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In this paper, we consider a sequential bilateral oligopoly market which embodies
a finite number of leaders and followers who compete on quantities. We define a non-
cooperative equilibrium concept for this two-stage market game with complete and perfect
information, namely the Stackelberg-Nash equilibrium (SNE). Then, we study the exis-
tence of a SNE with trade. The existence proof requires some steps as this market game
displays a rich set of strategic interactions. In particular, to show the existence of a pure
strategy subgame perfect Nash equilibrium, we have to determine the conditions under
which there exist well defined continuously differentiable best responses. Some examples
buttress the approach and discuss the assumptions made on the primitives.
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1. INTRODUCTION

The existence of noncooperative oligopoly equilibria in finite strategic market
games has been widely studied under Cournot competition (Dubey and Shubik,
1978, Dubey, 1982, Sahi and Yao, 1989, Amir et al., 1990, and Peck and Shell, 1992).
An essential issue concerns the existence of a Cournot-Nash equilibrium with trade
(Cordella and Gabszewicz, 1998, Bloch and Ferrer, 2001, Giraud, 2003, Busetto and
Codognato, 2006, Dickson and Hartley, 2008). In this paper, we consider a two-stage
finite market game with observable delays in which several leaders and followers
compete on quantities. We define a noncooperative oligopoly equilibrium concept,
namely the Stackelberg-Nash equilibrium (SNE thereafter). The main objective is to
study the existence of a SNE. Some Stackelberg general equilibrium concepts have
already been defined and computed in simple finite exchange economies (Julien and
Tricou, 2010, 2012, and Julien 2013). Nevertheless, these contributions provide no
existence proof. Thus, this paper is devoted to the existence of a non-autarkic pure
strategy subgame perfect-Nash equilibrium (SPNE), that is, a SNE with trade,
within the research program for strategic market games founded by Shubik (1973),
Shapley (1976), and Shapley and Shubik (1977).
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To study the existence of a SNE with trade, we extend the exchange bilateral
oligopoly model introduced by Gabszewicz and Michel (1997), and explored notably
by Bloch and Ghosal (1997), Bloch and Ferrer (2001), Dickson (2005), Dickson and
Hartley (2008), and Amir and Bloch (2009). The bilateral oligopoly model is a two
commodity version of the strategic market game models (Shapley and Shubik, 1977,
Sahi and Yao, 1989, and Amir et al., 1990). In the bilateral oligopoly model each
trader has corner endowment but wants to consume both commodities. There is a
market price which aggregates the strategic supplies of all traders and allocates the
amounts traded to each market participant. Therefore, to build a sequential mar-
ket game with hierarchical competition, we consider a market with a finite number
of heterogeneous traders. Heterogeneity does not stem only from the primitives,
i.e., from endowments and preferences, it merely relies on asymmetric behavior
which is peculiar to hierarchical competition. Thus, this hierarchical competition
is modeled within a two-stage game which embodies two simultaneous move sub-
games. There are strategic interactions on each side and between both sides of the
market: the leaders interact with the followers in the two-stage game, but the lead-
ers (followers) interact with each other in a simultaneous move game. Therefore,
there are two multiple leader-follower industries which are connected through trade.
Thus, this contribution constitutes a first endeavour to cast within a pure exchange
two-commodity framework the multiple leader-follower one industry game, which
is studied in particular by Sherali (1984), Yu and Wang (2008), and Julien (2017).
We assume that the timing of moves is given. In addition, information is assumed
to be complete and perfect. Thus, we look for pure strategy SPNE.

There are two main problems involved with the existence of a SNE with trade.
The first problem is related to the possibility of autarky. It is well known that
autarky is always a Nash equilibrium in finite strategic market games with simulta-
neous moves (see, in particular, Cordella and Gabszewicz, 1998, Giraud, 2003, and
Busetto and Codognato, 2006). Therefore, autarky also holds in the simultaneous
move bilateral oligopoly game. Thus, we wonder whether autarky is a plausible
outcome in the sequential bilateral oligopoly model. It seems plausible to conjec-
ture that the no trade equilibrium is a possible outcome for the entire sequential
game, in which case neither leaders nor followers participate in exchange. But, is
it possible that exchange takes place in one subgame whereas autarky prevails in
the other subgame, in which case only the leaders or only the followers participate
in exchange on the market? An example given in Section 5 provides a positive
answer to this question. The second difficulty, which is specific to sequential non-
cooperative oligopoly games, concerns the existence of well defined best responses
(Julien, 2017). Indeed, in the basic one leader-one follower game, the best response
is determined, for any given strategy profile of the leader, as the solution to the
maximization of the follower’s payoff. But in a game with at least two followers the
best responses could not be well-defined. Indeed, in the subgame between followers,
any follower’s optimal behavior consists in a decision mapping which depends upon
two kinds of arguments: the strategy profile of all leaders and the strategy profile of
all other followers. Thus, if these mappings were not mutually consistent, the best
responses could not be well-defined. This problem is illustrated with an example in
Section 5. In this paper, we provide a consistency condition to show the existence
of smooth best responses as well as the existence of a SNE with trade.

To the best of our current knowledge, Stackelberg competition has not yet been
studied in this way in noncooperative oligopoly. Groh (1999) proposes a bilateral
oligopoly market in which the leaders are sellers and the followers are buyers. The



existence of a SPNE with trade is based on three restrictions: the utility function is
specific; each side of the market embodies only leaders or followers; with identical
traders within each side. Therefore, our contribution to the literature is threefold.
First, we consider a SNE concept for a market game in which utility functions are
not specific, and in which heterogeneous leaders compete with heterogeneous fol-
lowers within each side and between both sides of the market. The existence of a
SNE with trade requires notably that the utility functions be twice-continuously
differentiable, strictly increasing and strictly quasi-concave, with, for some traders,
indifference curves which are contained in the strict interior of the commodity space.
Second, the study of optimal behavior in subgames leads us to provide a character-
ization of the strategic equilibrium which brings into light a consistency criterion.
This criterion concerns the internal consistency of the system of equations which
determines the best responses. Our criterion gives some nondegeneracy sufficient
condition on the Jacobian determinant of the set of equations that defines implicitly
the followers’ best responses. If our criterion holds, then the reduced form payoffs
of leaders are well-defined. Therefore, the subgame between leaders may be studied.
Thus, the set of pure strategy subgame perfect equilibria in the finite extensive form
game with observable delays is not empty. Third, our approach puts forward the
beliefs of leaders: by definition, in a SNE, the leaders know perfectly the reactions
of the followers. Indeed, the optimal behavior of leaders deserves careful study.

The main objective of the paper is to prove the existence of a SNE with trade.
To this end, we consider a slight perturbation of the market game as in Dubey and
Shubik (1978) when they show existence of non-autarkic Cournot-Nash equilibria.
The proof requires five steps. The first step is devoted to the study of optimal
behavior in each perturbed subgame. Thus, we study the optimal decision mappings
of followers (Propositions 1 and 2). Then, we show the existence of smooth best
responses. To this end, we consider the consistency of the system of equations
which determines such best responses. Hence, if the Jacobian matrix associated
with the equations which defines implicitly the best responses is of full rank, then
the strategy of any follower is a well defined continuously differentiable function
of the sole strategy profile of leaders (Lemma 1). We also show the followers’
reactions are bounded (Proposition 3). Then, by considering the subgame between
leaders, and their reduced form payoffs, we study the optimal decision mappings of
leaders (Proposition 4). In the second step, we prove the existence of a SNE of the
perturbed market game. To this end, we show the optimal behavior of traders are
mutually consistent in each perturbed subgame as well as in the entire perturbed
game (Lemma 2). In the third step, we show that there exist some uniform bounds
on the market price in a SNE of the perturbed game (Lemma 3). In the fourth step,
we prove the SNE of the perturbed game is non-autarkic (Lemma 4). Finally, in the
fifth step, we show that the SNE with trade is an equilibrium point of the market
game (Lemma 5). The continuous differentiability of the utility functions and the
behavior of the indifference curves near the boundary of the consumption sets play
a critical role. Thus, some examples illustrate the role played by the assumptions.
This inquiry reveals that the assumptions made on the utility functions provide a
set of sufficient conditions for the existence of a SNE with trade.

The remaining part of the paper is organized as follows. In section 2, we describe
the model. Section 3 is devoted to the existence of a SNE with trade. Section 4
provides some examples to discuss our assumptions and to buttress the working
of our approach. In section 5 we conclude. Section 6 contains an Appendix which
proves some intermediate results.



2. THE MODEL

The model is described in four steps. First, we give the basic framework and fix
some notations. Second, we state some assumptions. Third, we describe the market
game associated with the exchange economy. Fourth, we define the SNE.

2.1. Framework and notations

Consider an exchange economy, £, with two divisible homogeneous commodities
labeled X and Y. Let px and py be their unit prices. Traders are of two types,
namely 1 and 2, so the set of traders is partitioned into two subsets 77 and T5, with
T NTy = {@}. We assume 2 < |T1] < oo and 2 < |Ts| < 0o, where |T'| denotes the
cardinality of the set T'. Traders who belong to T} (resp. T») are indexed by 4 (resp.
by j). We assume there are M; leaders and N; — M; followers of type 1, with
Tl = {1, ceey Ml, M1 + 1, ceey Nl} leely, we have T2 = {1, ceey ]\427 M2 + 1, ...7N2}.
Then, My > 1 and Ny — My > 1. Likewise, My > 1 and Ny — M5 > 1.

In what follows, we adopt the following notational conventions. Vectors are in
bold and capital letters denote either sets or summations. Let z € R’}. Then, z > 0
means z; > 0,4 =1,...,n; z > 0 means there is some 7 such that z; > 0, with z # 0,
and z >> 0 means z; > 0 for all 4, ¢ = 1,...,n. The transpose of z is denoted by
z'. Let z; > 0 be an action. An action profile is given by z = (21, ..., 2, ..., 2n ), With
z > 0. In addition, let z_; = (21, ..., zi—1, Zi+1, ---, 2n) be the action profile of all
traders but trader i. We sometimes consider Z = Z?zl zi, WwithZ_; = > z_; =

—iti
Z — z;. Let A be a finite set, with A = {1,...,m,...,n}. The restriction of A to a
subset of m elements is denoted by A™, with A™ = A\{m + 1,...,n}. The Carte-
sian product of sets A; is denoted by [] A;, where Z = {1,...,n} is the index set.
i€z
Moreover, [ A; is the Cartesian product of all sets but i. Let f be a function de-
i
fined by f : A C R®" — B C R, with z — f(z). The Cartesian product of a
set of functions f7(.), j = 1,...,m, is denoted by X, f7(.). The partial derivative

of f with respect to z; at z = z is %(Z), ¢ = 1,...,n. Likewise, when n = 1,
the derivative of f with respect to z at z = Z is %(2). The second-order partial

derivative of f with respect to z; at z = Z is denoted by %(2) (by %(2)

when n = 1). The notation f C C? means f is twice-continuously differentiable.
A m dimensional vector function F is defined by F : A C R* — B C R™, with
F(z) = (f1(2), ..., f2(2), ..., fm(2z)). The notation z(e), where e € R¥, means that
each z; is a function of e, i = 1,...,n. When m = 1, the gradient vector of f is

denoted by Vf = (af(z) /(=) /(=) ) The Jacobian matrix of F(z) with re-

921 0 Bz 0 Oz

spect to z at Z is denoted by Jw(Z), with Jr(Z) = [M} With a slight

O(Z15eee55Ziy 120
abuse of notation, let | Jr(Z)| be the determinant of J at Z. The Hessian matrix

of F(z) with respect to z at Z is denoted by Hy(Z), with Hr(z) = {ijiafzj(z)},
i,j =1,...,n. If A¢p p) is a matrix of dimension (m,n), then its transpose, which
we denote by .A,(m,n), is a matrix of dimension (n, m). Finally, when the distinction
matters, if we partition z in such a way z = (x,y), then Jr, (Z) is the Jacobian
matrix of F(z) at Z when the differentiation is partial and made with respect to x
only. Its determinant is | I, (Z)|-



2.2. Assumptions on endowments and preferences

We now provide two kinds of assumptions regarding the fundamentals (endow-
ments and preferences) for £. First, there are fixed initial endowments which satisfy
the following assumption.

