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Sum-Frequency Generation at interfaces: a Fresnel story

Il. Analytical expressions for multilayer systems

Bertrand Busson
Université Paris-Saclay, CNRS, Institut de Chimie Physique, UMR 8000,
91405 ORSAY, France”

(Dated: 10 May 2023)

The well-known formalism for Sum-Frequency Generation reflected or transmitted by
a three-layer system involves three equations defining the emitted SFG intensity, the
effective nonlinear susceptibility, and a set of Fresnel factors specific to the three-layer
system. We generalize the equations to a N-layer system, where all media have non-
vanishing thicknesses, by leaving the first two equations unchanged and modifying
only the Fresnel factors. These universal Fresnel factors bear all the complexity of
light propagation and interference in the system, in amplitude and phase. They are
analytically known anywhere in the N-layer system, either at any interface or in any
of the bulks, and share common expressions for the three beams, incoming or emitted,
of the SFG process in reflection. Enclosing of an ultrathin layer (e.g. a molecular
monolayer) in the system does not modify the Fresnel factors except for boundary
conditions at this layer, as in three-layer case. Specific rules are elaborated to simplify
systems comprising macroscopic layers. Equations for the four and five layer systems
are explicitly provided. Simulations in the four-layer system allow to recover the
results of the transfer matrix formalism, to a lower complexity cost for SFG users.
Finally, when several interfaces in the system produce SFG signals, we show that
it is possible to probe only the most buried one by canceling all the SFG responses

except at this last interface, generalizing the results of the three-layer system.
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I. INTRODUCTION

Second-order nonlinear optical techniques, like Second Harmonic generation (SHG) or
Sum-Frequency Generation (SFG), have a straightforward interest in analyzing the prop-
erties of surfaces and interfaces because of their peculiar properties. In short, they are
essentially blind towards a centrosymmetric bulk whereas interfaces, where this symmetry
is broken, become the main source of the output signal. In addition, as they change the
color (frequency) of their output as compared to their inputs, every measured photon carries
information specific from the interfaces. Finally, they extract spectroscopic information in
the infrared (of vibrational nature) or the visible (electronic) ranges provided that the laser

sources used to generate them are made tunable or broadband.

SF'G spectroscopy becomes in fact a routine technique for molecular studies at interfaces,
with standard procedures for data analysis. The original system under study is however often
too complex for a straightforward application of this nonlinear spectroscopy tool. The system
is often transformed into a simplified interface for a model study aiming at elucidating the
key properties at stake in the full system. In particular, deeply buried interfaces in multilayer
systems may be modelled by open interfaces for an easy access by the SFG beams. In this
case, the system consists of two or three layers, namely the outside medium (air, vacuum
or a transparent window), the molecular film, and the substrate, in order to elucidate the
chemical and physical mechanisms at stake in catalysis or electrochemical reactions, or the
peculiar configurations adopted by the molecules at the surfaces of various liquids. A lot of
applications have been published concerning the study of molecules adsorbed on, or in close
contact with, a solid substrate, potentially buried'™ and electrically charged,*® or interacting
at a liquid interface.® Molecules at nanostructured interfaces are now commonly addressed

either.10-13

However, the complexity of heat, charge and matter exchange, together with conforma-
tion changes and long-time stability in operando systems makes it rather needful, after the

model interfaces, to tackle more realistic systems in situ. Such complex studies may in-
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clude the influence of molecular orientation'* or of vibrational and vibronic coupling
on the electron transfer at a molecule-substrate junction in a dye-sensitized solar cell; the
anodic and cathodic sides of an operating fuel cell;'® buried interfaces in organic micro-

electronic devices involving molecular components like conducting polymers, graphene or



organic semiconductors.!?2!

Burying the interfaces by piling up stacks of matter makes sample design but also SFG
data analysis difficult due to the existence of these additional layers, and of the additional
interfaces that come with them. In a few works, analysis of deeply buried interfaces in
systems comprising more than three layers has been attempted.?? 2" Whatever the number
of layers, the nonlinear process is always represented by the creation of a local surface
nonlinear polarization P(ws3), proportional in the dipolar approximation to the product of
the electric fields E(w;) and E(ws) of the incoming light beams (with w3 = w; +wy for SFG),
emitting in turn light at the new frequency, eventually detected in the far field in reflection

or transmission. In other words, we have
2) ik
PL( ngﬁ& By (1) B (wn) (1)

where the proportionality factor is the surface second-order susceptibility x?, a third-rank
tensor, and (a,3,7) represent Cartesian coordinates. When the number of media grows, so
does the number of interfaces and accordingly the number of nonlinear polarization sources.
However, the emitted electric fields at the SFG frequency at the various interfaces just sum
up in the far field, so that, from a nonlinear optical point of view, there is no difference
between interfaces composed of 2 or N media.

The difficult point encountered in the quantitative and spectroscopic description of the
phenomenon does not lie in the nonlinear process itself. It arises from the fact that the
electric fields and polarizations are local quantities, to be evaluated in the medium [k] where
the nonlinear process actually takes place. These local fields are related to the far fields,
the ones that are controlled and measured by the experimenter, through the Fresnel factors.
These factors encompass all the linear optics at stake in the propagation, reflection, refraction
and interferences undergone by the light waves from the far field to the local position of the
nonlinear interaction. While equation 1 remains universal whatever the number of layers and
experimental tunable factors, the Fresnel factors on the other hand depend on the nature
of the interface and of its constituents, on the angles of incidence and on the wavelengths
involved. This can be summarized by the equation linking the intensity of the output to

those of the input:

873 (w3)?
]R((,Ug) =
STl con )

|Xeff| I(w)I(w2) (2)



where I is measured in reflection, intensities are defined by I(w;) = %;[:]|E0(wi)|2 with E°
the far field, ngl] and 91[1} the refractive index and angle of incidence of beam i (frequency
w;) in incident medium [1], respectively. In this equation, the Fresnel factors have shifted
from the fields to the nonlinear susceptibility itself, modifying it into an effective surface

susceptibility which bears all the burden of the linear optics. As a matter of fact, we have :

X2 =37 F(ws)el (ws) Fy(wi)ey (wh) F (wa)el (wa) x5, (3)

afy
where ell(w;) are the polarization vectors of the electric fields in the plane perpendicular
to their direction of propagation. For practical applications, factors ell represent the de-
composition of electric field E? on their (s,p) basis, projected onto the (x,y,z) laboratory
frame. Such a projection is necessary in order to account for the symmetry properties of
tensor x(?, linked to the interface. We also note that the Fresnel factors have identical
expressions for the three beams, which is a universal property whatever the structure of the
interface in a reflection SFG experiment.?*3° For completeness, the corresponding equations

in transmission are:

8’/T3 (Wg ) 2

Ir(ws) = X 2T (1) T (ws). (4)
c3ngN]n[11]n[21] (cos H‘L)N} )2 15T
and
2 1 2
X e = Fl(ws)e™M(ws) Fy(wi)ey (wr) F(wa)el (ws) x5, (5)

afy

where the last medium of the system is labelled [N].

Eq. 2 and 4 are universal whatever the complexity of the interface, whereas Eq. 3 and
5 contain all the details of the system: number and thicknesses of the layers, indices of
refraction, angles of incidence. Evaluation of the Fresnel factors is thus an ineludible step
during data analysis as it allows retrieving the sought-after quantity y?, characteristic of
the species acting as the source of the nonlinear process, from experimental data. It is
therefore necessary to calculate their amplitude and phase from dedicated formulas, using
all tunable experimental parameters as inputs. The formulas for two layer (2L) and three
layer (3L) systems have been known for long.3! In the latter case, when the middle layer
[2] becomes thicker than the wavelengths of light, Fresnel factors also account for the phase
differences induced by beam propagation coupled to the interference between all reflected

beams bouncing up and down in this layer. Such an interference may lead to interesting
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situations, completely independent on the nonlinear process itself, for the example the van-
ishing of the SFG response of one of the two interfaces in a three layer system.30:32:3% Even
if a universal formulation of the Fresnel factors in this case is not always achieved,** 3 their

description has become robust and rather straightforward.

The problems arise when the number of layers reaches four or more. Partial determination
of an analytic expression of Fresnel factors has been made in the four layer case, under the
hypothesis that one of the layers has a vanishing thickness.?> ?* To our knowledge, there is
no analytical expression of Fresnel factors for a generic four-layer system, and all the more
for a N-layer system, to be plugged into Eq. (2) to (5). Such complex systems may still
be addressed using several theoretical methods. The transfer matrix approach allows to
express the electric fields at various interfaces or media through matrix products applied
to the external fields,?>2"3% 4! even beyond dipolar approximation.*? Each interface crossing
results in the append of two matrices in the transfer matrix product, one accounting for
the reflectivity properties and the second one for the phase factors. The (4x4)-matrix
formalism developed by Berreman,*® and applied later on to nonlinear optics,** allows to
introduce flexibility in the symmetries of the layers beyond in-plane anisotropy,* or beyond
dipolar approximation.*® Finally, the mixed (4x4)-transfer matrix approach?” generalizes
the transfer matrix equations to anisotropic materials. All these techniques give access to
the numerical computation of the desired quantities, but they do not provide the analytical
expressions of the various internal fields in terms of reflection (or transmission) coefficients
and phase factors. They are well adapted to automated simulations, in particular when the
number of layers is high. On the other hand, analytical formulas offer some advantages:
they may be analyzed per se in order to provide predictions about their output before
performing any simulation. A good example is provided by the analysis of the conditions
required to achieve canceling of the SFG process at the first interface in a three-layer system,
as recalled above.??32:33 In addition, analytical formulas allow easy plug and play into the
well-established formalism for three layer systems. It is easily conceivable that current SFG
users would like to keep the same tools and concepts they are accustomed to for their data
analysis, even for multilayer interfaces. Finally, Fresnel factors for arbitrary depth inside the
system (i.e. in between interfaces) are easier to access by analytical means as they represent
a continuous function of depth. Such depth-dependent factors are interesting for in situ

analysis of film growth®® or bulk SFG production*® in multilayer systems.



