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Abstract

In this paper we propose a local Whittle estimator of stationary bivariate unbalanced fractional cointegration
systems. Unbalanced cointegration refers to the situation where the observables have different integration orders,
but their filtered versions have equal integration orders and are cointegrated in the usual sense. Based on the fre-
quency domain representation of the unbalanced version of Phillips’ triangular system, we develop a semiparametric
approach to jointly estimate the unbalance parameter, the long run coefficient, and the integration orders of the re-
gressand and cointegrating errors. The paper establishes the consistency and asymptotic normality of this estimator.
We find a peculiar rate of convergence for the unbalance estimator (possibly faster than /) and a singular joint
limiting distribution of the unbalance and long-run coefficients. Its good finite-sample properties are emphasized
through Monte Carlo experiments. We illustrate the relevance of the developed estimator for financial data in an
empirical application on the information flowing between the crude oil spot and CME-NYMEX markets.

Keywords:  Unbalanced cointegration, Long memory, Stationarity, Local Whittle likelihood
JEL: C22, G10

1. Introduction

This paper addresses the estimation of a general class of models known as unbalanced cointegra-
tion systems, that encompasses the well known Phillips” triangular cointegration system. In his seminal
paper of 1981, Granger establishes that two time series y; and x; share a common stochastic trend if
(i) y+ and x; are both integrated of order J, hereafter I(d;) and (ii) there exists a non-null scalar B so
that e; = y; — Bpx; ~ I(01) and &, —d; > 0. Engle and Granger (1987) have primarily investigated an
estimation procedure in the particular case where observables are unit root processes, i.e. I(1), and a
linear combination of them has short memory, i.e. I(0). However, the cointegration theory introduced by
Granger (1981) does not constrain integration orders to be integers and is currently known as fractional

cointegration. Numerous inference procedures for triangular representations of fractionally cointegrated
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systems have been developed to date. In a pioneer paper, Robinson (1994) discusses the estimation of the
long run coefficient . Further developments by Robinson and Marinucci (2003), Robinson and Hualde

(2003), Nielsen (2005) and Christensen and Nielsen (2006), among others, account for the unknown
nature of integration orders d, and J; in estimating f. To increase the efficiency of the estimators, a more
recent strand of the literature focuses on joint estimation methods of all parameters describing the system
(see e.g. Nielsen 2007, Hualde and Robinson 2007, Robinson 2008a, Hualde and Robinson 2010, Shimotsu
2012). At the same time, a parallel strand of the literature has been gauging a fundamental requirement of
cointegration theory, i.e. the equality of integration orders of the observables y; and x; (see, e.g. Robinson
and Yajima 2002, Nielsen and Shimotsu 2007, Hualde 2013, for some theoretical contributions on this
topic).

Hualde (2006) discusses the consequences of relaxing this hypothesis. On the one hand, the author
argues that even if pretests cannot statistically reject the equality of integration orders of the observables,
their true (unobserved) values could, in certain circumstances, not be strictly equal but very close to each
other. This could be qualified as a “near-fractional cointegration” situation where the differences in in-
tegration orders of the processes tend to disappear as the sample size increases. In this case, standard
estimation methods remain asymptotically valid. On the other hand, if the difference between integration
orders does not vanish asymptotically, the relation between the observables cannot be immediately cap-
tured by a cointegration structure although the variables are intrinsically linked. Let the two observables
of such an unbalanced triangular system, y; and x;, be integrated of orders J; and J, + ¢ respectively. One
can say that unbalanced cointegration occurs between y; and x; and equivalently cointegration theory, in
the usual sense, applies between y; and (1 — L)é x¢ = x¢(¢), if there exists a linear combination of the two
variables which has less memory. Such a hidden long-run equilibrium relationship is empirically relevant
for the same reasons as conventional fractional cointegration. Depending on the power of equality of
integration orders tests, it is likely that in some cases one still estimates a spurious cointegration. In this
context it is important to account for the unbalance as otherwise the least-square-type estimates of § are
not consistent. They converge to 0 or diverge to infinity depending on the sign of ¢ (see e.g. Robinson
and Marinucci 2001).

The main question arising in this framework is how to estimate the unbalance parameter ¢. In his
seminal paper, Hualde (2006) proposes a multistep time domain estimator. Nevertheless, a high enough
rate of convergence for the first step estimation (integration order parameters) is a requirement for the
consistency of B, but it is difficult to achieve in practice for weak cointegration (5, — 7 < 1/2). An
alternative method has been proposed by Hualde (2014) and consists in a joint nonlinear least squares
estimation of the long run and unbalance parameters. The main advantage of this method is that it does
not require the estimation of the integration orders, so that the estimators are more efficient. Overall, these
two papers assume that the cointegration system is nonstationary, which leads to non-standard limiting
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distribution results. In particular, the asymptotic distribution obtained in Hualde (2014) is a functional of
a modified type II fractional Brownian motion. Hualde (2014) also conjectures that his approach cannot
cover the case where both observables are asymptotically stationary because his estimator should not
retain consistency in this case. However, investigating stationary cointegration is fundamental from a
theoretical point of view because spurious regression can occur even when y; and x; are stationary, as
long as their integration orders sum up to a value greater than 1/2 (see Tsay and Chung 2000). Besides,
stationary triangular systems are empirically relevant and attractive mainly for financial data, as trading
volume (Lobato and Velasco 2000), return volatility (Andersen and Bollerslev 1997) and electricity spot
prices (Haldrup and Nielsen 2006) have integration orders in the stationary region (0,1/2). The only
estimator available for stationary unbalanced triangular systems has been recently proposed by de Truchis
and Dumitrescu (2019). Based on a non-linear extension of the narrow-band weighted least-squares
estimator of Nielsen (2005), their approach is designed to jointly estimate the long run and unbalance
parameters, B and . Besides, it can also be seen as a stationary frequency-domain alternative to Hualde

(2014).2 Although the joint asymptotic distribution obtained by de Truchis and Dumitrescu (2019) is
standard Gaussian and allows for simple inference relatively to that of Hualde (2014), it still depends on
unknown integration orders, §; and J;.

This paper proposes a joint semiparametric estimator of all parameters in bivariate stationary unbal-
anced fractional cointegration systems, i.e. long memory, long-run and unbalance parameters, which is
expected to be more efficient than existing ones. We show that our local Whittle-type estimator is consis-
tent and its limit distribution is Gaussian with block diagonal covariance matrix. Interestingly, the joint
asymptotic distribution of B and ¢ is singular, as a consequence of the linearization (in frequency-domain)
of a non-linear problem that occurs in the presence of unbalance, as discussed by Hualde (2014) in time
domain. Similarly to de Truchis and Dumitrescu (2019) we find that the cointegration strength affects not
only the convergence rate of the long run estimator f but also that of the unbalance estimator. Indeed, ¢
can be faster than \/n-consistent although the maximum rate of semi-parametric long memory estimators
is y/m. But our joint estimator is more efficient than the one proposed by de Truchis and Dumitrescu

(2019) and any possible extension to stationary observables of the multi-step approach developed by
Hualde (2006) in non-stationary cases. Besides, as all parameters are jointly estimated in our framework,
inference is straightforward. The paper can hence be seen as an extension of Nielsen (2007) to unbalanced
systems and also as an improvement to the approach of de Truchis and Dumitrescu (2019) that focuses
only on the estimation of g and ¢.

We investigate the finite sample properties of our estimator by means of Monte Carlo experiments for

a wide range of specifications. The bias, variance and root mean squared error criteria indicate that our

2 An alternative parametric approach in time domain for unbalanced fractional cointegrated VAR models is currently investigated
by Johansen and Nielsen (2019) as an extension of Johansen and Nielsen (2012).
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estimator performs very well in small samples. At the same time, we show that if one wrongly applies
Nielsen (2007)’s (balanced) cointegration estimator when integration orders are actually different, he/she
could draw a misleading conclusion like the absence of cointegration.

In an empirical illustration, we analyze the information flowing between the CME-NYMEX futures
and the crude oil spot markets. In the spirit of Rossi and Santucci de Magistris (2013), we rely on the
no-arbitrage condition to formulate the usual relationship between prices in terms of their underlying
volatilities. The latter seem to exhibit stationary long memory with different integration orders, hence
fitting perfectly our theoretical framework. The empirical results confirm the presence of unbalanced
stationary fractional cointegration between spot and futures volatilities. Most importantly, when the
futures maturity increases, the cointegration strength clearly decreases, suggesting that the information
flowing mechanism between the spot market and the futures markets associated to long maturities is less
efficient.

The rest of the paper is organized as follows. In Section 2 we introduce our bivariate stationary
model for unbalanced cointegration, while in Section 3 we develop the joint local Whittle estimator. The
consistency and the asymptotic normality of the proposed estimator are discussed in Section 4. Section
5 presents the results of the Monte Carlo studies. An empirical application is proposed in Section 6 and

then, finally, we conclude. All proofs are gathered in Appendix A and B.

