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'Orange Labs, Chatillon, France,
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Abstract—In this paper, we consider rate balancing problem
for the Multiple-Input Multiple-Output (MIMO) Interfering
Broadcast Channel (IBC), i.e. the multiuser multicell downlink
(DL). We address the MIMO DL beamformer design and
power allocation for maximizing the minimum weighted user
rate with sum-power constraint with the weighting reflecting
user priorities. The proposed solution is based on reformulating
the max-min user rate optimization problem into a weighted
Mean Squared Error (MSE) balancing problem. Employing MSE
duality between DL channel and its equivalent Uplink (UL)
channel, we propose an iterative algorithm to jointly design the
transceiver filters and the power allocation. Simulation results
verify the computational efficiency of the proposed algorithm and
provide appreciable performance improvements as compared to
optimizing the conventional unweighted per user MSE.

Index Terms—rate balancing, max-min fairness, MSE duality,
tranceiver optimization, multiuser multicell MIMO systems

I. INTRODUCTION

We consider a wireless network in which a set of base
stations serve their users and all nodes are equipped with
multiple antennas. The goal is to maximize the minimum rate
among all users in the system subject to a total sum power
constraint, to achieve network-wide fairness [1].

Actually, several works in the literature have studied the
max-min/min-max fairness problems w.r.t. given utility func-
tions. For instance, the max-min signal-to-interference-plus-
noise ratio (SINR) problem is of particular interest because it is
directly related to common performance measures like system
capacity and bit error rates [2]. Maximizing the minimum
user SINR in the uplink can be done straightforwardly since
the beamformers can be optimized individually and SINRs
are only coupled by the users’ transmit powers. In contrast,
downlink optimization is generally a nontrivial task because
the user SINRs depend on all optimization variables and have
to be optimized jointly. Downlink transmitter optimization
for single antenna receivers with a constraint on the total
transmit power is comprehensively studied in [3] and [4]
where algorithmic solutions for maximizing the minimal user
SINR are proposed. This SINR balancing technique has been
extended to underlay cognitive radio networks with transmit
power and interference constraints in [5], [6].

Another utility of interest for fairness optimization problems
is the mean squared error (MSE). In fact, the min-max MSE
optimization is based on the stream-wise MSE duality where
it has been shown that the same MSE values are achievable in
the downlink and the uplink with the same transmit power
constraint. This MSE duality has been exploited to solve

various minimum MSE (MMSE) based optimization problems
[7]1, [8]. In [9], three levels of MSE dualities have been
established between MIMO BC and MIMO MAC with the
same transmit power constraint and these dualities have been
exploited to reduce the computational complexity of the sum-
MSE and weighted sum-MSE minimization problems (with
fixed weights) in a MIMO Broadcast Channel (BC).

In this work, we focus on user rate balancing in a way
to maximize the minimum per user (weighted) rate in the
network. This balancing problem is studied in [10] without
providing an explicit precoder design. As in [11], we provide
here a solution via the relation between user rate (summed
over its streams) and a weighted sum MSE. But also another
ingredient is required: the exploitation of scale factor that
can be freely chosen in the weights for the weighted rate
balancing. User-wise rate balancing outperforms user-wise
MSE balancing or streamwise rate (or MSE/SINR) balancing
when the streams of any MIMO user are quite unbalanced.
In [11] the problem is handled for BC (single cell) and is
transformed into weighted MSE balancing using non-diagonal
weight matrices. Here we consider a multicell case and solve
the user rate balancing problem using diagonal weight matrices
by diagonalizing the user signal error covariance matrices,
which allows to link the per stream and per user power
allocation problems.

II. SYSTEM MODEL

We have C' cells. Each cell ¢ has one base station (BS) of
M, transmit antennas serving K. users of each IV;, antennas,
(ke = 1,..., K. is the users’ index with k. € K). The set of all
users is defined as K = {k¢|]1 < k. < K.,1 < ¢ < C}. The
channel between the k.th user in cell ¢ and the BS in cell j
is denoted by H}', € CMi*Nee and H}, = [H}Y, ..., H}' ]
is the overall channel matrix between transmitter in cell 5 and
cell c. We consider zero-mean white Gaussian noise ny, €
CNee*! with distribution CA(0,021) at the k.th user.

