N
N

N

HAL

open science

Maintaining the positive definiteness of the matrices in
reduced secant methods for equality constrained

optimization
Jean Charles Gilbert

» To cite this version:

Jean Charles Gilbert. Maintaining the positive definiteness of the matrices in reduced secant
methods for equality constrained optimization. Mathematical Programming, 1991, 50, pp.1-28.

10.1007/BF01594922 . hal-04135611

HAL Id: hal-04135611
https://hal.science/hal-04135611

Submitted on 21 Jun 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NoDerivatives 4.0 International License


https://hal.science/hal-04135611
http://creativecommons.org/licenses/by-nd/4.0/
http://creativecommons.org/licenses/by-nd/4.0/
https://hal.archives-ouvertes.fr

INTERNATIONAL INSTITUTE FOR APPLIED SYSTEMSANALYSIS
A - 2361 Laxenburg (Austria)

MAINTAINING THE POSITIVE DEFINITENESS OF
THE MATRICESIN REDUCED SECANT METHODS
FOR EQUALITY CONSTRAINED OPTIMIZATION *

by

Jean Charles GILBERT **

[TASA working paper WP-87-123

December 1987
(revised version, February 1989)

* Work supported by the FNRS (Fonds National de la Recherche Scientifique) of Belgium.

** |nternational Institute for Applied Systems Analysis. Present address: Institut National de Recherche en Informatique et en
Automatique, Domaine de Voluceau, Rocquencourt, BP 105, F - 78153 Le Chesnay Cedex (France).



MAINTAINING THE POSITIVE DEFINITENESS OF
THE MATRICESIN REDUCED SECANT METHODS
FOR EQUALITY CONSTRAINED OPTIMIZATION *

Jean Charles GILBERT **
International Institute for Applied Systems Analysis
A - 2361 Laxenburg (Austria)

Abstract. We propose an algorithm for minimizing a function f on IR" in the presence of m
equality constraints ¢ that locally is a reduced secant method. The local method is globalized using a
nondifferentiable augmented Lagrangian whose decrease is obtained by both a longitudinal search that
decreases mainly f and a transversal search that decreases mainly ||c||. Our main objective is to show
that the longitudina path can be desighed to maintain the positive definiteness of the reduced matrices by
means of the positivity of ykT d,, where y, is the change in the reduced gradient and §, is the reduced

longitudinal displacement.

Abbreviated title. Positive reduced matricesin optimization.

Key words. Augmented Lagrangian, Constrained Optimization, Exact Penalty Function, Global
Convergence, Optimization Algorithm, Reduced Secant Method, Superlinear Convergence, Wolfe's

Step-size Selection.

Subject classification AMS (MOS). 49D05, 49D30, 65K 05.

* Work supported by the FNRS (Fonds National de la Recherche Scientifique) of Belgium.
** Present address: Ingtitut National de Recherche en Informatique et en Automatique (INRIA), Domaine de Voluceau, Roc-
quencourt, BP 105, F - 78153 Le Chesnay Cedex (France).



1. Introduction

We consider here the problem of minimizing a real-valued function f , defined on an open convex set w
in IR", subject to m (m < n) nonlinear equality constraints c:

mn{f(X):X€Ew,c(x)=0}. (1.1

We shall suppose that the m x n Jacobian matrix of the constraints at a point X in o, namely A(x), issur-
jective, i.e. hasfull rank m. Then, if x, isalocal solution of (1.1), there exists a unique Lagrange multi-
plier A, in IR™, such that the following first order optimality conditions are satisfied for x =x_and A = A,
(see Fletcher (1981), for example):

c(x)=0,
{ Vi (X)+A(X) A=0. (12)
We have denoted by VT (x) the gradient vector of f at x.

Locally, the faster methods for solving (1.1) tackle the problem by trying to solve directly the sys-
tem (1.2), whose solutions correspond to stationary points of the original problem. Two classes of local
methods may be distinguished.

Thefirst class is formed of those algorithms whose step is an approximation of the Newton step for
solving (1.2). Among them are the quasi-Newton methods, which may be introduced as follows. The
Jacobian matrix of (1.2) at (X, ,A,) isgiven by

A(X,) @]
L, AK)'

*

* )

where L is the Hessian according to x of the Lagrangian | (x,A) := f (X) + xTc(x) evaluated at (X, ,A ).
If J, isapproximated by

A(X,) O
L, AX)'

k:_

whereL, isasymmetric matrix of order n and if we denote by VI (x,,A, ) the gradient according to x of
the Lagrangian, quasi-Newton methods consist in calculating approximations (x, .\, ) of (x,,\,), by using
the following scheme:

s -lg) -

Note that if L, is positive definite, or only positive definite in Ker A(x,), the kernel of A(x), i.e.
gr L, €> 0 for al nonzero § in Ker A(x,), then J, is non singular and the previous iteration is well
defined. This method is called the Successive Quadratic Programming (SQP) method because
X, 1 =% + A, whered > is obtained by solving successively in d the following quadratic programs:

c (%)
V1 (% M)

min Vf (x)"d + % d'L, d,
st. dE€R",c(x)+Ax)d =0 (1.3)
and A, ., =\, the associated multiplier. In this algorithm, L, is updated at each iteration. This method

has been extensively studied since the papers by Wilson (1963), Han (1976) and Powell (1978,a,b,c) and
we refer to Powell (1986) for a state of the art on the subject.
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The second class of methods is based on the fact that the dimension of problem (1.1) is not n but
n-m, which is the dimension of the manifold M (x,) := c‘l(O) on which f isminimized. Therefore, one
may expect to find secant methods in which the updated matrices are of order n—-m. This is certainly a
realistic expectation if we force the iterates x, to belong to the manifold M (x,), i.e. c(x, ) =0 for al k.
Indeed, in this case, ¢ being a submersion, M (x_) is a submanifold of IR" (see e.g. Leborgne (1982)) and
there exists a smooth parametric representation £ of M (x,) in a neighborhood V of x_, i.e. a function
E:U = M(x,) NV such that c(g(u)) = 0 for al u in the open set U of IR"™™. Therefore, working on
the set U to minimize f (E(u)) will give the expected algorithm. But it is usually unrealistic to impose
c(x,) = 0 and fortunately, this is not necessary. As far as we know, the first studies on reduced secant
methods (reduced because the order of the updated matrices is n—-m rather than n in the sQp method),
without the feasibility condition (c(x,)=0), are due to Gabay (1982,b) and Coleman and Conn
(1982,a,b). Theoretically, the method proposed by Coleman and Conn seems better than the method stu-
died by Gabay. Generally, the convergence of the latter is only superlinear in two steps (see Powell
(1978,c), Gabay (1982,b), Byrd (1985) and Y uan (1985)), meaning that:

ka+l_X*H / ka_l_X*H -0, (14)

while the convergence of the former has been proved to be superlinear (in one step) (see Byrd (1984) and
Gilbert (1986,a,b)), that is to say:

%=X,/ 1%, [| = 0. (1.5)

This is a better rate of convergence than the rate (1.4). Note that this rate of convergence can aso be
obtained by using the sQp method but with the necessity of updating a matrix of order n. Therefore,
reduced secant methods become competitive and sometimes the only ones usable when the number m of
congtraintsis large while the number n-—m of parameters remains reasonable.

In this work, we shall focus on some aspects of the method proposed by Coleman and Conn. But
first, what is this method?

The presentation of the algorithm given below has been developed in Gilbert (1986,a and 1988) and
differs noticeably from the one given by Coleman and Conn (1982,a). In particular, the formalism used
here, which is due to Gabay (1982,a), alows us to group together a set of methods that differ only by a
choice of operators. The main ideaisto build, at each point y in w, adecomposition of IR" in two com-
plementary subspaces and to do this smoothly iny. The first subspaceis Ker A(y), the tangent space to
M(y) :=c Xc(y)) a y, for which abasis Z(y) is chosen. This is to say that Z(y)™ isan n x (n-m)
matrix whose columns form abasis of Ker A(y). Therefore, for al y in , we have:

Aly) z(y) =0, (1.6)

and Z(y)~ is injective, i.e. u €IR"™ and Z(y)u =0 imply u =0. The complementary subspace to
Ker A(y) depends on the choice of aright inverse A(y)™ of A(y) andis given by R(A(y)"), the range of
A(y)". Then, there existsaunique (n—-m) x n matrix Z (y) satisfying:

Z(y)Z(y) =1 in IRO-Mx(0-m) (1.7)
Z(y)A(y) =0 in IRO-MxM (1.8)
One way to introduce the algorithm is to say that it tries to solve the system of optimality (1.2) by

considering both equations separately and successively. Therefore, starting from an estimate (x, ,A, ) of
(X,,A,), the next iterate (X, ,,,A, ;) is calculated in two steps:

