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Abstract

Some recent empirical contributions have pointed out a significant neg-
ative impact of pollution on labor supply. These impacts have been largely
ignored in the theoretical literature, which, instead, focused on the case
of pollution effects on consumption demand. In this paper, we study the
short and long-run effects of pollution in a Ramsey model where pollution
and labor supply are nonseparable arguments in households’ preferences.
We determine sufficient conditions for existence and uniqueness of a long-
term equilibrium and we show how large (negative) effects of pollution on
labor supply may promotes macroeconomic volatility (deterministic cycles
near the steady state) through a flip bifurcation.
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1 Introduction

Recent empirical studies have documented significant impacts of pollution on
labor supply, in its extensive margin, hours worked (Graff Zivin and Neidell
(2010), Carson, Koundouri and Nauges (2011), Hanna and Oliva (2011)), and
also in its intensive margin, labor productivity (Schlenker and Walker (2011),
Graff Zivin and Neidell (2012)). There is nowadays a consensus on the negative
impacts of pollution on labor productivity because of the negative effect on hu-
man capital and, in particular, on health. Evidences on the impacts of pollution
on the hours worked also converge to negative effects. The more recent attempt
to measure these effects and figure them out is Hanna and Oliva (2011). Using
a recent data set for Mexico City, they find that a one percent increase in air
pollution (mainly, SO2 concentration) results in a 0.61 percent decrease in the
worked hours. They consider a partial equilibrium model to capture the driv-
ing forces between pollution and worked hours. Our paper aim at representing
these forces in a (dynamic) general equilibrium model to address the issue of
their macroeconomic incidence in the short and long run.

The literature on the consequences of pollution in the long run seems to
neglect the possible influence of pollution on the consumption-leisure arbitrage
and, thereby, on labor supply. In general, the interplay between pollution and
labor supply remains ambiguous from a theoretical point of view. On the one
hand, pollution may worsen working conditions (for instance, the negative im-
pact of global warming rests on a positive correlation between heat and work
painfulness) and give an incentive to substitute leisure to working time. On the
other hand, households like to enjoy leisure in a healthy and pleasant environ-
ment (for example, air pollution may dissuade people from going outdoor and
encourage them to work more).

Theoretical literature has pointed out the same ambiguity in the role of
pollution on consumption.! From an exogenous growth perspective, Keeler,
Spence and Zeckhauser (1972) pioneered the class of Ramsey models with pol-
lution accumulation. Pollution lowers the level of welfare as negative externality.
Focusing on nonseparable preferences, they assume that consumption and en-
vironmental quality are normal goods in order to ensure the uniqueness of the
steady state. Van der Ploeg and Withagen (1991) assume additively separable
preferences or a negative cross derivative (a marginal utility of consumption
decreasing in the pollution level). These conditions are sufficient for unique-
ness and saddle-point stability of the competitive steady state. Tahvonen and
Kuuluvainen (1993) removed any restriction on the sign of the cross derivative
in a Ramsey model. The most complete characterization of the interplay be-
tween consumption and pollution in a Ramsey model was given by Ryder and
Heal (1973).? Satiation is possible under assumptions on the first-order deriva-
tives of the utility function and may promote the multiplicity of steady states.
Assumptions on second-order derivatives and intertemporally dependent pref-

LAll the papers cited in this paragraph represent pollution as a stock instead of a flow.
2In Ryder and Heal (1973) pollution comes from consumption and it is interpreted as a
habit effect. Heal (1982) considers explicitly the same variable as a pollution stock.



erences may promote the occurrence of cycles through a Hopf bifurcation in the
case of adjacent complementarity.

The effects of pollution on growth through the consumption channel were
also studied by Michel and Rotillon (1995) in an endogenous growth model
(AK). They find that a distaste effect of pollution on consumption (negative
cross derivative) or separable preferences are incompatible with optimal en-
dogenous growth. Conversely, sustained long-term growth is optimal when the
utility function exhibits a compensation effect (positive cross derivative). En-
dogenous growth occurs in the competitive equilibrium regardless of the effects
of pollution on consumption.