We assume independent unity-power transmit symbols s. =
[sT...sk ", ie., E[scst] = I, where sj, € C%™<*" is the data
vector to be transmitted to the k.th user, with dj_ being the
number of streams allowed by user k.. The latter is transmitted
using the transmit filtering matrix G. = G P/? € CMexNe,
composed of the beamforming matrix G. = [G1...Gk,.] =
[g1...gn.] with normalized columns |g:|lo = 1 and the
diagonal non-negative downlink power allocation P./2
blkdiag{P;/?, ..., P’} where diag(P..) € R7"*" contains
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Fig. 1: Downlink channel in cell c.
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the transmission powers and N, =
number of streams in cell c. Let G, = Gy P,
and P = blkdiag{P; ... Pc}; the total transmlt power is
limitted, i.e., tr(P) < Prax.

Similarly, the receive filtering matrix for each user k. is
defined as F} = Pk_rl/zﬁkcF,?c € C%<*Nre, composed of
beamforming matrix Fy e C%.*Nke and the diagonal matri-
ces B, contain scaling factors which ensure that the columns

Sac dy, is the total
1/2 (CMpxdkc

of F;! have unit norm. We define 8. = blkdiag{B1,...,Bk.} =
diag{[f: ... Bn.]}, F. = blkdiag{Fi,...,Fx,} and F =
blkdiag{ F1,...,Fc} = [fi... fn.] with normalized per-stream

receivers, i.e., ||fillz = 1, (Vs = chlec being the total
number of streams in the network), see Figure 1.

The MSE per stream is defined as 5DL between the decision
variable §;, and the transmit data symbol s;, in cell ¢ as

follows
b= E{léz‘c - Sz‘c\Q}

_/Bzg/plcfzc(ZH]C an7gn7gnJ) ;,Ic).flc
njzl

— 2B, Re{fi He cgi. } + 00 B /pi. + 1, Vi, (1

where the index i. refers to the ith stream in cell ¢ with
fic = [Fe].i.
III. PROBLEM FORMULATION
In this work, we aim to solve the weighted user-rate
max-min optimization problem under a total transmit power

constraint, i.e., the user rate balancing problem expressed as
follows

max min 74, /7y,
{G¢,P.,Fe,Bc} ke .

st. tr(P) < Puax 2

where ry, is the k.th user-rate
— log det (I + Hox. Gy G1 HY, (02 T+

> HwG,ShH) ) 3)
le{Klke}
and ry_is the rate scaling factor for user k.. However, the
problem presented in (2) is complex and can not be solved
directly.
Lemma 1. The rate of user k. in (3) can also be represented
as [12] bL
o = L max [Indet(Wy,) — tr(Wi E,") + di,]. @)

kc>

where E];g = E[( Ske — Sk, ) (8ke *Skc)H]
= (I~ FiHep.Gp.)I — Fr Hepo.Gr)"

+ Z FiH; k9,90 Hy Fr, +0nFi, Fr, )
1;e{Klke}

is the k.th-user downlink MSE matrix between the deci-
sion variable Sy, and the transmit signal s, and W =

S1 1/2
.
Sk.*
T 7 ] P

Fig. 2: Dual uplink channel in cell c.
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{Wi. } k.cxc are auxiliary welght matrix variables with op-
timal solution WP = [EDL} and
Fr, =

(onI+ > H;x.G,G,H}}.) Hep G,
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Now consider both (2) and (4), and let us introduce
&k, = Indet(Wy,) + di, — ri., the WMSE requirement, with
target rate r;_. Assume that we shall be able to concoct
an optimization algorithm that ensures that at all times and
for all users the matrix-weighted MSE (WMSE) satisfies
e, = tr(Wi EQY) < di, and Indet(Wy,) > rf or hence

w, k¢

k. > dg,. This leads Vk, to (DL
“wike <
&ke
< Indet(Wy,) + di, — tr(Wi, EQV) > rit, ©)

SO Tho/Th, > 1
where (a) follows from (4). To get to (6), what we can
exploit in (2) is a scale factor ¢ that can be chosen freely
in the rate weights r7_ in (2). We shall take ¢ = ming & /77 ,
which allows to transform the rate weights r, into target rates
r,ﬁc = tr,‘gc, and at the same time allows to interpret the WMSE

weights & as target WMSE values.

Doing so, the initial rate balancing optimization problem
(2) can be transformed into a matrix-weighted MSE balancing
problem expressed as follows

min max en ., /Ex
k .
{Ge,P. FeBe} ke hele

s.t. tr(P) < Pnax, @)

which needs to be complemented with an outer loop in which
Wi, = (EDCL)il, t = ming, 7. /7h,, T,fc and &, =
dp. + rr, — 7%, get updated.

