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NONPARAMETRIC ESTIMATION FOR II.D. STOCHASTIC
DIFFERENTIAL EQUATIONS WITH SPACE-TIME DEPENDENT
COEFFICIENTS

F. COMTE®, V. GENON-CATALOT®™

ABSTRACT. We consider N i.i.d. one-dimensional inhomogeneous diffusion processes (X;(t),i =
1,...,N) with drift u(t,z) = Zfil a;(t)gj(z) and diffusion coefficient o(¢,x), where K, the
functions g;(z) and o(t,z) are known. Our concern is the nonparametric estimation of the
K-dimensional unknown function (;(t),5 = 1,...,k) from the continuous observation of the
sample paths (X;(¢)) throughout a fixed time interval [0, 7]. A collection of projection estimators
belonging to a product of finite-dimensional subspaces of L2([0, 7]) is built. The L2-risk is defined
by the expectation of either an empirical norm or a deterministic norm fitted to the problem.
Rates of convergence for large N are discussed. A data-driven choice of the dimensions of the
projection spaces is proposed. The theoretical results are illustrated by numerical experiments
on simulated data.

Keywords and phrases: Adaptive estimation. Continuous observation. Inhomogeneous diffu-
sions. Least squares estimator. Nonparametric drift estimation. Projection method. Stochastic
differential equations.

June 23, 2023

1. INTRODUCTION

In this paper, we consider N independent and identically distributed (i.7.d.) processes (X;(t))1<i<n
given by the inhomogeneous stochastic differential equation (SDE)

K
(1) dXi(t) = p(t, Xi(t)dt + o(t, X;(£))dWi(t), with p(t,z) = ap(t)gr(z),

k=1
with X;(0) = n;,9 = 1,...,N. The integer K, the deterministic functions =z — gi(z), k¥ =
1,...,K and (¢t,z) — o(t,x) are known, W;,i =1..., N are N independent Brownian motions,
Myt = 1,..., N are i.i.d. random variables, independent of (W;,7i = 1...,N). The functions
ai(t),...,ak(t) are deterministic and unknown.

The aim of the paper is the nonparametric estimation of the K-dimensional function t €
[0, +00) = (aj(t),7 = 1,...,k) € RE from the continuous observation of the N sample paths
thoughout a fixed time interval [0, 7]. The asymptotic framework is N — +o0.

Inference and especially nonparametric drift estimation for diffusion processes is a well devel-
opped topic. Generally authors consider one trajectory, continuously or discretely observed on a
time interval [0, 7]. Statistical results are obtained by means of an asymptotic framework: either
7 is fixed and the diffusion coefficient tends to 0, or 7 tends to infinity. In the former case, space
and time dependent coefficients may be considered. In the latter case, ergodicity assumptions
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are required and generally only authorize homogeneous diffusions, see e.g. Kutoyants (1984,
2004), Tacus (2008), Kessler et al. (2012), Dalalyan and Reiss (2006, 2007), Comte et al. (2007),
Hoffmann (1999), Strauch (2018), Gloter and Sorensen (2009).

More recently, the interest in inference for 4.i.d. paths of SDEs has begun to grow. This
problem belongs to functional data analysis, ¢.e. analysis of samples of infinite dimensional data
(see e.g. Ramsay and Silvermann (2007), Wang et al. (2016)). Panel or longitudinal data analysis
are another name for the study of data collected over time from a sample of individuals (see
e.g. Hsiao (2003)). Among recent results on nonparametric drift estimation for .i.d. samples
of SDEs, one may quote Comte and Genon-Catalot (2020b), Denis et al (2020, 2021), Marie
and Rosier (2023). See also Comte and Marie (2023) for identically distributed diffusions with
correlated Brownian motions. All these papers consider homogeneous diffusions, for which the
drift and diffusion coefficients do not depend on time but only on space.

Space-time dependent drifts are considered though, in recent papers dealing with interacting
particle systems or their mean field limits. When the coefficients do not depend on the empirical
distribution of (Xj;(t),i = 1,...,N), i.e. when there is no interaction between particles, these
models reduce to i.i.d. diffusion processes. For instance, Della Maestra and Hoffmann (2022)
study a pointwise kernel estimator of a general drift term p(¢, ). In Comte and Genon-Catalot
(2023), an Ornstein-Uhlenbeck interacting particle system with time dependent coefficients is
investigated. This study contains, as a particular case, the model dX;(t) = a(t)X;(t)dt +
dW;(t),i =1,..., N and the non parametric estimation of the function «(t) by projection method
with data-driven choice of the dimension of the projection space is studied.

In this paper, we extend this case to the general model (1). For m = (myq,...,mg) € NK we
consider S = Syy X ... X Spye @ product of finite-dimensional subspaces of (L2([0,7]))% with
respective dimensions m;. We define, for each m, a projection estimator am(t) = (o;(t),j =
1,...,K)T (T denotes the transpose of the vector) obtained by minimizing a global projection
contrast inspired by the log-likelihood of the N processes (X;(t),¢t € [0,7],i = 1,...,N). The
risk of the estimators is evaluated by the expectation of either the square of an empirical norm
or the square of a deterministic norm linked with the projection contrast defined as follows. We
introduce for N > 1 and ¢t > 0, the K x K nonnegative symmetric matrices Sy (t), S(t) given by:

N
(2) sN<t>=(&mei(t»gmxiu») L S() = (g (X0 (0) gk (K1 Oy e -
=1

1<j k<K

For h = (hy,...,hx)" € (L2([0,7]))¥, we set

T

3) h]3 = /07h<t>TsN<t>h<t>dt, i = [ (S

Under the identifiability assumption that, for all ¢, the matrices (2) are invertible, ||.||n (resp.
|.]l-) is a random (resp. deterministic) norm on (L2([0,7]))*. To bound the estimators risks
that is defined as the expectation of these square norms, the key tool is to study the set where the
empirical norm ||h| x5 and the deterministic norm ||h||, are equivalent for elements of the space
Sm. Actually, we are able to compare these norms for all functions of (IL2([0,7]))¥. Indeed, we
prove that on the set

@ On = { sup [[S(t)2Sn (9S(6)7/2 ~ Tdiclop < ;} ,

te(0,7]



DRIFT ESTIMATION FOR INHOMOGENEOUS SDES 3

for all h € (L2([0,7]))%, (1/2)||h? < ||h|% < (3/2)||h||2 (for a symmetric matrix M, the norm
| M|lop is the supremum of the absolute values of its eigenvalues). By means of the Garsia-
Rodemacher-Rumsay (GRR) Lemma as stated in Jourdain and Pages (2022), we prove that
P(O%) S NP forall p>1 (< means < up to a constant).

After the study of the estimators for fixed m, a data-driven choice of m is proposed where, for
the sake of simplicity, o(¢,z) is assumed to be uniformly bounded. The obtained estimator is
adaptive, in the sense that it reaches an automatic squared bias-variance compromise.

In Section 2, assumptions and some preliminary results are given. In Section 3, the minimum
contrast estimators are defined. Their risks are given in Theorem 2, and the risk bounds show an
explicit and clear variance term. We also discuss the rates of convergence: our method estimates
all functions simultaneously and the corresponding rate is the estimation rate of one function
with regularity associated to the smallest regularity of the K functions. It is interesting to note
that the additive drift structure guards against the curse of dimensionality.

Section 3.5 is devoted to the data-driven procedure. Section 4 presents numerical results on
simulated data for various examples of models and several orthonormal bases for the projection
spaces. Section 5 gives some concluding remarks. In Appendix (Section 7), the GRR Lemma
and some useful results on matrices are recalled and examples of orthonormal bases are given.

