N

N

Convergence of inertial prox-penalization and inertial
forward-backward algorithms for solving bilevel
monotone equilibrium problems
A Balhag, Z Mazgouri, M Théra

» To cite this version:

A Balhag, Z Mazgouri, M Théra. Convergence of inertial prox-penalization and inertial forward-
backward algorithms for solving bilevel monotone equilibrium problems. 2023. hal-04137497

HAL Id: hal-04137497
https://hal.science/hal-04137497

Preprint submitted on 22 Jun 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04137497
https://hal.archives-ouvertes.fr

Convergence of inertial prox-penalization and inertial
forward-backward algorithms for solving bilevel monotone
equilibrium problems

A. Balhag?, Z. Mazgouri® and M. Théra®

#Institut de Mathématiques de Bourgogne, UMR 5584 CNRS, Université Bourgogne
Franche-Comté, F-2100 Dijon, France

b Applied Mathematics Engineering Department, National School of Applied Sciences, Sidi
Mohamed Ben Abdellah University, Laboratory LAMA Mathematics, 30000 Fez, Morocco
ORCID 0000-0003-0131-4741

°XLIM UMR-CNRS 7252, Université de Limoges, Limoges, France

ORCID 0000-0001-9022-6406.

Dedicated to Professor Stephan Dempe.

ARTICLE HISTORY
Compiled June 21, 2023

ABSTRACT

The main focus of this paper is on bilevel optimization on Hilbert spaces involving
two monotone equilibrium bifunctions. We present a new achievement consisting on
the introduction of inertial methods for solving this type of problems. Indeed, two
several inertial type methods are suggested: a proximal algorithm and a forward-
backward one. Under suitable conditions and without any restrictive assumption
on the trajectories, the weak and strong convergence of the sequence generated
by the both iterative methods are established. Two particular cases illustrating the
proposed methods are thereafter discussed with respect to hierarchical minimization
problems and equilibrium problems under a saddle point constraint. Furthermore,
a numerical example is given to demonstrate the implementability of our algorithm.
The algorithm and its convergence results improve and develop previous results in
the field.

KEYWORDS
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Let K be a nonempty closed and convex subset of a real Hilbert space H whose norm
and scalar product are respectively denoted by ||-|| and (-,-) and let f : Kx K — R be
a real-valued bifunction. The equilibrium problem [1] associated with the bifunction

f on K consists in finding = € K such that

f(z,y) >0, Vy e K. (EP)
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Since this abstract variational formulation constitutes a convenient unified mathemat-
ical model for many problems in the life sciences, it plays a central role in applied
mathematics, for instance in optimization theory, variational and hemivariational in-
equalities, fixed-point and saddle point problems, network equilibrium problems, Nash
equilibrium and others areas, (see for instance [1,2,3,4] and the bibliography therein).
One of the most popular numerical approach for solving (EP) is the proximal point

method (PPM) well known in convex optimization since Martinet and Rockafellar.
Let us remind that given a bifunction f, the resolvent of f (see, [1]) is defined for each
A >0 by

J)]\c(l‘) = {zGK:f(z,y)+§(z—w,y—z) >0, Yy € K}.

Using this concept of resolvent for monotone bifunctions, Moudafi [5] proposed and
analyzed a proximal method for solving general equilibrium problems. This proximal
method generates the next iterate 11, for each n > 0, by solving the subproblem

Tpg1 = JL, (xn), ie.,

1
f(@nt1,y) + T_<xn+1 — T,y — Tpy1) 20, Vy e K, (1)

n

where {r,} is a sequence of nonnegative numbers. Supposing the monotonicity of
f, Moudafi [6] proved the weak convergence of the sequence {x,} generated by the
algorithm (1) to a solution of (EP). Thereby, a great interest has been brought to the
study of (EP) by means of splitting proximal point (or backward) methods. One can
consult [7,8,9] and the references therein.

Given its growing interest in applications to different applied fields, the problem
(EP) is currently considered as one of the important research directions in which
the optimization community is interested. Indeed, the study of the existence of a
solution to this problem still falls within the scope of very recent studies concerning
new methods of resolution. Let us cite in this sense the article [10], in which the
authors use the Ekeland variational principle, to prove, in complete metric spaces and
without any assumption of convexity, the existence of solutions to equilibrium and
quasi-equilibrium problems. The bibliography of this article refers to new equilibrium
concepts in which quasi-monotonicity and quasi-convexity are relaxed.

Given two real-valued bifunctions f and ¢ defined on K x K, in this paper we will
focus on the more general problem (BEP): Find Z € Sy such that

9(z,y) >0, Vy € Sy, (BEP)
where Sy stands for the set of constraints and is defined by
Sf={ueckK: f(u,y) >0, Vy € K}. (2)

We will assume throughout that the solution set to (BEP), denoted by S, is nonempty.

Problem (BEP) was implicitly introduced by Chadli, Chbani and Riahi [3] in the
setting of the so-called viscosity principle for equilibrium problems. This principle aims



at a good selection of the upper equilibrium among solutions to the lower level equi-
librium problem. This class of hierarchical problems covers in both levels, all the cases
cited previously for an equilibrium problem. Besides their unification aspect, bilevel
equilibrium problems have proved over the past two decades, very good applicability
in different fields covering mechanics, engineering sciences and economy, see [11] and
references therein.

More attention was then given to this class of problems with regard to, either the
existence of solutions via dynamic and algorithmic approaches, or of the parametric
stability point of view. The interested reader can consult the following recent contribu-
tions [12,13,14,15,16,17] and the references therein. In recent years, algorithmic solving
procedures have been widely studied to solve (BEP). For instance, Moudafi [16] used a
penalty method [3] and introduced the regularized proximal point method (RPPM).
This algorithm is described as follows: from a starting point zg € K, for each n > 0,
the next iterate x,,41 is defined by the proximal iteration x,41 := J {jﬁ "(xy), ie.,

1
f(xn-‘rla y) + Bng($n+1a y) + )\_<mn+1 — Tn,Y — -Tn—i-l) > 07 vy € K7 (3)

where {8,} and {\,} are two sequences of nonnegative reals. More precisely, under
suitable assumptions on the bifunctions f and g, Moudafi proved that the sequence
{z,,} generated by the algorithm (3) converges weakly to a solution of (BEP) provided
that

+oo
liminf A, >0, Y A\pfBp < 400 and ||zp41 — xp|| = o(Bn)- (4)
n——+00

n=0

The drawback of the last assumption is the difficulty to choose such a control sequence
(Br) because we do not know the convergence rate of ||, 1 — ||. This led Moudafi
[16] to conjecture that this limiting assumption can be removed via the introduction
of a conditioning notion for equilibrium bifunctions.

Later on Chbani et al. [15] considered an alternate proximal scheme, which generates

the next iterates x,41 by solving the regularized problem x,41 := J f:f tg (2n), i€,

1
B f(@nt1,9) + 9(@nt1,9) + 5= (@nt1 = T,y = Tns1), Yy €K (5)

In this paper, the difficulty of the method (RPPM) mentioned in [16] has been
solved. Following [18] and under a similar geometric assumption formulated in terms
of the Fenchel conjugate of the bifunction f, they analyzed the weak and strong
convergence of their algorithm to a solution of (BEP). More recently, in [19], the
authors proposed a forward-forward algorithm and a forward-backward algorithm for
solving (BEP) under quite mild conditions supposing that the bifunctions of the two
level equilibrium problems are pseudomonotone.

As a continuation of the studies of equilibrium problems by means of proximal
iterative methods, we propose an inertial proximal method for solving (BEP). It is
well known that the inertial proximal iteration, where the next iterate is defined by



making use of the previous two iterates, may be interpreted as a discretization of
differential systems of second order in time. The presence of inertial terms improves
the convergence behavior of the generated sequences. We emphasize that the origin of
these methods dates back to [20] as part of the approach to a solution of an abstract
inclusion of the form: find z € H such that

0 € A(z), (6)

where A : H = H is a mazimally monotone operator, and the solution set A~1({0}) is
assumed to be nonempty. In this regard, giving two sequences of nonnegative numbers
{an} and {\,}, the authors in [20] considered the following iterative scheme:

Tptl — T — A (T — Tn—1) + AnA(Tnt1) 20, (7)

and proved the weak convergence of the sequence {z,} generated by the above algo-

rithm towards a solution of (6) under appropriate conditions on the parameters {c,}
+oo

and {\,} whenever the restrictive assumption Z anlzn — Tn_1]|* < +oo holds.
n=1

Let us consider the second-order differential system in time

£(t) + ai(t) € Pru(=0 (g9 + Bf) (2(t), -)z(1)), (8)

where T'u = cl(R4(C —u)) is the Bouligand tangent cone to C' at u € C' and Pk is the
orthogonal projection onto a closed convex set K and defined as Pk (x) = inIf< ||z —ul.
ue

For solving the problem (BEP), we propose two approximate inertial proximal
schemes. Each of them is derived from a different discretization of (8). This approach
is inspired from the results presented in [6] and the contributions [15,16].

e The first scheme (Algorithm (IPA)) is expressed as an inertial prox-penalization
algorithm. It is considered in order to reach a solution to the two-level equilibrium
problem (BEP) in its general form (i.e., the two associated bifunctions f and g
are arbitrary).

e The second scheme (Algorithm (IFBA)) is expressed as an inertial forward-
backward algorithm. It is specifically designed to handle the situation where
f(z,y) = (Bx,y—x), and B : H — H is a single-valued and cocoercive operator.