Assumption 1. w; = (;,0), with a; > 0, for each i € T1, and w; = (0, 3;),
with 3; > 0, for each j € T5.

Assumption 1 is standard in the bilateral oligopoly model with a finite number
of traders (Gabszewicz and Michel, 1997, Dickson and Hartley, 2008). Indeed, as
emphasized by Cordella and Gabszewicz (1998), it does not require the initial en-
dowments to be strictly in the interior of the commodity space (Amir et al., 1990),
or the traders sell their entire endowments (Shubik, 1973, Shapley, 1976).

Second, the preferences of each trader k are described by an utility function
Uy Ri — R, z — uk(zg), with zx = (2, yk), and where z;, and y; are the
amounts of goods X and Y consumed by trader k, k = 4, j. We make the following
set of assumptions, which we designate as Assumption 2.

Assumption 2. For all z;, € Ri, the utility function wuy, satisfies:
2a. Vk, u, C C3(R%,);

2b. Vk, Vug(zy) >> 0, where Vuy(z) = (2lze) du(z) ),

Jdzx Oyk ?
0 ou 0 v
ox Uk
[ Qup afuk ‘| < 0’ |A(313)| = ‘ |: :| ‘ > 0.
6yk (Szk)2

2c. Vk, [Apa| = (Vur)" Hau,

2d. there are at least one leader and one follower of each type for whom Vuy(zy)
satisfies lim,, .o Vuk(zg) = (00, 00).

Hypothesis (2a) says the utility functions are twice-continuously differentiable
in the interior of the commodity space. And it includes the case of infinite partial
derivatives along the boundary of the consumption set (see Kreps, 2012, p. 58).
(2b) and (2c) say the utility functions are strictly monotonic and strictly quasi-
concave. From (2d), the indifference curves of (at least) two traders of each type
do not intersect the quantity axis. These assumptions are discussed in Section 4.

2.3. The market game

We introduce now the noncooperative game, namely I', associated with £. Let
S; and S be the strategy sets of traders ¢ and j respectively, with:

Si={(q:,b;) €RY : q; < a;and b; =0}, i € T (1)

Sj ={(gj,b5) €RL :q; =0and b; < B}, j € T (2)

The quantity ¢; in (1) denotes the pure strategy of trader ¢ € Ty. The strategy
q; represents the amount of commodity X trader ¢ € Tj sells in exchange for



commodity Y. Similarly, b; is the pure strategy of trader j € T5. A strategy profile
is represented by the vector (q;b) = (q1,42,-..,qn,;b1,b2, ..., bN,), With (q;b) €
IT Si x II S;. Let q_; denote the strategy profile of all traders of type 1 but 3.
i€Th JET:
The same holds for b_;. In addition, let q” and q" be respectively the strategy
profiles of type 1 leaders and followers. The same holds for b, with b = (bL, b").
Given a price vector p = (px,py) and a feasible strategy profile (q;b), the
market clearing price Z—j(q; b) is determined according to the following mechanism:

B ifB>0and Q>0

PX(gb)={ @ (3)

[0% 0, otherwise,
where Q = > ¢; is equal to %B, with B= )" b,.
€Ty JETL

The final allocations assign the following bundles for each type of traders:

g B ) if P
Vi€ Ty, z; = { (Oéz 1> qﬁQﬂ'qZ) iG>0 (4)
(v, 0), if 2X =0,
pby
—Q b B —b;),if B2 >0
VjeTs, zj={ bj+B_; "I 7] pJ » T opx
3 Y
(07/6])a lf px 0

The corresponding utility levels may be written as payoffs:

B
mi(qi, a4-i; b) = w; (ai_QiaQi)yieT 6
(@) e 1 ©)
ﬂ-j(q;bﬁb—j):uj <ija/8j_bj>ajeT2- (7)
bj—l—ij

The finite game I’ :={T, (S;, 7;), (S, 7;) jee% represents a two-stage game where
the players are the traders, the strategies are the supplies, and the payoffs are the
utility levels they reach in the market outcome. This game displays two stages
of decisions and no discounting. We also assume the timing of positions is given.
Then, all leaders (followers) play only at stage 1 (2). In addition, traders meet
once and cannot make binding agreements. By precluding binding agreements, we
consider each trader acts independently and without communication with any of
the others. Thus, I is a two-stage hierarchical game with observable delays, which
embodies two simultaneous move subgames: one between the leaders, namely 'y,
and one between the followers, namely I'p. Indeed, the (M; + Ms) leaders play
a two-stage game with the (N7 — M) + (Nay — Ms) followers, but any leader (fol-
lower) plays with each other leader (follower) a simultaneous move game. Finally,
information is assumed to be complete and perfect. Information is perfect because
any leader perfectly knows the behavior of all followers, and, each follower’s infor-
mation set is a single decision node.? In each decision node, any follower makes
an optimal choice, so sequential rationality prevails. As sequential rationality is
common knowledge, the game is solved by backward induction.

2t is worth noticing that the entire game includes two partial games with strategic uncer-
tainty: I'p is a simultaneous move subgame, and I'y, is a simultaneous move game. But the entire
(sub)game T is a sequential game with perfect information: every information set is a singleton,
and every node initiates a subgame. Followers perfectly know the optimal strategies of leaders,
and no trader makes a choice in two subgames.



2.4. SNE: definition

To define a SNE, we complete the description of the market game. To this end,
we define some concepts which are related to the optimal behavior of traders in

each subgame.
M.
Consider the subgame T'r. For each (q”;b%), with (q¥;b’) € H Si % H2 S;,

i=1 Jj=
the optimal decision mappings (ODM) of followers are defined as follows.

DEFINITION 1. (ODM). Let ¢; : [[ S—ix [ S; — Si, with ¢;(q—;;b) =
—i€T JETS
{¢; € S; : ¢; € argmaxm;(q;,q—;;b)}, be follower i’s optimal decision mapping,

i =M +1,.., Ny Similarly, let ¢, : [[ Six [] S —S;. with¢;(q;b_;) =
€Ty —j€T>
{bj S Sj : bj S argmaij(q; bj,b_j)}, j = MQ + ]., ...,NQ.

Let us notice this market game displays a rich set of strategic interactions.
Therefore, in contrast with the duopoly game the behavior of traders is more diffi-
cult to handle. The ODM’s differ from best responses, whilst in the usual duopoly
game, the optimal decision of the follower always coincides with his best response
(Julien, 2017). But with several followers the best responses might be not well-
defined (see Example 3 in the Appendix). In Section 3 we provide a criterion to
show the existence of smooth best responses, which are defined as follows.

M,y
DEFINITION 2. (BR). Let o, : [] Si x H S; — S;, with ¢; = ;(q%; bL), be the
i=1 j=1
best response of follower ¢, i =i = M;+1, ..., N7. Likewise, for all j = Ms+1, ..., Na,

M, M,
let 7K -H1 Sz X Hl Sj — Sj7 with bj = (pj(qL;bL).
i= Jj=

M, M
Consider now the subgame I'j,. Define the function o : H Six [[S; —
i j=1

N N.

]_i S;, with g = o (q¥; b’), and the function ¢ : H S; x H S; — H2 Sj,
i=M71+1 =1 j=1 j=Ms+1
with b = ¢(q”; b). Then, from (3), we deduce f}—j(q ,a(ql;bY); bl p(qk; b)),
so we can define, for each leader, the optimal decision mapping as the solution to
the maximization of her reduced form payoff.

DEFINITION 3. Let ¢, : [ S—; x H S; — S, with ¢,(ql;bl) = {¢; €
—iF1 j=1
Si ¢ € argmaxm;(q;,q%,, 0(q;,q%;;bY);bE ©o(q;, q%;; b)), be leader i’s opti-

mal decision mapping, i = 1,..., M;. Likewise, let 1, : H Six I &= — §;, with
i=1 —J#i

¢j(qL;b£j) ={b;€S;:b; € argmaij(qL,a(qL;bj,bI; ); bj bLJ,cp(q bj,bj:j)}7

=1, M.

Let us now consider the consistency of optimal behavior. The equilibrium of the
two-stage game I is a pure strategy SPNE, while the equilibria in both subgames 'y,
and I'p are Nash equilibria. But such a SPNE is a Nash equilibrium (NE thereafter)
of each subgame of T' (Selten, 1975).3

31t requires the strategies of the leaders and the followers to constitute a NE of any subgame. In



My Mo My M
Define the function Ap : [ S; x H S; — H S X H S;, with Ay (q;bt) =

i=1
(;5 >< 2. A pure strategy NE of the subgame FL is a fixed point (q; BL)
of AL( bL) such that no leader has an interest to dev1ate unilaterally from

Ny
her decision. In addition, consider I'r. Define Ap : H S; X H S;— I Six
1= M1+1

N.

]_i S;, with Ar(gh, qf’; bl bl = valM1+1¢»xj:2M2+11/)j. A pure strategy NE
j=Ma2+1
of the subgame I'y is a fixed point (§F;b%) of Ap such that no follower has an
interest to deviate unilaterally from his decision.

Finally, consider the NE of the entire game I'. A pure strategy SPNE of the entire
game T is a fixed point (§~,§"; b%, bf"), with (g7; b)) = (a(g"; b¥); (q"; b%)).
Therefore, at a SNE each leader (each follower) behaves optimally given her (his)
conjecture, and the choice s/he makes is consistent with this conjecture. The market
price (3) is given by £(q; b). Therefore, the allocations corresponding to (4)-(5) are

given by z; = z;(q;, py( G~;bh)), for i € Ty, and z Z; = zj(bj, B (@ b)), for j € Ty.
Finally, the payoffs (6)-(7) are given by m;G;, _s; b) = ul(zl(ql7 X X (g, §_s; b)) for
i € Ty, and by m;(q; Bj,‘f)_j) = uj(zj(l;j, %(q; Ej,B_j))) for j € Ty. Therefore, a
SNE is a noncooperative oligopoly equilibrium of I" such that, on the one hand, the

markets clear, and on the other hand, in each step of the game, no trader wants to
deviate from her choice.

We are now able to define formally a SNE for the market game T'.

DEFINITION 4. (SNE). A N; + No-tuple (q; b), consisting of a strategy pro-
file (qLLqF;vabF) = ((jl-~',(jM1,(jM1+1"~a (le;b__h ) bM27bM2+17 ) sz)v with g; =
oi(@";bh), i =M;+1,...,Ny, and b; = <pj((~1L;bL), j = My+1,..., Na, constitutes
a Stackelberg-Nash equilibrium of I if: _

a. Vi € {Ml + 1, Nl} 771(&1361 l)b))) 2 z(QZ7q—va))) for all qi € 817
b.Vj € {My+1,..., No}, 7;(q; b;,b_;))) = 7;(q; bj, b_;), for all b; € S;;
L) bt

c. Vie{l,.. Ml} mi(d, al;, (G, @55 bL); bl (G, a5 b)) >

Ny
ui(qi, @5, 0(qi, @5 bY); B, (gs, @5, b)), for all o(q?;bF) €[] S; and
1=M71+1

all p(q™;b") e T S5
d. V] € {L"'?MQ}’ ’U,j((‘iL,O'((‘iL;i)‘,BE ) b bLja('P(q ’bj,bfj)) =

-~ Ny
u;(@", o(@"; b5, b ); b; bLﬁ‘P(q bj7b£j>)7 for all o(q";bl)) € . Al;[HSi
i=M;

Ny
and all p(g%;bl) € Al;[HSj, for all b; € S;.
=My

addition, it is a SPNE without empty threats: it rules out incredible threats by the followers. The
reason is the strategy of any follower is optimal for any supply set by the leaders. The followers
can set their own supplies according to any possible function of the quantities set by the leaders,
with the belief that the leaders will not counter-react. Similarly, the leaders expect the follower
to conform to the decisions given by their best responses.