2. NOTATION, ASSUMPTIONS AND PRELIMINARY RESULTS.

Notation. For M a matrix, we denote by M7 the transpose of M, by Tr(M) the trace of M
and by || M ||op the operator norm of M that is the square root of the largest eigenvalue of M M7.
If M is symmetric, | M||op = sup{|\;|} where \; are the eigenvalues of M. If, in addition, M is
invertible, [[M 1o, = [|M]|5,)-

For h € L2 = L*([0,7]), we denote by [|A]l = (fy h2(t)dt)'/? its L2-norm and ||x||2, denotes the
Euclidian norm of the vector x = (x1,...,2,)T of R". For h(t) = (hi(t), ha(t),..., hx(t))T and
and h*(t) = (h5(t),...,h%(t))T elements of L2 x --- x L2, we set ||h|| = (Zle N h2(t)dt)'/?
ar;d (h,h*) 2: DT Jo h(t)R}(t)dt for respectively the L2-norm and the scalar product of
L2 x - x Lz

2.1. Assumptions. We consider i.i.d. processes (X;(t),t > 0,7 = 1,...,N) where X;(t) is
solution of (1) with 4.4.d. X;(0) = m,7 = 1...,N and 4.i.d. standard Brownian motions
(Wi(t),t >0),7i=1,..., N, independent of the initial conditions.

We set the following assumptions:
[H1] (i) The functions gy are Lipschitz with constant L:
(ii)The function o is C! on RT x R and has linear growth w.r.t. z:
vt >0, 3C; > 0, Vs € [0,t],Vz € R, |o(s, )| < Ci(1 + |z]),
where ¢t — C} is a continuous function.
(iii) the 4.7.d. variables 7; have moments of any order.

[H2] The functions ag(t) : Rt — R, k= 1,..., K are continuous on R (and thus belong to L.2).

[H3] Vvt € [0, 7], the matrix S(¢) is invertible and V¢ € [0,7], VN > 1, Sy(t) is a.s. invertible
(see (2)).
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Assumptions [H1] and [H2] ensure that equation (1) admits a unique strong solution. Under
[H1]-[H2], the functions g; and x — p(t, ) have linear growth:

(5) Vo €R, |g;(@) < L(1+al), I =max{L, max |g;(0)]},
1<j<K

6) WelrlveeR uta)| < LE+[e). LE) =KL s sup |a(t)]
te0,r] 1<k<K

Assumption [H3] is an identifiability assumption allowing to estimate the K functions («;(t),7 =
1...,K). Forinstance, for K = 2, det(S(t)) = E[¢?(X1(t))E[g3(X1(t))]—{E[g1(X1(t))g2(X1(t))]}?
is nonzero if and only if g1(X7(¢)) is not proportional to g2(Xi(¢)) almost surely.
As Sn(t) converges a.s. to S(t) as N tends to infinity, if S(¢) is invertible, Sy (¢) is invertible for
N large enough.

The following bounds on the moments of the process are classical and useful in the sequel.

Proposition 1. Under Assumptions [H1]-[H2], for all p > 0:

(7) E [ sup |X1(0)|P| < +oc.

te(0,7]

For all r > 1, there exists a positive constant B(r,T) such that ¥s,t € [0, 7], with [t —s| <1,
(8) E(IX1(t) = X1(s)]*") < B(r, )|t - s[".

Moreover, for g = gjgr, where j,k € {1,..., K}, Vr > 1, there exists a positive constant €(r,T)
such that such that Vs,t € [0, 7], with |t — s| <1,

(9) E(la(X1(8)) — g(X1(s)[*") < €(r, 7|t — 5"
Details about B(r,7) and €(r,7) can be found in the proof of Proposition 1.

2.2. Different norms in the problem. Note that, if we set

(10) g(2) = (91(2), ..., gx(2))" and  Sg(z) = g(x) g(x)",
we have (recall definition (2))

N
Y Se(Xi(t),  S(t) =E[Sn(t)] = E[Sg(Xa(t))].

i=1

(11) Sw(t) = 1

By [H3], the matrices Sy (t) and S(t) are symmetric positive definite. For any x = (x1,...,7x)" €
RK

2 2
K

K N
xTS(x=E | [ > 2;9;(X1(t) >0, x'Sy(t)x = %Z > xig5(Xi(t)) > 0.
j=1 i=1 j=1

For all t > 0, x € RE — xTS(t)x defines a norm:
x| sy == x"S(t)x

as [|x||s@) = 0, # 0 if and only if x # 0. For x = (1,...,7k), X* = (27,...,7}%), we denote by
(x,x*)g(r) = x* S(t)x* the scalar product associated with the norm ||x||s).
The empirical version of the norm |.|[g is given, for x € R¥, by

%[5, 1) = X" Sn ()%,
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with associated scalar product (x,x*)g, ) =%’ Sn(t)x*. We have E(\|X|I§N(t)) = ||xH§(t).
Lastly, for functions h = (h1,...,hk) and h* = (h},..., k%) with h;, ¥, i =1,..., K in L2, we
have (see (3))

i = [ It bt = [ (0.1 Oy

Now, ||h||% = 0 implies that Hh(t)H%N(t) =0, a.e. on [0, 7] and thus by [H3], h(t) = 0 in (L2)%.
Therefore, ||.||x is a norm and (.,.)n a scalar product on (L2)¥.
Analogously,

|7 = /OTHh(t)H%mdt:E(Hh!?v), <h7h*>T:/07<h(t)ah*(t)>5(t)dt

are respectively a square norm and a scalar product on (L2)%.

As a consequence, three norms are to handle in the problem for a function h = (hy,..., hg),
the standard L2norm on [0, 7], defined by ||h||? = Zfil Jo hZ(t)dt, the L2-norm ||h|? and the
empirical norm ||h||%,. The compactness of [0, 7] and our assumptions allow to compare them.

First, the norm .||, can be compared to the L?-norm as stated now.

Proposition 2. Under [H1]-[H2|, Vh € (ILQ)K, IIh, < KG2||h|]2, where ||h||2 = Zfil fOT h?(t)dt
and

G = E[g7 (X1(1))]-
ISP g7 (X1.(1))]

Proof of Proposition 2. It holds that

|7 = /OT h(t)"S(H)h(t)dt < sup 1S (t)llop 1>

€[0,7
As [|[S(t)|lop < Tr(S(2)) = Z]K:lE[g?(Xl(t))] < KG?, we get the result. O
For the link between the empirical and the L2 norms, recall the event:

1
On = { sup [|S(t)" /25 (6)S(t) " = Td|lop < 2}

tel0,7]
defined by (4). Then, as announced in the Introduction, the following theorem holds

Theorem 1. Under [H1]-[H3], Oy C {Vh € (L2)%, (1/2)|h2 < |h|% < (3/2)|h|2}.
Moreover, for oll p > 1,

(12) P(Ofy) S N7
(< means < up to a constant).

In other words, on Oy, the empirical norm and its theoretical counterpart are equivalent for
functions of (L2)X and the probability P(O%;) is as small as we want.
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3. DEFINITION AND STUDY OF ESTIMATORS OF «;(t), FOR j =1,..., K.

3.1. Estimation contrast. Let (p;,7 > 1) be an orthonormal basis of L2 := L2([0,7]) com-
posed of continuous functions and Sy, be the subspace generated by (¢;,1 < j < m).
For m > 1, let

(13) Sm) = sup Zsoj < +00,
te[OT] =0

The quantity L(S,,) was introduced in Comte and Genon-Catalot (2020a, 2020b) in the frame-
work of regression and drift estimation for diffusions by projection method. As

LSw) = swp sup KD
h1E€Sm,||h1]|=1¢t€[0,7]

where [|h1||* = [ hi(t)dt, it only depends on the subspace Sy, and not on the basis chosen to
define it. We assume

[H4] 3¢ > 0 such that L(Sy,) < cm.

Assumption [H4| holds for several classical bases of L2. We give examples in Section 7.3.
This assumption may be weakened into L(S,,) < em for any w > 1.

For h(t) = (hi(t), ha(t),..., hx(t))T element of L2 x --- x L2, we consider the contrast which
is inspired by the log-likelihood of the N processes (1) (see notation (10)),

(14) = N/Z dtZ/ Xi(1))] dX;(t).

We define the projection estimator of a(t) = (a1 (t),. .., ax ()T on Sy, X Sy X+ - X Sy = Sm,
for m = (my,mo,...,mg), by

(15) Am(t) = @1(1), ..., ax(t)T = arg min Uy (h).

heSm

The choice of Uy (h) for estimating a(¢) is motivated by looking at the expectation:

BUNM) = R [ DD (X0
0 =1 k=1
5 ;N N K
- NE/ DD O ge(Xa ()] an(t)gr(Xi(t))]dt
0 =1 k=1 k=1
T K K
= / th gr(Xa(t ]dt—QE/ D e ge(Xa O an(t)grn(Xa(t)]dt
0 k=1 0 k=1 k=1
— )2~ 2(h,a), = b — a]>  [la]2,
which is minimal if h; = «; for j = 1,..., K. Moreover,

Un) = [ @13, - Z / [

(16) = |||} —2(h,a)y — 2VN(h)

Xi(t))] dX;(t)
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where
1 N K
v(h) = 3 [ Mg 0)] o0, X)),
i=170 k=1
is a centered empirical process of interest.