Algorithm 1: (Inertial proximal algorithm (IPA)).

Initialization: Choose positive sequences {f,}, {\,}, and a nonnegative real number
a € (0, 3). Take arbitrary zo, 21 € K.

Iterative step: For every n > 1 and given current iterates x,—1,x, € K set y, :=
Zn + a(xy — xp—1) and define z,+1 € K by 2,41 1= Jf:'f+g(yn), ie.,

1
ﬂnf(xn—i—la y) + g(x’l’H-la y) + )\_<$n+1 —Un, Y — xn+1> Z 05 vy € K. (9)



Due to the significant difficulty in computing the resolvent J5/+9 of 8, f + g com-
pared to computing the resolvent of f and g separately, an alternative approach is
proposed. This is the object of the algorithm (IFBA) presented below.

Algorithm 2: (Inertial forward-backward algorithm (IFBA)).

Initialization: Choose positive sequences {f,}, {\,}, and a nonnegative real number
a € (0,1). Take arbitrary zg, 21 € K.

Iterative step: For every n > 1 and given current iterates x,—1,x, € K set y, :=
Tp + a(zy — rp—1) and define z,41 € K by zp,11 1= Jf\n (Yn — BnAnBxy,), ie.,

1

Brn{BZn, Yy — Tnt1) + 9(Tn+1,y) + /\—<fﬂn+1 —Yn¥ —Tny1) 20, Vye K. (10)
n

In the above algorithms, {)\,,} denotes the sequence of step sizes, {3, } the sequence
of penalization parameters, and a € (0, %) the parameter that controls the inertial
terms. The proposed numerical scheme (IPA) recovers, when o = 0, the algorithm
investigated in [15], and if in addition f = 0, the one suggested in [5]. The Fitzpatrick
transform of the bifunction f will be a key ingredient in our convergence analysis.
Indeed, we provide conditions under which the sequence generated by the algorithm
(IPA) weakly or strongly converges to a solution of (BEP). More precisely, under
a discrete counterpart (12) of the geometric condition used in [14] and formulated in
terms of the Fitzpatrick transform of the bifunction f, we first prove that (see Theorem
2.3) the sequence generated by (IPA) weakly converges to a solution of (BEP) pro-
vided that 0 < o < %, lég 41_{.15 Ap > 0and lim g, = 0. Afterwards, by strengthening

n—-4o00
the monotonicity assumption on the upper level bifunction g, and whenever 0 < a < %

o0
and Z An = 400, we show (see Theorem 2.4) the strong convergence of the trajec-
n=1
tories generated by the algorithm (IPA) to the unique solution of (BEP). Then, we
show (see Theorem 2.5) that, without the need of the geometric assumption (12), the
sequence converges strongly to the unique solution of (BEP) when the parameters
An and (3, satisfy additionally the conditions : lim A, = 0, lim (3, = 4+oco and
n—+00 n—-+00

lim Jirnf AnBrn > 0. In the subsequent step of the work, we state and prove (see Theorem
n—-—+0oo

3.3 and Theorem 3.4) the main results concerning the weak and the strong conver-
gence of the sequence generated by (IFBA). The main advantage of our approach is
that it provides convergence without any restrictive assumption on the trajectories.
The convergence results of (IPA) can be seen as an extension to the second order
counterparts of the ones given in [15,16]. To our knowledge, such inertial proximal
schemes have been studied only for the first level equilibrium problem (EP), see for
instance [21,22] and the references therein. As applications, we discuss the hierarchical
convex minimization case and equilibrium problems under a saddle point constraint.
A numerical experiment is thereafter given to illustrate our theoretical results. We end
up the paper by concluding comments.



1. Background material and technical lemmata

In this section, we give some preliminary results and definitions that will be used in the
sequel. Throughout this paper, unless stated otherwise, let K be a nonempty closed
and convex subset of a real Hilbert space H. We first recall some well known concepts
on monotonicity and continuity of real bifunctions and operators.

Definition 1.1. A bifunction f: K x K — R is called:

(¢) monotone if f(z,y) + f(y,z) <0 for all z,y € K
(ii) -strongly monotone, if there exists v > 0 such that

Fl@.y) + fly,2) < —llw —y|* for all 2,y € K;
(7i7) upper hemicontinuous, if

%i\n% ftz+ (1 —=t)z,y) < f(z,y) for all z,y, z € K;

(iv) lower semicontinuous at y with respect to the second argument on K, if

f(x,y) <liminf f(x,w) for all z € K;
w—Y
(v) an equilibrium bifunction, if for each z € K, f(z,z) = 0 and f(x,-) is convex
and lower semicontinuous.

Definition 1.2. An operator B : H — H is said to be:

(1) monotone if (Bx — By,x —y) > 0 for all z,y € H;
(7i) 6-inverse strongly monotone (or #-cocoercive) if there exists § > 0 such that

(Bx — By,z —y) > 0||Bx — By|* for all z,y € H;
11%) monotone if for every (z,y) € H x H,v € Az, v’ € Ay it holds
(i1) y (z,y y
<a:—y,v—v'> Z 07

(7v) maximally monotone, if it is monotone and if it has no monotone extension.

Remark 1. Let B : H — H be 6-cocoercive, with § > 0. Then B is maximally
monotone.

The dual equilibrium problem associated with the bifunction f on K is stated as
follows: find z € K such that

fly,z) <0, Yy e K. (DEP)

The set of solutions to (DEP) is called the Minty solution set. The following result
gives the link between Minty equilibria and the standard ones.

Lemma 1.3 (Minty’s Lemma, [1]). (i) Whenever f is monotone, every solution of
(EP) is a solution of (DEP);



(ii) Conversely, if f is upper hemicontinuous and an equilibrium bifunction, then
each solution of (DEP) is a solution of (EP).

The next lemma introduces the notion of resolvent associated with a bifunction.
This concept is crucial in our approach for solving (BEP).

Lemma 1.4. [23] Suppose that f : KxK — R is a monotone equilibrium bifunction.
Then the following are equivalent:

(i) [ is mazimal: (x,u) € K x H and f(z,y) < (u,x —y), Yy € K imply that
f@,y) + (u,z —y) > 0Vy e K;

(ii) for each x € H and X\ > 0, there exists a unique z) = J/J\t(a:) € K, called the
resolvent of f at x, such that

/\f(z)\,y)—i-(y—z,\,z,\—@ 207 vyEK (11)
Moreover, € Sy if, and only if, T = J{(a‘c) for every A > 0 if, and only if, T = J)]\c(a_c)
for some X > 0.

We will make use of the two following useful lemmata for establishing the main
results on the convergence of the sequence generated by the algorithms (9) and (10).

Lemma 1.5 (discrete Opial’s Lemma, [24]). Let C' be a nonempty subset of H and
{zk}r>0 be a sequence in H such that the following two conditions hold:

(i) For every x € C, lim |z — x| exists;
k—4-o00
(it) Every weak sequential cluster point of {xy}r>0 is in C.

Then, {zk}r>0 converges weakly to an element in C.

Lemma 1.6. Let 0 < p < 1 and {bx}r>0, {wk}r>0 be two sequences of nonnegative
numbers such that, for all k > 0,

bry1 < pby + wy.

If S50 wy, < +oo, then klim by exists. Further, if p <1 then > 720 by < +o0.
—+o0

Proof. Since by > 0 for all k and since Z;ﬁ% wy < 400, then the sequence {by11 —
Z?:o w; } is bounded from below. We also have

k k-1 k-1
brpr — > wi <pbp— Y w; <bp— > w,
=0 =0 1=0

which implies that the sequence {bg11 — Zf:o w; } is nonincreasing, hence convergent.
It follows that lim b, exists.

k——+o0
Observe that

(1 = p)br < b — by1 + wy.



Summing up from k = 0 to n, we get

(1=p) Y be <Y (b —bry) + Y wy
k=0 k=0 k=0

Since 1 —p > 0 and > /25 wy, < +o00, we conclude that > ;25 by < +ooc. O
We also need the two following technical lemmata.

Lemma 1.7. [25] For all z,y € H and € R, the following equality holds,

18z + (1= B)yll* = Bllz]* + (1 = B)llyl* = B = B) = — yI*.

Lemma 1.8. [15] Let {a,} be a sequence of real numbers that does not decrease at
infinity, in the sense that there exists a subsequence {an, }x>0 of {an} which satisfies

Op,, < Ap,+1 forall k>0.