2. A stationary model of unbalanced cointegration

Let y; and x; be two unbalanced observable variables with unknown real integration orders, J, and
0y + ¢, respectively. They are weakly unbalanced when J; and J; + ¢, do not diverge at infinity (i.e.
¢n — 0 as n — o) and strongly unbalanced when ¢, = || > 0 as n — oo (see Hualde 2006). As our
estimation procedure applies to both cases, without loss of generality, we simplify notation by using ¢
to denote ,. Each of these stochastic processes has stationary long memory, i.e. § = {dy,d, + ¢} with
5 € (0,1/2), if its spectral density f(A) satisfies f(A) ~ gA=2° as A — 0T, where 0 < ¢ < co and “~”
means that the ratio of the left and right sides converges to 1 in the limit. When § = 0 the process has
short memory, while it is said to have intermediate memory when 6 € (—1/2,0). Besides, by applying
the appropriate fractional difference filter (1 — L)® = Y2 a;(8)L¥ with ax(8) := T'(k — 6)(T(—8)k!)~! to
the initial series one retrieves I(0) series, e.g. y:(d2) ~ I(0) and x¢(dy + &) ~ I1(0).

Now we define an unbalanced bivariate form of the triangular system introduced in Phillips (1991)

yr = Bxe(8) + u1(—01),
xp=up(—0—¢), t=1,2,.,n (1)



Although standard cointegration theory does not apply to y; and x, it does to y; and x;(&) when &, < &,
and B # 0. Thereby, the system in (1) is a cointegration system in the sense that both series have a dominant
common component with memory J, that can be suitably recovered by filtering x; ~ I(d, + ¢) to obtain
x¢(§) ~ I(62). This system is very general as it encompasses various representations already analyzed
in the literature, as discussed in the introduction. In particular, when § # 0 and ¢ = 0 cointegration can
arise in the usual sense (see e.g. Robinson and Marinucci 2003), while for ¢ # 0 and J, > 1/2 unbalanced
cointegration of non-stationary variables arises (see Hualde 2014).

In this paper we focus on the case where ¢ # 0 and J; + |§| < 1/2, which corresponds to unbalanced
cointegration of stationary variables, and which remains unexplored in the literature as far as we are
aware of, although this case is expected to arise very often in particular with financial series (e.g. volatility,

liquidity, trading volume, etc.). More formally, we work under the following mild assumptions.

Assumption 1. y;, x; and y; — Bx;(&) are covariance stationary processes integrated of orders 6y, 5y + ¢ and &,

respectively with B # 0, and satisfying
0<6 <6 <(52+|€| <1/2,

where |G| < k, with k an arbitrary real number that is small compared to 6,.

Under Assumption 1, anti-persistent processes are left out because they clearly have limited economic
relevance. Notice that 6, > J; as otherwise  cannot be identified and B # 0 to ensure the identification of
¢. It follows that z; = (y¢ — Bx;(&), x;)’ possesses a spectral density, fz()\j), where A; denotes the Fourier
frequencies, A; = 27tj/n, with j = 1,...,m and m = o(n) is the bandwidth parameter (see also de Truchis

and Dumitrescu 2019).

Assumption 2. u; = (uyy, uy)' has spectral density f,,(A;) satisfying fu(Aj) ~ G(1+O(A?)) in the neighbor-

hood of the origin, where G is a real, symmetric, finite and positive definite matrix.

Under Assumption 2, u; can be a vector ARMA process or any other bivariate short memory process with
a Wold representation, u; = C(L)e;, where ¢; are further defined as martingale difference innovations and
C(L) is an absolutely-summable causal matrix filter satisfying G = C(1)C(1)(27r)~!. Besides, denoting
i = (Buy +uys (6 — &) uy)' and fz(A) its spectral density, one observes that

fid) = ((6 1/Gu(p 1))(1+0(1272))~ G, A0

and that G has reduced rank as long as d, — 81 > 0 whether or not & # 0 (see Hualde 2006).
Under these Assumptions, we can avoid a parametric treatment of f,(A) by relying on a local power
law representation. Indeed, as interest lies in the long-run dynamics of the system, we specify the spectral
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density only locally around the zero frequency

£o(A) ~ (A(A; 19)>_1G(A(/\; 19)*)_1, A(A;8) = diag (/\‘51,A52+5) . as A —0F )

",
*

where ¢ = (61,6, + ¢)" and the superscript denotes the conjugate transpose. As Nielsen (2007) and
de Truchis and Dumitrescu (2019), we assume that G is diagonal so that u1; and uy; are incoherent in
the vicinity of the origin.> In contrast to Hualde (2014), no assumption is made with respect to the
correlation of uq; and uy; away from the origin. Equation (2) further allows us to derive (in the next

section) a semiparametric estimator robust to misspecification of the short-run dynamics.

3. Local Whittle estimation

In this section we introduce a joint local Whittle estimator of 6 = (J1,d, B, &)'. Let L, be the peri-
odogram matrix of z; defined as IZ()\j; B &) = wz(/\j; B, (:)wz()\j; B,&)* withj=1,...,nand wz()\j; B &) =
(27tn)~1/2 Y1 2™ the Fourier transform of z;. Using only Fourier frequencies in the neighborhood of

the origin,

wy(Af) - mfwxmj>> (wym,-) - mfwxuj>>* o

LB = (

with j = 1,...,m, for a fixed bandwidth m = o(n). Note that the presence of )tf corrects for the fact that
the long memory parameters of y; and x; are unbalanced.

Then, the discrete local Whittle approximation to the likelihood is given by

Qu(6,G)=m™' Y. [1ogdet ((A(/\j; 9) "G (AA; 19)*)*1)
)

+tr (GTIAMG LA B,E)AN; ) )|, 4)

m
=1

where G € O, the set of real positive definite 2 x 2 matrices. The objective function Q,, is minimized

over Q¢ by

j=1

G(6) = Re <m1 Y AL (A3 B, DA 0>*>. 5)

3The phase parameter modeled as ¢ = (6, — 61)71/2 in Robinson (2008a) and Shimotsu (2012) is null in our framework (see
also Shimotsu 2007). The presence of non-null off-diagonal elements in G should imply non-negligible imaginary part of the cross-
spectrum element f2(A) such that fo%(A) ~ GA =% %i(m=A)(0a=0)/2 a5 A — 0%, for a,b = 1,2 and where G, denotes the (a,b)th
element of G.



Substituting (5) in (4) leads to the following concentrated likelihood function

261+ 6+ ¢)

m ‘
]

m
Ry (0) = logdet G() — log Aj. (6)
=1
The local Whittle estimator of @ satisfies § = arg reniél Ry (0), for m € [1,n/2] and where the parameter
€

space @ is a compact subset of R* with ® = @; x Op x Og and 8 = (41,47)".

4. Limit theory

To prove the consistency of this local Whittle estimator, we introduce several assumptions fairly similar
to those of Shimotsu (2007) and Nielsen (2007). In the following, 6y and GO will denote the true parameter
values of § and G. Furthermore, let f,;,(1) and G, denote the (4, b)th element of f;(A) and G° respectively.
Define also 9y = (do1, 602 + &o)" and g, the ath element of §.

Assumption 3. As A — 07 the elements of the spectral density f,(A) satisfy
fan(A) = GuA =% 4 o(A=0=00), b= {1,2},

. O . .. . O _ 0 _
where matrix G° is finite, real, symmetric and G, = G, = 0.

The first part of Assumption 3 restates (2) and makes precise the conditions on the matrix G° while its
second part implies a zero-coherence condition that applies only in the vicinity of the origin. As argued in
Nielsen (2007), GY, = G = 0 is a less restrictive assumption than the traditional orthogonality condition
encountered in the least squares theory. In particular, it allows for the presence of correlation in the errors
as we move away from the origin, i.e. they can share a common short- and/or medium-term dynamics.
The present estimator might be modified to account for this endogeneity issue in the spirit of Robinson

(2008a) and Shimotsu (2012), but this definitely implies a nontrivial extension of our limit theory.

Assumption 4. The sequence z; = (y — Bx¢(), x¢) is a linear process defined as
Zt — E(Zt) = A(L)St = Z A]‘St,]‘, Z ||A]||2 < 0o,
=0 =0

with ||.|| the Euclidean norm, so that A; is a causal square summable matrix filter. Moreover, e satisfies, almost
surely, E(e;|F;—1) = 0 and E(ete}|F—1) = I, with F; a o-field generated by {5, s < t} and there exists a random
variable e such that E(e?) < oo and for all > 0 and some constant K > 0, Pr(||e¢||> > 1) < KPr(e? > 37).

Assumption 5. In a neighborhood of the origin, A(A) = 12, A]-eij)‘ is differentiable and

0

ﬁA,,_(A) =0 YA (M)|)as A — 0T



where Ag, (M) is the a-th row of A(A).

Assumptions 4 and 5 follow Nielsen (2007). The former imposes uniformly square integrable martingale-
difference innovations with constant conditional variance, while the latter implies dA,.(A)/dA = O(A~%~1)

by the Cauchy inequality
140 (D] < (Aa. (V) A5 ()2 = 27faa(1))'2.

Thereby, under Assumptions 4 and 5 we have f;(A) = (271) T A(A)A(A)*.

Assumption 6. As n — oo, the bandwidth parameter satisfies

1 m

—+— =0

m  n
The bandwidth requirement defined in Assumption 6 ensures that m tends to co as n — oo but at a slow
rate so as to remain in a neighborhood of the origin. Under these assumptions we state the consistency

theorem.

