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Homotopy Transfer Theorem and minimal models for
pre-Calabi-Yau algebras

Marion Boucrot

Abstract

In this article we prove that given quasi-isomorphic dg vector spaces and a pre-Calabi-Yau
structure on one of them there exists a pre-Calabi-Yau structure on the other as well as a pre-
Calabi-Yau morphism between the two. This extends the Homotopy Transfer Theorem proved
by T. Kadeishvili and a similar result of D. Petersen. Moreover, we show that a pre-Calabi-Yau
morphism whose first component is an isomorphism of dg vector spaces is a pre-Calabi-Yau
isomorphism, i.e. the inverse of the isomorphism of dg vector spaces extends to an inverse of the
pre-Calabi-Yau morphism. We incidentally show that any pre-Calabi-Yau algebra has a minimal
model. Finally, we prove that any quasi-isomorphism of pre-Calabi-Yau algebras admits a quasi-
inverse.

Mathematics subject classification 2020: 16E45, 18G70, 14A22
Keywords: A.-algebras, pre-Calabi-Yau algebras, homotopy transfer, minimal models

1 Introduction

Pre-Calabi-Yau algebras were introduced by M. Kontsevich and Y. Vlassopoulos in the last decade.
In the finite dimensional case, these structures have also appeared in [12] under the name of V.-
algebras and P. Seidel called them A..-algebras with boundary in [9]. They also appear under the
name of weak Calabi-Yau structures in [4]]. These references show that pre-Calabi-Yau structures
play an important role in homological algebra, symplectic geometry, string topology, noncommu-
tative geometry and even in Topological Quantum Field Theory.

The notion of pre-Calabi-Yau algebras is strongly related to the notion A-algebras. Actually,
for d € Z, a d-pre-Calabi-Yau structure on a finite dimensional graded vector space A is equivalent
to a cyclic Ay-structure on A @& A*[d — 1] that restricts to A.

In 1980, T. Kadeishvili proved in [3] the following theorem:

Theorem 1.1. (Homotopy Transfer Theorem) For any dg algebra C' such that H;(C') is free for i > 0, there
exists an Ao-structure on H(C') with vanishing differential and an A..-morphism f : H(C) — C such
that £ is a quasi-isomorphism.

In 2020, D. Petersen published in [8] a direct proof of the following theorem, which is a refor-
mulation of the Homotopy Transfer Theorem:



Theorem 1.2. Let R be a ring, (V,dv) and (W, dw ) dg R-modules and f : V' — W a chain map. Let
v be a square-zero coderivation of C(W) of degree —1 whose arity 1 term is dyy. Assume that f induces a
quasi-isomorphism Hompg(C(V'), V) — Hompg(C(W),W). Then, there exists noncanonically a square-
zero coderivation p of C(V') of degree —1 whose arity 1 term is dy and a morphism F : C(V) — C(W) of
coalgebras whose arity 1 term is f and which is a chain map with respect to y and v.

The converse statement also holds, namely, if V' is endowed with a square-zero coderivation
then we can construct one on W. The Homotopy Transfer Theorem has been proved in several
different ways and we refer the reader to the introduction of [8] and the references therein for a
more complete account about this result.

In [7], J. Leray and B. Vallette show that the notion of curved homotopy double Poisson ge-
bras and what they call curved pre-Calabi-Yau algebras are equivalent if the underlying graded
vector space is locally finite dimensional. Using their paper [2] with E. Hoffbeck on properadic ho-
motopical calculus, they obtain homotopical properties of locally finite dimensional curved pre-
Calabi-Yau algebras. This includes a version of the Homotopy Transfer Theorem, namely, they
show that a curved pre-Calabi-Yau structure on a locally finite dimensional dg vector space gives
rise to a curved pre-Calabi-Yau structure on any of its contraction together with extensions of the
chain maps into co-morphisms. We remark that co-morphisms in the previous result are expected
to be the same as curved versions of pre-Calabi-Yau morphisms. Moreover, the previous authors
show that an co-morphism whose first component is an isomorphism is invertible and deduce that
oo-quasi-isomorphisms are quasi-invertible.

The aim of this article is to give direct proofs of various versions of the Homotopy Transfer
Theorem for pre-Calabi-Yau algebras (see Theorems and [4.14), by adapting the techniques
of [8]. There are however other noticeable differences with the results that can be deduced from
those in [2,[7]. First, we do not need to impose any locally finite dimensional assumption on the
pre-Calabi-Yau algebras in our results. Furthermore, as expected, the definition of pre-Calabi-Yau
algebra in [5] is not precisely the same as that of curved pre-Calabi-Yau algebra in [7]. We note that
in the case of A-algebras the presence of curvature produces a rather different theory, which in
principle cannot be excluded for pre-Calabi-Yau algebras as well.