3. EXISTENCE OF A SNE WITH TRADE

Let us now consider the existence of a SNE with trade. It is well known that
the autarkic equilibrium is always a NE in simultaneous move strategic market
games (see, in particular, Cordella and Gabszewicz, 1998, Giraud, 2003, Busetto
and Codognato, 2006). The next example, which is borrowed from Cordella and
Gabszewicz (1998), illustrates this feature in the sequential game.

EXAMPLE 1. (Autarkic SNE). Let |T;| = |T2| = 2. Assumption 1 is o; = 1, for
each i € Ty, and §; = 1, for each j € Tp. Assumption 2 is w;(w;,y;) = y2i + yi,
i € Th, and u;(z;,9:) = ©; + Yyi, j € To, with v € (0,1), so (2d) does not hold.
The unique competitive equilibrium is given by p* = 1 and 2] = (0,1), ¢ € 11,
and z; = (1,0), j € Tb. In addition, the Cournot-Nash equilibrium strategies are
given by (41, go; by, 132) = (0,0;0,0). Consider now the SNE. The followers’ ODM are

$2(q1,42;01) = —bi+ 1/ 2b1(q1 + g2) and Py(q1; b1, ba) = —q1+ /5 (b1 + ba2)ar. The

best responses are given by o(q1;b1) = (1_27)1)1+\/(1;j7)(b1)2+47b1[“ and o(qp;b1) =
(1-27)q1++y/(1=47)(q1) 2 +4vb1aa
by = 0. Accordingly, the strategies of followers are o(0;0) = 0 and ¢(0;0) = 0.

Then, the only SNE is the trivial equilibrium (g1, G2;b1,b2) = (0,050, 0).

. Then, the leaders’ SNE strategies are ¢ = 0 and

Therefore, if one leader is making a positive supply, the other leader by deviating
and making a positive supply can generate a subgame where at least one side of the
market is making a null supply. No leader/follower finds it profitable to participate
in exchange because no other leader/follower does. For any trader, the strategic
advantage from trading, whichever is the stage of the game, is offset by the strategic
advantage of reducing her supply to manipulate the market price. Nevertheless, we
are able to state the following theorem.

THEOREM 1. (Existence of a SNE with trade). Consider the market game T,
and let Assumptions 1 and 2 be satisfied. Then, there exists a Stackelberg-Nash
equilibrium with trade.

Proof. The approach of the proof is as follows. We consider a slight perturbation
of the market game I" which is used by Dubey and Shubik (1978) for their existence
proof. Therefore, consider a perturbed game I'° in which some outside agency puts
a fixed quantity € > 0 of the two commodities on each side of the market. Given
€ > 0, the price (3) of T'® is now given by:

px\* _ B+e
(py) T Q+e ®)

The allocations and payoffs are z; c = 2z; ¢(Gi.c, (f}—j)e(dﬁ; b.)) and 7¢(Gi.e, Q—ie; be))
for i € Ty, and Z;c = 2;c(bj e, (2)(Ge; be) and 7§(Ge; bie, bi o)) for j € To. The
proof obtains by following five main steps. First, we study the optimal behavior
of traders in each perturbed subgames. Second, we show the optimal behavior
are mutually consistent (existence of a e-SNE). Third, we show the market price
is bounded in a e-SNE. Fourth, we show the existence of an e-SNE with trade.
Finally, we consider the sequence of e-SNE’s with trade, and show the SNE is an
equilibrium point of I', a Nash equilibrium which is robust to slight perturbation
of the market game.




Let us first define formally the concept of e-SNE.

DEFINITION 5. (e-SNE). For all € > 0, a Nj + Na-tuple (§*, ;s bZ, bf") of fea-
sible strategie~S (6176..., qu,E’ qM1+17e--~> qu,e; bl,e; ceey sz’EiszJrl’e’ ceey sz,e), with
Gie = 05(@lsbL), i = My +1,..., Ny, and by = 5(qL;bL), j = Ma+ 1,..., N,
constitutes a Stackelberg-Nash equilibrium of I'¢ if like in Definition 4, conditions
a., b., c. and d. hold, but where ; is replaced by «§ for ¢ € {1,..., N1}, and 7; is
replaced by 7§ for j € {1,..., Na} respectively.

To show the existence of an e-SNE (with trade) we need some intermediate
results. First, we consider the behavior of traders in the perturbed game I'°.

Consider the perturbed subgame I'%,. For any given strategy profile of the lead-
ers, the program of follower ¢ consists in maximizing his payoff 7¢(g;.e, q—i.; be;€)
given by (6). The next proposition echoes Definition 1.

PROPOSITION 1. Let the utility functions uy, satisfy Assumption 2. Then, for all
€ >0, the mappings ¢; : [[ S—ix [I S; xRyy — S, with ¢;(q_;;be;€), i =
—ieT JET
Mi+1,...,Ny, and [ S—ix [[ SjxRiy — Sj, with¢5(ae; b_jee), j = Ma+
€Ty —j€T>
1,..., Ny are well defined, point-valued (functions) and continuously differentiable.

Proof. See Appendix A. 1

The next proposition provides monotonicity properties about followers’ ODM.

PROPOSITION 2. Let ¢ = (3, 115+ On,) and ¥ = (Vi 11, VY,) be re-
spectively (N1 — My) and (No — Ms) dimensional vector functions. Consider the

Jacobian matrices j¢eF(q€;Be) = [g’q;)] and ._7¢:)F (Ge;be) = [ag’;)(;)] Then,
q¢ € c €

I << j¢,eF((_1€;b6) < I, where I is the (Ny — My, Ny — My) unit matriz, and

I << ‘71/’;; (Qe;be) < I, where I is the (No — My, Ny — Ms) unit matriz. In

., _ T 9o (. R Sve(.
addition, ‘74’25 (Qc; be) = { g’b((F)} € (-L1I), and j¢;5 (Qe; be) = [ g’qé)} e (-L1),
where the Is are (N1 — My, No — Ms) and (No — Ms, Ny — My) unit matrices.

Proof. See Appendix B.

Followers interact in a simultaneous move game. Thus, the followers optimal
decisions must be consistent to solve the game. By "consistent" we mean that the
best responses (see Definition 2) can be deduced from the collection of optimal
decision mappings. It is worth noticing that the best responses might not exist (see

Example 3). To introduce our criterion define the function ®{: [[ S; x [[ S; x
€Ty JETS

R++ - Sia with (I)f(qsybe) = Qi — ¢;(q£aq€i,ea;b£7bf;e)7 1= Ml + 1, ---;N17
and the function ¥§ : [[ & x [[ & x Ryy — §;, with ¥§(be;qe) = bje —
€Ty JET
wj-(qf,qf;bf,bfj,e;e), j = My+1,...,Na, € > 0. This set of functions will be
useful to build the system of equations that will implicitly define the best responses.
N, No
LetTE:HSZ-X HSjXR—i--F*) H SZ'X H Sjthe(N17M1)+(N27
€Ty JETS i=M;+1 j=Mas+1
My)-dimensional vector function defined by Y€ = (®§; 1, .-, 5 Wiy, 1150 Py, )-
Consider the (N7 — M) + (N2 — Mz)-dimensional vector equation Y¢(q.; be;e) = 0.
These (N7 — M1) + (No — M) equations taken together consist in a system of
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(N1 — M)+ (Ny—Ms) simultaneous equations with (N1 — M )+ (No— Ms) unknowns
(af;bF) and My + M, parameters (q/;bl). This system defines implicitly (at
least locally) best responses. Let (§~, qf"; bL, bf’) be an interior point of [] S; x
€Ty

[T S;, so the identity Y<(q”, q (a”;bL);bE, bl (qX;bl)) = 0 holds in an open
JET:

neighborhood of (gF,q"; bk, bl). Implicit partial differentiation with respect to
(bZ: ql) of this identity leads to:

jrqu;bg (Qe; be). A = —B°, for each ¢ > 0, (9)

where j‘rEqF.bF)(QG; Be) is the ((Nl—M1)+(N2—M2) (Nl M1)+(N2—M2)) matrix

formed by all partial derivatives of Y€ with respect to (qf'; bf") at (g, q"; bZ, bl"),
and A€ and B¢ are matrices of dimension ((Ny — M;) + (No — Ms), M1 + Ms) (see
Appendix C). The next lemma says that the solution to (9), if it exists, determines
the best responses.

LeMMA 1. If | Jvye

(af'; bF)

(Ge;b.)| # 0, then, for alle > 0, there exist well defined
1
functions o§ = [ Si % H S; x Ryy — S, with b, = o5(ql;blie), i = My +
i=1 j=1
M- Mo
o N1, and 5 2 [ Si x [ S xRy — S;, with g = w?(qL;bL;e), j =M+
i=1 j=1
1,..., No. Moreover, 0§ C C', i = My + 1,..., N1, and ¥5 C Ct,j=My+1,.., Ns.
Proof. See Appendix C. 1

Lemma 1 gives a sufficient condition for the existence of continuous differentiable
best responses: the Jacobian of Y¢(.) is a linear map which is invertible. It is worth
noticing that, as the perturbed best responses are differentiable, then, for all € > 0,
the vector function (o°(.;€);¢°(.;€)) is differentiable. The next proposition gives
some bounds on the optimal responses of followers.

PROPOSITION 3. Let ¢ = (05, 115+, 0%,) and @ = (P4, 415 - Ply,) be (N1—

M) and (No— M) dimensional vector functions. Consider Ja (q67 b.) = [ag;g)]

and Joe (@e;be) = [85’(15)} Then, Joe L(qe,bf) [~13,13) and@ (Ge;be) > 0,

where Ig is the (N1 — My, My) unit matriz and 0 is the (Ng — Mo, Ml) zero matriz.
In addition, Jpe L(q67be) [-14,14) and Jo- L(q67b ) > 0, where Iy and 0 are of

dimension (No — Ms, Ms) and (Ny — M, Mg) respectively.
Proof. See Appendix D.

Consider now the subgame I';. Each leader knows how the market price is af-

My M, Ny
fected by the followers’ reactions. Indeed, let o€ : H1 S; X H S;jxRiy — Ig[ Si,
1= i=M;+1

N-
with qF — o“(qEibkie), and let @< : [1 S x 118 x Ry — I S, with

i= 1 j=1 j=Mz+1
bl = ¢(qf;blie). In partlcular oc(qr ) C C! and ¢°(qf;bl;e) C CL.
Therefore, p}—x((qe, o¢(ql;bE;€); bE, ¢ (qr ))) C C!. Then, leader i maxi-
mizes her reduced payoff W?(qi,e,q,i,e, (Qz e q"; blie);bl, o (gic, " s b5 €).

The next proposition states the existence of ODM for leaders (see Definition 3).
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PROPOSITION 4. Let the utility functions uy satisfy Assumption 2. Then, for

all € > 0, the mappings ¢ : [[ S—i X H S; x Ryy — S, with ¢ (q_”,bL €),
—i# j=

i =1,..., My, and ¢ H Six [l S—j xRyy — §;, with ¥ (af; ﬂ»’e;e), j=
=1 —j=1
., Ms, are well deﬁned, point-valued (functions) and continuously differentiable.

Proof. See Appendix E.
We are now able to state the existence of an e-SNE.

LEMMA 2. (Existence of e-SNE). Consider T, and let Assumptions 1 and 2 be
satisfied. Then, for all € > 0, there exists an e-Stackelberg-Nash equilibrium of T'°.

