
(Ni ) =0 on I,

so that wo ™€ solves the equations Gnorwbn6 F and 50(]\?i) m€ = f, with F' = (g§,0,0)7T,
So = Id3xs and f = 0. It follows that wo "€ is given by the exphclt formula in (iv) of Lemma 12.
In particular, since we have T,Z)iij%‘F c gt/ 2(I'), this expressions determines wé]n’a‘F uniquely as

a function in H™1+1/2(I"). Moreover, we see that

|| gm-rt1/2 () S N(TeATe = AP rm-141/2 ()
5 |(Je = 1) | s/ cpy + [(Je = T)AG | 112y
—0 as e¢— 40,

where we used Proposition 3.

Step 2. Analysis of the induction relation (115). Taking the trace of (115) on I', we obtain the

ineg in,e B .
equation Grordnort;” Sl_oWiiy + [5o with

j—=1 ,.

J ik in,

fio=—2(k)<az ol — Crastua? on T
k=0

where Gian = ﬁ(TlGl + T»G3). More generally, if p 4+ g = j, then applying dior to (115);—,

and taking the trace on I yields the equation Gnorbg&l ine _ —S| — Obnorwmfl + flf,q with
fp q -7, S‘t 0] ;,ril_al + [od ., Gnor]DnOrw;)nf
p—1
p —k i
+ ol <Z (k;) (o7 Sz owignﬁ + Gtanbtanwglﬁ) on I}

k=0

an important observation is the following: if {(Dnorw;,n 6) |p+q < j} are determined such that
in ,€

(Odorwp™?)), — 0 in H™1=0+O+/2(T) as & — +0, then the regularity assumed on S),_, is
enough to ensure that f5, — 0 in H™ 2= @C+O+L/2(1) ag ¢ — +0.
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Now, since GporW = F with W = D%ﬁrlw};n “and F = —5S|,_ Obnorwufl + f5 4> We can apply the
first assertion of Lemma 12 to get

(118) S\t Dnorw;rii-i (]\?L) = I§q ’ (]\?L)
Ogg}l e — Gnor( S\t oanmw;)rii-i + f}iq) + 0410711(1\9l )’

for some coefficient o, , € R. The set of all these relations obtained for all possible choices of p
and ¢ such that p + ¢ = j can be rewritten as

(119) Sle—owi¥1 - (§) = Fo- (wr),
which corresponds to the first equation of (118); 0, together with

1n€

0
(120) {anor ;n €q+1 Z (;'nor(O S‘t Oanor w;_~ q6|_2 + f;—q—l—l,q—l) + aj—q-l-l,q—l(NJ_ )7
in
Sh—oorwi g1+ (we) = figq (52),

which correspond respectively to the second equation of (118);_q+14-1 and the first equation
of (118);_q,4, for all 1 < ¢ < j, as well as

(121) Dflé’rlwgl = Gnor( S|t 0 nor 1n “+ fO ]) + aoy](]\?L )
which corresponds to the second equation of (118)07j.

Step 3. Compatibility condition at order j + 1. The compatibility condition at order j 4+ 1 can
be written as

(122) N-@m)T =g, on I

in,e
)L, we are free

where g5 = JEAJEgbir;il + (J-AJ: — A) ;I;H As there is no condition on (w5

to set it for instance equal to zero. This together with (119) yields

(123) {w;r—lfl _IH.ZJ—H( y ) * aj+1(1\9l )7

SlimoWii1 (1\&) =0 (1\&)
for some ;11 € R which is fully determined by Lemma 12 by taking this time Sop =.5|,_;. In a
similar way, we are free to complement (121) by an addition condition on S| t:O( ) D%j{rl m s

for the sake of simplicity, we set this quantity equal to zero, so that we can replace (121) by

1
ol wbne = Ghor (= S}, _ohorw™* + f5 ;) + a0 (W1 ),
Sjoco (W) - Vhor wg™= =0,

which, owing to Lemma 12, determines the coefficient ay ;.

Step 4. Induction. We want to show that the relations formed by (123), (120), and (121) allow
us to construct the desired approximation. More precisely, we prove by induction that for all
0<j<m-—1,the {(d norw},ne) |p+ ¢ < j} are determined and such that (0%ywh" ), = 0in
Hm1= (p+Q)+1/2( ) as € — +0. We have proved in Step 1 that this quantity is true for j = 0.
Let us thus assume that it is satisfied for 0 < 7 < m — 2 and prove that it also holds for j + 1.
We know from the induction assumption that gj- 41 1s already determined and satisfies gj +1—0
in Hm_z_j“/z(F) as ¢ — +0. As already observed in Step 2, the some holds for f5o- Using
the explicit expression of the solution to (123) furnished by the second assertion of Lemma 12
with Sy = S‘ o> and the fact that we assumed enough regularity on S),_;, we get the desired
bound on (w ; 1) Using (120) and (121), we readily show that the same holds true for all the

(Dnorwp )| , with p+¢ < j =1, so that the induction is complete.

(124)

Step 5. Conclusion. Now, we have seen that the compatibility conditions up to order m —
1 together with the additional conditions (117) and the second equation of (124) determine
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IHE

{(@horwi” e tie -} uniquely and that (dhorw)” )iy — 0in HM=1=9+1/2(I") as € — +0. Therefore,
by a standard extens1on theorem we can construct the desired correction wé)n’e. Moreover, the
limit (114) follows directly from the above construction of wgl ° O

6.3.4. Approximation of the data by more reqular compatible data. In order to approximate the
data (u'™, ¥, f, g1, g2) for the initial boundary value problem (103)—(105) by more regular data
satisfying higher order compatibility conditions, as in [3] in the non-characteristic case, we use
the following proposition.