Surprisingly and paradoxically, many theoretical works have considered the
pollution effects on consumption behavior and the growth path, while, to the
best of our knowledge, there are no empirical studies on that. Conversely, a
rising number of empirical works show pollution effects on labor supply, whereas
these effects are largely ignored in theoretical papers.

Our work contributes to shed light on the interplay between pollution and
labor supply in the particular case of a productive economy with capital and
pollution accumulation. An ideal framework to carry out this task is a Ramsey
model with nonseparable preferences between pollution and labor supply (sep-
arability rules out any direct effect of pollution on labor disutility and supply).

First, we build a growth model a la Ramsey without specifying any functional
form for technology and preferences, and we show that, if consumption and
leisure are normal goods, a distaste effect (a marginal utility of consumption
decreasing in the pollution level) jointly with a leisure effect (a positive effect
of pollution on labor disutility) are sufficient conditions for the existence and
uniqueness of a competitive steady state.

Second, in order to characterize the dynamic properties of the competitive
equilibrium, we specify production and utility as isoelastic functions. Moreover,
the novelty of this separable model rests on the interchange of nonseparability
assumptions: between pollution and leisure instead of between pollution and
consumption.

In this oversimplified context, we show that, under sufficiently large (neg-
ative) effects of pollution on labor supply, the economy may experience deter-
ministic fluctuations around the steady state through flip and period-doubling
bifurcations. Thus, the pollution effect on labor supply, highlighted by a recent
empirical literature, seems to promote macroeconomic volatility and destabilize
the economic dynamics.

The rest of the paper is articulated in three sections: (1) presentation of
a general setting, (2) application to the separable case (separability between
consumption and labor), (3) conclusion.

2 The model

In the following, we consider a discrete-time Ramsey economy with pollution
and capital accumulation. A representative household faces a consumption-



leisure arbitrage by supplying a labor force to a sector of perfectly competitive
firms. These firms produce a single commodity working either as capital or
a consumption good. Because of the constant returns to scale, firms can be
represented by a single aggregate firm. Pollution is a by-product of industrial
activities and affects the individual welfare by distorting the consumption-leisure
arbitrage.

2.1 Firms

At each date t = 0,1,..., a representative firm produces a single output Y;.
Technology is represented by a constant returns to scale production function:
Y: = F (K4, L), where K; and L; are the demands for capital and labor respec-
tively.

Assumption 1 The production function F : Rﬁ_ — R, is C', homogeneous
of degree one, strictly increasing and concave. Standard Inada conditions hold.

The firm chooses the amount of capital and labor to maximize the profit
taking as given the real interest rate r, and the real wage w;. The program
is correctly defined under Assumption 1: maxg, r, [F (K¢, L) — re K — wi Ly,
and the first-order conditions write:

re = [ (ki) =7 (k)
wy = f (k) = e f (k) = w(ke)

where k; = K;/L; denotes the capital intensity. We introduce the capital share
in total income « and the elasticity of capital-labor substitution o:

_ kef (ki)
alk) = 5y
7)) = alh) s o

In addition, the elasticities of factor prices write:

ktT/ (kt) o o 1 — (kt) (2)
7 (ki) o (kt)
kztw’ (kt) _ (0% (k/’t) (3)
w (kt) o (kt)
2.2 Preferences
At each date t = 0,1, ..., the household earns a capital income r:h; and a labor

income w¢l; where h; and [; denote the individual wealth and labor supply
respectively. Income is consumed and saved/invested according to the budget
constraint:

ct + ht+1 — (1 — (S) ht S Ttht + ’LUtlt (4)

The gross investment includes the capital depreciation at the rate 4.



