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Abstract

We present a dynamic agency model in which the LBO fund may write the entrepre-
neur’s project off at the end of the starting stage to invest in a competitive project. The
two partners provide unobservable efforts in both stages to enhance the productivity
of the acquired company.

We show that under restrictive conditions, the debt-equity contracts induce the
entrepreneur and the LBO fund to provide the first best efforts under restrictive con-
ditions in the two stages.

Moreover, the write-off threat boosts the incentives of the entrepreneur and the
LBO fund such that they provide high efforts.

If the compensation cost is exogenous, the sharing rule of this cost depends on the
quality of the competitive project. The entrepreneur and the bank share the amount of
compensation if it is not very profitable. Otherwise, the whole amount of compensation
is pledged to the entrepreneur.

If the compensation’s amount is endogenous, in order to induce the entrepreneur to
provide high effort, the optimal financial contracts must give her the entire compensa-
tion’s revenue.

Keywords: Leveraged Buy Out, incentives, exit, write-off option, double moral
hazard.
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1 Introduction

1.1 DMotivation

Despite the fact that the Leveraged Buy Out (LBO) acquisitions accounts for a significant
part of the private equity investment, many topics in this area are not explored. In many
countries most notably in the United States, these projects are financed mostly with debt
and a small amount of equity, hence the term leveraged: these projects are typically financed
with anywhere from 60% to 90% debt (Jensen, 1986, 1989 and Kaplan and Strémberg, 2008).

The present paper deals with two facts in LBO finance:

First, the financial capital structure, particularly the excessive use of debt in these
acquisitions: this paper shows that the optimal financial contracts are consistent with this
feature in a dynamic framework with double sided moral hazard. We characterize the
optimal financial capital structure that results from the solution to an optimal contract
problem.

We work out the optimal solution to the financing problem of an entrepreneur (hereafter
she) who would like to acquire a company: she is a manager but she has no business
experience to manage the acquired company alone. She asks first for money and for advice
from the LBO fund (hereafter he). The latter contributes technically and financially into
the project and in exchange he gets a share of the project’s outcome. The partners sign the
holding contract and can ask for additional funds from the bank (hereafter he). Therefore,
they sign another contract: the debt contract. The optimal sharing rule of the benefit may
change at the end of the first period. The optimal solution and the optimal sharing rule are
constrained by the characteristics of the environment such as the information available to
both parties. The entrepreneur and the fund have to provide costly efforts which improve
the results of the project. This information is unobservable which creates a moral hazard
problem.

Second, we focus on the decision to exit, particularly on the write-off route. The LBO
fund is expecting for a high return, his aim is to get back his money and to exit as soon
as possible in order to invest this money in a new project. The exit of the LBO fund is
quite likely if there are good projects in the LBO market looking for finance and for advice.
The exit date/route may induce agency conflicts between the entrepreneur and the LBO
fund. If the company is going public the entrepreneur keeps the control and may get private
benefits. This is no longer true when the buyout is going private such in the trade sale: if
she stays in the company, she must share the control with a new partner. In the current
paper, we do not consider the issue of the optimal timing/route of exit but we focus on the
impact of the write-off threat on the efforts made by the entrepreneur and the LBO fund.
To our knowledge, the current paper is the first theoretical one that addresses this issue in
buyout acquisitions.

1.2 Related literature

The present model is related to two lines of literature.

First, various papers consider a dynamic agency model with information asymmetry.
They analyze the interaction between the financial capital structure and incentives when
there is an information asymmetry, due to unobservable efforts. For instance, Berge-



mann and Hege (1998), Cornelli and Yosha (2003), Repullo and Suarez (2004), Schmidt
(2003)...These papers highlighted the importance of adequate incentive-rewarding schemes,
the role of the stage financing and convertible securities to mitigate the moral hazard prob-
lem.

Bergemann and Hege (1998) consider a dynamic agency model in the presence of learning
and moral hazard problems. They show that short-term refinancing' is never optimal but
long-term contract allowing for intertemporal risk-sharing such as the stage financing is
optimal: it induces the entrepreneur to provide optimal effort so that the private equity
fund will invest further funds in the following stage. If not, the private equity fund writes
the project off. However, the stage financing may create a "window dressing" problem in
order to induce the private equity fund to finance the second stage of the project. They
conclude that with a convertible debt contract, this entrepreneur’s behavior becomes non
profitable; the private equity fund will convert his debt into equity if the project looks
too profitable. Consequently, he will reduce the entrepreneur’s profit (Cornelli and Yosha,
2003). Schmidt (1999, 2003) shows that there is no debt-equity contract that induces both
parties to invest efficiently and argues that the use of convertible securities mitigates the
double sided moral hazard problem. Moreover, these securities outperform any mixture of
debt and equity and they induce both parties to provide optimal efforts. His result is robust
to renegotiation and to changes in the timing of investments and information flows.

Repullo and Suarez (2004) consider a wealth-constrained entrepreneur asking for advice
and for money from two private equity funds. One of them does not provide effort so he
may be considered as a pure or passive financier. The entrepreneur and the other fund have
to exert non observable efforts. They conclude that the entrepreneur must ask for advice
and fund from the partner who provides both money and advice. The return of the project
in case of success is unobservable when they sign the contract, they will learn more about
it at the end of the first period. If this return is verifiable, the entrepreneur and the private
equity fund sign an initial long-term contract contingent on the project’s return (contingent
financing contract). They show that the private equity fund must get a constant share of
the outcome only when the project is profitable. However, when the return is not verifiable,
they sign a start-up contract which is negotiated in the expansion stage. They show that
the venture capitalist should get no compensation for his initial investment in the lower tail
and high compensation in the upper tail of the distribution of returns. They point out that
this sharing rule can be approximated by the use of warrants.

Second, another branch of the literature focuses on the various exit vehicles in private
equity investments but few papers, mostly empirical studies, focus on the topic of buyouts
particularly the write-off route. To our knowledge, most of the theoretical papers study the
exit in the venture capital. Most of these papers argue that the project is abandoned when
the quality is bad or mediocre in the sense it is only able to return the initial investment.

For instance, Schwienbacher (2002) analyzes the relationship between the level of innova-
tion of the project and the exit decision. He shows that going public is more profitable than
trade sale when the project is very innovative. In an IPO strategy, the entrepreneur remains
in the firm, keeps its control and can get private benefit. Consequently, she is tempted to
distort the innovation strategy so that the IPO looks the preferred exit route.

Giot and Schwienbacher (2007) argue that the exit decision depends on the type of exit
strategy and on the timing. For instance, biotechnology and Internet projects are the fastest
in exiting through IPO. Unprofitable Internet firms are abandoned quickly via write-offs.

LAt the end of each period, the entrepreneur sign a new contract with a new venture capital fund. The
next period, she is looking for another one; the VC market is supposed to be competitive.



Schmidt, Steffen and Szabé (2008) focus on buyout exit strategies in Europe and the
United States. They consider a sample of 666 buyouts between 1990 and 2005. They
analyze the determinants influencing the choice of the exit option. Their results show
strong support for signaling effect. If the return is very poor, the LBO fund writes off
the project early instead of holding it in his portfolio as living-dead buyout: he is able to
differentiate between good and bad investments quickly. Only the most profitable projects
are taken public through an IPO. Nikoskelian and Wright (2005) consider a sample of 321 UK
buyouts, exited between 1995 and 2004. They find a positive relationship between the value
increase and the management ownership. Das, Jagannathan and Sarin (2002) analyze the
options of exit of venture and LBO funds in the US market. They estimate the probability
of various exit options and they conclude that the probability of an exit via sales is the
highest. Groh and Gottschalg (2008) point out that the US buyouts investments clearly
outperform the market benchmark. Ick (2006) investigates the risk and return relationship
of private equity relative to public market equity and finds that the private equity returns
depend on the stage of the investment. Later stage investments achieve higher risk adjusted
returns.

Cumming and MacIntosh (2003) show in an empirical analysis in Canada and USA that
TPO are the most profitable followed by secondary sales, buybacks and write-offs for the less
profitable projects.

In all these papers, the exit decision depends only on the performance of the project,
but they do not consider the characteristics of the company’s market: the private equity
fund invests in the project in the hope that he will get a high return in a short period of
time and he exits as soon as possible in order to invest his money in a new deal. The LBO
fund looks continuously for "LBO stars". This issue is still pending.

1.3 Results

The model allows to derive the following results:

First, if there is no competitive project, the entrepreneur and the LBO fund provide
the first best efforts only when the project is not very risky and the debt’s payments are
decreasing with the project’s revenues. The presence of the bank induces the entrepreneur
and the LBO fund to make high efforts because of the threat of liquidation. This result is
in line with those of Meckling and Jensen (1976) and Jensen (1986, 1989). In this case, the
whole surplus value of the project is retained by the entrepreneur. If the project is very
risky, they make the second best efforts and the social value of the project is not optimal.
Whether the project is very risky or not, the optimal financial contracts should reward the
entrepreneur and the LBO fund only in the good state of the nature. The bank receives no
payment in success states of the world. The optimal debt contract exhibits the features of
a "live or die" contract.

When the payments of the bank are non-decreasing with the project’s outcome, the bank
payments are fixed: the success payments are equal to the liquidation values whether the
project succeeds or fails. Besides, the efforts are not optimal. The agents provide higher
efforts when the project is financed only with equity than when the entrepreneur asks for
advice and for money from the LBO fund and the bank. The debt has no effects on the
agent’s incentives.

Second, the threat of exit induces the entrepreneur and the LBO fund to provide the
high efforts when all the agents contribute financially into the acquisition. These efforts are



not optimal.

Third, under the write-off threat, the LBO fund issues more equity but the bank’s
investment depends on the write-off cost. If the cost of violation contracts is high, then the
threat of write-off becomes incredible even if the LBO fund exits, the latter will pay high
compensation to the bank and to the entrepreneur. This is why the bank accepts to lend
more debt than when the fund keeps the entrepreneur’s project. When the violation cost is
low, the bank invests less money into the project.

Fourth, if the compensation cost is fixed by the legislature, the optimal sharing rule
depends on the quality of the competitive buyout: if it is not very profitable, it is shared
between the bank and the entrepreneur. Otherwise, the whole amount is pledged to the
entrepreneur which boosts her incentives to provide high effort in the first period even when
the LBO fund will probably abandon the project. When this cost is to be determined in
the optimal financial contracts, it is specified such that the entrepreneur captures the entire
amount of compensation whether the new project is very profitable or not. The amount
of compensation is significantly: it is equal to the half of the revenue of the competitive
project.

Fifth, optimal sharing rule does not depend on financial capital structure of the project
but it depends on the incentives to provide efforts. The optimal contracts should take into
account the countervailing effects of inducing one agent to work, and reflect both incentives.

The paper is structured as follows. The model and the assumptions are presented in
section 2. The optimal financial contracts are characterized in section 3. The section 4
analyzes the optimal financial contracts when the project is financed only through equity.
We consider the threat of write-off of the LBO fund and study its influences on the agents’
incentives in section 5. Empirical implications are presented in section 6. The section 7
concludes the paper. All proofs are presented in the appendix.