Yi ==xk—ch(xk)==xk+rk , 1.9
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Xer1 =Y ~ Z(yk)_ Hy g(yk) =y +i., (2.10)
Mepr == AM) T VEW) +AV) T L Z4) H 9(,) - (1.11)

In (1.9), r, isthe restoration step and R, is the restoration operator, an n x m injective matrix, asymp-
totically close to A(x,)". Here, we shall take R :=A(x )", athough R, := A(y,_,)", which avoids the
linearization of the constraints at X, , is also possible without destroying superlinear convergence, but this
is more difficult to anayze. In (1.10), t, isthe tangent step and H, is a symmetric matrix of order n-m
that should be updated so as to remain positive definite (the main concern of this paper) and so as to have

(G-G.) Z(y )t =o(lIt[]) . (1.12)
where G, := Hk‘1 and G, isthereduced Hessian of the Lagrangian. Thisis defined by
G,:=Z(x) "L Z(x) . (1.13)

Condition (1.12) is a sufficient (but not necessary) condition of superlinear convergence for (x,) (see
Byrd (1984), Gilbert (1986,a,b)). Usualy, it is satisfied in practice (see Coleman and Conn (1984) and
Gilbert (1988)). In (1.10), g(y,) isthereduced gradient of f aty, and is defined by

9(y) :=Z(y)" Vf(y).

Finally, in (1.11), L, isan approximation of L ,.

Algorithm (1.9)-(1.10) differs from the one proposed by Coleman and Conn (1982,a) because of
their particular choice of operators. In their algorithm, A(y)™ is the Moore-Penrose pseudo-inverse of
A(y),i.e. Ay) :=Ay) (A(y) Ay))? and Z(y) is an orthogonal basis of Ker A(y). However, the
local analysis of the method has shown that this particular choice of operators has no influence on the
superlinear convergence of the method (see Hoyer (1986) and Gilbert (1986,8)). This means that it is
possible to use this freedom of choice for other purposes.

Algorithm (1.9)-(1.11) calls for some comments. First, note that A, does not intervene in the calcu-
lation of x ., and A, ,,. Therefore, from the superlinear convergence of the sequence (x, ,A, ) (together),
we can deduce the superlinear convergence of (x, ), while for (A, ) we get

[ P2 [ %%, ][ = 0. (1.14)

We aso see that the sequence (x,) can be generated by (1.9)-(1.10) independently of the sequence (A, ).
We shall see, indeed, that the update of H, does not require the knowledge of (A, ). Therefore, algorithm
(1.9)-(1.10) is areduced method for (x, ), because the only matrix to update isH, , which is of order n—-m.
On the other hand, the n x n matrix L, intervenes in the calculation (1.11) of A, ,,. We have said that,
locally, this calculation is not necessary. However, in a global framework, some estimate of A_is useful.
Therefore, we shall avoid the need of generating L, by taking the following estimate:

My)=-AY)" VIE), (1.15)
whosevalueaty =X, iSA,.
Thelocal agorithm (1.9)-(1.10) may be globalized by using a penalty function 6 of the form:
B(x) :=f (x) + d(c(x)) , (1.16)

where ¢ : IR" — IR, satisfies ¢(0) = 0. If ¢ is convex, one may calculate 6'(x; t), the directional deriva-
tive of 0 at x in adirection t. In particular, one finds: 0'(y,; t,) = Vf (yk)Ttk + ¢'(c(y ) Ay ) t) and
becauset, € Ker A(y,), we have:
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0 t) =V )t == 9W) H 90) =90) 2 ) ¢ - (1.17)

This shows that it is useful to maintain H, positive definite in order that t, will be a descent direction of 6
aty,.

Our main objective in this paper is to design a globally and superlinearly convergent algorithm that
locally reduces to the method (1.9)-(1.10) and that maintains the matrices H, positive definite. To obtain
this last property, we shall update the matrices H, by the inverse BFGS formula (see e.g. Dennis and Moré
(1977)):

& v Y O Sy 8
H =1 -2kk | H |1 -% ] 4+ 2% (1.18)
kel YkT 5J “ YkT Oy YkT Oy

which we shall refer to by H, , = BFGS(H, .y, .5, ). Inthisformula, y, will be the change in the reduced
gradient (a vector in IR"™™) when making a certain displacement and 9, isthe corresponding "reduced"
displacement (also avector in IR"™™). Then, it iswell known that H, transmits its positive definitenessto
H,,, if and only if

Yo 8, > 0. (1.19)

For us, this property will play amajor part because we shall maintain the positive definiteness of H, , pre-
cisely by trying to satisfy condition (1.19) at each iteration of the algorithm. In this paper, we shall not
use other particular properties of the BFGS update. Therefore, other update formulae having the same pro-
perty, such asthose of the restricted Broyden’s class, could be used.

This way of maintaining the positive definiteness of the generated matrices by realizing condition
(1.19) is standard in unconstrained optimization. There, the vector y, is the change in the gradient of the
objective function when the displacement , = p, d, is done. Condition (1.19) is then tried to be
satisfied by determining a suitable step-size p, in the direction d,. Wolfe's step-size selection criteria are
relevant for this determination. So, in order to realize (1.19) in our problem, we shall propose a generali-
zation of Wolfe's criteria, which will require a particular design of the search path.

The fact that this strategy for maintaining H, positive definite succeeds for reduced secant methods
is rather comforting because it does not for sQP methods, in general. The reason for thisis that, for these
methods, the local analysis forcesy, to be the change in the gradient of the Lagrangian for the displace-
ment p, d >, p, isthe step-size. But, the Lagrangian is not necessarily bounded from below and may
have a negative curvature in the direction d ", even locally. Therefore, ykT 8, may be negative for any
step-size p, (see Powell (1978,b and 1984)).

The papers analyzing the update of matrices in reduced methods are due to Coleman and Conn
(1984), Nocedal and Overton (1985) and Gilbert (1986,b). In the first paper the analysis is local and, as
we shall see, (1.19) is automatically satisfied close to optimal points satisfying the usual second order
optimality conditions, if the vectorsy, and 3, are correctly chosen (see below). The anaysis of Nocedal
and Overton, which concerns the algorithm studied by Gabay (1982,b), isalso local. Findly, the analysis
in Gilbert (1986,b) is global but the reduced matrix is not updated if condition (1.19) is not satisfied. This
does not prevent superlinear convergence from occurring because asymptotically (1.19) may be satisfied.
However, even far from the solution it may be interesting to update the matrix in order to improve con-
vergence. So one possibility would be to use Powell’s (1978,b) modification of y, (as for sQp methods),
another oneis proposed in this paper.

The paper is organized as follows. In Section 2, we specify the notation and state the hypotheses.

In Section 3, we discuss the solutions adopted to realize condition (1.19) along the longitudinal displace-
ment governed by the tangent step t,. On the one hand, it is detailed how Wolfe's step-size selection
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procedure can be used to obtain (1.19) when the displacement is done on the manifold M (y, ). On the
other hand, a counter-example will show that a simple search aong the direction t, cannot assure Wolfe's
criteria to be satisfied in general. However, a median solution can be obtained by extending to our prob-
lem an algorithm proposed by Lemaréchal (1981) to find a Wolfe point in unconstrained optimization.
Here, a change in the direction of search is made each time an unfruitful attempt to realize (1.19) is done.
Therefore, the longitudinal search path becomes piecewise linear, approximating roughly an "ideal" path
on the manifold M (y, ). The analysis in Section 3 is done using a penalty function having the general
form (1.16). In Section 4, however, we insert the longitudinal search of Section 3 in aglobally convergent
algorithm by using tools that have been well developed in the specific literature since the paper by Han
(2977). In particular, we motivate our choice of a nondifferentiable augmented Lagrangian

L) == () +u" c(x)+p [[c()]], (1.20)

where || - || isanorm on IR™, as a merit function by the necessity to have a unit longitudinal step-size
asymptotically, being inspired in this respect by the work of Bonnans (1984). We shall also be more
specific about the transversal displacement which consists of a simple linear search from x, in the direc-
tion r,, using Armijo’s technique on the same penalty function (1.20). Finally, we give a theorem show-
ing aglobal convergence result for the agorithm.

2. Hypotheses and notation

We shall suppose that w is aconvex open set of IR". The convexity of w isnot essential but it is assumed
to discard technica problems when Taylor’s theorem is used. On the other hand, assuming w open is
essential because we do not consider here a problem with general constraints or inequality constraints. o
will be the set where f and ¢ have nice properties. Usually, it will not be possible to take w = IR".