Proposition 16. Let m,s > 1 be integers and suppose that S € CP°((0,T) x £) satisfies As-
sumption 9 (i) and that Assumption 1 is satisfied. Assume also that the data (u™, V", f, g1, g2)
for the initial boundary value problem (103)—(105) satisfy (111) and the compatibility conditions
up to order m — 1. Let {4}y, € H™ (D), (f™}z, € Wit (9, 05" )2y ©
Wg;fs_lﬂﬂ be approzimations of the data, which converge to (u™, Y™ f,g1,g2) in the class
indicated in (111) as n — oo. Then, there exists {u™™}2 ¢ H™5(E) satisfying u™™) — u™
in H™(E) such that the data (uin("),zbiin(n), f), (n),gé )) satisfy the compatibility conditions up
to order m +s — 1.

Proof. By the density of the space, we first approximate the initial data u™ by a sequence
of data {a™™}2 < H™(E) such that 4™ — «™ in H™(E) as n — oco. In general,
these data (u m("),i/)iin(n), ) g§ ), ggn)) do not satisfy the compatibility conditions. Therefore,
we compensate the initial data in the form ™™ = @0 4 (") go that the modified data
satisfy the compatibility conditions up to order m + s — 1. Let (i; T ,wm(n ) and (uijn("), zpiig.("))
be initial date (& u,d ¥i)|,_, for the initial boundary value problem (103)—(105) determined

from the data (@™ ("),wiin(n),f("),ggn),ggn)), and (u in(n) m n) L™ g ,gé )), respectively, and
put w;n(n) = u}n(n) — ﬂ}n(") and qﬁif}(") = 1/;1”?(") — w:}(n)' Then, we see that {w;n(n)}gn:%s are

in(n)

determined inductively from w, " = wn (™ by

in(n k in(n in(n
Slt:oijr(l + Z ( > @~ ) owk-ﬁl) + Gpopw; ™ — o,
and that {(big(")};n:%s are given by QSE]( =0 and ¢13+1 (w;n("))llp forj=0,1,...,m+s—1.

Moreover, the compatibility condition at order j can be written as

in(n)\11 __ in(n) ~in(n)\II 7in(n)
N’(wj ) =Ag; ; _(N’(uj ) — Ay ; ) on I

Here, we see that

N (ﬂijn(n))H _ATZJ_in'(n) c Hm+s—1—j+1/2(F) for j=0,1,....m+s—1,

= N @ =A% =0 in H™UITVA() for j=0,1,...,m— L

Therefore, as in the proof of Proposition 15, if we impose additionally the corresponding
conditions to (117) and the second equation in (124) for j = 0,1,...,m + s — 2, then we

can determine {(Dﬁlorwgl(n)) m¥s=1 uniquely such that (D%orwlon(n))| . € HmHsTI=IH2( ) for

IrJj=0
J=0,1,...,m+s—1and (D%orwgl("))‘F — 0in H™1=+1/2(Myasn — oo for j = 0,1,...,m—1.
Now, by using the method in [49] we can construct the desired correction wgl("). O
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6.4. Existence theorem. We can now state the main result of this section, which provides an
existence result for the initial boundary value problem (103)—(105). Let us insist on the fact
that the assumption 05 € W;p is weaker than the assumption 0S5 € W?p usually found in the
literature on hyperbolic initial boundary value problems. This will be used in Section 7.4 to
obtain a nonlinear existence theorem with sharp regularity.

Theorem 4. Let m > 1 be an integer and T > 0, and suppose that Assumption 1 is satisfied
and that the coefficient matriz S satisfies S € CL((0,T) x £), 9S € Wi~ ' n Wflp’p for some
p € (2,00), and Assumption 9. Then, for any data (u™, ", f, g1, 92) satisfying

(125) {“m e H™E), e H™VA(T), feH™(0,T)xE),

(L +[D))"2g1 € H™H((0,T) x '), (L+|D)"?gy € H™((0,T) x I'),

and the compatibility conditions up to order m — 1, the initial boundary value problem (103)—
(105) has a unique solution (u,v;) € Wi x Wrbn;l/z. Moreover, the solution satisfies the energy

estimate obtained in Proposition 14 with ¢ = 0.

Proof. The proof consists of three steps. In the first step, we prove the existence for S smooth
and more regular data. In the second step, the assumption of additional regularity on the data
is removed while, in the third step, we remove the additional regularity assumption on S.

Step 1. We first consider the case where the coefficient matrix S is sufficiently smooth as
S € C((0,T) x £) and the data (u™, ¢, f, g1, g2) satisfy (125) with m replaced by m + 3
and the compatibility conditions up to order m + 1. By Proposition 15, for each ¢ € (0,1]
there exists an initial datum u™¢ € H™3(€) such that the data (u'™ ¥ f g1, g2) satisfy
the compatibility conditions up to order m + 1 for the initial value problem (106)—(108) to the
regularized system. Moreover, we have u'™¢ — u™ in H™*3(&) as ¢ — 40. In this case we have

uijn’€ € H™H3-J(€) for j = 0,1,...,m + 3, so that we can construct u(9¢ ¢ W?H satisfying
((‘qu(o)’e)‘tf0 = uijm’E forj=0,1,...,m+3and ”U(O)’e”wm+3 S N[u™ || grme+3(gy. Then, we consider
- T

the initial boundary value problem (106)—(108) to the regularized system for ¢ € (0,1]. We note
also that f¢ = f —eS(xpN - V)u(o)’6 € WS’}”. Therefore, in view of Lemma 9 and Remark
8 we see that there exists sufficiently small g > 0 such that for each € € (0,e0] the initial

value problem (106)-(108) has a unique solution (u®, ) € Wirt? x Wgn;%l/ ?. Furthermore,
by Propositions 14 with m replaced by m + 2 we have a uniform bound of the solution

2
s @Ol g2 + Pran Jetbf ()] -1/ < C

(m+2)

for any e € (0,g0] and ¢ € [0, 7] with a constant C' independent of € and ¢.
We proceed to see the convergence of these approximated solutions {(u®,¥{)}oce<e, as € —

+0. For €,8 € (0,¢0], we put v*° = v — u’ and 1,!)15’5 = — 1/)1‘5, which satisfy the equations
SOuE® + Gou™® = f&° in (0,T) x €
and boundary conditions
{N (@)= Ay 7% o (0,T) % T,
b + (usf) =0 on (0,T)x T,
where
150 = S(xpN - V){e(w® — u@#) — 5(ud — ul09)},
97" = (Je = I)AT0F + AT — 105 — (Js —Td)AT5o — A(Js —Td)us.