2 The model

Consider a dynamic agency model with two periods: the starting stage and the productive
stage. There are three agents: the entrepreneur E, the LBO fund A and the bank B. The
entrepreneur wants to acquire a company. She asks for money and advice from the LBO
fund. He issues the amount of equity 7 and he gets in exchange a part of the revenues of
the acquired firm.

The acquisition of the firm requires a fixed initial investment K at time 0, K is signifi-
cantly high. Let W, i and I denote respectively the capital issued by E, A and B such that
K =W + i+ 1. At the end of the period ¢, the entrepreneur (respectively the LBO fund)
gets the part of the benefit 5, (respectively 1 — 3,) such that 0 < 5, <1,¢t=1,2.

First, the entrepreneur and the LBO fund sign the holding contract in order to establish
the holding company?. Then, in order to issue further funds, the new company and the
bank sign the debt contract.

The entrepreneur and the LBO fund provide respectively the unobservable efforts e and
a. These efforts enhance the productivity of the project. The entrepreneur’s effort is related

2The holding company acquires another company called the Op Co, using mostly debt and a small
amount of equity. The debt is secured by the Op Co assets. The acquiring company uses these assets as
collateral for the debt in hopes that the future cash-flows will cover the debt’s payments.



to her technical skills and/or to her past experience as a manager. The LBO fund provides
a managerial and/or control effort to run properly the project.®

2.1 The revenues

The project yields the revenue X; (X5) at the end of the starting stage (the productive
stage) such that:

5 X with the probability p; = min {e;+ay, 1}
P70 A*'C  with the probability (1 —p,) =max {0, 1— (e;+a;)}

C'is the liquidation value of the project at the end of the first period. 1 —~ (0 <~ < 1)
is the depreciation rate. The value of the equipment and machines decreases due to the
usage, the passage of time and the outdated technologies. We assume that X; > C' and
Xy >C.

er and a; € [0, 1] are the efforts provided at the stage ¢, t = 1, 2. These efforts are perfect
substitutes. If one agent provides unitary effort, the project will succeed with probability
1 pe(0,1) =pe(1,0) =1, t =1, 2.

The entrepreneur and the LBO fund choose their efforts simultaneously. When efforts
are unobservable, they may be tempted to not provide sufficient efforts. The entrepreneur
will rely on the effort of the LBO fund in hopes that the latter will provide unitary effort.
This situation creates an asymmetric information problem, specifically it induces a double
sided moral hazard problem.

Efforts are costly. The cost functions are given by:
cp(er) = 3¢l and ca(ap) = 3a?, t=1,2

where A > 0 is assumed to be significantly high. Efforts have equal costs when the entre-
preneur and the LBO fund make the same levels of efforts. Given the fact that they are
perfect substitutes, these efforts have the same impact on the performance of the project.
Besides, we assume C' < %

2.2 The sequence of events

The sequence of events is presented in figure 1:

e At date t = 0, the entrepreneur £ and the LBO fund A sign the holding contract.
Then, they may ask for additional funds from the bank B. They sign the debt contract.

e At date t = 1, the agents E and A provide simultaneously and respectively the efforts
e1 and aq.

— If X; = X1, the bank perceives the payment D;. The entrepreneur and the LBO
fund get respectively (1 — ;) (X1 — D;) and $; (X1 — D;). The LBO fund may
write the entrepreneur’s project off even if it succeeded, to invest in a competitive
buyout which gives him net revenue R > 0.

3The LBO fund provides the same kind of effort as the entrepreneur. He learns these skills from his past
investments.



x If there is exit, the entrepreneur’s project is stopped at date 1. The LBO fund
must pay a compensation cost L to the other partners because he violates the
contracts. The revenue of the competitive project must be superior to the
compensation’s cost, otherwise, the LBO fund has no reason to abandon the
entrepreneur’s project: R > L. Let n (respectively 1 —n) denotes the share
of the compensation paid to the entrepreneur (respectively the bank) such
that 0 < n < 1. The variable 7 is an endogenous variable to be determined
in the optimal financial contracts. We suppose that the LBO fund will write
the entrepreneur’s project off with the probability ¢, 0 < ¢ < 1.

x Otherwise, the entrepreneur’s project is continued and the entrepreneur and
the LBO fund choose respectively the efforts e; and as.

— If X, = C, the entrepreneur’s project is supposed to be liquidated and the bank
perceives the collateral C.
e At date t = 2, the project is completed.
— If X, = Xy, the bank, the entrepreneur and the LBO funds get respectively the
payments Da, 85 (X2 — Ds) and (1 — 85) (X3 — D) with the probability ps.

— If X, = 4C, the project fails and it is liquidated. The bank is paid the whole
failure’s revenue vyC'

t=1 3, t=1 3, t=1

[ | |
¥ X=Xy

(1-0) Continuation
B=x, =T (o) Q‘
2 =g Y= 1C
Tnvestment (e, 01) ﬁ.\’iﬂm-oﬁ: TRl =10
A 5
E=W<i4] L

[l-p) ™ H=C
Figure 1- Time line of the game.

The riskless interest rate is normalized to 0. All agents are risk neutral and protected
by limited liability: they can only share the outcome of the project.

2.3 The contracts

The agents sign two financial contracts.

a) The debt contract must specify:

e The amount of the debt I issued by the bank.

e The bank payments at the starting stage and the productive stages D; and Ds.



The bank lends the money only if he gets a positive expected gain:

E(rp) = pi{D1—C+(1—=Q)[p2(D2—~7C)+1C]+((1—-n)L}

+C—-1>0 (CPp)

(CPg) is his participation constraint. The banks compete for the right to fund the project,
then we expect the debt contract to be the best possible for the entrepreneur. Accordingly,
the bank B earns no profits.

We suppose that:
0<D <X, t=1,2 (1)

b) The holding contract which specifies

e The amount of funds 7 issued by the LBO fund.

e The fraction of the benefit 8,, t = 1, 2 (respectively 1 — 3,) of the entrepreneur
(respectively the LBO fund).

e The compensation cost L to be shared between the entrepreneur and the bank.

e The share of compensation 7 (respectively 1—1) paid to the entrepreneur (respectively
the bank) if the LBO fund chooses to exit at the date 1.

The LBO fund issues 7 only if his expected gain is positive. This condition is written:

E(ra) = pi{(1—=51)(X1—D1)+ (R~ L)
+ (1= Q) [(1 = By) p2 (Xa—D2) — ca(az)]} (CPa)
—ca(a1)—1i >0

(CP,) is his participation constraint. Competition between the investment funds implies
that this constraint is binding.

Because of the competition among the LBO funds and the banks, both agents A and B
are induced to propose contracts maximizing the expected gain of the entrepreneur which
is given by:

E(rg) = pi{81(X1—D1)+ (1 =) [Bop2 (X2—D2) — cg (e2)] + (nL}
— CE (61) - W.
Substituting W for K —i — I into E(rg) gives:
E(rp) = p1{B1(X1 = D1) + (1 =) [Bop2 (X2—D2) — cg (e2)] + (nL} )
— cE(el)—K—i—i—i—I.

2.4 The first best solution

Before solving the game, let us compute the social value of the project without double sided
moral hazard and exit problems. The social value of the project is given by:

V= pi[X1—(1—=7)C+p2(Xa—7C) — cp(e2) — calaz)]
+C — K —cg(e1) — calar).



Given the first order conditions of V, the first best efforts are written:

1 1
ef? =af® = £ | X1 - (1=7)C + 5 (X —1C)? (3)
1
engagBZX(Xz—'YC)- (4)
These efforts induce the following success probabilities:
PP =3[ - (=70 + (e —70)] and pfP=3(X-9C) . (5)

In the following, we assume that:
X1 <3+(1-7)C and Xo<3+1C . (6)
to ensure that pf'? < 1,t =1, 2.

The equations (3) and (4) show that the entrepreneur and the LBO efforts must make
strictly positive efforts during the starting and the productive stages. Note that efforts of
the first period depend on revenues of both stages. But, those of the second period depend
only on the revenues of the productive stage. They increase with the revenues of the project
and decrease with the cost parameter A and/or the amount of the collateral C'.

Moreover, it is straightforward to see that the efforts of the second period are decreasing
when v increases. In the starting stage, the impact of v on the efforts of the first period is

less intuitive:

If ~ is high enough (76 [2)(220—/\7 1] ), el’P and af'P are increasing with «. Note that when
the depreciation rate is low, the failure revenue vC' is high. In contrast, when the deprecia-
tion rate is high (’ye [O , ”;%‘A]), a small failure revenue will induce the entrepreneur and

the LBO fund to provide low levels of efforts el Pand af'B.

Furthermore, the entrepreneur and the LBO fund provide equal levels of efforts which
is not surprising because the efforts have equal impacts on the success probabilities and the
agents have the same cost function.

Consequently, the optimal social value of the project is given by:

2

1 1
VFB:X le(l—fy)CJrX(ng'yC)z +C-K. (7)

We assume that VB is strictly positive. There are many ways to implement the first
best solution: the identities of the agents providing advice and financial investments are
irrelevant as long as the LBO fund and the bank are not wealth-constrained and there are
no transaction costs.

2.5 The efforts in equilibrium

In order to maximize their expected gain, each agent will take into account the levels of
effort chosen by the other agent. These strategies are described by their reaction functions.

We solve for optimal financial contracts using a dynamic programming approach (the
backward induction process). We consider the subgame that begins at the end of the pro-
ductive stage: first, we determine the reaction functions of the second period. Then, we
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substitute them into the expected gain of each agent so that we can deduce those of the
first period.

The efforts of the second period in equilibrium

Each agent chooses the level of effort that maximizes his expected gain of the second
period. The LBO fund provides the effort a3 solution of:

as € argmaxE(ﬂ'?Xm = X1)

az

where E (7| X1 = X1) =p2 (1 —fy) (Xy —Dy)—ca (as) is his expected gain of the second
period.

The entrepreneur effort is given by:
€5 € argmaXE(ﬂ%E‘ X, =X))
€2

where E(n%| X) = X)) = paBy(Xo — Dy) — cp (eg) is her expected gain of the second
period.

Lemma 1 The efforts of the second period of the entrepreneur and the LBO fund €5 and a% are
given respectively by:

es = )\iﬂQ(Xg — D3) and a}= % (1—-055) (X2 — D3) (8)

The success probability is then given by:

pi= 5 (X2~ Dy) ©

If the fraction of benefit of one agent increases, his effort will increase: e} (respectively
a%) is an increasing function of 3, (respectively 1 — 55). When the difference between the
success revenue and the bank’s payment is large, the levels of efforts are high. Note that
these efforts do not depend on the write-off threat.

Given the fact that the revenue of the second period is fixed, if the optimal financial
contracts give powerful incentives to one agent, they will reduce the incentives of the other
agent. The optimal financial contracts must boost simultaneously the two agents’ incentives.