In this article, we provide analytical formulas for Fresnel factors in a generic N-layer
system by elaborating on the formalism proposed by Abeles.®® The factors depend on the
location of the nonlinear polarization source, so we provide formulas for a polarization
located at one of the (N-1) interfaces, but also at any arbitrary depth inside the bulk of one
of the layers. These Fresnel factors have a simple form (i.e. as x, y and z-factors), which can
be directly plugged into the usual SFG equations (2) to (5). They may be obtained by the
direct application of algebraic formulas or using a recurrence relation. Their analysis shows
that a layer with negligible thickness has no influence on the factors of the whole system,
except for boundary conditions, similarly to the well-known three-layer case.3%3! We also
propose a way to account for the specificity of macroscopic layers inside the system: the user
may decide whether to take the Fabry-Pérot effect into account, or not. In the latter case,
the system splits in two subsystems on each side of the macroscopic layer. We explicitly
take the four and five layer systems as examples and provide the ”plug and play” formulas
for SFG users. Results for the 4-layer system both match the simplified versions found in
the literature and reproduce at low cost the simulations performed using the transfer matrix
formalism. Having access to analytic formulas also allows to analyze and predict without
simulation the conditions required to switch off the SFG produced at any interface inside
the N-layer film. In particular, we show that it is possible, by adapting the rules established
for the three layer system,® to predict without simulation the design of samples in which
the SFG process vanishes at all interfaces except the last one, allowing to probe the most

buried interface in a multilayered system.

II. FRESNEL FACTORS IN A MULTILAYER FILM

We consider the Sum-Frequency Generation (SFG) process as sketched on Fig. 1. All
beams travel in a common (,z) plane of incidence, with z axis perpendicular to the interface
and pointing "up” (i.e. towards the incoming light beams). The generic sample is sketched
on Figure 1(B): N media, separated by N-1 plane interfaces located at z = z/¥ < 0 with
k= {1,---, N —1}, each layer described by its own refractive index n!* and thickness d¥! =
2= — 2K The SFG process may happen at any depth inside the film. As for notations, we
index quantities (refractive indices n, angles of incidence 0, electric field amplitudes E...) in

the following way. Subscripts incorporate s/p polarizations, beam number (i = 1,2,3) and
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FIG. 1. (A) Sketch of the SFG process in the N-layer model. Multiple beam reflections and
refractions at every interface are not shown for clarity. Definitions of the multilayer systems: (B)

full system {1,N}; (C) subsystem {k-1,N}.

component (« = z,y, z). Superscripts focus on the position where a quantity is evaluated:
[k] when defined inside a layer and {k} at an interface. For reflection % and transmission ¢%
coefficients, superscript (ij) means that beam travels from [i] towards [j]. The beam number

subscript will be skipped every time it is possible without ambiguity.

As explained in the Introduction, we focus on Eq. 3 (or Eq. 5 when appropriate), to be
plugged into Eq. 2 and 4. Our goal is to provide analytical expressions for the electric fields
at any depth z < 0 inside the sample, thus defining the Fresnel factors applicable to these
equations. As we address the linear optical properties of the stack, only one light beam
(frequency w, far field amplitude E°) is necessary, entering the system from medium [1] with
angle of incidence A1 refracted into 6¥) in each layer [k], transmitted to medium [N] with

far field amplitude E™V, with nlsin 1 = nl¥ sin 6F] = n[M sin 1N, We define the following
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parameters: B = En[’“]d[k] cos 0% is the phase delay induced by propagation through layer
k] and ¢F = 2" ’

In order to achieve our goal, we rely on the compact formalism proposed by Abeles,?
summarized in subsequent publications®®*? and recently applied to the SFG case.?*%3 The
principles of this optical description of interfaces are recalled in Appendix A. The Fresnel
factors relating the far field amplitudes and the local fields at arbitrary depth inside the film

are generally defined in the following way:

E E, FE
Foe—% B andF—— " 6
EY cos ol 4 EY an B sin ol (6)

The detailed derivation of the following formulas can be found in Appendices B and C for s

(y factors) and p polarized (x and z factors) light, respectively. They incorporate quantities

¢lk defined above, and reflection coefficients 77 /]+ at each interface {j} as

bl cos O] — plitl] cog g+

J,j+1 _
"s (w) o nbl cos O] + nlit+1l cos li+1]

(7)

nli+1 cos QU1 + nbl cos QU+

rg’j“(w) =

(8)
All expressions below make use of the ruled product, marked with a dagger (1) superscript,
which we define as follows: when a product is evaluated under this rule, all factors of the

form (rg’/]‘erl)? are set to 1.

A. At the interfaces between two media

At the various interfaces, we calculate the local electric field amplitudes to deduce the
Fresnel factors to apply to incoming beams. For the outgoing SFG beam, the same formulas

apply as detailed in Part I1C.
1. First interface {1}
N-1
(1—ri2)t H [1+ S[j]ri_l’jrf;j“f

R = =2 (9)

T N—1 ;
[1 + S[J]TIJ)—l,JTIJ;JnLl}

=2



=2

-1
(4 T [1+ €lrgpgen)’

<.
U
N

{1 —
Fyh =

=

-1
1+ €395

<.
||
N

=

-1
(1 + 7,11)2)1 [1 + g[y}rg) 17]T;:J+1]
Fi — (11)

[1+ g[j]rg—l,jrg,mf

W,
[\

=

<.
Il
V)

The numerators in these equations do not simplify with the denominators because of the
ruled products with r!? 7p at the numerator.

As an illustration of the handling of the ruled product, we detail the numerators above:

N-1 N-1
(1= 522yt T [1+ €0 0] = (1= g2yt (1 grt29)' T] 1+ bl 19,51]
7j=2 J=3

N-1
_ [1 7“12—1-5[2] 1,2 23 S[Q]TES}T H [1+5[j}r;fl,jri,j+lr
=3

=

— (1=r2)(1 =22 TT [+ ihri-tipit]t (12)

.
Il
w

=z

—1 —1
(L+2)T T [+ €0 197377 = 142 g @202 4 c228)T T (14 0l 1opsot]

=

<
Il
¥
2
.
Il
w

-1

= (1421 + ) T [1+ 0y tarit ) (13)

<.
Il
w

=

1 N-1
D R B R il | ISt
j =3

[
[\
=

-1
= (1214 €22y T (14 €8]
J

o1

Il
w

The alternate formulas below explicitly show the proportionality of the F1!} factors to the
Fresnel factors of the {1,2} two-layer system: (1 —r,?) for x, (1 +r;?) for y and (1 +r)?)

for z:



i =

— (147}

_ ¢[2],.23
L for N
1+ 5[2]7“127"23 or N=3

N-1
2] 23 T H 1+5mr§_17j7’§’j+1r

1 — 12 Jj=3
(1—r, ) ~ 1 for N >4
[1+ g[j]TlJ;—l,jrngrl}T
j=2
14 B2
1 12 s
(1+rg )‘1 IWC RS for N =3
N-1
1+ @) T [+ g[ﬂrg’lvjr{;j“f
1 12 Jj=3
(147, ) T for N > 4
[1 -+ gllyp—tipga+1)t
j=2
1+§[2} 23
)_1 +§[2]T12T23 for N'=3
N-1
+ ¢228)t H +€mr§—1,jrg,j+1}f
12 Jj=3
(1+7‘p) ~ T for N >4
1_|_€ TJ 1JT]]+1]T
j=2
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2.

Arbitrary interface {k-1}, with 3< k<N —1

Fz{kfl}z
(k<N-2)—
(k=N-1)—

k-1

FiF1 =
(k< N-2)—
(k=N-1)—

N—
— ]9~ 1o pogei+17 1
(1 T H +¢ p Tp ] k-1 k-1

7=k ;81
[0 T

N-1
H [1+ g[jlrg—l,jrg,mr =2 =2
Jj=2

N-1
k], kk+1\t i1..5—1,5. 5.5+171
(1—¢l ]7}, ) H [1+ g[J]rg) iydd ] .

k
J=ktl H [1—ri~1] H LD

N-1 ] ]
H 1+£[j]rg_1’jrg’j+1r =2 =2
Jj=
1 — [N—l]rN—l,N N-1 o N2
L SN [t} "
it +5[j]7“f;_1’j7“§’j+lr =2 =2
j=2

N—
k— lk ] i =1 i +171
(147" H 14 gWlpg—Lipsi+t] .

k—1
N—1 = H 1+T’] Ly Hewm
H 1+ g[j]rgfl,jrg,jﬂ]f =2 =2

j=2

N-—1
k], e k17 []d—10d g +17 1
(14 WDt TT [t 4 €07 -

k
— j=k+1 H 1—0—7”] 1,5 Heig[j]
7j=2

H 1+ gmrg—l,jrg,m]f =2

j=2
1 [N—-1],.N—1,N N-1 N-2
Nfl( S S I [2+r 9] I & (19)
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1+rk 1k H 1+§m7‘§;_1’j7“§’”1]T

[1] . . ol
Fz{k_l} - <n7;f—1]) N—1 [1 + 7‘;_1’]] H e
H 1+ ¢l ,,»J 17J7=],]+1]T j=2 =2

]:

N-1

L1+ gHpkk+1)t H 1+ g[ﬂrg‘l’jr;vj“f

[1] A k R S
(k <N - 2) — = (nﬁ_”) — j=k+1 H [1 + 705;1’]} Hezﬁb]
H 1+ é[ﬂrg;‘lujrg;j“f =2 =2
j=

