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Abstract 
 
Based on the analogy between RC filters and the thermoelastic component of the photoacoustic 
signal, the complex thermoelastic response of an open photoacoustic cell is described as a simple 
linear time-invariant system of a low-pass RC filter. This description is done by finding a linear 
relation between the thermoelastic cut-off frequency and the sample material thickness within the 
range of (10 – 1000) m. Based on the theory of composite piston, we run numerical simulations 
of the proposed method for n-type silicon, described as either a surface or volume absorber. The 
theoretical predictions are experimentally validated by using an open photoacoustic cell set-up to 
record the signal of an 850-m-thick n-type silicon wafer illuminated by a blue light source 
modulated with frequencies from 20 to 20 kHz. The obtained experimental results confirm the 
linear dependence of the thermoelastic cut-off frequency on the sample thickness, and therefore 
they lay the foundation of a new method for the thermal characterization of materials. 
 
1. Introduction 
 

Although photoacoustics is a powerful method that has been used for decades for the 
thermal characterization of solids and liquids [1-8], it also provides a platform for the development 
of new methods based not only on the analysis of its total signal, but also on its signal components 
for semiconductors [9-11]. By analyzing the frequency spectrum of the thermoelastic component 
of the photoacoustic signal generated by semiconductors, some research groups [12-14] recently 
showed that its patterns can be used to probe the influence of free carriers. Such analysis can be 
used in different areas, such as the design of heat sinks in electronic devices [15-17] and silicon 
membranes suitable for Micro Electromechanical Systems (MEMS) sensors [18-20]. 
 The practice has shown that analog electrical networks are a suitable tool for representing 
systems and processes of diverse physical nature [21-23]. In particular, the linear time-invariant 
(LTI) systems are widely used to process signals modeling physical phenomena and implementing 
the desired effects on data. For instance, a simple LTI system made up of analog passive RC 
(resistor-capacitor) filters are commonly applied to pass data through and eliminate unwanted 
frequencies [24,25]. 
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In this article, we show that a photoacoustic cell can be considered as a LTI system composed of 
an analog passive RC low-pass filter [26]. By finding the characteristic cut-off frequency (fTE) of 
the thermoelastic component, this electroacoustic analogy is used to develop a new methodology 
for the thermal characterization of semiconductors. This methodology provides the cut-off 
frequency fTE (l) as a function of the sample thickness l, a unique curve for a given material. 
Numerical simulations of the frequency response of n-type silicon are performed to determine its 
characteristic curve in presence of surface or volume absorption, and without the influence of free 
carriers. Further, the proposed method is experimentally validated by using an open-cell 
photoacoustic setup to measure the photoacoustic signal of n-type silicon samples of different 
thicknesses. We selected this silicon sample because of its ability to act as both a surface (blue 
light, low absorption depth) or volume absorber (red light, high absorption depth), by changing the 
wavelength of the illumination light. This material behavior allows us treating the thermoelastic 
response of silicon in the simplest way (surface absorber) needed to establish the RC analogy. 
 
2. Theoretical background 
 
 2.1. Fundamentals of linear time-invariant systems 
 
 Following the definition of a signal as the description of how one parameter varies with 
another, and the definition of the system as a process that maps an input signal to an output one, 
practice shows that the most useful systems fall into the LTI category [24,25]. This is the reason 
why the LTI systems are primary signal-processing tools, mostly represented as filters of different 
kinds. A LTI system has the following properties: homogeneity, additivity, and time invariance. 
Homogeneity means that a change in the input signal's amplitude results in a corresponding change 
in the output signal's amplitude, additivity means that the signals added at the input produce signals 
that are added to the output, and time invariance means that the system responds in the same way 
now or later [25].  
 Static linearity, sinusoidal fidelity, and commutativity are other useful properties of LTI 
systems [25], to understand the analogy between low-pass RC filters and photoacoustics. Static 
linearity defines how a LTI system reacts when the signals aren't changing (DC or static signals): 
the output is the input multiplied by a constant. Sinusoidal fidelity establishes that if the input to 
an LTI system is a sinusoidal wave, the output will also be a sinusoidal wave oscillating with the 
same frequency as the input. If two or more systems are combined in a cascade (the output of one 
system is the input to the next), and if each system is linear, then the overall combination will also 
be linear. The commutative property states that the order of the systems in the cascade can be 
rearranged without affecting the characteristics of the overall combination. As one of the most used 
ways of describing an LTI system is its frequency response, in this article, we are going to study 
this frequency in relation to a photoacoustic signal. 