For simplicity, the population of consumers-workers is constant over time:
N = 1. Such normalization implies L, = Nl; = l;, K¢ = Nh; = h; and
ht = Kt/N = ktlt-

The representative agent takes a utility from the consumption ¢; and a disu-
tility from the labor supply I and the amount of pollution P, that is an ag-
gregate externality. The utility function u; = w (¢4, s, P;) satisfies the following
assumption.

Assumption 2 The utility function u : Ri — R is C?, strictly increasing
in ¢t and strictly decreasing in l; and P;, and concave with respect to (ct,lt).

If consumption and leisure are both normal goods, we have wce—ujctie/u; < 0
and uy — uquy/ue. < 0. These inequalities hold for instance if u;. < 0 that is a
sufficient condition.

According to Michel and Rotillon (1995), pollution has a distaste effect on
consumption if u.p < 0: an increase in pollution reduces the marginal utility of
consumption and thereby households’ propensity to consume. These authors call
the opposite effect (u.p > 0) the compensation effect. An increase in pollution
raises the propensity to consume.

This terminology can be extended to the effects of pollution on labor supply.
Focusing on leisure, we will call leisure effect the positive effect of pollution on
labor disutility (u;p < 0) which decreases labor supply and increases in turn
leisure demand. Conversely, we will call disenchantment effect the negative ef-
fect of pollution on labor disutility (u;p > 0). In this case, leisure time decreases
with pollution. As seen in the introduction, disenchantment for leisure comes
from a more polluted and unpleasant environment.

Any household maximizes an intertemporal utility function y,° 8% (ct, Iy, Py)
under the budget constraint (4) where 8 € (0,1) is a constant discount factor.
This program is correctly defined under Assumption 2. The first-order condi-
tions result in a static consumption-leisure arbitrage

up (Ctv lta Pt) = —Uc (Ct, ltv Pt) Wy
and a dynamic Euler equation

Ue (Ct, lt, Pt)
e (Ceq1, leg1, Pry1)

=B1—0+ri41)

jointly with the budget constraint (4) now binding.

2.3 Pollution

The aggregate stock of pollution P; is a pure externality. Technology is dirty
and pollution persists. More explicitly, we assume that the stock of pollution
tomorrow will depend on pollution and production today according to a simple
linear process:

P, 1 =aP;, 4+ bY; (5)

where 1 —a € (0, 1] captures the natural rate of pollution absorption and b > 0
the environmental impact of production. Under Assumption 1, the process of



pollution accumulation (5) writes:

Py =aP, +bLf (ki) = aP, + bl f (k)

2.4 Equilibrium

Good and labor markets clear. Noticing that h; = k:l;, we find

ce + ki1l
Uc (Ctalt;Pt)
e (Ce1s lig1, Pig1)
Py
uy (Ct,lt,Pt)

= [1 *5+T(l€t)] ktlter(kt) lt
= 5[1 —6+T(kt+1)]

aP, + bl f (ki)
= —Ue (Ct,lt,Pt)'LU(kt)

Applying the Implicit Function Theorem to the static arbitrage (9), we are
able to compute the derivatives of the labor supply function i; = I (ct, ki, Pt).
Indeed, differentiating u; (ct, le, Pr)+ue (¢t le, Pr) w (k) = 0 and keeping in mind

that w; = —u;/u., we get
Al et g we _wee g W)
W U W Y 7 Wr
dcti M_M’dpt* M_m’dktfm_m
uy Ue uy Ue uy Ue

These derivatives allow us to compute the second-order elasticities of the

utility function:

Ece Ecl EcP
E=1| €. eu ep

€pPc EPI EPP

CtlUcc CtlUcl CtUcp

Ue uy up
— Liuge Lyuy lLiuip
- Ue uy up
Piup. Prupy Piupp
Ue ug uP

Using (1), we find the elasticities of labor supply:

Ac

Ap

Ak

All our economic analysis will

¢ dl Ece — Eel

lyde; ey —ere
Py dl ep.—ep
1 P, en — e
k dl « 1

lt dkt g &1l — €le

rest on these crucial elasticities.