54 TATSUO IGUCHI AND DAVID LANNES

Therefore, by Proposition 14 with € = 0 we have
4 2 )0
S (NP N2, + Prant (tﬂiﬁ,yz)

T
P 2 8 8 82 ¥}
S SO, + Puantsy O 1o + 107 00+ | Q= + i () ).
m m m—+1

Here, we easily see that
P
Dtant)i (0)|H(1)/2 < Nu ),

S ™ =™ A 100y

and that

172 @Ml S el @) g + S 1 OO) @]
Se+o.

In view of |(J. — 1d)¢|gs < e|Jz¢|gs+1 and Proposition 3 we also get

‘9?6( )‘ 2 S E’Dtan alba( )‘ 1/2 + 6’DtanJ5¢ ( )‘ e

(m +1) (m (m+2)

Se+é.

Moreover, in view of 0 0 — _(u=9) and ¢£° = 0 and the trace theorem we have
’ 1 i |e=o

i ed s
10/ (O -1/ S 1™ v + Peanthy () rm-1/2

for j=0,1,...,m and t € [0,T]. Therefore, we obtain

sup Z (197 (= a®) (Ol m—s + 10 (45 = ) (O prm—srr2) S ™ = w™|| g + € + 6.

te[0,T] =0

This shows that the approximate solutions {(u®,9{)}o<c<s, converge as ¢ — +0 and the limit
is the desired solution.

Step 2. We still consider the case where the coefficient matrix S is of Cp°-class but we do
not assume additional regularity assumption on the data (u™,¢", f,g1,92). By the density
of function spaces, there exists a sequence of data {(Q/Jiin(n), fl) g§ ), ggn)) o 1, which satisfies
the regularity indicated in (125) with m replaced by m + 3 and converges to (¢¥i", f, g1, 92) in
the space indicated in (125). Then, by Proposition 16 there exists {umM}e c gmH3(E)
satisfying «™™ — ™™ in H™(&) such that the data (u™ 1/Jm n) LM g (n ( )) satisfy the
compatibility conditions up to order m + 1. By the result in Step 1, for each n e N there exists
a unique Solution (u(") T/)i(n)) to the initial boundary value problem (103)—(105) for the data
(uin(") , ¢ln(n L f), g1 , gén)). Then, by the linearity of the equations and by the energy estimate
given in Proposition 14 with € = 0 we see that {(u("),¢i(n)) oo, converges in Wi x Wm+1/2 as
n — oo and the limit is the desired solution.

Step 3. Finally, we consider the case where the coefficient matrix S is not necessarily of
Cpe-class but satisfies the assumptions in the theorem. By the density of function spaces, we
can approximate S by a sequence of symmetric and positive definite matrix valued functions
{SM1ee | < C2((0,T) x &) such that

S —S in CL(0,T) x &),
s —as in WnTlnwiP
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as n — oo. Then, we consider the initial boundary value problem to the hyperbolic system
(126) S (t, 2)du+ Gj0u = f(t,z) in (0,T)x &
under the boundary conditions

(127) N -t — Awin = gl(t7$) on (07T) x I
at¢i + uI = 92(t7 l‘) on (07 T) x I

and the initial conditions

— yin(m)
(128) Uy = U N in &,
¢i\t:0 = T/Ji on [

Here, the initial data u™(™) should be modified from the original data u™ in order that the
data (um("), ™ f, 91, g2) satisfy the compatibility conditions up to order m — 1. In exactly the
same way as in the proof of Proposition 15, we can construct such an initial data (™) which
converges to u™ in H™(E) as n — oo. By the result in Step 2, for each n € N there exists a
unique solution (u, ;) = (u("),wi(")) e W x W]T;l/ % to the initial boundary value problem
(126)—(128). Moreover, by Proposition 14 we have a uniform bound of the solution
2
I O, + Peant” O] < €

for any n € N and ¢ € [0, 7] with a constant C' independent of n and .

We readily get, using Proposition 14 with € = 0 as in Step 1, that {(u("),¢i(n)) o0 | converges
in Wg'f_l X Wrbrf:;lﬂ/ 2; the limit is denoted by (u, ;). By standard compactness arguments, for
each t € [0, T] we also have

0°uM (t) = 0%u(t) weakly in L2(&) (Ja| =m),
20" (t) = dfi(t) weakly in HY2(I') (jo| =m)

with a uniform bound
(), + Ibtan«ﬁi(t)lH(l)/z <C,

where the constant C' is independent of ¢ € [0,7]. By a standard method we can also show

0%ue Cu([0,TLLE))  (laf =m),
v € CR([0. T HY*(D)) - (Ja] = m).