 
2.2. Analogue passive low-pass RC filters 

 
 Filters are electronic circuits that reject a band of frequencies and allows others to pass 
through. They alter a signal's amplitude and/or phase characteristics with respect to frequency in 
the way that the LTI system does. A filter circuit which consists of passive components such as 
resistors, capacitors, and inductors, is called a passive filter [27-29]. Considering that the operating 
frequency range of a filter is determined by the components used to build its circuit, a filter can be 
categorized based on the operating frequency of a particular circuit. The basic categories are low-
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pass, high-pass, bend-pass, and bend-stop filters. Here, we will present fundamentals of the 
analogue passive low-pass RC filter (LPRCF). This filter provides a constant output (gain) from 
zero up to the cut-off frequency f0, by attenuating all frequencies above f0. The schemes of a LPRCF 
on time and frequency domains are shown in in Figures 1(a) and 1(b), respectively. 

 

 
 

Figure 1. Typical LTI schemes of the low-pass RC filter on a) time and b) frequency domains. The red and blue lines 
stand for the usual sinusoidal input and output signals of the same frequencies. 

 
Mathematically, a LPRCF is often described in terms of its transfer function ( )H j  

(frequency response), which is given by the ratio of the Fourier transforms ( )Y j  and ( )X j  of 
its respective output and input signals, as follows: 

 

( ) ( )
( )

( )
( )

0

1

1

out

in

Y j U j
H j

X j U j j

 
  



= = =
+

,                                        (1) 

 
where j is the imaginary unit, 2 f = , f is the modulation frequency of the input signal, 

02 1/f RC = = , with f0 being the filter cut-off frequency, R the electrical resistance, C  the 

capacitance, ( )inU j  an input voltage (ideal voltage source), and ( )outU j  an output voltage. As 

a complex quantity, the amplitude ( )H j  and phase φ of ( )H j  are given by: 
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( )
2

0

1

1

H j



=
 

+  
 

,                                                      (2) 

and 

0

arctan 

 

= −  
 

.                                                           (3) 

 
To plot ( )H j  and φ for 0   , we obtain their values at the following characteristic 

points: 1) when 0→  then ( ) 1H j →  and 0 →  ; 2) when →  then ( ) 0H j →  and 

90 →  ; 3) when 0 =   then ( ) 1/ 2H j =   and 45 = −  . According to Eqs. (2) and (3), 
and these characteristic points (black dots), the LPRCF frequency response is plotted and shown 
in Figure 2. 

 

  
 

Figure 2. Frequency response of the a) amplitude and b) phase of a typical LPRCF. Calculations were done for 
f0 = 30000 Hz and the amplitude in arbitrary units and decibels in (a). 

 
To locate the crucial features of the amplitude and phase of the transfer function, we follow 

the standard practice to use Bode plots, semi-log plots of the amplitude (in decibels) and phase (in 
degrees) of a transfer function versus frequency. To obtain these Bode plots (Figure 2), we 
transformed the amplitude ( )H j  (Eq. (2)) into dBA  (in decibels) given by 

 
( )dB 20logA H j= .                                                       (4) 

 

dBA  is shown in the right vertical axis in Figure 2(a) and contains the same information as the 
logarithmic plot of ( )H j , but it is much easier to construct and interpret. The phase φ, on the 
other hand, is shown in Figure 2(b) and its Bode plot remains the same.  
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2.3. Photoacoustic thermoelastic component 
 

As it is well known, photoacoustics relies on the photoacoustic effect dealing with the 
generation of sound waves due to the modulated light absorption in a material [30-32]. Sound 
waves are usually detected by different kinds of sensors, usually microphones, in the form of the 
total photoacoustic signal – the time variation of the microphone electric output (voltage or 
current). Based on the theoretical model of the composite piston [33,34], the total photoacoustic 
signal ( )totalp j   of the semiconductor, excited without the excess carriers influence, consists of 

two components: one generated by the thermal piston (thermo-diffusion component, ( )TDp j  ) 

and another one generated by the mechanical piston (thermoelastic component, ( )TEp j  ). 
Mathematically, the total photoacoustic semiconductor signal is a complex function composed of 
its two components, as follows:  

 
( ) ( ) ( )total TD TEp j p j p j     = + .                                 (5) 

  
 Being complex quantities, all components have amplitudes and phases. For our analysis, 
we will single out the thermoelastic component, ( )TEp j  , of the semiconductor as the one whose 
frequency response, based on our experience, most closely matches the response of the low-pass 
RC filter - LPRCF. 
 