The problem in (7) is still difficult to be handled directly.
In the next sections, we solve the problem via uplink and
downlink MSE duality. To this aim, we model an equivalent
uplink-downlink channel plus transceivers pair by separating
the filters into two parts: a matrix with unity-norm columns
and a scaling matrix [13]. Then, the uplink and downlink
are proved to share the same MSE by swiching the role of
the normalized filters in the uplink and downlink. Doing so,
an algorithmic solution can be derived for the optimization
problem (7).

= try,

I'V. DUAL UPLINK CHANNEL

In the equivalent uplink model, we switch between the role
of the normalized transmit and receive filters. In fact, Fj, 1/ 2
is the k.th transmit filter and Q.'/?B.GY is a multluser
receive filter in cell ¢, where Q. = blkdiag{Q1, ..., Qx.} with
diag(Qx.) € ]Ri’““Xl being the uplink power allocation in cell
¢, and Q = blkdiag{Q1,...,Qc} collect the uplink power
allocation of the network, see Figure 2.

Although the quantities H ., G, F. and 3. are the same, the
uplink power allocation q = [q1 . .. qn,]" = diag(Q) may differ



from the downlink allocation p = [p1 ...pn,]T = diag(P), both
verifying the same sum power constraint ||p||1 = ||g||1 < Pmax-

The corresponding uplink per stream MSE e in cell ¢ is
given by )

C N
EiL = ﬁfc/qlcgl}i(ZH},Ic( Z qn; fnj.f:z{j)Hj,c)gic
j=1

n;=1

—2B; Re{gi. He fi. } + 0287, /@i, +1,Vic € {1,..., N.}. (8)

V. MSE DUALITY

With the equivalent downlink channel and its dual
uplink, it has been shown that the same per stream
MSE values are achieved in both links, i.e., e"F/P-

diag{[gEP/DL . sxf/DL}} = diag{[e1...en,]} = .

The uplink and downlink power allocation, obtained by
solving the MSE expressions as in (8) for UL w.r.t. the powers,
are given by

g=o,(e—D-3°¥) g%y, ©)

and p=o0(c—D—p3°97) %1y,

respectively, where D blkdiag(D,...,D¢) with the
diagonal matrices {D.}1<.<c defined as

10)

[D.)ii = Bi.gi HY. fi. firHe cgi. — 2Bi, Re{gil HY f;. } + 1

and
lgi' HJ f51%, i #j

{0, i= 7.

where H)' = [H}},,...,H ], n is the cell in where the per-
stream g; performs and i = """ N. + [, such that the ith
stream of the network is the /th stream of cell n.

In fact, the MSE duality allows to optimize the transceiver
design by switching between the virtual uplink and actual
downlink channels. The optimal receive filtering matrices in
both uplink and downlink are MMSE filters and are given by

(Wi =

C
Gr.B:.Q; "= (Y HY F,Q;F'H, ;+o2I) 'HY, F..Q}/”,
j=1

(1)
+o2I) 'He i, Gi P>

c

C
F..Be. P, ?=()_H,x.G;P,G]H}},,

c
Jj=1

(12)
VI. THE MATRIX WEIGHTED USER-MSE OPTIMIZATION

In this section, the problem (7) with respect to the matrix
weighted user-MSE is studied. First, we start by the uplink
power allocation strategies. Then, the joint optimization will
follow given the MSE duality.

In fact, the MSE duality opens up a way to obtain optimal
downlink MMSE designs in (11) and (12), i.e., the downlink
matrix weighted user-MSE optimization problems can be
solved by optimizing the weighted MSE values of the dual
uplink system. For given F.,G. and (3., the latter can be
formulated as

. UL
min = max €y k,/Eke
{Gc,Fe, W} ke

st tr(Q) < Prax (13)

where ;% = tr(W Ey") and and

EV = (I- Q. *B8.GLHY, F..Q))
x (I - Q. Br.GiLHY Fr Q)"

> QLB GLLHY F,Q, Fl'H,. 1, G, 3. Q)+
lj#ke

+0n Qi B GRL G Br. Q. (14)
Now, define a modified transmit uplink filter as
9 9 v UL
F, ;16/2 =F.Q;* Vi, By, = %y, 15)

where Vj, is given by the eigenvalue decomposition
E." = Vi, X Vi This operation allows us to diagonalize
{E;", W} and does not change the user rates [14], but
changes the identity of the streams (layers) of a user and the
power distribution over them.

The matrix weighted per user MSE can be expressed as
follows, with I, = S% 'd; + 1 (N; and d;, being
respectively the number of streams of cell 7 and user 7.)