(10)

(11)

Proposition 1 If consumption and leisure are normal goods, A\ < 0 and A\ >

0.

Proof. Normality entails uee/ue — wie/u; < 0 and uy/u; — uer/ue > 0, that is
Ece —€cl < 0 and ey — g1 > 0. Apply (10) and (11). m

Replacing the labor supply I (¢4, k¢, P;) in (6), (7) and (8), we obtain a three-

dimensional dynamic system.



Proposition 2 An intertemporal equilibrium with perfect foresight is a nonneg-
ative sequence (ki, ct, Pt)fio satisfying the dynamic system

ct + kil (g1 kg1, Pyr) = ([L=047 (k)] ke +w (ki) (e, ke, Pr)
(12)
uc (e, (ct, ke, Pr) , )
= 1-6+r(k 13
e (Coyn, L (coyr, ki1, Pry1) , Pry1) ol ()] (13)
Pyv = aP,+bf (ki) l(ce, ke, Py) (14)

We observe that this system is three-dimensional with two predetermined
variables (k;, P;) and one non-predetermined (¢;).

2.5 Steady state

Variables are constant over time: (ki ¢, P1) = (k,c¢, P) for every t. At the
steady state, the dynamic system (12)-(14) writes:

(k) = %—1—1—6 (15)
1-p

c = [TkﬁLw(k)}l(c,k,P) (16)

P - 1faf(k)1(c,k,P) (17)

We obtain the stationary capital k from the first equation. Replacing k in
(16) and (17) and solving system (16)-(17), we obtain also (c, P).
Given k, solution of (15), let

b f (k)
=1 ky——————
e ( T e
Proposition 3 Let Assumptions 1 and 2 hold. Iflim._,g+ p(c) > 0 and i’ (c) <
0 for every ¢ > 0, then there exists a unique steady state.

Proof. Under Assumption 1, k is uniquely determined by (15). Replacing k in
(16) and (17) we obtain a two-dimensional system in (¢, P). We observe from
(16) that

c _1-5 B B
kP~ B k4+w(k)=f(k)—0dk>0 (18)
Dividing equations (16) and (17) side by side and using (18), we get
R B )
T1_af(k) ok (19)
Replacing (19) in (16), we find
g(e)=c—[f(k) = dk]u(c) =0 (20)



a single equation in ¢. Under Assumption 2.2, we find lim,_,o+ g (¢) < 0 and
lim,— 100 g (¢) = 400. Under Assumption 1, g is a continuous function. Thus,
a solution of equation (20) exists.

In addition, this solution is unique because, under Assumption 2.2, ¢’ (¢) > 0
forany ¢ > 0. m

We will see that, in the case of separable isoelastic preferences, the assump-
tions of Proposition 3 hold and a unique steady state exists.

Corollary 4 Let Assumptions 1 and 2 hold. If consumption and leisure are
normal goods, a distaste effect (u.p < 0) jointly with a leisure effect (up < 0)
holds and lim,_,o+ 11 (¢) > 0, then there exists a unique steady state.

Proof. We observe that

b f(k) P
IU/(C) c+t Pl* f(k)—ék c+lilp
Uel _ Uec wp _ Uep Uce _ Uel 4 (ucp _ uzp) P
2 Uc uy Ue Ue uy Ue ug c
T T ua  wr _ ua UL Ul
uy Ue ug Ue ug Ue

Since consumption and leisure are both normal goods, we have

U uj Uy Ucl
< - < <0and — — —
Uc Uy Uy Ue

>0

Thus, ¢/ (¢) < 0 iff

Uc uy

cc Ci C P
. ul+<upul—P)—<0 (21)
Ue w ) c

If a distaste effect (ucp < 0) jointly with a leisure effect (u;p < 0) holds, we
get (21), that is p/ (¢) < 0 for any ¢ > 0. Eventually, Proposition 3 applies. m

2.6 Long run

Focus on the comparative statics. In this general section, we have not specified
technology and preferences. The only parameters we consider are a, b, 5 and
0. We compute their impact on ¢, k, P. In the isoelastic case (see below), we
will consider also the impact of technology and preferences on the endogenous
variables.