Proof. We have to show that the optimal strategic behavior are mutually con-
sistent, i.e., there is a pure strategy SPNE for the entire perturbed game I'*, which
constitutes a NE of each perturbed subgame I'; and I‘“ We first show that I'¢, has

M Y7
a NE. To this end, define the function A§ : Hl S X H SjxRip — H S X H2 S;,
i=1 J

with A (qF;bl;e) = >< Y b5 >< 1/1]7where¢1,2—1 Ml,aundwj,j—l,...,Mg7
are well-defined functions from Proposmon 3 (see Appendix E). The function A§ is
a continuous function (as the product of continuous functions ¢5, i = 1, ..., M7, and
V5, j = 1,..., My, from Proposition 4) over a compact and convex subset of Euclid-
ean space (as the product of compact and convex sets S;, i =1,..., My, and S;, j =
., M3). Then, by the Brouwer Fixed Point Theorem, the function A§ admits a
fixed point, namely (§%; bF), which is a NE of T’ . Now, we show ', has a NE. De-
Ny N. N N
fine AS : ] S;x 1‘[ SixRyy — I Six I S; with A%(qk, g bE, b)) =
i=1 j= i=M+1 j=My+1
XZVM1+1¢ s M2+1¢J,Whereq§z,z—M1+l o N1, and 95, j = Ma+1,..., No, are
known to exist from Proposition 1. Fix (§%; b%). The function AS <(al,ql'; bl bl)
is continuous on [].S; x [ S}, a compact and convex set of Euclidean space. Then,
it has a fixed point, namely (§;bZ"), which is a NE of I'¢,. Finally, from Lemma
1, for all € > 0, we can define (q;b]") = (0°(ag;bl;e); ¢ (qe,bf;E)) If (¢;bf)
is a fixed point, then, by using Lemma 1, and by continuity of o¢(.) and ¢ ()7
we deduce (§F;bF) = (65(@%; bL; €); (qe,be; €)) is a fixed point of I'%, for all
€ > 0. Then, (g%, qF; bE,bF) is a fixed point of T'C.

The next lemma concerns the existence of bounds on market price in an e-SNE.

LEMMA 3. Assume there are at least one leader and one follower of each type.
Then, in an e-SNE, there exist uniform bounds £; > 0 and &5 > 0 such that:

px \° . px\° _ B+e
Ve>0,& < | — ] <&, with | — ] = . 10
f< () <enwim () - 2=t (10

Proof. See Appendix F. 1

The following lemma is related to the existence of an e-SNE with trade.

LEMMA 4. (Existence of e-SNE with trade). Consider T'¢, and let Assumptions
1 and 2 be satisfied. Then, for all ¢ > 0, there exists an e-SNE with trade of T¢.
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Proof. We have to show that there are non trivial equilibrium strategies in each
stage, i.e., there exist lower and upper uniform bounds on equilibrium bids such
that there are at least one leader and one follower of the first type (resp. second
type) for whom 0 < g; . < a; (resp. 0 < bj. < ;).

Follower i. Consider the payoff given by (6). Let o(qk ,bL €) € S;. We have
to show that there are q;,¢; € S; such that 0 < g, o$(qF;blie) < g < ay, for at
least one i, 1 = My +1,..., N1. Fix the strategies of all other traders in equilibrium.
Follower ¢’s marginal payoff may be written (see (A2) in Appendix A):

5'7T§ 8’&1 PX \e Q—i ete 87.L1'

G (Pxye Renete OW e e o 11
04;.e Ox; (PY)Qi,e'i‘Q—i,e-i-ani rane (11)

From Proposition 1, there exists (bf(qg,qu;bg;e) >0,i=M;+1,...,N;. In
addition, from Lemma 1, there exists ¢; . = o(qX;br;e) > 0, i = My + 1,..., Ny.
Then, in equilibrium we have ;. = o$(q%;blse) > 0, i = My + 1,...,Ny. Let

MRSy, )y = g?f?gzl: so (11) may be written:

aﬂ'; 8U7 Px . ;
04i. - dy; (pT/) - MRSX/Y , for all € > 0. (12)

. ~1,. Qi+
Consider the case o<(G%; bL;e) >b; > 0. As (BX)e > & and Mﬁ <1,

then (12) may be written:

aﬂf’ aul i
8Qi,e = 8y1 (51 - MRSX/Y), for all € > 0. (13)
From (2a)-(2¢), we deduce % > 0. Assume o{(.;e) = 0. Then, from

(2d), limg, , o0 MRSX/Y = 0, so (12) becomes g; 8“151 But, from (2d) we

o
have hmbi’é_,g o = = limy, o ayl = 00, so we deduce 3q

Therefore, there must be q; > 0, with q; = 01(75 ,l@€ ,e) and q; € S;, such that

(%)Iqi,e:g =¢;. As (—)‘q”_q > 0, then for all o§(.;€) € S;, we have
o¢(.;€) =q; > 0. Then, o5(;;€) > 0, so \;c = 0 in (A2), for at least one i €

{1, ..., M}. Likewise, 0 <b; < ¢5.;€), j = M+ 1,..., No.
Consider now the case ¢; < ¢; < ;. As ( ) < 52 and M < 1, then:

i, e+ Q_i,cte
or§  Ouy i
B < ayz (€2 = MRSY/y), for all € > 0. (14)
OMRSY

From (2a)-(2c), —ag.— > 0. In addition, from (2d), limg, . o MRSE'(/Y =0
and limg, . _.q, MRSé(/Y = o0. Then, there is §; < «;, with ¢ = 75(;;¢) and
75(.;€) € Sy, such that (%)‘ql =g = &o- Then, from (14), (6% €)|qi7€:qi <0,

where 7§ is strictly concave in ¢; . on [0, o;]. Then, for all §; . € S;, we get ;- < G,
so p; . = 0in (A2). But, then, pf(.;€) < ¢ < a; for at least one follower .

Leader i. Fix the strategies of all other leaders in equilibrium. Leader #’s mar-
ginal payoff may be written:

ors  0Ou; (
aQi,e ayz Py

)X MRSX/Y , for all € > 0. (15)
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where x =1— (1 + 1/6) +‘ge — Bqt , with x € [0, 1], is the inverse of the
markup (see (E2) in Appendlx E)
Consider the case ;- >q; > 0. As (53)° > ¢ and x < 1, then (15) is dﬁi
OMRS
8uZ (51 MRSX/Y X/Y

), for all e > 0. From (2a)-(2c), . >0 Assume §; . = 0.
Then x = 1, and, from (2d), limg, , o MRSX/Y = 0, so (15) is O 8“151

9qi e
o
But, from (2d), hmqi,‘ﬁo gy = limy, o a—y? = 00, S0 8q
MRS,
Therefore, there is q; > 0, with g; € S;, such that (7:(”/)'% =g, = &1 As
((;)Tl)mngi > 0, then for all §; € S;, Gie > q, > 0. Then, g > 0,50 A\;e =0 in

(E2), for at least one i € {1 o My}
The proof of 0 <b; < b; < bj < 3, for at least one j € {1,..., N2}, follows the
same steps as the one prov1ded for type 1 traders. 1

Finally, we show the SNE is an equilibrium point (EP), which we now define.

DEFINITION 6. (EP). A Stackelberg-Nash equilibrium (§;b) is an equilibrium
point of T if there exist sequences {e,}°", and {(§.,;be,)}>", such that:

i. €, >0 and lim, o {€,} = 0;

ii. (Qe,;be,) is a Nash equilibrium of T'~;

iii. limp—00{(Qe,; be,, )} = (qQ; b).

LEMMA 5. (SNE is an EP). Consider the market game T, and let Assumptions
1 and 2 be satisfied. Then, the SNE with trade is an equilibrium point of T'.

Proof. Consider a sequence {¢,} such that lim, .. {€,} = 0. Pick a sequence
{(Gi,en; bjren) st € Th, j € To,n=1,2,.... Consider the subgame I'}". From Lemma
4, we know that, for at least one leader of each type, we have q; < Gic, < G,
i€ {l,..,M}, and b; < Ej,en < bj, j € {1,.., My}, for n = 1,2,.... Thus, the
sequence {(Gi.,;bje,)} is defined over a compact set. Then, from the Bolzano-
Weierstrass Theorem (see Corollary 4.7, p. 25 in Aliprantis et al. (1998)), there ex-
ists a subsequence {(ic,, ;bj.c., )} Which converges to a limit point (g;; b;), where
4 < G < G, @ € {1,...,M1}, and b; < IN)j < bj, j € {1,..., Ma}, from Lemma
4. As the payoff functions of the leaders are strictly concave (see Appendix D),
they are continuous, so (§;;b;) is an EP of I',. Consider now the subgame I'%:.
From Lemma 1, there exist ¢; = o¢(qf;bL;e), for all i = My + 1,..., Ny, and
bje = ¢5 (qF;bk;e), for all j = My + 1,..., No. Consider the sequence of best re-
sponses {0"(ql ;bl sen); 05 (al ;s bL ; )} n = 1,2, ..., which are defined over
compact sets. Let (qgk ,Bfk ;ek,) be a NE with trade of the subgame I'}"".
Then, there is a subsequence {o;*" (qfkn ; f)fk K )s 4,0;'“" (qeLkn ; BeLkn ; €k,, ) } such that
lim oo {0 (@5 5BE er, )0t (@E iBE ser,)} = {o0(@%: D) ;@5 BE)) as
limp oo {05 (5 €1, ); 95 (s r, )} = {03 () 0 ()}. But {o4(@";b"); 0;(@" b")} =
(q“b ). In addition, from Lemma 4, we haveq; < ¢; < ¢; , @ € {M; +1,..., N1},
and b; < b] < bj, j € {My +1,..., Na}. By continuity of the payoff functions of
the followers (see Appendix A), we deduce (§;;b;) is an EP of T'r. As (§; bF) =
(o(§"; bE); (@%; b)), then (§%,§"; b%, bF) is an interior pure strategy SPNE of
I'. Then, the SNE with trade is an EP of T', which means there exists a strategy
profile (q; b), which is a non autarkic SNE of I". s
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4. DISCUSSION: SOME EXAMPLES

We provide some examples to buttress the working of our approach as well as to
discuss the assumptions made on the utility functions and the role they play in the
proof of the existence Theorem. We discuss three properties: the differentiability,
the strict quasi-concavity and the behavior of the indifference curves along the
boundary of the consumption sets. Example 1 computes a SNE when Assumption
2 is satisfied. Example 2 illustrates that (2¢) is not necessary. Example 3 illustrates
existence failure. Example 4 shows a SNE may exist even if (2a), (2c¢) and (2d)
do not hold for some traders. In each case, we also compute the Cournot-Nash
equilibrium (CNE) supplies and the competitive equilibrium (CE) supplies. In all
examples Assumption 1 is o; = 1, for each ¢ € T3, and 3; = 1, for each j € T5.