Obviously, (u,;) is a unique solution to the initial boundary value problem (103)—(105). It
remains to show that the above weak continuity in time can be replaced by the strong continuity.
To this end, we use the technique by A. J. Majda [35], see also A. J. Majda and A. L. Bertozzi
[36], that is, we make use of the energy estimate. Here, we also note that the initial boundary
value problem (103)—(105) can be solved for negative time; in fact, under the change of variable
t — —t the weak dissipative structure does not change. More precisely, for the space X :=
L*(E) x H'Y?(I') and for each t € [0,T] we introduce an inner product

(s 4n), (i)t = (uy S(E,-)T) 2 + (Ms, i) -1z e + (W5, ) 2y,

and denote the corresponding norm by ||-||;, which is equivalent to the standard L?(£)x HY/?(I')-
norm by Proposition 3. Then, by an energy identity corresponding to the one obtained in the
proof of Proposition 14, for any « € N satisfying || = m and ¢y € [0,7] we can show that

T [[aof (), o ws(t) e = [0 ulto), O (2o
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Since we already know the weak continuity, this gives the strong continuity, that is, we have

Xp0ju € CY([0,T]; L*(€)) and i € CO([0, T); HY2(I')), leading to 1 € ng;l/z. Then, as in

the proof of Proposition 8; see also Lemma 3, we obtain x,0%u € C°([0,T]; L?(€)) for |a| = m.
Similarly and more easily, we can see (1 — x,)0% € CY([0,T]; L?(€)) for |a| = m. Therefore,
we obtain 9%u € C°([0,7T7]; L*(£)) for || = m, so that u € W% The proof is complete. O

7. LOCAL WELL-POSEDNESS OF THE NONLINEAR WAVE-STRUCTURE INTERACTION PROBLEM

In this section we will show the local well-posedness of the nonlinear wave-structure interaction
problem (15)—(18), which is equivalent to (65)—(67) under appropriate initial conditions as shown
in Proposition 9. Therefore, we consider the nonlinear shallow water equations
{&(—I—V-(hv) =0 in (0,T) x &,

129
(129) dv+V(gl+3f)=0 in (0,7)x¢&

under the boundary conditions

(130) N - (hv) = Ay on (0,7)x T,
O +gl+aw?=0 on (0,7)xT

)

and the initial conditions

(131) (¢ 0)jm0 = (¢ ™) in €,
¢i‘t:0 = ¢11n on I

T T

For simplicity, as before we denote u™™ = (¢, (v*)T)T as well as u = (¢,v")".

The statement of the main result of this article, showing the local well-posedness of the
nonlinear model, is provided in Section 7.1. In the rest of this article, we will prove this existence
theorem. The proof consists of several steps. Although the nonlinear shallow water equations
(129) are quasilinear with respect to u, the boundary conditions (130) are not quasilinear but
fully nonlinear, so that we first need to reduce the problem to a system of quasilinear equations.
This step can be carried out through the analysis in Section 5.4 by introducing new unknowns

(132) i = S(u)du, U = b,

where ¥(u) is the matrix defined as (82). This reduction to a quasilinear system will be given
in Section 7.2. Then, by applying the existence theorem for a linear problem given by Theorem
4 and a standard method of Picard’s iteration, we will show in Section 7.3 the existence of a
unique solution to the reduced quasilinear system under additional assumptions on the initial
data. In order to prove the theorem without the additional assumptions, we approximate the
initial data (u™, ") by a sequence of more regular initial data {(uin("),ﬁn("))}z":l satisfying
higher order compatibility conditions. By the existence result in Section 7.3, we can construct
a sequence of smoother approximate solutions. Then, thanks to the a priori estimate obtained
in Theorem 3 together with the energy estimate for the linear system obtained in Proposition
14 we can show in Section 7.4 that the approximate solutions converge to the desired solution
and that the solution satisfies the regularity (136).

7.1. Statement of the existence theorem. In the following, we let m > 3 be an integer and
assume that the initial data (u™, ;") satisfy

(133) W™ e H™(E), " e H™HV2(D).

We recall that m = 3 is the minimal integer regularity in a general existence theory for quasilinear
symmetric hyperbolic systems in two space dimensions. Suppose that (u, ;) is a smooth solution

to the initial value problem (129)—(131) and put uijn = ( Ji»n, (U}H)T)T = (&#u),_, and ¢11r; =

(8tj Vi)|,_, for j =0,1,2,.... Then, it follows from the nonlinear shallow water equations (129)

lt=0
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and the second boundary condltlon in (130) that (u; in ;‘;) can be written, at least formally, in

terms of the initial data (u'™, ) inductively as (uo ; :%) = (u™, ") and

;‘rjrl:_v ( kO()hmkvk) .
(134) o = =V (G + 5 Xhoo (Dol vi).
= ( Cm"" k= () Vi—k vk)lp

for 7 = 0,1,2,..., where hij]n = (8th)|t:0 so that hi* = Hy + ¢™ and hijn = C]i-n for j > 1. It

is easy to check that under the assumptions in (133), (ul, 1”;) can be, in fact, defined for
=0,1,...,m by the above recursion formula so that uin € H™J(€) and Q/Jin Hm_j+1/2( ).

Now applylng 8] to the first boundary condition in (130) and putting t = 0 we see that {um J_

and wllr; should satisfy

J .
(135) 3 (‘;)N (hiP o) = AgI% on T
k=0
This condition makes sense for j = 0,1,...,m — 1 under our regularity assumptions (133) on
the initial data and Assumption 1. As with the linearized equations in the previous section, we
need to define the notion of compatible data.

Definition 6. Let m > 3 be an integer and suppose that the initial data (u™, ™) satisfy (133)
and that Assumption 1 is satisfied. For an integer j satisfying 0 < j < m — 1 we say that the
data (u™, ") for the problem (129)—(131) satisfy the compatibility condition at order j if the
{u H—o and ¢ defined by (134) satisfy (135).

In Theorem 3, we established a priori estimates for the nonlinear wave-structure interaction
problem (129)—(131); the following theorem, which is the main result of this article, shows a
stronger result, namely, the local well-posedness of these equations for data at the quasilinear
regularity threshold m = 3.

Theorem 5. Let g, co, and My be positive constants, and m an integer such that m > 3. Under
Assumption 1 there exists a positive time T and a positive constant C such that for any data

(ul™, ™) satisfying

gh'"(x) — [v™(z)]? > 2¢o  for z €€,
and the compatibility conditions up to order m — 1, the initial value problem to the nonlinear

wave-structure interaction problem (129)—(131) has a unique solution (u,vi) on the time interval
[0,T] satisfying

(136) we WP, o ewp?