Differentiating (15) and using (2), we obtain the usual elasticities of Modified
Golden Rule:

BOk o (k) 1
K98~ T—a()BrR) " (22)
S0k o(k) b
ko5 71—a(kz)r(kz)<0 (23)

where r (k) is given by (15).



Differentiating system (16)-(17) and using (22) and (23), we obtain:

dc dP oo df dd

I1—X)— —prp— = —— —§(1 —

pl=2) =~ pAr 5 G5 0+
de dP dz db dg ds
Acc+( AP)P Z+b+alﬂ 66015

where 2 =1 — a and

s
I
|
I

ki I5) «
o a+ N
oy =
! l—a pgr
o o 1-p
= Ap— 1+ A
o2 ka+( + k)l—a Br
that is
dz
de M b
ar | = 4
{?} 1—=XA—Ap Fﬂ
ds
5
with
M= —Ap Ap Apo1 + (1 — )\p) % —ApBdoy — (1 — )\p) @
Tl Aem 1 1=A AZHA-A)or AT (1) Booy
(24)
We find the following elasticity of comparative statics:
z Oc b dc B Oc d dc
co: cob cog cos | __ M (25)
0P bOP BOP S0P | T T X
P9z Pob POB P c P

Proposition 5 In the case of negative effects of consumption and pollution on
labor supply, the following inequalites hold:

dc dc oP oP
6z>0’c’)b<0’ 8z<0’ 8b>0 (26)
Proof. Consider (24) with (25). Since A¢, Ap < 0, we obtain 1 — A, > 0 and
1—-Ae—2Ap>0. m

Unsurprisingly, the consumption of steady state is increasing with the nat-
ural rate of pollution absorption and decreasing with the pollution emission
rate. These parameters of pollution accumulation have opposite effects on the
pollution stock in the long run.

Corollary 6 Under the sufficient conditions for existence and uniqueness of the
steady state (normality of consumption and leisure, distaste and leisure effects:
see Corollary 4), inequalities (26) hold.



Proof. Normality implies ey — ;. > 0 and A. < 0 (Proposition 1). We ob-
serve that u.p < 0 (distaste effect) and u;p < 0 (leisure effect) entail ep. < 0
and ep; > 0 respectively, that is A\p = (epc —epi)/ (eu — i) < 0. Apply
Proposition 5. =

2.7 Short run

Focus on local dynamics. We linearize the dynamic system (12)-(14) around the
steady state:

dkipn

1 +>\k )\c )\P T+

€Ak — 2B ecctEcAe E1cAP +Epe é%%i

0 0 1 dP; 1

- P

5HA+p A A+pA—p  (1+p)Ap dky
= EleAk Ece + EleAe EleAp + Epe de
| I=a)(a+X) (Q—a)Xe a+(1—a)lp dby

In order to study the local stability of system (12)-(14), that is the shape of
the characteristic polynomial, we need to assume preferences to be additively
separable in consumption and labor.

3 The separable model

In the case of separable utility:® u (¢, Iy, P;) = @ (¢;) — wv (It, P;), the elasticity
matrix E becomes
€ee O 0
E= 0 gu P (27)
0 epi epp

and the elasticities of labor supply I; = I (¢, k¢, P;) write:

Ao o= =
u
Ap = —H
u
al
N = 2o 28
k pub (28)

When pollution does not affect the labor supply ep; = 0. Thus, the very
difference with respect to the standard consumption-labor arbitrage is the elas-
ticity ep;. In the following, we will show that ¢ and ep; play a role in the
occurrence of endogenous business cycles.