Let us briefly present the contents of this paper. Section[2]is devoted to present the conventions
we follow and notations we will use throughout this paper. In section [3 we recall the notions of
A-algebras and A..-morphisms. We also recall well-known results including the ones appearing
in [8], giving proofs entirely in terms of the structure of the A,.-algebra, instead of the associated
bar constructions, as it is the case in the mentioned article. This is done in order to allow the com-
parison with the case of pre-Calabi-Yau algebras. We do not claim any originality in this regards.
Section [ is the core of the article. After recalling the definition of d-pre-Calabi-Yau algebras given
in [5], we prove that a d-pre-Calabi-Yau morphism whose first component is an isomorphism is
an isomorphism in the category of d-pre-Calabi-Yau algebras (see Lemma [£.9). Then, we prove
Theorems and [4.14]by generalizing the proofs of the case of A..-algebras. Those results state
that given dg vector spaces and a quasi-isomorphism between them, if one carries a d-pre-Calabi-
Yau structure then we can construct such a structure on the other, as well as a d-pre-Calabi-Yau
morphism between the two. We deduce that there exists minimal models for d-pre-Calabi-Yau al-
gebras. Finally, using Lemma[4.9/and Theorems and we show that a quasi-isomorphism
of d-pre-Calabi-Yau algebras has a quasi-inverse (see Theorem [4.18).
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2 Notations and conventions

In what follows k will be a field of characteristic 0 and to simplify we will denote ® for @x. We
will denote by N = {0, 1,2,...} the set of natural numbers and define N* = N\ {0}. Fori,j € N,
we define the interval of integers [i, j] = {n € N|i <n < j}. We also define 7" = | |, Tx where
Tw = NFfor k > 1and 7; = N* and given . = (n1,...,nx) € Tr, we denote N(n) = nq + - -+ + ny.

Given a (cohomologically) graded vector space V = @;cz V", we define the graded vector space
V[n] given by V[n]" = V" for i € Z and consider, for n € Z, the map sy, : V — V[n] whose
underlying set theoretic map is the identity. We will denote sy, simply by s,, when there is no
possible confusion, and s; just by s.

We now recall the Koszul sign rules, that are the ones we use to determine the signs appearing
in this paper. If V, W are graded vector spaces, we haveamap 7y, : V@ W — W ® V defined as

rvw (v @w) = (=1 @ v

where v € V is a homogeneous element of degree |v| and w € W is a homogeneous element of
degree |w|. More generally, given graded vector spaces V1, ...,V, and o € §,,, we have a map

T\C;l,...,Vn VeV, = Vg—l(l) R R Vg—l(n)

sending an element v; ® - -+ ® vy, to (—=1)(Vy-1(1) ® -+ @ Vy-1(y,)) With

€= Z [vo-1()llve-105]
i>j
o~ (D)<o ()
where v; € V; is a homogeneous element of degree |v;| for i € [1, n].

All the products in this paper will be products in the category of graded vector spaces. Given
graded vector spaces (V;);cr, we thus have [[,.; Vi = @©,,c; [ ;c; Vi" where the second product is
the usual product of vector spaces.

Given two graded vector spaces V, W we denote by Homy (V, W) the vector space of k-linear
maps f : V — W and by hom{ (V, W) the vector space of homogeneous k-linear maps f : V — W
of degree d, ie. f(v) € WnTd for all v € V". We assemble them in the graded vector space
Homy(V, W) = Pcp hom{ (V, W) C Homy(V, W). We define the graded dual of a graded vector
space V = @, ., V" as V* = Homy(V, k). Moreover, given graded vector spaces V, V', W, W’
and homogeneous elements f € Homy(V, V') and g € Hormy (W, W’), we have that

(f®g)(vew) = (1)l f(v) @ g(w)

for homogeneous elements v € V and w € W. Throughout this paper, when we consider an
element v of degree |v| in a graded vector space V, we mean a homogeneous element v of V. Also,



we will denote by id the identity map of every space of morphisms, without specifying it. Recall
that given a dg vector space (4, d4) its cohomology is the graded vector space

H(A) = @ H"(4) = P ker(d)/ im(d} )

n€e”Z neZ

In this paper, we will often make the use of the diagrammatic calculus introduced in [5]. We refer
the reader to [1] for a detailed account of the involved definitions and terminology, which we shall
follow in this article. Using the convention of that reference, we remark that, for this article, the
type of a diagram will be just a tuple of integers instead of a tuple of objects, since we work with
pre-Calabi-Yau algebras instead of pre-Calabi-Yau categories. Moreover, given a diagram, we will
often omit the corresponding bold arrow, i.e. the bold arrow can be any of the outgoing arrows of
the diagram.