{nuinuHm(g) + [Pant™ grn-1/2(ry < Mo,

and ||lullwy + [Otantilyymi1/2 < C. Moreover, the constants C' and T~ can be chosen as non-
b, T
decreasing functions of ¢, Y and M.

7.2. Reduction to a quasilinear system. Let (u,;) be a smooth solution to the nonlinear
wave-structure interaction problem (129)—(131) and introduce new unknowns (%, ;) as (132).
Then, as in Proposition 11 we see that (1, ;) satisfies the equations

S(uw)oyu + G;0;u = f(u,u) in (0,T) x €&,
N -t — Ay =0 on (0,7)x I
O+ =0 on (0,T)x T
(ﬁa?Zi)h:O = (ﬁi“,iziin) in Ex1TI,

(137)
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where G; (j = 1,2) and S(u) are the matrices defined as (82) and (88) as before, whereas
flu, i) = —(dyS(w))[S(u)t|t. Then, (u,1);) can be recovered from (1, 1) by solving the following
ODEs

Ou = S(u)u in (0,7)x €&,
(138) Oh; = 1y on (0,7)x 1T,

(u, 1)),y = (uin,i/)iin) in €xI.
There two sets of equations form a quasilinear system of equations for the unknowns (u, @, 1;, 121/1)

The following proposition shows the equivalence of the reduced quasilinear problem and the
original problem under appropriate assumptions on the initial data.

Proposition 17. Let T > 0 and suppose that Assumptions 1 and 8 are satisfied. If (1\1,1;1) and
(u, ;) solve (137) and (138) and if the initial data satisfy
S(u™)E + 9, F; (u™) =0 in &,
(139) Foor (W™ — Agpin = 0 on T,
Jiin + N - Foor(u™T'=0  on I,
then (u, ;) solves (129)—(131).
Remark 9. In terms of the notations introduced i Section 7.1, the first and the third conditions
in (139) can be written as 4" = X(u™)ul® and it = ;nl, see also (132), whereas the second
condition is nothing but the compatibility condition at order 0 for the problem (129)—(131).
Proof of Proposition 17. We recall that (129) and (130) can be written in the form (77) and
(78), respectively. It follows from (137) and (138) that
8t(8tu + 8j]-“j (u)) = 8t(5(u)ﬁ) + 8](Gj2(u)8tu)
= S(u)ou + (dS(u))[S(w)u]u + G;0;u
=0 in (0,T)xE.

Similarly, we have

8t(]:nor(u)I - A¢1) =0 on (O,T) X F,
04 (0p; + N - Faor(w)') =0 on (0,7) x I
On the other hand, (139) can be written as
(atu + aj}'j(u))hzo =0 in €&,
(]:nor(u)I - Awi)\tzo =0 on (O,T) x I,
(Ot + N - Faor(w)),_, =0 on (0,7) x I’
Therefore, we obtain the desired result. ]

7.3. Existence of the solution under additional conditions. In this subsection, we prove
Theorem 5 under additional assumptions that '™ € H™+1(E), dpanthi® € H m+1-1/2(1") and that
the initial data satisfy the compatibility conditions up to order m, by constructing a solution to
the reduced quasilinear problem (137)—(138). Moreover, this solution is constructed as the limit
of a sequence of approximate solutions; we first need to construct carefully the first iterate of
the sequence so that the compatibility conditions are propagated by the iterative scheme.

m+1
J=0

Section 7.1. Also, assuming that (%, ;) is defined as (132) from (u, ;) we put ilijn = (0/1)

Step 1. Construction of the first iterate u(®). We use the same notations {(uijn, wllr;) as in

[t=0
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and QZ;‘; = (atqu)| ,—o» Which can be written explicitly as

o 1 1
(@) =g ]+11 DA [l ol
(Vln)H Zj-l- (J+1)h;r}i_1 ]{U;fny

ir} = 113+1

for 5 = 0,1,...,m. We see easily that @ v}“ € H™ (&) and 1[)“1 e H™ITY2(T) as well as
uij“ € HmH1=3(&) and 1[);‘; e HmH1=i+Y2() for j = 0,1,...,m. Therefore, we can take positive
constants K7 and K9 such that

{Zﬁﬂhﬁmmnaékm

o (1@ [ rm—i ) + Peanl grm-i-1/2(r)) < Koa.

For T, M > 0 we denote by St the set of all functions u = ({,v")T € W7 which satisfy

(@ju)hzo :uijn for 7=0,1,....m
gh(t, ) — |v(t,z)|* > cg for (t,2) € (0,T) x ¢,
[ullwe < 2K,

and by §T7 um the set of all functions @ € Wi which satisfy

(aju)‘t o= ﬁijn for 7=0,1,...,m,
(|| wm < M.

Here, we note that for any u € Sp we have Hu||01 (OT)xE) < C(K;) and 0S(u) € W1 ﬂW;p

for any p € [2,00) with ||0S(u )HW;L ke < C( ,K1,p). It is easy to check that there exist

sufficiently small T and large M, such that Sz, # () and STO7 My, # 0. We take MONS St, and

MONS §T0, M, arbitrarily and fix them.

Step 2. Construction of a sequence of approximate solutions. Given (™ € Sy and @™ € §T, M,

we consider the initial value problem for unknowns (E("H), zzi(nﬂ))

S(u)dam ) + Go;u ) = fw™ a™) in (0,T) x &,

N - (D) — At = g on (0,7)x T,
A" 4 (D) = 0 on (0,T)xT
@0, Y = (i, i) in £x1I.

We see that the initial data (%R, 1mo) € H™(&) x H™Y2(I') for this problem satisfy the
compatibility conditions up to order m — 1, so that we can apply Theorem 4 to obtain the
unique solution (6("+1),wi("+1)) € W x W]T;l/ 2, Moreover, by Proposition 14 the solution
satisfies

Hm“Wm$scﬁ”ﬂmwmmmm+mw%“Wmmw@+Wwwmwmmmmw>
S CleclT(Kg + CQﬁ),

where C] = C’l(%, Kl) and Cy = Cy(K1, M). Then, we define u("*1) as the unique solution to

u(mtD) ul® in &.