Ik, tdi,
UL UL UL
€, ke = tr(chEkc ) = E Wi &4, 5 Vke.

i=ly,,

(16)

Collecting all layer MSEs in a vector, we get with Q =
diag{q}

e = Q7' [(D+ B W)q+ 0781 |- an
Note that @ 'Dqg = D1y,. Now introduce the user pow-
ers ¢ = [¢1...Gx|], which relate to the stream powers as
Qr, = Qr.Gr, With r{Qx .} = 1, Q = blkdiag(Q1,...,Q0)
and Q. = blkdiag(Q,...,Qxk.). Also consider the case of
diagonal weighting matrices W), and the overall diagonal
W = blkdiag(W1, ..., W%q). Consider now the weighted user
MSE €)%, = u{W, E;"} where the diagonal of EV" =
blkdiag(ET", ..., Ej) is the set of stream MSEs ", and
let €," = diag(ey'1, ..., €, 1)) be the set of user WMSEs.
We shall also need the per user stream distribution matrix
1 = blkdiag(14,,. .., 14, ). Then we get from (17)

el 1 = 17 W = 1FwQ ! [(D 1 B°W)q + 0,21,3211\15].

(18)
Note that Q1y, = g = Q1 and 1y, = 1 1x;. By multiplying
both sides of (18) with diag{q}, we get

€ G=AG+o.Cly with (19)

A=1"W(D+p°Q'®Q)1 and C=1"Wg>Q'1.
Let ﬁ = diag({l, ceey f‘;q), then

e ledlg=¢t"AG+ ol C1k. (20)

Actually, problem (7) always has a global minimizer g°P*
characterized by the equality £ ‘el (q°P") = AY"T, ie.,

ARG = £T AGT + 0n€ T Clik. @1

On the other hand we have the power constraint 1/ q°P* =
. . K]
Ppax, which allows us to write (21) as follows
UL ~opt 1 o
AU goPt = [ A4 In
q £ 5

max

E'C1 k] ¢ (2

2
Having A = ¢ ' A+ 52-¢7'C 1) 1{k, the optimal power
allocation g°** is the principal eigenvector of the matrix A,
i.e., the optimal power allocation can be found by solving

Aq~ = )\maxq~- (23)



TABLE I: Pseudo code of the proposed algorithm

H(O 0) _ - (I,

0). Q0 =
0(0)

1. initialize: F, %I, m=n=
0 and nmax, Mmax and ﬁx T
(0 0) (0,0) .
2. compute UL receive filter G/ and ,BC with (11)
3. find optimal user power allocation 6(0’0) by solving (23) and
compute Q(O 0 — ~(0 O)Q(O 0
4. update F(tmp tmp) Q (tmp.tmp) with (15) and Q(th tme)

Q(tmp,tmp)/t (Q(tmp,tmp))

5. compute W(O) (EUL(O)) and initialize fl(;:) =dp,
6. repeat
6.1. m+<m+1
6.2. repeat
n+<n+1

uplink channel:
e update G Y and BEmptmp) with (11)
e compute the MSE values eUL:(n) with 8)
downlink channel:
o compute P(™™m=1) with (10)
o update F\™™ Y and g™ Y with (12)
e compute the MSE values ePL() with [@€))]
uplink channel:
o compute Q(™™=1)  with (9) and Q,(Cyz’m_l) =

Q(n m—1) /tr(Qg{i,'mfl))
. ﬁnd optimal user power allocation §(™ m) by solving (23)
and compute Q n,m—1) _ ~(n m)Q(n ,m—1)
6.3 until required accuracy is reacfled orn > Nmax
64 updaie BV FO™ Q0™ with (15), QU™ =
QL™ /tr(Q;" "”), W””C) (EVH) 1 and do

T pom) _ g pe(m=1)

(m)
70(711 0 Tk, §kc

t = miny, , and

The
dn. + 7,(m) Tz(m)

6.5 don < 0 and set (.)(rmaxsm=1) _y ()(0:m) jn order to
re-enter the inner loop

7. until required accuracy is reached or m > mmax

VII.

A. Algorithm

The proposed optimization framework is summarized here-
after in Table 1. Superscripts (.)™) and (.)(*™P) denote the nth
iteration and a temporary value, respectively. The algorithm is
based on a double loop. The inner loop solves the WMSE
balancing problem in (7) whereas the outer loop iteratively
transforms the WMSE balancing problem into the original rate
balancing problem in (2).