Theorem 1. Let Assumptions 1-6 hold. Define vy = dpp — g1. Then, for 6y € ®, as n — oo,

51\ ». [dn
<(§z) H (502}
A (B~ Bo) 0
A0 log(Am) (& — &) 0.

For the proof see Appendix A. Theorem 1 shows that the local Whittle estimator, § = arg %réig Ry (0), is
consistent. In particular, the convergence rates of  and ¢ are driven by the cointegration strength. We
hence recover the usual semiparametric rate of convergence of the long-run estimator in a cointegration
framework (see Nielsen 2005; 2007, Robinson and Marinucci 2003, Robinson 2008a, Shimotsu 2012). At
the same time, the convergence rate of the unbalance estimator is higher.

Now, we introduce some further assumptions in view of proving the asymptotic normality of the

estimator. Again, they are similar to those of Shimotsu (2007), Nielsen (2007) and Robinson (2008a).

Assumption 7. Assumption 3 holds and also satisfies
F2(A) = GRpA— P %e| = O(A* % =%), g,k = (1,2},

as A — 07 and for some a € (0,2].

Assumption 8. Assumption 4 holds and we further impose that the matrices s = E(e; ® ep€}|F—1) and pq =
E(erer @ er€}|Fr—1) are non-stochastic, finite and do not depend on t, with Fy a o-field generated by {es, s < t}.
8



Assumption 9. Assumption 5 holds.

Assumption 10. As n — oo, the bandwidth parameter m = o(n) and a € (0,2] jointly satisfy

1424 2
1 + mosT) (;Og m) — 0.
m n=%

4/5

Under Assumption 10 the bandwidth parameter, m, is theoretically bounded by n*/* but in practice a too

small bandwidth increases the variance of the estimator while a too large m generally increases the bias.

Theorem 2. Under Assumptions 1, 2 and 7-10, as n — oo,

b — 6
Vvmdiag (I) o iﬂ\/‘z(o/E_l)/
002 — 02
!
1 B — 1
VAL P=po) Mo E,
log A ¢ —¢o Bo

The proof of Theorem 2 is given in Appendix B. Notice that the asymptotic distribution is block-diagonal.
The limiting covariance block of (d,8,)’ is the same as the one found by Lobato (1999). However, the joint
limit distribution of 8 and ¢ is singular and in particular that of & depends on Bg. Indeed, our frequency-
domain semi-parametric estimator implies the linearization of a non-linear optimization problem with
respect to f and ¢ which is behind the observed singularity. This result has already been emphasized
in a time domain non-linear least squares framework by Hualde (2014) and in frequency domain by
de Truchis and Dumitrescu (2019). The independence between the estimates of 6 and (B,¢)’ is a direct
consequence of the local orthogonality in Assumption 7. This assumption is necessary for deriving the
limit distribution in Theorem (2), but one might envisage a non-trivial extension by explicitly accounting
for the phase parameter and adjusting the expansion rate of the bandwidth parameter in Assumption 10
in the spirit of Robinson (2008a) and Shimotsu (2012). We conjecture that the limit distribution will still
be Gaussian and singular with a non-block diagonal covariance matrix.

Unsurprisingly, since the limit theory of B does not depend on &, we recover the standard convergence
rate \/mA,"° (see e.g. Nielsen 2007, Robinson 2008a, Shimotsu 2012). In fact, its convergence rate is
always higher than the standard semi-parametric /m rate and is very close to /n when the cointegration
strength approaches 1/2. In contrast, the convergence rate of the unbalance estimator is always larger than
that of the long run estimator and ¢ can be superconsistent when the cointegrating gap vp is close to 1/2.
This is non-standard result for memory parameters in stationary semi-parametric frameworks where the
maximum achievable rate is \/m and even for parametric frameworks in time and frequency domains
(where the maximum rate is /7). A similar result is obtained by Hualde (2014) in a parametric non-
stationary time domain framework and de Truchis and Dumitrescu (2019) in frequency domain. Our

9



asymptotic variance is however smaller than the one obtained by de Truchis and Dumitrescu (2019) as all
parameters are jointly estimated. Indeed, the ratio of the two, 1 — (1 — 2vp)/(1 — vg)?, is always inferior

to unity for vy € (0,1/2).

5. Monte Carlo experiments

This section discusses the finite sample performance of the proposed estimator by means of Monte
Carlo simulations. We generate the stationary fractionally cointegrated system in (1) by using the circulant
embedding method extended to multivariate fractional Gaussian noise by Helgason et al. (2011).* The
vector u; is generated from a bivariate normal distribution N3 (4, £) where the diagonal elements of X are
set to 1 and its off-diagonal element is p = {0,0.4}. We fix the long-run coefficient § = 0.8 and present
results for 6, = 0.35 and an unbalance coefficient ¢ = 0.1. We investigated three stationary cointegration
cases by setting 6; = {0,0.2,0.3}.

We generate I = 10000 replications of this system with sample sizes n = {256,512,1042,16384}, where
the latter should be seen as an approximation of the asymptotic behaviour of the estimator and bandwidth
parameter m = {|n%?], |n%7°|}. For each simulation, we report the bias, the variance and the Root Mean
Squared Error (RMSE). To deal with outliers, we follow Shimotsu (2012) and add a penalty term to the
objective function, I1(B, ) = min(0, 8 — B + C)* +max(0, 8 — B — C)*. Imposing B € [B + C], this penalty
is equivalent to a constrained optimization on B and preserves the asymptotic results obtained in Theorem
2 if B is a consistent estimator of 8. We set C = 3 in all experiments.® The initial values &, and 5y are
obtained from the local Whittle estimator of Robinson (1995) applied to x; and y; respectively. Therefore,
the initial value ¢ is based on the difference between &, and J, (see Hualde 2006, p. 777). Finally, the
initial value BrsE results from the regression of y; on x;(&) and is a consistent estimator of B. The Narrow-
Band Least Squares (NBLS) estimate has also been considered for the initialization of B, but it does not
significantly modify the results.

Table 1 displays the bias, variance and RMSE results for p = 0. The estimates of J,, 6; and ¢ are always
quite precise, with bias lower than 0.09. In contrast, the local Whittle estimate for § is sensitive to the
cointegration strength d, — 1. As indicated by the econometric theory, the larger the cointegrating gap
the better. The finite sample bias and variance of B decrease significantly with the larger sample size.
The RMSE is decreasing in the bandwidth m for all parameters, indicating that in absence of short-run

dynamics one should use frequencies further away from the origin to reduce both bias and variance.

4See Davidson and Hashimzade (2009) for a discussion on the benefits and limitations of existing techniques devoted to simu-
lating type I fractional processes.

5We also investigated the case where d; = 0.45, { = —0.1 and é; = {0,0.2,0.3} and we found similar results. They are available
upon request.

6 All simulation results are robust to the choice of C.
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Table 2 presents the results for p = 0.4. The violation of the orthogonality condition introduces a bias
in the estimation of B and increases its variance when m = [1n%3|. The bias is larger when &, — J; is small
and it worsens with a larger bandwidth because our data generating process introduces endogeneity at
all frequencies. The long-run coherence between the observables and the innovations appears hence to
hurt the proposed local Whittle estimator. These results suggest that our estimator is inconsistent in this
setup. We do not investigate this issue further and leave it for future research.

Since a typical case of stationary fractional cointegration involves financial variables, in Table 3 we
discuss the behavior of our estimator when the normality hypothesis does not hold. For this, we gen-
erate the innovations u; as increments of a Rosenblatt process. The estimates exhibit similar patterns to
those in Table 1, with a reduction in bias and variance as the cointegration strength increases. However
all parameters exhibit larger bias and variance than under Gaussian innovations. This appears to be a
consequence of the lower convergence rate of the Whittle-type estimator in presence of increments of a

Rosenblatt process as shown by Bardet and Tudor (2014).

Table 2: Simulation results with p = 0.4 and n = 16384 for §, = 0.35and ¢ = 0.1

m= UIO'SJ m= L”OJSJ
3 0 Bias Variance RMSE Bias Variance RMSE
0 o 0.028 0.003 0.064 0.056 <0.001 0.058
o1 0.031 0.007 0.087 0.022 <0.001 0.026
B 0.012 0.744 0.863 -0.303 0.001 0.305
¢ -0.038 0.001 0.044 -0.065 <0.001 0.066
0.2 6y 0.038 0.013 0.120 0.076 0.001 0.080
o 0.006 0.005 0.069 0.002 <0.001 0.013
B 0.106 1.421 1.197 -0.409 0.005 0.415
¢ -0.044 0.010 0.107 -0.078 <0.001 0.080
0.3 6y -0.005 0.092 0.304 0.018 0.021 0.147
61 -0.002 0.003 0.056 -0.001 <0.001 0.013
B 0.186 1.638 1.293 -0.421 0.018 0.441
¢ 0.005 0.090 0.300 -0.017 0.020 0.144

Note: The results are based on I = 10000 replications.