{atu("H) S(u™)a™ in (0,T) x &,

lt=0 —
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We see that w1 ¢ W satisfies

T
Dl < DO, + [ IS Ol
< Ky 4 C5T,

where C3 = C5(Ky1,M). Therefore, if 7' > 0 is so small that C37 < K;, then we have
(D) [wz < 2K;. Under this restriction on 7', we also have

gh" ) (t, ) — [V (¢, )P > gh'™ () — o™ (x)|* — Cut
>2¢o — Cyt for (t,z) € (0,T) x €&,

where Cy = C4(K7). Therefore, if we take M > 0 so large that M > max{Mj,2C; K>} and
T > 0 so small that C1T < log2 CovVT < Ky, C3T < Ki, and C4T < ¢y, then we see
that w1 € Sy and u(”+1) € ST M- Hence, we have constructed a sequence of approximated

solutions {(u(™, (™), i )}30:1

Step 3. Convergence and regularity of the limit. We classically obtain that {(u(™,7()}22, and
{1/) }°° | converge in W71 and Wm 1+1/2
limits and define 9 as v;(t,-) = ¥i® + fo 1/)1 (t',-)dt’. Then, we see that (u, ¢1,1/)1) is a umque

solution to the quasilinear system (137) and (138) with the initial data (v‘n,¢iln) = (uin, ;‘%)
Particularly, it follows form Proposition 17 and Remark 9 that (u,1);) is a unique solution to the
nonlinear wave-structure interaction problem (129)—(131). This solution satisfies u,% € Wy~
and, by a standard compactness argument, |[||u(t)|||,, < 2K, and |||a(t)]||,, < M for any ¢t € [0,T].
Since Oyu = S(u)u, we can recover the continuity of u in ¢ in the norm |||-|||,,,, that is, u € Wi
Moreover, we have f(u,u) € H™((0,T) x £), so that by regarding (137) as a linear problem for
(, 1;1) we can apply Theorem 4 to obtain & € Wi and Ji € Wrbn;l/z. By dyu = S(u)u again, we
also obtain dyu € W1. 7

, respectively. We denote by (u, %) and by Jl their

7.4. Completion of the proof of the existence theorem. In this last subsection, we com-
plete the proof of Theorem 5 without assuming the additional assumptions in the previous
subsection. As in the proof of Proposition 16, we can approximate the initial data (u™,!")

by a sequence of more regular data {(uin("),w;n(n))}gozl C H™(&) x H™HH1Y/2(I) such that
each initial data (u™(™), wim(")) for the nonlinear wave-structure interaction problem (129)—(130)

satisfy the compatibility conditions up to order m and that they converge to the original data
in H™(E) x H™/2(I"). Without loss of generality, we can assume that

[ ) + Prants™ ™ n- /2y < 2Mo,
ghm(n)(x) _ |U1H(")($)|2 > cp for z € 5,

for n = 1,2,.... By the result in the previous subsection, for each n there exists a positive
time 7), such that the nonlinear wave-structure interaction problem (129)—(130) under the ini-
tial conditions (u,)|,_, = (uin("),i/)im(n)) has a unique solution (u(">,1,z)i(")) € Wp x Wrbrf;ﬁll/z.
Moreover, by the a priori estimate given in Theorem 3 there exist a positive time 71" and a posi-
tive constant C independent of n such that these approximate solutions can be extended on the
time interval [0, 7] and satisfy

1 @), + Prants™ @1, myr =6

ght (t,x) — [ (t,2)]> = gc0 for (t,z) € (0,T) x €,
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forn =1,2,.... To show the convergence of these approximate solutions, we use the quasilinear
equations (137) and (138). In view of (132) we put 4™ = ¥(u(™)du(™ and wi(") = Gtwi(n),
which satisfy the quasilinear equations with the corresponding initial data. Then, we have
||ﬁ(")\|w?71 < Cy and 9S(u™) € Wit ﬁWCIF’p for any p € [2,00) with H@S(u("))Hw?AmWTlp,p <
C, where (' is a constant independent of n. Therefore, by the same reasoning in the previous
subsection we can show that {(u(™,7(™)}>  and {T/)i(n) o0 | converge in W:,rfb_z and Wrbn;%l/ 2,
respectively We denote by (u,u) and by Ji their limits and define v; as ¥i(t,-) = ¥ +
fo 1/)1 (t',-)dt’, as before. Then, we see that (u,u,y,1;) satisfy the quasilinear equations and
that (u 1/11) solves the nonlinear wave-structure interaction problem (129)-(130).

It remains to show that this solution satisfies the regularity (136). By a standard compact-
ness argument, the solution also satisfies |[u(?)l[,,, + Ptan®i(t)|,;-1/2 < C and [[a(t)[,,—; < C1
(m)

for t € [0,T]. Since dyu = S(u)i, we have u € WJ"'. By the Gagliardo-Nirenberg in-

equality [|f[|zre) HszL/QIES Hle 2/p, which holds for any p € [2,00), we have ||u(t)

II|w(t )|||2/p||| (t )|||1 2/p, so that u € WT’p for any p € [2,00). Particularly, we have 0S(u) €
Wi~ 2N WT . We see also that the source term f(u, %) in the quasilinear equations belongs to

H™ 1((0,T) x &). Therefore, we can apply Theorem 4 to obtain (i,1) € Wt x Wm 1+1/2,

which yields dyu € W™ Land 9 € Wm 1+1/2 . Here, we emphasize that this is the place where

we use essentially the wider space WT rather than W?p in Theorems 1 and 4. For the moment,
we do not know whether 9S(u) € W2 holds or not in the critical case m = 3; see also Remark

ll2p <

4. Next, we put & = X(u)(xpdtan) and Ji = Dtan?i. Although we use the same notation for
different functions, it would not bring any confusion. By Proposition 11, we see that