The efforts of the first period in equilibrium

The entrepreneur and the LBO fund provide respectively the efforts e} and a} given by:

e} € argmaxF (mg|es, a3) ,pnq af € argmaxE(malel, a})
el ail

We substitute the optimal efforts deduced in the previous paragraph into their expected

gains. The first order conditions of F (7wg|e5, a5) and E (74| e}, a3) enable us to deduce
the following lemma:

Lemma 2 The efforts of the first period e} and af are written:
L1 1
= A= D)+ 58 2B - O (e D et} (10

ay] =

{a-syx-pyscr-n+ g 0= a-00e- prp ay

> =
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The success probability of the first period:

pi= 2 {X1-Di+C¢[R—(1-n) L+ (1+28,—283) (1-¢)(X2— Dz>2(} |
12

The more the exit probability is high, the more the entrepreneur and the LBO fund will
be induced to provide efforts in the starting stage: given A high, the efforts (10) and (11)
are increasing with (. If the project fails the LBO fund will not get his money back. The
entrepreneur is better off when the project succeeds: if his project is abandoned, he will be
paid nL, otherwise, he gets nothing. Moreover, the effort of the entrepreneur (respectively
the LBO fund) is increasing (respectively decreasing) with the compensation cost. Given
high fraction of compensation to the entrepreneur will induce her to provide more effort in
the starting stage. Notice that the net revenue of the competitive buyout R has an impact
only on the fund’s effort which is very intuitive.

As in the previous lemma, we find that the entrepreneur’s effort ef (respectively the
LBO’s effort af) increases with his part of benefit 8; and/or S, (respectively 1 — 3, and/or
1 —B5). Besides, these efforts decrease with the debt payments Dy, t = 1, 2.

The lemmas 1 and 2 show that the efforts of the entrepreneur and the LBO fund are
independents: they play a strictly dominant strategies.

The probability p; does not depend on 8, and p5 does not depend neither on 5, nor on
Bo. This result is closely related to the assumptions of the model because the efforts are
perfect substitutes and the agents have the same function of cost.

The entrepreneur’s objective is to maximize her expected gain given the participation
constraints of the LBO fund and the bank and the incentive constraints:

E(rg)= pi{B1(X1— D1)+ (1 =) [Bap2 (X2—D2) — ci (e2)] + (nL}
—cg(er))—K+i+1.

max
i, I, By, Dy, et, ag, t=1, 2

s.t. (CPys), (CPp), (8), (10) and (11)
with the following conditions:

(Hand 0< B, <1, t=1,2.

3 The optimal financial contracts without the write-off
option

In this section, we consider first the case where the LBO fund cannot abandon the entre-
preneur’s project because there is no competitive buyout looking for advice and for money.

If ¢ =0, the equations (10) and (11) are therefore written:
. 1 1 2
e =y B1(X1— D) + 552(2 — B3) (X2=D3) (13)

*_
a; =

(1= 50 (X1-D) + 551 = ) (X - oY (1)

> =
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Then, the success probability of the starting stage is given:

1 1
pi= N Xl—D1—|—5(1 +28, — 263) (X2 — D2)” (15)

The efforts of the entrepreneur and the LBO fund and the success probability of the
productive stage do not change: they are given respectively by (8) and (9).

The participation constraints of the LBO fund and the bank enable us to write:

E(ra)= pi{(1—5)(Xi—=D1)+ (1= B)p2(X2—D2) —ca(az)} —calar) —i >

E(rp)= pi{Di=(1—=7)C+ps(D2—7C)}+C—-12>0

Given the previous results, we are able to solve the entrepreneur’s program. Her aim is
to maximize her expected gain under the incentive and the participation constraints. The
program to be solved is the following:

E(rg) = p1[B1(X1—D1)+Byp2(Xo—D3)—cg(e2)]
—cE(el) —K+i+1

. max
Bty i, I, Dy, er, ag, t=1, 2

s.t. (8), (13), (14), (16) and, (17)
with the following conditions:
(Hand 0< B, <1, t=1, 2.

Because of the competition among the LBO funds and the banks, the participation
constraints (CPp) and (CP4) are binding. So we can write:

i =p1 {(1 = B1)(X1— D1)+p2(1 = B5)(X2 — D2) — calaz)} — calar), (18)
I'=pi{D1—(1—=7)C+p2(D2—~C)} +C. (19)

We substitute (18) and (19) into the objective function of the entrepreneur’s program.
Consequently, the optimal financial contracts induce her to maximize the expected social
value of the project under the incentive constraints such that:

5D max 2V = p[Xi—(1=79)C+ps (Xo—~vC) — cgea) — calag)]
+C — K —cg(er) —cal(ar)
s.t. (8), (13) and (14)
with the following conditions:

(and 0< B, <1, t=1,2.

The following proposition summarizes the properties of the optimal financial contracts:

Proposition 1 The optimal financial contracts are given by:
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o If the project is not very risky, in the sense X1 <2 (1 —~)C and Xs < 27C':

1
D =2(1-7)C - X; + X(Xz —~0)?
D} =290 — X
2
N 2 1 9
I =C—)\{X1—(1—7)C+)\(X2—70)}
3 1 2
k9 o - - - 2
= gy [ K= 1= C 5 (Xm0

o [f the project is very risky, in the sense X1 > 2(1 —~)C and Xy > 27C:

Di=D;=0
r—c- Lla-neo+ixne| |xi+ 2 x)
= b\ Y b\ 27 1y e
.3 3 51?
1 _8)\|:X1+4)\<X2):|

The amount of equity issued by the entrepreneur is given by: W* = K —i* — I*.

Whether the project is highly risky or not, the entrepreneur and the LBO fund have equal
payoffs: By =%, t=1,2.

See appendix A.

This proposition states that whether the project is very risky or not, the acquisition must
be funded jointly by the entrepreneur, the LBO fund and the bank: all agents have to invest
strictly positive amount of money in the entrepreneur’s project. Besides, the entrepreneur
and the LBO fund have equal benefit’s shares. If the optimal contracts attribute high share
to one of them, they will induce him to provide high effort but simultaneously, they will
reduce the effort of the other one. Hence, the optimal financial contracts have to induce
both parties to provide optimal efforts.

Note that the debt’s payments are decreasing with the outcome of the project in the
starting and the productive stages. Consequently, the entrepreneur and the LBO fund are
tempted to announce a success to the bank whatever happens. In case of failure, they are
better off if they sell the project’s assets and pay D; to the bank and share the difference
between them.

When the project is not very risky, the entrepreneur and the LBO fund provide the first
best efforts. The levels of these efforts are not very high since the difference between the
revenues of success and failure is small, it is easy to induce them to provide the first best
efforts. The presence of the bank, more specifically the threat of liquidation induces them
to make efficient investment decisions. This is no longer true when the differences between
the revenues of failure and success are large. The efforts provided by the entrepreneur and
the LBO fund are lower than the optimal efforts (5), despite the fact that we use a powerful
incentive scheme where the optimal debt contract exhibits the features of a "live or die"
contract: the entrepreneur and the LBO fund share equally the revenues of success and
pledge the entire revenue of failure to the bank. So, they provide the following second best
efforts:

e} =a} = 5 [Xl + 2 (XQ)Q] and e} =a3 = 37 X2 (20)
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These efforts induce the success of the project with the probabilities pj and p3 given
respectively by:
pi=1 X+ & ()] and py=ixe (21)

The expected gain of the entrepreneur is therefore given by:

3 3 ?
E(7h) = gy [Xl + (XQ)Q] —W.

The entrepreneur does not capture the social value of the project.

Whether the project is very risky or not, given A high, the amount of debt I is larger
than the amount of equity ¢ issued by the LBO fund. This is consistent with the excessive
use of debt noticed in the buyout acquisitions.

The LBO fund issues high equity when the project is not very risky. Consequently, the
bank invests higher amount of debt when it is very risky. This may be explained as follows:
more the collateral is large, more the bank will be induced to lend money. Moreover, the
amount of debt I (respectively equity ) is decreasing (respectively increasing) with the
revenues of success of the two stages.

3.1 The bank’s payments are non-decreasing with the project’s rev-
enues

Consider now that the entrepreneur and the LBO fund cannot lie about the project’s result
to the bank: the financial contracts are specified such that the bank’s payments are non-
decreasing with the revenues of the project. We add the following conditions D; > C and
Dy > vC to the entrepreneur’s program.

Proposition 2 The optimal financial contracts are given by:

D§=C and D§=~C (22)

c_ Ty ot 2 x, a0
I —C{l—‘y—)\ |:X1 C+4)\ (Xg ’}/C) :|} (23)

and
. 1

ﬁtziat:172 (24)

.3 3 517
1 8)\|:X10+4>\(X2’)/C) :| (25)
We=K-—i°—-1I° (26)

See appendix B.

Note that the bank’s payments do not depend on the quality of the project. In this case,
the entrepreneur and the LBO fund provide the following efforts:

1 3
ef =af = o X1—0+E(X2—70)2 (27)
1

5 = a5 = 55 (X2 —1C) (28)
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These efforts are not optimal and they are inferior to the ones given by (20). Considering
that the payments of the bank are non-decreasing reduces the agents’ incentive to provide
efforts.

The efforts (27) induce the success of the project with the probabilities:

=1 [X-C+ & (-0 and p5=14(Xz—10) (29)

In contrast with the previous propositions, the amount of debt is higher than the col-
lateral of the starting stage C. The clause of non-decreasing payments ensures to the bank
to get higher success payments D; if the project is not very risky, and a strictly positive
payment if the project is very risky. Given A high, the amount of additional debt is not very
large.

4 What is achieved without debt?

Hereafter, we consider that the bank does not contribute financially into the project. The
optimal holding contract must determine endogenously the fractions of benefit given to the
entrepreneur and to the LBO fund at the end of each stage.

The entrepreneur and the LBO fund choose the levels of efforts és and as maximizing
their expected gains given by:

E(rh/X1 = X1) = By [p2 (X2 —7C) +7C] — cg (e2)
E(r%/X1=X1) = (1 - By) [p2 (X2 = 4C) +vC] — ca (a2)

According to the first order conditions of E(n%/X; = X)) and E(n% /X, = X1), their
reaction functions in the productive stage are written:

€y = §B2 (X2 —9C) and ag = %(1 — By) (X2 —~C) (30)

Consequently, the success probability of the second period is given by

D2 = % (X2 —10) (31)

We substitute é3, ao and py for their expressions given by (30) and (31) into the expected
gains of the entrepreneur and the LBO fund:

E(rg/éz,az) = p1{B; (X1 —-C) +52 [p2 (X2 —7C) +~C] — cp (e2)}
+5,C —cp (e1) —

E(ma/éz,az) = pi{(1-51) (X1 —-C)+ (1 — B) [p2 (X2 = 7C) +~C] — ca(a2)}

“r(l—ﬁ) —CA( ) K+W

The first order conditions of E(rg/és,a2) and E(m4/éa,ads) enable us to deduce their
reaction functions in the starting stage:

1=, [ 31X = OO+ 522 = ) (Xa =10’ (32)

d1=i[(1—51)(X1—C)+(1—62)70+1( B (X, 70)2] (33)
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Accordingly, the success probability of the first period is given by:

p1= % Xi—(1=79) C‘L%(l +26, — 263) (X2 = 7C)? (34)

The optimal financial contracts induce the entrepreneur to maximize the social value of
the project under the incentive constraints (30), (32) and (33) such that:

V= mlX = (=) C 4 p2 (Xz —7C) —cple) — calaz)]
+C — K —cg(er) —ca(ar)

By, % €, a¢, t=1,

s.t. (30), (32) and (33)
with the following conditions:

0<B<1t=1,2

The properties of the optimal holding contract are presented in the proposition 3:

Proposition 3 When the LBO fund issues i = K — W, the entrepreneur and the LBO
fund must get equal revenues in both periods: [, = %, t =1, 2. The entrepreneur and the
LBO fund issue the following amounts of equity:

- 1 3 3 2
W=K-;C-= {Xl (1=7)C+ 5y (X 70)}
1., 3 3 2

See appendix B.