From a theoretical point of view, the effect of pollution on labor supply is
ambiguous: Ap ; 0. However, according to the recent empirical studies and, in

3Separability between consumption and leisure and between consumption and pollution,
but nonseparability between leisure and pollution.

10



particular, to Hanna and Oliva (2011) work on Mexico City, a rise in pollution
seems to have a negative effect on labor supply: Ap < 0. In the following, we
will consider this case.

3.1 Isoelastic form

In the isoelastic case, the elasticities are constant and notation simplifies: € =
—&¢qe and p = g;. We consider explicit isoelastic separable preferences:

l1—e
S

1, P T?
and v (I, P;) = Wh) "

29
1—¢ 1+¢ (29)

a(ce) =
where 1/e > 0 is the consumption elasticity of intertemporal substitution and
1/ > 0 is the Frisch elasticity of intertemporal substitution.
In addition, this form allows us to express the key elasticity €p; in terms of
the structural parameters: ep; = v (1 + ¢). Since

1
Ap = _&pt _ _7ﬂ (30)

€n P
and, according to Assumption 2, the utility function decreases with P;, we
obtain v > 0 and, thus, Ap < 0 or, equivalently, di/dP; < 0 (the labor supply
decreases with pollution in turn).

From (30), labor disutility writes also
llJerPpr)\P
v(ly, P) = +—t —

1+¢

In the case (29), with an isoelastic intensive production function f (k) =
Ak, the labor supply function explicitly becomes
1— o A2\ *
w

Preferences rationalized by functions (29) ensure the uniqueness of the steady
state. Indeed, consumption and leisure are normal goods and a distaste effect
jointly with a leisure effect hold. More explicitly, we find

l—a ., ¢ b Ak~ AP Ap—=
H(C)< w Ak) (1—aAk:a—6k> o

with Ap < 0. Thus, lim,_,o+ p (¢) = +00 > 0 and g’ (¢) < 0, and the assump-
tions of Proposition 3 hold.
Let

lt = l(Ct,kt,Pt) = m(ct,kt) Pt)\P Wlth m(ct,kt)

3.2 Long run (continued)

1 r—01+4+po
Ap=——|(1 <0
P <pa< + 1) 1—a)

11



Proposition 7 The long-run effects of the fundamental parameters on the pol-
lution stock are given by

oprP opr opr

— >0, — >0, — >0

20~ b~ 9B
and

OP —se—1

= <0 road”

o <0 iff o > f 3264-90

The long-run effects of these parameters on the consumption level depend on
the pollution elasticity of labor supply Ap,

% < 0

o<

g—; > 0iffAp > Ap

% < 0sz0<§07" <U>%and)\p>%(<0))

Proof. Reconsider (30) and the impact matrix (25). Notice that z =1 —a and

The denominator 1 — A. — Ap is positive. (24) becomes

— ado Ap=Ap ad r—od _ r—0dAp
M= )\P )\P Br r—ad ror—a ()\P r—od
- _Eety ety 1 d—ad dle _ 1
- - BT a(l—l—(pa—i—ao aé) w{p = (1+<pa—|—50

We observe that » > ad and

R P Al 0
pPrl—« YOS
1) 1 0—ad —ase—1
L 1+ o +eo a < Oiffg > 1=
elp rl-a r—od b=ade 1
The proposition follows immediately. m
Corollary 8 9P/96 < 0 if
—ad
e<—2 (>1)
r—ar
Corollary 9 If A\p =0 (that is v =0), we have
dc  Oc ~0 dc >0, dc <0

da  Ob OB Bh

12



We recover in this case the usual conclusions of the Ramsey model.

Let us provide an interpretation of Proposition 7.

Focus on equations (17), (22) and (28). The higher the S, the larger the
capital stock k and, in turn, the higher the labor supply ! and the stock of
pollution P. The effect of 8 on ¢ in the long run depends on Ap. Since Ap < 0,
the households substitutes leisure to working time. However, if this effect does
not compensate the positive effect of k on labor supply, a higher g entails a
higher consumption in the long run.