Then, the sequence of integers {op tn>n, defined by oy, = max{k <n : ap < ag41} is
a nondecreasing sequence verifying liI+Il on = o0 and, for alln > ng
n—-+0oo

g, < g, +1 ond ap < Gy, 4+1-

In the rest of this section we recall some standard definitions and tools from convex
analysis. For an extended real-valued function ¢ : H — R U {+oc0}, we denote by
dom ¢ = {z € H: p(r) < +o0} the effective domain of ¢ and we say that ¢ is proper,
if dom ¢ # (). We also denote by min ¢ := il&{ﬂ ©(z) the optimal value of the objective

x

function ¢ and by argmin ¢ := {x € H : ¢(x) = min ¢} the set of its global minima.

By I'o(H), we mean the set of extended real-valued proper lower semicontinuous
convex function ¢ : H — R U {4+o00}. Given ¢ € I'o(H) and = € H, we recall that
the Fenchel conjugate of ¢ is the function ¢* : H — R U {400} defined by ¢*(x) :=
sup{(z,y) — o(y)}. If p = dk is the indicator function of K C H, i.e., when kg (z) =0
yeH

if x € K and +oo otherwise, we remind that dg is the support function of K. It

is denoted by ok, and it is defined as d (2z*) = ok (z*) = sup(z*,y). The (convex)
yeK
subdifferential of ¢ at x € H is the set

dp(x) = {v € H: g(y) > pla) + (v,y — x), Yy € H} and dp(x) := 0 if () = +oo,
while the normal cone to K C H at x € H is the set

[ A{zreH: " u—2)<0,VueK} ifzxeK
Nic(z) = { 0 otherwise.



We mention that Nx = 90k, and that z* € Nk(x) if, and only if, ox(2*) = (z*, z).
For every u € K, we denote by f, the function defined on H by f,(z) = f(u,x) if
z € K and f,(z) = +o0 otherwise. For an equilibrium bifunction f : K x K — R, the
associated operator A/ : H = H defined by

H : - Yy e K} if K
Af(m) = 0fz(x) = { éz . i@y +ise=g 20 WK} olthirfvise,

is monotone when f is monotone and satisfies f(z,x) = 0. Following Alizadeh &
Hadjisavvas [26,27], the Fitzpatrick transform Fy : K x H — R U {400} associated
with a bifunction f is defined by

Fp(w,u) = Sglg{w,w + fy, =)}

Given its continuity and convexity properties, the function F; has proven to be an
important tool when studying the asymptotic properties of dynamical equilibrium
systems, see [14] for a detailed presentation of these elements. This section concludes
with the following auxiliary result needed for establishing our results.

Proposition 1.9. [26,14]

e Suppose that f(x,y) = o(y) —¢(x) where ¢ : H — RU{+00} is convex and lower
semicontinuous with dom ¢ C K. Then for every (z,u) € K x H, F¢(z,u) =
o) + 9" (1)

e Let B : H — H be a monotone operator and f(z,y) := (Bx,y — z). Then,
the Fitzpatrick function Fy is exactly the Fitzpatrick function of the operator B
denoted by Fp which was first introduced by Fitzpatrick in [28]. In other words,
for every (z,u) € H x H, we have:

Fp(z,u) = Ff(z,u) = zgg{m y) +(By,r —y)}.

Assumptions
In the remaining part of the paper, we suppose that

» f and g are two monotone and upper hemicontinuous bifunctions satisfying as-
sumptions (iv) and (v) of Definition 1.1;

» for each y € K, dgy(y) # 0 (i.e., dom (A9) = K) and that KNSy # 0;

» R, (K —Sy) is a closed linear subspace of H. In this case, the operator g, + ds;,
is maximally monotone, see [29,30], and the subdifferential sum formula 9(g, +
ds;) = 09z + Ns, holds;

» the following geometric assumption: Vu € Sy, for all p € Ng, (u),

+o00 M %2
Z)\n,@n |:.7'—f (u, B) — 08, <5>:| < +00. (12)
n=1 n n

This assumption will be also needed and considered as a key tool in our treatment
of the convergence analysis. Let us mention that hypothesis (12) is the discrete



counterpart of the condition introduced in [14] in the context of continuous-time
dynamical equilibrium systems. Note also that it is a natural extension of similar
assumptions known in the literature for the convergence analysis of variational
inequalities expressed as monotone inclusion problems and for constrained con-
vex optimization problems, see [18,31,32] and references therein for further useful
comments on these assumptions.

2. Convergence of the inertial proximal algorithm (IPA)

Consider the sequence {z,} defined by the algorithm (9), where z,41 = J f”f 9 ().
Our objective is to analyze the convergence behavior of the sequence {z,}.

2.1. Weak convergence analysis

In this subsection, under natural conditions, we obtain a weak convergence result for
the trajectory generated by (9) to a solution of (BEP). We first prove the following
preliminary estimation.

Lemma 2.1. Let {x,} be a sequence generated by the algorithm (9). Take u € S and
set an = ||z, — ul|*>. Then, there exists p € Ng,(u) such that for each n > 1 the
following inequality holds:
Gp+1 — Ap — a(an - an—l) + )\nﬁnf(ua xn—i—l)
2 2
< (a—1D||zns1 — zal|® + 20|20 — 2n_1]|® + AnfBn []:f (u, p> — 08, (p)] )
Bn Bn
(13)

Proof. Since {z,} is generated by the algorithm (9), we have for each x € K

0 < A\nBnf(@ny1, ) + Ang(Tny1, o)

14
3 (o = 22 — s — 2l = s — wnll?) -

By Lemma 1.7, we have for all n > 1

lyn = @ll* = llen + a2y — 20-1) — 2|
=11+ a)(zn — 2) — a1 — 7)
= (1+a)llzn — 2] = allze-1 — z[* + a(l + @)llzn — za-a]®. (15)

I

Also, we have
|Zn+1 — yn”2 = ||Tpt1 — zn — alzn — xn—l)H2
2 2 2
”xn—H - xn” +a ||33n - xn—l” - 20[<$n+1 — Tn, Tp — xn—l>
(1 = a)[[znt1 — zal* + (@® — @) |20 — zna|*.

AVAN|

(16)

10



Combining (15) and (16) with (14), we get for every x € K

lzns1 — 22 = (1 + &) [lon — 2| + allzn— — |
< (o = Dl[znt1 — zal? + 2al|lzn — zpal* + 20080 f (Tn1, 2) + 2X09(2nt1, 7).

Since u € S, according to the first-order optimality condition, we have "
0 € I(gu + Is,)(u) = AY(u) + Ns, (u).
Let p € Ns, (u) be such that —p € A9(u), we have for every n > 1
Aty Ear) + An{—y — ) > 0, (18)
and by taking = v and a,, = ||z, — u|? in (17), we also have
ant1 — (1 +a)a, +aan—1 < (= 1)|zng1 — x> + 20|20 — 201 |)? (19)

+2)\n/8nf(xn+17 u) + 2)\ng($n+17 u)
Summing up the above inequalities and using the monotonicity of g, we get

Ant1 — ap — @y, — an—1) < (= 1)||zps1 — anQ + 20|z, — ﬂfn—le
+ 2/\n5nf(xn+17 u) + 2)\n<_p7 U — xn+1>-

Using the monotonicity of f, we obtain

Ap4+1 — Qp — a(an - an—l) + Anﬁnf(ua xn—s—l)
< (a - 1)H$n+1 - wnH2 + QOCHxn - xn—lHQ + )\nﬂnf(xn—&-l; U) + 2An<_pa u— xn+1>
= (o= Dlzns1 — ﬂ?n\lz + 20|z, — wn—IHQ

+)\an [<§%a$n+1> + f($n+1>u> - <%,U>} .
Finally, using the fact that p € Ns,(u), i.e., ds,(u) + os,(p) = (p,u), we obtain

ap4+1 — Qp — a(an - an—l) + /\nﬁnf(u? xn—s—l)
< (@ —=Dlzps1 — za|® + 2020 — zpa|?

b [supserc { (2.2) + f(z,0)} — o5, (2)]
= (a—1)||zps — an2 + 2a|x, — 5Cn—1H2

oo () (]

B B
The proof is complete. O
+oo
Remark 2. We can continue our analysis assuming that Z |2n — 2n_1]]* < +oo;
n=1

however this condition involves the trajectory {z,} which is unknown. In the next
corollary we prove that the above condition holds under a suitable control of the
parameter a.