 
 

Figure 3. Scheme of a LTI for the photoacoustics thermoelastic frequency response. The red and blue lines represent 
the sinusoidal input (modulated light) and output (sound) signals oscillating at the same frequencies, as processed by 

an open photoacoustic cell. 
 

A schematic representation of the most used set-up of photoacoustics, the so-called open 
cell set-up, is shown in Figure 3. The microphone is the detector of the photoacoustic cell having 
a length lc, and volume V0. Open cell fairly represents the photoacoustic set-up as an LTI system, 
with all its above-mentioned characteristics. The modulated light source (red lines and sinusoids) 
uniformly illuminates the front side of the semiconductor sample with a circular shape of thickness 
l and radius R (dashed sample lines). The energy of absorbed light on the illuminated surface and 
in the nearby volume is transformed into the thermal energy that is transferred through the sample 
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along the z-axes (1D transfer) changing the thermal state of the semiconductor. Such a change leads 
to different temperatures on the illuminated and non-illuminated side of the sample, which leads to 
its, so-called, thermoelastic bending (solid sample lines). The bending is periodic, consistently 
follows the rhythm of the light source, and periodically changes the air pressure in the immediate 
vicinity of the unilluminated side of the sample (mechanical piston). A change in air pressure 
creates sound, i.e., the thermoelastic component ( )TEp j   of the photoacoustic signal is formed 
(blue curves). The sound propagates through the air (at atmospheric pressure p0) and it is registered 
by the microphone membrane (M), having the typical frequency response (blue sinusoids) of the 
semiconductor illumination without the influence of free carriers (electrons and holes). 

From a physics point of view, there are two classical different ways to describe the 
temperature distribution of a semiconductor during its illumination (Figure 1): 1) surface 
absorption and 2) volume absorption, both without the excess carrier influence. Avoiding deeper 
analysis and derivation of the main temperature distribution equations, we will only present the 
final expressions and the underlying ideas about the new methods of thermal characterization based 
on electro-acoustic analogies between RC filters and photoacoustics. Based on the model of the 
composite piston [33,34] and the theory of thermoelastic bending [35,36], the thermoelastic 
component ( )TE i

p j   of the photoacoustic signal is given by: 
 

( ) ( )
4 /2

0
TE i3i

0 /2

3
l

g T

l

p R
p j zT z dz

l V
 

  
−

=  ,                                    (6) 

where Ti (z) is the temperature distribution within the sample in the case of surface (i = s) or volume 
(i = v) absorber, p0 is the air pressure in the cell volume V0, g  is the ratio of the heat capacities of 

the intracell air, and T  is the coefficient of thermal linear expansion of the sample. 
 
 2.4. Surface absorber without excess carrier influence 
 

In this section, we will show how electro-acoustic analogies can be established between the 
frequency response of the thermoelastic component of the photoacoustic signal and the low-pass 
RC filter. In the case of n-type semiconductor surface absorption without excess carrier influence, 
solving the parabolic heat conduction equation (PHCE), the temperature distribution ( )sT z  within 
the illuminated semiconductor (1D heat transport along the z-axes and geometry presented in 
Figure 1) can be written by a simple expression [37,38]: 
 

( ) ( )
( )

0
s

cosh / 2
sinh

l zIT z
k l


 

−  = ,                                        (7) 

 
where I0 is the amplitude of the incident light intensity I, ( ) 11 j −= +  is the complex wave vector 

of heat diffusion, 2 /TD =  is the thermal diffusion length, 2 f = and f is the light source 
modulation frequency, DT is the thermal diffusivity, and k is the thermal conductivity of the sample. 
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Solving the integral in Eq. (6) with ( )sT z  (Eq. (7)) yields a simple analytical expression for 

the thermoelastic component ( )TE s
p j   [37,38]: 

 

( )
( )

( )4
0 g 0

TE 2s
0

tanh / 2
3π 1

/ 22
TI p R l

p j
lkV l

  
 