ALGORITHMIC SOLUTION AND SIMULATIONS

B. Proof of Convergence

In case the rate weights 7, would not satisfy 7, > ry, this
issue will be rectified by the scale factor ¢ after one iteration

(m)

(of the outer loop). It can be shown that { = miny,_ % >

1. By contradiction, if this was not the case, it can be shown

(m=1) g(m)
M > 1, Vk. and hence A™ > 1.

to lead to 7D

But we have

tr(ngzn_UE;J:)) tr(W(m_l)E(T:>)

AM = D) , Vke, = maxg, (D
e ke 24
(2) tr(W("L 1)E(7n 1)) B (ikc (b) ( )
maxp, E(rn l) = mMaXg, (m—1)

ke

Let E = {Ey,k = 1,.,/K|} and f™(E) =
(D
M Then (a) is due to the fact that the

maXpg,. (m—1)

algorithm in fact performs alternating minimization of £ (E)
w.rt. {G., F.}, ¢ and hence will lead to f™(EM™) <
FOm(E=1). On the other hand, (b) is due to £ " =
dr, +r(m n_ Zimfl) > di,, for m > 3. Hence, t > 1.
Of course, during the convergence t > 1. The increasing
rate targets {rk(m)} constantly catch up with the increasing
rates {r]i:”)}. Now, the rates are upper bounded by the single
user MIMO rates (using all power), and hence the rates will
converge and the sequence ¢ will converge to 1. That means
that for at least one user k., r;(;zo) = r,‘;("o The question is
whether this will be the case for all users, as is required for

rate balancing. Now, the WMSE balancing leads at every outer
(W(m 1)EDL(m))
T

ékc
Ak, _ A (0o (o0)
T = A where &

= A(’"),ch. At convergence,

-

iteration m to

this becomes

ke
Hence, if we have convergence because for one user ke, we
arrive at r(‘x’) = °(°°) then this implies A(>) = 1 which

implies rk °(°°) Vk Hence, the rates will be maximized

and balanced

Remark 1. In fact, the algorithm also converges with nyax =
1, i.e., with only a single loop.

C. Simulation results

In this section, we numerically evaluate the performance of
the proposed algorithm. The simulations are obtained under a
channel modeled as follows : kac = B; Uy Ay, where
B, j.., Ay, are of dimensions (M; x Ny, ) and (Nj, x Ng,)
respectively, and have i.i.d. elements distributed as CN (0, 1);
Ur, = pUy,, with the normalization parameter p =
(trace(Uy,)) 1/2 and U, = diag{l,a,0?, Nke=11
(a € R being a scalar parameter). This model allows to control
the rank profile of the MIMO channels. For all simulations, we
fix o = 0.3 and take 1000 channel realisations and 7. = 20.
The algorithm converges after 4-5 (or 13-15) iterations of m
at SNR = 15dB (or 30dB).

Figure 3 plots the minimum achieved per user rate using i)
our max-min user rate approach with equal priorities and ii) the
user MSE balancing approach [13] with respect to the Signal to
Noise Ratio (SNR). We observe that our approch outperforms
significantly the unweighted MSE balancing optimization, and
the gap gets larger w.r.t. number of streams.

We observe, in Figure 4, the same behavior with the
classical i.i.d. Gaussian channel, but with a smaller gap. Also,
we can see that the balanced rate obtained using diagonal
{W}.} outperforms the balanced rate derived with non-
diagonal weight matrices [11].

In Figure 5, we illustrate how rate is distributed among users
according to their priorities represented by the rate targets ry, .
We can see that, using the min-max weighted MSE approach,
the rate is equally distributed between the users with equal
user priorities, i.e., rk = r] Vk., whereas with different user
priorities, the rate differs from one user to another accordingly.
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Fig. 3: Minimum rate in the system VS SNR: C = 2, K. = 3.
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Fig. 4: Minimum rate in the system VS SNR: C =1, K. = 3, M, =
6, Ni, = di, = 2.

VIII. CONCLUSIONS

In this work, we addressed the multiple streams per user
case (MIMO links) for which we considered user rate balanc-
ing, not stream rate balancing, in multicell downlink channel.
Actually, we optimized the rate distribution over the streams
of a user, within the rate balancing of the users. In this
regard, we proposed an iterative algorithm to balance the rate
between the users in a MIMO system. The latter was derived
by transforming the max-min rate optimization problem into a
min-max weighted MSE optimization problem to enable MSE
duality. We also provided comparison between our weighted
MSE balancing approach and the min-max unweighted MSE
optimization. Simulation results showed that our solution
maximizes the minimum rate.
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