Corollary 2.2. Under hypothesis (12) and by assuming that 0 < o < %, we have

11



+oo
(i) Z |2 — 3771—1H2 < +00;
n=1

—+00
(i1) Z AnBnf (U, Xpy1) < 400, for each u € S.

n=1

Proof. (i) First we simplify the writing of the estimation (13) given in Lemma 2.1.
Since u € Sy and A\, 3, > 0, we have A\, 5, f(u, n41) > 0. Setting 6, = ||z, — Tno1l?,
then inequality (13) gives

2 2
apt1—an—a(an—an—1)+(1—a)dnr1—2a0, < \pfn []—'f <u, Bp) — o5, (;)] . (20)
In order to simplify its summation we rewrite (20) as
ant1 — an — alan — an—1) + (1 — @) (Ont1 — 6n) + (1 — 3a)dy,

() ()]

Let be N € N*. Summing up from n = 1 to N the inequality (21), we get

(ant1 —a1) — alay — ag) + (1 — @) (Sy41 — 61) + (1 = 3) 35, 6
< S0 A {ff <u ZZ’) s, <ZP>} . (22)

Assumption (12), infers that

N
(ant1 — aan) + (1= @)dns1 + (1= 3a) > 6, < C, (23)
n=1

2 2
where C'= a1 — aag + (1 — a)d1 + 3,51 Anfn []:f (Ua ﬁp> —0s, <5p>] <K

Since a < % yields 1 —3a > 0 and 1 — a > 0, then inequality (23) implies that for all
n>1
an+1 <aay +C;, with CeR. (24)

Recursively we obtain for all N > ng > 1

any1 <oV L C(14a+a®+ .+

= _n°+an0+c l_a

Therefore, the sequence {zy} is bounded and since

sup [zn+1 — 2N || < 2sup [[zy]| < 400, (25)
N N

the sequence {4, } is also bounded. Combining (25) with (23) and noticing that 1—3« >

12



0, yields

ensuring ().
Returning to inequality (13), we have

ant1 — an — a(an — an—1) + AnBn f (U Tpt1) < Anfn {}-f <Ua 2;0) — 0s; <2p>]

Bn Bn
+ (Oé - 1) 5n+1 + 2a5n
N——r
<0
2p 2p
s fr () o (2)]
+ 2ad,,.

Summing up from n = 1 to +o00, we obtain

+oo +oo 2p 2p
Z )\nﬁnf(u’ 1:n+1) <a; —aay+ Z AnBn []:f (u, ﬂ> — 05, (6)]

n=1 n=1

o0
+20 ) [lon — 2]
n=1

Then, assumptions (12) and (i) ensure (i7). O
In order to further proceed with the convergence analysis, we have to choose the
sequences {\,} and {f,} such that lim Jirnf An > 0 and (3, — +oo. We are now able to
n—-—+0o0
state and prove the first main result of this section.
Theorem 2.3. Suppose given monotone and upper hemicontinuous bifunctions f and

g. Let {x,} be a sequence generated by the algorithm (9). Under hypothesis (12) and
by assuming that

0<a< %, liminf A, >0 and lim g, = 4oo,
n—+oo n—+o0o
the sequence {xy} weakly converges to some T € S.

Proof. The proof relies on the discrete Opial’s Lemma. To this end we will prove that
the conditions (i) and (ii) in Lemma 1.5 for C' = S are satisfied.

Returning to inequality (13), since u € Sy and A, 8, > 0, we have A\, 3, f(u, Zn41) > 0,
and then

2 2
Ap41 — Qp < a(an - an—l) + 2ann - wn—lHZ + )\nﬂn |:Jrf <u7 6p> — 0S; <p>:| .
n
Taking the positive part, we immediately deduce that
2 2
[an—i—l - an]—l— < a[an - an—l]-i— + 2&H$n - xn—lH2 + )\nﬁn |:th <U; Bp> — 08S; <p>:| .
n

13



+o00
Using assumption (12) together with the fact that Z |2n — 2p-1]|* < +o0 and ap-

n=1

plying Lemma 1.6 with

2 2
by, = [an — an,1]+ and w, = 20‘”3311 - xn71||2 + )‘nﬁn |:~7'—f (u7 Bp> — 0s; <5p):| s

we obtain

+oo
Z[an — ap—1]4+ < F00.
n=1

Since a,, is nonnegative, this implies the existence of lirf a, and the one of
n—-+0oo

i —ull

It remains to show that every weak cluster point z of the sequence {x,} lies in S.
Let ny — 400 as k — 400 such that z,, — . We want to show that z € S. Thanks
to the monotonicity of f and g, inequality (9) ensures that for all y € K and for all k
large enough

1 1
fW 1) < =59, Tnt1) + v (T t1 = Ynir ¥ — Tnyi1)- (26)
67'% )\nkﬁnk

Since dgy(y) # 0, pick x*(y) € H such that for every z € K

9(y,2) > (@ (y),z —y) > —|lz" W)l - lly — =

Thus there exists v(y) := ||z*(y)|| > 0 such that for every z € K

—9(y,2) <v()lly — 2| (27)
Returning to (26), we can write
() 1
(Y, 2nt1) < THZJ — Tpy1ll + Wuxnk—i—l = Y l-ly — Ty |-
Nk Mg M1k

Passing to the limit, and using the facts that {z,,} is bounded, {5,,} — +oo,
liminf A,, > 0 and ||@n,4+1 — Yn,|| = 0, we deduce that f(y,z) < 0 for all y € K.

k——+o0

Lemma 1.3 leads to T € Sy.
Using (9) and the monotonicity of f and g, we have for every u € Sy,

)\n/an(ua xn—O—l) + )\ng(u, xn—O—l) < <yn — Tn+1, Tntl — u>

Exploiting the fact that lirf |z — u|| exists and thanks to (¢) of Corollary 2.2, we
n——+0o0
deduce that

lim —x T —u) =0.
n_)+oo<yn n+1y 4n+1 >

14



Using Corollary 2.2[(ii)], we obtain that limsup A, g(u, 2,+1) < 0. Since g(u, .) is lower

n—-4o00

semicontinuous, from the assumption lim 4i_nf An, > 0 we derive that g(u, z) < 0. Lemma
n—-—+0oo

1.3 allows us to conclude that
g(z,u) >0, Yu € Sy,

establishing the proof. O

2.2. Strong convergence analysis

In this subsection, under an additional assumption on the monotonicity of the bi-
function of the upper level g, we ensure the strong convergence of the trajectory in

(9)-

2.2.1. Strong convergence under assumption (12)

Theorem 2.4. Suppose that the bifunctions f and g are monotone and upper hemi-
continuous. Under hypothesis (12), if the bifunction g is p-strongly monotone, and

< < Z)\
0_a 3 and ot n 00,

the sequence {x,} generated by the algorithm (9) strongly converges to a unique solu-
tion u € S.

Proof. Uniqueness of the solution for (BEP) follows from the strong monotonicity
of g. For the existence, see [3, Theorem 4.3].

Using inequalities (18) and (17), with = u, summing up and using the p-strong
monotonicity of g, we get for a, := ||z, — ul|?

Ant1 — ap — a(ay — an—1) < =2pApans1 + (@ — D)||zng1 — 20| + 20|z — 201 ||
+ 2000 f (Tng1,u) + 20 (—=p, u — Tpy1).

Following the arguments used in the proof of Lemma 2.1 we obtain
Ung1 — G — (@ — an_1) + 2pAnang1 < (0 — D)||zpi1 — 2,)|* + 20|20 — 2po1 ||

e 7 (57) = (5]

Then, summing up from n = 1 to 400 yields

+o0o +o00
2 2
203 Mallznss —ul® < a1 —aao+ Y Anfn [ff (u ;’) s, (ﬂpﬂ

n=1 n=1

+oo
+ 2042 |2n — Tn1]*.
n=1

15



Using condition (12) and assumption (¢) of Corollary 2.2, we deduce that

+oo
> Al — ul? < +oo.
n=1
Since lim ||z, —u|| exists and )7 | A, = 400, we conclude that lim ||z, —ul =0,
n—+o00 n—>+00
which guarantees the strong convergence of the whole sequence {z,} to u. O

2.2.2. Strong convergence without assumption (12)

We will show that in this case, the algorithm strongly converges without the need of
the geometric hypothesis (12).

Theorem 2.5. Suppose that the bifunctions f and g are monotone and upper hemi-
continuous with Sy # () and g is p-strongly monotone. Suppose moreover that

+o0o
0<a<i, lim A\=0,> A\ =+00, lim B, =+00 and liminf),B, > 0.
n—-+oo "o n—-+4oo n—-+oo

Then, the sequence {x,} generated by the algorithm (9) converges strongly to the
unique solution u of (BEP).

Proof. Under assumptions on the two bifunctions f and g, we get the unique solution
denoted by Z of the bilevel equilibrium problem (BEP).

Step 1: We show that {z,,} is bounded.
Since {x,} is generated by the algorithm (9), then by (17), we have for each z € K

|z — 2] = (1 + @) ||2n — 2[* + af|zn—1 — 2
< (a - 1)Hl‘n+1 - Jjn”2 + 205”3771 - xn—lHQ + 2)\n/6nf(xn+1px) + 2)‘719(3771—&—17 J,‘)

(28)
Fix € Sy, and set a,(z) = |z, — z|? and 6, = ||z, — 2,—1]|?>. Thanks to the
monotonicity of f, then for each n > 0,
ant1(x) — aan(z) + 200,41 (29)
< (an(z) — aan—1(z) + 2ady) + (3o — 1)dp41 + 2Mn9(Tnt1, T).
Setting by, (x) = an(z) — aan,—1(x) + 28, we obtain, for n > 1,
bpt1(x) <bp(x) + (Bae — 1)0pp1 + 2Mng(Tpt1, ). (30)

e If there is ng € N such that {b,(x)} is decreasing for all n > ng, then b,1(x) <
bn, (x), which infers that

ant1(z) < aap(x) + by, (z) for all n > nyg.