 
= − 

 
,                                 (8) 

 
which can be easily analyzed in detail. The amplitude ( )TE s

A f  and phase ( )TE s
f  of ( )TE s

p j   
(Eq. (8)) as a function of light source modulation frequency f are numerically obtained using 
MATLAB and presented in Figure 4 (blue solid lines), in the case of 40 μml =   thick n-type silicon 
(Si) sample with basic parameters given in Table I. The resulting ( )TE s

p j   responses are very 

similar to the ( )H j  (Eq. (2)) and φ (Eq. (3)) responses of the RC filter (Figure 3). Based on 

such obvious similarity, the RC fit is performed on amplitude ( )TE s
A f  and phase ( )TE s

f  

(Eqs. (2) & (3) respectively, Figure 4, red dashed lines) which reveals that ( )TE s
p j   has the cut-

off frequency ( ) 4
TEs 9.1 0.1 10  Hzf =   . Small discrepancies were observed between ( )TE s

p j   

and RC fit at higher frequencies, roughly 5
cr 2 10 Hzf   , both in amplitude and phase. 

 
Table I. Si n-type sample parameters used in Eq. (16). 

Thermal conductivity, k (W/mK) 150 
Heat capacity, C (J/kgK) 715 
Density,  (kg/m3) 2329 
Thermal diffusivity, DT (mm2/s) 90.0 
Linear thermal expansion, T / (10-6 1/K) 2.60 

 

  
 

Figure 4. Frequency response of the a) amplitude and b) phase of pTE(j)s (black solid lines) for a n-type Si sample 
of thickness l = 40 m, together with their RC fit (red dashed lines). 
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The question arises here whether the obtained fitting results have justification and meaning, 
knowing that our photoacoustic system is a system described by partial differential equations, so-
called distributed parameter system (DPS), while RC filters are typical representatives of systems 
described by ordinary differential equations, so-called lumped-parameter systems (LPS). 

Without going into the details, the justification and meaning of obtained results are as 
follows: in a previous article [26], the condition that should be met to make the photothermal 
induced temperature variations of a solid sample analogous to the voltage variations of the electric 
network with passive linear elements is presented. Temperature variations are calculated using the 
hyperbolic heat conduction equation (HHCE) if the relaxation time τ of thermal processes in the 
medium exists ( )0  . It was found that HHCE based photothermal (photoacoustic) system 
(DPS), can be represented as linear passive electrical network (LPS) under the certain conditions 

6l   ([26], see Appendix I) where σ is defined by RLC filter. Taking our PHCE case ( )0 →  
these conditions remain, but σ is reduced to RC filter. In addition, our photoacoustic thermoelastic 
system can be described only with resistors and capacitors ([26], see Appendix I). Considering 
description of σ by passive electrical elements (resistor, capacitor, coil), the similar condition for 
modeling of TE component by passive linear electrical network can be obtained:  / 2 6l  , 
(see Appendix I). For 0 =  (our case) this electrical network becomes RC filter (see Appendix I). 

The stated condition can be adapted to our analysis (Figure 5), where for the range of Si 
sample thicknesses from 10 to 1000 microns, the range of critical modulation frequencies 

2 6
cr4 10 4 10 Hzf    is determined (DPS - LPS approximation). When 40 μml =  (Figure 4), 

the photoacoustic system thermoelastic response can be described only by resistors and capacitors 
- a low-pass RC filter – LPRCF, at frequencies 5

cr 2 10 Hzf   . 
Last results show the possibility to develop an electric network – RC low pass filter 

(Figure 1) that will be the analog of the photoacoustic system under consideration (Figure 3). More 
precisely, the illuminated sample is modeled by LPRCF, where the values of voltages and electric 
currents in this filter are analog to the values of temperature distribution and heat flux at the 
respective points of the sample. The resistor corresponds to the reciprocal value of the sample 
thermal conductivity, and the capacitor corresponds to the sample thermal capacity. 

 

 
 
Figure 5. The values of l as a function of modulation frequencies, f, in the case of n-type silicon (Table I) different 

thicknesses, and corresponding range of critical frequencies, fcr, (between red and blue solid lines). 
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2.5. Volume absorber without excess carrier influence 
 

In the case of n-type semiconductor volume absorption without free carrier influence, under 
the same excitation condition as in surface absorber case, the temperature distribution ( )vT z  (1D 
case) within the semiconductor can be written as [37,38]: 
 

( )
( ) ( )( )

( )
( )

2
/20

v 2 2

cosh / 2 cosh / 2
sinh

l
l zl z e l zIT z e

k l


  

    

−
− +

  − − +  = − −   
,       (9) 