1] \2 (1+£[N—1]TN—1,N) N-1 N-2 o
n i8l]
(k =N — 1) — = (n[N—Q} ~ T p T H 7»] 17] H eﬁj (20)
L 5 o
[1 + g[ﬂr]a] I,JTZJ),JH] J j
j=2
3. Last interface { N-1}
N-1 N-1
o6V [1— 729+1]
{N-1} _ J=2 J=1
F; = V7 (21)
[1 + g[j]ri LJ,,,J,JHF
j=2
N-1 N-1
LR [1 + TJJ-H}
{(N-1} _ J=2 j=1
Fy T N-—1 (22)
[1 + f[j]rg IJTJ,JH]T
j=2
N-1 N-1
il J,J+1
e + 7,
{N-1} nll Y’ 31;[2 J[[l
FIN-1} (n[N_l] i=2 (23)

The formulas for y-polarization are deduced from x-polarization by replacing r, with r
and changing all minus signs to plus signs. The formulas for z-polarization are very close
to their counterparts for y-polarization after the substitution of rs by r,, only differing by
the continuity conditions represented by the ratio of the squared refractive indices. As the

z-component is not continuous and differs on either side of interface {k-1}, they are valid
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in medium [k-1]. On the other side of the interface, i.e. in medium [k], the factor must be
multiplied by (n!*=1 /nlkl)2,

Having established analytical formulas makes it possible to analyze their content. As for
the numerators, the last two products involved in Eq. 18-20 could have been anticipated:
(i) the first one involves the product of the local field coefficients (1 — 7% for x, 14 r7/*!
for y or 1 4 77t = —1 for z), related to the transmission coefficients, at all interfaces
{j} up to {k-1}: if any of them vanishes, no beam is transmitted to layer [k]. This is
why the alternate formulas provided in Eq. 15-20 explicitly show such products up to and
including interface {k-1}. These terms represent in fact the various boundary conditions
at all interfaces involved along beam propagation. We note that the exact cancellation of
any of these transmission coefficients at some interface j is rather hypothetical as it would
require 177+ =1 for x, r)7*!' = —1 for y or 177! = —1 for z, hence one of the conditions
nbl, nlitll = 05 or gLl 9+ = 90° (achievable only for attenuated total reflection at the
critical angle). However, we can get near cancellation when angles of incidence become
either very big, close to critical ATR angle or when |[nlV*!| > (or <) |[nll], for example
at a dielectric-metal interface; (ii) the second product simply accounts for the total phase
acquired upon beam propagation after traveling through the [k-1] first layers of the system.

We study the denominator in more details below.

4. Recurrence relations

The algebraic formulas above (Eq. 9-23) provide the Fresnel factors at any interface in
any system. Their application to deduce explicit analytical formulas is complicated by the
presence of ruled product. Here we provide an alternate way to obtain these formulas,
by deducing the factors for the (N+1)-layer system from those of the N-layer system or,
alternatively, from the factors at the first layer of each system comprising between 2 and N
layers.

All the Fresnel factors above encompass denominator

(24)

N-1
N t
N—layer (4],.0—1.3,.0.0+1
DS/p o H [1 +¢ Tsip Ts/p ’
=2

common to all of them. The first step is thus to write down this denominator. The dagger

product involved here may seem abstruse at first sight, but the analysis of the structure of
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FIG. 2. Principle of calculation of the interference terms in multilayer systems, illustrated in the

N =5 case.

each term in the final sum makes it possible to easily implement the result using a graphic
help (Fig. 2). For a system with N media, there are N-2 sandwiched layers introducing N-2
dephasing terms £V)) each corresponding to the bouncing of a beam inside layer [j]. The
denominator is constructed by enumerating and summing the 2¥~2 possible products [ £V,
The amplitude associated to each of these terms is graphically determined as the reflectivity
factors r,/, necessary to constraint the beam to bounce inside the corresponding layers, writ-
ten in the order of increasing layer numbers. When adjacent layers are involved, the beam
goes through their common border without reflection, the corresponding reflectivity term
disappears, and this is just what the dagger ruled product accounts for. As an application,

we can directly read on Fig. 2 the eight terms of the denominator for the 5-layer system:

polaver _ 1 4 Ts/p s/pf[Q 723 34 5[3] 44 45 5[4 12 .34 5[2]5[3

s/p Ts/p"s/p "s/p"'s/p Ts/p"s/p
23 45 ¢[3] ¢[4] (2] ¢[3] ¢[4 23 34 45 2] ¢4
+ Ts/p S/pg[ g[ + rs/p s/pé ]5 ]5 ] + Ts/p s/p s/p s/pg[ ]g[ ] (25)

Starting with the x-component, the factors for the (N+41)-layer system may be deduced
from those of the N-layer system using the following rules (established by the analysis of the

algebraic formulas):

e (i) write down denominator Di%fl) ~laver ysing the method exposed above;

(N+1)—layer

e (ii) replace all denominators DN layer in x-factors by Dy ;

e (iii) deduce x-factor at interface {k+1} in the (N+1)-layer system from factor at
interface {k} in the N-layer system (for all 1 < k < N —1) by rewriting the numerator

14



while increasing all indices in the superscripts by 1 (e.g. 7“;27“12)36 2 7“237“245 31, then

multiply by e?#™ (1-— 7’;2);

e (iv) deduce x-factor at first interface in the (N+1)-layer system by writing down de-
nominator DS V7Y at the numerator while replacing r,? by —1, then multiply by

(1 =r%);

(v) deduce y-factor from x-factor by replacing 7, by r, and changing all minus signs

to plus signs;

(vi) deduce z-factor from x-factor by changing all minus signs to plus signs;

(vii) modify the boundary condition (n!!!/n!*)? in the z-factor to (n!/nl**+1)2 or

(nM/nlk+2)2 to evaluate the local field in medium [k+1] or [k+2].

Recurrence starts with the 2-layer case, for which we have F, = 1 — Tll,2, F,=1+7r}and
F.=1+ T;Z in medium 1 (the 2-layer case may even be seen as the result of the recurrence
applied to the 1-layer case, i.e. F, = F, = F, = 1). Application to the 3-layer system leads
to the formulas analyzed in details in Ref. 30. The 4-layer system is explicitly detailed in
Part III C, and the 5-layer case in the Supplementary Material.

In the end, evaluating all the x-factors at the N interfaces in a (N41)-layer system is
equivalent to evaluating the x-factors at the first interface of all systems from 2 to (N+1)
layers using rule (iv), then applying rule (iii) as many times as needed. These recurrence
methods give access to the analytical formulas for any N-layer system, but also provide a

way leading to an algorithm for the automated evaluation of their numerical values.

B. In the bulk of a medium between two interfaces

As explained in the introduction, for the analysis of SFG produced during film growth*®
or in the bulk of a layer inside a multilayer system,*’ it is also possible to define Fresnel
factors F'(z) at any depth z located into medium [k]. We define the dephasing induced by

the propagation into this medium £ (z) = %n[k](z[k’” — 2) cos OF1 > 0.

15



1. In medium [2]

=

[615[2](2) _ 7’]%’35[2]6_’5[2]@} [1 + S[J]T]Jj_l’Jr;’]Hr
FP(z) = = :

[+§ J 1JT]]+1]T

Il
w

-] (26)

p

=

<.
[|
N

N-1
[ e 4 23¢02 Bl z)}T H [1+ 5[j]rj—1,jrj,j+1]f
2 J=3 12
FA(z) = T [1+ 7] (27)
[T [+ &g tangon)’
j=2

V-
[eiﬁ[Q]( 2) 4 235 (2] ;i ] H 1 +§[J‘]T£—1,jrg,j+1r

F(z)= (%)2 [1+7,7] (28)

N_1 .
H [1+ g[ﬂ]rg)_lﬂrzj)d-f—l}
=2

2. In medium [k, with 3 <k <N -2

N-1
[615[“ (2) _ r’;,k+1§[k]€—15[k](»2)] | | [1 + g[J]TIJJ—LJT;)J-H}T

k
Fl[k](z) = — j=k+1 H 1 B 7‘] 1,j Hewm

1+ 5[jlrla)‘—1,jr§,j+1r =2 =2

=

<.
||
N

N—-1
‘ t L
iBM(2) | kk+1g[k] —z/ﬂk](z)] H [1],d— 1 .drj+17 1
e + 7, E¥le [1+§ ri=Ird } -

k
k j=k+1 i8]
FyH(Z): — Hl—i—rﬂ ] Heﬂ
[1+ g[jlrj—l,jrj,m]T =2 j=2

=

.
||
N

(30)

N-1
[ew['ﬂ(z) kb g[k}e—w“ﬂ(z)} IT 0+ gmrg—l,arg,mr

(1] 2 ) k k—1 )
n =k+1 i1, iUl
Fz[k](z): (_n[k]> - J H [1 +7] 1,;} He 8
j=2 j=2

N—1
H [1+ g[j]rg—lvjrgvj“f
j=2

(31)
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3. In medium [N-1]

ei,B[N*”(z) _TN—I,Nf[N 1] —zﬁN U(z) N-1

N-2
FINI(z) = ——— 2 [ITa-r I 32

[1 4 eWlpi=tips J+1}T =2 =2
=2
iBIN-UG) | N-LNN-1] i -1() N1 N2
e + 7 § e -
F(2) = o L+ [T 33)
[1+ g[j]rj—l,jrj,m]f a=2 j=2
=2
1 \2 8N 1) N—1,N ¢[N—1] —ipIN=1](z) N— 1 N-2
_ n e +r 13 e .
FIY 1](2>:(nw_1]> TE— T Lo T 3
H 1 +€[J]TZJ)_17]TIJ7J+1} J=2 =2
=2

It may be checked that F [k}(z = z[k}) is equal to F*} as calculated from Eq. 18-20, and

that all the results in this section coincide with those in Ref. 30 for a three-layer system.