This proposition states that the shares of benefit given to the entrepreneur and to the
LBO fund do not depend on project’s revenues: whether the result of the project in the first
period is a success or failure, they must perceive equal parts of the benefit.

Given the incentive constraints (30), (32) and (33), the optimal efforts are written:

€1 =01 = 35 Xl—(1—7)0+%(X2—70)2} and & =ay = 55 (X2 —vC)  (35)

These efforts are inferior to the first best efforts and even to the efforts (20) provided by
the entrepreneur and the LBO fund if the project is highly risky. When the debt’s payments
are non-decreasing with the outcome of the project, in the productive stage, they provide
the same levels of efforts whether the project is financed with debt and equity or just with
equity. But, in the starting stage, é; and a; are superior to (27). We conclude that the
presence of a passive financier such as the bank induces the entrepreneur and the LBO fund
to make low efforts which reduces the performance of the project. This implies that the
efforts are the highest when the project is financed solely through equity.

The sharing rule does not depend on financial capital structure of the project, but it
depends on the incentives to efforts. As explained in the previous sections, the agents have
the same cost function and their efforts have equal impacts on the success probabilities, the
optimal financial contracts must boost simultaneously the agent’s incentives to provide the
required efforts. If one of them has the highest part of the payoff so that he makes more
effort, the other one will make less effort.
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5 The optimal financial contracts under the write-off
threat

Consider now that the LBO fund may leave the project if there is a success at the end of
the starting stage to invest in a new acquisition with a strictly positive probability of exit:
¢ > 0. Hereafter, we consider that the bank’s payments are non-decreasing.

The competition among the LBO funds and the banks induce A and B to offer the
entrepreneur the best contracts possible such that the participation constraints (PC4) and
(PCp) are binding which enables us to write

+C

i = pi{(1-01)(Xi—D1)+((R-L)
+ (1(— C)) [(1 = By) p2 (Xa—D2) — ca (a2)]} (37)
—CA Q7

Substituting (36) and (37) into the objective function of the entrepreneur gives the
following program:

B,D,in,az)z{,tzl,zE(ﬂE): p{Xi—[1-(1-0"]C+(R
+ (1= ¢) [p2 (X2 —7C) — cg (e2) — ca (a2)]} (38)
+C — K — cg(e1) —ca(ar)

s.t. (8), (10) and (11)
with the following conditions:

(1), D>Hand 0< g, <1, t=1,2. (39)

5.1 The financial structure when the information is perfect

If there is no double moral hazard problem, the expected gain of the entrepreneur is given
by (38). It is surprising that E (7g) does not depend neither on 1 nor on L but it depends
on R. Hereafter, we show that if the compensation cost is exogenous, the entrepreneur’s
share of compensation 7 is an increasing function of R. But, if it is endogenous, L increases
with R and the whole amount will be paid to the entrepreneur.

When the information is perfect, the efforts that maximize the expected gain of the

entrepreneur are given by the first order conditions of E (7g). They are written

=’ = -n-a-oncrars fa- -0t )

1
e = af! = £ (X2 = 1C) (41)

When the information is perfect, both agents provide the first best efforts in the pro-
ductive stage.
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If the net revenue of the competitive buyout is high (R > (), they provide high efforts
in the starting stage: (40) are superior to the first best. In the opposite, the entrepreneur
and the LBO fund are induced to provide low efforts because the LBO fund is not tempted
to exit: if he does, his expected gain -after the payment of the compensation cost- is low.

Then, the project succeeds with the probabilities

o7 =2 X— 1= 0= 0rl 0+ R+ 1= (6 —707 (42
P =3 (%, -1C) (43)

The expected gain of the entrepreneur is

B(rE) ==K+ 3 {X - [-1-0nCHeR+ -0 -10f | @

This gain is reached if the efforts (8), (10) and (11) satisfy the conditions (40) and (41).
In this case, the financial capital structure are given by:

R 1
U:Z—l and,@tzi, t=1,2

D2 = 2’}/0 - X2
1
Dy =2[1—(1-0)7)C = X1 2L+ (1-¢) (X2 =70)*
These contracts are signed only if the project is not very risky in the sense X9 < 2vC' and

X1 <2[1=(1-=¢)v]C —2¢L. Moreover, we assume L < R < 2L so that 0 <5 < 1. Note
that the debt’s payments are decreasing with the revenues of the project.

If the efforts are observable, the LBO fund and the bank issue the following amounts of
money

Pl — %{le[1f(174)7]0+CR+§(1*C)(X2fVC)Q}2 (45)
P = C—%{Xl—[1—(1—C)W]C+6R+§(1—C)(Xz—70)2}2 (46)
WP — | _PI _ [PI (47)

5.2 The write-off exit and the agents’ incentives
5.2.1 L is exogenous

Hereafter, we assume that L given by the legislature and focus on the particular case where
the payments of the debt do not decrease when the project’s revenues increase. The following
proposition characterizes the optimal financial contracts.

Proposition 4 When the LBO fund has the option to write off the entrepreneur’s project
at the end of the starting stage, the optimal financial contracts are given by:
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o If R<2L, the competitive buyout is not very profitable and

R
W—f—
. 3
= O

F=C+ {0 -0rC —¢(R-21)

e If R > 2L, the competitive buyout is very profitable and

=1
3 2 3 )
f=C+i\(1—()7(){X1—C+CR+f)\(1—C)(X2—~yC)2}

where | = X1 —C+2((R— L)+ & (1-¢) (X2 — 70)%.

The entrepreneur issues the amount of equity: W=K-i—1.

Whether the competitive buyout is very profitable or not, the bank’s payments of success
are equal to the liquidation values of the project Dy = C' and Dy = yC. The entrepreneur
and the LBO fund have equal payoffs: B, = %, t=1, 2.

The proof of the proposition 4 is presented in the appendix D.

These contracts exhibit the features of the optimal financial contracts discussed in propo-
sition 2: the payments of the bank in case of success are equal to the liquidation values of
the project. The optimal sharing rule of the compensation cost depends on the quality of
the competitive buyout and on the compensation cost.

When the competitive buyout is not very profitable, the compensation cost is paid to
the entrepreneur and to the bank such that:

* If the net revenue of the competitive buyout is high in the sense %L < R < 2L, the
entrepreneur perceives higher compensation than the bank.

* In the opposite, the bank gets the highest compensation if L < R < %L.

The efforts of the productive stage do not change: they are given by (28). These efforts
do not depend on the write-off threat. But, in the starting stage, the entrepreneur and the
LBO fund provide the following efforts

- (48)

The threat of write-off induces the entrepreneur and the LBO fund to provide lower
efforts than in the first best in the two stages. The increase of the write-off probability
induces them to increase their efforts. If the violation cost is high, the exit becomes costly
to the LBO fund. Consequently, the threat of write-off is non credible so they make less
efforts in the starting stage. In this case, the share of compensation paid to the entrepreneur
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(respectively the bank) decreases (respectively increases) if this cost becomes expensive and
increases (respectively decreases) if the revenue of the competitive buyout is high.

When R > L, the alternative project becomes more attractive for the LBO fund but he
must provide high effort in order to succeed the entrepreneur’s project so that he gets his
money back. Despite the fact that the LBO fund will abandon the project, the entrepreneur
prefers working hard in order to reach the success so that she gets a positive payment.

The project succeeds with the probabilities
pr=%l and po = $(Xy — ~C) (49)

In the presence of the write-off threat, the LBO funds issues higher equity than in the case
where he cannot abandon the entrepreneur’s project. In the opposite, the bank’s investment

depends on the write-off cost: if this cost is significantly high, in the sense L € [RJ”C , R] ,

2
the LBO fund is not tempted to exit otherwise, the banks will perceive a high compensation.
This is why he accepts to lend more money to the entrepreneur and the LBO fund. When
the amount of compensation is low, we need more restrictive conditions in order to compare
I and I°.

The expected gain of the entrepreneur is therefore given by

B(rg) = — @07 -W

8\
-W

= 0

When the competitive buyout is very profitable, the efforts of the productive stage are
still given by (28). But, in the starting stage, the entrepreneur provides higher effort than
the LBO fund such that

_ 1
D)

€1

{Xl—O+2CL+5)\(1—§)(X2—70)2}>&1:21/\1 (50)

The higher the revenue of the competitive buyout, the more the entrepreneur will be
induced to make effort: the LBO fund will probably leave the entrepreneur’s project be-
cause the compensation cost becomes not significant and she will get the whole amount of
compensation. So she is better off in case of success. This is result is not very intuitive:
despite the fact that the bank has equal payments in cases of success and failure, he gets a
compensation’s share only if the competitive project is not very profitable. But, notice that
in this case the LBO fund issues a low amount of equity. So in order to induce the bank to
lend them more money, he must give him a strictly positive compensation’s share in case of
write-off.

This is no longer true if the competitive project is very profitable, the LBO fund issues
more equity than before; there is no need of additional funds from the bank. To induce the
entrepreneur to invest efficient effort, he must get the entire amount of compensation. In
this case, the entrepreneur’s effort is higher than the LBO’s effort despite the fact that e
and a are perfect substitutes and both agents have the same functions of cost. The sharing
rule of the compensation depends on the financial structure and the agents’ incentives.

At the opposite, whether the new acquisition is very profitable or not, the LBO fund
provides the same level of effort.
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Then, the project succeeds at the end of the first period with the probability :

p1= 1{X1 —C+CR+3(1—C)(X2 —70)2}
A 4N

higher than %l. This is an interesting fact because the LBO fund may use the write off
decision as a powerful incentive given to the entrepreneur to make him working hard. This
result is consistent with what is noticed in LBO acquisitions: if the project does not meet
his short term objectives, the LBO fund threatens to leave the project. Note that when the
competitive project is very profitable, in contrast with the bank, the LBO fund issues lower
equity than when it is not very profitable.

Note that in both cases, the levels of efforts (48) and (50) are inferior to those provided
when the efforts are observable (in perfect information) but superior to (27); when the debt
payments are non-decreasing with the revenues of the project and there is no competitive
buyout.

Suppose now that the project is implemented without debt. In this case, the entrepreneur
and the LBO fund will share equally the revenues (as in the proposition 3). If the fund
leaves the entrepreneur’s project, he must pledge the entire amount of compensation to the
entrepreneur.

Then, the entrepreneur and the LBO fund provide the following efforts:

elz;A{Xl—CHCLJr(l—C) %(Xz— 70)2+70H (51)
11
alzﬁl—Fﬁ(l_C)Vc (52)

In the second period, the efforts are given by (35). It is easy to check that financing the
acquisition through the LBO fund induces the agents to provide the highest efforts even if
there is a write-off threat. The efforts (51) and (52) do not depend on the quality of the
competitive project.