3.2. Minimum contrast estimator. Let us now detail the construction and the expression of
the estimator (15). Let

(17) lm|:=mji + -+ mg = ||m]|.

Denote by Wy, the |m| x |m| symmetric matrix with blocks of size m; x my, denoted by \f/mj,mk
given by:

mi,my ‘Ilml,mK

ol
5
|

(18)
(I\lmeml \IlmK,mK

where
~ T 1 X
Winjmy, = </ @p(t)@q(t)ﬁ Zgj(Xi<t))gk(Xi(t>)dt>
0 i=1 1<p<my,1<q<my,
Set moreover

Y
Using definition (15), we can compute
my
(19) Am(t) = (@1(1),...,ax(t)" where ax(t) = @ p;(t)
j=1
and standardly obtain that the vector Am = (11 ey Qmys D21y ooy A2y« oy QK Ly oy O g )
of R™! is solution of
Vl,ml
UmAm = Vm, with Vi, = : ,
VKva

and Vjm, are m; x 1 vectors, j =1,..., K, given by
T

N
1 T
Vim,; = (N/o ep(t) Zgj(Xz‘(t))dXi(t)y I1<p< mj>
i=1
Therefore we need to know if the matrix (I\Jm is invertible, and this is the topic of the following

Lemma, which also makes the link between the matrix and the empirical norm.

T
Lemma 1. For x = (11, -, T1,m1, 82,1, L2moy- - - LK 15+ s TKmg) € R™ we have
2

N K
~ 1
K Tpx = /0 S0 S g (e | e =,
i=1 \j=1

.
XT\I!mX = /IE
0 -

J

2

hy(t)g;(X1(1) | dt = |7,

K
=1
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where, for j =1,..., K, h;(t) = E;le zjppp(t) and h = (hi(t),..., hx ()T (see (3)).

Under [H3|, the matrices (I\lm and Yy, are symmetric positive definite.

By Lemma 1, under [H3|, the matrix U is invertible and positive definite. Therefore the

~

estimator (19) can be computed by getting the coefficients Ay, as follows:
(20) Am = U W,

3.3. Truncated estimator on a fixed space and risk bounds. In what follows, we define
the risk of any estimator ay(t) as the expectation of the empirical square norm |ay — al|%
or the deterministic square norm ||ay — al|2. These definitions of the risk are classically used
for problems of regression type by projection method, see e.g. Baraud et al (2001), Comte et
al. (2007), Gendre (2014), Comte et al. (2020a), Denis et al. (2021).

The following proposition shows that, contrary to other contexts (see Cohen et. al (2013, 2019)),
we need not introduce a restriction of the choices of the dimension spaces in term of bounding
[¥mtllop by a quantity depending on N. Indeed, it holds that

Proposition 3. Assume [H1]-[H3]. Then, for all m,

(21) ||\Ilr_nl||0p <fr = sup ||S(t)_1“0p
te[0,7]

Proof of Proposition 3. Let us note that

H‘I/;qluop = sup XT‘P;1X: sup yTy
XGR‘ml’”X”ZIIIlI:l yeR\m\7HyT\I,myH2’|m|:1
h 2
(22) = sp uP= sp MR
[h2=1,h€Sm heSm,hx0 [|h[2

where, for y = (yjp,p=1,...,m;,i=1,...,K), h= (hi(t),...,hg(t))T and for j =1,..., K,
h;(t) = ZZZI Yjpep(t). Recall that
|h2 = / h(t)TS(t)h(t)dt > / inf A (t)h(t)Th(t)dt
0 0 1<i<K

where (A\;j(t),i =1,... K) denote the eigenvalues of S(¢). Now,

it () = /150 op = 1/

This implies ||h||2 > ||h||?/f, which gives the result. O

Remark 1. o Combining Propositions 2 and 3, we see that the two norms ||.| and ||.|/+
are equivalent for functions of Sm.
o Note that, if m = (m1,...,mk) and m' = (m},...,ml) are such that m; < m’ for

J=1,. K, then by (22), Wi llop < W5y llop-
We can do the analogous reasoning for ||[W ot op-

For the estimator (19), a transformation by introducing an adequate truncation is required,
in relation with equality (21). For constants ¢1,c¢o > 0 that can take any value, let us define

(23) Ay = {vt€[0,7], Sn(t) " flop < exN"2}.
Using (23), we define the trimmed estimator:

(24) & = Amla,
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The following proposition shows that Ay has large probability and guarantees a rough bound
on [ ¥ lop-

Proposition 4. Assume that [H1] to [H3] are fulfilled. Then, for all p > 1, there exists a
constant co > 0 depending on K, f; (see Proposition 3) and p, such that P(A%) < coN7P.
Moreover, on Ay, it holds that

vm, [Pl lop < 1 N2,

Denote by Om the |m| X |m| symmetric matrix built similarly to \Tfm, but given by the blocks
m; X my

. N
(25) @mj,mk:< / s%(t)soq(t)]lvZgﬂxi(t»gk(&(t))a?(t,Xm)dt) ,
=1

1<p<my;,1<q<my,

The deterministic counterpart is O := E(Oy,), which is also |m| x |m| and symmetric.
We can prove the following risk bounds with respect to the integrated empirical and deter-
ministic norms.

Theorem 2. Assume that [H1] to [H4] hold and that m satisfies |m| < N. The estimator am

of a(t) = (ar(t),...,ax(t))T satisfies, for c is a generic constant,
_ TH(V10m) ¢
26 Ellam — al|% < inf h—al?+o—m-m/
(26) o el <, inf o [h-af 2O o
(27) E||am — a|2 <5 f ih—af? 4 4 Vm Om) | c
- in - —m
T T (b hi)TESm T N N

We have Tr(V,!0y,) < €|m| where € is a constant given in the proof and |m| is given in (17).

An explicit value of the constant € above can be given under an additional assumption.

[F5] sup;cpo ) wer 02 (t, @) := [lo]3, < +oo.

Corollary 1. If o satisfies [H5], then Tr(¥;'0m) < |lo||% |m]|.

3.4. Discussion about rates. To evaluate rates of convergence, we must assess the L?-norm
of the estimators bias within some regularity subspaces of 2. Such assessments are standard in
nonparametric statistcs, for function «; belonging to Sobolev spaces associated with the chosen
basis (see examples in Comte and Genon-Catalot (2023), section 3.3).

Proposition 5. Assume [H1] to [H5] and that for j € {1,..., K}, the function «; belongs to
a regularity space such that infreg |l — h||> < Rym™2%. Choose m; = O(NY 2ty for
j=1,...,K and set o« = min;—y g o, then

Elam — a2 S ON2/CGa+D),

If all functions have the same reqularity o; = o, forallj = 1,... K, choosing m; = N1/@a+1) . —

m* for j=1,..., K, and setting m* = (m*,...,m*), we obtain

EHam* _ a||72_ S O(N—Qa*/@a*-&-l))‘
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Proof of Proposition 5. By Proposition 2, we have

K
h—al? < KG? inf |h—al? = KG? inf hi — al|?
[h—alf < hlensmH a|| in Z_;H i — o]

inf
h:(hl,...,hK)TESm thSMj:j:1:-~~7Kj

IN

K
KG2 Z ij;Qaj .
j=1

Under [H5], we find, under the assumptions of Theorem 2 |

o |m] c

Blam—al? < 5 inf [h—al2+ 4ol + +

K
2 —2a; 9 M1+ -+ mg c
< 5KG Z;ijj “ tHaolle———F— + %
]:
K
< ZN—(Zaj)/(Qaj-l-l) _ O(N—Zoz*/(Qa*-i-l))' 0O
j=1

Thus, our method has the advantadge of estimating all functions simultaneously and of reaching
the rate corresponding to the estimation of one function with regularity a*. The drawback is
that the rate corresponds to the smallest regularity.