 
Here, β is the absorption coefficient of the sample. Solving the integral in Eq. (6) with ( )vT z  

(Eq. (11)) yields a slightly more complicated analytical expression for the thermoelastic component 
( )TE v

p j   [37,38]: 
 

( )
( )

( ) ( ) 24 2
0 g 0

TE 2 2 2v
0

tanh / 2
3π 1 1

/ 22
T lI p R l Cp j e

l lkV l
    

    
−

     = + − −    −     
,      (10) 

 
where ( )2 2 lC l l e   −= − − + . The amplitude ( )TE v

A f  and phase ( )TE v
f  of ( )TE v

p j   as a 
function of light source modulation frequency f are presented in Figure 6 (blue solid lines), in the 
case of 40μml =  thick n-type Si sample with basic parameters given in Table I, adding 

6 -12,41 10 m =   and excess carrier lifetime 910 s −  (ultrafast recombination – no excess 
carriers influence). 

It is obvious that ( )TE v
A f  and phase ( )TE v

f  of ( )TE v
p j   are the same as in the surface 

absorber case ( l → ). It means that the RC fit (Eqs. (2) & (3), Figure 6, red dashed line) reveals 
the same value of ( ) 4

TEv TEs 9.1 0.1 10  Hzf f= =   . Also, it reveals the same values of fcr as in the 

surface absorption case at 40μml =  ( 5
cr 2 10 Hzf   ) and in the whole investigated range of 

thicknesses ( )3 7
cr10  Hz 10  Hzf  . 
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Figure 6. Typical pTE(j)v a) amplitude and b) phase frequency responses (black solid lines) in the case of Si n-type 

sample having the thickness, l = 40 m, together with their RC fit (red dashed lines). 
 
3. New method for material characterization 
 

In the previous paragraphs (section 2) we found the essential characteristics of our 
thermoelastic photoacoustic system: TEf , crf  (Figures 4,6), and dependence of crf  on the sample 
thickness, l (Figure 5). In this paragraph, we will find another essential characteristic of our system, 
which is the dependence of TEsf  on l. This dependence is the basis of establishing a new material 

characterization method that connects the external parameters ( TEsf , l) that can be changed in the 

experiment, with the internal essential one (thermal diffusivity, TD ), a natural material 

characteristic. It can be found from / 2l  value in square brackets of Eq. (8) when TEsf f= . In 
this case, one can write: 

2
l

m


= ,                                                                  (11) 

or 
2

TEs 2

2 TDf m
l

= ,                                                         (12) 

 
considering that / TD = , TEs TEs2 f  = = , and 2 6m   (see Appendix I) [26].  

Applying the identical procedure as in Figure 6, TEsf  values can be found from ( )TE s
p j   

(Eq. (8)), for a wide range of silicon sample thicknesses (from 10-1000 m, Figure 7, Table II), 
with the same characteristics as it was given in Table I. Thicknesses are taken from min 10l =  to 
100 m in steps of 10 m, and from 100 to max 1000l =  m in steps of 100 m. 
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Figure 7. Frequency response of the a) amplitude and b) phase of pTE(j)s for a n-type Si sample. Calculations were 
done for a sample thickness in the range (10-1000) m, which is used to find fTEs applying a RC fit (Eqs. (2) and (3)). 
 

Table II. Cut-off frequency fTEs determined by fitting for a n-
type Si semiconductor of different thicknesses. 

Sample thickness l / (×10-6 m) Cut-off frequency fTEs / (Hz) 
10 1467250 
20 352064.0 
30 150994.8 
40 91465.38 
50 58578.48 
60 40865.79 
70 28097.52 
80 21687.13 
90 17231.35 
100 14013.44 
200 3475.289 
300 1578.390 
400 871.7279 
500 558.1317 
600 387.6765 
700 284.8613 
800 217.3823 
900 172.3485 

1000 139.6089 
 

Using the results presented in Table II, one can plot the dependence of TEsf  on the thickness 
of the sample, l, in a log-log scale (Figure 8). By fitting these results with Eq. (12), the value of 

( )1.513 0.002m =   is obtained. This result, in a general sense, represents a reference curve for a 

certain material (n-type Si in our case with parameter TD  from Table I) and can be used as a 
calibration curve within the framework of material characterization. In other words, a new method 
for material characterization (not only semiconductors), based on the analysis of the ( )TE s

p j   
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frequency response and its TEsf  dependence on the thickness of the sample, can be established. 
Such a methodology can be advantageous when it comes to the development of non-destructive 
methods of material characterization, investigation of semiconductor wafers as substrates for thin 
film analysis, as well as the role of photogenerated excess carriers both at surfaces and in bulk [39-
43]. 