C. Application to SFG process

The equations above provide the general transformation of the far field in medium [1]
into the local field at any depth z in the multilayer system. If a nonlinear sheet is placed at
this depth, these equation may be plugged into Eq. 3 to reconstruct the effective nonlinear
susceptibility. This supposes that the Fresnel coefficient for the emitted SFG beam is identi-
cal to those for the incoming beams. This has been shown in the previous article®® using the
external point of view, but it is also possible to check it directly from the equations 29 to 31.
They are composed, in this order, of a Fabry-Pérot term, multiplied by the two products
described above: one proportional to the local field coefficients (or boundary conditions) and
a propagation dephasing term. As for the latter, incoming and outgoing beams share the
same dephasing as they travel the same distance whatever their direction of propagation. As
for the Fabry-Pérot term, ray-tracing inside the successive layers from [2] to [k-1] shows that
incoming and outgoing beams experiment the same reflections at interfaces and dephasing
upon exchanging the roles of rays going "out” (with increasing z) and ”"in” (with decreasing
z), respectively. This is also valid in layer [k], represented by the first term at numerator

in Eq. 29-31, summing up two terms travelling "in” and ”out”, respectively.?® In fact, the
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only difference between incoming and outgoing beams lies in the boundary conditions, be-

cause they obviously don’t cross the interfaces in the same directions. In the same line,

the emission coefficient transforming the nonlinear polarization into an electric field?3% in

[¥]

medium [k], where it actually happens, is proportional to 1/n;" cos 9:[))k], to be compared to

1/ n:[;] cos 9:[1)1} showing up in Eq. 2. This issue is solved by a recursive use of

1 i
<1777 (ws) (35)

t] 1’]((4.)3) = —
I7s/p ng] cos (95[3]]

1
n:[)f Y cos 9

where #/ 7p1’j is the transmission coefficient from medium [j-1] to medium [j|. For s polariza-

tion, we use 1+ ri~1J = =17 leading to
[1+77H] = 7971 (36)
Veos 931] ]1_[2 n3 cos Hgf ]Hk

This equation shows that the boundary condition term for SFG emitted in medium [k] and
transmitted to medium [1] is equal to that corresponding to the SFG emission in medium

[1], coupled to transmission from medium [1] to medium [k], as for an incoming beam.

o . -1
For the x-factor, we use 1 — rg,_l’J =1+ 7’%’]_1 = Wtff—l to get
1 2
[1— 7771 cos b 1 — [t2771] cos o (37)
[1 Ccos (931] JI_IQ ) n3 COSG H

In other words, p-polarized SFG emission in medium [k] projected onto x axis and transmit-

ted to medium [1] is equal to emission in medium [1] projected onto x axis and transmitted

. pli—1l
to medium [k]. For the z-factor, we use 1 + /17 = CO8 4391 ans Snell’s law to get
b cosglil P
k 2
1 (nlhy2 11 e al1] [k]
1+7"5) sinfy’ = [¢2771] sin 6 (38)
ngl] cos (9:[51} (ngd)2 g | » ] ’ n3 cos@ 1;[

showing that the Fresnel factor defined for an incoming beam identically applies to p-
polarized SFG emission in medium [k] projected onto z axis and transmitted to medium
[1]. The boundary conditions belonging to the straight Fresnel factors of the SFG beam
quantify p-polarized SFG emission by the nonlinear polarization located in medium [k],
then transmitted throughout (k-1) interfaces to the far field in medium [1]. Equations 36-38
show that such boundary conditions are identical to those applied to any incoming far field,
taking into account the emission factor defined in Eq. 2. The Fabry-Pérot, boundary con-

dition and dephasing terms, thus the whole Fresnel factors are equal for the SFG outgoing
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and the incoming beams. We recover in the expressions above the universality of the Fresnel
factors in the generic case of the N-layer system.

When SFG is emitted and measured in transmission, the Fresnel factors for the SFG beam
differ from the ones determined above because they now account for the propagation of a
beam generated in medium [k| and travelling towards the far field in medium [N]. However,
from the universality property, we know that, whatever the polarization, such Fresnel factors
for the transmitted SFG beam are equal to those applying to an incoming beam travelling
from layer [N] to layer [k|], provided that emission factor from Eq. 4 is used. They may be
deduced from the formulas above by appropriately swapping the indices, i.e. transforming

{1,2,---,k—1,k,--- N —=1,N} into {N,N — 1,--+ [ k,k —1,--- ,2/1}. As propagation
N-1

phases are now calculated from the last interface, Z ﬁgj J must be subtracted from the total
j=2
phase to account for the common origin of the phases at z = 0. Explicit formulas for SFG

in transmission in the three-layer system may be found in Ref. 30.
Beyond these general equations, we show below how they must be adapted to two specific

cases, namely ultrathin and macroscopic layers, and how they apply to the four-layer case.

III. SPECIAL CASES

For practical applications, we stress on the essential differences between thin, microscopic
and macroscopic layers. The calculations above suppose that the layers are ”microscopic”,
i.e. thick enough not to neglect the Fabry-Pérot and interference effects due to beam prop-
agation. In the two parts below, we consider the transformation of these equations when

one layer becomes very thin, or instead very thick.

A. Thin layers

We examine what happens when one of the layers (medium [h], refractive index nl")
has a thickness small when compared to the wavelengths of light, or even tending to zero
(d" < M\/2m, leading to Sl — 0 and & — 1). In the three-layer system, we have in
F12 4 23

this situation (with h = 2), whatever the polarization, % — ———— = 73 Layer
1471272

[2] becomes blank for linear optics®® and, as for nonlinear optics, the main consequence

is the equivalence between 2L, and 3L models apart from continuity conditions for the z-
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component.® Here we show that this result generalizes in the N-layer system: the Fresnel
factors applicable to layer [h] are equal to the Fresnel factors of the same system where
layer [h] has been removed (this new system being called {NN \ h}), apart from continuity
conditions for the z-component. In order to show this, we plug £ = 1 into Eq. 19 in
order to calculate the Fresnel factor for s-polarization at any interface {k — 1} in the system

(generalization for arbitrary z is straightforward using Eq. 30). Developing the denominator

h—1,h | hhtl
h—tht1 _ T +r

1+ yh—1,hph,h+1

using r (valid for s and p polarizations) gives

N-1 N—
[0+ gty ) =TT (1 €000 ) o (120l (39)
; .

—_

Jj= Jj=2
{N\h}

where the product for the last term is not ruled. For h < k, factors (1 + rh=1)(1 4 phh+1)
appear at the numerator, which simplify using

14 phLh+l — (1+ r?flvh)(l + 7’?””1)

1 Wyl o
and Eq. 19 becomes:
N-1
L | (IR S A
P [T I
[1+ lpi-tipgan) ey ey

j=2
{NA\R}

For h > k + 1, the same factor (1 + rA=bAphit1) appears as a normal product both at the

numerator and denominator, and after simplification, Eq. 19 becomes:

(1 + gWphkt1yt Jhl 1+ 5mrg—1,jrg,j+1]T
j=k+1 k—1 k—1
Fy{k—l} _ — {N\h} H [1 + T?j—}—l} H ewm (42)
[1+ g[j],,,gfl,jrgJJrl}T j=1 =2
Jj=2
{NV\R}

The same procedure leads to analogous results for x- and z-components. For the latter, factor
(nl1)2/(nl")2 (Eq. 20 and 31) is the only reminder of the presence of [h] layer. Otherwise,
this layer has become blank for linear and nonlinear optics, as is layer [2] with a negligible

thickness in a three-layer system.%*> Consequently, in a N-layer system, all layers having
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thicknesses smaller enough than the wavelengths of light may be discarded, reducing the
complexity of the system, in order to focus only on the thick layers where interferences
occur. Conversely, this means that it is possible to model a multilayer system by increasing
at will the number of layers as soon as they have a negligible thickness and their indices of
refraction are introduced to modulate the Fresnel z-factors. This option is interesting for
example when the nonlinear polarizations happen to be generated at any interface where
the refractive index differs from both bulk indices.?? Choosing the right index for such

an interface layer is a classical puzzle for SFG spectrocopy, and several options have been

1 31,56,57 58,59
Y

proposed, based on variations on a Lorentz mode molecular dynamics simulations
or ellipsometry measurements® It is also possible to define the interface by several sublayers,

or even a continuous variation of the refractive index as a function of depth.5!

B. Macroscopic layers

The equations in Part IT take full account of the Fabry-Pérot (F-P) effect due to inter-
ferences between all the beams propagating and bouncing inside a generic layer [k] after
multiple reflections at the {k-1} and {k} boundaries. This analysis is correct as long as the
system allows long range propagation and overlap of the multiply reflected beams. When
layer [k] becomes thick, or even macroscopic, these hypotheses suffer from several restric-
tions. In practical SFG experiments, these thick layers are in general made of wafers, plates
or windows not originally designed for perfect F-P effect, or in any case too thick to perfectly
achieve it. It is known that even manufactured F-P resonators may suffer from imperfec-
tions, due to non-parallel plane surfaces or non-planar boundaries, either slightly spherical or
roughened.5%%3 Quantitatively, the upper bound of the misalignment of two adjacent plane
interfaces in the system (i.e. non-parallelism) leading to an incomplete F-P effect is a frac-
tion of the wavelength.%* It is therefore more easily reached for thick layers, whereas it may
be neglected when the thickness of the interfering layer is roughly up to the order of magni-
tude of the wavelength. In addition, contrary to optical set-ups designed for F-P analysis,
SFG experiments usually make use of small and focused beams at high angles of incidence.
In these kinds of geometries, it is easy to see that the multiple beams inside a thick layer [j]
experiment a drift in position which quickly leads to loss of spatial overlap, all the more as

beam overlap is usually experimentally optimized at one of the interfaces, not in the middle
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of the thick layer. When ultrashort pulses are involved, we may also expect that the pulses,
originally overlapped in time, acquire a progressive time delay as a consequence of their
different propagation speeds (i.e. group velocities), leading to a decreasing efficiency of the
nonlinear process when multiple reflections are involved. Finally, for Gaussian beams, the
nonlinear phenomenon essentially takes place close to the overlapping beam centers where
the intensities of the input beams are maximal, and the multiply reflected beams quickly
shift away from this small optimal zone.