3 Transferring A -structures

This section is devoted to recall the notions of A.-algebras and A.-morphisms. For convenience
of the reader, we also present the results appearing in [8], and we give proofs entirely in terms of
the structure of the A.,-algebra, instead of the associated bar constructions, which is the case of
[8]. This is merely done in order to allow the comparison with the case of pre-Calabi-Yau algebras
appearing in the next section. We do not claim any originality in this regard.

Definition 3.1. Given graded vector spaces A and B, we define the graded vector space C(A, B) as
C(A,B) =1]] C™(A, B) where C"(A, B) = Homy(A[1]®™, B[1]). We will denote C(A, A) sim-
ply by C(A).

Remark 3.2. If (A,da) and (B, dg) are dg vector spaces, C(A, B) becomes a dg vector space whose differ-
ential is given by doa,pyF = dppy o F — (—1)/FIF o dyjen for a homogeneous element F € C™(A, B).

neN*

Definition 3.3. An A-structure on a graded vector space A is an element ma € C(A) of degree 1
satisfying the Stasheff identities introduced by |. Stasheff in [10] and given by

> mi T o (id®" @m @1d®) =0 (S1™)
r4+s+t=n
>0
for each n € N*. This is tantamount to [ma, male = 0 where [—, —|q denotes the Gerstenhaber bracket.

In terms of diagrams, this reads Y £(D) = 0 where the sum is over all the filled diagrams < of type n € N*

and of the form

A graded vector space endowed with an As-structure is called an A -algebra.

Remark 3.4. Note that the identity (SI') is simply mY, o ml = 0, meaning that an A.-algebra (A, m )
gives rise to a dg vector space (A, mYy[—1]), whose cohomology will be denoted by H(A).

The following definition is due to M. Sugawara (see [11]]).



Definition 3.5. Let (A,ma), (B,mp) be two A-algebras. An A..-morphism F from A to B is an
element F' € C(A, B) of degree 0 satisfying the identities

Z Friltto (id®" @ms ® id®") = Z myo(F"®- - ® F"™) (M1™)
r+s~>k6 n T1+-+ri=n

for each n € N*. This tantamount to F' o ma — mp o F' = 0 where o denotes the Gerstenhaber product
and o denotes the composition appearmg on the rzght hand side of m In terms of diagrams, this reads

> 5( ) = > E(D') where the sums are over all the filled diagrams @ and D’ of type n € N* and of the
form

respectively.

Definition 3.6. Given A-algebras (A,my), (B,mp), (C,m¢) and As-morphisms F' : A — B and
G : B — C, the composition of F and G is the element (G o F') € C(A, C) defined by

(GoF)"'= Y Go(F'@---@F")
rit-+ri=n

for every n € N*.

Lemma 3.7. The data of A.-algebras together with A..-morphisms and their composition give rise to a
category denoted Ao.. Moreover, given an Aoc-algebra (A, m4), the Ao-identity morphism on A is the
one whose n-th component (ida)™ : A[1]®™ — A[1] is idapy if n = Land 0 if n > 1. It will be denoted id 4
or simply by id when there is no possible confusion.

Definition 3.8. Given A-algebras (A,m4) and (B,mp), an As-morphism F' : A — B is a quasi-
isomorphism if 1 : (A[l],mY) — (B[1],m}) is a quasi-isomorphism of dg vector spaces. Moreover, F
is an isomorphism if there exists an Ao.-morphism G : B — A such that Go F =id4 and F o G = idp.

We now recall the following result and give a proof of it without using the bar construction.

Lemma 3.9. Let (A,ma), (B,mp) be Ax-algebras and F' : A — B be an A-morphism. Suppose that
Fl @ (A[1],mY) — (B[1],m}) is an isomorphism of dg vector spaces. Then, F is an isomorphism of
Aso-algebras.

Proof. Since F'' : (A[1],mY) — (B[1],m}) is an isomorphism of dg vector spaces, it has an inverse
G' : (B[1],mk) — (A[1],m}) which is a chain map. To simplify, we will denote F! = f and
G' = g. Consider n > 1 and suppose that we have constructed maps G* : B[1]®? — A[1] satisfying
that (G o )" = 0 for i < n. We have that

(GoF)"=G"of*"+ >  Go(F"®---®F")

rit+-+ri=n
<n



We thus define

Gr = — Z Gio(Fh@-'-@F”)og@"

ritetri=n
<n

Therefore, we have constructed a collection G of maps G* : B[1]®* — A[1] for each i € N* such
that G o F' = id4. Note that we did not use the fact that F" is an A,,-morphism. Thus, there exists
a collection H of maps H' : A[1]®" — B[1] such that H o G = idp. Using the associativity of the
composition, we get that H = F'and thus G o F' = id4 and F o G = idp.