We shall suppose that on w, f and ¢ are sufficiently smooth, three times continuoudly differentiable
will be enough, and that their derivatives are bounded, which can be satisfied if w is bounded and small
enough. Later, we shall suppose that the sequences (x, ) and (y, ) remain in w, so, this supposes implicitly
the boundedness of these sequences. We shall also suppose that ¢ is a submersion on w, i.e. that A(y) is
surjective for all y in w. Thisis arather strong hypothesis but a useful one because it allows to make the
decomposition of IR" at each point'y of win Ker A(y) =R(Z(y)") (see (1.6)) and Ker Z(y) = R(A(y)?)
(see (1.8)). Using (1.6), (1.7) and (1.8), we get

I =A®Y) A(Y)+Z(y) Z(y) in R™" . (2.1)

We shall also suppose that this decomposition is made in a smooth way. More precisely, the function
y = (A(y).Z(y))

will be supposed twice continuously differelntiable on w and, as well as its derivatives, bounded on w.

Because Z (y) = [0 In_m} {A(y)‘ Z(y)‘] , the function y — Z(y) will have the same property. This

may also appear as a strong hypothesisif w islarge, but it can be satisfied in a neighborhood of a solution
X, if some qualification hypothesis (A(x,) surjective) is satisfied. On this question, we refer to Byrd and
Schnabel (1986).

We shall denote by x, a solution of problem (1.1), i.e. alocal minimizer satisfying the standard
second order sufficient conditions of optimality (see Fletcher (1981), for instance). Therefore we shall
suppose the existence of a Lagrange multiplier A_in IR™ such that (1.2) is satisfied and such that the Hes-
sian of the Lagrangian at (x_,A,) is positive definite in the tangent space Ker A(x,). In other words, G,



givenin (1.13) will be supposed positive definite.

We shall denote by || - || any norm on IR" or IR™ (and not necessarily the same norms on both
spaces) and by ||-||; the dua norm for the Euclidean scalar product, i.e. |[|v||, = sup
{v'u:|lu||=1}. Thenorm |- | |, will denote the |, norm. Matrix norms will be supposed subordi-
nated to the vector norms, i.e. |[A[|:=sup{ [|Au||: [lu]|=1}. If (u.),., iSasequence of vectors and
(o4 )0 IS @sequence of positive numbers, we shall write u, = O (o, ) when (||u, |[/oy ), .o IS bounded and
u, = o(ay ) when (||u, ||/oy ), ., CONVergesto zero. Thei-th component of avector u will be denoted by

U)y-
3. Thelongitudinal displacement

In this section, we shall suppose that y, is a point given in o with g(y,) = 0 (if t, =0, there will be no
longitudinal displacement) and that H, is positive definite. Therefore, if 0 is given by (1.16) with ¢ con-
vex, we see by (1.17) that 0'(y, ; t,) is negative.

In unconstrained minimization (min 1(u)), quasi-Newton methods locally try to approximate the
Hessian of y at asolution u,. Therefore, the change in the gradient of vy between two successive iterates
u, and u, ,, gives some information on this Hessian. So, the vectorsy, and §, used in the update formu-
lae are usually taken asfollows:

Yk = Vw(uk+]_) - VIP(Uk) )

O t=U 1=~ U =Ty VY -

where, is some step-size in adescent direction v, of y at u, . Wolfe's step-size selection procedure con-
sistsin finding astep-size t = T, such that the following inequalities are satisfied:

YU+, ) = U ) + oy T VL) v, (3.1)
V(U +tv)' v = o, Vpu)' v, (3.2)

where0< a, < a, < 1. A step-size t satisfying both inequalities will be called serious. Condition (3.1)
ensures a sufficient decrease of v, while condition (3.2) prevents the step-size T from being too small. A
globa convergence result can be obtained with these conditions, see Wolfe (1969). An important advan-
tage of this way of sdlecting the step-size in the framework of quasi-Newton methods is that condition
(3.2) automatically ensures the positivity of ykT 9, and, as aresult, the positive definiteness of the updated
matrices.

In reduced methods for constrained optimization, an approximation G, of G, the projected Hessian
of the Lagrangian, is updated. Here, it is the change in the reduced gradient that gives information on G,
as suggested by the following formula (see Stoer (1984), Nocedal and Overton (1985)):

Vg(x,) =V (ZXx) T (VEX) +AX) A) (x)=Z(x)TL,, (3.3)

where we used (1.6) and the second optimality condition in (1.2). Comparing (1.13) and (3.3), we see
that G_ is a part of Vg(x,). This is essentially due to the unfeasibility of the method, because in this
case, the successive iterates do not belong to a particular manifold of dimension n-m, and any function
used to get information on G has to be defined on all IR". Hence, if, like g, thisfunction takesits values
in IR"™™  its Jacobian is a matrix of dimension (n-m) x n and not of order n—m, like G,. Therefore
accurate information is obtained on G, if, asymptotically, the change in the reduced gradient is given for
a displacement along the tangent space R(Z(x,)”). This is the basic idea of the update schemes for
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reduced secant methods, as those proposed independently by Nocedal and Overton (1985) and Gilbert
(1986,b and 1988). The scheme proposed by Coleman and Conn (1984) is related, but requires the use of
amultiplier estimate. Following this strategy, when the unit step-size is accepted (and it will be asymp-
totically), the matrix H, will be updated by the BFGs formula (1.18), withy, =y and §, = 8, where

c =904, - 90)
6kl =Z(Y )t =Z,) Kep = Vi) -
The step 6k1 is called the reduced longitudinal displacement. Note that another choice is possible but

needs the use of an update criterion: see Nocedal and Overton (1985) for the agorithm of Gabay
(1982,b), and Gilbert (1986,b and 1988) for algorithm (1.9)-(1.10).

L et us show now that the condition (y, ) 61 > 0 isusually satisfied asymptotically. Using (3.3) and
supposing that the sequence (y, ) converges to a solution x, of (1.1) with t, — 0, we have (we use t,

Z(y) 8):
¢=Z0)7 L g+ ol ) =G, ¢ +o(llogl) -

Hence, (yk) 6 is positive for large k if G, is positive definite. However, this condition (1.19) is not
necessarily satlsfled wheny, isfar fromx_, evenif astep-sizet isintroduced to scale the tangent step t, :

Ve =9 (Y, +Tt ) - 9 (y,)
O :=TZ(Y )t .

The following counter-example confirms this claim.

Suppose that n =2, m=1, f (y) =Y c(y):= (Hsz2 1)/2 and take w = wp = BB\B7IB with
B > 1; B denotes the unit open ball. For these data, the unique solution of problem (1.1) isy, ‘= 0 and
y*(z) =-1. Wehave A(y) = y At any point in w,, we may use the following orthogonal decomposition
of IR%

ﬁv

AW) =YIllylIZ, Zy) =V,

where 37(1) =Y and ’37 2 =" iy To these choices corresponds a unique matrix Z(y) satisfying (1.7)
and (1.8): itisgivenby Z(y) =y /||y \2 The hypotheses of Section 2 are satisfied on w;, for any > 1.
We have g(y) = =Yy t(y) = H Ya y and g(y+tt (y)) = - y(l)(1+rHy(2)) Asd'=tH y(l), if we sup-
pose Y, and H positive, the positivity of (y%)' 8° is equivalent to g(y+tt(y))> g(y), i.e
~tHY}; Y >0, which is never satisfied for any positive step-size t when Yo isalso positive.

On the other hand, Wolfe's conditions may be satisfied for a certain step-size T along a search path
yllv' starting from y, and belonging to the manifold M (y, ) := c‘l(c(y)) (this submanifold of w exists
because ¢ is a submersion). Let us consider, indeed, the search trajectory yli"', defined by the following
ordinary differential equation (where the dot stands for a derivative according to t):

yk M) = 2 Z ) ¢
Ye(0) =y, . (3.4)

If we multiply to the left both sides of (3.4) by A(y,(x)), we see that y'(t) € M (y,). Let us introduce
the functiony :=6 o yli\", where 6 is given in (1.16) with ¢ convex. We obtain, by a calculation similar to
the onein (1.17):

V() = 000 ZG' () ZMit) = S @)" Z(3) ¢



VH(0) = 0 (i ) = 9 ()" Z(H) ¢ -

Then, rewriting Wolfe's conditions (3.1)-(3.2) with thisy, u, :=0€ IR and v, := 1 € IR, we obtain:
By,'(1) = B(Y,) + oy TO (Vi ) (3.5
IO Zi) t = o 90T Z(i) b - (36)

Considering the function Tt € IR — y(t) € IR, it is clear that there exists a positive step-size T, such that
(3.5)-(3.6) are satisfied at T = 7, if the solution of (3.4) exists for sufficiently large T and if, for example,
f is bounded from below on M (y,) (see the argument in Wolfe (1969)). Writing inequality (3.6) at
T =7, we seethat condition (1.19) is satisfied with y, =y and §, given by

W =g ) - a(y,)
O =T Z(W ) Y -

In view of the counter-example and the success of the path yllv', a possible direction of investigation
could be to try to build an approximation of the path yli\", using an approximation scheme for the differen-
tial equation (3.4). But, on the one hand, it is very expensive to have an accurate approximation and, on
the other hand, for any t for which (3.6) would not be satisfied the question of the sharpness of the
approximation would arise as a leitmotiv: as shown by the counter-example, the linear approximation
(¥, +tt, ) is sometimes inadequate, so, what about the current one? Fortunately, the situation can be sorted
out by trying to satisfy both inequalities (3.5) and (3.6) in the following way.