Focus now on equations (17), (23) and (28). The higher the depreciation
rate 9, the lower the capital stock k and, in turn, the lower the labor supply [
and and the pollution stock P. According to equation (23), the impact of § on
k and, in turn, on [, depends on the elasticity of capital-labor substitution o. A
stronger o induces a larger negative effect of § on k. Since the negative effect of
6 on P depends crucially on its impact on k, it follows that the negative impact
of § on P is also magnified under a large elasticity o. Notice that Ap < 0. We
know also that a higher § implies a lower P. Let the pollution elasticity of labor
supply be not too negative. In this case, under a sufficiently large o, the effect
of k on [ dominates the effect of P on [. Thus, a higher § leads the household
to substitute leisure to working time, that is to consume less in the long run.

3.3 Short run (continued)
Specification (29) gives the following Jacobian:

-1

14+ Mg Ae Ap
J = Elc>\k - 1?70457" €cc + Echc Elc>\P + €pc
I 0 0 1
[ 5+ 0+n)X (T+p)A—p  (14+p)Ap
Elc>\k €cc + Echc EZCAP +epc
| (1 —a)(a+ Ag) (I—a)Ae a+({1—a)rp

with an elasticity matrix (27):

—€ 0 0
E= 0 2 ep
0 ~ (1 + 50) Epp
Therefore,
T+X A Ap |77
J = —%Br — 0
0 0 1
[ 5+A+p) X (A+pAc—p  (1+p)Ap
0 — 0 (31)

13



with:

1-4 1-«
=—=+
p 3 o r
and N 1
€ @
A= Ap = —7—L A==
g
To know the location of the eigenvalues of the Jacobian matrix w.r.t. the unit
circle, we study the sign of the characteristic polynomial P (z) in z = —1,0, 1.

Tedious computations give the following values:

(1-—a)(l—=9d)eo

PO) = (=) g gras o O~ 4 > 03 A <
(32)
P1) ﬂrp((ll_aO)z)ﬁ(rlAcf)g(al(lz\s)\k)/\z») <0 (33)
P(=1) = (1—a) 8 = z% [ﬂ€1+i’((ﬁ+—f£ (A = Aa) > 0ff Ap < Ao
(34)
where
_ a 1+ (1+p)B
M= T EA = (a—a)
N = l+a(l-a)Brip—(2+p)A]+2e0[1+1/8+(2+ p) M -0

l-a (1—a)[Brp+2e0(2—19)]

Assumption 3 a < .
We notice that, under Assumption 3,

B—a _B—al4+gpo—F(1—a)(1-90)
)\P<0<1 a<)\3:1—a wof (1 —a)(l—19)

Let D and T be the determinant and the trace of J respectively.

Lemma 10 Under Assumption 3, D < 1.

Proof. D < 1 is equivalent to

(1-—a)(l—9d)eo

D:_P(O):(1_a)50(1+>\k)*(170‘)ﬂr>\c

()\p—)\l) <1

that isto Ap < A3. =

Focus now on the issue of equilibrium uniqueness.

Two variables are predetermined (k; and P;), one is not predetermined (c;).
P (1) < 0 implies that one eigenvalue is real and greater than one. Thus,
equilibrium determinacy (locally). The question now is whether there are zero,
one or two eigenvalues inside the unit circle.

14



There are two possible cases:

(1) Al < AQ,

(2) Ao < Aq.

We observe that \; < Ay iff

l+a 14+ (1+p)BAc] [Brp+ 2e0 (2 —9)]

o “BA-0)((1—a)frlp—2+pAr+2e0[1+1/B+ 2+ p) M)

Notice that the RHS does not depend on a.
Focus on the second case (for instance, if a is sufficiently small or ¢ = 0). In
this case, Ao < Aj.

Proposition 11 (equilibrium uniqueness) Let a be null or sufficiently small
and Assumption 3 hold. There are three cases.