4.1. A SNE under Assumption 2

Let |T1| = |T»| = 4, with two leaders and two followers of each type. Assumption
2 is given by:

uk(-rkvyk:) = Tk -Yk, k= ivjv ’Laj = 152 (16)

The CE supplies are given by (¢7,¢3,¢5,q%) = (%,% ) and (b;,b27b3,b4)

11
272
q1, ¢

)
(%, %, %, é) In addition, the CNE supplies are given by (41, Ga, g3, ds) = (3, 3 3,%
and (blab27b57b4) (37 ;1), %7 %)

Let us now compute the SNE. The ODM (see Definition 1) are given by:

O3(q1,q2,q4) = —(1 + @2+ qu) + \/((h +q2+q)?+ (1 + g2+ qa) (17)

64(q1,02.03) = —(@1 + @2+ a3) + V(@1 + a2 + ¢3)% + (@1 + g2 + g3) (18)

P3(b1,b2,bs) = —(by + by + by) + \/(bl + by 4+ b4)% + (b1 + b + by) (19)

(b1, b, b3) = — (b1 + by + b3) + /(b1 + by + b3)2 + (by + by + b3). (20)

Let ©i(q1,92,43,q1) = ¢ — ¢;(q1,G2,.), i = 3,4, and V; (b1, b2, b3, bs) 1= bj —
¥;(b1,b2,.), j = 3,4. The Jacobian corresponding to (9) is given by:

1 g 0 0

h 1 0 0
jT(qF;bF) = 0 0 1 g/ ) (21)

0 0 KWW 1

where g= 1_ q1+q3+2 =1_ lI1+qz+2 g 1 _ by +bs+ 5
V ((J1+IJ3)2+(11+Q3 vV (a1+q2)+q1+az’ v/ (b14b3)24-b1+b3
_ bi+ba+3 _

and h/: —mw@ gCt ‘jr(qF;bF)’ = (l—gh)(l—glh/) #OaS gh# 1

and ¢g’h’ # 1. Then, Lemma 1 holds, and the best responses are given by:
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1 1 1 1 .

oi(q1,q2) = 5 g(‘h +q2) + \/3(41 +q2)* +2(q1 + q2) + L= 3,4 (22)
11 1 ) L

(b1 b2) = ¢ = 5 (b1 +b2) + 54/ (b +02)* +2(b1 +b2) + 7,7 = 3,4 (23)

In the second step, any leader maximizes her reduced payoft:

1—q).0;
max (1= 6)- ,i1=1,2 (24)
ttila+aq)+ %\/(41 + @) +2q+ )+ §
i (1 =10
max bi-(1 = by) j=1,2. (25)

3+ 3001 +b2) + §\/(bl +b2)2 + 2(by + ba) + 1

The first and second-order conditions yield the unique solution ¢; = 0.421907,
i=1,2, and b; = 0.421907, j = 1,2. From (22)-(23), we deduce (g3, ) = (b3, bs) =
(0.427986,0.427986). The SNE supplies are given by the strategy profiles:

(G1, G2, d3, da) = (0.421907, 0.421907, 0.427986, 0.427986) (26)

(by, by, bs, by) = (0.421907,0.421907, 0.427986, 0.427986) . (27)

4.2. The boundary conditions

We assume |T1| = |T»| = 2. The utility functions of traders are given by:
Ui(%a%) = 7T + i, v € (07 1) i= 152 (28)
ui(zy,y;) = 2595, § =1,2. (29)
The CE supplies are given by (¢f,¢5) = (%, %) and (b7,b3) = (%,3). In ad-

[V

2_ 7 2_ M
3 (rit+72)? 3 (71+72)2) and

(b1,b2) = (4, 3), while if 7, = 7, then (41, d2) = (&, &) and (b, ba) = (3, 1).
Let us now compute the SNE. The ODM are given by:

dition, if v, # 75, the CNE supplies are (Gi,d2) = (

Go(qu;b1,b2) = —qn + byt bz q1 (30)
Y2
Ya(b1) = =b1 + v/ (b1)? + b1 (31)

Let ®2(q1,q2;b1,b2) == g2+ q1 — / bl,:;l”(h and Wy (q1) := by +b1 —/(b1)* + by.
The Jacobian is given by:

1 1./ 4
jT(qF;bp) = 0 2 fyl(b1+b2) . (32)
We have ‘jr(qFle) = 1. Then, the best responses are given by:
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1
olqi;b1) = —q1 + \/’Y (01)2 + b (33)
2

@(b1) = —b1 + /(b1)? + b1. (34)

Then, some computations yield the SNE supplies:

L V29T +62 v 2/97 + 62 1 1~
(q“q”:( W (a)) @
) = (@2—5,5—\/ﬁ+1\2/2\/€ﬁ+62>. (36)

It is worth noticing that there is a SNE with trade even if some traders have
linear preferences. But there is at least one trader (here the leader of type 2 and
the follower of type 2) who has never zero demand for her "own" commodity: the
indifference curves of the traders who initially own commodity Y do not intersect the
axis. In addition, it can be checked that if the leaders had linear utility functions,
while followers had Cobb-Douglas utility functions, then there would be a SNE
with trade. But if traders of the same type had preferences represented by the
same linear utility function, then the SNE would be autarkic (see Cordella and
Gabszewicz, 1998).

4.3. No SNE
Let |T1| = |T| = 2. The utility functions are given by:

u;(x;, ;) = min (%}\/W* 1) ,i=1,2 (37)

wj(zj,y;) = min(y/(z;)? + 1,95), 7 = 1, 2. (38)
The CE supplies are given by (¢7,¢3) = (0,0) and (b7,b3) = (0,0) (so autarky

is Pareto optimal). In addition, the CNE supplies are given by (41, ¢2) = (0,0) and
(b17 b2) = (07 0)
Let us now compute the SNE. The ODM are given by:
$o(qr;b1,02) = —q1 + (b1 + b2) (39)
V2(q1,q2;b1) = —b1 + (q1 + g2)- (40)
Let ®2(q1, q2; b1, b2) := q2+q1—(b1+b2) and Wa(q1, g2; b1, b2) := ba+b1—(q1+q2).

The Jacobian corresponding to (9), namely jr(qF.bF) = [%}, is given by:

1 -1
Tt (rry = [ 11 } . (41)
As ‘jT(qF.bF) = 0 there are no best responses. Whilst optimal decision map-
pings exist, best responses are not defined. Therefore, the hierarchical game cannot
be ’solved’, i.e., there is no SNE. The reason why there are no best responses stems
from the fact that the utility functions are not (continuously) differentiable. While
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the optimal decision mappings vary continuously with all the strategies, the is sys-
tem (39)-(40) has no solution, and then no linear approximation of this system
makes possible the determination of best response mappings. Nevertheless, as the
next example illustrates, the (continuous) differentiability of all the utility functions
is not necessary.

4.4. SNE without A2
We assume |T1| = |T»| = 2. The utility functions are given by:

uk(wkayk) = min {xkayk}v k= i7j7 7’;] =1 (42)
up (TR, Ye) = T + yr, k=1,7, 1,5 = 2. (43)
515 (% %) In addition,

The CE supplies are given by (¢7,q3) = (1 1) and (b1, b3)
the CNE supplies are given by (¢, ¢2) = (0,0) and (l;l, 132) =
Let us now compute the SNE. The ODM are given by:

¢9(q1501,02) = —q1 + /(b1 + b2)qu (44)
Vo(q1,q2;01) = —b1 + /b1 (q1 + q2)- (45)

Let ®2(q1,q2;b1,b2) = g2 +¢q1 — /(b1 + b2)q1 and ¥a(q1, g2;b1,b2) := ba + b1 —

v/b1(q1 + g2). The Jacobian is given by:

zo, 0)7.

q1

1 —

(SIS

o b1+b2
j‘r(qF;bF) - 1 b, 1 (46)
2\ q1+q2
b
We get ‘jy(qp;bF) =1~ % W‘&H_%) # 0. The best responses are:

V(4by = 3q1)q1 — ¢ (47)

o(qu;br) = 5
elqi;b1) = U1 = 32b1)b1 - bl. (48)

Then, some computations lead to the unique SNE strategy profile:
.. 1
(q17 q2) = §a 0 (49)

(by,by) = (;,0) . (50)

Therefore, a SNE with trade may exist even if Assumptions (2a), (2¢) and (2d)
are not satisfied for all traders, so Assumption 2 must not necessary hold for all
traders. In addition, it is worth noticing that the symmetric CNE is autarkic,
whilst the SNE is non-autarkic. This example illustrates a feature which is specific
to a two-stage game setting: it allows trade in the subgame between leaders whilst
there is no trade in the subgame between followers, and thereby in the entire game
betweeen leaders and followers. Such a situation could be called a "partial trade
equilibrium" or a "partial autarkic equilibrium".
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5. CONCLUSION

This paper constitutes an attempt to extend the simultaneous move bilateral
market game with two commodities and corner endowments. To this end, we con-
sider a two-stage market game of complete and perfect information with a finite
number of traders. As it provides a richer set of strategic interactions, the existence
of a noncooperative equilibrium is more difficult to handle with. One salient feature
of the model stems from the fact that the existence of a Nash equilibrium for the
entire game also depends on whether optimal decision mappings of followers are
consistent. Lemma 1 provides a criterion to show the existence of best responses,
and thereby to show the existence of a SNE with trade.

The main conclusions of the paper may be stated as follows. First, the failure of
existence of a SNE stems from the fact that the system of equations which defines
implicitly the best responses has not fixed point. Under Assumptions 1 and 2 such
a system of equations is always consistent. Second, Assumptions 2 constitutes a set
of sufficient conditions to guarantee the existence of a SNE with trade.

Further theoretical issues could be explored. First, the existence of a SNE should
be extended to the case of best response correspondences. Second, the endogeneiza-
tion of the order of moves should be undertaken. Third, further generalizations
could consider a game with more than two stages, and/or an exchange economy
with a number of commodities larger than two.

6. APPENDIX

Within this Appendix, we prove some intermediate results needed to prove the
Theorem. Appendices A to E deal with the optimal behavior of traders. Appendix
A (resp. D) is devoted to the characterization of the optimal decision mappings of
followers (resp. leaders). Appendix B concerns the monotonicity properties of such
mappings. Appendix C shows the existence of best responses. Appendix E show
the reactions of followers are bounded. Appendix F shows the price is bounded in

€
an e-SNE. To save notations, let p¢ = (%) .

6.1. Appendix A: Proof of Proposition 1

Consider a follower of type 1 (the same holds for a follower of type 2). First,
we show the mapping ¢; .(q—ic;be;€) is well defined. The program of follower i
consists in maximizing 7$(¢; ¢, q—i.c; be; €), a continuous function, with respect to
gi,e subject to ¢; - € [0, ], a nonempty and compact convex set. Then, from the
Weierstrass Theorem, the set arg max{m$(¢; ¢, d—ie; be;€) : ¢i.c € S;} is nonempty,
so there exists ¢, . : [] S—ix [[ & — S, with gic = ¢; .(q-ic;beje), i =

—i€T JET
M; +1,...,N1, € > 0. To characterize his optimal behavior, for all ¢ > 0, let
L5(Gier dine; BeiNise, i 3 €) 1= T5(qies Aoie; be; €)FNiveGine + py (i — gic) be the
Lagrangian, where \; . > 0 and p,; . > 0 are the Kuhn-Tucker multipliers. Then, for

all € > 0, and given (q_;e;be) € [[ S—i x [[ S;, follower i’s optimal decision,
—ieTy JET,
ie., ¢, .(aF,q"; ;;bc;e), is the solution to:

B.+¢
b',e) + )\i,eqi,e + /”'i,e(ai - qi,e)~ (Al)

max L(;e) =u; | o — e, ——————
7,( ) l( i~ Qie qi,e'i‘in,e"‘f‘: i
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For all € > 0, the Kuhn-Tucker conditions may be written:
8/5; 8ui ¢ Q_i,e +e€ 8u1
0¢; Oz; Gie + Q_ic +0y;

A1‘,6 P 07 Gi,e P 07 with Ai,eqi,s =0

M e 2 07 (Oéi—Qi,e> 207 with Mi,g(ai_qi,e) :Oa Z‘:]\41—’—15“'7]\71'

)

+ )\i,e - /’Li,e =0 (AQ)

We have either ¢(qf, quiysgbg; €) =0 or ¢5(qr, q”, cibese) > () Therefore, if
aul + —iete  Ou; __
P F+Q e Oy