Let us remark first that inequality (3.5) is satisfied for small positive t aong the linear path
y2(x) 1=y, +t, (v > 0) instead of y,'(x):

0y, (1) = B(y,) + ay TO(Y,; t) - (3.7)

Indeed, 6'(y, ; t,) isnegative and o, islessthan 1. On the other hand, by continuity and because a.,, isless
than 1, the inequality corresponding to (3.6),

IME)" ZM) b = 0 90T ZHi) b (38)
is not satisfied for small positive t aong yko(r). Therefore, we may define rkl-= sup {t'>0:
¥te[0,], yko(r) € w, (3.7) is satisfied and (3.8) is not satisfied }. If rkl isinfinite, which is not possi-
ble if © is bounded from below - see (3.7), or if y,' := y2(v.}) & w, we shall consider that the algorithm
hasfailed. Otherwise, (3.7) is satisfied at ykl (by continuity). Then, if (3.8) is satisfied at yk1 (whichisthe
only possibility in the unconstrained case), ‘l:kl isaserious step-size. Otherwise, this means, by continuity,
that (3.7) is not satisfied for T> 1. in a neighborhood of <. In this last case, 8(y,) = 6(y,) +
o, T 0'(Y,; t,) and the search to satisfy (3.7) and (3.8) may be pursued from y! in the direction
Z(yH Z(y,)t,. To see this, it is enough to remark that, if y'(x) is defined by yl(x) =y (x) for
Osts<t;adyl(x) =yl + (@-t) Z(yD) Z(y,) t, forT> 17, thefollowing inequality holds:

O(ykl(r)) = O(yk) +04T Gr(yk; tk) )

for t > rkl in a neighborhood of 1:k1. This is true because, on the contrary, we would have a sequence of
T> 1, converging to T, with

B(Y, () - By, ) > oy (-=70) O' (Y, t) -
Dividing by (x-t;) and taking the limit ast tends to T would give:

Ooy(th 1) =za 0 t)> a0, t)=agl) ZM)t, -



But
0o ykl)'(Tkl; 1) = Vf (ykl)T Z (ykl)_z (yk)tk +¢'(c (ykl); A (ykl)z (ykl)_z (yk)tk)
=g ZW) b

because of (1.6). So, g(v,)" Z(y,) t, > o, 9(¥,)" Z(¥,) t,., which is a contradiction, because (3.8) was
supposed to be violated at v, =y, (x)). Now, we can continue and define t2:= sup {t >t} : ¥t €
[t T, Y@ € o, 60(3@) = 6(y) + o TO: ) and gWHE)T ZH) b < 4 9()" Z0) b 3
yZ =y x2), and so on. Therefore, the search can be pursued along a piecewise linear path, aslong as a
serious step-size is not met.

To obtain an implementable version of this algorithm, two questions, which constitute our program
up to the end of this section, have to be clarified:

(i) thevalues rli( of the step-size at which the search is reoriented are not attainable by calculation and
should be redefined,

(if) the algorithm should be shown to terminate in afinite number of iterations.

The last question will be the subject of Theorem 3.3, while for the first question, we may refer to
what is done in unconstrained optimization to find a serious step-size in the sense of Wolfe. Indeed, in
this case as well, if the step-size corresponding to our rkl solves the problem, it is never calculated but
only approximated and this is possible because there must exist a left neighborhood of rkl constituted of
serious step-sizes. For example, Lemaréchal (1981) has proposed an algorithm to find a serious step-size
in unconstrained optimization (see also, Fletcher (1980, Section 2.6), and Dennis and Schnabel (1983,
Algorithm A 6.3.1 mod, p. 328)). Let usrecal it herein terms of the function v introduced at the begin-
ning of the section.

Line-search Algorithm: (3.9
1. 1:=0;t:=00;choose(t>0);

2.  repeat

2.1. if ((3.1) isnot satisfied)

2.2, then { t:=1;t:= INTERPOL (T, T) }

2.3. dse{

24. if ((3.2) issatisfied) then exit [* T isserious */
2.5, ese{

2.6. T:=7T,;

2.7. if (T =) thent:=EXTRAPOL (1)

2.8. elset := INTERPOL (T, T)

2.5. }

2.3. };

So, the algorithm tries to trap a step-size like rkl in an interval [t , t]. The step-size t is said to be
too large because it does not satisfy (3.1), hence some step-size like rkl must exist in [0, t]. The step-size
1 is said to be too small becauseit is less than t and satisfies (3.1) but not (3.2), hence some step-size like
1:k1 must exist in [t , t]. The agorithm uses two functions: INTERPOL gives a step-size t between the two
finite values T and T and EXTRAPOL gives a step-size t greater than t. Some conditions on these functions
arerequired in order to ensure the global convergence of methods using such line-search algorithm.
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We shall adapt this algorithm to our situation by modifying the direction of search each time a
step-size is recognized as too small. These step-sizes will constitute our new Tkls- Note that this change
in the direction of search at a point yli( is free of charge because an inequality like (3.6) or (3.8) hasto be
tested at y, and therefore the new basis Z (y, )~ is available and the new search direction Z (y, )™ Z(y, ) t,,
as well. However, the fact to have to linearize the constraints and to compute the basis of the tangent
space at each point yli can be rather expensive for certain applications. It is therefore important to show
that the unit step-size is usually accepted asymptotically. This will be done in Section 4. Then, accord-
ing to our experience with the line-search a gorithm (3.9) in unconstrained optimization, it is not unrealis-
tic to expect that the unit step-size will be accepted at ailmost all iterations. Now, even if such isthe case,
the agorithm still requires two linearizations of the constraints per iteration (at y, and X, ,,), which is
more expensive than implementing an arc-search fromy, toy, ,, on the penaty function using Armijo’'s
rule as we would find in Gabay (1982,b) or Gilbert (1986,a). This technique does not however guarantee
the positivity of (g (xk+1)—g (yk))TZ(yk)tk. Therefore, it is important to generalize the agorithm
presented here to reduced secant methods that require only one linearization of the constraints per itera-
tion.

Before stating our algorithm we need to define precisely the search path and to give the properties
required for the interpolation and extrapolation functions.

Being given | positive numbers:

0==1:|?<'ck1<...<'cll(, (3.10)

we define by induction the points yli and the piecewise linear trgjectories yii((r), t=0forO0<i =<I|. For
i =0, wedefine

Yid =Y - (3.12)
y21) =Y, +Tt =Y, +TZ(Y,) Z( )t , for T=0 (3.12)
andforl<i <|,wedefine

Vi =Y ) (3.13)

yli(‘l('c) , for O=t= tli( ,

Y =1 Y s o) ZOA) 20t L for T (314)

Therefore, if the dot stands for aright derivative, we have
Ya(m) =ZM) ZM) b, Osi <1 .

So, the path yl'(( -) may be seen as an explicit Euler approximation of the solution yllv' of (3.4) on|0, rll]
for the discretization (3.10) in .

Lemma3.1. If (1:|L)I .1 Isanincreasing sequence of positive numbers that convergesto s:ome?k and
if (yp); .o defined by (3.11)-(3.14), remainsin w, then (y}), ., convergesin IR".

Proof. For| =1, wehavey) =y, +S', with

-1 . .
Sh= 3 @ -T) Z0) T Z0) b -
i=0
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Becauseyk € w, (Z(yk) )i -0 1S bounded. Hence, for I,> 1, HS _sh |<C ('c —rkl) where C is a posi-
tive constant independent of |, and | ,. As (‘ck)|>0 converges (S )11 1S @ Cauchy sequence, hence con-
vergesin IR". And so does (y||<)| . D

~ Wolfe's criteria are then generalized as follows: find a non negative integer |, | +1 positive numbers
(T|I()osi o Verifying (3.10) and at > ‘l?ll( such that:

0y, (t) < 0y, ) + o, TO(Y,; t,) (3.15)
9L Z(y )t = o 9" ZV) b (3.16)

where0 < o, < a, < laregiven. See(1.17), for thevalue of 0'(y,; t, ).
We shall need an interpolation function J : o x IR, = IR := [0, [ such that:

(y,t) = J(y,t) iscontinuouson wx IR, (3.17)
VyEw,¥t>0:J(y,r)E]0, 1, (3.18)
VyEm,Vt>O:Jyp(r)—>0aspeoo, (3.19)

where Jp(r) (J o..(ptimes)..o0J )(r) and J (r) —J(y ,T). This function will be used when we
shall need a new tnal step—sze between say, rk and T> 'ck Then, we shall take t' := Tk + J(yk, T rk)
By condition (3.18), T € ]rk , T[ (interpolation) and condition (3.19) guarantees that if the operation is
repeated, the new step-sizes will be closer and closer to rll(. We can deduce from (3.17) and (3.18), that
fory Ewandt=0,J(y,r) =0if andonly if t = 0.