 

 
 

Figure 8. The calibration curve of n-type Si, showing the cut-off frequencies fTEs of pTE(j)s as a function of the 
sample thickness (Table II). 

 
4. Experimental confirmation 
 
 

 
 

Figure 9. Scheme of the open-cell photoacoustic set-up. 

 

 To experimentally confirm the validity of the calibration method described in the previous 
section (section 3), let us use the measurement results of a circular n-type silicon wafer with a 
radius of 3 mmR =   and a thickness of 850 μml = . Measurements were made by the open-cell 
photoacoustic set-up (Figure 9), explained in detail somewhere else [12,13], with a blue LED light 
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source (450 nm), and corresponding wafer absorption coefficient 6 -12,41 10 m =  ( 1l  , 
surface absorption) and excess carriers relaxation time, 610  s − , insufficient for their influence 
on photoacoustic signal (and it’s components) in the 20 Hz to 20 kHz modulation frequency f 
range. 

The obtained measured signal ( )s
S j  - its amplitude A and phase  (red asterisks, 

Figure 9, a, b) are cleaned from the influence of the experimental instruments in the low- 
( ( )eH j  ) and high-frequency ( ( )aH j ) regions, in order to obtain the "true" signal ( )total s

p j   
amplitudes and phases (solid blue lines, Figures 10 (a) and 10 (b)), the signal originating directly 
from the illuminated sample [13,44] (see Appendix II). 

The obtained ( )total s
p j   is fitted using the composite piston model (solid blue, Figures 

10 (c) and 10 (d)). Besides the basic sample parameters (matching those from Table I), such a 
fitting procedure leads to the signal components: ( )TD s

p j   from the thermal (dashed red), and 

( )TE s
p j   from the mechanical (dashed blue) piston [13,33,34,44]. 

 

  
 

  
 

T
h
is

 i
s
 t
h
e
 a

u
th

o
r’
s
 p

e
e
r 

re
v
ie

w
e
d
, 
a
c
c
e
p
te

d
 m

a
n
u
s
c
ri
p
t.
 H

o
w

e
v
e
r,

 t
h
e
 o

n
li
n

e
 v

e
rs

io
n

 o
f 
re

c
o
rd

 w
il
l 
b
e
 d

if
fe

re
n
t 

fr
o
m

 t
h
is

 v
e
rs

io
n
 o

n
c
e
 i
t 

h
a
s
 b

e
e
n
 c

o
p
y
e
d
it
e
d
 a

n
d
 t

y
p
e
s
e
t.

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I: 

10
.10

63
/5.

01
52

49
5



14 
 

  
 

Figure 10. Measured photoacoustic signal ( )s
S j  of a n-type Si sample together with its “true” signal ( )s

p j  . 

a) amplitude A and b) phase   are plotted together with the ( )s
p j   components in c,d) ( )TD s

p j   and 

( )TE s
p j  , as a function of modulated frequency f. RC fits (Eq. (2) & (3)) are depicted on e) amplitude A and f) 

phase  together with characteristic frequencies 850
TEf  and 850

crf . 
 

Singling out ( )TE s
p j   (solid black, Figures 10 (e) and 10 (f)), it is clear that the analogy 

with RC circuits can be applied to this component, i.e. its amplitudes and phases can be fitted with 
equations (2) and (3), respectively (red dashed). The results of that fitting give the value of cut-off 
frequency ( )850

TEs 200 10  Hzf =   and ( )850
cr 480 20  Hzf =  . The value of 850

TEsf  matches to the Si 

n-type calibration curve (Figure 11), and 850
crf f  defines the frequency range where RC fit of 

( )TE s
p j   is fully applicable. 

 

 
 

Figure 11. Cut-off frequency 850
TEf  experimentally obtained (black dot) for a 850-m-thick circular silicon wafer 

compared to the n-type silicon calibration curve (solid red line) predicted by theory (Figure 8). 
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 The results obtained from the experimental data confirm the applicability of the new 
method aimed at the thermal characterization of n-type silicon based on electro-acoustic analogies 
between passive low-pass RC filters and thermoelastic components of the photoacoustic signals. 
 