[, which yields ¢f(q”, _,q%;be;e) > 0. In addition, 1f fie > 0, then ¢; . =
gbg(qf,qui’s;bs;e) = «j, while if y; . = 0, then ngf(qEL,qui’E;bE;e) € (0, ;). Now,
if A\;e > 0, then ¢; . = 0, which means that (bs(qé:,qu;be;e) =0and p; =0
since g; . < a;. Therefore, either we have ¢(qL, qfi’g; b.;e) > 0 when ¢, . € (0, o]
or ¢S (qr, qfivg;bg; €) = 0. Then, d)ﬁ(qif,qfiﬁ; b.;€) > 0. In addition, from (2b), we
have Vu;(x;, y;) >> 0, then we deduce V7§ (¢s.e, d—ie; be; €) # 0, when ¢; € [0, o]
But then, the set ¢; . € {argmax7§(gie,d—i;bes€) 1 ¢ e € [0, 4]} is nonempty, so
there exists ¢5 : [[ S—; x [[ S; — &, such that ¢;. = gb?(qf,qfi,g;bs;e),

gie > 0, then A\; . = 0, where b; . is the solution to —

—ie€Ty JET>
i=M +1,.., N.
Second, we show tha t ¢s(al,qf; 67ba,e) is point-valued. Consider an interior
solution to (A2), i ic(al,qf; sbese) € (0,;), in which case we get A =
=0. Dlﬁerentlatmg aﬂ = gzl + p° %ng with respect to ¢; . leads

62 o Quicte 0% Qicte]® o%u; Q_i.c+e du,
0 Bz = (817) — 2R amigyi + [pe Qc+e ] (8;)2 2p 6(Q +e)2 aZ . As
pe QQlj_je = g’;fégflf, the first three terms on the right hand side of this equation
are equal to the negative of the determinant of the bordered Hessian matrix of u;,

2 __e
which is positive from (2c), and as the last term is negative, then % < 0.
Third, we show ¢f(q£,q€i,s;b5;e) is continuously differentiable. From Berge
Maximum Theorem (1959), ¢; - = ¢5(ql, q€i7e; b.;e), i = M; +1,...,Ny, is CL.

6.2. Appendix B: Proof of Proposition 2
First, consider the case: —I << Jge (qQc; b.) <1, where I is the (N, — My, N, —

M) unit matrix. ~
The matrix Jd,e (Qe; be) has unit terms on the main diagonal. Next, con-

sider the partial eﬁects of a change in the strategy of any other follower (of any
type), i.e., g—je, —0 # 4, —i = My +1,...,Ny, and b, j = Ma+1,...,Na. To
om (e _
(9117:; (¢z (q£7 qui75; be; 6)3 (»bE_L(qeLa qfea be); be; 6) = 03 where, for each
1=M; +1,..,N1, and ¢f(q£,qui7€; b;€) is the solution to (A2). Implicit partial
ont
g0, (%i(al,a; bese), @2 (al, af s bes€)ibese) =0

827§
with respect to ¢_; ., with —i # ¢, leads to d¢ ( ) 6%;26:’” , so we deduce:
(301‘,:)2
e[ die 9%uy Qi,e=(Q—ict€) duy _ e (Qoict€)die 8%uy
0¢;(.) p (Qe-i-e 9oy T @cte)? oy P (@ote? (ayn?)

- . (B1)
oq_; 2u; Q_i,cte §2uy Q_i,cteya H2uy Q_i,cte duy
E L (2 Q. tc onon P Cqi ) amyr T2 aZi)
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(Q_i,et+€)die
As ) (Qc+e)?

2
Q_icte
< ‘( Qc+e )
007 ()
aqﬂ-,f‘ <1.

Second, consider the case: —I << j¢,;F (Qe; be) << I. Implicit partial differen-

Q_icte Qie Gi,e—(Q—i,e+e) Q_ic+e
275qc T e ad iy <2

then we deduce

tiation with respect to b, j = Ma + 1, , Ny, leads to:

Gie  0%uy Q_icte oul e(Q_ict9)dic 9%y

9%; (.) Q.+ (02,7 Q492 0y, P @Qte?  (09)? (B2)

b = 92w, Q_icte 52u, Q_i+ 92u; Q_ictedu;
;.. v~y (2% 2 )2 Qs 4 ofeuto ou)

(0z:)7 Qe as0y P (Ca

Then, a similar reasoning leads to the conclusion ’aa(i;(‘) ’ <1, forallie {M; +
Jy€

1,...,N1}, and allj S {MQ“FI,..._,NQ}. _
The cases —1 << J¢;F (@e;be) < Tand T << Jye (Ge;be) << T may be

handled in the same way.

6.3. Appendix C: Proof of Lemma 1

Consider the set of optimal decision mappings specified in Definition 1. We
consider a set of functions which will be useful to build the system of equations that
will implicitly define the best responses for the perturbed game. Define the function
O : [ Six [I SjxRyy — S;, with @5(qe; beje) := bi’e—gbf-(qf,ql_?i’e,;bf,bf;e),

1€Ty JET,
i = My +1,.., Ny, and the function ¥ : g S; X g[T S; x Ryy — §;, with
1cL VASE S}
Vs (de;;bee) = gje — w§(q£7qf;b£,bfj7e;e), j=My+1,...,Ny. Forall e >0,

consider the following system of equations of the perturbed game:

(I):(qg,bs,ff) = 0, i:Ml-F].,...,Nl, (Cl)
\Ijj(qsabsve) = Oaj:M2+17"'7N2-

For all € > 0,let the (N; — M;) + (N2 — Ms)-dimensional vector function

N, No
Y€ be defined as Y¢ : [[ S; x [[ S xRy — [I Six [[ Sj, with
i€y JET, i=M;+1 j=My+1
Y = Y(qe;bese) = (PG, 41(5€)5 0 P (565 Wy, 11 (56) s o, Uiy, (5€)). Thus,
(C1) may be written as a (Ny — M;) + (N2 — Mz)-dimensional vector equation
Y(qe;be;e) = 0. Since we focus on inner solutions, consider the restriction of

N1 Ng Nl _ N2 — —
I1Six ] Sj xRyt totheopenset [[ Six [[ SjxRiq, withS; C S, =1, ..., Ny,
=1 j=1 =1 =1

and S; C Sj, j = 1,..., Na. The vector function Y¢(q¢; be) is C! on the open set
N1 _

Na _

[1Si x I1S; x Ry as each ® and each ¥§ are C' functions of (qZ;bk) on

i=1 j=1
Ny _ Na _ _

the open set [[S; x [ S; x Ryt. Let (g%,G;bE, b)) be an interior point of
i=1 j=1

[T Si x TI Sj, where (gL;bL) corresponds to a parameter configuration. There-

€Ty JET>

fore, the following identity, which defines implicitly (at least locally) best responses,

holds in an open neighborhood of (g*, qf’; b%, bF'):
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Y(q”,qf (bX;q”;€);bL, bE (bE; gl €)) = 0. (C2)

Implicit partial differentiation with respect to each component of (g~; bZ) leads
to the equation:

a-b € € _
Jrqu;bg) (Qe; be). A+ B = 0, for each € > 0, (C3)
where:
o 085, L, 0%, . 095, 4, T
9GNy e Obrmy+1,e T ObnN, e
0wy, ) 0%, 0wy,
— T Oqm +1,e o Obr 41, o ObN, e
‘b)) = 1 2+1, 2,

(qF bF) (Qe; be) OV, 41 OV, 41 1 8\I/§\AQ+1
9qmy+1,e T OGN e by
aaq/NZ (;9\1/N2 oS, )

| 9amy+1.c anN, . Obnrg+1,e ]

isa ((Ny—Mq)+(Ngy—Ms), (N1 — M)+ (Na— Ms)) matrix, while the two matrices:

[ 0y +1,c Oqmy+1,e Oqmy+1,e 9qmy +1,e
darc " Oamy.. dbr. Dby
0Ny e 9qny e 9gNy e 9gNy e
A€ = 0q1,e dCIMl e 0b1 e Obiry e
- Obary41,e Obary g e 6b1»12+1 E Obnry 4 e
Oq1,e Oqny e Oby e Obnry,e
(’}b]\72’E 8bN2,E 81)1\72’E 31)]\72,5
L 9aq1. Oqny e Oby e Obnry,e
and
r 3¢§wl+1 3¢§w1+1 84)5\/11+1 64)5\/11+1 7]
9q1,c 9qny e by, Obpry e
005, 00Y,, o0y, oY,
BE = 9q1 e 9q e b1 Obusy e
Oy, 11 OWiyp1 OV, Oy, 11
9q1,c 9qny e by, Obry e
oy, oy, oy, oy,
L Oqi,e Oqnry e by e Obnrg,e
are of dimension ((N; — M7) + (N2 — Mas), M1 + M>).
The square matrix jre (q67 b.) has unit terms on the main diagonal and
off-diagonal terms bounded below by —1 and above by 1 as from Proposition 2,
0D
we have that —I << j¢< For) <<Tand —I << J¢< Foor) << I. Then, 7()
q
) ) )
<i>7() € (-1,1), with —i # 4, and} )‘:) <25(’<1 i =M +1,...,Ny;
ows() _ 9v5() V5 () v5()
and W, — . © (—1,1), with —j # j, and e ~Sa | <L

j = Ms+1,...,Ny. The signs of the off diagonal terms depend on whether strate-

gies of followers within each side and/or between both sides are complements or

substitutes. But, in any case, for all € > 0, the rows of the matrix j—rz ) (Qe; be)
aZ ;bZ
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are linearly independent, so the matrix jrf - bF)(qe; b.) is of full rank, and then
at’;

invertible. Then, for all € > 0, jTE ) (Ge; be)| # 0. Then, by the Implicit Func-

Ny _ Ny _
tion Theorem, there exist open sets U x V in J[ & x [[ S; and (U X V)(qrpr)
i=1 j=1 e

M
in Hl Si x H S;, with (ge;be) C U x V and (ql;bL) C (U x V)(qr bz such that

i=1
for each (q6 ,bEL) U xV)q Lprys there exists (at least locally) some unique
((Ny — M)+ (Ny— My)) dlmensmnal vector function (qf (ql; bZ;€); bE (qX; bl e))
in some nelghborhood of (qX; bL) such that (q, g (qX; b%;€); bl bF (qF; bE;€)) €
U xV and 'I'E(q6 ,af(ql;bE;€); bE bF(qE ;bl;€)) = 0. Indeed, the unique so-
lution (o(qf; b ) 0 (qe bE:6) to (af (F:bLie): bF (a- ibeie) = X7H(0) s
defined by o H Sz X H Sj X R++ D) (U X V)(qL;bL) — H Si, with qu =

i=1 i=Mi+1
My N2

o(ql;bE;e), and by ¢° H Si % H Sj xRy D UXV) ey = I S
i=1 j=1 e j=M>+1

with bF = (q6 ;bL:e). For all € > 0, each component function o¢(.) is defined

as H1S X 1_[8 xRyy D (va)(quL — S, with ¢ = oS(ql;blse),
1= j=1

i = My +1,..., N1, and each component function ¢f(.) is defined as ¢ : H S; x
i=1

Mo
H 8_] X R++ D (Z/[ X V)(qL;bL)7 Wlth bj,e = @;(qf,bg,ﬁ) j = M2 + 17...7N2. In
j=1 e3P

addition, for all € > 0, o¢(ql;bE;e) C C!, for each i € {M; + 1,..., N1}, and
oS (qr ,bL €) C C!, for each j € {Ms+1,...,Na}.

6.4. Appendix D: Proof of Proposition 3

€ L L.
We must show that, for i € {M; + 1,..., N1}, we have —1 < %

i 4, —i=1,..,M, and, for j € {My + 1,..., Nz}, we have ,4() >0, =

<1,

., M. The same analysis will hold for j € {Ms+1,..., No}, with 0 < b () <1,
—j #j= —j=1,.,Ms, and for i € {M; +1,..., N1}, with aaabji) 2 0, j =
. M.