Finally, we investigate a situation where unbalanced stationary cointegration is present but a simple
balanced cointegration estimator is used, i.e. Nielsen (2007)’s estimator (labeled BFC). 7 Table 4 presents
the small and large-sample bias of our estimator (labeled UFC) as well as that associated with BFC. Note
that one expects BFC to be inconsistent with respect to § as it assumes equality of integration orders. In

particular, in view of Robinson and Marinucci (2001) and de Truchis and Dumitrescu (2019), the bias

7We have also envisaged a comparison of our estimator with a stationary version of Hualde (2006, p. 784)’s 3-step estimation
approach for unbalanced cointegration. However, his estimator is inconsistent in such a case and to correct for that one would need
to first estimate /n-consistently the integration order of x, 6, + &, and then jointly estimate ¢; and ¢ (see Hualde 2006, eq. 40). This
multi-step estimator is expected to be less efficient than ours and we do not investigate it further.
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Table 3: Simulation results with p = 0 for J, = 0.35 and ¢ = 0.1 under Rosenblatt distribution

m = |n%7| 1024 4096 16384

o1 0 Bias Variance =~ RMSE Bias Variance ~ RMSE Bias Variance = RMSE

0 b -0.102 0.222 0.482 -0.100 0.069 0.281 -0.073 0.006 0.106
o 0.020 0.003 0.060 0.021 0.001 0.039 0.016 <0.001 0.026
B 0.071 0.626 0.794 -0.046 0.127 0.360 -0.029 0.036 0.191
¢ 0.029 0.214 0.464 0.029 0.064 0.254 0.003 0.004 0.065

02 & -0.131 0.248 0.515 -0.135 0.109 0.356 -0.101 0.038 0.22
o -0.012 0.005 0.068 -0.008 0.002 0.042 -0.01 0.001 0.028
B 0.238 1.136 1.092 0.029 0.423 0.651 -0.017 0.099 0.316
¢ 0.056 0.238 0.491 0.062 0.104 0.328 0.031 0.036 0.192

03 & -0.149 0.369 0.626 -0.173 0.128 0.397 -0.161 0.071 0.311
I -0.048 0.005 0.087 -0.041 0.002 0.062 -0.039 0.001 0.048
B 0.300 1.517 1.268 0.168 0.839 0.931 0.018 0.238 0.488
¢ 0.076 0.359 0.604 0.103 0.122 0.364 0.091 0.069 0.278

Note: The results are based on I = 10000 replications.

on Bprc should be negative if & > 0 and positive otherwise. Our simulation results show that Bprc is
biased and this bias does not vanish for large sample sizes while its sign is compatible with the positive
unbalance parameter of 0.1. At the same time, J, prc also exhibits an asymptotic bias that corresponds
to the (unestimated) unbalance parameter regardless of the cointegration strength, d, — ;. Nielsen’s
balanced fractional cointegration method is hence estimating &, 4 ¢, the integration order of x;, instead
of that of y;, and this pollutes the estimation of J; too when d, — §; is large. All in all, since the BFC
estimation method is not designed to detect hidden long-run relations, it would wrongly conclude to the
absence of cointegration. This result reinforces the usefulness of our unbalanced stationary cointegration

estimator in empirical applications.

6. Empirical illustration

In this section, we exploit the fact that a linear relationship exists between the spot and futures volatil-
ities of crude oil markets in absence of arbitrage, which has implications in terms of information flow
between spot and futures markets. The rational for this spot-futures volatility relationship is provided by
Rossi and Santucci de Magistris (2013) who show that the no-arbitrage condition implies an analogous
condition on the underlying volatility series of spot and futures asset prices. This original approach is con-
venient because it can be extended to commodity markets under simple assumptions that are discussed

in the following.

Assumption 11. Weak arbitrage-free hypothesis: arbitrage opportunities can exist but they are infrequent and
short-lived.
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Table 4: Bias comparison with p = 0 for , = 0.35and ¢ = 0.1

m = |n%7| 1024 4096 16384

5 0 UFC BEC UFC BFC UFC BFC

0 5> 0.008 0.095 0.005 0.095 0.002 0.092
5 -0.001 0.023 0.005 0.042 0.005 0.061
B -0.049 -0.338 -0.031 -0.373 -0.016 -0.405
& -0.011 -0.005 -0.002

0.2 5 -0.012 0.097 <0.001 0.099 <0.001 0.099
5 -0.006 <0.001 -0.002 0.004 -0.001 0.007
B -0.051 -0.444 -0.024 -0.453 -0.011 -0.469
z 0.009 <0.001 <0.001

0.3 5> -0.073 0.097 -0.032 0.099 -0.004 0.100
5 -0.008 -0.005 -0.003 -0.001 -0.001 0.001
B -0.039 -0.643 -0.033 -0.624 -0.013 -0.620
g 0.070 0.031 0.004

Note: The results are based on I = 10000 replications.

Accordingly, the spot and futures log-prices should be cointegrated and do not drift too far apart.
Under this hypothesis, Rossi and Santucci de Magistris (2013) show that the no-arbitrage condition is
directly related to the volatility of the price of a futures contract that expires at time t 4k (0;r) and the

spot price (0} g) by
Ot = 015+ by + uy, by = (IOgZ)_l/z(T’Tmax — Tfmin), t—1<t<t (7)

with 77, the risk-free interest rate of the highest and lowest price in a given day and where the volatility
of the risk-free asset over a day is assumed to be small such that by — 0. The additional term u; stands
for market frictions and is expected to have zero mean and finite variance. As the persistence of volatility
is very well documented in the literature (see e.g. Andersen and Bollerslev 1997, Hurvich et al. 2005,
Frederiksen et al. 2012), (7) comes down to a fractional cointegration equation. The presence of long term
relationship between spot and futures volatilities appears then as a way to validate (or not) Assumption
11.

The particularity of physical commodity markets consists in the presence of the net convenience yield.
As the convenience yield is stochastic and unobserved, there is a vast literature trying to model it and
relate it to the no-arbitrage condition. Liu and Tang (2010) show that the non-arbitrage condition holds
only if the convenience yield is non-negative. Besides, it is widely assumed in the literature that the
convenience yield is homoscedastic. And even when this hypothesis is relaxed, in the particular case of the
crude oil market, Liu and Tang (2011) show that the degree of heteroscedasticity of the net convenience

yield, i.e. the fraction of the stochastic part in the asymptotic variance, is small (around 9%). These results
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justify the following hypothesis from an empirical point of view.
Assumption 12. The convenience yield is non-negative and its volatility over a day is small.

Under Assumptions 11 and 12, Equation (7) holds for the crude oil markets up to a constant term.
Furthermore, it is consistent with the informational theory of Cox (1976) and Ross (1989). Indeed, Ross
(1989) shows that in absence of arbitrage opportunity, volatility reflects the information flow. Cox (1976)
argues that the transaction costs on the futures market are lower than those of the spot market. Hence,
the futures volatility should be the leading factor and the long term no arbitrage equation we estimate
becomes 0y s = Boyr(§) + 1.8 In particular, we expect our fractional cointegration model to bring light on

the fact that the futures crude oil markets convey information about the future spot market to the current

spot market.

Figure 1: Daily range volatility proxy of the crude oil market prices from January 4, 2010 to November 1, 2018.
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We use Light-Sweet crude oil spot and futures prices traded in NYMEX obtained through Thomson
Reuters Eikon. Our data set runs from January 4, 2010 to November 1, 2018 for a total of n = 2177
observations. Besides, to investigate whether the maturity of the futures contracts impacts the spot-
futures relationship we consider four different maturities. The contract F; specifies the earliest delivery
date. It expires on the third business day prior to the 25th calendar day of the month preceding the

delivery month. If the 25th calendar day of the month is a non-business day, trading ceases on the third

80n stock markets, this hypothesis is supported by the results of Rossi and Santucci de Magistris (2013).
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business day prior to the business day preceding the 25th calendar day. The contracts F, — F; represent
the successive delivery months following the contract F;. Figure 1 displays the daily range volatility
proxy for the spot and the four futures markets. It appears that the series exhibit long term swings and
similarities in their dynamics. In the following we hence thoroughly investigate the presence of stationary
(unbalanced) cointegration in this framework.

Since our estimator is semi-parametric, we follow the informal approach by Robinson (2008b) to select
the “optimal” bandwidth over a grid of m values. A visual inspection of the sensitivity of parameter

estimates to the choice of bandwidth reveals that the optimal bandwidth value lays between [1%65,1975].

Table 5: Unbalanced stationary fractional cointegration analysis

m = |n065 | m = |n%7|
2 K B i 2 b K K

UFC
5 0.493 0.494 0.483 0.483 0.417 0.416 0.413 0.408
(0.041) (0.041) (0.041) (0.041) (0.028) (0.028) (0.028) (0.028)
5 0.089 0.154 0.200 0.238 0.096 0.144 0.175 0.196
(0.041) (0.041) (0.041) (0.041) (0.028) (0.028) (0.028) (0.028)
¢ -0.029 -0.027 -0.024 -0.025 -0.031 -0.031 -0.029 -0.029
(0.006) (0.011) (0.018) (0.018) (0.014) (0.022) (0.029) (0.029)
B 0.854 0.851 0.869 0.845 0.837 0.821 0.819 0.808
(0.013) (0.026) (0.042) (0.056) (0.022) (0.034) (0.045) (0.056)

BFC
8, srC 0.463 0.465 0.459 0.457 0.385 0.384 0.383 0.378
(0.041) (0.041) (0.041) (0.041) (0.028) (0.028) (0.028) (0.028)
b1 8rC 0.109 0.160 0.201 0.236 0.109 0.148 0.176 0.196
(0.041) (0.041) (0.041) (0.041) (0.028) (0.028) (0.028) (0.028)
Barc 1.003 1.000 1.014 1.010 1.000 1.000 0.999 1.002
(0.023) (0.037) (0.057) (0.057) (0.034) (0.050) (0.064) (0.064)
RY02 3.860 7.910 77.75 -2.880 15.59 22.80 -1461 -12.46

Note : UFC (BFC) stands for unbalanced (balanced) fractional cointegration estimators defined in Section 3
(proposed by Nielsen 2007). Asymptotic standard deviations are displayed in parentheses. RY02 stands for the
homogeneity test of integration orders by Robinson and Yajima (2002). The initial values of B are obtained by
OLS. Those of 4, and é; are obtained by the local Whittle estimator of Robinson (1995), while ¢ is initialized to
the difference between the estimated integration orders of o3 r and oy g.