Recursively, we obtain for all n > ng > 1

11—t

ans1(2) < Q" () + b (2)

9
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and the boundedness of the sequence {a,(z)}.
e Otherwise there exists an increasing sequence {k,} such that for every n > 0,
bi, ., (x) > by, (x). By Lemma 1.8, there exists a nondecreasing sequence {o,}

and ng > 0 such that lim o, = oo, and for all n > ng, by, (z) < by, +1(z) and
n—4o00o )

bp(x) < by, +1(x). For n = o, in (30), we get
0 <bg,11(2) = bo, (2) < (B3 = 1)d, 11 + 2A0,9(Z5, 11, T)- (31)

Using the p-strong monotonicity of g and relation (27), we deduce that for n > ng

=200, Y(@)V o, +1(x) < 2N, 9(x, 20, +1) < (Ba — 1)y, 41 — 2Xs, POy, +1(T).

(32)
Since 3a — 1 < 0, we conclude that for n > ng
2 2
v(ﬂf)) 27°(z) Ao,
g, +1(x) < | —= and  dy, 41 < ———F—. 33
) < (2 e ()

Hence, {as,+1(x)} is bounded. Since {A,,} is bounded too, then {d,, 41} is
bounded, which means that {b,,+1(z)} also is bounded. So, there exists M > 0,
such that for all n > ng, we have

aan—1(x) + bp(z)
aan—1(x) + by, +1(x)
aan—1(x) + M

Q" Moa, () + Ml_f‘j;no.

an(z)

IAIAIAIA

Therefore the sequence {ay(z)} is bounded, ensuring the boundedness of {z,}.

Step 2: We show that the sequence {z,} strongly converges to z, the unique
solution of (BEP).

Let us consider two cases:

Case 1: There exists ng such that {b,(Z)} := an(Z) — aan—1(Z) + 2, is decreasing
for n > ng.

Then, the limit of the sequence {b,(Z)} exists and lim (b, (Z) — bp+1(Z)) = 0. For

n——+00
n > ng, we have

an+1(T) — @, (Z) + 200,41 < an(T) — @an-1(T) + 220y,
which implies that

an+1(Z) < an(Z) + o (an(Z) — an-1(7)) + 200 — On41)-

+oo
Since Z (an(Z) — an—1(Z)) < sup a,(Z) and due to the fact that a,(z) is bounded

n=ng n>ng
+o0
(by step 1), it follows that Z (an(T) — an—1(Z)) < +00. By Lemma 1.6, and since
+o0 Y
Z [ (an(Z) — an—1(Z)) + 20(0p, — On41)] < +o0, then the limit of {a,(Z)} exists.

17



Therefore, it suffices to show that liminf a,(Z) = 0. Since g is p-strongly monotone,
n—oo

then we have

Jim ap () = gglinf\\rcnﬂ—x\l

_ 1. _
< jliminf (- (xn+1,:r))+;lrlgilig(—g(w,mn+1))-

(34)

Thus, it suffices to prove that liminf (—g(z,+1,Z)) < 0 and liminf ¢(Z, zp41) > 0.
n—-+00 n—+00
Taking into account that Z € S¢, we derive from (30) that

bn1(Z) < bn(Z) + (B = 1)dnt1 + 2Ang(Tn 1, ).

Hence, since 3a — 1 < 0, then

(bn(j:) - bn+l (CE)) . (35)

B 1
— Mg(Tny1,7) < B

Summing up inequality (35) from 1 to +oo, we deduce that

+oo

1
Z ~Ang(Tnt1,2) < B} <b1(5€) — lim bn(x)) < 400,
n=1

n—-+00

+o00
which in combination with Z An = +00 leads to liminf (—g(zp41,7)) <O0.
=0 n—oo

Let us prove that lim Jirnf 9(Z,Tp41) > 0. The sequence {x,,} is bounded, so there exists
n—-—+0oo

a subsequence {z,, } of {z,} that converges weakly to some = € K. By using the weak
lower semicontinuity of ¢g(z,-) we have

9(Z,z) <liminf g(Z, xp, +1)-
k—+o00

Since Z is the unique solution of (BEP), we need just to check that € Sy. In doing
so, by (27) and (17), we have for every y € K,

1

5, (Lot (®) = a()) + 521() Van(y). (36)

f(y,xn—f—l) < -

We have

n(Y) = bt (y)
= (an(y) — aan-1(y) + 2ad,) — (ant1(y) — aan(y) + 2a0,41)
= (an(y) — ant1(y)) + a (an(y) — an-1(y)) + 20 (6 — On11)
(an(i') — Qp41 (51;) + 2<J7n — Tp41,T — y>)
—a(an-1(%) — an(®) + 2(xp — Tp-1,T — Y)) + 20 (6, — Ip41)
bn(Z) — bp+1(Z) + 2(xp, — Tpt1, T — ) + 20z, — Tp—1,T — Y).

Since lim (by(Z) — bp41(Z)) = 0 and lm |@py1 — zpl] = 0, then lim (b, (y) —

n—-4o00 n—-4o00 n—-4o00

bnt1(y)) = 0.

18



By using the weak lower semicontinuity of f(y,-) and the fact that {z,} is bounded,
lim A, =0, liminf \,,3,, > 0 and ll}l}_l Bn = 400, we conclude from (36) that for
o

n—400 n—-+o0o

every y € K
< lim inf <0.
fy, @) < liminf f(y, 2np1) <0
Hence, by using Minty’s lemma we deduce that = € Sy and therefore,

< <
0 < g(z,2) < liminf g(z, Tn41).

Hence, by (34),

1
< —— <
e 1 () = = il g8 ) < 0,

and so lim ay(z) = 0.
n—-+o0

Case 2: There exists a subsequence {x,,} of {x,} such that b, (z) < b,,+1(Z) for all
jeN.
By Lemma 1.8, the sequence o(n) := max{k <n : bg(Z) < bg+1(Z)} is nondecreasing,

lim o(n) = oo and, for all n > ng
n——+oo

ba(n)(j) < ba(n)+1(£) and b, ( ) < ba(n)—H( )
Let us take n = o(n) and = = Z in (30). We have
0 < bo(n)+1(T) = bo(n)(T) < 2X6(2)9(Zo(n)+1, T), (37)

which yields g(z4(y)41,%) 2> 0, and thus limsup g(74(n)4+1,%) > 0.
n—-+00
Using again the p-strong monotonicity of g and passing to the limit we have

lim sup ag(py41(7) < %limsup—g(xo(n)ﬂ, )+ lim sup —g(Z, o(n)+1)

n—+o00 n—-+00 n—+00
20 (38)
< =5 ggggjg( To(n)+1)-
Under the boundedness of {x,}, and similarly to the case 1, one can show that
>
lim inf (2, 25 (n)41) 2 0.
Hence, by (34), we conclude that
lim ag(n)+1(f) = 0. (39)

n—-+o0o

Since b, (%) < by (n)+1(Z) for each n > ng, we derive that

. < 1 _
W (@) € B (@) < M By (7)
< lim (ap(n)(T) + 20050y -
n——+00



Since 50(71) = ||x0'( Lo(n— 1)” < 2a (n)( )+2ao(n) 1( ) then

. — < T
WD 0@ < (4 de) I do @)+ iy 0001 (2)

/
v~ v~

=0 =0

= 0,

thus guaranteeing the strong convergence of the whole sequence {z,} to Z. O

3. Convergence of inertial forward-backward algorithm (IFBA)

3.1. Weak convergence analysis

In this subsection, we study the weak convergence of the sequence {z,,} generated by
the algorithm (IFBA), given by:

9(Tnt1,Y) + Bn(BTn,y — Tni1) + %(zn-&-l —Yn, Y — Tnt1) 20, Vy €K,
n

where g : K x K — R is a bifunction satisfying (i) — (¢i7) — (iv) — (v) of Definition 1.1

and B is an #-inverse strongly monotone mapping from H into H.