L@ <1,i=M+1,.,Ny, —i #£i, —i =1,... M.

Consider the system given by ( ). Without loss of generality, we want to determine

First, we show —1 <

%. Then, by using Cramer’s rule, we deduce
T4 Qe; Be
5'(]M1+1,5 . ‘ T(qf;bf>(q )
P - — ) (Dl)
q € € q
1 jr(qe pr)(q b.)
where J-)’[-Ebp F)(Bs;qe) is the ((N7 — My) + (No — My), (N1 — My) + (Ny — M)

FRCH —
square matrix obtained by replacing the first column in ijbF- F)(bé; q.) by the

first column of B¢, so that:
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[ 0P, 41 0Py 41 0Py 11 0Py 11 ]
9q1,e Tt OqNy e Arryt1,e T Obng,e
€ € €
o0, ) ey, oo,
’ — iy 9q1,c Obpgt1,e T 8bN2.e
jrfqg;bg @csbe) = | aus,, OV . OVt (D2)
0q1,e T Ogny e ObN, e
ovs,, ovs,, o, )
L 9a1.c 9qnNy . Obngy+1,e ]

Note that (D1) is well-defined as from Lemma 1, we have j—re aFoF) (Qe; be)| # 0.

gq‘fi =0,i= M +1,..,Ny, and 2 Mz“ =0,j=My;+1,.., Ny, in (D2).
The matrices Ji- (Ge; be) and Je (q67 b.) have common terms: the off-
(aF ;bF) (aF':pF)

e iPe

diagonal terms of the matrix B¢ coincide with the off-diagonal terms of the matrix
Jre (@e;be) as Q= > ¢ and B = ) b;. Assume that Oryire

(af'Bd) €Ty JET> Oae
Then, we deduce | J4 (qe, ‘j—r( o) (Ge; be)|. Expansion by cofactors
(aF;b
of the both sides of the inequality ‘j{r(ﬁq (qé, . ‘ ’jr( . bF)( E;t_)e) , and
cancellation among common terms on both 51des lead to:
05, 1 | - _
1+1 ! P b D
8(]1,6 jT(qF bF)( ’jT( F bF)(q ) ( 3)

) stands for the principal minor

where j‘&‘;qf;bf)(nge)‘ resp. ’jx‘( FbF)(qe;Be)
oforder ((Nl—M1)+(N2—M2)— ,(Nl—M1)+(N2—M2)—1) ij',r(‘ Fle)((_lE;BE)

€ 'Pe

(Ge; be)). But | J4- (Ge; be)| > ‘jr(qF " (@e; be)

(a@f'ipl)

(resp. Jre by construc-

(al'spl)

, 80
tion. Then, we deduce %

> 1, which is false as we assumed % < —-1. A

€
My +1

. P
contradiction. Then, we have — < 1, so we deduce o > —1.

b . . 80
Next, assume % > 1. A s1m11ar reasoning leads to % < —1, a con-

L%
tradiction. Then we deduce # < 1. The same argument holds for all the

other best responses. The same feasoning holds for any ¢ = 1, ..., M7, so we have
c(bL.qk:c . . .
-I< % << I, where I is the (N; — M7, M7) unit matrix.

Second, we show 35%“ >0,j=My+1,..,Ny,i=1,..., M. Assume L{;’;{(') <0,

j=Ms+1,...,No, i =1,...,M;: any type two follower decreases his supply when
any leader increases her supply. This means that commodities are complements
for these followers, and thereby, that their utility functions are not differentiable,

which contradicts Assumption (2a). Then, we must have ag’(;p > 0, where 0 is the

(N3 — My, My) zero matrix. Likewise, ang > 0, where 0 is the (Ny — My, M)

zero matrix.
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6.5. Appendix E: Proof of Proposition 4

Consider a leader of type 1 (the same holds for a leader of type 2). First, we
show (1516‘(01{1‘,65 bZ:e€) is well defined. For all € > 0, leader i’s problem is to maxi-
mize her reduced payoff 7¢(qi.c,q"; ., 0(gi.c,q%; ;b €);bL, 0 (¢ie; 4" s BL5 €)),
a continuous function (as o(.;€) and ¢°(.;€) are contlnuous) with respect to g .
subject to qL c € [0, at] a nonempty and compact convex set. Then, there ex-
ists ¢ : H S_; x H Sj — Si, with ¢; . = ¢5(q%;;bL5€), i = My +1,...,N;. Let

71 1
Ee(% i€ q.—z ) b )\z ses Mises 6) (qz € q—L € E((ZZ €3 ) bLa S(Qi,ea - 6))+)\i,eqi,e+
fhi. (i — i), € >0, with X; ¢, 1; . > 0. Then, ¢5(q”; ;;bk;e) is the solution to:

B~ +2¢5(ae) e
j

Gie+ QY 4 Y o5(5e) +e

max L{(.1€) = u; | o — e, Gie +>\¢,eqi,e+/¢i,e(0¢i*%,e)-

ki
(E1)
For all € > 0, the Kuhn-Tucker conditions may be written:
0L ou; ou;
[ € Nie =0 E2
8q7;,€ 8 +p 8 + ILL’L,E ( )
Xie = 0,b;c>0, with X\j b c =0
i e z 0, (al - ) > 0, with /j‘i,e( T bi,E) =0,
where x =1 (1+ 1) g —l—nLXqul;, e = 82’”’( , and 77“ = 8%2i¢5(). By
construction v\, = v, and 7}, = n¥, with vX [ 1, 1) and nX O Indeed, as
x € [0,1], then 0 < —(1+v¥) g% +n¥ g < 1, which leads to 57 < QIE <
X
11;)(. Then, vX < % In addition, from Proposition 3, we get vX > —1 as for
ie{l,.., M}, 850;() —1,4= My +1,..., N;. Next, from (2a), we have nX > 0.
If ¢ (q ieiblie) > 0, then ;o = O7 where b; . is the solution to the equa-
tion 78“1 + p° X(ggl = e I p; o >0, then g;c = ¢; (q* “,bL €) = «;, while if

Pie = O then #5(q” ”,bL €) € (0,a;). Now, if \; ¢ > 0, then ¢i(q7i76;bf;e) =0
and p; « = = 0 since g < ;. Then, either ¢$(b"; ;qF;€) > 0 when b; . € (0,q;]
or ¢¢(bL “,qg, €) = 0. Then, ¢§(b£i’€;q£;e) > 0. In addition, as under (2b),
we have Vu;(z;,y;) >> 0, then Vwi(bi,€7b£i76;q£, €) # 0, when b; . € [0,;]. But
then, the set {argmaxwﬁ(qivs,qfi’e,o'e(qi,e,qfie;be, €);bL, o (qi7e,q£i’6;bf;e)) :
gi,e € [0,04]} is nonempty, so there exists ¢; c = ¢ (q_l ablie),i=1,.., M.
Next, ¢§(ql; ;bl;e) is point-valued. The cases ¢5(q”; ;brie) = {0,a5} are
trivial. If qbf(q_ ;bl;€) > 0 and differentiating (E2) with respect to ¢; . yields:

827r,f _ a2ui 9 € Uj; +( )2 a U; _Haui]
0gi)? 0z P Xomoy, TN Gy T oy

(E3)

_ (4Bt 14+v5)qs.. 20X 14+v5) g
where = ('ée)is)Q (g ¢ (3'6_33 ) =g (l- ( (3'6_33 ). The first three terms

on the right hand side of (E3) are equal to the negative of the determinant of

the bordered Hessian matrix of w;, which is positive from (2¢). For (E3) to be
1+vX)a;,
B.fe o 20} 17— g
"’ Qete X, vd)aic
Qe

strictly negative, it is sufficient that > 0, that is
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(1+vX)q; e

X X 1 TYe Jdie
5+e e 21, QcTe
But, as x < 1, then Q re < 1+uX Assume that X < 130X T ST Then,
T QcFe
e X)a . 2
% < ﬁ A contradiction. Therefore, x > 0. Then, a0 )2 <0.
di,e

Qcte
Finally, from Berge Maximum Theorem, ¢5(q” i ;blie) c CL.

6.6. Appendix F: Proof of Lemma 3

To show Lemma 3, we need one intermediate result based on the Uniform
Monotonicity Lemma proved by Dubey and Shubik (1978) (see their Lemma C,
p. 8), and which we adapt to our sequential framework.

LEMMA 6. (Uniform monotonicity). Let ¢ € {X,Y}, let uj, : RY — R, z, —
ug(zg), k =1,7, 1 € Ty, j € Ty, be a continuous and increasing function, and let
H be a positive constant. Then, there exists a positive real number h(ug(.),c, H) €
(0,1) such that, for all s,z € R, if ||zi|| < H and ||si — z&|| < h(u(.),c, H),
then uy(si + €°) > ug(zy), where || || denotes the Fuclidean norm, and €° denotes
the vector in Rf_ whose c-th component is 1 and the other 0.

Proof. The Lemma is an immediate consequence of Lemma C in Dubey and
Shubik (1978) (see their Appendix B, p. 19) as the utility funtions satisfy notably
Assumptions (2a) and (2b).

First, we show the existence of {; > 0 such that p* > ;. Let (Ee;qe) be an
e-SNE. Consider one leader j and one follower j'. Let:

H = max{a,ﬁ} WlthOé_ZOzl and 3 = Zﬁj, (F1)

=1

h = min{h(u;,Y,H), h(u;,Y,H)};
L. C
= gmin{f; B} 7 # 5"

Assume, without loss of generality, that, for at least one leader j or one follower
j' we have l~)j)6 < % or l~)j1,6 < % (otherwise we would have l;j’e—i— Bj,)e > BE).
Consider an increase of the strategy of one trader in each stage. First, assume that
B bj ¢ = A. Then, an increase ¢ in follower j'’s strategy such that bj/ ((d) =
bj  + 0 is feasible if it is sufficiently small, i.e., if § € (0, 1 min{e, A}]. Such an
increase has the following incremental effect on hlS final holdlng.

Tjro(0) —xje = 14444445(} c+0)— ebje (F2)

§]§i+675j"5@6+6
B.+e+6 B.+e¢
Bers+8Q.+e 01
B.+e+d B.te 27

V
>,
\

|

|

and:
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Y51,e(0) = yjre = By = Gjr.e = 0) = (By = Gjr.e) = =9, (F3)

where the strict inequality in (F2) results from B, + ¢ — l;j/ys >
(as l;j/’é < % and ¢ < %e) Let us define:

t = —2p‘e", where ¥ = (0,1). (F4)
Then, the following vector inequality holds:

€/~ T e~ 1 01
2j,e(bj7,e(8), P (Geibyr,e(0), D jr o)) = 21 e (bjr,e: (@i Pe)) + 51;(9)( +1), (F5)

where X = (1,0). We apply Lemma 6, with ¢ = X, z; . = zj/’é(bj/,e,ﬁe(qe;f)e))
and s;/ ¢ = z;/ e(b] 7 (@c; be)) + t. We know that 2z (bjr.c,p°(Ac; be)) € R and
HZJ e(bjr.e,D°(Qe; b H H. Suppose that sj . € R% and |[t|| < h. Then, by

Lemma 6, we deduce

W (21 e (by e, D (G Be)) + €5 + 1) > ujr (20, (bjr e, P (@e; Be))).- (F6)

As from Assumptions (2b) and (2c) uj is strictly increasing and strictly quasi-
concave, and as 0 < %ﬁ% < 1, then we deduce:

0y (@B 52X ) > oy @B (F)

Since in (qe + 5355) the strategy ¢;. increases, the amount of commodity 2
obtained by any trader ¢ € T} increases. Then, from (2b) and (2c), we have that:

wjr (20 ,e(byr e(8), P (@eibyr e (8), D1 ) > wjr (zjr e (byr e, F(@c; be)))- (F'8)

A contradiction. Hence, either z;/ (bj.c, 5 (Gc; be)) +¢ < 0 or ||t]| > h. There-
fore, 1~f Zj/’e(bj/,e,ﬁe(qe;bs)) +t < 0, then, ﬁljj/76 — Qﬁe(qe;be) < 0. As :Ijjlye =

Bjr —bjre = A, we deduce:

7(@e;b,) > g (F9)

Suppose now we have ||t|| > h. Then, we deduce:
ceim T h
P(@e;be) > 5 (F10)
Finally, assume that the inequality §;/ j/7

¢ = A does not hold, which means
that 3,/ b/€<A Then, WehavebJ/€>5 —A> A

Then bj: . > A, so, we get:

_ A
P(Gebe) > = (F11)
Therefore, it suffices to take for follower j'
i’ . [A h A
f{ —mln{2,2,a}. (F12)



. o BL4+Y, o5 (blial)+e
€ — ~€ J J € € >
Consider now leader j, with p BET> Coi(bligl)te” Assume ﬂ bje = A.