3.5. Model selection. Now, the choices proposed above are asymptotic and depend on un-
known regularity parameters. So, they cannot be implemented. This is why we propose a data
driven model selection device. This defines a new estimator, for which we prove a nonasymptotic
risk bound.

Consider the collection of models defined by

(28) My={me{l,...,N}* |m|<N}.

Set
2 m i am = : m
(29) m € arg min [Un(am) + pen(m)],  pen(m) = «llofls —

and consider the estimator

a=amly,
where Ay is defined by (23).
Theorem 3. Assume that [H1] to [H5] hold. Consider the estimator @ of a(t) = (a1 (t),. .., ax(t))T

with any m defined by (29). Then, there exists a numerical constant ko such for all k > kg, we
have

C
30 E(|a—al%) <4 inf inf h—al?+ 2 [m] + =,
(30) (G-al3)<a ing (ot el ol )+

where C' is a constant depending on K, G, ||0||~-

As a consequence, Inequality (30) shows that the estimator is performing an automatic fi-
nite sample and global square bias/variance compromise. Asymptotically, when a belongs to a
regularity space as described in Section 3.4, the rates given in Proposition 5 follow.
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(3)

FIGURE 1. Plots of 40 repetitions of ¢ = Amax(Sy* (¢)) on [0, 7] with 7 = 2. Cou-
ples (g1, g2): first line (a), second line (b). Examples (1)-(2)-(3) in corresponding
columns. N = 2000

Triplet (1) Triplet (2) Triplet (3)
N =500 N =2000| N =500 N =2000| N=500 N =2000
aq a2 a1 a a1 a2 a1 a2 a1 a2 a1 a2
MSE AT. || 1.8 .75 | .57 .25 1.3 81| .44 20| .99 16 | .30 .40
(std) (1.0) (29) | (24) (.08) || (46) (33) | [15) (.11) || (.63) (.62) | (.14) (.17)
IT 1.8 .78 | .56 .26 1.5 58| .51 21 || .89 14 | .31 .43
(std) (10) (31) | (25) (09) || (39) (23) | (17) (07) || (:66) (.66) | (17) (.17)
MSE AL. || 1.1 .52 | .29 .13 91 48| .24 15 || .56 .29 | .17 .13
(std) 07) (27) | (18) (06) || (39) (38) | (14) (o7) | (59) (31) | (11) (.09)
MSE I.L. 1.3 .56 | .34 .14 95 40| .29 11 || .62 B3 | .18 .16
(std) (0.7)  (:28) | (18) (.07) || (0.38) (.30) | (.18) (.08) || (.68) (44) | (12) (.12)
dim T 6.7 86 |85 11 6.1 47|81 6.1 |33 50|47 6.7
dim L 47 71|52 17 6.3 5.0 |71 52140 20|41 21

TABLE 1. First case (g1,92) of Ornstein-Uhlenbeck type (a).

Mean squared er-

ror (MSE) and standard deviation (std) are both multiplied by 100. A./I. for
Anisotropic or Isotropic, T./L. for (half) Trigonometric or Laguerre basis. Di-
mensions (dim) are averages of selected dimensions in the anisotropic case.

4. NUMERICAL RESULTS ON SIMULATED DATA.

In this simulation section, we consider the case K = 2. Two examples of couples (g1, 92):

(a) g1(z) =1,g2(x) = x
(b) g1(z) =z and ga(z) = /(1 + 22),
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are illustrated, with three examples of triplets (a1, ag, 0):
(1) a1(t) = t(r — 1), az(t) = sin(4t), o(t,2) = 0.5(1 + =),
(2) a1(x) = sin(4t), as(t) = cos(2.5t), o(t,x) = 1/(1 +t?),
(3) a1(t) =t, as(t) = —2t/(1 + 1), o(t,z) = 0.5.

We have generated discrete paths on [0, 7] with 7 = 2 by a basic Euler scheme, with n = 2000
observations for a step A = 7/n.

First, we study the behaviour of the largest eigenvalue of Sy (t), denoted by Amax(Sy'(f))-
The supremum over [0, 7] of this function is involved in the definition of the estimator, and it
corresponds to the empirical version of ., which is finite under our assumptions. The results for
sample size N = 2000 and 40 repetitions are presented in Figure 1. The pictures show that the
profiles are very different in the different examples, and their values are also quite different.

Next, we look at the performance of the estimator. For each path, a discrete L2-distance
between the true function and its estimation is computed. The values of MSE are obtained by
averaging these results over the L = 400 simulated trajectories correponding to each case. To be

more precise, for simulation £, we calculate ((&p)gl (k:A)) e for p = 1,2 from N independent
SRS

paths (Xi(g)(kA))lskgn, for i =1,..., N and compute for p = 1,2, the MSE for o, as

L n T
1 (L 2
230 1AD (@) (k) = ap(k2))
/=1 k=1 .
Triplet (1) Triplet (2) Triplet (3)

N =500 N =2000| N=500 N =2000| N =500 N =2000

aq g | g e aq g | g e aq g | g fe%)
MSE AT.| 1.1 19 | .37 6.1 1.6 95| .51 36| .61 91| .20 2.1
(std) (91)  (13) | (24) (3.6) || (1.2) (9.3) | (29) (L.7) || (42) (4.2) | (.11) (.75)
MSE I.T. 1.1 23 | .38 8.1 1.9 97| .60 301 .67 5.0/ .22 1.7
(std) (94) (12) | (24) (35) || (1.2) (83) | (27) (20) || [42) (3.1) | (11) (.93)
MSE A.L. 84 18 | .22 5.1 1.6 17 | 39 3.1 44 2.2 | 11 .54
(std) (.88) (9.3) | (200 (2.9) || (1.3) (A1) | (:30) (1.8) || (:36) (2.6) | (.09) [.53)
MSE I.L. 84 17 | 23 48 || 1.7 13 | 40 33| 48 39| .17 1.1
(std) (91) (9.7) | (21) (2:6) || (1.3)  (11) | [30) (23) || (:38) (3.2) | (12) .75)
dim T 98 bH8 |13 67|67 33|86 3765 21|93 36
dim L 53 b4 154 64|67 31|72 41143 20|50 20

TABLE 2. Case (b), (g1(2),92(z)) = (x,2/(1 + 2?). Mean squared error (MSE)
and standard deviation (std) are both multiplied by 100. A./I. for Anisotropic
or Isotropic, T./L. for (half) Trigonometric or Laguerre basis. Dimensions (dim)
are averages of selected dimensions in the anisotropic case.

We experimented two different samples sizes: N = 500 and N = 2000 in order to check the
improvement brought by increasing N. We also implemented two bases for the estimation: the
half trigonometric and the Laguerre basis (see their description in section 7.3 in Appendix). The
penalty constant  in formula (29) is taken equal to 2.5 for half-trigonometric basis and to 3 for
Laguerre basis. The true value of ||o]| is used. Both anisotropic and isotropic model selection
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1.5 2
1 1
0.5 0
0 -1
-0.5 -2
0 0.5 1 1.5 2 o 0.5 1 1.5 2
1.5 2
1 1
0.5 0
0 : -1
-0.5 -2
0 0.5 1 1.5 2 0 0.5 1 1.5 2

FIGURE 2. Example (1)-(b). True curve in black and 40 estimated functions in
cyan, for N = 2000. Right: function a1, 100 MSE 0.52 and 0.31. Left: function
g, 100 MSE 0.33 and 0.16. Top trigonometric basis, bottom Laguerre bases.

are implemented and, each model is selected among dimensions 1 to Dpyax with Dpax = 15 for
the half-trigonometric basis and Dy« = 8 for the Laguerre basis. These maximal dimension
are selected to be large enough for all examples (in the sense that much smaller dimensions are
always chosen by the algorithm), and in that way, to save computing time (these Dyax are not
as large as they should).

Let us comment the results given in Tables 1 and 2. Clearly, increasing N always substantially
improve the results and decreases the MSE. In the same time, the selected dimensions increase,
which is also expected. Most of the time (75%), the anisotropic method gives a better result than
the isotropic one, but it is almost always true for «; and much more mitigated for ao. It is likely
that, contrary to what the theory says, the global risk is generally improved by the anisotropic
model selection, but probably not in a significant order.