As a consequence, it seems reasonable to give the possibility to the user to simplify
the model by treating thick layers in a different way as for their Fresnel factors. When
the thickness becomes macroscopic (typically for d* > \;z), it is possible to adapt the
implementation and the magnitude of the F-P effect to the experimental geometry and
sample properties. In particular, when multiple reflections are completely neglected in layer
[k], all terms specific to this phenomenon must be discarded. This means that a beam
entering macroscopic layer [k] is allowed to reflect on the next interface {k} (to ensure
consistent boundary conditions there) but not backwards on interface {k-1} and further.

FLE can be dropped from the F-P

As a consequence on the formulas, terms containing £ [k]r
denominator in Eq. 18-20 and 29-31, as illustrated in the examples in Part 111 C.22
Considering the general Fresnel factor in medium [k| from Eq. 29-31, we see that the

denominator for a macroscopic layer [k] separates as

N-1 k-1 P N1 ;

Ulpd =1 pdng +1 [3],.9—1.3 .3, +1 [],.9—1.3,.9,5+1
H [1 +¢ "sip Ts/p ] [1 +¢ Tsip Ts/p } H [1 +¢ "sip Ts/p (43)
j=2 j=2 j=k+1

when & [k]rf/;l’k = 0. For the y-component (identical relationships apply to x and z compo-

nents), Eq. 30 separates into

k—1 k—1 N-1

iV [1 4 r3+1] [eiﬁ[’“l(z) + Ll e—iﬁ[k](z)]T H [1+ 5[jlrg—17jrg,j+1r
(] Jj=2 J=1 j=k+1
Fy (2) = k-1 i N-1 ;
pI T bd a1 [41,.0—1,3,.0,0+1
[1—|—§ " T } H [1"'5]7"5/1; " ]
7j=2 j=k+1

(44)
This formula expresses the full factor inside layer [k] as the (regular) product between the
factor at the last interface {k-1} inside layer [k| of the {1;k} subsystem (Eq. 22) and the
factor inside the first medium (i.e. layer [k]) of the {k;N} subsystem. This second factor

has not been calculated above, but may be reconstructed from Eq. 10 by changing (1,2) into
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(k,k+1) and replacing first term [1 + r®¥+1]f by the full function of B¥(z), or from Eq. 27

k—1.k

<% In other words,

by changing (2,3) into (k,k+1) and discarding the terms involving r
as seen from macroscopic layer [k|, the system can formally be split into two independent
subsystems {1;k} and {k;N}. If the reflection process at the k interface is moreover neglected

(i.e. rf/fl = 0) then quk}(z) reduces, as could be anticipated, to

k—1 _ k—1
ew[a] [1+r§’j+1]
Fi(z) = 5—— e, (45)

-1
L L T
gl,0-L13,.9,3+1
[1"’5]7"3/;; o7 ]

<
||
<
Il

N

=2

and accordingly for x and z factors. In this case, the whole system is reduced to the upper
subsystem {1;k}, and the Fresnel factors combine transmission from layer [1] to layer [K]
and a mere forward propagation phase inside layer [k|]. The lower subsystem {k;N} has no

influence on the value of the electric field inside layer [k].

C. Four-layer system

As a straightforward application of the general results, we list here the Fresnel factors
applicable to the SFG process at the three interfaces of a four-layer system (the five-layer
system is addressed in the Supplementary Material). Such a four-layer description is inter-
esting for example when studying molecular layers deposited on top of a substrate which
spontaneously oxidizes in air, thus inserting an additional oxide layer into the three-layer

26,65 when a gap layer is experimentally present between medium 1 and the interface,

system;
for example in ATR configuration;?®> when the presence of a liquid environment makes it
necessary to probe the interface through a transparent substrate;?? when the media have to

be decomposed into a surface layer and a bulk layer.?*

From the results for the N-layer system, we can write the Fresnel factors linking the far

field amplitude in medium [1] to the local fields at
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interface {1}:

pmertce 1,y _ (1 —rl%) (1 — &= 4 Blp28,50 — cl2clslyst) o
g 1+ ERIP12p28 4¢Pl 23,31 o cPIePl 12,3

(L 712) (1 + €205 4 g2yt 4 gl

interface 1/, ,\ _
Fy (wi) 1+ 5[2]7@27"33 + 5[3}7’23@’4 n 5[215[3]T§27"§4 (47)
pimetace 10,9 _ (L4 722) (1 + &Pr28 4 Blp23p3a 4 cRIcBlpan) s
: ’ 1+ EBr12r28 | gBlp28r3t 4 ¢RIgBl 1230
interface {2}:
iBl 12 23 3],.34
[rinterface 2((/‘)‘) _ e’ (1 —p ) (1 —p ) (1 B 5[ }Tp ) (49)

1 + 5[2]T11)2TZ3 + 5[3]7n12)3rg4 + 5[215[3]7“11727“34
Finterface 2 N eiﬁm (]‘ + T;2) (1 + 733) (1 + 5[3}7024) 50
Yy (wz> _ 1 +€[2]T‘§27“§3 _’_5[3],,,337.?4 +€[2]§[3]T§2T§4 ( )

P (14 712) (1 4+12) (14834 /ply®
1+ gRIr12p28 4 ¢Bly23p3s 4 cRIEBl12r3d \ pl2l

interface 2
F (

and interface {3}:

;8121 ;5(8]
Finterface 3(0)') _ € g € P (1 - TIIJQ)(l - 7“12)3)(1 - rg4) (52>
: T+ €Er 1275 1 g8 25,31 4 (PIgRIr 12,30

B B (1 4 112)(1 4 123) (1 + r34)

interface 3¢, _
Fy (wz) 1+ 6[2]@2@3 + 5[3]@3@4 + 5[215[3]r§27’§4 (53)
pite sy _ €A1 )k N (54)
z w;) = 1+§[2]r}1,27“33+§[3]r12)3r§4—1—5[2]5[3]7“]1,27“34 INE]
with &V = 28" and phl = Ll cos 09, For z-component, these Fresnel factors at

c
interface {k} apply in medium [k|. For the same interface in medium [k+1], the continuity

1\ 2 [ 2
condition must be taken into account by using ) instead of [ ) .
nlk+1] n k]

It is interesting to compare these results to the few examples of four-layer systems in the
literature.?224 In Ref. 22, after reordering the interface numbers, the probed interface (yyz
component) is buried between media [3] and [4] (interface {3}). Letting aside the coefficient
relating to the entrance inside the first prism, the y-component coefficient reads (Eq. Ab)

(I+r2) (1 +r2) 1+
1 + &Bly23y34 '

(55)

Comparing with Eq. 53 shows several discrepancies. We understand that layer [2] (the

substrate) is considered macroscopic and that no Fabry-Pérot nor phase delays are taken into
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account in this medium. Applying the rule defined in Part III B, we drop terms containing
€712 and recover their formulas, except factor ¢®” which shows that the origin of the

phases is probably set at interface {3}. The z-component reads

n nl2] nl3l]
T;(l-l- 12) [3]<1+ 23) [4](1+7,34) n[4] 2
14 EBlr23p34 nlml

(56)

where nl™ is the index of refraction of the thin nonlinear sheet inside medium 4. Leaving
aside as above the ¢12r!? factors and the propagation phases in media [2] and [3], we should

find

(L+ )L+ (L + 73 <nm ) 57

14+¢ [3]7’337’34 nlm]
The missing nl*!/n¥ factor is more easily understood when considering also their x-
component, which surprisingly has the same amplitude as their z-component (apart from
the boundary conditions), which should not be the case. We understand that the formu-
las provide in fact, probably mistakenly, the amplitudes of the p-polarized local field in
medium [4], rather than its x- and z-components. Reintroducing factors cos 81 / cos #!] and
sin 014 /sin 91} = nM/nl in the formulas for x and z, respectively, allows to recover the
expected Fresnel factors. This example illustrates how the calculation of Fresnel factors is
very dependent of the approximations made during the definition of the system, and, as
already pointed out, the specificity of macroscopic layers.

Another interfacial system is described as composed of four layers with one vanishing
thickness?? or five layers with two vanishing thicknesses.?* In the former, the nonlinear sheet
is located in medium [3] at the interface with medium [4]. The coefficient for the y-component
is expected to follow from Eq. 53. The thickness of layer [3] is then considered negligible,
leading to AP = 0 and ¢Bl = 1. Eq. 53 becomes

UL )L
14 r23p34 4 gRIp12(p23 4 p34)

F;nterface 3(w1) — (58)

We illustrate the mechanism used in Part IIT A and divide numerator and denominator by
P23 4 g 23 34
+ry : 1+rP)1+7r
= r?* leading to 14+72* = ( ) -)

1 —|— r23p34 s s 1+ r2p3
the y Fresnel factor of the three layer system where layer 3 has been removed:
T ) (2

1+ gRpl2p24

1—1—7“23 34 Using

, we get as expected

Finterface 3(

wy) = (59)

Simple manipulations of the original equation for L§4) in Ref. 23, essentially introducing the

explicit values of r,/,, allows retrieving an identical expression. The same manipulations
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lead as expected for the z-component Lgl) to

ipl2l 12 24 2
Finterfacei}(w ) — eﬂ (1+rp )(1+rp ) @ (60)
? 2 14 ERpl2p24 nl3l
. (4) 2imws 4)
For the SFG y-component, we note that the emission factor turns down to G\ = ——————1L;",
enlt cos Ol

in accordance with the usual factors in Eq. 2. In Ref. 24, the full system is composed of five
layers, in which two are nonlinear media with vanishing thicknesses. The same procedure for
manipulating the equations leads to recover the same Fresnel factors as with our formulas,
provided that the vanishing thicknesses are taken into account.