We shall also need an extrapolation function E :  — IR, such that:
y — E(y) iscontinuouson w , (3.20)
VYyew:E()>0. (3.21)
This function will be used when we shall need a new trial step-size greater than, say, rll(. Then, we shall
takerl'( + E(yl'() > rl'(.

Lemma 3.2. If (y )| .o ISaconverging sequence in w and (1: )10 IS @ bounded sequence of positive
numbers such that J (y T ) convergesto zero, then T convergesto zero.

Proof. Lety in o be the limit point of (y') and (r") be a subsequence of (r') that converges to
some ©. Then, by (3.17), J(y',¥') — J(y,©) = 0, hence t = 0 and all the sequence (t'), _, converges to
zero. O

We can now state the

Longitudinal Search Algorithm: (3.22)
1. if(t, =0)thenexit;

2. 1:=0;7):=0;choose(t>0);

3. repeat

3.1. if ((yp(t) €w)or ((3.15)isnot satisfied ) )

3.2. thent:= 'Ell( +J (yl'( ,‘l?—'l?ll()
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3.3. ese{

3.4. if ((3.16) issatisfied)

3.5. then{t, :=7;I =1 ;exit} I* tisserious*/
3.6. ese{ | ==|+1;'c||(=='c;‘c==1l|(+E(y||()}

3.3 };

In statement 2, the choicet = 1 is recommended if the algorithm is used within the context of secant
methods because in this case the unit step-size is essential to obtain superlinear convergence. We have
added in statement 3.1 another reason to decrease t: the points yli must belong to w. Therefore a serious
step-size may not be found because w is too small and the algorithm may loop in statement 3. Thisisone
of two reasons for looping (see the other one in the theorem below).

Let us remark that the algorithm will not cycle between statement 3.1 and 3.2 because otherwise t
would decrease to T, by hypothesis (3.19); but, y, := y; (t}) isin o by construction so y; (t) isaso in ©
for t close to T||< and, on the other hand, inequality (3.15) is satisfied for t close to ri'(. Therefore the test
3.1 isaways rejected after afinite number of loops 3.1-3.2. Consequently, if the algorithm loops in state-
ment 3, a sequence (y,), .o is built in .

We have seen that the search path y"(( -) is an Euler approximation of the solution of (3.4). From
the way the discretization points t, are built by the algorithm above, we see that this approximation will
be accurate if t in statement 2 is chosen "small” and if ¥y € w, E(y) is"small". However, doing thisis
expensive and, in fact, useless because building a good approximation of yQ" is not the aim of the algo-
rithm.

We now give the main result of this section, which shows that, apart from some pathological situa-
tions, a serious step-size is found in afinite number of iterations.

Theorem 3.3. Let 6 be the function defined on w by (1.16) with ¢ convex and continuous on a
neighborhood of ¢ (w). Lety, beapointinw suchthat g(y,) = 0. Let H, be a symmetric positive definite
matrix of order n—-m. Then, if the longitudinal search algorithm (3.22) with the definitions (3.10)-(3.14)
and the hypotheses (3.17)-(3.21) is applied fromy, , one of the following situations occurs:

(i) thealgorithm terminatesin a finite number I, of loops 3.1-3.6, with a point X, ., := yll(k (t,) satisfying
both inequalities (3.15) and (3.16) with| =1, and< =T,

(i) the algorithm builds a sequence (y,), ., in  and either (B(y,)), ., tends to — = or (y,), ., converges
to a point on the boundary of the open set w.

Proof. Clearly, by the remark preceding the theorem, if a finite number |, of points yl'( are calcu-

lated, this means that a step-size T, has been found in statement 3.5 and that yil(k (t,) satisfies (3.15) and
(3.16). So let us suppose the contrary, i.e. that a sequence (yl'()Izo is built in w. Let us suppose aso that
the sequence (9(y||<))| . IS bounded from below and that (y||<)| .o does not converge to a point on the boun-
dary of . We have to prove that these suppositions give a contradiction.

For dl I, we have by construction:
0y) = 00%) + oy T O (% b)) (323)
g0 Z0) b <@ gM)" ZH) b - (3.24)

Because 0'(y, ; t,) is negative and (6(y,)), ., iS bounded from below, (3.23) shows that (t,),_, is
bounded. As 'cll( increases with |, the sequence converges to some t, and by Lemma 3.1, (yl'()| -0
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convergesto somey, in IR". According to the suppositions, Yy isin .
Let us show that

0(y,) = 6(y,) + o, ;k 0'(Yys 1) =0y, ) + 0y ;k g (yk)T ZY )t - (3.25)

In view of (3.23) and by continuity, it is enough to prove that the left hand side of (3.25) is not less than
the right hand side. For this, let us remark that there exists an integer | O such that for | = | O, we have for
some%' S ‘l7|+1'

Kk~ T -

o=t + Iy T (3.26)

Indeed, for sufficiently large I, rl'(’“l is given by (3.26), i.e. by interpolation. Otherwise, we would have
7"t = 1) + E(y,) for some subsequence of I’s and at the limit on those | s, we would have, by (3.20),
E (%) = 0, which is in contradiction with hypothesis (3.21). Now, by construction, 7, = T, + E(y;). So
(%), is also bounded. Then, the limit in (3.26) and Lemma 3.2 show that () _,, Convergesto t,.. As
Vet = Vi + (T=)) Z(¥))” Z(¥,) t, converges to ¥, € o, yi(t,) € w for large |. Therefore, (3.26)
means that (3.15) is not satisfied a , (t,), i-€.

00y, (7)) > () + oty T O'(Yie; 1) -

The equality (3.25) is proved by taking the limit on | in thislast inequality.

Taking the limit on | in (3.24) and using 0 < a; < a.,, we see that there will be a contradiction (and
therefore we shall have proved the theorem) if we show that

90)" ZW) b= 9)" ZV) ¢ - (3.27)

For this, we build a sequence (np)pao of positive numbers converging to zero and a sequence
(2D),.0 Of pointsin IR" of the form

Z;E = yk + T]p Z(Vk)_ Z(yk) t (3.28)
such that:

ZPEw = 0(zP) = 0(y,) + o, (T ) 9 )" Z () ¢, - (3.29)
As z‘f € w for large p, (3.29) and (3.25) givefor large p:

8900 2 o 91" 204

Hence, (3.27) will follow by taking the limit on p in thisinequality.

The sequences (n"’)IDZO and (qf’)pz0 are built by induction together with an increasing sequence of
indices (I T)F’EO such that forp =0 and | = 1P, either 2P := y! (t}+n') = yi + " ZW) Z )t E o,
wherenP' := I (E (y))), or (3.15) is not satisfied at zP', i.e. for T =1, + n*"'. In other words, forp =0

k
and| =1P:

Plew = 0@ > 0y,) + oy (TP g Z) ¢ - (3.30)

We begin with no, zkO and 1°. We have already seen in getting (3.26) that we may find a positive index | 0
such that for | =1°, ©) is obtained by interpolation, which means that either %' = y! (t/+n®") € w or
(3.15) is not satisfied at zko". This is precisely (3.30) for p =0. Similarly, for p =1, we may find an
index | P = 1P~! (defined by induction) such that for al | = 1P, either zP' & w or (3.15) is not satisfied at
z‘f". Indeed, otherwise, |® being greater than | P-1 wewould have for asubsequenceof |'s:
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LA Jyri (E®y))
and the limit on |, would give
(J)7k o..(ptimes)..o Jyk)(E(yk)) =0.