Let us underline that it is necessary to include the geometric condition (12). Here, we

have f(z,y) = (Bx,y—z) for all z,y € H, and Sy = B~1(0). In this case, the condition

(12) can be expressed in a simplified form as: Yu € B~(0), for all p € Np-1(g)(u),

Suafn(c2) wen(@ e

where Fp(u,z) = sup{(z,y) + (By,u — y)}.
yEH
Similar to what was done in Lemma 2.1, we initiate our study by proving the following

estimation:

Lemma 3.1. Let {x,} be a sequence generated by the algorithm (10). Take u € S and
set ap := ||z, — ul|®. Then, there exists p € Np-1()(u) such that for each p > 0 and
n > 1, the following inequality holds:

i1 — @y — a(an —apn-1) < ((1+p)a—1)[zag1 — anQ + 2a|z, — -’L‘n—le

2)\71 n
2 I + A (222 —0) || By ?

o |73 (13 =0 (3)]

Proof. Take u € S. Let p € Ng, (u) be such that —p € A9(u), we have for every n > 1

(41)

Ang (U, Tng1) + A (—=p,u — Tpy1) > 0. (42)
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Given that {z,} is generated by the algorithm (10), then it easy to check that

0< Anﬁn<B$m u — xn+1> + )\ng(xn—i-l, u)

43
3 (o =l = g =l s — w2 )

Using the relations (15) and (16) (see the proof of Lemma 2.1), along with the two
last inequalities, we get

An+1 — an — a(an — an—1) < (@ = D|zng1 — zal® + 202y — 0 1H2
+2X 85 <an7 xn+1> +2X\, < $n+1> (44)

For each p > 0, on one hand, we have

2)\n<_p7 U — xn) + 2)\ < —DP,Tn — mn—|-1>

2A(—p,u — Tpy1) = 22 (=D, )
o
< Anl=pu— ) + SAPIT + G llen — zngal”.

(45)

On the other hand, we have
20 Bn(Bxp, u — Tpt1) = 220 Bn(Bxn, u — ) + 22 (B, Ty, — Tpy1)- (46)
Due to the fact that B is f-inverse strongly monotone, we have
(Bty,u — ) < —0|| By

We also have

2A26

2)\nﬂn<3xnaxn - $n+1> < " HB nH2 + 7||$n - -T/'nJrIH

The two last inequalities together with (46), lead to

200 (Bxp, u — Tpt1)
<- Anﬁn‘9|’B$n|’2 + An/@n<B$m U — $n>
)\2 pa
228 | B+ 2 =

2Xnfn
(&7

:)\nﬁn <

6]
+ 5 2 — 2ol (47)

— 9) HanH2 + A fn (B, u — )

Combining this inequality with (44) and (45), we obtain

Anpt1 — Gp — a(an — ap_1)

<((1+p)a = Dlzns — zal® + 2020 — 201 |?

1 2)\nﬁn
b Xl + 2 (222~ 0) B
pa Q
+ A Bn (B, u — Tp) + 2\ (—p,u — xy). (48)
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Since,

)\nﬁn<an7 U — xn) + 2)\n<_pa U — xn>

It follows that for every n > 1,
An+41 *an*a( — Qp— 1)
<((1+ p)a = Dlzntr — 2ol + 20z — 2|

1 2XnBn
il + M (2220~ 0) |
pa pa

o |72 (15) o0 (5)]

The proof is complete. O

Corollary 3.2. Under hypothesis (40) and by assuming that there exists p > 0 such
that

1 ) pald
< — . (M) el andl A fn < —
0_oz<3+p,( ) €L an :Lrgig) B < 5

we have
“+o00
(i) Y llan — 21| < +00;
n=1

—+o00
(i1) > AnBnl Bn|? < +o0.

n=1

Proof. Let us take 8, = |21 — 2,||?, then the inequality (41) becomes

1 — ap —afan —ap—1) < (14 p)a—1)0p+1 + 206,

1 42 2 220 B 2
g el M (B = 0) 1Bl o
2p
ehe 7 (52) om0 (3)]
P\ B, PO B,
. . pad
Since lim sup A, 3, < ——, then
n—-+o0o
Api1 — Qn —ap-1)+ (1 —a)(0pnt1 — 0n) + (1 = 3(a+p)) op,
2p 2p 51
< géa/\inHQ + )‘n/Bn []:B <u, 5n> —0p-1 <ﬂn>:| (51)
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Following the same argument as (22) in the proof of Corollary 2.2, one can obtain for
N € N*

N
(an41— aan) + (1= a)dn 1+ (1= 3(a + p)) Z (52)
where
2 2
D= al—aag—i—(l 04)514—7”1?” Z/\2+Z AnBn |:./—"B < ,Bp> — 0B-1(0) <Bp):| € R.
n>1 n>1 n n

By hypothesis, we have 1 — 3(a 4+ p) > 0 and 1 — o > 0, then for all n > 1, the
inequality (52) leads to

an+1 <aay + D, with D eR, (53)
which is identical to (24) in the proof of Corollary 2.2. Therefore, one can conclude

that the sequence {zx} is bounded and hence {J,,} is bounded too. Using again (52)
with the fact that {z,,} is bounded and 1 — 3(« + p) > 0, we obtain

—+00
26” < 400,
n=1

ensuring (7).
Returning to inequality (50), we have

2080
Gn41 — An — a(a — Qp— 1) + \fBn (0 5 > HBQEnH2

<Anbn [}—B (Ua 2p> —0p-1 < ﬂ + 7)\2 2pl? + (1 + p)a — 1) 8pp1 + 206,
/B’n, T
Ao [fB <u ?f’) o ( )} + ol + 206, (54)
pald)

Then, since lim sup A8, < ——, there exists € > 0 such that 2’\;70[5" — 0 < —e. Hence,
n—-+0o00

summing up from n =1 to 400 the inequality (54), we conclude that

“+o00 ) “+o0 2p 2p
GZ)\n/BnHB-TnH Sal_aa0+z)\n/6n |:FB <’LL, Bn) —0pB-1 <Bn>:|

n=1 n=1
+oo
+200)  lan — zna .
n=1
Then, assumptions (40) and (i) ensure (ii). O
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Theorem 3.3. Let g : K x K — R be a bifunction satisfying (i) — (iii) — (iv) — (v) of
Definition 1.1 and B : H — H is 0-inverse strongly monotone for some 0 > 0. Under
hypothesis (40) and by supposing there exists p > 0 such that
0<a< ﬁp, (A\n) € 2\ 01, ngrfooﬁn = +00, TﬁiﬂfA”ﬁ” < %40 and
liminf A\, 8, > 0.
n—-+oo

Then, the sequence {x,} generated by algorithm (10) weakly converges to some T € S.

Proof. In order to reach the desired conclusion, we shall check the hypotheses of
Opial’s Lemma. Let us take v € S. By Lemma 3.1, there exists p € Np-1(q) (u) such
that for each p > 0 and n > 1, we have

ant1 — an — alan —an-1) < ((1+p)a—1)|[zps1 — 2y >+ 2a|zn — xn—le
A’V'L n
A 2Pl + A (2l — 0) || B

o |73 (15) =0 (3)]

0
By taking (3 4+ p)a < 1, and limsup A, 5, < &, we get

n—-+00 2

ant1 — Gp — (ap — an-1)

1 2p 2p
< 20|z, — 1l + — A2 |Ip||2 + M\ B0 ) R E=<n B
< 20|z — 2y 1| +2pa 2Pl° + AnB [fB <uﬁn> OB-1(0) (ﬁnﬂ

Similar to the proof of Theorem 2.3, to prove that lirf an exists, using the fact that
n—-—+0oo

1 2 2
Z 7)\’%”])“2 + AnbBn [-7:3 (U, p> — 0B-1(0) (p)] < 400, it suffices to replace
n>1 2pa Bn 671

w71 ()~ ()]

1 2p 2p
g " 0 5 (1 5) = v (57

Now, we need to verify that each weak cluster point of {x,, } belongs to S. Let ny — 400
as k — 400 such that z,, — Z. By the inequality (10), we have for all k large enough
and for each y € K

/Bnk <ank7 Lny, — xnk+1> + Bnk <ank7y - xnk>
1

+9(@net 1Y) + T (Zntt = Ynio ¥ — Tnatd)
Nk

> 0.
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Using the fact that g and B are both monotone, we obtain for each y € K

<By7 Ty, — y>
1
§<B[E7‘Lkaxnk - xnk+1> - ﬂig(y7 xnk+1)
Nk
1
+m<$nk+1 —Ynp Y — xnk+1>' (55)

Using the inequality (27) used in the proof of Theorem 2.3 leads us to the following
one, valid for each y € K

(BY, Tn, —y)
§<ank7$nk - xnk-i-l)

V() 1
+ Bnk Hy - fl?n;ﬁ-l” + m(&?nk_H — Ynp, Y — wnk—i—l)-

Hence for all y € K we have

<By7 Tn, — y>
Y(y)
Brs

1
+)\nk5nk Zn,+1 — Un Y — Znpt1]|-

<|IBznlllen, = znerall + 2=y = 2oy

So, now by passing to the limit, and using the facts that {x,, } is bounded, lim 3,, =
+00, lkim inf A, Bn, > 0 and ||p,+1 — Yn, || = 0, we deduce that (By,z —y) < 0 for all
—+00

y € K. Hence, by the maximality of B (see Remark 1), we conclude that # € B=*(0).
Returning to the inequality (43), for every z = u € B~1(0), we have
A Bn(Bxn, u — Tnt1) + Ang(Tni1, u)
1
5 (lyn = ull® = llznn = ull* = l2nss — yul*)
>0. (56)

Using the monotonicity of B and g, and the fact that u € B~1(0), we get

)\nﬁn<an,xn - xn+1>
1
+3 (lyn = ull® = g1 — ull® = @01 — yal?)