S(u)oyu+ G;0;u=f in (0,T) x €&,

N-ﬁH—AJi:gl on (0,7)x 1T,

Oy + U = go on (0,T)x 1T,
where f - [Xbbtan,8 ]]:( ) (ats( ))1\27 g1 = [Dtan,A]wi, and g2 = _(DtanN) ' ]:nor(u)n- By
Proposition 3 and Lemma 4, we see that f € H™ (0, T)x &), (14+|D|)~2g; € H™((0,T)x I'),
and (1 + |D|)Y2gy € H™1((0,T) x I'). Moreover, by a straightforward calculation we see
also that the initial data (u(0, -),Ji(O, Y) € H™ (&) x H™1H1/2(I') satisfy the compatibility
conditions up to order m — 2. Therefore, we can apply Theorem 4 again to obtain (1\1,1\/;1) €
Wm_l X Wm_1+1/2, which yields x,0tanu € Win™ L and dunt; € Wm 1+1/2 Particularly, we
obtain ; € Wm+1/2.

We proceed to see a regularity of xp0nortt by reasoning as in the proof of Lemma 8, that is,
we express the normal derivative in terms of the time and the tangential derivatives by using
the nonlinear shallow water equations, which can be written as dyu + A;(u)0ju = 0 with A;(u)
given by (85). Particularly, we have

Ot + AtanOtant + AporOnort =0 in (0,7) x (ENUp).

Although the normal matrix A, is not invertible, we have

(e ) = (Y ) (3 58) + (vt s o)

These equations imply that 0,0,,¢ and N - (dp0,v) can be expressed in terms of u, dyu, Vtanu,
and N+ - (Onorv). It also follows from the nonlinear shallow water equations that the vorticity
is conserved in time, that is, V* - v(t,-) = V- 0", so that we have Nt - (0,,0) = V& - 0" —
|T|72T+ - (0ganv). As a result, we can express dnoyt in terms of u, dyu, and danu, leading to
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XbOnorlh € Wg'}_l. Therefore, we obtain y,0u € Wg'}_l. Similarly and more easily we can show
(1 —xp)ou € W?_l, leading to u € W7, The proof is complete.

(1]

REFERENCES

B. Alvarez-Samaniego and D. Lannes, Large time existence for 3d water-waves and asymptotics. Invent.
Math. 171 (2008), 485-541.

F. Ancona, R. Bianchini, and C. Perrin, Hard-congestion limit of the p-system in the BV setting.
arXiv:2211.08767.

C. Audiard, On the sharp regularity of solutions to hyperbolic boundary value problems. arXiv:2206.13293.
G. Beck and D. Lannes, Freely floating objects on a fluid governed by the Boussinesq equations. Ann. Inst.
H. Poincaré C Anal. Non Linéaire 39 (2022), 575-646.

S. Benzoni-Gavage and D. Serre, Multidimensional hyperbolic partial differential equations. First-order sys-
tems and applications. Oxford University Press, 2007.

F. Berthelin, Existence and weak stability for a pressureless model with unilateral constraint. Math. Models
Methods Appl. Sci. 12 (2002), 249-272.

E. Bocchi, Floating structures in shallow water: local well-posedness in the axisymmetric case. SIAM J.
Math. Anal. 52 (2020), 306—-339.

E. Bocchi, On the return to equilibrium problem for axisymmetric floating structures in shallow water,
Nonlinearity 33 (2020), 3594-3619.

E. Bocchi, Floating structures in shallow water: local well-posedness in the axisymmetric case. SIAM J.
Math. Anal. 52 (2020), 306-339

E. Bocchi, J. He, and G. Vergara-Hermosilla, Modelling and simulation of a wave energy converter. ESAIM
Proc. Surveys 70 (2021) 68-83 .

U. Bosi, A. P. Engsig-Karup, C. Eskilsson, and M. Ricchiuto, A spectral/hp element depth-integrated model
for nonlinear wave-body interaction. Comput. Methods Appl. Mech. Engrg. 348, 222-249.

F. Bouchut, Y. Brenier, J. Cortes, and J. F. Ripoll, A hierarchy of models for two-phase flows. J. Nonlinear
Sci. 10 (2000), 639-660.

D. Bresch, D. Lannes, and G. Métivier, Waves interacting with a partially immersed obstacle in the Boussinesq
regime. Anal. PDE 14 (2021), 1085-1124.

J. F. Coulombel and P. Secchi, The stability of compressible vortex sheets in two space dimensions. Indiana
Univ. Math. J. 53 (2004), 941-1012.

J. F. Coulombel and P. Secchi, Nonlinear compressible vortex sheets in two space dimensions. Ann. Sci. Ec.
Norm. Supér. (4) 41 (2008), pp. 85-139.

W. Cummins, The impulse response function and ship motions. Hydromechanics Laboratory Research and
Development Report. U.S. Department of the Navy, 1962.

A. L. Dalibard and C. Perrin, Existence and stability of partially congested propagation fronts in a one-
dimensional Navier—Stokes model. Commun. Math. Sci. 18 (2020), 1775-1813.

A. L. Dalibard and C. Perrin, Local and global well-posedness of one-dimensional free-congested equations.
arXiv:2111.04349.

P. Degond, J. Hua, and L. Navoret, Numerical simulations of the Euler system with congestion constraint.
J. Comput. Phys. 230 (2011), 8057-8088.

E. Godlewski, M. Parisot, J. Sainte-Marie, and F. Wahl, Congested shallow water model: roof modeling in
free surface flow. ESAIM Math. Model. Numer. Anal. 52 (2018), 1679-1707.

E. Godlewski, M. Parisot, J. Sainte-Marie, and F. Wahl, Congested shallow water model: on floating body.
SMALI J. Comput. Math. 6 (2020), 227-251.