As illustrated here, our general formulas allow to recover those of the literature. However,
for most published SFG analysis of four-layer systems, one of the layers has a vanishing
thickness, leading to final equations converging towards a three layer system. It is possible
to find some examples where explicitly non-vanishing thicknesses have been studied.*%% In
these cases, the use of the transfer matrix formalism does not allow the determination of
analytical Fresnel factors and therefore may not be directly compared to our expressions.
However, it is possible to compare the numerical results of both methods. In Fig. 3, we
tackle some of the calculations of Ref. 66 using the same definition of the four-layer system
(air/PTCDI-Cg/SiO,/Si) and the same sources for the refractive indices. We note that
the plotted |FZ§}€2}\ = ]Fi{l’Z}(wg)Fj{l’Q} (wl)Fk{l’2}(w2)] reproduce all the features seen on the
original |T{’{k2}| transfer coefficients. The main small differences lie in the relative amplitudes
of the coefficients, which are mainly linked to the definition of the transfer coefficients versus
Fresnel factors. For example, a better agreement is obtained when our zyy component at
interface {1} is corrected by factor (n[31] / ng})Q, suggesting that the nonlinear polarization at

this interface is set in medium [1] in the original publication, instead of medium [2] as we

do.

IV. MULTIPLE NONLINEAR SOURCES

In a multilayer film, several interfaces may give birth to a nonlinear polarization. The
SFG signals they emit sum up and interfere in the global response of the interface. From
Eq. 3, we see that such interferences have their origin in the relative values, in amplitude
and in phase, of their nonlinear susceptibility tensors and of their Fresnel factors. In order

to exploit the specificity of SFG spectroscopy towards interfaces, it becomes interesting to
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FIG. 3. Amplitude of the complex Fresnel factors (all scales identical) for the SFG process at the
four-layer {air/PTCDI-Cg/SiO2/Si} interface described in Ref. 66. Tunable parameters are the
IR wavenumber and the thickness of the PTCDI-Cg layer. For zyy term at interface {1}, best

intensity match with the original publication is obtained after correction by (ng] / ng])Q.

look for the specific experimental conditions which lead to the decrease, ideally down to
cancellation, of the response of one (or several) interfaces while keeping the interface of
interest at a high signal level. The three-layer case has been addressed in the previous

article®® and elsewhere.?? Here we focus on the four-layer and N-layer systems.
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A. Four-layer system

The conditions leading to the cancellation of one of the electric fields at one of the three
interfaces in the four-layer system directly follows from Eq. 46-54, more precisely from their
numerators. We immediately see that the fields at the last interface {3} cannot exactly
vanish (for the reasons recalled in Part ITA). The fields at next-to-last interface {2} may
vanish under the same conditions as in the three-layer system3® (see the complete discussion
in Ref. 30) applied to the last two media, i.e. adapted from layers [2] and [3] to layers [3]
and [4]. The analysis of this previous article is thus still valid when applied to the last two
layers of the system. Finally, cancelling one of the fields at interface {1} implies to cancel
the numerator of one of Eq. 46-48. Considering first the y-component, we have to solve
14 £RIp23 4 gBlp23,34 4 clIeBly34 — (0, Such an equation depends on many parameters: four
indices of refraction nll, nl?, nBl nM two layer thicknesses d?, dP¥l and 6V, making it
difficult to establish general rules. There are therefore potentially various sets of parameters
leading to the cancellation of a field at interface {1}. However, such a cancellation does not
happen in the general case, as is exemplified in Fig. 3 where points with the lowest values
represent between 6% and 11% of the maxima at interface {1}, and between 22% and 31%
at interface {2}. Of course, interesting contrast is still achievable when comparing the full
Fresnel factors at interfaces {1}, {2} and {3}.9°

We may however consider a particular case interesting for its practical application: we
suppose that the parameters of layers [3] and [4] have been optimized so that the y-
component of the electric field cancels at interface {2}, i.e. &Pyt = —1.3033 Plugging

this condition in the cancelling condition at interface {1} gives:

1 07204 2 4 BBy = 4 (¥ 2 B = (1= B)(1 =) =0 (6)

]

leading to £ = 1, which is easily achieved for a series of thicknesses d? for layer [2], fulfilling

the condition

a Qn?] cos 92[-2]

for m > 0, the case m = 0 being obvious. We note that the cancelling condition at interface

d?

)

(62)

1 does not depend on the value of r23.

This means that, when the electric field along y
cancels at the next-to-last interface {2}, it also easily cancels out at interface {1} just by

adjusting the thickness of medium [2]. In a similar way, for the x-component, under the

28



cancelling condition at interface {2}: 1 — &B¥lr3* = 0, we may cancel the electric field at

interface {1} under the condition
2,23 | ¢[3],.23,34 _ ¢[2]¢[3],.34 _ 2,23 | 23 _ ¢[2] _ 23 2N _
1 — gPIp28 4 Bl 28p80 _ cPIelBlp8t = gl 428 cBl = (14929 (1 - ¢Ply =0 (63)

and the same calculation for the z-component leads to (1 —72%)(1 —¢®) = 0. The cancelling
conditions for the three components are therefore all identical (Eq. 62).

Beyond cancelling conditions, we also understand from this analysis that the periodicities
in £ and €P play a role in the contrast factors from layer to layer. Of course, only the
values of the full numerators of the Fresnel factors provide the exact contrast. Nevertheless, if
media [2] and [3] have refractive indices not too far apart, we may expect that the conditions
on (d?, dPl) leading to a maximum {2}/{1} contrast will also induce further maxima for
a series of thicknesses (di + m);/ 2n£2] cos 91[»2], dB + pA;/ 2n£3] cos (9@[-3}). Interestingly, the
simulations in Ref. 66 (Figure 5) show indeed clear periodic fluctuations in the maxima of
the contrast factors, whatever the polarizations, with orders of magnitude for their periods
)\MS,SFG/Qn[UQi]&SFG cos «95.1575170 ~ 230 — 260nm along d¥ and )‘UiS,SFG/QnE;}s,SFG cos QL?;]S’SFG ~
290 — 330nm along d?¥, respectively.

As a conclusion, if the design of layers [3] and [4] of the system (i.e. n£3], dfﬂ, nkq), probed
by light with wavelength \; under the angle of incidence 91[1] (leading to 91[-3} and 01[4] by Snell’s
law), leads to fulfill the condition for the cancellation of one component of the electric field
at interface {2}, then a mere adjustment of the thickness of layer [2] to a value fulfilling
Eq. 62 also leads to the simultaneous cancellation of the same component of the electric
field at interface {1}. By a careful design of the system, it is therefore possible to probe
by SFG only the last interface of a four-layer system while keeping the two other interfaces
SFG-silent. In particular, if a three-layer system is originally designed in order to probe

only the last interface (i.e. the other one is made silent), then it is possible to deposit or

add other layers on top of the sample and keep them silent as long as they fulfill Eq. 62.

B. N-layer system

As shown along the detailed proof below, we may generalize the previous result to a N-
layer system. If the system is designed in order that the SFG produced by the next-to-last

interface (interface {N-2}) cancels out (because one component of one electric field cancels
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out following the various conditions listed in Ref. 30), it is possible to achieve the cancellation
of the same component of that electric field at all other interfaces {k-1}, from k=2 to N-2,
providing that the thicknesses dl*! are adjusted according to the condition of Eq. 69, valid
for the three components of the field. In other words, in such a N-layer system, all interfaces
except the last one become SFG-silent. Conversely, it is possible to adjust the value of dl
in such a system (e.g. using a half integer value for m in Eq. 69) to build a N-layer system
where only the first and last interfaces coherently produce SFG radiation (interfering with
each other) while all others remain silent, in a way comparable to a conventional three-layer
system, where the SFG signals from both interfaces usually interfere.3%36

The demonstration relies on Eq. 18 to 20. Focusing on the y-component, we may cancel
the electric field at the {N-2} interface by fulfilling the equality 1 + ¢V-UpN=LN — 0 We

recover for the last two layers of the N-layer system the same conditions as in Ref. 30 for

the three-layer system. We have for the {N-3} interface the cancellation condition:
(1+ g[N—Q},réV—Q,N—l)T [1 + S[N—l]réV—Q,N—lré\f—l,N}T -0 (64)
and, by plugging in 1 + ¢V-UpN=LN — (0 we get

(1—¢™N2h = 2N =0 (65)

[N—2]

so that condition & = 1 is sufficient to extend the cancellation to interface {N-3}. Re-

cursively, we consider now interface {k-1} and suppose that the y-component of the electric
field vanishes for interfaces {k} to {N-2}, represented by the conditions 1+¢WN=1pN=1N —
and €Vl =1 for k+1 < j < N — 2. We rewrite the cancellation condition at interface {k-1}
as
N-2
(14 Wbkt TT [0 g pat1] T 1 - p-281]T = g (66)
j=k+1

N—-2,N— 1t0,r,kk+1

Applying the rules of the ruled product in inverse order from factors r; and

more precisely using recursively equalities like

[1 + T;\773,N72T£\/72,N—1}T [1 . Tévfz,Nq]T _ [1 . Tévfs,Nfz}T [1 . Tévf2,N71] (67)

leads to the transformation of Eq. 66 into

N-2 N-2
(1+ g[k}r;c,kﬂ)f [1 _ Tf,k-klr H [1 _ rm+1] = (1 — ¢l [ T?j—&-l} -0 (68)
j=k+1 i=k
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This shows by induction that the y-component of the electric field may also be cancelled at
interface {k-1} by constructing (¥ = 1, that is choosing thickness d*! as

JH mA\;

’ Qn[k]

(69)
cos Ql[k]

for m > 0. Demonstrations for x- and z-components follow the same track and lead to the

same result.