The estimation results of the no arbitrage equation for the different maturities are reported in Table
5 for the bounds of the optimal bandwidth interval.” We first discuss the results of our unbalanced
cointegration framework (panel UFC). Notice that all volatility series are strongly persistent but remain in
the stationary region of the parameter space, i.e. & < 1/2 and &, + & < 1/2. At the same time, the orders

of integration of the residuals indicate less persistence albeit they are statistically different from 0. For

9Similar results have been found for intermediate values of m and are available upon request.
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all these reasons and given that f is always statistically significant, one can conclude that the fractional
cointegration hypothesis holds for all maturities and both bandwidths, which goes along Assumption
11. However, as the values of j are statistically different and less than 1, the presence of arbitrage
opportunities in the long run cannot be neglected. More interestingly, the significance of the unbalance
estimator ¢ points out that unbalanced cointegration occurs in most cases for the first two maturities. The
negative sign of ¢ indicates that the volatility of the spot market exhibits more persistence than that of
the futures while the cointegration strength diminishes with the maturity suggesting that the information
flowing mechanism becomes less and less efficient. One reason behind this could be the lower level of
liquidity of the futures markets at long horizons (see e.g. Darolles et al. 2017). Recall that in Theorem
2 the convergence rates of f and ¢ depend on the cointegration strength. It follows that the reported
asymptotic standard deviations for these parameters inflate with the maturity, which affects mainly the
significance of ¢ despite roughly constant estimates around —0.025 and —0.030. The last row of the table
reports the test-statistics for the homogeneity of integration orders hypothesis proposed by Robinson and
Yajima (2002). A statistics larger than a standard Normal critical value is seen as evidence against the
null hypothesis irrespective of whether or not there is cointegration. The results confirm the presence of
unbalanced integration orders in all cases. Besides, the (unreported) unit rank estimates by Robinson and
Yajima (2002) indicate that the spot-futures system is characterized by unbalanced stationary fractional
cointegration which goes along the lines of our estimations.

We also investigate the implications of a balanced fractional cointegration (BFC) approach a la Nielsen
(2007) on the estimation of this long run relationship (see panel BFC in Table 5). The J; prc estimates are
similar to ours while &, prc estimates are systematically smaller than the UFC ones, which is consistent
with our negative estimates of ¢. What is particularly striking in this framework is that Bprc is always
very close to one although the persistence of the deviations to the long-run equilibrium is increasing
with the maturity. Neglecting even small differences in integration orders (€ are small in this illustration)
appears hence to have a large effect on the estimate of the long run parameter and induce spurious
market efficiency. To prevent against such (wrong) conclusions, we recommend the use of an unbalanced

cointegration framework to analyse long run comovements in the spirit of a general to specific approach.

Conclusion

Cointegration estimators for unbalanced triangular systems are particularly useful from an empirical
point of view as one can easily find itself in a spurious cointegration framework if integration orders
equality tests are not powerful enough. Hualde (2006; 2014) covers the non-stationary region, and the
only counterpart for stationary observables (de Truchis and Dumitrescu 2019) focuses on the estimation

of B and ¢ while neglecting the estimation of the long memory parameters.
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In this paper we develop the first joint estimator of all the parameters in bivariate unbalanced sta-
tionary triangular fractional cointegration systems. It relies on the local behavior of the spectral den-
sity of the system in the vicinity of the origin, thereby allowing for a semi-parametric treatment of the
high frequencies. It estimates jointly all the parameters of interest and notably the unbalance parameter,
hence achieving greater efficiency than existing competitors. Our local Whittle estimator is consistent and
asymptotically normally distributed with block-diagonal covariance matrix under a local orthogonality
condition between the regressors and the errors. In particular, the joint limit distribution of the long run
coefficient and the unbalance parameter is singular and these parameters exhibit faster rates of conver-
gence than the regular semi-parametric /m rate. By means of Monte Carlo simulations we show the
good finite sample properties of the proposed estimator.

In a short application, we use the no-arbitrage hypothesis on the spot and CME-NYMEX futures
markets to derive an analogous relation between the spot and futures volatilities. Our results reveal
that the apparent unbalance of the integration orders between the spot and futures volatility series is
misleading. The estimation of the unbalance parameter allows one to recover a balanced stationary
cointegration relationship. The results conclude in favor of an information flowing mechanism between
the two markets albeit it is not a fully efficient one. Interestingly, the cointegration strength is higher for
short maturities than for long maturities, probably reflecting a reduction in the level of liquidity with the

horizon.
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Appendix A: Proof of Theorem 1

Proof. Let 6 be the vector of admissible parameter values, 6 the vector of true parameter values and
S(6) = Ru(0) — Ru(6p). Then, define the neighborhoods ©j(d) = {6 || 6 —do [|< d}, OF(e) = {¢ :
|& — ol < e}, @g(b) = {B : [B—Pol < b} and their complements Of = ©;\0}, O = O;\Of and
0 = ®/5\®Z such that ©"(¢) = O} (e) x OF(e 1A, log(Am) 1) x @g(e_l/\f,?), O°(e) = ©\O"(¢) and

¢
where || - || denotes the Euclidean norm. Without loss of generality with respect to Assumption 1 we set
max (min |6 6 1€ ~ ol ) 24, o< @5 e o, ®
1

so that 1/2 > d > e > 0. Since 0y € ©"(¢), it follows that

Pr(ée@c(e)):Pr<Ainf Ry (0) < inf Rm(9)> gm( inf s<9)go).

feoc(e) fc@(¢) fcoc(e)

Accordingly, to prove Theorem 1 it suffices to show that, as n — 0, S(8) is positive and bounded away

from 0 uniformly on ©°(¢) so that

Pr < inf S(0) < O> — 0. )

fcoc(e)

For this, introduce ¢; = & — dp1 and 9o = (62 + &) — (do2 + o) and develop S(6) as

S(0) = logdetG(0) —2(01 + 6 + &)m ™! Zlog)x —logdet G(6g) + 2(do1 + oo + Eo)m Zlog/\
j=1 =

= logdet G(#) — logdet G(6) — _12210g)\ lel

Using that m ™! YlogAj = log A + m~1 Lj%,logj —logm and by rearranging S(6), we obtain S(6) =
51(0) + S2(8) + S3(0), where

2 2
S1(0) = logdet G(0) —logdet Gy — 2log A Y _ ;i + Y log(2; + 1)
i=1 i=1

S>(8) = logdet Gy — log det G(6y)

2 m 2
0 =230, (logm - zlogf) ~ 3 log(2p;+1).
i=1

j=1 i=1

The way we split S(0) has the advantage that S;(f) and S3(#) do not depend on B or ¢ so that we can

treat them by drawing on the works of Robinson (1995). To prove the boundedness of S(#) we also make
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use of the decomposition

Pr ( inf S(0) < o) ( inf <sl (6) + S2(0) +s3(9)> < o) (10)
feoc(e) {feor (e }ﬁ{ﬁe@,ﬂ}
( inf <sl (6) + S2(6) + 53(9)) < o) (11)
{Be@c(e }ﬂ{§€®§}
( inf <Sl (0) + S2(0) + 53(9)> < 0) (12)
{feor(e) }1n{5cOs}
( inf <sl (0) + 52(0) + 53(9)) < o> (13)
{Beec(e }m{ge(ag U ,BE(*D‘;}
( inf <51(9) +5,(0) + 53(9)> < o) (14)
{GEG)C }0{5695 U ‘BE(’D‘B}
+ r< inf (sl(e) +5,(6) +53(9)) < 0). (15)
{Be@¢(e)}n{bcO; U G€O;}

We first treat S,(6) as it does not depend on f and no uniform bound is needed. Since |log(1 + x)| <

2|x| (see Robinson 1995, p. 1635), it follows that for e < 1
Pr (|S2(8)] < ) = Pr (| logdet G(8) — logdet Go| < ¢)

“pr ( det G(8y) — det Gy

det Gy
Accordingly, proving that det G(6p) — det Go -2 0 suffices to show that S,(6) is 0p(1). To simplify nota-
19, (Aj; Bo, Go) and GY, be the (a,b)-th element of Gy and recall that 9 = (61,002 + &o)'-