We conclude that it is optimal to issue equity to finance the entrepreneur’s project.
Otherwise, they ask for debt. To induce the entrepreneur to provide high efforts, the LBO
fund must threat her with the exit before the date 2.

5.2.2 L is endogenous

Hereafter, the compensation cost L is a variable to be determined endogenously in the
financial contracts.
Proposition 5 The optimal financial contracts are written
Di=C and D3=~C
1
rr'=Cc+ Xqﬁ(l - )1 C
and
L*=IR, nn=1 and B;=3t=12
ko 3 2
T
W=K—i" - 1I*
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where ¢ = X1 —C +(R+ 35 (1—() (X2 — 7O)2.
The proof of this proposition is presented in the appendix E.

The optimal financial contracts have the same properties of those analyzed in the propo-
sitions 2, 4 and the lemma 3. The proposition 5 states that the entrepreneur must perceive
the whole compensation cost because the bank perceives the same revenue whatever hap-
pens.

The efforts of the second period does not depend on the type of the variable L: they are
given by (28), but those of the first period become

1

o\ (53)

el =aj =

Notice that these efforts are higher than the efforts (50) but still lower than the efforts
provided when the information is perfect.

It is easy to check that the amount of compensation is specified such that the competitive
buyout looks not very profitable to the LBO fund. Hence, the threat of write-off becomes
incredible. As explained before, if the project is financed through the LBO fund, both agents
are induced to provide the highest efforts.

6 Conclusion

The aim of this paper was to study the financial structure in LBO acquisition and to take
into account the active role of the LBO fund. We focused on the debt’s influence on the
agent’s incentives in the presence of a double sided moral hazard problem: the entrepreneur
and the LBO fund provide unobservable efforts which improve the project’s performance.
We considered a dynamic agency model with two periods: the starting and productive
periods.

Under the condition that the debt’s payments are decreasing with the project’s outcome,
we show that if the project is not very risky, the presence of the bank boosts the agents’
incentives so that they provide the first best efforts. This no longer true when the acquired
company is very profitable, we need powerful incentive mechanisms: despite the fact that
the debt contract exhibits the features of a "live or die" contract, the entrepreneur and the
LBO fund provide the second best efforts.

This research contributes also to the financial literature that links the exit route and the
agents’ incentives. It analyzes some characteristics of the LBO finance, namely the write-off
exit in LBO. This exit route induces the partners to provide high efforts when the project
is financed through a mixture of debt and equity under specific conditions. However, these
efforts are not optimal: the entrepreneur and the LBO fund provide higher efforts if the
acquisition is financed only with equity.

The current paper studied the characteristics of the standard debt-equity contracts and
the pure-equity contracts. However, the use of convertible securities such as the convertible
bonds ans the convertible preferred stocks becomes prevelant in the buyout projects. This
is surprising because these securities are rarely issued in the presence of a passive financiers
such as the banks and other outside equity holders. In practice, the LBO fund can convert
his debt/stocks into equity in order to increase his controle of the company which reduces
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the profit and controle of the entrepreneur. It would be intresting to examine how the use
of these securities influences the agents’ incentives as well as the financial structure, namely
the debt to equity ratio.

The decision concerning the exit route can induce agency conflits between the entrepre-
neur and the LBO fund. The former prefers the IPO exit such that the acquired company is
listed on a perfectly competitive stock market. Consequently, she keeps her position and the
controle of the company and can get private benefits because of the information asymetry:
the shares are sold to a wide spectrum of outside investors. In contrast with the entrepre-
neur, the LBO fund prefers quick exit routes to get back his money and to invest in a new
deal. He takes usually full exit decision of the buyout investments such as sale. Emprically,
the probability of an exit via sale was the highest in the buyout stage. To my knowledge no
theoritical paper adresses the topic of exit routes in LBO finance. It would be intresting to
answer to the following question: how the financial structure in LBO investments solve the
agency conflicts due to the choice of the exit route?

In future research it would be insightful to study the other exit routes such as IPO, trade
sale and buybacks and their influences on the agents’ incentives. Research in this direction
is still pending.

Although the investors and financiers point out that the strip financing and the debt
syndication play a major role in mitigating the problems of agency conflicts and information
asymmetry, there are no academic papers analyzing how they solve for such problems in
buyout investments.
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Appendix

A Proof of proposition 1

A.1 The entrepreneur’s project is not very risky

The question raised now is the following: what are the parameters’ values that the incentive
constraints (8), (13) and (14) must satisfy in order to implement the first best solution?

Technically, this is possible if the first best efforts given by (3) and (4) satisfy the
conditions (8), (13) and (14). We deduce that:

B =pBs= 3 Di :2(1—7)C—X1+X(X2—70)2 and D} = 27C — X,

Note that these solutions exist under the conditions:

1 1
(1=7)C+ g5 (X2 =7C) < X1 <20 -7)C+ (X2 —7C)? (55)

The first term of (55) is always satisfied given A high and X; > C but the second term
is fulfilled if X; < 2(1 —+)C.

We conclude that when the project is not very risky, in the sense X; < 2(1 — +)C and
X5 < 2vC, the entrepreneur and the LBO fund provide the first best efforts in the two
periods.

Substituting 3, = 1 and D;, t =1, 2 into the equations (18) and (19) gives the optimal
financial investments of the LBO fund and the bank so that we get the results of the first
part of the proposition 1:

2

L. 3 1
"=y [Xl ~(1-7C+y (XQ—WC)Q}
2 1 2
r=c-< {Xl —(1-mC+y (XQ—VC)Z}

Given A high, check that I* is strictly positive and significantly high.
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When the project is very risky in the sense X; > 2(1 — 4)C and Xs > 27C, we have to

write the Lagrangian program with all the constraints given by:
L= X - Dot A1 +28, - 263) (Xo-Do)} (X1 — (1 - 7)C
+ 3 (X2 = D2)(Xo —7C) = (1 — 28, + 265)(Xo — D2)2}
& (B -Da) a2 — 6) (o= D2))

~ L {(1 — 1) (X1 — D1) + 5 (1 3) (Xz—D2)2}2

+C = K + p1 8y + paBs + ps(1 = B1) + pa(l — B)
1501 + pg D2 + pr (X1 — D1) 4 pg (X2 — Ds)

Where p;, j = 1..8 are the Kuhn-Tucker multipliers.

The Kuhn-Tucker conditions give:

P& = 3(X,=D1) |(1 = 28,)(X,—D1)+55 (1 = 28,) (X3—Da)”
+py —pg <0
£r120

oL
—— =0
ﬁlaﬁl

= (X2—D2)* {(X1 — C) + (1 — B;) (X1 — Dy)
+3X2(X2 — Da) + 55-85(2 — 38,)(X2 — D2)?}

— 5By (X2—D2)* {2(X; — C) + (X; — Dy)
+2X5(Xo — Do) — 55 (1 — 6B, +683)(X2 — D2)?}

g —py <0
By >0
oL
——~ =0
P33,
2 = —L{X1—(1-9)C—(1-p)(X1—Dy)

+3 (X2 =1C) (X2 = D) = 55-(2 =26, + 53)(Xa — D)’}
~18,{(1-26,) (X1 = D1) + (1 - 28y) (Xo-D2)* |

s — pr <0
Dy >0
oL
DlaiD1 =0
2L = —L(1+28,-283) (Xoa—Da) {X1 —(1—7)C
+3 (Xo =7C) (X2 = Da) = 55-(1— 265 +263)(X2 — D»)*}
— 5 {(X2 —7C) = (1 - 2B, +2B3)(X2 — D2)}

{X1- Dy + &1+ 28, - 263) (X,-Ds)°}
55 85(2 = B5) (Xa—D2) { By (X1~ D)4 55852 = By) (X2=D2)° }

55 (1= 3) (Xo=D2) {(1 = ) (X1 = Dy) + (1 - 83) (Xo—D2)*}

e — g <0



Dy >0 (66)
oL
Dy Do = 0 (67)

The complementary slackness conditions are written:

%:51207 =0, pf =0 (68)
G =020, 1y >0, pyBy=0 (69)
597‘3=1—ﬂ120, py =0, pg(1—p1)=0 (70)
3%1:1*52207 g =0, py(l=PBy)=0 (71)
Se=D120, ps>0, pzDy=0 (72)
Se=D220, pg>0, pgDy=0 (73)
Ge=X1=D120, p; >0, pr(Xy—D1)=0 (74)
ngS:XQ—Don, pg >0, pg(Xo—Dy) =0 (75)

It is straightforward to see that Dy # Xo otherwise, the project will fail with probability
one in the second period. Hereafter, we will discuss the following cases:

1. D1:X1,O<D2<X2and0<,6’t<1,t:1,2

According to (68), (69), (70), (71), (72), (73) and (75), the Kuhn-Tucker multipliers
By = Py = Mo = fig = pi5 = g = pg = 0. We substitute Dy = Xy and py = pg = pp =
ty = s = phg = tg = 0 into the first order condition (56) such that:

(1—252>{<X1—0>+1X2<X Do)+ 58, (1 - By) (Xa - D2>2}=o (76)

A 2\
The latter condition is satisfied only if 8, = 5. Given D; = X1, (64) is satisfied only
if (62) is binding:
% { C + 5 ( 'YC X2 - DQ)} (77)
1 [2 - 252 + B85 — 51(1 —28,)] (X2 — Dy)?
Substituting S, = 5 in (65) gives:
3{x, - 7)C+ 5 (X2 —9C) (X2 — Do) — (X2 — D3)?} (78)

+% (X2 DQ) {(XQ—’YC)—*(XQ— .D2 }+16)\ XQ—D2)2:0

Let Y = (X2—D3), the equation (78) becomes therefore:

21 ., 9 3
SV L (Xy—CO)Y — 2 [Xy— (1— =

The latter equation has two solutions:

o ¥i=8(X2—70) = 21/9(Xz —70)* + A X, — (1 —=7) C] < 0

o Yo = 8 (X2 —7C) +21/9(Xz —7C)* + A [X; — (1 =) C]
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Y =Y, we get:

1 6 2 2
DQ:?X2+7VC—§\/9(X2—VC) A [X) — (1—7)C] <0

This leads to a contradiction with our starting hypothesis.

.D1:0,0<D2<X2&Hd0<ﬁt<1,t:1,2

According to the conditions (68), (69), (70), (71), (73), (74) and (75), p; = pig = pi5 =
ty = pig = iy = ptg = 0. Consequently, the conditions (56) and (59) are written:

X0 (1= 260)(X ) g5 (1 26) (XK= D)? | =0 (79)
(1=2B,) [(X1 = C) + 3 X2(X2 = Do)+ 558 (1 = B) (X2 — D2)? (80)

(1= —B2) X1 =0

(79) and (80) are satisfied only if 8, = %, t =1, 2. Substituting D; =0, 8, = %, t=1,
2 and py = py = pg = py = ptg = H7 = pg = 0 into the equation (65) gives:
3 (Xo=D2) {3X1 = (1 =) C+ } (X2 —=7C) (X2 — Da) — (X2 — D2)?}
—{(X2 = 70) - §(Xz = D)} { X1 + & (X2-D2)} =0
(81)

Let Y = (X2—D3), (81) becomes:

21 5 9 9 1 3 B
ﬁY +E(X2 ~C)Y +Y{4X1 5(1 ’y)C}+X1(X2 ~C) =0

The latter equation has no real solution.