This would imply E(y,) =0, in contradiction with (3.21). Therefore, for | = 1P, (3.30) is still satisfied.
As (z‘f")I _o convergesto zf given by (3.28) with

n® = 3P (EGL),

the limit in (3.30) gives (3.29). Moreover, (n'o)pao convergesto zero because of property (3.19). O

Remarks 3.4. A consequence of Theorem 3.3 is that if 0 is bounded below, w = IR" and the
hypotheses of the theorem are satisfied, then the longitudinal search algorithm (3.22) will find a point
Xeopi= yllk(rk) satisfying both inequalities (3.15) and (3.16). The situations in which the longitudinal
search algorithm fails are similar to those posing problem to agorithm (3.9) for finding Wolfe pointsin
unconstrained optimization. The first situation of Theorem 3.3 (ii) corresponds to the case where a local
minimum of an unbounded from below function f is searched. With the notation from the beginning of
the section, the second situation of Theorem 3.3 (ii) corresponds to the case where the objective function
Y :]0, «[ — IR has positive derivative and negative curvature on, say 10, 1[. If u, €]0, 1[, algorithm
(3.9) will searchin ]0, u, [, where no Wolfe point can be found (Lemaréchal (1984)). The algorithm we
propose cannot face correctly such situations, either. [

Below, we shall need the following inequality.

Proposition 3.5. With the hypotheses of Theorem 3.3, if starting from a point y, in w, the longitu-
dinal search algorithm (3.22) gives a point x, ., in w and a step-size t, , we have

MYl = C ot (3.31)

where C is a positive constant that depends only on abound of Z(-) and Z(-)™ on w.

Proof. We have
|k—l . . .
X1 Yk = Z (r||<+1_17|l<) VA (y||()_ z (yk) tk )
i=0

from which (3.31) follows. O

4. Thealgorithm

In secant methods, it is commonly considered that a globalizing technique is successful if the unit step-
size is asymptotically accepted by the search agorithm, because then the superlinear convergence of the
local method is not prevented from occurring. This means that the longitudinal search algorithm (3.22)
should set |, =0 and T, = 1 for all sufficiently large k. In fact, this depends on three factors: the search
direction t,, i.e. the matrix H, , the penalty function 6 and the constants o, and a.,, in (3.15)-(3.16).
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Because G, is updated to be a good approximation of the projected Hessian of the Lagrangian,
which is a condition imposed by the local anaysis, the point (y,+t, ) will be asymptoticaly a good
approximation of a minimizer of the Lagrangian in the tangent planey, +R(Z(y,)"). Note, indeed, that if
G = Z(¥) " LY M Z(y) ., we have t := argmin { 1y A)+ V, Iy M)'t+ tTLEY M) t/2:
t €R(Z(y,)) }, for any . Therefore, the unit step-size has some chance of being accepted if 6 is close
to the Lagrangian. Finally, in addition to 0< o, < a, < 1, we need to impose the condition a,, < 1/2,
because then condition (3.15) accepts the minimum of a quadratic function.

We choose as penalty function the nondifferentiable augmented Lagrangian:
L 0w == () + u" c()+p [[c()]], (4.)

where || - || isanorm on IR™. This penalty function is exact, i.e. asolution x_ of problem (1.1) isalocal
minimizer (here strict) of I,(-,w), if p > ||u-A, ||, where ), isthe multiplier associated to x, and || - ||,
is the dual norm of || -|| on IR™. This result may be derived as a variant of a result of Han and Man-
gasarian (1979) by considering the problem min { f (x) +MT c(X): xEw, c(x)=0}, which is
equivalent to problem (1.1) or it may be directly obtained as in Bonnans (1984), where the penalty func-
tion (4.1) has been used in connection with the sSQP method to obtain the admissibility of the unit step-
size.

Another possibility could have been to use the differentiable augmented Lagrangian, obtained by
replacing p ||c(x)|| by (p/2)||c(x)| \22 in (4.1), whichisexact if w=A_and if p isgreater than some posi-
tive threshold p (see Bertsekas (1982), for example). The advantage of Ip defined by (4.1) isthat it can
be exact with n different from A, and that the threshold for p is easy to calculate. This is important,
because, as we have said it, we shall need to make Ip close to the Lagrangian function. With the penalty
function (4.1), this will be done simply by improving the estimate u of A_ as the iterates progress to a
solution x, and by decreasing p if necessary and if the requirement p > ||u-A, ||, alowsit.

The path fromy, to x, . ,, given by Theorem 3.3, may be obtained by using Ip( -,u) as penalty func-
tion in algorithm (3.22). From (1.17), the directional derivative of IIO with respect to x in the direction t,
isgivenat (y,,u) by:

L0t 1) = VE )T b =9 M) ZH) b - (4.2)
When H, isnonsingular, g(y,) = - G, Z(y,) t,, where G, := Hk‘l. Inthis case, we shall also use:
Vi) b =90 Z0) b = -t Z( )" Gy Z() b - (4.3)

Now, it remains to give conditions for the feasibility of a linear search on Ip starting at x, in the
direction r,. The directional derivative of IID with respect to x in the direction r, := - A(x )" c(X,) is
given at (X, ,u) by:

04 1) = (05 )-w)" c6) = p [le(x )| (4.4)

where we used the multiplier estimate A(x) given in (1.15). Remark that for the derivative of the last
term of (4.1), noting v(z) := | |z||, wehave (v o €)' (X; I,) = V'(C(X.); — (X)) = — v(C(X,)), by definition
of the directional derivative. Therefore, from (4.4), r, is a descent direction of Ip(- ) a x, if p>
| [MX, )-u||p - This shows that p will have to be adapted sometimes in order to preserve this inequality
before doing the transversal step. We shall denote by p, the value of the penalty parameter at iteration k.
In the same way, we shall see that u will have to be modified at some iterations and we shall denote by w,
itsvalue at iteration k. Therefore, a condition to satisfy at each iteration (fromx, tox, . ,) is:

P, = HMXK)_MK | ‘D + By (4.5)
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where p, is some positive number.
Let p, denote the step-size along the transversal displacement r, :
Vi i= X + P T (4.6)

We shall determine p, by Armijo’s (1966) procedure. Two parameters, a. and 3, are chosenin 0, 1[ and
Py istakenin the form

Py =B, (4.7)
where b, isthe smallest non negative integer such that

X +p M E@
and

ka(xk+pkrk,uk) < ka(xk,uk) + 0Py IID’k (X Myes 1) - (4.8)

If (4.5) issatisfied and x, isin w (an open set), such ab, awaysexists.
We can now outline our reduced secant algorithm.

Algorithm RsA: (4.9
1. Choose the constantss O<a<1 O0<f<l 0<o;<V2 oa,<a,<1 O0<eg,
1<a (i =123).

2. Chooseapoint X, inw and H ,, asymmetric positive definite matrix of order n—-m .

3. Caculate M(xp) by (1.15), choose p, > 0, set u,:= MX,) and p,:= S(p,) and set the indices
k := 0 (iterations), i := 0 (adaptation of p, ), j := 0 (adaptation of p, and w, ).

4.  Select atransversal step-size p, by Armijo’s procedure (4.7)-(4.8) and sety, =X, +p, I -

5. Execute the longitudinal search agorithm (3.22), starting with T=1 and using the penalty
function ka( -, ) instead of 6(-) in (3.15) to determine a step-size T, and apoint x, , ,, if pos-
sible.

Calculate e, = [|g(y, )] + [Ic(X, || If g, < e then stop.

6.
7. UpdateH, :v, :=9(X1)-9), 8, =7 Z(¥,) Y., Hy,; := BFGS(H, v, .9,) .
8. Caculate M, ,,) by (1.15).

9. Adaptp, —p,,-

10. Adaptp, = p, ., andw, = w ., -

11. Setk :=k+1 and go to statement 4.

The algorithm calls for some comments. In statement 1, € is a positive convergence threshold and is
used in statement 6. The positive constants a,, a, and a; will be used in the adaptation rules for p, , p,
and u, (statements 9 and 10) given below. In statement 2, H , can be chosen as the identity matrix but
this does not take into account the scaling of the problem. Therefore, a possible choice isto take H ;= |
in the first longitudinal search (statement 5) and to calculate H, by updating h, I rather than I, where
ho =19 99/ Vg Yo This term minimizes in h the condition number of BFGS(hl ,y,3,), the inverse BFGS
update of h | (see Oren and Spedicato (1976)), and seems to give good numerical results (see Shanno and
Phua (1978)). In statement 3, p, should be taken large enough and the function S :]0, [ — ]0, =« is
supposed to satisfy the following properties:

Sisnondecreasingon]0, [ andS(a)=a,¥a €]0, oo , (4.10)
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for 0O<as<sa<x,S(a,a])isfinite, (4.12)
S(@a) -0 as a—0+. (4.12)

This function S will be used again in the adaptation rules for p, , p, and u, and these properties will be
useful to prove a global convergence result for the algorithm. For example, we may follow Bonnans
(1984) and take S(a) := min{ 109 : a =107, q integer }. Statement 4 will always succeed because ine-
quality (4.5) will be guaranteed by the adaptation rules for p,, p, and y, (statements 9 and 10) and
because if statement 5 succeeds, the point x, is in . Note that if r, =0, p, =1 is adways accepted in
statement 4! On the other hand, statement 5 may not succeed, as described in Theorem 3.3 (ii) and com-
mented in Remark 3.4. In order not to prevent superlinear convergence from occurring we suppose that
theinitial T in the longitudinal search algorithm is chosen equal to 1. In statement 7, the inverse BFGS for-
mula (1.18) is always well defined because, by construction, ykT 9, ispositive.