Figures 2 and 3 show 40 estimators compared to the true function (in bold black), and illustrate
that for different functions (g1, ¢g2), the results can be quite different: the function ag is well
estimated in case (a), but the MSEs are much larger in case (b), and this can be seen on the
plots. Figure 4 presents another illustration for smaller sample size, and shows that the estimator
can fit a straight line (function «1), which was not obvious with trigonometric or Laguerre bases.

5. CONCLUDING REMARKS

In this paper, we consider a new setting of N i.i..d. one-dimensional inhomogeneous diffu-
sion processes (X;(t),i =1,...,N) with drift u(¢,z) = Z]K:1 a;(t)gj(x) and diffusion coefficient
o(t,x), where K, the functions g;(z) and o(t, x) are known. We propose a nonparametric estima-
tion method for the K-dimensional unknown function («;(t),j = 1,...,k) from the continuous
observation of the N sample paths (X;(¢)) throughout a fixed time interval [0,7]. We proceed
by a projection method on finite dimensional subspaces of .2([0, 7])® and propose a data-driven
choice of the dimension of the projection space.
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1.5 >
1 1
0.5 /\ 0
0 1 -1
0.5 2
o 0.5 1 1.5 2 o 0.5 1 1.5 >
1.5 2 |
1
0.5
|
0
-0.5 | 2
0 0.5 1 1.5 2 0 0.5 1 1.5 2

FIGURE 3. Example (1)-(b). True curve in black and 40 estimated functions in
cyan, for N = 2000. Right: function a1, 100 MSE 0.28 and 0.16. Left: function
g, 100 MSE 5.7 and 4.6. Top trigonometric basis, bottom Laguerre bases.

3 0.5
2 0
1 / 0.5 \_/
0 -1
-1 -1.5
) 0.5 1 1.5 2 o) 0.5 1 1.5 2
3 ‘ 0.5
2 : 0
1 / -0.5
) -1
-1 -1.5
0 0.5 1 1.5 2 0 0.5 1 1.5 2

FI1GUurE 4. Example (3)-(a). True curve in black and 40 estimated functions in
cyan, for N = 500. Right: function «q, 100 MSE 0.84 and 0.49. Left: function
g, 100 MSE 1.0 and 0.22. Top trigonometric basis, bottom Laguerre bases.

We obtain risk bounds for the projection estimator on a fixed space and for the data-driven
estimator. Numerical results on simulated data for several models show that the method works
in practice.
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Discrete time observations could be studied as was done in Comte and Genon-Catalot (2023);
it is enough to discretize all formulae and definitions. The handling of residual terms is similar
to the Appendix of Comte and Genon-Catalot (2023). This is what is used in simulations.

A possible extension would be to look at the case where 7 can be large, but this would be a
completely different framework from the point of view of the assumptions on the model.

Another question is: how could we propose methods which may deliver individual estimators
for each function o catching each regularity? In an additive case for regression, Gendre (2014)
studies projections of the observations in order to implement one of the functions of the sum
alone. It is not obvious if such a construction may be possible in the present case.

The case of correlated Brownian motions driving the SDEs may also be of interest even if
probably difficult, see Comte and Marie (2023). Lastly, the case of general drift (¢,z) — u(t, x)
by projection method would be worth of investigation and probably related to bivariate rates.

6. PROOFS

6.1. Proof of Proposition 1. The bound (7) is classical (see e.g. Proposition A in Gloter (2000))
and follows from [H1]. The bound (8) is obtained by applying the Burkholder-Davis-Gundy In-

equality (see (6) and [H1]):
t 2r
B(X:(t) - Xi(s)) < 2% 'E ( [ otuxiw)amiw) )

S22r71 (227‘71( ( )QT‘t ‘2r> 22r 102r‘t ‘r) sup (1 —i—E‘Xl(u)’Qr).

0<u<rt

2r

w(u, X (u +

This yields, for |t — s| <1,
E(|X1(t) = X1(s)|*) < B(r, )|t — 5"

with
B(r,7) =272 ((L(1))* + C?") sup (1+E|Xq(u)]*).

0<u<Tt
For (9), we write that, for g = g;9x,
9(X1(t) —a(Xa(s))] < [(g5(X1(t)) — g5(X1(s)))gr(X1(1))]

+1g; (X1(5)) (gr(X1(1)) — gr(X1(s)))|
< LX) = Xa(9)[(lgr (X1 ()] + lg;(X1(s)])-

E(|la(X1(1) —8(X1(s)[*") < 22r_1L2TE1/2(|X1(75)—X1(8)|4T)k max,  sup E"2(|ge(X1.(6)[*)-
€l K tefo,7)

Using (8), we obtain (9) with

C(r,7) = 2 L B2 (2r,7) ke%aXK}thp]El/ (g (X1 (0)I*7).-
LA €|0,7

Note that

sup E(|gr(X1(t))[") < 2t 1L <1+ sup E(\Xﬂtﬂ‘“)) <+oo. O
tel0,7] te(0,7]
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6.2. Proof of Theorem 1. We denote by S(¢ )1/2 a symmetric square root of S(t), invertible
under [H3]. Let h € (L2)* such that ||h[2 = [/ h Yh(t)dt = 1. Then

2
|”’}}11|‘];[ - 1’ = ‘HhH?\/ - Hth‘ = ‘/0 h(t)T(SN(t) — S(t))h(t)dt‘

/ ’ h(t)TS®)Y2(S(t)" V2SN () S~ 2(t) — IdK))S(t)l/Qh(t)dt‘
0

< 1502 Sn S0 ~ 1l | st
te|0,7 0

= st} HS(t)_l/QSN(t)S(t)_l/Q - IdKHOpv
te|0,T

using that [|h[|; = 1. As a consequence supycjo ] 1S(t)~/2Sn(t)S(t) /2 —1da||op < 1/2 implies
for all h € (L2)%, ‘Hh||?v/\|h||3 - 1} < 1/2, which gives the first result.
Next, using [H3], recall that we have set f, := supe(o - [|S(t) ™" [lop- We have

sup [|S(6) 25w (6)S(1) 2 —Tdklop < sup [[S(t) " lop sup [[Sn(t) = S(t)]lop

te(0,7] te(0,7] tel0,7]
< fr sup /Tr((Sn(t) — S(1))?)
te(0,7]

Then

N 2
Te((Sn(t) = S(E)*) = > (;, > {95 (Xi () g (Xi(t) — Elg; (Xi(1))gw (X (t))]}>
1=1

1<j, k<K
2
< K max (N S {05 (X (0)gr(Xi(1)) — Bla (Xi(t) gn (Xilt >>1}>
It follows that
P(O%) <P ( k<Kt§‘;P] Z{gj Xi(t) ~ Elgs (Xi()gn X))} > 5 %) ,

< 3

1<j k<K te(0,7]

L (45 (X0 08)) — Elgy (X () 500}
N 4

- 1
2K, |
The result of Theorem 1 follows immediately from Lemma 2 below. O
Lemma 2 is obtained by application of the Garsia-Rodemich-Rumsey (1970/71) Lemma (in
the formulation stated in Jourdain and Pages (2022), see Lemma 5 in Section 7).

Lemma 2. Assume that [H1]-[H2] holds. Let g = gjgi for j,k € {1,...,K}. Then Vp > 1,
there exists a constant Cy, + such that, for all constant a; > 0,

Py:=P ( sup Zg Elg(X:(t))]

tEOT]

> a.r) < Cpﬂ-aT_m’N_p.