.D;=0and 5, =0,t=1,2

According to the equations (70), (71), (74) and (75), the Kuhn-Tucker multipliers
Wy = py = py = pg = 0. Substituting D, =0, 8, =0,t =1, 2 and pug = py = py =
tg = 0 into the first order condition (56) gives:

1 1 )
< =X, | Xi+— (X
Y 1[1+2)\(2)]<0

which does not satisfy (68).

.D;=0and g, =1,t=1,2

According to the conditions (68), (69), (74) and (75), uq = pe = py = pg = 0. We
substitute D; = 0,¢t=1,2, 8, =1 and pq = puy = py = ug = 0 into (56) gives:

1 1 )
— X | X (X
t3 3 1[ 1+2>\( 2)]<0

. D1:X1,D2=0and0<,3t<1,t:1,2

According to the equations (68), (69), (70), (71), (72) and (75), the Kuhn-Tucker
multipliers py = py = pig = py = ps = pg = 0. Then, the first order condition (62)
implies:

pr= —3{X1—(1=7)C+ X2 (X2 —70) + 51 [B2(2 — B3) + 1 (1 — 28,)] (X2)?}
<0

(82)
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6.0<D;<Xpand0< B, <1,t=1,2
According to (68), (69), (70), (71), (72), (73), (74) and (75), u; = 0, j = 1..8. We
substitute these multipliers into the first order conditions (56), (59), (62) and (65)
such that we obtain the following system:

(1=261)(X,=D1)+55(1 = 28,) (Xo—D2)" =0 (83)
{(X1=C)+ (1 —8,) (X1 — D1) + 3 X (Xo — D2) + 55 B2(2 = 385) (X2 — Dy)*}
—B2{2(X1 = C)+ (X1 — D1) + $X2(X2 — D3) — 5 (1 — 68, + 663)(Xo — Ds)? }=0

(84)
—{Xi—(1=9)C—=(1-8) (X1 = D1) = 55-(2—20,+63) (X2 — Dy)?
+3 (X2 =9C) (X2 = D2)} = B, {(1=28)) (X1 = D1) + (1 = 28,) (Xa=D2)*} = 0
(85)
—(1+ 262 —263) (X2—D2) { X1 — 7)C + 5 (X3 —9C) (X2 — Do)
— (1 =28, +263)(X2 — Dz) }
—{(X2 = 10) = (1= 28, +263)(Xa = D)} {X1 = D1 + (1 + 28, — 283) (X2—-D2)’ }
+82(2 = B2) (Xo—D2) {81 (X1=D1)+35 B2(2 — B,) (Xa—D2)* |
+(1 = 3) (Xa=D3) { (1= 6,) (X = Dy) + (1 - 3) (X-D)°} =0

(86)
Note that the equations (83) and (84) are satisfied only if 8, = 4, ¢ = 1, 2. Then, (85)
and (86) are written
1 1 5
X1=(1=7)C =5 X1 = D)+ 5 (X2 =7C) (X2 = D) = o=(Xa — D3)* =0
(87)
%(XQ DQ {Xl )C+ 1 (XQ—’YC) (XQ— Dg)— ﬁ(XQ— DQ)Q}
(X5 —C) f(XQ ~ Do)} {X1 Dy + 4 (X,-D2)°} =0
(88)

The equation (87) enables us to deduce:

> —(Xo — Dy)? (89)

2 (X2 —0) (X2~ Do) + 12

Dl :2(17"}/)07)(17 \
Substituting Dy for its expression given by (89) into (88) gives:
3 (Xo=Da) {X1 = (1=7)C+ 5 (Xo—7C) (Xo — Dy) — 75~ (X2— D2)?}
T 50) 306 D) )
{2[X1 = (1=9) C] + 2 (X5 —4C) (X3 — D) — 5~-(Xo — Dy)?} =0
Let Y = (X3 — Ds), the equation (90) becomes:
AV - (-0 + {3 (X —10P - X - (1= I} Y
+2(X2 —7CO) [ X1 = (1=7)C]=0

This equation has three solutions:

° }/1:2(X2—’)/C)$ifY:Y1,DQZQVC—X2<O
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e ¥y = 2(X3—10) +2/(X2 =70 + A[X1 —(1-7)C] = if ¥ = Y3, Dy =
290 — X5 — 21/ (Xo =4O + A[X1 — (1) C] < 0

o ¥y =2(Xz —7C) = 2\/(Xa —7C)? + A[X1 — (1 =) C] < 0.

7.0<D1<Xy;,D;=0and0< B, <1,t=1, 2.

According to (68), (69), (70), (71) (72), (74) and (75), p; = 0, Vj € {1..8} / {6}. Then
the condition (56) is written:

(1= 26,) (X, D) g5 (1 - 28) (X2)* =0

It is satisfied only if 5, = %, t =1, 2. Substituting Dy =0, pu; =0, j = 1..8/ {6} and
B, = 1 into (62) and (65) gives the following system:

1 3
le(lf’y)C**(Xl D1)+2)\X2 <4X22’)’C) =0 (91)

e < g X {X1 = (1-7)C 43X (X2 —1C) — 3 (Xi-D1)} (02)
552 (X2 — 270) {Xl - D1+ & (X2)2}

According to (91), if there is success, the bank’s payment in the starting stage is

written: 3

1
Dy =2(1-7)C—-X; - )\*Xz(ZXz —27C) (93)

It is straightforward to see that Dy < 0 when X; > 2(1 —~)C.
8. Dy=0and 0< 5, <1,t=1,2

The conditions (63, (09). (7). (71). (74) and (75 give iy = o = sy = iy = iy =
tg = 0. Substituting Dy =0, ¢t =1,2 and p; = py = pt3 = p4y = pty = ptg = 0 into the
conditions (56) and (59) gives:

(1 2ﬂ1)X1+ 3 (1= 282) (X 2)" =0 (94)

{2-B)X1—-C+ m (2+ 203, — 3ﬁ2 2)%} (95)
—By {(3X1 —2C) + 5 (3+ 68, — 653)(X2)?} =

The equation (94) and (95) are satisfied only if 3, = 1, t =1, 2.

Then, we substitute D; =0, 8, = 3, t = 1,2 and p; = pg = 0 into the (62) and (65)
such that:

1 1 3

N’GS )\2X2{X172(17 )C+1X2 (3X272’)/C)}
+5k (Xs — 290) [Xl + 5 (Xs) }

If pis and pg are Kuhn-Tucker multipliers, we should get the following conditions:
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Given A high, the condition X; > 2 (1 — ) C enables us to meet the inequality (96).
Consequently, the entrepreneur and the LBO fund provide the following efforts:

| 3
e =at = o\ [Xl + (XQ)Q] (97)
1
6; :a; = KXQ (98)

To get the results of the second part of the proposition 1, we substitute (97) and (98)
into the participation constraints of the LBO fund and the bank. The optimal financial
investments made by the LBO fund and the bank are given respectively by:

2
” 3 3
? 8)\ [X1+4)\(X2)}

1*:0{1— ;(1—7+/\X2> {Xﬁ ?)/\(Xz) ”

We have not presented all the discussed cases but just the most interesting ones, more
detailed proof is available under request.

B Proof of the proposition 2

The Lagrangian is written
L= 3 {X0 - Dyt (1428, - 263) (Xo-D2)’)
(X1 = Q=)0+ £ (%2 = Dy)(X2 =€) = (1 - 28, +28)(X2 - Do)’}
2
— 2 {B(X=D)+ 56,2 — Ba) (Xo—D2)* |

{080 (X0 D)+ K- 8) (XD}

+C — K + py By + paffs + M3(1 — B1) + gy (1 = By)+ps Dy
+pg D2 + pr (X1 — D1) + pg (X2 — D2) + pig (D1 — C) + 119 (D2 — 7C)

Where p;, j = 1..10 are the Kuhn-Tucker multipliers.

The Kuhn-Tucker conditions give:

26 = L(X,~Dy) [(1-26,)(X,~D1)+55(1 — 26,) (Xo— Do)

9B, (99)
g —p3 <0

f1 =20 (100)

oL (101)

o5, ="
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B = 3 (XD’ {(X1 = O)+ (1= 61) (X2 = Dy)
+5Xo(X2 — D2)+ 7 B2(2 = 3B,) (X2 — D2)?}

/\262 (Xo—D5)* {2 (X1 — C) + (X1 — Dy) (102)

+2X5(Xo — D) — 5--(1— 685 +653)(X2 — D2)?}

+pg — g <0
fa =0 (103)
62872 = (104)
557 = &1{ ~(1=7)C= (=B (X1~ Dy) \

+5 (X2 =7C) (X2 — Ds) — QA (2 — 285+ B3)(X2 — Da)?

18, {(1=26,) (X1 — D1) + (1~ 26,) (X>-D2)*) (105)
Apts = pi7 + prg <0
Dy >0 (106)
oL
Dy — aD; =0 (107)
i = —ar(1+28, —263) (Xo—Do) {X1 — (1 =) C

06 -70) (X~ Do)~ (1 - 28, + 263X, - Doy}
—32 {(X2 —7C) — (1 - 28, + 265)(X2 — Ds)}

X1 — D1+%(1+252_25§)(X2_D2)2} (108)
3502(2 = B2) (Xo—=D2) { Bu(X1=D1)+ 3852 = B) (Xa—D2)° }

5t (1= 83) (Xo=D2) { (1= B1) (X1 = D1) + 35 (1 = B3) (X2=D2)*}

+hg — pg + pg < 0

Az
1
P

Dy >0 (109)
oc
D 11
25D, ~ ° (110)

The complementary slackness conditions are written:

Go=B120, py >0, mB =0 (111)
G =B2=0, >0, pyBy=0 (112)
Ge=1-0120, py>0, py(1-By)= (113)
S =1-820, >0, py(1-B,) = (114)
%=D120, ps >0, wusD; =0 (115)
(9%:%207 pe =0, pgD2=0 (116)
%7=X1—D120, pr 20, pr(X1—D1)=0 (117)
Go=Xo=D220, pg>0, pg(Xo—D3)=0 (118)
Ge=D1—=C20, pyg>0, py(Dy—C)=0 (119)
ai;}fOZD?_VOEOa tio =0, pyg (D2 —~C) =0 (120)

We rule out the case where Dy # X5 otherwise, the project will fail with probability one
in the second period.
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1. D1 =X1,0< Dy < Xy and0<ﬁt<1,t:1,2
According to (111), (112), (113), (114), (115), (116), (118) and (119), the Kuhn-Tucker
multipliers p; = pig = g = gy = ts = Hg = Mg = Hg = 0. We substitute D; = X,
and iy = fig = o = iy = fg = [tg = Mg = fig = 0 into the first order condition (99)
such that

3

(-2 {1~ O+ 1 XallXa— Do)+ o)

3 B, (1— By (Xa - D2>2}0 (121)

The latter condition is satisfied only if 5, = %.Given Dy = Xy, (107) is properly
specified only if (105) is binding. Substituting 5, = % into the latter condition implies

pr= —3{X1— (1= C+35(Xa—10) (X2 — D3)— - (Xo— Dy)?} (122)

7 is a Kuhn-Tucker multiplier only if

5

g(Xz — D)? (123)

1
X1 <(1—=v)C— XXQ(X2 — Do) +

Given X high, (123) is never satisfied.
2. D1 =0,0<Dy < Xoand0<f, <1,t=1,2

If D; = 0, the complementary condition (119) cannot be satisfied because g—fg < 0.