Before stating the adaptation rules for p,, p, and u, in statements 9 and 10, we need to examine
under what conditions the unit step-sizes p, and t, are accepted in both the transversal and longitudinal
displacements. These are the contents of the following two propositions.

Proposition 4.1. Suppose that Algorithm Rsa (4.9) produces bounded sequences (w, ) and (p, ) and
a sequence (X, ) in w that convergesto a solution x, of problem (1.1). Then, we have for largek:

|pk(Xk+l’k,Mk) - ka(xkaMk) —-Qa Ip,k (XkaMk; I‘k)
= (1-o) Ip’k (Xotyes 1) +o(l]r (1)) (4.13)

Proof. For large k, the segment [X, , X +r ] isin w. Then, f and c being twice differentiable on
, Taylor's expansions give

f (X +r ) = (%) + 7»(Xk)T c(x) +o([[rl)
and ¢+, = 0(([1, ||} . Consequently, (p,) and () being bounded, weget (4.13). O

Proposition 4.2. Suppose that Algorithm RsA (4.9) produces a bounded sequence (p, ), a sequence
(X,) in o that converges to a solution x, of problem (1.1), a sequence (u, ) that converges to the associ-
ated multiplier A, and a bounded sequence of non singular reduced matrices (H,) such that (1.12) is
satisfied with G, = H,"*. Then, we have for largek:

lpk(yk"'tk'uk) - ka(ykvlkk) -, |F;k (ykaMk; tk)

= (F-00) Iy O 8 + B Ot A + oIt 1. (4.14)
A M) Z) b - 9V +t) Z () T
=a,9(y)" Z) t +o([t 1) . (4.15)

Proof. As the sequence (y, ) converges also to x, and (H, ) is bounded, the segment [y, , y, +t,] is
inw for largek. Then, f and ¢ being C?onw, Taylor's expansions give:

F 0t = T )+ VI )T + 2 £70¢) 12+ o ([ ),

COh*) = CO) + 3 ¢'(x,)  t2+ o ([t )
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Hence, using w, — A, and the boundedness of (p, ), we get

ka (yk +t, Mk)

<1p Ghett) + VT 00Tt + 247 Lt py Ot 1)+ oIt 1)

But, asy — Z(y)" is continuous, t, = Z(y,)” Z(y,) t, = Z(X,)” Z(y,) t, + o(|[t,|]). So, with (4.3), the
last inequality becomes

1y, Ohetom) = 1, Ghemn) = oy V()T
= (F-00) VI () = 4 Z0)" (G=G.) Z () b
+ P O It 1) + o (It 1) -

From thisineguality, (4.2) and (1.12), we deduce (4.14).
On the other hand, asy — Z(y) is Clonwand f isC?onw, gis c!on w and, by a Taylor's
expansion and (3.3), we get
g(yk+tk) = g(yk) + Z(X*)_T L, t + o(| ‘tk )= g(yk) +G, Z(yk) t + o(| ‘tk ).
Hence, using again (4.3) and (1.12), we obtain
90t Z0) b = 900 ZMt + HZ 00T GLZ )t + o[t 1)
= -t/ Z(y)" (G,-G,) Z(y) t +o(ItI1)
=o(/It]1%).

hence (4.15). O

Propositions 4.1 and 4.2 enable us to give conditions on the admissibility of the unit step-sizes p,
and T, , i.e. on the non positivity of the left hand side of (4.13), (4.14) and (4.15). These conditions will
guide usin the design of the adaptation rulesfor p, , p, and u, .

We haver, = O(||c(x,)||) and inequality (4.5) implies that o (G 1) = = By [[c(x)|]. Under
this condition (4.5) and a. < 1, the estimate (4.13) becomes

ka(Xk+rk,Mk) - |pk(Xk,Mk) -Qa Ip,k (XkaMk; I’k) =-(1-a) [Qk — Nk ] HC(Xk)H )

where n, — 0. Therefore, the step-size p, = 1 will be accepted asymptoticaly if, in addition to the
hypotheses of Proposition 4.1, a. < 1, (4.5) is satisfied at each iteration and (p, ) is bounded away from
zero.

To exploit the estimates (4.14) and (4.15), let us remark that, under the hypotheses of Proposition
4.2, there exists constants C,, C, and C, (independent of k), such that |[H,||,= C, and [[t || =
C, [IH, 9y )|l =C51Z(y,) t ||, Therefore, using (4.3) and the positive definiteness of G, , we obtain

90T Z0) b = - [H 1 1Z0) bl 12=-Ct C32 | |7

This shows that the left hand side of (4.15) will be negative asymptoticaly if, in addition to the
hypotheses of Proposition 4.2, a., > 0 and H, is positive definite. Whereas, the left hand side of (4.14)
will be negative asymptotically if, in addition to the hypotheses of Proposition 4.2, we have o, < 1/2, H,
positive definite and p, sufficiently small. But, because p, has to satisfy inequality (4.5), this means that
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p, must be small enough, although nonzero as we have just seen.

On the other hand, by modifying w, and p,, we change the merit function at each iteration, which
can prevent convergence. So, we have to proceed with caution, and, as in Bonnans (1984), we shall
change w, and p, only when the convergence progresses sufficiently. To test convergence, we shall need
(g, isdefined in statement 6 of Algorithm RsA):

€. :=min{eg :0=i=<k}. (4.16)

We can how make precise statements 9 and 10 of Algorithm RsA. Indicesk, i and j areinitialized
in statement 3 of the algorithm. Index k is updated in statement 11, while indicesi and j are updated in
statements 9 and 10 respectively (see below).

Adaptation of p, (statement 9 of Algorithm RsA): (4.17)

if((gksgi/al)and((lk #O)OI’('ck;él)))

then {i:=k;p.,:=p/a,} (4.18)
else p,,:=D, . (4.19)
Adaptation of p, and p, (statement 10 of Algorithm RsA): (4.20)

if (Ek ng /a3)
then { ] :=K ;w1 :=MX,1) s Pyr = SO, } (4.21)
else { Wepq 3= W s By = MaX (pk ) S(‘ ‘X(Xk+1)_uk+1‘ ‘D+Qk+1) b (4.22)

We recall that the properties of function S have been given in (4.10)-(4.12). We seethat, aslong as
€, does not decrease sufficiently, p, and u, are not changed; only p, can be increased by (4.22) so asto
satisfy (4.5). This procedure is recommended by Mayne and Polak (1982) for the globalization of sQp
methods using the |  exact penalty function. In our case, however, we have seen that it is necessary to
have the penalty function close to the Lagrangian. Therefore, if €, decreases sufficiently, we adapt u,
and p, in (4.21), and we decrease p, in (4.18) if, furthermore, the unit step-size is not accepted.

The next theorem shows how these rules work in case of convergence of (x, ).

Theorem 4.3. Suppose that Algorithm Rsa (4.9) with the adaptation rules (4.17) and (4.20) pro-
duces a sequence (X, ) in w converging to a solution x, of problem (1.1) and a bounded sequence of posi-
tive definite matrices (H, ). Suppose, as well, that condition (1.12) is satisfied with G, := Hk‘l. Then, we
havep, = 1,1, =0andt, = 1for k large enough.

Proof. As x_—Xx,, we have c(x,) — 0, hence y, —Xx,, g(y,) =0, g — 0 and, by (4.21),
W = A,

We begin with the longitudinal displacement. Suppose that I, =0 or T, = 1 infinitely often. Then,
by (4.18), we would have p, — 0 and by (4.21), (4.22) and (4.12), p, — 0. Therefore, using Proposition
4.2 (and the comments after its proof), we see that the left hand sides of (4.14) and (4.15) become nega-
tivefor large k, and thereforel, = O and T, = 1 for largek: a contradiction.
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Hence, |, =0 and T, = 1 for large k and from (4.19) we see that p, =p > 0, for large k. By using
Proposition 4.1 (and the comments after the proof of Proposition 4.2), we see that the left hand side of
(4.13) becomes negative for largek, hencep, =1. O

We now prove agloba convergence result for Algorithm RsA.

Theorem 4.4. Suppose that Algorithm Rsa (4.9) with the adaptation rules (4.17) and (4.20) pro-
duces sequences (x, ) and (y,) in o and a bounded sequence of positive definite matrices (H,) with
bounded inverses. Then, one of the following situations occurs:

(i) limg, =0,

(i) w, =wforlargek, (p,) isunbounded and ||A(X)||, — ®when k = xin{k:p >p _;},

(iii) w, =u for large k, p, =p for large k and either Ip(xk,u)—>—oo or for some subsequence
dist (x, ) —=0.