(1) Ap < A2 < A1 < 0. The eigenvalues x; are such that 11 < —1 < 0 <
ro < 1 < x3: local overdeterminacy.

(2) Ao < Ap < A1 < 0. The eigenvalues x; are such that —1 < 1 < 0 <
T2 < 1 < x3: local determinacy.

(8) Aa < A1 < Ap < 0. Under Assumption 3, there are two eigenvalues
inside the unit circle and one outside: |x1|,|x2| < 1 < x3. Thus, local determi-
nacy.

When Ap = Ao the system generically undergoes a flip bifurcation.

Proof. Consider the three eigenvalues: x1, o and x3. We know that x3 > 1
because P (1) < 0.

Points (1) and (2) are immediate: simply notice that A2 < A; and consider
the signs of expressions (32) and (34) in the cases Ap < A2 < A1 < 0 and
Ao < Ap < A1 < 0 respectively.

Focus now on point (3). In this case, we get: P(—1) < 0, P(0) < 0 and
P(1)<0.

Under Assumption 3, Lemma 10 applies and D = ;2025 < 1. Since P (1) <
0, we have x3 > 1 and, so z1x5 < 1. There are two cases: these eigenvalues are
(3.1) real or (3.2) nonreal.

In the subcase (3.1), D < 1 implies that at least one of the two eigenvalues
x1 and z9 > x7 is inside the unit circle. Let, without loss of generality, z2 be in
the unit circle that is —1 < zo < 1. If 0 < 23 < 1, since P (1) < 0, there exists
Z € (0,22) such that P (z) > 0. Since P (0) < 0, we have also 0 < 27 < Z < 1.
Thus, 0 < 21 < x2 < 1. Similarly, one can show that —1 < x5 < 0 implies
—1 <21 < 2 <0 because P(—1) < 0.

In the subcase (3.2), z1 and x5 are nonreal and conjugated. Thus, |z1||z2| =
|z122] < 1 and, since they have the same modulus, |z1]| = |z2| < 1. =

Corollary 12 Under Assumption 3, there is no room for Hopf bifurcations.

Proof. We know that P (1) < 0, that is z3 > 1. Under Assumption 3, Lemma
10 applies and, therefore, D = zjzoxs < 1. Thus, 122 < 1. The Hopf
bifurcation generically arises when x; and x2 are nonreal and xz;z2 = 1. Then
Assumption 3 is incompatible with the occurrence of a Hopf bifurcation. m
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The occurrence of deterministic fluctuations deserves an interpretation. Fo-
cus on the case of a sufficiently small a, that is As < A\; < 0, and a sufficiently
negative impact of pollution on labor supply (Ap close to Az).

In this case, an increase in pollution lowers enough the labor supply. The
penury of labor input decreases considerably the production and pollution in
turn. Thus, a rise in pollution is followed by a drop in pollution at the end: a
cycle of period two arises.

We observe that the first part of the mechanism is essentially static through
the consumption-labor arbitrage: indeed the negative impact on pollution on
labor supply is captured by the elasticity Apcoming from this arbitrage. Con-
versely, the second part is dynamic through the pollution accumulation process:
the lower production today results in a lower pollution tomorrow.

Notice that a is a measure of pollution persistence. The occurrence of cycles
is magnified when a is close to zero because this inertia fails, pollution becomes
more volatile and the comparative effect of production on the pollution process
becomes maximal.

4 Conclusion

We have considered an economy a la Ramsey where production pollutes and the
negative externality distorts the household’s consumption-leisure choice. In this
framework, we have proved that a sufficiently large (negative) effects of pollution
on labor supply may promotes macroeconomic volatility (deterministic cycles
near the steady state) through a flip bifurcation. It seems that, in the empirical
case considered by recent literature, pollution works as a destabilizing force also
through its impact on labor supply. In this sense, our work provides a theoretical
argument in favor of environmental friendly fiscal policies.
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