3. O§D1§X1,D2:0and0§ﬂt§1 t=1,2
If Dy =0, (120) is not satisfied since == - <0.

4. O<Dt<XtandO<Bt<1,t:1,2

According to (111), (112), (113), (114), (115), (116), (117) and (118), s1; = 0, j = 1..8.
We substitute these multipliers into the first order conditions (99), (102), (105) and
(108), we obtain the following system:

(1= 26,) (X, ~D1)+ g5 (1~ 262) (Xo=D2)* =0 (124)
{(Xhi =C)+(1=5,) (X1 = D1) + XXQ(X2 — D)+ 55-B2(2 = 365)(Xo — D2)?}

—B2{2(X1 = C) + (X1 — D1) + 2X5(Xz — Ds) — 5--(1— 6B, +683) (X2 — D2)?} =0

(125)
3 {X — (1 =7 O+ 3 (Xo =10) (X2 = Dy)
—(1=By) (X1 = D1) = 55 (2 252+52)(X2— Dy)?} (126)
—16, {(1=28)) (X1 = D) + F(1-28,) (X2=D2)* } + 11 = 0
—5e(1+28, = 26)) (Xo=D2) {5 (X2 = 1C) (Xz — Dy)
X1 — (1 —’V)C— 2)\ ( 252 +252)(X2 — Dg) }
(X2 —7C) — (128, +283)(X2 — Dy)}
(X1 = D+ (1428, - 2683) (X2-D,)°} (127)
+5585(2 = B5) (Xa=D2) {81 (X1=D1)43585(2 = B,) (Xa—D2)’ }
3 (1= 83) (Xo=D3) {(1 = B)) (X1 = D1) + 3 (1 - B3) (Xo-D2)* |
10 =0
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Note that the equations (124) and (125) are satisfied only if 8, = 1, ¢t = 1, 2. Then,
(126) and (127) are written

o =3 X1 = (=) 0= F 00 = D)+ 5 (X2 =90) (Xa = D)= e = Do

A 8\
(128)
o= gz (X2=D2) {X1 = (1-9)C =5 (X1-D1) + 5 (X2 =7C) (X2 — D2) = g3 (X2 — D»)?}
(70 % B} (X Dyt & D]
(129)

o If uy = p119 = 0, the equation (128) enables us to deduce that:

2 5
D, :2(1*’7)0*)(1*}()(2*70) (X2 — D2)+K(X2* Dy)?  (130)

Given A, D; < C which does not satisfy (119) because g—li <0.

o If g = 0 and pyq > 0, according to (120), Dy = vC' and D; satisfies (130).
Substituting Ds = vC' in (130) gives

D1=2(1—7)C—X1—§(X2— ’}/C)2<C (131)

o If iy > 0 and pyq = 0, the condition (119) enables us to deduce that D, = C
which is substituted into (129) so that we get

S(X2=D2) {X1 = (1=7)C = 5 (X1-0) + 5 (X2 =7C) (X2 = Ds) — 53 (Xa — Dy)*}
{(X2—7C) = L(X, — D)} {X1 O+ (XQ—DQ)Q} —0
(132)
Let Y = (X3 — D3), (132) gives

—a Y+ iy (N =10 Y2+ 5 (31X - (1-9)C] = 5 (=)} Y

(X =) (X —yC) =0 139

which has no real solutions.

o If pg > 0 and pyq > 0, given the conditions (119) and (120), we deduce that
Dy = C and Dy = yC which satisfy (128) and (129).

Consequently, we conclude that

1

B, =5t=12 D1 =Cand Dy =1C (134)

We substitute (134) into the participation constraints of the entrepreneur and the LBO
fund which completes the proof of the proposition 2.
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C Proof of the proposition 3

We substitute (30), (32) and (33) into the objective function. The entrepreneur’s program
is written:

max V= 3 [X0 - (1) 04+ 28, - 20) (X — 10
| +C - K
2
3k [B1(X0 = C) + B C + £ Ba(2 - B2) (X —10)’]
2
—k (=800 =€)+ (1= 82)9C + (1= 83) (Xz —C)?]

The first order conditions of V' give the following equations system:
1
(1= 28) (X = ©) + (1= 28) [30 + 55 (Xa =20 =

238 | X1~ (L= )0+ (14 28, — 28) (X2 =0

1
—B1(X1 = C) = BnC — 552(2 — B2) (X2 — 70)2 =

This system has two possible solutions but one of them is real and varies from 0 to 1.
This solution is given by:

B,==,t=1,2

1
§a
D Proof of the proposition 4

D.1 The competitive project is not very profitable: R < 2L

Substituting the efforts a; and é;, t = 1, 2 into the objective function gives

max E(rg) =
1, By, D, t=1, 2

%{leD1+C[Rf(lfn)L]+ o (1—¢) (1+28, —2B3) (Xo — D)%}
Xi-[1-01-9 ]0+<R+2A(1 c)[ ( :
747( —B1) (X1 —D1)+((R—L)+ 55 (1-53) (1 CﬂnyDﬂ}
— 2 B (X1 = D)+ L+ 2By (2 By) (1 - ¢) (X2 — Do)’} +C— K

with the following conditions

(1), D1 >C,Dy>yCand 0< 3, <1, t=1,2.

The Lagrangian is given by
= 3 X0 Dy C[R— (1—n) L] + 55 (1= Q) (1426, — 263) (X2 — Do)’}

(X1 =1 =(1=]C+ R+ 35 (1-¢) [2(X2 = D2) (X2 = 70) — (1 =265 +263) (X2 —

— x{1=B) (X =D+ C(R=L)+ 55 (1-83) (1 =€) (Xz = Da)? 3
7%{51(X1*D1)+<77L+2>\32(2 By) (1 =) (X2 — Do) }+C K+ py 81 + pofs

2(Xs — Do) (X2 —7C) — (1 — 28, +263) (X

2 — Do)?]}

Dy)’]}

(L = By) + pg (1 = Bo)+ps D1 + pg Do + pir (X1 — D1) + pg (Xo — D2) + pg (D1 — C) + pyo (D2 — 7C)

Fpq1m + paz (1 =)



The first order conditions are written

= L{Xi—[1- (1= C+((R—nL) — By (X1 — D1)
+3(1-¢) (Xa— Do) (X2 —9C) — &5 (1—¢) (1+83) (X2 — D2)?}
+i — 12 <0
n=0
&C

=0

2e= (X1 —D){(1-28)) (X1 —D1)+([R—(1+n)L]

35

(135)

(136)
(137)

(138)
(139)

(140)

(141)
(142)

(143)

(144)

(145)

(146)

(147)

9B,
o5 (1=285) (1 =) (X2 — Do)?} + 4y —p3 <0
B1>0
615751 =
%2: %(1—5)(1—2%)0{2— Do) {X; —[1-(1-()"]C+(R
+21 (1=¢)[2(X2 = D2) (X2 =7C) = (1 =28, +263) (X2 — D2)’]}
5z (1—¢) (1-28y) (X2 — D2)*{X; — DH‘C[ —(1=mn)L]
+55 (1-¢) (1+252—252) (Xa— Do)} — 32 (1—B5) (1 —¢) (X2 — Dy)?
{51 (X1 —D1) + 2,\52( —By) (1 =¢) (X2 — D2) +C77L}
— B2 (1=C) (X2 = D2)*{(1-p,) (X1 —D1)+¢(R-L)
+ax (1=52) (1= ¢) (X2 — D2)2}+M2—M4SO
By >0
52% =0
o5 = 3 (X -[1-(1-09]C+3 (1= (Xa— Da) (X2 -10C)
—(1=59) (X1 - D1)+CL = (1=9¢) (2—2524'52) (X2 — Dy)?}
— 16 {(1=28)) (X1 = D) +((R— (1 +n) L)
+ax (1—26,) (1*4) (Xzf Dy)?}
Ths = 7+ g <0
Dl >O
Dlaalf 0
2= = (1428, —265) (1— () (X2 — Do) {X1 —[1—(1-()7]C+(R
+35 (1= Q) [2(X2 — D2) (Xo —7C) — (1 =28, +263) (X2 — D»)?]}
3z (1= 0) [= (X2 =7C) + (1 - 28, +263) (Xo — D)) {X1 —
+([R— (1—n) L]+ 35 (1428, —283) (1 - () (X2 — D2)?}
+3 ( —52)(1—4) (X2 = Do) {(1 = B;) (X1 — D1)
HC(R-L)+ 455 (1-63) (1 - )(XQ — Dy)?}
3282 (2= B2) (1= ¢) (Xa = D2){By (X1 — D) +(nL
+oxB2 (2 Ba) (1 - C)(X2_ D3)?} + g — pig + 119 < 0



Dy >0 (148)
oL
Dy — 14
29D, 0 (149)

The complementary slackness conditions are written:

Ge=6120, >0, pp =0 (150)
G =020, >0, Py =0 (151)
%:1—51207 py >0, pz(l—p;)=0 (152)
Ge=1-020, py >0, py(l—pBy) =0 (153)
Ge=D120, ps>0, psD1=0 (154)
Ge=D2a>0, pg>0, pgDy=0 (155)
Go=X1-D120, p;>0, p;(Xy—=D1)=0 (156)
%=X2—D220, ps >0, pg(Xo—D2)=0 (157)
Pe=Di=C>0, 1y>0, g(D1—C)=0 (158)
S =D2=7C20, >0, py(Dy—+C)=0 (159)
Se=n20, p; >0, pn=0 (160)
5975821_7720, pi2 =20, gy (1=m)=0 (161)

We discuss the most important cases as in the appendix B but we will present only the
case solving the entrepreneur’s program.

Consider that 0 < n < 1,0 < D; < Xy and 0 < B, < 1, t = 1, 2, according to
(150), (151), (152), (153), (154), (155), (156), (157), (160) and (161), all the Kuhn-Tucker
multipliers are null except pg and pt;o. Substituting all these multipliers into the first order
condition (138) gives the following equation:

(1-26,) (X = D)+ C[R— (L) L+ 5 (1= 285) (1= Q) (Xa = D) =0 (162)

Given 0 < D; < X, this equation is solved only if

R 1
n:f—landﬁtzi,tzl,Q (163)
Note that we assumed L < R < 2L to ensure that 0 < n < 1 which means that the
competitive buyout is not be very profitable. In this case, substituting (163) into the
equations (144) and (147) gives:

Mg = %{Xl_2[1_(1_C)V]C_%(1_C)(X2_D2)2 (164)
+D1+20L+ 3 (1-¢) (Xa — Dy) (X2 —7C)}

Hi0 = &(1_0()(2— D2){X1—2[1_(1_C)'Y]C
+D1 +20L — 55 (1= ¢) (Xo — Dy)?
++(1=¢) (X2 — D2) (X2 —7C)} (165)
3z (1= () [2(X2 —7C) — (X2 — Do) {X1 — Dy
F20(R= L)+ 5 (1= (X2 = D2)*}
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o If 11y = 0, the success payment of the bank can be written

Dy = 2[{*(1*4)7]0*)(1*QCL*§(1*C) (X2 — D2) (X2 —7C)

T (1-0 (X2 = Dy)?<C (166)

which leads to a contradiction: aa—fg < 0.

e Consider now g > 0, the condition (158) is satisfied only if D; = C. Substituting
= C in the equation (165)

o= pz(l-0) (X2~ D2){X1 [1-=2(1-¢)C+2CL
*i( () (X2 = D2)* + 5 (1= () (X2 — D2) (X2 —7C)}
JF% (1-0)1[2 (X2 —7C) — (Xo — Do) {X1 —
H20(R= 1)+ 55 (1= (Xo = D2)?}
We show that p;, > 0. Then, (159) implies that Dy = vC.