Remarks 4.5. Because the sequences (x, ) and (y, ) are generated by the algorithm, it is implicitly
supposed that the longitudinal search algorithm succeeds at each iteration, which will occur if, for
instance, Ip is bounded below and w = IR" (see Remarks 3.4). The situation (i) means that for a subse-
quence of indicesk, c(x, ) — 0and g(y,) — 0. Therefore, if w is bounded, there exists a subsequence of
() that convergesto asolution of problem (1.1). The situation (ii) meansthat either { X, : p, > p,_; } is
unbounded or has accumulation points X on the boundary of w at which A(X) is not well defined by
(1.15), for instance, because A (X) has not full rank. In (iii), dist (x, ,0°) is the distance from X, to the
complementary set of . [

Proof of Theorem 4.4. Let us suppose that situation (i) does not occur. Then, lime, :=€_>0
and, by (4.19) and (4.22), p, = p for large k, u, = u for large k and (p, ) is a nondecreasing sequence for
large k. Then, either (p, ) is unbounded or (p, ) is bounded! In the first case, this means by (4.22) and
(4.10) that (||MX,)||p) is unbounded, and more precisely,

H}\(xk)HD—>+oo for k = in{k:p >p_,},

which isthe conclusion (ii) of the theorem.

On the other hand, if (p,) is bounded, (4.22) and (4.11) show that p, changes finitely often. So,
p, = p for large k. We prove the rest of (iii) by contradiction, supposing that Ip(xk,u) is bounded from
below and that (x, ) remains away from o°.

We have from Theorem 3.3, (4.8) and (4.5):
1 O,z = 1, () =1, (%0)

Therefore, the sequences (| b (X,w)) and (I D (Y, -u)) converge to the same value.

According to the longitudinal displacement (i.e. to inequalities (3.15) and (3.16)), (4.2), the positive
definiteness of H, and the boundedness of (H,%), we have

|p(Xk+1,M) - |p(yk'M) =04 Ty Ipy(ykal*; t)
= -5 90" He 9 (%)
<- a7 [[H 9112

<-a,7, C [lgt)lI?, (4.23)
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(@ %,) - 90" Z¥) b = (1-0) g ()" He 9, = (1-a) C [[g )] [% (4.24)

Here and below, C denotes a positive constant independent of k. From (4.23) and the convergence of
(I, (i-w)) and (1, (X)) to the same value, we deduce that T, gy, \2 — 0. From (4.24), the bounded-
ness of (H, ), the Lipschitz continuity of g (with the hypotheses of Section 2, g’ is bounded on the convex
set w) and Proposition 3.5, we get

HgWI? = C [Xea Vil [ IO W1 = C 7 [lg M1
Hence, g(y,) = 0.
Now, from the transversal search (i.e. from (4.8)), (4.4) and (4.5), we have
|p(ykvM) - |p(Xk,M) = Q Py [ (K(Xk) - M)T C(Xk) -p HC(Xk)H |=-ap Pk HC(XK)H .

Hence, p, ||c(x)|| — 0. We are going to show that (p, ) is bounded away from zero. This will prove
(iii) because then c(x, ) — 0 and, with g(y,) — O, we have ¢, — 0, which gives the expected contradic-
tion with the initial assumption (¢, =, > 0). Again, we set about it by contradiction. So, let us suppose
P < 1land p, — 0 for k in a subsequence IK. We may consider that p,/p is not accepted by the line
search because Armijo’s criterion (4.8) is not satisfied. Indeed, otherwise it would mean that for a subse-
quence IK' of IK, X, := X+ (p, /B) r, € o for k €IK". But p, [[c(x)|| — Oimpliesthat (p, /B) r, — 0
((A (X)) is bounded) and therefore (xk)k cK would go closer and closer to a point X, not in w, a situa-
tion that has been discarded by hypothesis. So, for k in IK, we have

Ip(xk+%krk,u) ~ 15 (41 > %k [ (M%)-1)" c(x) -p e 1. (4.25)
Expanding Ip(xk+%<rk,u) about x, gives

e eron) = £ 060+ S 2007 e + 0 C [1n I

P
p

= 1o () + B L0007 e06) =P I1e ()l 1+ C ][

+ T e(q) - HeuT e(x) +p-H0) llex|

Therefore, with (4.25) and (4.5), this leads to
(1-a) £ [1e (40l < € p¢ 1)l >

Therefore p, ||c(x,)|| is positive for k in IK and dividing by this factor in this inequality, we obtain a
contradiction with the fact that p, ||c(x)|| = 0. O

Remark 4.6. The fact that, in situation (i) of the theorem, only a subsequence of (¢, ) converges to
0 (instead of all the sequence) does not come from the hypotheses of the theorem that are rather strong.
The boundedness of (H, ) and (Hk‘l) is usually enough to imply the convergence of all the sequence (g, )
to zero, as this may be also observed in unconstrained optimization, see Wolfe (1969, Theorem 1). But it
comes from the way the convergence is checked in statements 9 and 10 of the algorithm, using the nonin-
creasing sequence (g, ), .o defined in (4.16). Indeed, suppose that, instead of being calculated by (4.16),
€, isgiven by

T, =@ ({¢ :0sisk}), (4.26)
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where the function @ is such that, for any sequence (g, ), ., Of positive numbers, €, is positive, (€, ), .o 1S
nonincreasing and

(¢, =0) = (g, —=0). (4.27)
The function minin (4.16) is just an example of such ®. Then, it can be shown that Theorems 4.3 and 4.4

remain true. Therefore, we would have a better convergence result in Theorem 4.4 (i), if it were possible
to find afunction ® such that we have aso

(8, =0) = (g, —0). (4.28)

Unfortunately, this is not possible. To see this, let us consider the following algorithm where g, , is cal-
culated by observing €, :

1. I==1;j==1;so==1;

2. for(k=0)do{

2.1 € i =®({¢ :0=<i=sk});
2.2. if (g, =11)

2.3. then{ ] :=j+1;¢,,:=1j}
24. else{l:=1+1;¢,,,:=1}
2.}

Let us show that if @ satisfies (4.27), the sequences (g, ) and (g, ) generated by this algorithm are
such that (e, ) does not converge to zero and €, — 0. Therefore, @ does not satisfy (4.28).

The sequence (g,) converges to zero, because, otherwise, (€, ) being nonincreasing, there would
exist apositive integer | ; such that €, = 1/1 , ¥ k = 0, which would mean that statement 2.4 is executed at
most I0 times. Therefore, for large k, statement 2.3 would be executed and ¢, — 0, which would be in
contradiction with (4.27). Therefore, €, — 0. But then, statement 2.4 is executed infinitely often, so (g, )
does not convergeto zero. [

5. Conclusion

We have presented an algorithm for equality constrained optimization of the reduced type in which the
projected Hessian of the Lagrangian is approximated by updating at each iteration a matrix H, using the
BFGS formula and two vectors: y, , the change in the reduced gradient, and o, , the corresponding reduced
displacement.

The main purpose of the paper has been to show the possibility of obtaining the positivity of ykT dy
which is essential to guarantee the positive definiteness of the reduced matrices H, . This feature is due to
a particular design of the longitudinal displacement which minimizes the objective function f while
roughly maintaining constant the value of the constraint function c. For this, we introduce a step-size T,
scaling the reduced displacement in IR"™™, while the longitudinal displacement in IR" becomes piece-
wise linear. Wolfe's criteria are used to determine the step-sizet, .

The algorithm is made globally convergent by using a nondifferentiable augmented Lagrangian
function. Another feature of the algorithm is to separate completely the longitudinal and transversal dis-
placements: the step-sizes of both displacements are determined by two different searches on the penalty
function.
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The technique used here to maintain the positive definiteness of the matrices H, may be seen as a
generalization to equality constrained optimization of Wolfe's step-size selection procedure in uncon-
strained optimization. It is well known that this technique cannot be used in the framework of quasi-
Newton or sQP methods. As the technique works well in unconstrained optimization, this may be seen as
an advantage of the reduced framework over the sQp methods. However, the algorithm proposed here
always requires at least two (and exactly two, asymptotically) linearizations of the constraints for each
superlinear step, which can be an important overcost in some applications. Therefore, the developed
technique should be extended to those reduced methods that require only one linearization of the con-
straints per iteration.

As mentioned in the text, a weak point of the algorithm lies in the way the multipliers and the
penalty parameters are adapted to improve the penalty function. Indeed, it requires from the algorithm to
feel the closeness of a solution and therefore impoverishes the global convergence result (see Remark
4.6). We think that some progress might be obtained on this topic aswell.
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