6.3. Proof of Lemma 2. Let us define
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First we prove that there exists a > 1 and a constant ¢, such that
1
VN > 1,Vs,t € [0,7], E[[Yn(t) — Yn(s)|?] < et — s N5

We apply the Rosenthal Inequality and get

BV () - Ya()[?] < o) (NE(a(X1(8)  a(X:(s))) + (NVar(g(X,(8)) ~ a(X1(5))))?)
< OO (VB (g(x0 (1)) ~ o(X1(5))1%) + (VEG@l(X2(6)) — a2 (s))%)").

where C'(2p) is the constant of the Rosenthal Inequality. By applying (9) of Proposition 1, we
obtain

B () - Yn()?] < 2P (g1 (1) — 00 (5))*)
< iy pji — sp

Then by Lemma 5 (see Appendix), we get that for p > 1, there exists a constant Cp - such
that

1
YN >1, E|{ sup [Yn(t) = Yn(0)[*) < Cprims
te[0,7] NP

Next, by the Rosenthal Inequality, we get
E[|Yn (0)] < C(2p) NP {NE[|g(X1(0))[**] + N”[Var(g(X1(0)))]"}.
Therefore for another constant C), -,

1
31 E( sup [Yn@®)|*? | < Cpr—m-
(31) (te[oﬂl N ()] ) PTND

Now by the Markov Inequality, Pg < a; » Cp NP O

6.4. Proof of Lemma 1. Using the product of matrices by blocks and setting for j =1,...,k,

T _ .
x; = (@)1, Tjm;), we get:

XT\IJmX = E XJT\Ifmjmkxk.
1<G,k<K

Using the definition of \Tfm ;ymy yields, for i as defined in Lemma 1:

~

T 1 N
KT = [ B Ol 300X (X0
=1

Thus,
LN [ 2 -
M= 3 [ b0 (X0 | e = [ moTswoni
i=1 j=1
Now, xTWpmx = 0 implies that h(t)TSx(t)h(t) = 0 a.e. on [0,7], by [H3]. As, for all j, the
functions (p;,j =1,...,m;) are orthonormal on L2, this implies that for all j, x; = 0, therefore,

x = 0. This shows that Uy, is positive definite. The same holds for ¥y,. O
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6.5. Proof of Proposition 4. On AS;, there exists ¢y € [0, 7] such that ||Sn(to) ™! |lop > c1 N
while supy¢(o 7 1S(#)Hop < (c1/2)N*2 (indeed for ¢ > 0, it holds (¢1/2)N® > §,) and thus
1S(t0) tlop < (c1/2)N®2. It follows that for this to, |Sn(to)™t — S(to) Hlop > (c1/2)N°2.
Indeed
1N < [|Sn(t0) " llop < 1S (t0) ™ =S (t0) ™ Hlop 115 (t0) ~Hlop < 15w (t0) ™ =S (t0) " lop+(e1/2) N2,
Therefore

P(A%) <P (3t € [0,7], [ISn(t0) ™" = S(t0) " llop > (e1/2)N"2).
We use Theorem 4 (of the Appendix) to write that, if [[S(#)7*(Sn(t) — S(t))|lop < 1,

FRUISN () = SE)llop
—I5@ =S (t) = SE)llop-

(32) 1Sx ()" = S Hlop <

So we split the event

A= {[1Sw(t) ™ = S(1) M lop > ¢} = BiU G

where
By ={[ISn(®)™ = St) Hlop = ¢, S THSN(E) = SE))lop < 1/2}
and
Co={ISn(®) ™" = S(t) " Hlop = ¢, ISE) T (Sn(t) = S())llop > 1/2}.
We have
P(3ty € [0, 7], |Sn(to) ™" = S(to) Hlop = ¢) = P(3to € [0,7] such that Az, holds)

< P(3tp € [0, 7] such that By, holds)
+P(3to € [0, 7] such that Cy, holds)

Now with (32),

P(3ty € [0, 7] such that By holds) < P(3tg € [0, 7], [|Sn(to) — S(to)|lop = ¢ /(2£2))
and by keeping only the second constraint in the other case,

P(3ty € [0, 7] such that Cy,holds) < P(3tg € [0, 7], [[Sn(to) — S(to)|lop = 1/(2f7))-
As a consequence,

P(Ay) < ]P’(tzép] 1Sn (8) = S(t)llop > e1 N2 /(2f2)) + P(t:}ép] ISn () = S#)llop = 1/(2/7))

From the Proof of Theorem 1 and (31), we have for any p > 1,
E ( sup [|Sn(t) — S(t)\\i{;) <C(p,K,7)N?
te(0,7]

Therefore, for any p > 1, P(AS;) < coN P and the first part of Proposition 4 follows by applying
the Markov Inequality.

Next, on Ay, we have that V¢ € [0, 7],

)‘maX(SXfl(t)) = -

)‘min(SN (t))

(Amax (M), resp. Amin(M), denotes the maximal, resp. minimal, eigenvalue of matrix M). In the
same way, Amax(V,1) = 1/ Amin (V).

< C1Nc2.
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As for any x € R™| and for h associated with x as in Lemma 1,
x W x = /0 ' h(t)" Sy (t)h(t)dt,
it follows that on Ay, for any eigenvalue A of \/I\lm and any eigenvector x with norm equal to 1,
A=x"Upx = /UT h(t)T Sx(t)h(t)dt > /OT Amin (SN () | 0(t)||?dt > ¢ ' N~<2.

Thus Amin () > ¢; N~ and it follows that ||\f/;11||0p < N2 O
6.6. Proof of Theorem 2. We start with some preliminaries.

6.6.1. General orthogonal projection w.r.t. {.,.)n. To study the risk of a,,, we need to have an
adequate expression of the orthogonal projection of a with respect to (.,.)n. Let

T .
‘pm1+...+mj_1+k = (O,...,O,apk,O,...,O) s, ] = 1,...,K,I€ = 1,...,m]~
i1 K—j
The functions (®;,j = 1,. ]m]) constitute an orthonormal system of (L2)% with respect to
the scalar product (h, h*) fo J 1 hj (1) (t) dt and generate a space Sy, (isomorphic to Sm)
with dimension | m| =mj + .- + mg. An element h = (h1,...,hg)" of S| can be written as
|m| Mg
Zaz(b = Zazsozvzamﬁrz i, - --»Zam1+..‘,+m1{_1+i %’)T

i=1
We have: R
Um = ((®;, ¢K>N)0§j,€§|m\ :
Indeed,if mi+...4+mp_1+7<mi+---+mpgand my+...+mp_1+£€<mg---+ my,
(@5, Po)N = Yonym,, -
The orthogonal projection mma of a on S|y, with respect to the scalar product (., )N is charac-
terized by mma —a L ®;,j =1,...|m|. This yields

|m| ai :
(33) Tma = Zaj<1>j where = CI:'_I <a, q)j>N
: || : 4
1<j<|m|
The vector Vi, = (mel, cee Vfng)T can be written as
: 1
(34) Vm = | (a,®))n +Wm, W= N fO TdMN( )
0<j<|m| : 0<j<|m|
where
+ N
T) = (/ Zgj(Xz'(t))U(taXz‘(t))sz'(t)>
0 =1 1<G<K

Note that, recalling the definition of O, given in (25), we have

1~ 1
35 EWp,W. = —EO, := —Om.,
(35) m =y N
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and (:)m = \f'm if o = 1. The matrices @m and O, are symmetric and nonnegative matrices
with
2
K mj

T Ox — /0 BSOS gt g (Xa ()0, X1 (1) | dt >0,

j=1p=1
~—_——
hi ()

6.6.2. A useful Lemma.

Lemma 3. Assume [H1] to [H3]. Define the set

LY !
36 Om == -1/ <-,VheSnm.
. {1 < me
where the empirical norm ||.|n and the || - ||--norm are equivalent for elements of Sym. We have
On C Qm for all m, and
(37) O = {|yx11,;}/2@m\11;3/2 — T flop < 1/2}.

Proof of Lemma 3. The inclusion Oy C Qp, follows from Theorem 1. On Q.,, Vh €
Sm, (2/3)|[[% < A2 <2|b]%. xT = (z0,..., ) € R™ and b = (7 2505, - 75 Tty 45
then

(38) [} =x"Tmx and [|h]2 = x"Umx = [U’x[|3 ), so that
sup I3, — ]| = sp X7 (Tan — Uim)x|
BESm, [[Bl-=1 FERI™L W1 |3, jm| =1
= sup  [uT W (W — ) O

ueR ™ [Jully =1
—1/25 L —1/2
= I¥m " ¥Ym¥Ym —Id‘m|||op.

Therefore, we get (37). This ends the proof of Lemma 3.0
Now we prove inequalities (26) and (27).