V. CONCLUSION

We believe that surface SFG spectroscopy will apply in the future to more and more
complex systems to study buried interfaces. Instead of modifying the Fresnel paradigm for
surface SFG to adapt to these new conditions, the present article proposes to extend this
simple description, made up of two simple equations involving well-defined quantities, and
adapt it to the particularities of multilayer systems. The evolution thus only applies to the
Fresnel factors, leaving the rest unchanged. We hope that this article thus establishes a link
between present and future uses of second-order nonlinear spectroscopies.

Interestingly, the Fresnel factor concept may be extended to the magnetic terms involved
in the nonlinear process, as fully described in Ref. 67. A generalization to the N-layer
system, following the same steps as here,” seems rather straightforwardly accessible, as has
already been attempted using the (4x4)-matrix formalism.%® It would give birth to new
and simples rules for interferences between SFG processes of electric dipole and magnetic
origins, for example involving chiral molecules or magnetic nanoparticles, even when both
processes occur at two distinct interfaces separated by several media. Of course, in this
case, care should be taken to discriminate between surface and bulk origin of the signals.
In the same line, extension to bulk quadrupolar higher order terms has been proposed for
multilayers in the transfer matrix frame,*? and detailed modellings exist for the three-layer
system under the Fresnel formalism.%® As our formulas include the generic z-dependent
Fresnel factor at any point inside the N-layer system, and considering the equivalence of

magnetic and quadrupolar contributions to an effective electric dipolar description,7

a
generic description in the N-layer system of surface and bulk nonlinear responses induced

by electric dipole, magnetic and quadrupolar contributions appears reachable.
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Appendix A: General formalism

In the Abeles formalism, each interface {k} between layers [k] and [k+1] is represented by
a vector Q*} gathering the two tangential components of the electromagnetic field at this

interface (i.e. continuous across the interface). Specifically, we have, for the s-polarization,

v [
153 S D

and for the p-polarization, i i i i
{k} {k}

o — |V | | (A2)
2 "e B

where E and H stand for the electric and magnetic fields, respectively. Contrary to the
T-matrix formalism, one matrix M ¥l characteristic of each layer [k], gathers amplitude and
phase information for the transfer from one layer to the other. This leads to the following

relations for s polarization, with pl*l = nl* cos §l¥:

' 1
W ' g e S I I S R L
Ms[k] _ cos 8 .y sin 3 N +¢& p[k]< £&") (A3)
—ipl sin BH cos g 20 M1 — gy 14 e
and, symmetrically for p polarization, using ¢¥! = cos " /n/kl;
' 1
W ' g e Lap [ el — ¢lK
Mlgk] _ cos 8 pE sin 3 e +¢& q[k]< &) (A4)
—ig® sin 8% cos g O P I C )
The relations:
YRS ot S TR N S TR Ll (A5)
s p[l] —+ p[2] ’ 8 pm -+ pm ’ s p[l] -+ p[2]
and (1] (2] 1] 2]
1 2 1 2
12 47 —q7 12 2q : a2 2%
T Mag® T T iygE 1T T g (46)
follow from the definitions of p!*! and ¢*.
The optical properties of the system are obtained in successive steps:
1) evaluate the total matrix M of the system
{1} {N-1} {N-1}
v — M2 N u - M u (A7)
i7ats; yiN-1} yAN-1}
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{LN}

2) calculate the global reflection r sp | = rh Jp and transmission ¢l s/ M = ¢n

s/p coefficients

of the system for s and p incident polarisations:

Ny (mi+ leP[N})P[l] — (mag + mQQP[N])
’r’s = (A8)
(ma1 + magpM)pl + (mag 4+ magpt™)

t 2" (A9)
* (ma1 + myapl )p[l + (maz + magpl™)
N _ (ma1 + magg™) gl — (mag + magaq™) (A10)
b (ma1 4+ maagN) gl 4+ (mys + maggt™)
i o1
= nN ~ lq N (All)
nIN (myy 4+ maag™) gt 4 (myg 4 maagl™)
3) evaluate Q" and QV~'} using, for s polarized far field E°:
Uit 1+7ry
I L I R a1z
Vi P —rl)
U{Nfl} 1
QN1 — _ (VR (A13)
piv | ||
and, for p polarized far field E°:
{1} N
QY = S I nlED (A14)
v g1 — M) P
(No1)
QN1 = v R i (A15)
povar | gm|

4) calculate Q=" for 3 < k < N — 1 in the system, taking into account the fact that

M matrices allow backward progression (from [N] to [1]) into the successive layers:

k=13 N-1 iN-1}
Qi1 = H MU (A16)
yiN-1}

With equations A12-A16, all Q vectors of the system, hence the field components at all
interfaces, are known.

5) evaluate the fields into medium [k] at an arbitrary depth 2*~! > 2z > 2* using:

U{k—1}

M (o) — N (s
QU = NG | (A17)
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with INI¥(2) accounting this time for forward progression in layer [k]. Defining g (z) =

En[’“](z[’“_l] — 2)cos 0% > 0 and €M (2) = ¢28™() | we have, for s polarization:
c

- B ]
NIz = cos BFl(2) ]ﬁ sin B (2) _ e~ B (2) 1+ ¢l (2) o (M(z) —1)
i sin B9()  cos AHI(2) 2 (e -1 1+
(A18)

and for p polarization:

) 1
(4 ' sin g™ —iglkl (2 [k (W) —
;k](z) cos 1% (z) 7 sin B (2) e M (2) 1+ &% (2) s (£%(z) - 1)

iq® sin BI¥(2)  cos BF(2) 2 g (M(z) —1) 14 M(z)
(A19)

6) Finally, the three components of the electric field at any position inside medium [k]
follow from the definitions of U and V as

nll
(n)2

The proportionality factor between the components of the electric field inside the film

EF(z) = Vp[k](z), Eg“}(z) = UF(2) and EW(2) = Uzgk](z) sin 61, (A20)

and the far electric field defines the Fresnel factors:

ES ) g, BOG)

K
_ kz}( ) _ E»L« ]<2)
EY cos prr v EY

p

The point is now to provide analytic expressions for these formulas.

Appendix B: Beam with s polarization

We first focus on the incident s-polarized case and define the numerators N and denom-

inators ® of the reflection and transmission coefficients:

N /\/'S[N] N opl!]
S QLN] QLN}

We recall the definition of the "ruled product”, marked with a dagger (f) superscript in the

(B1)

S

following: when a product is evaluated under this rule, all factors of the form (r*=*)2 are
set to 1. From Eq. A8, we have
@LN] = (mu + m12p[N])p[1] + (maz + m22p[N]) (B2)
with M = MP... M™N=1 and
DU = (i iy Y+ (i by ) (B3)
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with M = (ME... MIN=Y MV Using the expression of MV from Eq. A3, we have:

—iBN] [IN] [N [N _ pIN+1]
IN+1] _ € pT+p IN] | (NP =P SNy, [N
gs - 9 p[N] 33s +§ p[N} 33s ( p )
_ig[N]
BRI R [DIM 4 ¢l AL IN (—pIV)] (B4)

where the second D is evaluated using —p™, instead of p¥! in Eq. B2. From Eq. B4, we

N=1_ pINl or as pN =14 pIN] leading (after

see that factor piN! in @LN] may only appear as pl
division by p/N=U4 pINl = 14 N-LNY o pN=LN and 1, respectively. Evaluating D5 (—plM)

is thus equivalent to exchanging the factors of 7¥=1" and 1 in M. In other words, we

have
DN (—ph)) = (r V) () (B5)
and .
—if
P+ = W(@[SN})T 1+ g[N]rg—l,NTéV,N+1]T (B6)

Having established the induction step, the value of DM follows:

N-1
H e_zﬂljl
N—-1
N] _ _ J=2 2\t 1,51, ,.,5+17
gs T ON—1 (95 ) H [1 +€ Ts 7’s :| (B7)
j=2

(14 39+1]
j=2

<

Finally, Eq. B1 gives, for the two-layer system:

2plH]
(2]
and
N-1 ‘
2plt] H 18U
N-1
oM = [T [1+ &bttt (B9)
H +T]]+1 J=2
7j=1

where the last term is called DY~ in the main text. Numerator N follows exactly
the same induction step (Eq. B6) leading to a relation analogous to Eq. B7. In this case

however, we have by definition:

Qp[ll
2] _ .12 @ _ L2 B10
N, T T n 7“512 (B10)
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leading to

N-1
2p[1} eflﬁ[a]
N-1
NN = 2P T [ o) (B11)
(s
j=1
or, equivalently, for N > 4,
N-1
2pl] H =i
N-1
NP = 2 (12 4 2 T (14 g tapdot) (B12)
14 799+1] =3

N-1 N-1
{N-1} ’ (L4737
B, =2 =1
N _ My _ p{N-1} _J J
) =~ = PN = — (B13)
Y [1 4 €Ulpi=1ipd ]Jrl}T
j=2
N-1
2t H [1+ g[jlrjfl,jrﬁjﬂr
N __ Jj=
Ty = —x (B14)

1+ g[j]rjq,jrj,jﬂ}f
§=2

We note that the two products at the numerator and denominator in Eq. B14 do not simplify

because of the ruled product with r!? at the numerator. To complete Eq. A12, we also need:

(22t T [1+ €093

E =
1 +T£V = Ey@ = Fy{l} = 1 =2 (B15)
! H [1 + S[j]rg_l’jr?j“r
j=2
and
N-1
(1—r2)t H ri= 1arg,g+1]f
1= = . (B16)
I+ &ﬂrg—l’jrgﬂ'“f
j=2

Denominators LN] are common to all quantities, and only the last product in Eq. B9 remains

after simplification with NV A graphical help is provided in the main text to evaluate this
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ruled product. To construct N from the 2V=2 terms in CD[SN], one only needs to remove

2N—3

r12 factors in the 2V terms where they appear, and multiply the other terms by r!2.