O. I. Gusev, G. S. Khakimzyanov, V. S. Skiba, and L. B. Chubarov, Shallow water modeling of wave—structure
interaction over irregular bottom. Ocean Engineering 267 (2023), 113284.

A. Haidar, F. Marche, and F. Vilar, A robust DG-ALE formulation for nonlinear shallow water interactions
with a partially immersed object. hal-03549725v1.

T. Iguchi, A shallow water approximation for water waves. J. Math. Kyoto Univ. 49 (2009), 13-55.

T. Iguchi, Isob-Kakinuma model for water waves as a higher order shallow water approximation. J. Differ-
ential Equations 265, 935-962.

T. Iguchi, A mathematical justification of the Isobe-Kakinuma model for water waves with and without
bottom topography. J. Math. Fluid Mech. 20 (2018), 1985-2018.

T. Iguchi and D. Lannes, Hyperbolic free boundary problems and applications to wave-structure interactions.
Indiana Univ. Math. J. 70 (2021), 353-464.

T. Karambas and E. Loukogeorgaki, A Boussinesg-type model for nonlinear wave-heaving cylinder interaction.
Energies 15 (2022), 469.



THE 2D NONLINEAR SHALLOW WATER EQUATIONS WITH A PARTIALLY IMMERSED OBSTACLE 63

[29] J. W. Kim, H. Jang, A. Baquet, J. O’Sullivan, S. Lee, B. Kim, A. Read, H. Jasak, et al, Technical and

economic readiness review of CFD-based numerical wave basin for offshore floater design. Offshore Technology
Conference, 2016.

| D. Lannes, On the dynamics of floating structures. Ann. PDE 3 (2017), Paper No. 11.
| D. Lannes, Modeling shallow water waves. Nonlinearity 33 (2020), R1.
] D. Lannes and G. Métivier, The shoreline problem for the one-dimensional shallow water and Green-Naghdi

equations. J. Ec. Polytech. Math. 5 (2018), 455-518.

[33] D. Lannes and L. Weynans, Generating boundary conditions for a Boussinesq system. Nonlinearity 33 (2020),

6868-6889.

[34] A. Majda, The stability of multidimensional shock fronts. Mem. Amer. Math. Soc. 41 (1983), no. 275.

| A. Majda, Compressible fluid flow and systems of conservation laws in several space variables. Applied

Mathematical Sciences, 53. Springer-Verlag, New York, 1984.

[36] A.J. Majda and A. L. Bertozzi, Vorticity and incompressible flow. Cambridge Texts in Applied Mathematics,

27. Cambridge University Press, Cambridge, 2002.

[37] B. Maury, A. Roudneff-Chupin, F. Santambrogio, and J. Venel, Handling congestion in crowd motion mod-

eling. Netw. Heterog. Media 6 (2011), 485-519.

[38] W. McLean, Strongly elliptic systems and boundary integral equations. Cambridge University Press, Cam-

bridge, 2000.

[39] D. Maity, J. San Martin, T. Takahashi, and M. Tucsnak, Analysis of a simplified model of rigid structure

floating in a viscous fluid. J. Nonlinear Sci. 29 (2019), 1975-2020.

[40] A. Majda and S. Osher, Initial-boundary value problems for hyperbolic equations with uniformly character-

istic boundary. Comm. Pure Appl. Math. 28 (1975), 607-675.

[41] G. Métivier, Stability of multidimensional shocks. Advances in the theory of shock waves, 25-103, Progr.

Nonlinear Differential Equations Appl., 47, Birkhduser Boston, Boston, MA, 2001.

[42] S. C. Mohapatra, H. Islam, and C. G. Soares, Boussinesq model and CFD simulations of non-linear wave

diffraction by a floating vertical cylinder. J. Mar. Sci. Eng. 8 (2020), 575.

[43] T. Nishitani and M. Takayama, Characteristic initial-boundary value problems for symmetric hyperbolic

systems. Osaka J. Math. 35 (1998), 629-657.

[44] T. Ohkubo, Well posedness for quasi-linear hyperbolic mixed problems with characteristic boundary.

Hokkaido Math. J. 18 (1989), 79-123.

[45] M. Penalba, G. Giorgi, and J. V. Ringwood. Mathematical modelling of wave energy converters: A review

of nonlinear approaches. Renewable and Sustainable Energy Reviews 78 (2017), 1188-1207.

[46] C. Perrin, An overview on congestion phenomena in fluid equations. Journées Equations aux dérivées par-

tielles (2018), 1-34.

[47] B. Perthame, F. Quirds, and J. L. Vdzquez, The Hele-Shaw asymptotics for mechanical models of tumor

growth. Arch. Ration. Mech. Anal. 212 (2014), 93-127.

[48] J. Rauch, L is a continuable initial condition for Kreiss’ mixed problems. Comm. Pure Appl. Math. 25

(1972), 265-285.

[49] J. B. Rauch and F. J. Massey III, Differentiability of solutions to hyperbolic initial-boundary value problems.

Trans. Amer. Math. Soc., 189 (1974), 303-318.

[50] S. Schochet, The compressible Euler equations in a bounded domain: existence of solutions and the incom-

pressible limit. Comm. Math. Phys., 104 (1986), 49-75.

[61] P. Secchi, Well-posedness of characteristic symmetric hyperbolic systems. Arch. Rational Mech. Anal. 134,

155-197.

[52] P. Su and M. Tucsnak, Shallow water waves generated by a floating object: A control theoretical perspective.

Math. Control Relat. Fields, 2022 doi: 10.3934/mcrf.2022048.

TATSUO IGUCHI, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND TECHNOLOGY, KEIO UNIVER-

SITY, 3-14-1 HivosHI, KOHOKU-KU, YOKOHAMA 223-8522, JAPAN

DAVID LANNES, INSTITUT DE MATHEMATIQUES DE BORDEAUX, UNIVERSITE DE BORDEAUX ET CNRS UMR

5251, 351 COURS DE LA LIBERATION, 33405 TALENCE CEDEX, FRANCE