We have to show that inequalities similar to (F9)-(F12) also hold for leader j.
Consider an increase ¢ in leader j’s strategy such that b, .(6) = bj + J, with
§ € (0, 3 min{e, A}]. This increase has the following effect on her final holding:

QL +¥oi(al +6bl) +e 4 s
Tje(0) = Tje =3 ol L I (bj.e +0) — —bje (F13)
BE+0+32,¢5(al +6;bE) +e I
. 5136 +€— (1 + VZ)Bj,e QE +€ ’/7Y bj,6 +4
B.+e+(1+vY)d B +e “Betet+(1+0Y)
B € Y\ A
€ £ 1 9o
> (1 —v))-2 5 +l/5)296+€+5a773
B.+e+(1+vY)d B +e
1— Y
= 5( - +2a773>,
2 pe
and:
Yie(0) = yje = =9, (F14)
where a = bi.c+0 with 0 <a <1, vY 82 %() and ) = M for §

Botet(1+0Y)5’

sufﬁmently small, and Where the strict inequality results from B, +e— (1 —H/ )bj e =
(1-v")B 5= +e> (1-v¢ )( st E+(1+vY ) )asbje\ B. ,0< teandv) € [-1,1].
Let us define:

p° Y
t= -2 . F15
1—vY + 2a773’]556 (F15)

Then, the following vector inequality holds:

B _ ~ e 01— 1/2/ + Zanz/ﬁ‘
2,e(0,(8), P (45, (8),@_; ;b)) = 2j.c(Gj.e, P°) + 5 _ (eX +1).

2 pe
) ) (F16)
Let ¢ = X, 2;,¢(Gj.e,p°(Qe; be)) and s, = 2, F(cj] e, P°(@c; be)) +t. We know that
2;.e(Gj.c,7°(@c; be)) € R2 and Hzge(qje,p (Qc; be H H. Suppose that s;. € R
and [|t|| < h. Then, by Lemma 6, we deduce:

Uuj (Zj 6((jj 67756(6165 BE)) + e + t) > Uj (Zj 6(@3}67]56(616; BE))) (F17)

From Assumptions (2b) and (2¢) and as 0 < 6(% 5 A any) < 1, we deduce:

- 51 —vY 4 2anY pe
Uj (Zj,e(Qj,sape) + 5 < e < (

T 1)) > (2, (Gj.e, D)) (F18)
But then, by Assumptions (2b) and (2c), we have that:

j(25,e(bj.e (8), P (Gesbe(8), b)) > u(2j.e (e, 7 (Ge; Be))). (F19)
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A contradiction. Hence, either z; (gj,e, P(Qe; b.))+t < 0 or ||t] > h. Therefore,

le] 6((]] €7p (q67b ))+t < 0 then y],e 2W < 0. AS gj,e = ﬁj_gj,ﬁ 2 A7

we deduce:
~ A 1—VY
(G b)) > = [ ——— F20
(@3B0 > 5 (o) (F20)
here 4 =%~ 0. R A lovg o A 0. The strict lit
where 21 v A > eason: 5 i > 2( vY) > e strict inequality

holds as 4 > 0 and vY < 1, while the weak inequality results from an! A > 0 since
0<ac< 1 A >0, and 172/ > 0 (uj is differentiable so 1} is never negative, and
€ [-1,1] in (E2)). Next, if ||t|| > h, then:

~ h 1-— l/Y
5(q.:b,) > F21
P(asb) > 5 (1ot ) (F21)
where % lfyyh > 0. Reason: g% > 2(1 —vY) > 0. The strict mequahty

holds as % € (0, 2) and vY <1, whlle the weak inequality results from an! h >
since 0 < a < 1, h € (0,1), and 776 2 0. Finally, assume that the 1nequahty
B; — bJE > A doeb not hold, i.e., 3; —bj < A. Then, we have b; . > 8; — A > A.
Then, b%E > A, so we deduce:

(e b,) >

Therefore, it suffices to take for leader j:

: A 1-— y’ h 1-— y3 A
j .
&1 = min { 2 (1 — a?]YA> (1 — anyh) } ’ (F23)

Then, by taking &, = min (¢, 571 ), where &; > 0, we conclude that:

(F22)

ES

7°(ae;b,) > 0. (F24)

Second, we show the existence of £, > 0 such that p® < £,. Consider one leader
i and one follower ¢’. Let:

>
I

min{h(u;. Y, H), huy, Y, H)}; (125)

1
= §min{ai,ai/}, i#d.

Assume that, for at least one leader i or one follower i', we have ¢; . < =
or Gy < Q /. Assume that oy — Gir e > A. Then, it can be
shown that an increase ¢ in follower i"’s strategy such that g;/ ¢(d) = Gy + 0, with

§ € (0, 2 min{e, A}], has the following incremental effect on his final holding:

.’L'Z'/’E((S) — Tt e = —(5, (F26)

s

and:

6 ~€
Yir,e(0) = yire > 50" (F27)
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Qs“!“—_(ii/,g

where the strict inequality in (F27) results from Qﬁ—e—(ji/’e > QZE +e> 5 +

£+ g (as § < ¢€). Let us define:

o 26X, (F28)

Then, we have the vector inequality:

~ ~ €/~ 0 ~c
2ir,e(qir,e(0), D (qir,e(0), Q—ir,e; b)) > Zir e (Gir e, D (Qse; L)) + 519‘(75 +e"). (F29)

We apply once again Lemma 6, with ¢ =Y. Suppose that r; . € Ri and ||t]| < h.
Then, by Lemma 6, we deduce:

wir (2t e (@it e P (Qi e b.)) +t+e¥) > uy (zir,e(Gir e P (Qi e b.))). (F30)

As wu; is strictly increasing and strictly quasi-concave, and as 0 < gﬁf < 1, then:

~ 9 ~c ~ €/~ T
wir (2 ,e(Qe; b,) + oP (t+e¥) > wir(zir.c(Gir e, P (@i DL)))- (F31)

As the strategy by . increases, the amount of commodity 2 obtained by any
trader j € Ty increases. But then, by Assumptions (2b) and (2c), we have that:

wir (2, (@1,e(6), P (4ir.e(0), @i, D)) > wir (2 (G e, P (@i b)), (F32)

a contradiction. Then, either z;/ (i, p°)+t < 0 or ||t|| > k. Thus, if 2y (Gir e, p°)+
t <0, then, Zy . — 56(&2'6 ] < 0. As &y e = o — Gir e = A, we deduce:

e/ 2
P°(Qe; b,) < i (F33)

Suppose now we have ||¢|| > h. Then, we deduce:

. 2
p(Qe;b,) < P (F34)

Finally, assume o; — Gir e < A. Then, we have Gy > a; — A> fl, SO it e > A.
Then, we deduce:

p(Ae; be) <

Therefore, it suffices to take:

(F35)

:“i‘\‘b‘

} . (F36)

Consider now leader 4. Assume that o; — ;e > A. Let Qi,e(0) = Gie + 0, with
§ € (0, 2 min{e, A}]. Such an increase has the following effect on her final holding:

:]>>‘Q‘

= max<§ —, x,
? A’ h

xi’e(é) — Tje — —5, (F37)

)

and:
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BL 4+ Y o5(bliql +6) +e .
yi,e(é)_yi,e = =7 J 7 (qze+5) 6 qi,e (F38)
Q +5+Z 6( 57q€ +5)
_ 5Qe+67(1+1/ )q'LEB +e€ 577)( (ji,e“i’(s
Q+(1+vX)6+¢€ Qc+e Qi+ +vX)i+e

Qb (14+vX)S+ 5B +e

> 5(1—vX)2 = + ddnX
( )Q6+(1+u§)5+e Qc+e
0
= (= 20m),
Whered:%, with 0 < d < 1, Vf*%f;bf;e)andnf:

) b
W for ¢ sufficiently small, and where the strict inequality results from

Q. +e— (14 )q“ > (1—-v! )(Q + £+ 1+v5)%) as g < ~2E always holds,
and as § < e, w1th vX e [-1, ) Let us deﬁne

_ 1 X
t= 2(1_VX) yradl (F39)

Then, the following vector inequality holds:

c ~ " ~ e/~ 1 g ~¢
Zi,e(‘]i,e(é)ap (Qi,e(5)7 q—ies bs) > Zi,s(Qi,eap (qe; be))"’i((l_yf)p +2d’r]§)(t+ey)'
(F40)
Suppose that s; . € R2 and ||¢|| < h. Then, by Lemma 6:

i (2i ¢ (Gie, P (Ge; Be)) + £+ eY) > ui(2i < (Gie, P (@3 Be))).- (F41)

From (2b) and (2¢) and as 0 < 0(:=2=5¢ + dnX) < 1, we deduce:

i (@ 5)) + (L V)5 2 )L+ €)) > i@ 5. (F42)

But then, by Assumptions (2b) and (2c), we have that:

wi(2i,c(41,e(8) P (4i.e (8), @i i D)) > i (2 e (Gic, 5 (@cs b)), (F43)
a contradiction. Then, either z; ((§; e, p¢)+t < 0 or ||t|| > h. Therefore, if z; ¢ (G , p¢)+
t <0, then, z;  — 2W <0. As & = o; — Gj,e > A, we deduce:
- 2 (1—dnXA
5(Ge;be) < = [ —— 2 ), Fd4
P°(Qe; be) i < 1—vX ) ( )
where %ifﬁ;’@ > 0. Reason: %IIdZ;A > %1 dix > 0. The strict inequality

holds as d € (0,1] and vX < 1. The weak one leads to d? + dnXA — 1 < 0, so
d < fnfTA + 7”(”)(‘4) with d < 1. Then we must have fnfTA + 7”"52’4)+4 <1,

which holds as 7] A
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Next, if ||¢|| > h, then:

X
1—-v

e = 2 (1—dnXh
P(Qe; be) < ; (77) : (F45)

1—dnXh 1—dnXh 2
%™ > 0. Reason: 2-7%lg2 > 24

where % T PR Sl v B 0. The weak inequality leads

to d? —l—dnfﬁ— 1 < 0, which yields d < —# + 7”(7@(;)2—“1, with d > 0. Asd < 1,

X7 / 7 ~
we must have f% + w < 1, which is satisfied as ng(h > 0.
Finally, assume that the inequality a;; — g, c = A does not hold, ie., a;j—@gi < A.
Then, we have §; c > o; — A > A. Then, we have §; > A, so we deduce:

P (Aesbe) < (F46)

:Dihb‘

Therefore, it suffices to take for leader i:

. 2 (1—dpXA\ 2 (1—dpXh\ B
fl = maX{A (1—VA€X> ,z (1—yg( ,Z . (F47)

Then, by taking £, = max(£5, §g), we conclude that:

P(Ge; be) < & (F48)
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