5. Conclusions 
 
 We have demonstrated that the thermoelastic response of n-type silicon recorded via an 
open photoacoustic cell can be described as a simple linear time-invariant system made up of a 
passive RC filter. This analogy is driven by the linear relation between the silicon sample thickness 
and the modulation frequency of its thermal excitation. For both surface and volume excitations 
without the influence of free carriers, we have obtained the values of the critical frequencies, below 
which the analogy between the photoacoustic (temperature, heat flux, thermal conductivity, heat 
capacity) and electrical (voltage, current, resistance, capacitance) quantities is complete. Based on 
the proposed analogy, the frequency spectrum of the amplitude and phase of the thermoelastic 
component of the silicon photoacoustic signal has been analyzed like a passive low-pass RC filter 
to determine the characteristic thermoelastic cut-off frequencies. By correlating the obtained cut-
off frequencies with the thickness of the examined n-type silicon, we have determined that its linear 
calibration curve is driven by the thermal diffusivity. Such linearity has been experimentally 
validated using an open cell set-up to measure the photoacoustic response of the 850-m-thick 
silicon wafer excited with a blue light source within the 20 Hz – 20 kHz modulation frequency 
range. The proposed method is thus expected to be useful for the thermal characterization of 
materials. 
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Appendix I. Photothermal response and analogy with passive linear electric networks 
 
The thermal response of the sample illuminated by modulated light source is described by the 
temperature distribution ( )sT z  within the sample (Eq. (7)), obtained by solving the dynamic part 
of the 1D diffusion equation of heat transport along the z-axes: 

 
( ) ( )2

s s
2

, ,1

T

T z t T z t
z D t

 
=

  ,                                               (A1.1) 

 
where ( ) ( ) ( )( )s amb s, 1 j tT z t T z T z e = + + , ( )ambT z  is the ambient temperature,   is the 

modulation circular frequency, ( )/T VD k C= , k is the thermal conductivity,  is the density and 
CV is the volumetric thermal capacity of the medium. This equation is, so called, parabolic heat 
conduction equation (PHCE), that is always stable, depicting heat transfer process in medium as a 
diffusion process. It assumes an infinite speed of heat propagation or, in other words, the zero-
relaxation time ( )0 →  of thermal processes in the medium. On the other hand, the 1D hyperbolic 
heat conduction equation (HHCE) along the z-axes [26], 

 
( ) ( ) ( )2 2

s s s
2 2

, , ,1

T T

T z t T z t T z t
z D t D t

  
= +

   ,                                  (A1.2) 

 
acknowledges the finite speed of heat propagation, or finite value of   ( )0  , describing the 
heat transfer process in medium as a wave propagation process. The Eq. (A1.2) is similar in form 
to the Maxwell (telegraph) equation of an electromagnetic field, which, given in the terms of 
voltage ( ),u z t  between the lines has the form [26]: 

 
( ) ( ) ( )2 2

2 2

, , ,
z

u z t u z t u z t
rc l c

z t t
  

= +
  

,                                       (A1.3) 

 
where d / dr R z=  is the distributed resistance, d / dc C z=  – the distributed capacitance and 

d / dZl L z=  – the distributed inductance of the line. An analogy between the Eq. (A1.2) and 
Eq. (A1.3) can be established, as an analogy between two distributed parameters systems, by 
introducing the following relationships: u T , Vc C , 1/r k  and /Zl k . 

However, the electric network which consists of the elements with lumped (not anymore 
distributed) parameters can be established to describe the system defined with Eq. (A1.3). Such 
system consists of the equivalent impedance eqZ  and admittance eqY , given in the forms [26]: 
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eq

tanh
2

2

ZY

Z Z
ZY

 
 
 =  and 

( )
eq

sinh ZY
Y Y

ZY
= ,                             (A1.4) 

where 
( )l zZ l r j l= +  and lY j cl= ,                                          (A1.5) 

 
and ll is the length of the line. If one wants to represent eqZ  and eqY  with real electric elements 
(resistors, capacitors and coils), the Eq. (A1.4) must be simplified to: 
 

eqZ Z=  and eqY Y= ,                                                      (A1.6) 
 
This can be done if the condition 6ZY  is satisfied, as shown in [26]. 