< s/2> . (16)

tion, let I]ab =

Evaluating (3) and (5) at the true value, we obtain

10— ( vy 250/\ Dy + B ax Ly — BoAS D )
/ - 7
- ﬁO)\]@"O I]xx Ijxx

from which we implicitly take the real part. Then, under Assumptions 3-6

A b
Gav(60) — Gy, = Sy 2 <c0/\]?90‘90b - 1)

can be shown to be 0, (1) by the analysis of Robinson (1995, p. 1635). It follows that S,(6) is also 0 (1).
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Now we turn to the analysis of S3(6) which can be rearranged as

2 2

logj— (logm—l)> —i—ZZI,bi— Zlog(lei—i-l). (17)

m
j= i=1 i=1

2
S3(0) = —2) i (ml

i=1 j=1
From Lemma 2 of Robinson (1995) we have that the first term of (17) is m~! 271:1 logj— (logm —1) =
O(m~'logm) so that the analysis of S3(8) comes down to studying a non-null lower bound of the last
two terms in (17) which are of the form f(x) = x —log(1 + x) for ¥; and (x +y) — log(x +y + 1) for
ip. Because infy f(x) > x?/6 and infy, f(x,y) > (x> +y?)/6 for 0 < [x| < 1,0 < |y| < 1, and from
the condition stated in Equation (8), we can apply the analysis of Nielsen (2007, p. 437) uniformly over
{6 € ©5} U {¢ € ©%}. From Liitkepohl (1996, sec. 8.5.2, p. 111) and by the triangular inequality,

d1 — o1

V2max(|6; — do1, |62 — doal) + V2max(0], & — &ol) > 5r — by

> Y ||=d+e,

e 2
¢—2o

with ¥ = (y1,¢)". Thereby, the infimum of 2 Y2 ; y; — Y2 ; log(2y; +1) over {6 € @S} U{{ € 05} U {B e
©p} is no less than

2(d+e) 2(d+e) 2(d? + ¢?)
NG —1lo (1 + NG ) > A .

Then, given that f(x,y) has a unique minimum on {(x,y) : y > —x — 1} at (x,y) = (0,0),

24 2
inf S3(0) > 2(d+ %)

> + O(m*l logm),
{8e@5}U{éeOg}U{peOy) 6

X inf S3(0) = o(1).
{&e@g’}u{@’e@fg}u{ﬁe@;;}

The two remaining cases are {6 € @} U {¢ € Oz}t u {Bec©g}and {§ €@ U{{ € 5} U {B € ©4}.
In the former case, S3(6) is no less than 2d%/6 + O(m~!logm) while in the latter, S3(6) is no less than
2¢2/6 4+ O(m~'logm).

Finally we turn to the analysis of S1(8). It reduces to

log det G(8) — 2yp; log Ay — 24 log Ay, — log (det Go(2yp1 + 1)1 (24 + 1)*1)

= log det (VG (0) V) — log (det Go(2p1 + 1) (29, + 1)—1) )

A

by (16) and where V;, = diag(A,",1,,") and det (ViuG(0)Vin) = A "% (G11(8)Goa(6) — G%(6)).
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Then, the analysis of S1(6) reduces to the study of

A

A2 (Gll(G)Gzz(Q) - CA;%z(Q)) B (GHGZZ - G%2) Qpr+1)"' 22 +1)7"

Using Gy (0) = m™! Yt )\?ﬁﬂb Ijsp, one can rewrite S1(6) as S11(0) + S12(0) + S13(0) with

m m
—2¢1—2 — 3 — 2(4;
S11(0) = Ay, P1—2¢ <m 1 ZAJZ 11]‘11 « m—1 ZA]'( 2+€)Ij22>/
j=1 j=1

2
m

S12(8) = — Ay 1 (ml 2/\}51”#6 Re(1j12)> ,
=1

S13(0) = — (GnGzz - G%z) (142¢1) 1 (1 +2y2)

Distinguishing the two summations by indexes j and k and then rearranging S11(6) and S12(6) we find

1 & j O\ Ij1Ixaz
_ b ] " ]
511(0) = 2 Z Z <m> <m> Af2501/\];2(502+é‘0)

]

and

N\ Pty 1t
S12(6) = 1 i i j e k " Re(Ijnn) Re(Io)
R 2 m m Af501—5oz—CoA;5o1—5oz—§o'

]

Then, we correct for the fact that I1;(A) and I15(A) are based on estimated cointegration errors as in
Nielsen (2007). Denoting by I11(A) — I} (A) and I1p(A) — I9,(A) = (BoA%0 — BAS) (A7) the measurement

errors from estimating B and ¢, we obtain

h1(A) = Iy (A) =248 A0BRe(I (1)) + AZOA T B2 (M),

hp(A)? = I (A)? — 203028 BRe (I (1)) Ina (A) + A7 OAT0 B2 Iy (1)

with )\f,?)\]go B = ([30)\50 — ,B)\Jg) and vy = dp2 — dp1. Substituting this in S11(6) and S12(#) and after rear-

rangements we have
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2 2
(e~ GGz g g (1) (6} iz
W= "y A\ m m G A 200 A*2(502+§0)
11 j 227V

=1 k=
2/3G12§22 i ﬁ <j>2¢1vO <k>2¢2 _ _R~e(_I]Ql2)Ik22_ \
meo i Skm \ M M) GA; TG, 2(%0z+40)
m? =iz \m m G2HA ~20002+60) A ~2(602+G0)
S G2y o o [\ e\ Re(I]Olz)Re(I,?u)
12(0) = _W,;k; <m> <m> ), o= ) oo~z

N\ ity Y1+ —v
+2ﬁG12G22 i i J o k B Re(If;) Ik
2 S \m m Glz)\]f%l*%z*é‘o G22Ak*2(502+50)
N\ Yrt—v P1+p2—v
g i%z i i i 1+p2—vp K 1+Hp2—vo Inhao
m2 e AN m G%z)‘ 2(do2— 60)/\;2(502—50)'

In the following, we will use the fact that m~! Y G/m)t = 1+ «)~1. Moreover, by the analysis of
Robinson (1995, p. 1636-1638), we have

(1) m
- b - — 19a+79
12 (]“ > —m 1Z%Re(1j0ub)cabl/\jo @ 1 =0,(1).
]:

S\ G %0a—0B0p

Finally, we can rewrite

1 1 1 2
51(0) = G%z(/ xzwldx/ P2y — (/ xl/’1+‘/’2) )
JO 0 0
5 1 1 1 2
+52G%2 / 12 *ZVde/ 220y — (/ x1p1+zp2v0)
0 0 0

~ 1 1 1 1
+2G12G22 (/ xl’”*%”’odx/ P12y —/ xz‘l’lf"odx/ xz‘l’zdx)
0 0 0 0

+ GG ((1 +2¢1) (1 +2¢) 7t — (1 +2y1) N1+ 2¢2)_1) +0p(1).

Recall that Gi, = 0 and vy > 0 under cointegration. Then, by the Cauchy-Schwarz inequality, S1(0) is
bounded away from zero in all cases but {§ € @} N{{ € O U B € Og}. In the latter, 51(6) > 0,(1)
whereas S3(6) is bounded away from zero, hence proving Equation (9) in view of (10)-(15) and implicitly

Theorem 1.
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Appendix B: Proof of Theorem 2
As an implication of the consistency Theorem 1, § satisfies

ORw(0)| _ ORu(0)|  PRu(®)| 5 o _
0 1o~ 00 o, 0600 s =) =0 (18)

where |16 — 6g|| < ||6 — 6||. Then, by application of the Cramer-Wold theorem we can show that f has

the stated distribution if

1’ vmdiag(lo, Ay, A2 log(Am) 1) aRgg(e) . L N(0,7'Cp) (19)
0
and
2
diag(Ip, A2, A2 log(A) ~2) 831271;(;/9) ] . (20)

0

B.1. Limit of the score

In this section we investigate the limit of the score to prove (19), while (20) will be analyzed in the
next section. Note also that the subscript 0, indicating the true parameter values, will be omitted unless

its absence causes confusion.

Proof. By the chain rule for matrix derivatives with respect to 6; and J; we have

Ru(0) [ am-19G0)) 2 ,
2, =tr (G(Q) 3. m};log)\],

with a = {1,2} and

. ol YA Re(L)A; m 2)&11' )\5-2+¢I'
9G6(0) _ dm Lfa AjRe(lA; 1 Y A% logARe T A (21)
90, 961 miz )\jﬁgljﬂ 0
A oLy A -Re(I)A: m 0 )\511
aG(0) _ %m E]71 ] ( J) I _ 1 ZA}SZ—H: log A; Re s 5] /12 (22)
852 852 m ]‘:1 Aj11j21 2)\j2+gl]’22
finally yielding
IR,(0) 2 & A ay—1
==Y v;Re (G (60 NiLAj) 1 —1 (23)
96, m]; i ( 1.(0) 7 ( 74 ]) 1 )
R, (0) 2 & A av—1
== Y vjRe (Go.(0) H(ATA}) 2 — 1 2
96 m]; ! ( 2.(6)"( Y ])'2 ) ()
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where vj = logA; —m™? ):}”:1 log A; and Ga.(0)7! denotes the a-th row of the matrix G(#)~! where As-
sumption 7 holds. We also have that

o 2 61+0p+2
aRm 7izt " L (2N (BA T = ASTiy)  —ATTET
r ke )L51+52+2§I

j jxx 0

Zi " Re (G1(0) (A TA).2).