> )\ng(u, anrl)-
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Using again the inequalities (15) and (16) utilized in the proof of Lemma 2.1, we obtain

209(u, Tnr1) < 2XBn(Brn, Tn — Tng) + (1 + o)z, — UHQ = |71 — u||2
—allzy—1 — ul]® + 20|z — zp 1 [|P + (@ = 1)[[2n1 — 24
< Anﬂn”an”z + AnBnllzn — xn+1||2 + (Hmn - u||2 — |Tng1 — U”z)
ta (g —ull? = |zn-1 —ul?)
+(1 = a) [llzn = znall® = a1 — zal?] + Ba = 1) lzg — zpa[*.
———

<0

Let a fixed N > 1. Summing up the latter relation from n =1 to n = N and letting
N — +o00, we get

2 Z )\ng(u’xn—H) < Z AnﬁnHan‘P + Z )\nﬁonn - xn—&-l”Q + ”xl - U”2
n>1 n>1 n>1
+a lim ||y — u||2 +(1=a)lz — x0||2.
N—+o00

Corollary 3.2 yields Zx\nﬂnHanHQ < +o0 and Z |2n — Tny1]|> < +oo. Since
n>1 n>1

0
lim =z, exists and limsup A\,5, < &, then

n—+00 n——+00

Z Ang(u, Tpy1) < +00.

n>1

The fact that Z An, = 400 gives liminf g(u, zp+1) < 0. Since g(u, .) is lower semicon-
1 n—+oo
tinuous, we derive that g(u,z) < 0. Lemma 1.3 allows us to conclude that

g(z,u) >0, Yu € Sy,

establishing the proof. O

3.2. Strong convergence without assumption (40)

Similar to the first algorithm, we demonstrate the strong convergence without relying
on the assumption (40).

Theorem 3.4. Let g : KxK — R be a bifunction satisfying the conditions (i) — (ii1) —
(iv) — (v) of Definition 1.1. Suppose that B : H — H is §-inverse strongly monotone
for some 8 > 0. Suppose moreover that g is strongly monotone and there exists p > 0
such that

+oo
. . pal
0<a< =, Ap = 400, lim =400, limsupA < —— and
3+p HZZO n nes-too 577, n%+oc1>) n/Bn 2

liminf A\, 8, > 0.
n—-+o0o

Then, the sequence {x,} generated by the algorithm (10) converges strongly to the
unique solution u of (BEP).
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Proof. Similar to the proof of Theorem 2.5, since g is strongly monotone, then the
bilevel equilibrium problem (BEP) has a unique solution denoted by z.

Firstly, we show that the sequence {z,} is bounded. Since {z,} is generated by the
algorithm (10), then combining (43) with the relations (15) and (16), (see the proof
of Lemma 2.1), it holds for each z € K,

[zns1 — 2 = (1 + Q) ||zn — z|* + allzn 1 — |
< (a—=Dllrpt1 - anQ + 2aljx, — xn—IHQ
+ 2)\nﬁn<an7 €T — $n+1> + 2)\ng($n+1’ x) (57)

Using again the inequality (47), we have, for p > 0

2XnBn
2AnPn(Bxn, © — Tnt1) =Anfn < B
pa

— 9) HB:Jan2 + A fn(Bxp, x — Tp)

&7
+ e — 2n?,

and so
lzns1 = 2l* = (1 + @) fJan — 2l* + aflan — 2|
< (a(t+5) = 1) 2ns1 = a2 + 2al|zn — 0o
2\
+ Anfn < p?f" — 9) | B2n||* + AnBn(Ban, & — o)
+ 20 9(nt1, ). (58)
. . pad
Since lim sup A\, 3, < ——, then
n—-+0o 2
|41 = z]* = (1 + @) Jan — 2l* + allen-1 — 2|
< (2 +5) = 1) llonss = @al® + 2allzn — 201
+ )\n/8n<B$na T — Jf'n) + 2)‘ng($n+1’ $) (59)
Let us fix # € B~1(0), and set a,(z) := ||z, —z||? and &, = ||z, — 7_1]|>. Then, using

the monotonicity of B, we get for each n > 0,

an+1(x) — aan () + 200p41

< (an(z) — aan—1(z) +2ad,) + ((3+ 5) o — 1))0p11 + 220 g(@pt1, ). (60)
Setting b, (x) = an(z) — aan—1(z) + 2ad,, we obtain, for n > 1,
b1 (z) < bn(z) + ((3 + g) a— 1) St + 220G (Tnit, ). (61)

Finally, one can conclude the boundedness of the sequence {a,(z)} by using the
same argument as in step 1, in the proof of Theorem 2.5.
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Secondly, similar to the step 2 in the proof of Theorem 2.5, by using the inequality
(61), one can show the existence of the limit of {a,(Z)} and that hm an(z) = 0.

O]

4. Application to optimization and saddle point problems

In this section, we give two examples of particular bifunctions, for which our main
weak and strong convergence theorems apply.

4.1. Hierarchical minimization

Our contribution in this subsection concerns the hierarchical minimization problem:

min  ¢(x), (HMP)
zeargmin ¢
K

where ¢ and ¢ belong to I'g(H) with K = dom ¢ = dom % a closed subset of H. The
above problem can be equivalently expressed as:

Find € argmin v such that
K

o(7) < w(y), Yye arg}glin Y. (62)

Clearly, (62) can be viewed as a bilevel equilibrium problem (BEP) such that the
associated bifunctions are defined for all z,y € K by f(z,y) = ¥(y) — ¥(x) and
g(x,y) = p(y) — p(z). In this case the bifunctions f and g are obviously monotone and
upper hemicontinuous. Hence the theorem on the weak convergence applies whenever
(12) is satisfied.

- Weak convergence: Without any loss of generality we assume that ming ¢ = 0.
Set M = argmin 1, and consider 1 (z) = ¥(x) if z € K, and ¢(z) = +oc if 2 ¢ K; then

K

(z) < dpr(x) for all 2 € H. Using the reverse inequality for their Fenchel conjugates,
we deduce ¥ (p) > oar(p) for all p € H, and in view of Proposition 1.9, condition (12)
becomes: Yu € M, for all p € Nys(u),

il (@) (@) oe

Applying Theorem 2.3, and supposing that M is nonempty, liminf A\,, > 0, lim g, =
n—+0o00 n——+00

+o00 and 0 < o < £, then the whole sequence {z,,} generated by the algorithm (9)
weakly converges to a point & solution of (HMP).

1
Consider the particular case ¢ (z) = §d(:1:, M)?, where M C K is a nonempty closed

— 1
convex set and d(z, M) = in]\f/[ |z — yl||. Then, ¢ (p) — on(p) = §||p|]2 for all p € H.
ye

+o00o
Here, M is the minimum set of v, and then condition (63) is equivalent to Z ﬂ
n

28



—+o00.

Remark 3. We note that the condition (63) is simply the assumption from [18] in
the framework of solving a variational inequality of the form

Az + Ne(x) 20,

where A : H = H is a maximally monotone operator and C' C H is a closed convex set.
For this problem, the authors in [18] obtained solutions by means of the convergence
analysis of the trajectories of the following prox-penalization algorithm

Tn =T+ M(A+ ﬂnaw))*lxn_l,

where {5,} and {\,} are two sequences of nonnegative reals and ¢ : H — R U {400}
acts as an external penalization function with respect to the constraint z € C'. Indeed,
several ergodic and non ergodic convergence results have been justified for {x,,} under
the key assumption: for all p € R(N¢),

+oo
S fo () —oe ()] <+

where R(N¢) denotes the range of N¢.

- Strong convergence: To deduce the strong convergence of the algorithm (IPA)
to a solution of (HMP), we’ll have to add a strong monotonicity condition on the
function g. However, when we set g(z,y) = ¢(y) — ¢(z), the strong monotonicity of
g is not ensured, so that we suppose in addition ¢ to be differentiable and strongly
convex on K, i.e., for some x > 0 and for all z,y € K and all ¢ € [0, 1]

otz + (1 —t)y) < to(x) + (1 —t)e(y) — Kt(1 — )]z — yl|*,

and we take g(z,y) = (Vo(z),y — x), where Vo is the gradient of ¢ (we identify ¢
with B(z) = ¢(z) if z € K, and §(z) = +oo if 2 ¢ K). In this case g is strongly
monotone and our inertial proximal scheme associated with the problem (62) is the
following: y,, := z,, + a(zy, — xp—1) and x,41 € K such that

Bn(¥(y) — ¥(wnt1)) + (Vo(Tni1), Y — Tns1) + )\i<~"3n+1 —Yn, ¥ — Tnt1) 20, Vy € K.

n

(64)
o]

Thus, the conclusion of Theorem 2.4 is valid whenever Z Ap=4occand 0 < a < %
n=1

4.2. Equilibrium problem under a saddle point constraint

Let Hy, Hs be two real Hilbert spaces, U C Hj and V' C Hy be nonempty closed convex
sets, and let L : U x V' — R be closed and convex-concave, i.e., for each (u,v) € UxV
the real-valued functions L(.,v) and —L(u,.) are convex and lower semicontinuous.