If 0 =  is the case we are considering, the equivalent electric circuit that describes the 
optically induced surface temperature variations is an RC filter (the coil as an element is lost). The 
equivalent impedance Zeq and the equivalent admittance Yeq are given by the expressions: 
 

1
eq l lZ Z l r l

k
= = =  and eq l v lY Y j cl j C l = = = .                             (A1.7) 

 
Using the knowledge that the properties of materials in relation to heat conduction can, under 
certain conditions, be described as equivalent to resistance and capacitance (Eq. (A1.7)), the 
condition under which the TE component of the PA signal (Eq. (8)) can be described with RC 
filters is 24ZY   (obtained following the series expansion of ( ) ( )tanh / 2 / / 2ZY ZY ) [26]. 

The condition can be written as:  
 

2 24l l lZY l rj cl j rcl = = ,                                              (A1.8) 
 
or rewritten in terms of sample properties using established analogies (sample thickness l = ll) [26]: 
 

21 24
T

j l
D

 .                                                      (A1.9) 

 
This condition in the terms of real numbers can be written as 
 

( )221 24
T

l l
D

 = ,                                          (A1.10) 

 
which leads to the final form of 2 6l . Taking into account the obtained limits and series 

expansion, the analytical expression of the ( )TE s
p j   (Eq. (8)) can be simplified as: 
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( ) ( )

4
0 g 0

TE 2s
0 TE

1=3π
8 1 /

TI p R
p j

m kV j
 

 
 

 
 + 

,                               (A1.11) 

where 

( ) ( )
( )

TE TEs s 2
TE

1

1 /
A j p j  

 
=

+
, and 

TE

arctan 

 

= −  
 

.            (A1.12) 

 
Here ( )2

TE / / 2TD l m = , and 2 6m  , depending on number of terms in series expansion. 
 
 
Appendix II. The cleaning of experimental signal from the influence of the measuring chain 
 
The measuring chain of photoacoustics consists of many devices with associated electronics that 
measure not only the desired signal but also control the conditions of the experiment, especially 
the sources of excitation. All these devices, in addition to their good features, carry with them (as 
electronic devices) plenty of bad features that are reflected in different types of noise and strong 
signal deviations in the entire frequency domain of interest for our research [44]. 

In our case, the microphone as a detector, with its associated electronics, introduces the 
most interference and affects the shape of the measured signal in the entire range of modulation 
frequencies f from 20 Hz to 20 kHz. In the low-frequency range (f < 103 Hz), the microphone and 
the lock-in, which is emulated by the computer's sound card, act like two cascaded high-pass RC 
filters, decreasing the measured signal more and more as we move towards lower frequencies. In a 
mathematical sense, their influence can be described by a transfer function ( )eH j  of the first 
order having the form: 
 

( ) 1 2
e

1 2

,
(1 ) (1 )

H j
j j

 
 


 
 

   
   
   =− 
+ +

                                       (A2.1) 

 
where 2 f = , 1 12 f = , where f1 is the microphone cut-off frequency, and 2 22 f = , where 
f2 is the lock-in (sound card) cut-off frequency. In the high-frequency range, the microphone acts 
like two second-order high-pass RC filters, altering the measured signal in the form of peaks 
(resonances) more and more as we move toward higher frequencies. In a mathematical sense, 
microphone influence (acoustic response) can be described by a transfer function ( )aH j  of the 
second order having the form [44]: 
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( )a 2 2

43
4 43 3

1 1

11

H j

jj


   
  

= +
   

− +− +   
  

,                                (A.2.2) 

 
Here 3 32 f = , 4 42 f = , where f3 and f4 are the characteristic cut-off frequencies of the first and 
second peaks of the microphone, while 3 and 4 are their corresponding dumping factors. 

The measured photoacoustic signal ( )s
S j  is the product of the "real" photoacoustic 

signal ( )total s
p j   originating from the sample, multiplied by the aforementioned effects of 

( )eH j  and ( )aH j  in the entire frequency domain [44]: 
 

( ) ( ) ( ) ( )e as s
S j p j H j H j    = .                                    (A2.3) 

 
The basic idea of cleaning the measured signal is to recognize all the mentioned cut-off 

frequencies of the microphone and lock-in (sound card), e.g. by fitting the ( )s
S j . In this way, 

( )eH j  and ( )aH j  can be fully recognized and removed from the measured signal, leaving 

only the "real" signal ( )total s
p j   that carries information about the illuminated sample. The “real” 

signal now can be the subject of fitting based on, for example, the theory of composite piston, 
searching for the signal components, especially thermoelastic one. 
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