§

Finally, the last derivative is

IRy (0) aq [0G(0) 9G(6) 2
2 =tr Re (G(G) 1<B,B+ 2, )) aZIOg/\

with

P 0 +2¢
aG(G) 1 & ) (,8/\ I]xx ]xy) =\ Inx
i S/ 1] ‘R ]

B m ]; P loB Ayke —A}SZ“‘:I 0

and G(0)/96, defined in (22), which finally gives

OR,, (6 2 Zm —vp A 5
aé( - = log AjRe (/3/\j G1.(0) 7 (ALiA) 2+ Ga.(0) T (AiA)) 2 1)
= 2B + 90, )
where

~ 2 & A —
ORu(0)/0p = ——p Zi A; " log A;Re (G1_(9) 1(Aj1jAj)_2).
]:
We analyze (19) for each parameter and begin with B. We proceed as in Robinson (2008a) and
after rearrangements implying only negligible errors (see Lobato 1999, Appendix C) arising from the
replacement of (A;I;A;) by Pilie P! := A JA(A)LeA(A))*Aj and G(6p) by G as ||G(6y) — G|| = Op(m~1/2),

we obtain

f/\vOaRm() B /\VQL - ATyl 4 A ) Re (G7IPLLPE ) + (1) 26
SO oty 2 (o £ () o o

j=1 k=1
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In (26) we decompose Ij; = (27tn) | ' &2 such that

Y aRm( ) _ 4 1 < . *
i VIS, = Y Re (6 Rs ) @7)
V, 1 z . —1p. l < !/ *
— 1 — m};'y] Re (Gl_ P]<n ;stst 12> jz_) (28)
—173)\Vmoii'ije( G, P ZZESE (t=5)A ), (29)
ﬂj:l ) 27‘( =1s#t

with 7; = (A] O —mT I AL As f2(A) = (2) TLA(A) A(A)*, by Assumpions 7 and 10, (27) is

m
o g E g <o G e ) <ot iogm o
=1

(28) is
Op <\F/\VO )3 ffl 2(Aj)A 51+52+€ VO) =0y ()\}n/H“ 10gm> 50

j=1

by the law of large numbers and the remaining term (29) can be rearranged as

_ Zst Z n,n\/* 1/0 Z’Y]Re (P G 1 l(t s) jpjz_)gs (30)
t=1

where P; denotes the conjugate of P;. We pursue our analysis of (19) and discuss é; and d,. By similar

arguments to Lobato (1999), equations (23) and (24) have the following asymptotic equivalences

8Rm( )

aZ: Ha/m ’90 \F 2 27m Z Zstgs ZV Re ( lpjei(ts)Ajpjz.)

A simple rearrangement of this equation gives

Zv Re (PG Leit=5)4ip,, ) 31)

Regarding ¢, as the second term in (25) is identical to the score with respect to &, it will be treated in

the same way, resulting in

m
Y v;Re (P’G Sleilt- %sz_)ss. (32)
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We hence focus on the first term and by analogy with (26) we obtain

A ORm(0)| P B .
14 \/%log A 9B 6, = —T4 log/\ - \F Z log )\]'y] Re (G P]P]z) (33)
/\vo B » 12 )
" Mg A N = Zk’g/\ﬂj Re (Gl. PJ‘(; Z ereh — Iz) sz.) (34)
/\VO 2‘8 -1 1 i(t—s)A
- log A; iYi Re P _— e1€ge 1 s) i P¥ (35)
4 log A \F Z &4 ( L tzl § j2. )

As f2(A) = (21)"LA(A)A(A)*, by Assumptions (7) and (10), (33) is

Vo m
O( \}ﬁloi:\n;\ Z log)\]fu ) (51+52+§ vo) _ O(n—aml/Z-i-tx logm) =0,

(34) is

1A
O, — "
r \/ﬁlog)\m]; ]ffl

and the remaining term (35) can be rearranged as

( ) 51+(52+C V0> :Op<)\}n/2+alogm> i}O

A
—Zeth\FlogA ﬁZlog)\mRe (PG Lefl=s) ’Pz) (36)

Using (31), (36) and (30) and Euler formula, (19) has the same asymptotic distribution as }_}' ; €} Zé;i s nEs,

where

m
(9]',1 + 9]‘,2 + 9]'/3) COS((t — S))\j),

02 = —A137,08,
vo

9]',3 log)t 174(1/]97_ — log/\ /37]9,3)

with 6, = Re (P;G_;lpja_ + P]-_uG;le> and f; = Re (P].'G_;llzz_ + P]-_ZGLP]-). By Assumption 3, |[6;,]| =

O(1) and []6) || = O((m/})"). Using that the first term in 6;3 is the same as 6;; when a = 2 it can be

shown that [[0;3|| = O((m/j)" x (logj)/(logm)). It follows that

aRm( )

Vo
Ry M iRa(6)

Z NaVim—sg = 20 ’90 Fhog A 20,

a=1

= Z Gt +o0p(1)
t=1

o
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where {; = ¢ Zé;i Bi_sn€s is a martingale difference array with respect to F; = o({e;,s < t}). By a

standard martingale central limit theorem, (19) follows if

n 4 4
Y E(ZF|Fi-1) Z Y HatpQup — 0 (37)
t=1 a=1b=1
Y E(@1(1al > d) —0, vd >0, 38)
t=1

We first show (37). For this, we use the following decomposition

n
Z]E(gﬂft 1) Z]E<Z ng“t snEt€ Bt —rnr| Fy 1)
t=1

s=1r=

n
- Z Z Ss‘—‘t sn‘—‘f sn€s T Z Z Z SS"‘f S”"'t rin€rs (39)

t=1s= =1s=1r=

where the second term has mean 0 and variance
n ) 2 n t=1  u-1 ) u—1 )
O(n( L l1EnlP) + ¥ ¥ (X 1Bu-sal® X 11Ei—sul ) (40)
s=1 t=3u=2 "s=1 s=1

as shown by Lobato (1999). Following Nielsen (2007), whens < n/m, |[Es|| = O(1/(n/m) ¥y [10;1 +
0in +0;3|]) = O(n~1 \/mlogm) and when s > n/m, ||Zs,|| = O(s~'m~1/2logm), where for the latter we
use | Y;cos(sA;)| = O(n/s) and therefore

n /) (log m)?2 1 log m)?
':‘,n 2:O< Z ( nf:v; ) + Z ( S%m) ) :O((logm)anl)

s=1 s=1 s:Ln/mJ-}]

such that the first term of (40) is O((logm)*n~!). Besides, the second term in (40) is O (n Y ”/ 2

2),

following the analysis in Robinson (1995), where
n/2
Y sl |Es a2 = O(m_l(logm)z logn).

s=1

It follows immediately that (40) is O(n~ ! (logm)* + m~1(logm)*logn) — 0.

To complete the proof of (37) we now have to show that the mean of the first term in (39) is equal to
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Ef,‘zl 2%21 NatfpQap- Since E(eseh|Fr—1) = I by Assumption (4), we can rewrite

n t—1 n t—1
IE(Z 2 €5 s nZt—snes) = 2 2 Etr (B}, Et—sneses)
t=1s=1 t=1s=1

n t—1
= Z 2 Etr (‘E;—s,nE‘t—Sﬁ)
t=1s=1

and decompose it as

..,
|
—

n m m
1
YY) o tr (61 405 +675) (61 + Oka + 6k3)) X cos((£—s)Aj) cos((t — s)Ay) (41)
t=1s=1j=1k=1 7T 1M
n t—=1 m 1 ) )
= t;s:l]; —5 7t (6710)1) cos((t = 5)Ay) (42)
n t—1 m . )
21 Y b (6)20)2) cos((t—9)A;) (43)
t=1s=1j=1
n t—=1 m 1 . )
+) Z o tr (9]',39]‘,3) cos((t —s)Aj) (44)
t=1s=1j=1
n t—=1 m 1 , )
+) Z TZanZtr (Gj,19j,2) cos((t —s)Aj) (45)
t=1s=1j=1
n t—1 m 1 ) )
+ t; A Z 7n2n2m2tr (6]-’16]-,3) cos((t —s)A)) (46)
=1s=1j=1
n t—1 m 1 , )
+3) Z 77r2n2m2tr (ej,2ej,3) cos((t —s)Aj) (47)
t=1s=1j=1
n t=1 m m
+ Z Z Z P tr (9]’-,19;(,1) cos((t —s)A;) cos((t —s)Ax) (48)
t=15=1j=1k#j
n t=1 m m
+ Z Z Z P tr (9]’»,29;(,2) cos((t —s)A;) cos((t —s)Ax) (49)
t=1s=1j=1k#j
n t=1 m m
+Y YY) o tr (9]/»,39;{,3) cos((t —s)A;j) cos((t —s)Ax) (50)
t=1s=1j=1k#j
n t=1 m m 1 ,
+ Z Z Z 55— 21tr (9]‘,19k,2) cos((t —s)A;) cos((t —s)Ag) (51)
t=1s=1j=1kzj /¢ MM
n t=1 m m 1 ,
+ Z Z Z —5 5 21r (Gj,lgk,s‘) cos((t — s))\]-) cos((t —s)Ag) (52)
t=1s=1j=1kzj /¢ F M
n t—1 m m 1 ,
)0 2 a2t (0560k) cos(( — 5)Ay) cos((t — s)A). (53)

[
[
@
Il
[
.
Il
—_
=
H
-

Following Lobato (1999), it can be shown that (42) is asymptotically equal to Z§:1 212;:1 HallpEqp With
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E =2(ILb+G®G™!) and (48) is asymptotically negligible. Also, (45), (49) and (51) are asymptotically
equivalent to B.16, B.18 and B.19 in Nielsen (2007) and therefore asymptotically negligible. For (43), after

approximating a Riemann sum by an integral and using Y/ ; ¥\~ cos(S/\ )2 = (n —1)?/4, we have that

2
22Gp Vg

2521]2 712 Zm (6)2932) cos((t = )2;)" ~ 13 G (1—2v)(1 —vp)?