To get the other results of the proposition 4, we substitute (163), D; = C and Dy =
~C' into the reaction functions of the entrepreneur and the LBO fund and in the
participation constraints of the LBO fund and the bank.

D.2 The competitive project is very profitable: R > 2L

A straight application of the Kuhn-Tucker theorem gives the following results:

1
n=1land 5, =-,t=1,2 (167)

Dy =C and Dy =~C (168)

[\

To get the second part of the proposition 4, we substitute (167) and (168) in the reaction
functions of the entrepreneur and the LBO fund. Then, we substitute all in the participation
constraints (CP4) and (C'Pg) to deduce the amounts of issued debt and equity.

E The proof of the proposition 5

As in the appendix D, after substituting the efforts into the objective function, we solve:

E =
n, L, Btr,n%}f. t=1, 2 (WE)

%{Xl—ch[ —(1=n) L]+ 5 (1=¢) (1+28, — 283) (X2 — D»)?}
{Xi—-[1-(1-¢ ]C+<R+2A(1f<)[ (

——( ~B) (X1 —D1) +C(R—L)+ 5 (1-53) (1 C)(Xz—Dz)}2
— B (X1 = D)+ L+ £ By (2 Ba) 1= () (Xo— Do)’} +C— K

with the following conditions

(1), Dy >C, D3 >vC,0< L<Rand0< 3, <1, t=1,2.

2(Xy — Dy) (X5 —7C) — (1= 28, +282) (X —

D)’}
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The Lagrangian is given by

L=3{X1i=Di+([R=(1=n) L+ 351 -¢) (1426, —263) (X2 — Dy)*}

(X -1- (1= C+CR+ 35 (1= [2(Xz = Do) (X2 —7C) = (128, +263) (X2 — D2)?]}

— s {1=8) (X1 = D)+ (R— L) + 35 (1 - 53) (1 = ¢) (X2 — D2)?}

— 5 {81 (X0 = D1) + UL+ 3585 (2= B5) (1= ¢) (X — D)2} +C = K + 11y By + piof

Fr3(1 = Br) + pa(L = Bo)tp5 D1 + pgDa + pg (X1 — D1) + pg (Xo — D2) + g (D1 — C) + py9 (D2 = 7C)
Fpgm + pyo (1 —=n) + pryz L+ pyy (R — L)

The first order conditions are written

2 = A-p{X1-[1-(1-1]C+(R
+3 (1= (Xa— D2) (X2 —7C) — 55 (1-0) (1—28,+283) (X2 — Dy)?}
+ 3¢{(1=B1) (X1 = D1) +{(R—L) + 55 (1 — 83) (1 = {) (X2 — Da)?}
— 3 {B1 (X1 = D1) +(nL+ 3585 (2= B5) (1 =) (X2 — D3)?}
+igz — p1a <0

(169)
L>0 (170)
oL
51 =0 (171)

9 — HL{Xi—[1—(1-Q)1]C+C(R—nL) = B, (X1 — Dy)
FH—0) (Xam D) (Xa—aC) = £ (1-0) (14 83) (Xa— Do)} (72)
+h —p12 <0

n=>0 (173)
ngi =0 (174)

%: %(Xl_Dl){(1_251)(X1—D1)+C[R—(1+n)L]

F (1= 26,) (1 - Q) (Ko — Do)} 4y — iy <0 (175)
>0 (176)
By =0 (177)
5= w(1-00-28) (Xa— Do) {Xi —[1-(1-()1]C+(R
+$(1—O [2(X2 = Ds) (X2 —70) — (128, +263) (Xo — D2)?]}
52 (1=¢) (1-28y) (X2 — D2)*{X1 — D1 +¢[R—(1—n)L]
tax (1=C) (1428, —2683) (Xa — D)%} — 55 (1= B5) (1—-C) (X2 — Dy)?
{81 (X1 = D1) 4+ 3582 (2= B2) (1 = ¢) (X2 — D2)? +(nL}

?1252 (1-¢)(Xa— D2)*{(1-5y) (X1 —D1)+¢(R-1L)

(178)
By >0 (179)

oL
By =0 (180)
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= 3 {Xi-[1-(1-01C+51-0)(Xz— D2)(X3—7C)
— (1= By) (X, — D1>+<L——< —Q(2-20,+8) (Xa— D2’} (1)
— 3681{(1 =261) (X1 = D1) +C(R— (1 +n) L)
+ax (1-265) (1 C)(Xr Da)?} + pi5 — g + 19 < 0
Dy >0 (182)
oL
Dlapl 0 (183)
2= 5 (1+28,-263) (1-() (X2 — Do) {X1 —[1-(1-¢)7]C+(R
+ok (1-0) [2(X2 — Da) (Xa —4C) — (1— 28, +283) (X2 — D2)?]}
+x1-0) [ (X2 —7C) + (1 — 2B, +263) (Xa — Dy)] {X1 -
C[R—(1—n) L]+ 55 (1426, — 26;) (1= () (X2 — Da2)*} (184)

+
ﬂ%(l*ﬁ%)(l Q) (X2 — D2){(1-pBy) (X1~ Dy)
+C (1-p3)(1- ) Xy — Dg)?}

(
+ 1.6, (2 —ﬁﬁ? Q) (Xo— Do) {8y (X1 — Di) + Gl
+2i52<2_ﬁ2)< C)(X2_ D2)2}+M6—M8+M10§0
Dy >0 (185)
oL
Dygp =0 (186)

The complementary slackness conditions are written:

g/ﬁ:ﬂlzoa pr =0, By =0 (187)
S =B220, py >0, mBy=0 (188)
Ge=1-0120, >0, py(1—p;) =0 (189)
Fo=1-0220, >0, py(1—B,)=0 (190)
Gie=D120, ps>0, psDy=0 (191)
5’7‘6:17220, pe =0, pgD2=0 (192)
e =X1=D1>0, p; >0, pg(Xi—D1)=0 (193)
Go=Xo=D220, pg>0, pg(Xa—Dy)=0 (194)
Ge=D1—=C20, pyg>0, py(Dy—C)=0 (195)
g =Da=79C 20, 1p>0, py(Dy—+C)=0 (196)
o= =020, pyy >0, pyn=0 (197)
8?52:1_7720, pi2 >0, pyp(1—m)=0 (198)
g =L>0, p3>0, pul=0 (199)
PE—R-L>0, p;3>0, py(R—L)=0 (200)

Hereafter, we focus only on the most interesting cases.

Consider that 0 < L < R, 0 < Dy < X; and 0 < 8, < 1, t = 1, 2. According to (187), (188),
(189), (190), (191), (192), (193), (194), (197), (198), (199)and (200), all the Kuhn-Tucker
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multipliers are null except pg, f410, f11 and fy5. Substituting all these multipliers into the
first order condition (175) gives the following equation:

(1-26,) (X1 = Da)+ C[R— (14+m) L] + =~ (1 28,) (14 Q) (1= ¢)® (Xa — D2)? =0

2\
(201)
Given 0 < Dy < X, this equation is solved only if
R 1
nzf—landﬁtzi,tzl,Q (202)

We assume L < R < 2L to ensure that 0 <n < 1.

B If 0 <7 <1, according to (199) and (200), 13 = py4 = 0. As shown in the
previous appendix, the equations (181) and (184) imply that:

o= sx{X1—2[1-(1-0)"C— & (1 —¢)(Xa— Do)
+D1+ 2L+ 3 (1-¢) (X2 — D) (X2 —~0)}

po= e (1-¢)(Xo— Do) {X; —2[1—(1-()1]C

+D1 + 2L — 35 (1 =€) (X2 — Dy)?

+1(1=¢) (X2 — D3) (X2 —7C)}

"‘ﬁ (1-02(X2 =70) = (X2 = Do)[{X1 - D1

LI (R-L)+ & (1 0) (Xa— D2)?)
The discussion of the signs of 1g and p; leads to the following conclusions: both multipliers
are strictly positive and the debt’s payments are non-decreasing with the revenues of the
project such that D; = C and Dy = vC (see appendix D for more details). But, substituting
Dy =C, Dy =~C and py35 = py4 = 0 in the first order equation (169) gives

_;(2L—R){X1—2[1—(1—C)7]C’+D1+2§L+f)\(l—g)(Xz—wC)z}:0 (203)

The latter equation is satisfied only if:
1. the first term of the equation (203) is null. It implies that L = %R which leads to a
contradiction: given 0 < 1 < 1, substituting L = % into (202) gives n = 1.

2. the second term of this equation is null, the compensation cost is strictly negative:

L_21C{[1—2(1—()7]0—)(1—43)\(1—0()(2—70)2}<0

B Ifn=1,given 0 < D; < Xy, the equation (175) is written

(1-28,) (X = D)+ C[R=2L] + 52 (1-26) (1= Q) (Xa = D2)* =0 (204)

which gives
1 1
L=§R and ﬁt:§, t=1,2 (205)

As a result, the first order conditions (181) and (184) give

pe= {Xi-[1-(1-0C+ 51— (X2~ Do) (X2 —70)
i /\—%(X1—D1)+CL—%(1/\—C)(X2— Dy)?} (206)
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fo= gz (10 (Xo— D) {X; —[1-(1-¢)v]C
_%(Xl D1) + 3CR — g5 (1= () (Xo — Do)
+x( () (Xy— Dy) (Xo—~C)} (207)
+52 (1= [2(X2 —7C) — (X2 — Dy)]{X1 —
+<R+ (1= (X2 — D9)?}

If ng =0, (206) enables us to deduce

Di= 2[1-(1-01]C—-X1—CR-3(1-() (X2— D3)(Xs—~C)
+5(1-0X2— D)2 <C

but if D; < C, 2 Bu < 0.
If g > 0, according to (195), Dy = C. Substituting D; = C' in (207) gives:

po= oz (1-0)(Xa— Do) {X;—[1-2(1-()9]C
-5 1= (X2~ Dy)?

+2(1-¢) (X2 — D2) (X2 —7C)}

+ =) [2(X2 =1C) = (X2 — D2)[{X1 —
S (1=0) (X2 — Dy)?}

Given vC' < X3 and Dy < Xy, it is easy to check that p,y > 0. Then, given (196), Dy = ~vC
which completes the proof of the proposition 4.
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