N

S 7

This symmetry accounts for the (1 +r!2?) and (1 — r!?) factorizations in 1+ 7Y and 1 —r
respectively.

Some aspects of the formulas above could have been anticipated: (i) one could have
expected the transmission coefficient to be proportional to the numerator of Eq. B13. The
first term accounts for the total phase acquired upon beam propagation after crossing the
whole system. The second term is simply the product of the transmission coefficients across
all the interfaces: if any of them vanishes, no beam is transmitted to layer [N]; (ii) identically,
if (1+7!2) is to vanish (this hypothesis is rather theoretical as it would require nl'l = 0% or
0"l = 90°, but it is possible to get close to it when |[n[?]| > |nll|, for example at a dielectric-
metal interface), so will the total electric field at the first interface, and accordingly the
total reflected field by the N-layer system (1 +7Y), hence the proportionality to (1 +r!?) in
Eq. B15.

The next step is to calculate Q1*~'}, hence the electric field at each interface {k-1}, for
3< k<N —1, using Eq. A16. In this equation, we recognize the matrix linking input and
output é vectors of system {k-1,N} composed of the last N-k+2 layers [Figure 1(C)]. From
the above, we know how to calculate its properties, and we call 7 and tzv its reflection and

transmission coefficients, respectively. For this system

1) ~N N-1 TT{N-1}
Q’{k—l} _ [j _ 147 Es{k—l} _ H MU (f (B17)
V{k=1} plE=1(1 — 7 . yiN-1}
and
A{N-1} gy D v g
oo _ [V L e (B18)
VAiN-1} plV]
leading to
1+ P |
gy | = LEMT 1)
p (1 — Ty ) p

Turning back to the full {1,N} system, we have

Q1 = ol = [ MY tVED (B20)
k



and the electric field amplitude E{k Y = U1} at the interface between layers [k-1] and

[k] follows:
N
E;’H}—t (1+7V)EY. (B21)

From the definition (Eq. 6), we may calculate the Fresnel factor at interface {k-1}: Fy{kfl} =
E{k_l}/EO. This leads, for 3 < k < N — 1 (cases k=2 and k= N have been addressed in

Eq. B15 and B13, respectively), t

N—-1
1 —i—?“k 1,k T H 1 _i_f[j]rjfl,jrj,jﬂr

k—1 k-1
Fy{k_l} _ — Jj=k [1 + T‘g_l’j] Hew[ﬂ (B22>
H [1+ f[j]rgflyjrg,jﬂr =2 =2
j=2

The last two terms on each line were predictable for the same reasons as listed above for
the analysis of Eq. B13: the deeper the fields enter the system, the bigger the propagation
phase, whereas any cancellation at an interface {j} between {1} and {k-1} (i.e. 1+73t! =0)
cancels the electric field E;k_l}.

In a final step, the electric field inside any layer is calculated using Eq. A17 and A18,

leading to
k K PO {k-1} 14 {h-1}
BYP(e) = V) = g | (€6 + ) U 4 (6 - ) v (e
where
N-1 :
_ k=1k\t (3] ,9—1,3 0.055+1
v ik-1} (=) — [ €] k-1 =
= =P — [T +r 2 ] (B24)
Y j=2 j=2

1+ g[ﬂrg'—l’jrg’j“f
j=2

<

[k—1]

This simplifies using pT(l _ pk-Lk
p

E=LFY = 1 4 rF1* leading to the expression of the Fresnel

factor valid for any depth z inside any layer k in the film Fggk](z) = ELk](Z) /E,). For 3 <k <
N — 2, we have

N-1
‘ ; o
ezﬁ[k](«z) N Tf’k+1€[k]€_Z6[k](Z)] H [1 + fb]r‘;_urﬁ’”lr ) o

Fy[k}(z) _ - j=k+1 H [1 + T'gil’j} H eig[j]

N-1
H [1+ g[j]rg—l,jrg,jH]T =2 =2
j=2

(B25)
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For k = 2, Eq. B25 holds with the last term dropped, and, for k = N — 1, Eq. B25 becomes

iBIN=1(z) N—1,N ¢[N—1] —igN=11(z) N-1 N-2
e + 7y § e s 3lj
_ [T [0+ I e (B26)

T =2 j=2
H J L7 y.3s J+1:| J J

J=2

N-1
F@E I(2) =

It may be checked that E[k](z = zIM) is equal to E;k} as calculated from Eq. B22, and that

all the results in this section coincide with those in Ref. 30 for a three-layer system.

Appendix C: Beam with p polarizatiohn

The formalism being fully symmetric between pl¥! and ¢/¥! when switching from s to p
polarization, tév and rév are obtained from Eq. B13 and B14 by simply changing r, factors
into 7,. From Eq. A14 and A20, we have EY = glplt(1 — rMES = (1 -7 )EQ cos 6" and
EMN =1+ rN)EY sin 61" as expected. For the transmitted fields, we get

[N—1])2 [1]\2
(N} _ (n ) {N-1} _ (n)* . [1]4N 120
E} e E} = sin ¢t B (C1)

and the z-component Fresnel factor at interface {N-1}, evaluated in medium [N-1], is

N-1 N—
ezﬂljl [l—I—T;’j—H}

—_

{N-1} _ ( J=2 J=1
F (n[N 1])2 N-1 <02)
[1+ 5[j]7«g—1,jr§,j+1r

2

<.
||

proportional to the product of all (1 + r{;j*l) for the same reasons as for y component.

(1]
For the x-component, we have EiN} = q[N}n[l]tévEg = % CcOos Q[N]t]])vEg In order to recover
n

the expected dependence in (1 —7J7%"), we note that

. [i+1] ol .
g+l 1 cos _ diJtl
L) = T oos U] (1 —=7r)77) (C3)

leading at interface {N-1} to

N-1 N— 1
61,3 TJJ-H
FN-1} gV B o Fl (C4)
r N Eg cos I Eg cos @l N-1

[1+ £[j]r§‘1’jr§’j+1f
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At interface {k-1}, EFY = -1} ig continuous and may be evaluated as for the y com-

ponent, using

N ~N
e I T (©5)
ty q[k_l](l - Tg];v)
leading to
N-1
(1= g4 T [ g . .
[1] , - - .
k—1} _ o 7 k-1 j=k+1 k—1,k jj+1 ipld]
Ei }_Epn[kfl] cos 01"~ N-1 [1_Tp } [1+T’]’J }He
j=1 J=2

[1 + g[]]rr}]) 17]T;,J+1}
=2

<

(C6)

The Fresnel factor for x-components at interface {k-1} is defined as FiF = gl /ED cos 1.

Introducing Eq. C3, we transform it for 3 < &k < N — 2 into

N-1

K] K k417 T 1 =14 4j+17T
(1 — gHphhtt) '1;[1 [1+gllpg-tapgan]t o
ngil} _ — Jj=k+ [1 _ rig)]#l} Heiﬁb] <C7)
[1 i g[j]rzj;_l’jrg’j+l}T j=1 j=2
j=2

For k=N — 1, as in Eq. B22, the same equation applies with the numerator replaced by
(1-— S[N_”rjgv_l’N). Finally, we recall here for k = 2 that Y =1- T;)V (formula follows
from Eq. B16) and refer to Eq. C4 for k = N.

The z-component is not continuous and differs on either side of interface {k-1}. In medium

[k-1], we get for the z-component FFY = Eik_l}/Eg sin g1

N-1

(K] ok 41yt (3] d =13 g +1] T
Fi = (nf—1)2 N-1 — [1+rl7 ™ He“ﬁm (C8)
n - L. L.
H 1+ ﬁ[J}TIJ,_l’JT’;’]H]T j=1 =2
=2

for 3< k< N —2. For k=N — 1, the same equation applies with the numerator replaced
N-1],,N-1,Ny. _ {1y _ N :
by (1 + &l ]'rp ); for k = 2 we have seen that F;”' = 1+17, (to be evaluated using
Eq. B14); for k = N, Eq. C2 can be used.
Finally, the fields at an arbitrary depth z inside layer [k] follow from Eq. A17. From

EM(z) = vIH(z) = [(€W(z) — 1) MU 4 (M (z) 4 1) V1] (C9)
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[k—1]

using the same procedure as for y component, and T(l — pk-Lk
q

)=1 +T§_1’k, we get for

P
3<kSN-=-2
g N1 ,
ikl (2 _iglkl(5 L
eB(2) _ TS,kJrlg[k}e B )} H [1 + g[ﬂri) LJT;J-H} . .
Fik]<z> _ — [1 _ r;7j+1} H eiBY
1+ gmrg—l,jrg,jﬂr j=1 =2
j=2
(C10)
and
§ N ;
ikl (2 _iglkl (4 S
T e I VR e
Ky — I j=kt1 j 1 iBl]
Fz (Z) - (n[k])Q N_1 | [1 + 7’*17)] :| H@
1+ g[jlrg—l,jrg,jﬂr =1 =2
j=2
(C11)

Again, for k=2, the last terms in Eq. C10 and C11 are dropped. For k=N — 1, the
numerators become e () —rfgv_l’Né[N_”e_w[N*l](Z) and e’ﬂ[N*l](Z)—i—T;,V_LNé[N_”e_w[N*”(Z)

in Eq. C10 and Eq. C11, respectively.

SUPPLEMENTARY MATERIAL

See Supplementary Material for the details of the Fresnel factors for the five-layer system.
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