29



We consider the saddle point problem: find (u@,7) € U x V' such that
L(u,v) < L(u,v) < L(u,v) for every (u,v) € U x V, (SP)
which is equivalent, see [33], to

max igrf]L(u, v) = ng(r} ig‘gL(u, v) = L(u, ).

Setting HH = H; x Ho, K =U Xx V, we define the bifunction f: K x K — R by:
f((u1,v1), (u2,v2)) := L(ug,v1) — L(uy,ve), for each (uy,v1), (uz,v2) € K.

Let us observe that problems (SP) and (EP) are equivalent and we denote the
solution set of (SP) by Sr.

Using the definition of the Fitzpatrick transform Fy, for all (u1,v1), (u2,v2) € K we
have:

Fr((ur,v1), (uz,v2)) = sup {(uz,z) + (v2,9) + f((2,y), (u1,v1))}

(z,y)eK

= Ssup {<U27y>+L(u17y)_L($7v1)+<u27x>}
(z,y)eK

= sup{(v2,y) — (=L((u1,9))} + sup{(uz, z) — L(z,v1)}
yev zelU

= (=L(u1, )" (v2) + (L(; 01))" (u2)-

Therefore the condition (12) is satisfied when for all pairs (u,v) € Sy and (p,q) €
NSf (uv U)a

zxnﬁn o) () + @ (2) -os, (2.28)] <40 9

We consider two single-valued monotone operators A and B such that K C dom A x
dom B and A x B+ Ng, is a maximally monotone operator (see [34,35]). Furthermore
we suppose that the solution set Sy, of 0 € AZx By+Ng, (Z, %) is nonempty. By Ax B,
we mean the operator defined for (u,v) € H =H; x Hy by (A x B)(u,v) = Au x Bwv.
When the monotone operator A x B + Ng, is maximally monotone, then

(z,y) € Sy <= (2,y) € Sy and (AZ,u — Z) + (By,v—1y) >0, V(u,v) € SL.
For each (u1,v1), (u2,v2) € K, let us set
g((u1,v1), (uz,v2)) := (Auy, ug — u1) + (Bvy, vg — v1).
Then, our inertial proximal algorithm (IPA) used for approaching a solution to the

problem (BEP) associated with the above bifunctions f and g, i.e., the problem of
finding a solution in Sy, takes the following form: for every n > 1, given current
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iterates (z%_q,2%) € K, i = 1,2, set y}, = z!, + a(z, — 2, _,) and define (2, ,,22,,) €

K in this way:

for all (u,v) e U x V,
i((:c}wl,xiﬂ) — (Yn,vn), (w, ) — (x;,+1vx?z+1)> + (Ax}bﬂ,u - 37%+1> (66)

+(Bx? v =22 1) + Bu(L(u, 22, ) — L(z} 1, v)) > 0.
In this case, Theorems 2.3 and 2.4 can be summarized as follows:

Corollary 4.1. Let {z., 22} be the sequence generated by (66). Under the hypothesis
(65) and whenever 0 < a < %, lig}rnf A > 0 and B, — +00, the weak convergence of

1 ,.2

{xl 22} to a solution of Sy is ensured. Also, the strong convergence of {x} 22} to
o0

the unique element of Sy is ensured when 0 < a < %, Z)\n = 400 and A x B is

n=1
strongly monotone on K.

Next, let us give an example where the condition (65) is verified.

Example 4.2. Take K = [0,1] x [0,1] and L the closed convex-concave function
defined on K by L(u,v) = u?(1+v). Then, the set of saddle points of L, which is also
the solution set Sy, is Sy = {0} x [0,1].

We also have

(P, 9) € Noyx(o,1))(0,v) & (p,q)(s,t —v) <0, V(s,t) € {0} x [0,1]

< q(t—v) <0, Vte0,1];

and then
Ns,(0,0) =R xR_, Ns,(0,1) = R x Ry and Ng,(0,v) = R x {0} for every v €]0, 1[.

To ensure (65), we check

2
- (Qp 2q> sup {U2q} 4 ifg>0
S IR = r s n
! Bn Bn v€(0,1] Br 0 if ¢ <0,
2qg .
. 2q — ifg>0
Ly (3) = sw {3) =3 5 T
0<s<1 (Bn 0 ifg<o,
and
(L(.,v))* (2l> = sup {2]95—(1+v)52}=]92
7 Pn 0<s<1 | Bn (1+v)B2
Thus

S ity (32) st (32) o (3252

, X
= (1%)257
n=1
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+oo
An
and then (65) is satisfied, whenever Z — < +oo.

n=1""

5. Numerical experiment

In this section, we present a numerical experiment to illustrate the convergence of the
proposed algorithm. Let us consider the constrained minimization problem (HMP),
with

1 1
K =R? ¢($):1($1—$2—2)2 and ¢($):Z($1+$2—4)2-

Since v is convex and smooth, the minimum set of ¥ is M = argmin ¢ = Vi ~1(0,0) =
K

{x = (x1,22) € R?> : 23 = 4 — 21} and the solution set of the hierarchical problem
mj\/ijngo is S={z} ={(3,1)}.

Let us evaluate 3d(z, M)? where

d(z, M) = inf ||y — z|l2 and (21, 22)]2 := \/2? + 3.
yeM

For z = (z1,72) € R%, we have

d(z, M)* = Jnf ((y1 = 21)* + (1 + 22— 4)) = yillé%a(yl)-

Since the function ¢t — a(t) = (t — x1)? + (t + 22 — 4)? is strongly convex and

(1) =202 + 22 —4—31) =0 41 = 5(z1 — 22 +4),

we get
d(z, M)? = oa(f1) = (51 — 21)* + (§1 + 22 — 4)* = 20 (2),
+oo A
which yields ¢(z) = $d(x, M)?. Thus condition (63) is equivalent to Z B—n < +o00.
n=1""

Note that the associated bifunctions are defined for all z,y € K by f(z,y) =
¥(y) —¢(x) and g(x,y) = p(y) — ¢(z), that f and g are monotone and that weak and
strong convergences coincide in finite dimension.

By using the proximal operator of ¢ 4+ £,1, the drawing in Figure 1 displays the
asymptotic behavior of the trajectories z, = (yn, 2,) from the initial values (yo, z0) =
(0,0.5) and (y1,21) = (0,0.5) with a = 0.1, A, = £ and different values of 3,. We also
use the iterate error ||z, —Z||2 as a measure to describe the computational performance
of our algorithm. The numerical results in Figure 2 illustrate the rate of convergence
of ||z, — Z||2 for different choices of 3, and a = 0.1, while Figure 3 displays the
convergence rate of ||x,, — Z||2 for different choices of « and 3, = (1 + n).

32



.= lag(l +n)
(1 4n)
o= (1 4u)*

0.4+

0.2+

Figure 1. The asymptotic behavior of the trajectories zy, = (yn, zn).

Figure 2. The rate of convergence of ||z, — Z||2 for & = 0.1.
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Figure 3. The convergence rate of ||z, — Z||2 for B, = (1 + n).

We note in Figure 2, that when (3, increases then the rate of convergence of
||z, — Z||2 rapidly increases to 0, while in Figure 3, the constant coefficient a acts
inversely on the speed of convergence of ||z, — Z||2, (the convergence gets worst as
the values of o exceed %), which confirms the importance of taking a < % in our
theoretical results.

We note that all codes in this digital test are written in SCILAB-6.1.

6. Concluding Remark

In this paper, we presented two inertial type methods for solving bilevel monotone
equilibrium problems in Hilbert spaces. Our analysis provides interesting convergence
results of the trajectory generated by the proposed algorithms under natural assump-
tions. The results obtained can be seen as an extension and an improvement of some
known results in the literature. In particular, the geometric assumption (12) shows
that, as conjectured in [16], the restrictive assumption ||z,+1 — 2| = o(e,) may be
removed via the introduction of a notion of conditioning for equilibrium bifunctions.
We illustrate this assumption with two concrete particular cases and conclude this
work by a numerical experiment, which shows that, with a suitable choice of the pa-
rameters, the convergence conditions are satisfied and the proposed iterative method
succeeds in approximating a solution to bilevel equilibrium problems.

Finally, we note that, to the best of our knowledge, our algorithm (IPA) seems
to be the first introduced inertial proximal scheme for solving (BEP) and then
several extensions of our main results may be analyzed. In particular, an interesting
direction of future research will be to obtain the above weak convergence result
without condition (12) and also to develop new splitting inertial proximal algorithms
for solving bilevel equilibrium problems.
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