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Focusing on gap lengths in the noisy violinist chip-firing problem
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This description does not contain the information of the absolute position of the leftmost violinist, (but we don't care about this information anyways). I.e. a state for us is what is referred to as the shadow of a state in [START_REF] Khovanova | Ending States of a Special Variant of the Chip-Firing Algorithm[END_REF].

A (flat) N -clusteron is a state of N -1 consecutive zeroes, i.e. a • = 1 N -1 (where we use powers to express the concatenation of identical digits). This corresponds to N violinists in consecutive rooms.

We will now describe a move from one state of the system a t

• to the next one a t+1

• .

• Pick T with a T = 0 call T the triggering position.

• Set a T = 2,

• find the biggest j < T with a j > 0 and reduce it by one. If j does not exist skip this step

• find the smallest j > T with a j > 0 and reduce it by one. If j does not exist skip this step If no moves are possible (i.e. the sequence contains no more zeroes) we have reached a final state. We will denote a sequence of moves by a 1 • , ..., a n • and the corresponding triggering positions by T 1 , ..., T n-1 .

I.e., a move is a 0-gap triggering by turning into a 2 and two minus ones propagating left resp. right until they meet a non-zero number (which they would reduce by one) or disappear at the boundary of the state.

Here are all possible sequences of moves for N = 4 violinists, as described in Figure 1 of [START_REF] Khovanova | Ending States of a Special Variant of the Chip-Firing Algorithm[END_REF], in our notation: 

Reaching a final state

To show that we always reach a final state, we will use the fact that there is a non-decreasing quantity:

Definition 1. We call |a • | = N -1
i=1 a i the norm of the state a • . We have the following property for norms of consecutive states a t

• , a t+1

• :

|a t+1 • | -|a t • | ∈ {0, 1, 2}, where the value 2 is only possible if |a t • | = 0 N -1
. This means that the norm is non-decreasing and can only stay the same or increase by one (unless the initial states is a flat N -clusteron, then it will increase by 2).

Theorem 2. For any initial state a 1

• ∈ N N -1 , the final state is reached after finitely many steps. Proof. Let k = max 1≤j≤N -1 a j and K = max(k, 2). Since the components of a either get smaller or get increased from 0 to 2, the number of possible states starting from a 1

• is finite (a subset of {0, 1, ..., K} n-1 ). Hence, either the assertion of the theorem is true or there is a sequence of n > 1 states a 1

• , ..., a n

• where the first one equals the last one. Let i be the leftmost changing value, i.e. the smallest value such that a t j = a t+1 j for all j < i and all t. Let now t be the step in which i changes, then

• either there are only zeros left to a t i , then |a t+1 • | > |a t • |, which implies that the sequence can not be a cycle, because the norm is non-decreasing.

• or there is a non-zero number left of i, which then changes (reduces by 1) in step t , which is a contradiction to our choice of i.

Hence there can be no cycle, i.e. we eventually run into a final state.

3 Characterization of possible final states [START_REF] Khovanova | Ending States of a Special Variant of the Chip-Firing Algorithm[END_REF] also gives a characterization of all possible final states when starting with a flat N -clusteron. Those are given by states containing just ones and one two (in an arbitrary position), i.e. they are of the form 1 k 21 N -2-k for k ∈ 0, ..., N -2. We will reprove this statement in this section. First we observe that if we start with a state in the space {0, 1, 2} N -1 , then we will always stay in this space (gaps of length > 2 will never appear). On the other hand, the norms of the states are bounded from above (even locally):

Theorem 3. Starting with a 1 • = 0 N -1 , there can never appear a state a t • containing a sub-sequence of length l with norm higher than l + 1. I.e. there is no l and i such that l-1 i=0 a t j+i > l + 1. Proof. We do induction by length l. For l = 1 this is just the statement that no numbers higher than 2 can appear from a state in {0, 1, 2} N -1 . Assume we have proven the statement for lengths up to l. Further assume t is the first step in which l j=0 a t i+j > l + 2 We can further assume that the value of l j=0 a t-1 i+j is l + 2. It is at most l + 2 by assumption, and the only case where it would increase by more than one during step t -1 is if the whole sub-sequence (a t-1 i , ..., a t-1 i+l ) was zero, in which case l j=0 a t i+j = 2 ≤ l -2. For the sum l j=0 a t-1 i+j to increase, either a t-1 i or a t-1 i+l has to be zero in which case l-1 j=0 a t-1 i+1+j or l-1 j=0 a t-1 i+j had value l + 2 , contradicting the induction hypothesis.
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 1 Figure 1: Possible move sequences for 4 violinists.

Final states never contain zeroes and any (non-initial) state contains at least one 2. Since by the above the norm of the state can never surpass N -1 + 1 = N , we obtain: Corollary 4. Starting with a 1

• = 0 N -1 , the final position always consists of one two and the rest ones, i.e. is of the form 1 k 21 N -2-k for k ∈ 0, ..., N -2.

We still need to show that all positions of the two are possible, i.e. that 1 k 21 N -2-k is a possible final state for all k ∈ 0, ..., N -2. We will prove this by induction and need the following statement: Lemma 5. Assume there is a sequence of moves to obtain a state (a 0 , ..., a N -2 ) from 0 N -2 . Then there is a sequence of moves to obtain (a 0 , ..., a i-1 , 0, a i , ...., a N -2 ) from 0 N -1 for any i ∈ 0, ..., N -1.

Proof. If T 1 , ..., T t is the sequence of trigger points for (a 0 , ..., a N -2 ), then we set

and T1 , ..., Tt become a sequence of trigger points leading to (a 0 , ..., a i-1 , 0, a i , ...., a N -2 ) from 0 N -1 .

We can now prove that Theorem 6. Starting with a 1 • = 0 N -1 all states of the form 1 k 21 N -2-k for k ∈ 0, ..., N -2 can be final.

Proof. Again we proceed by induction. For N -1 = 1 (i.e. a single gap) there is only one final state (2) possible. Assume we have proven the statement for N -2 gaps. We now want to construct a sequence of moves turning 0 N -1 into 1 k 21 N -2-k .

• For k = 0, we use the above Lemma and the induction hypothesis to arrive at the state 021 N -3 . Then we trigger the leftmost spot.

• For k = N -2, we mirror the above construction, i.e. we generate 1 N -3 20 and trigger the rightmost position.

• For the other k we use the induction hypothesis and Lemma to arrive at the state 01 k-1 21 N -2-k . By triggering the only possible zero repeatedly we will move the zero further and further to the right until we arrive at the desired state.