6.6.3. Proof of inequality (26). We write, with a(t) = (a;(),j =1,...,k),

[am —alf = [am —alilay + llalFLag
(39) = [|am — al[}layroy + [@m — alFlaynos, + [lall 3 1ag,
= T+ Tr+Ts.

e Consider the last term T3 = Ha||?\,1A§V. We have ET3 < EV2(||lal|4,)PY/2(A%) where

2
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Thus,
2 2
T K K
Bllalyl < 7 [ (X adw] B[ Xaew]| |
=1 =1
r [/ K
< KT/ Za%t dtZ]E Sup g] (X1(t)) | :=ck (7).

Then Proposition 4 implies ET3 < 175 <  for p > 2.
e Let us now study of T} = ||am — aH%\,lANmoN. We can write:
(40) [am — all} = [[@m — mmally + [|Tma — al|} = |am — mmal/% + nf Jla— hl[%-
On one hand, we have &m = 3| [Am];®; with AL = (@11, .., @1myseeese s OKamy) =

U-Wim. On the other hand, mma = Zjl\il
Vi (@50 V) 1< jm-

Hence, by (34), Ay — Am = Ul Wy, and using (38),

a;®; where (see (33)) Am = (a1,---7a|m\)T =

(41) [Am — mmalld = (W) TV U Ui Wey = (Win) T W,
Recall that by Lemma 3, Oy C Q. On Qpm = {H\I/;W@mq/;}” — Td i flop < 1/2}, all the

eigenvalues of AT belong to [1/2,3/2] and so all the eigenvalues of \1111142@;11\1’%2
belong to [2/3,2]. Thus, we write

(W) PO W 1o, = (W) T Um 20200200 Wy 10,
(42) < 2(Wi) PO Wi 10,
Therefore , by using equality (35),
E (Ham - WmaH?V]'ONmAN) < 2E [Wm]j[wm]k[q}r;l]j,k
1<5,k<M
(43) = N Vi ]J k‘[em]J k= NTr{\I'm Om);

So we obtain:

E(T1)

IA

2
E( inf |la— h|3 —Tx[v e,
(hggmlla hHN)+N [V} Om]

2 -1

IN

inf |la — hl?
hggmlla 7+

where the second term of the right-hand-side (rhs) above is the variance term appearing in (26).

e Finally, let us study of Ty = ||am —al|3; 1aynos, - We have Ty < ([[am —mmall} +al|%)1aynos, -
Using (41) yields

(44) Ty < (Wi Wl Won + [l %) 1ayros,
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By Proposition 4 about Ax and the Cauchy-Schwarz inequality, we get,
(45) ET, < (26 N2E2(WELWm)?) + EY2|al[k) ) PY2(05).
We have already seen that E(||al|3;) < cx (7). For the term E[(WL W,y,)?], we prove the following:

Lemma 4. With Wy, defined in (34), we have, for some constant c(7), if the ¢js are bounded:

m| S5 L(Sn,)

B[(WEWi)?) < e(r)— 255

Otherwise,

m] (S L(5n,))
N2 ‘

E[(WiaWm)?] < c(7)

Plugging the result of Lemma 4 in (45) allows to conclude, with Inequality (12), that, for all
m satisfying |m| < N, E(Ty) < N=+(1/2)=0/2 < N=1 for p > 2¢, + 3.
Joining the bounds for the expectations of 17,75, T3 gives Inequality (26) by choosing p > 2¢,+3.
O
Proof of Lemma 4. Using (34) yields

2
|m|

E[WL Wa]? = %E Z(/OT@-(t)TdMN(t))Z N‘i (/T TdMN(t))4.

j=1
Now, for j=1,...,K,and k =1,...,m;,

/0 By, (8T AMy (1) /0 Zgj (t, Xi(£)dW;(0).

Therefore, using the Burholder-Davies-Gundy mequahty yields

K m, - N 2
E[Wﬁwm]zﬁ% Y Y E / @i(t)Zg?(Xﬂt))ffz(t,Xz‘(t))dt]
j=1k=1 0 i=1
rm| [ [T
S VDI ARES O
0 j=1k=1

For bounded ¢;s, i.e. |p;(t)| < Cy, ¥t € [0, 7] and under [H1] and (H2]| (see (7)), we obtain

T |m|
E[Wi, Wml” € 5 ( ZL m;)

as ZZZ1 @i( ) < 02 Zk 1 (Pk( ) < C;L(Smj)' ' ‘
Without using that the ¢;s are bounded, we have ZT:JI cp;*(t) < (Z;nzjl <,0?(t))2 and we obtain

E[WL, W ‘NZLQ So) = (S LS5, )
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which ends the proof of Lemma 4. O

6.6.4. Proof of inequality (27). Similarly to the previous bound, we write
(46) lam —all? = &m —alflaynoy + [am — all71aynog + llallF1ag
= Ty +Ty+T;.
It is straightforward that E(T%) = [|a[|2P(A%) < 1/NP for all p > 1.

Now we turn to T7. Let am  be the orthogonal projection of a on Sy, w.r.t. the 7-norm.We
have

8m —al2loy = [&m — amel2loy + ams — al2lo,
< Jamr — a2+ 2[am — mmal2loy + 2ams — mmalloy
< lam, — all? + 4lam — mmall} + 2[lam,: — mmall7 1o,
Thus
E[T}] < lam- — all2 + 1 Tx{¥5 O] + 2E (Jam - — mmal10y)
Now, as am, and mma belong to Sy,
E (Ham,T - 7Tma‘”?-l(’)zv) < 2E (Ham,T - 7Tma”?\/) =2E (Hﬂ'm(a - am,T)H%V)
2E ([la — am-[%) = 2[la — am |7

IN

It follows that

%Tr[\lfgll@m].

Let us lastly consider T = ||am — al|71aynog, and write

E[T}] < 5|lam,r — afl? +

Ty < 2(|8ml7 + llal?)1aynog, = T3, + T35
Clearly E(T3,) < [[al2P(O%) < KG?||a|>*N~?, by using Proposition 2. Analogously, it holds
that ||am||2 < KG?||am||?>. Now using formula (20), we get

B l® = [1Am3 ) < 1V 131 Vin 13, -
By Proposition 4, on Ay, we have
T2, < 402N,

As a consequence
(47) E[T3,] < 46> N?EV2(||Vin |3 1 )P/ (OF).
By formula (34), we write

|m|

IVanll3 ) < 2 { D@, @)% + WIS
j=1

By Lemma 4, we have a bound on EY/2[||W/|| |m‘ 7)4/|m Z Sm;)/N and under [H4]
(48) B2 W13 ] S |m\3/2/N < Jm|'? < N1/2

as lm| < N. We have,
N

IS8 (B)llop < Z mrNZﬂ NZZ%

=1 i=1 j=1
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and thus
E(ISy®))2) < K* max  sup E(¢5(X1(t)) := c1(r, K).
(ISn (E)llop) ]6{17 Ky b (g5 (X1(2))) := er(7, K)
Then we get
jm| 2 m|
E Z<a7q)j>?\/ < |1’1’1|E Z<aa (I)Jﬁl\f
j=1 j=1
and
- 4
E(@ah) < B[ ISxOllnla®lax 20l
< T?’/O E(|[Sn () lop)lalt) 12,1 195013, st
K 2
< 7 (r,K) | sup Za%(t) / go?(t)dt.
te[0,7] =1 0
Thus
m| ?
(49) E Z(a, ;)% < erdei(t,K) | sup Zak ) | [m|?
j=1 tel0,7] .
Plugging (48) and (49) into (47) yields
2
E[Té,ﬂ < N?|m| 32 ]P)l/Q(Oc ) < N26:+3/2-p/2

log®(N)

This term is less than O(N ') for p > 4c, + 5. Having bounded the expectations of 17, T4, T4
yields (27).

Now we bound Tr[¥,!O,,]. As U ! and Oy, are symmetric and nonnegative, we have (see
Lemma 6 in Appendix Section 7):

e[V Om] < | ¥t ]opTr[Om <fTZTr mym,] where
7j=1

mJ T
Te[Omymy] = > /0 OB XaO))d Sy sup sy B 00( X1 (0)].
— J=L..., te|0,T
Therefore,
TtV Om] < ¢|m)|

with € = fsup;_y i Suprefo, Elg3 (X1 ()0 (¢, X1 (1))

The proof of Theorem 2 is now complete. O
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6.7. Proof of Corollary 1.