Among the remaining terms we first analyze (44) and observe that

tr (67563 AZ0
7,371 2 m 244 23! 8 A2 1:B0L0 ., — ~1.B0%0
—=— =1tr (y; 47_[2(10g )\m)z (V] 620> + p 9,39,87] - '7]1/]18929[3 7]”];89}892)

4772
2 AR 2 2 1.2
)

as tr (9y0p) = tr (%92) = 0 by Assumption (7). Then, using m~! Yt 1/]-2 =1+ 0(m 1 (logm)?) and the

same approximation as for (43),(44) is asymptotically equal to

n t=1 m 1 2[3 G 2
———tr (0;30i3)cos((t—s 2 0 .
t;g}; i (Oa8i3) cos((t = )4 ~ i =T o S s

The next term is (46), for which one observes that all elements in tr (9]’-,1 0;3)/ (472) are trivially equal to 0

except

Vo Vo

2 !
tr (9](,1) 9]',3) . A
472 B T g2 log A

(78e) ) =it 5

) denotes 01 with a = 2 only. Then, it is immediate that

where 0 i1

: w201 -17
ZZanm’?zﬂs i

t=1s=1j=1

log A o(1).

As the joint limiting distribution of § and ¢ is singular, when analyzing (47) we find that it is asymptoti-

cally equivalent to

G %
2P E T 2u0) (=)

Equations (50), (52) and (53), where j # k, remain to analyze. Using that ||0;3]| = O((m/})"(logj)/(logm))

30



we show that (50) is equivalent to

n A Vo D
( 2 2 2 Z n2 ( ) <?) ((llgggi))z cos((t —s)A;j) cos((t — s))\k)> = O(nilm(log m)z)

=1s=1j=1k#

where Y" Zé 1cos((t —s)A;j) cos((t —s)Ay) = —n/2 for A; # Ay. For (52) we also use that [|0;]| = O(1)

and obtain the following bound

<Z Z Zznz ( ) N log}ji cos((t—s)/\j)cos((t—s))\k)> = O(nflmlogm).

t=1s=1j=1k#j log

For the last term we use that [|0;>]| = O((m/})") and find that (53) is bounded by

(f Yyy o (5)" (% )" 1981 cos( (¢ — 5);) cos( (t - s>Ak>> = O(n m(logm)?).

t=1s=1j=1k+#j logm

It remains to show (38) or equivalently the sufficient condition Y-/ ; E(¢*) — 0. As our analysis of (37)
is similar to Lemma 4 of Nielsen (2005), this condition can be proved under Assumption (8). We then
obtain Y1 ; E(¢*) = O(n(Tr ||22,]1)?) = O(n~!(log m)*) as in Nielsen (2007). This completes the proof
of (19). |

B.2. Limit of the Hessian

We now derive the limit of the Hessian for any estimator 8 such that ||§ — 6y|| < ||§ — 6y|| and prove

that
a;z:g((sf) e, (54)
MU &
A% Tog(Ay) L ai)];:’a%g) 50 (56)
Aﬁng( 1 ) (BZRm() (aﬁaﬁ)) r, (1) F (57)
log(Am)2) \ 8*R,(0)/(9Z0F) B

Proof. As Nielsen (2007) we strengthen the approximation ||G(6) — G|| = O, (m~1/2) by showing that

1G(8) — G(60) | = 0p(1). (58)
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We first analyze G () and proceed to the following decomposition

G2 (0) — Gaa(69) =

ANgE

% 1 (A2% = A2 1y

1
E( max )\202 202 _ ) 2/\21921 ) =0p(1).

1<j<m

j

el

Similarly,

81+02 7 8+,
(/\]1 21],12 _ )\]1 ZIjIZ)

@
—
)
—~
D
N—
|
(@)
—
N
—~
>
=)
N
Il
S
-
ﬂ.l 3

AngE

1 B1+9 01+
- (/\jl 2_)\]'1 2)1],12

I
SR

8,49 2
(/\],1+ z(ﬁ/\f—[ﬂ/\f)ll‘zz) +

1

-
Il
-

j

with I_ju — i = ([3)\]': — [;)\]5)1]'22- The first term in (59) is bounded by

1 & +8,—81 -8 191+792 4
(ggfgﬂ% )]ElA (BA; ﬁA )10 = 0p(1)

and the second term in (59) is

op<;(ma A )2)&’1*”21 ) 0,(1)

1<j<
j=m j=

(59)

Regarding the first diagonal element of G(f), the same bound can be obtained by Cauchy-Schwartz

inequality. Then, using (58) and similar arguments to Lobato (1999) one can easily show (54). Proceeding

in a similar way to (58), it can be shown that

’R,(8)  Ru(6o)\ »
Vo m _ m

a( 35,0P 30,9P )0
/\21/0 (asz(é) asz(GO)) i>

m —

9pIp 9pap

o

AZ? (aZRm(é) . asz(GO)) L>0
log A \ 90,0C 00,08
and implicitly

A2 2Ru(B)  PRu(Bo)y\ p
(log/\m)z( acor  oco¢ )_”)
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To analyze (57) we first observe that

A

. )
e (G(eo)—laa(;gg)) - G(eo)—la%([f()) G(eo)—la%af‘))). (64)

2% 92R (6p)
m
dpap

The first term can be shown to correspond to C.9 in Nielsen (2007)

-1 32@(90)) 20 2 Gy &

2vg A
Anote (6(00) S0P " i G

2)‘ (61— 52)+Op(1)
(65)

where the Riemann sum was approximated by an integral. Using the same arguments and approximation

as above, it can also be shown that the second term in (64) is

_ 21/0 A *186(90) A 7186(90) _ 21/0 2 G22 14 14
2200 g (G(GO) 35 G(6o) 55 )_ 2 mZGle ZA +o,(1
. 2Gp
Gi1(1 —vp)?

and overall A%,;“092Rm(90)/(aﬁaﬁ) Pr = 2Gpv3/ (G (1 — 2vp)(1 — 19)?), which in view of (61) proves
the first term in (57). We now show that A,9>Rm(6g) / (35,08) -7 0. Observe that

)\Zg asz(QO) —tr <é(90)—1 azé(e) _ G(GO)—l aé 9)@(90)—1 aé(e)>

95,0B 5
m 2L, | Iy
Gt (1 YA [T ) A )G 1A
m
k=1 Iz 0 I

4 m
— A=Y vjRe |G, 'A
m i

22 I

Using Assumption (3), it can be easily shown that both terms are 0, (1), which proves (55) in view of (60).
To show that A;) (log Ay) ~10*Rm(6y) / (95,0¢) 50, we decompose it as

AR 2R, (00) AW <a2Rm aZRm>

0g Ay 06,08 log A \ 00,08 ' 90,00,

The first term is 0,(1) by analogy with the result on 9°Rm(6y)/(95,08) while the second term vanishes
asymptotically as in Lobato (1999) when a = 1 and is O(A;{ (log A,») 1) when a = 2 since 9*R,, /955 = 4.
By (62), (56) follows.

To complete the proof, it remains to analyze A2 (log A ) ~202Ry (60) / (COE). Writing it as A2 (log Am) =2 x
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(02Ry (0)/(0BOE) +02Ry () /(96,98)), observe that the second term of the sum vanishes as shown above

for a = 2, whereas the first term is

_,0*Ryu(6o)
0B

19G(6o)
o

A2 (log Ay) = 220 (log Ap)~ %r(é(&g G(60)™ ).(6@

The first component in (66) can be analyzed by analogy with (65) to show that in the vicinity of the origin

the following approximation holds

A (G(e) -19 G(GO)) 220 log (M) 2B2GIG ka) AT 4 0p(1)
(Iog A)? ' Topag & e & P

28%Gp
Gi1(1—2vp)°

The second component follows from the same arguments

AL np-19G(00) &, \—10G(60) _ A0 282 Gy v e “v
BT mEs (G0 55 GO0 )__log( T 21 BA, " Yo e 40, (1)
_ 2B%Gyp
Gi1(1—w)?’
finally yielding
2 2 2
)\%;/o log()\m)_Za R (6o) i}ﬁzF _ 2p°Gxp Yo

9C0¢ G (1-2w)(1—wvp)*’

which completes the proof in view of (63). Besides, as the joint limiting distribution of § and ¢ is singular,

we omit the superfluous covariance term. O
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