Now, let us prove that, if o is bounded, then Tr[¥;'Oy] < |m|||o|/2.

We use the followig trick. Let € := (€i)1<j<m| be a vector of i.i.d. centered variables with
unit variance, independent of (X;(t))¢>0,1<i<n. For any |m| x |m| matrix C, it holds that
Tr(C) =E(e TCE) Therefore

T Om] = Tr[¥m /2 Om¥m /] = (Tw;1/2@mq/;1/25).

Setting x = \I/I_nl/zs yields
x'Omx

=YY R R s |, PHOROE (5, ()X 0)0% X (0) de

1<GU<K 1 < k< m;
1<p<my
2

_ /OTE Zh Vg (X1(0) | o2t X1(0))| < | at

where h;(t) = >, Ty 4 tmy_, +kPk(t) and E(.|e) is the conditional expectation w.r.t. e. Thus
we get
2

T
eTw;1/2@mq:;1/25:xT@mxg\a||§o/ E Zh )i (X1() | | e | at.
0

Noticing that
2

T
/ E Z hi0)gi(X1(0)) | | € | dt = xTUx = 705 P 0m W% = [le]3 1,
0 b

we obtain, by taklng expectation,
Ul Om = T *Om ¥’ = E (0 *Om ¥ %) < [lo]%|ml.
Hence, the result. O

6.8. Proof of Theorem 3. We write the decomposition
[a—all}y = [las — al X Lay + llaldLag, -
The study of the last term is similar to the study of T , see (44)-(45), and yields E(||a||?V1A?V) <
C/N thanks to Proposition 4, P(A%,) < 1/NP for any p > 2.
For the main term E(||ag — al|3,1a,), we recall that Un(am) = —|[am||%- By definition of
ag, we have for any m € My, and any ay, € S,
Un(a@) + pen(m) < Un(am) + pen(m).
From (16), we have Uy (h) — Un(h*) = ||h — a||% — |h* — a||3 — 2vn(h — h*) and therefore
for any m € My, and any ay, € Sy, on Ay
[3m — all} < llam — al[} + pen(m) + 2vy (@m — am) — pen(m).

Now we define
Bmm = {h € S;m + Sy, [|h]lr = 1}.
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We have
E(|am — all}1ay) = E(l[asm — allylaynoy) + E(las — all 3 1aynos,)-

The term E(|[ag — all}1aynosg,) is studied analogously as the previous term Tb, with still
P(O%) < ¢/NP for all p.

Using that, on Oy, Vm,m’ € {1,..., N} Vh € S + Sw, ||h|2 < 2||h%, we obtain, on
On N Ay, the following sequence of inequalities.

~ Lo~
|am —aly < llam —al} + pen(m) + clas — am|7

+8 sup v (h) — pen(m)
hEBm’ﬁ

IN

1 1, .
(1+5) lam — all + penton) + 3

+8 < sup v (h) — p(m, m)) + 8p(m, m) — pen(m),
heB,, &
m,m +

where p(m, m) = x*||c||% (|m|+|m|)/N, where x* is a numerical constant (see below). Choosing

ko > 8k* implies that 8p(m, m) < pen(m) + pen(m). Therefore

( Sup VJQV(h) - p(fﬁ, m))“’]‘ANmON
hGBmfrﬁ

E(l[am — alld Laynoy) < 3llam — alf? + 4pen(m) + 16E

To exhibit the numerical value x* and achieve the proof of Theorem 3, first, we use Bernstein’s
inequality for continuous local martingales (see Revuz and Yor, 1999 p. 153): let M, = Nvy(h)
and

N +[K 2
(M) = Z/ [Z hk(t)gk(Xi(t))] o? (t, Xi(t))dt.
i=1 70 [k=1
Then,

9 Ne?
P(MTZN5,<M)T§NU)§exp %7 |-
v

For ¢ bounded, we have
(M); < Nlo|Z |l
Therefore

P (vy(h) > e, |h[} < v®) <exp _N752
o 2llolZv? /)

This inequality implies that we can apply the L2-chaining method described in Baraud et al.,
(2001), Proposition 6.1, p.42 and its proof p. 45-47, which yields that there exists a numerical
constant x* such that

E

2 - o3
sup vy(h) —p(m,m) | 13 <c
(hEBﬁ,m N + ANQON N

with p(m, m’) = 2/4”0”20%, K* = 2k (k = 38 is the value given in the proof). O
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7. APPENDIX

7.1. The Garsia-Rodemich-Rumsey (1970/71) Lemma. We state the version of this lemma
given in Jourdain and Pages (2022).

Lemma 5. Let (Y/")n>1 be a sequence of continuous processes where the processes Y™ = (Y;")yc(0.1
are defined on a probability space (2, A,P). Let p > 1. Assume there exists a > 1, a sequence
(O0n)n>1 of positive real numbers converging to 0 and a real constant C > 0 such that

Vn>1,Vs,t € [0,T], E[Y —YP] < C|t — s[*0P.

Then there exists a real constant C, 7 > 0 such that

Vn>1,E[ sup |Y" =YJ'|P | < Cprob.
te[0,7

7.2. Useful results from linear algebra. A proof of the following theorem can be found in

Stewart and Sun (1990).

Theorem 4. Let A, B be (m x m) matrices. If A is invertible and |A7'B|lop < 1, then

A := A + B is invertible and it holds

X IBllop |- A3

(50) AT = A7 lop < T
"7 1-[|[A7Bllop

The following Lemma is used in the proofs.

Lemma 6. Let A, B be two symmetric nonnegative d X d matrices. Then,
(51) Tr(AB) < [|AllopTr(B)

Proof of Lemma 6. Since the matrices are symmetric, there exist two orthogonal matrices
P,Q such that A = PTDP, B = QAQ" where D = diag()\;(A)), A = diag(\;(B)) are diagonal
matrices with diagonal elements equal to the eigenvalues of A (resp. B). As the matrices are
nonnegative, \i(4) > 0,\;(B) > 0 for all i = 1,...d. Set P = (p;;). We have PTQAQTP =
PTdiag()\;(B))P and

[PTQAQTPii =Y " X\;(B)p?; > 0,
J

which implies

Y IPTQAQTPLi =) Y N(B)phi =) N(B) Y phi=) X(B)=Tx(B).
i j i j

Therefore, using nonnegativity of A\;(A) and \;(B),
Tr(AB) = Y M(A)[PTQAQTP);; < sup Ai(A) Y [PQAQTPT);; < ||AflopTr(B). O

7
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7.3. Examples of bases. In the simulation section, we experimented two bases.
The trigonometric bases and spaces are defined as follows. Let us denote (Si ™, m > 0) the
subspaces of L2([0, 7]) such that S, has odd dimension m and is generated by the orthonormal

trigonometric basis. This basis is given by (¢ -) where o - (t) = \/1/710 (),

Paj—1,+(t) = \/2/Tcos(2mjt/T) Lo (1), @25 (t) = \/2/7sin(2mjit /7)1 1 (1)

for j=1,...,(m—1)/2. It is easy to see that

m—1

S ="" and LS = sup > 2 (x) =

=0 T z€[0,7]
Those properties are adequate, but a function developped in this basis is such that its values at
points 0 and 7 are equal, and this is not adapted to our examples.

This is why we rather used a trigonometric basis called "half-trigonometric" system, namely
the cosine basis defined by wor(z) = /1/T11(t), @jr(t) = /2/T cos(mjt/T) Lo 7(t), j =
1,...,m — 1, see Efromovich (1999, p.46). It is clearly an orthonormal basis. For a twice
differentiable function, the projection coefficients decrease like 1/52 without border constraints;
such constraints are required for higher regularities only, see Efromovich (1999, p.32). In practical
implementation, it appears that this basis is more convenient and performant than the complete
trigonometric basis.

We also used a basis which does not match to our theoretical conditions, but which revealed to
work well while being parsimonious (few coefficients required for good estimation): the Laguerre
basis (see Comte and Genon-Catalot (2018)) defined by

J N
_ . k(J t
(52) 0G(t) = VaL;(20e im0, >0, Lift) = kz_o(—l) <k>k‘
We set S5 = span{l;,j =0,...,m — 1}. We have

m—1
vVt >0, Z E?(t) <2m, and L(SL%9) < 2m.
=0