It remains to show that G is an A.,-morphism. It is clear that g satisfies the identity (M1I").
Consider n > 1 and suppose that G satisfies the identities (MI?) for all i < n. Since F is an A-
morphism, we have that F oma =mp o F and then (F 8mA) oG = (mp o F) o G. Therefore, we
have that G o ((Foma) o G) = Go((mp o F) o G). Itis clear that the right member of this equality
is G omp since F' o G = id. We now show that G 9 ((F 9 ma) o G) =ma o G. We have that

Go ((FgmA)JgIG)n

=> > DG o ([ @ (FUTT o (id® @my ®1d®) o (GT @ -+ ® G™)) ®id®)

r+s+t=ngqi+---+qp=s utvtw=p
s>0 v>0

_ Z Z Z Gr+1+t ° (id®7‘ ®Fu+l+w ® id®t)

r+s+t=nqi+--+gqp=s utvtw=p
s>0 v>0

0 (iId*" ®G" @ ® G™ ® (ma g G)™ T T 0 Gl @ @ G ®1dY)

=(mao Q)"+ > > G o (i[d®T @ FU Y @ 1d®)
r+st+t=n q1+---+qp=s utvtw=p
s>0 Qut1+Fquto<n v>0

o (id®r (X)qu R ® Gu ® (G 8 mB)qu+1+"'+qu+u o Gutvt1 R ® qu) ® id®t)

=(mao @)+ > > > G o (1d®T @Y @ id®)

r+stt=n g1+ +qp=s uFVFW=p gy 1+ +qutv
520 qup1+Faqupo<n v>0 =z+y+z

0 (i[d*" @G ® - ® G™ ® G*T 0 (1Id®” @mY ®id¥%) o G @ - @ GT)) ®id®)

for every n € N*. Finally, we have that

Z Z Z ZGrJrlth ° (id®T ®Fu+l+w ® id®t)

r+s+t=n q1+:-+qp=s utv+w=p qu+1+-+qutv
520 qui1 -+ quto<n v>0 =z4y+z

o (id®r RGN ® - @Gl @ GETITZ o (id®x ®mY, ® id®z) 0 Glutvtl @ ... ® qu)) ® id®t) =0
since F' o G = id. This finishes the proof. O

Definition 3.10. Let A and B be two graded vector spaces and consider F' € C(A, B). Given elements
m € C(B) and h € C(A, B) we define the composition of m and h with respect to F as the element



m o h € C(A, B) given by

(moh)" =Y Y mo(F"@ - @F9 ' @h@F @ - @F")

up+-tui=n j=1

for every n € N*. In terms of diagrams, (m o h)" = 3 (D) where the sum is over all the filled diagrams
D of type n and of the form

Lemma 3.11. Let A and B be two graded vector spaces. Consider m 4 € C(A) and mp € C(B) of degree
land F € C(A, B) of degree 0. Then, the following identities hold.

ma g (magma)=(magma)gma (3.1)
(mp o F)oma=mpo(Foma) (3.2)

Proof. We first show (3.1). For every n € N*, we have that

n 1+t . . t
((magma)gma)” = 3 (magma)™ ™o emi id™)
r4+s+t=n
s>0
= > m%T Y o (1d®" @mY @ id®Y) o (id®” @m5 ® id®")
r4+s+t=n utv+w=r+1+t
s>0 v>0
= > m4% o (1d®" @mY @ id®TT Y @ms © id®Y)
r+s+t=n ut+vt+w=r+1+t
s>0 v>0
r>u+uv
- > m%HY o (1d®" @mS ®1id® Y @mY © id®Y)
r+s+t=n utvtw=r+1+t
5>0 v>0
r<u
+ > > m%HY o (1d®" @mY o (1d®T @mi ® id®) @ id®Y)
r+s+t=n utvtw=r+1+t
5>0 v>0
r>u
r<u-+uv
= ¥ 3 m4H Y o (1d®" @mY o (1d®" ™ @ms ® id®T)) ® id®Y)
r+s+t=nutv+w=r+1+t
s>0 v>0
r>u
r<u4v



On the other hand, we have that

(ma g (mag ma))" = Z my o (1d®” @ (ma gma)’ ® id®")
7‘+9+6 n

S>> mT o (1 @(mET T o (1d® @my ®id®Y)) @ id®")
r4+s+t= nu+v+w s

s>0 v>0

> S mET o (1d® emiT T ®@id®) o (1[d®TT @my @ id¥ )
r+s+t=nutvfw=s

s>0 v>0

Now, we show (3.2). For every n € N*, we have that

((mp o F)gma)" = Z (ms g FY o (1d®” @mS @ id®")

r4+s+t=n
s>0
= X X mhe(Fe-eFe(d”enieid”)
r4+s+t=nr+l+t=ui+---+u;
s>0
= : “1 uj (1q®% 8 o 1®U; wi
= Z Z mgo(F" @ @ F“(id®"% @m% @id®") @ --- @ F")
H’f’” Mor=ugtedug 14
t= uj + Hu,

On the other hand, we have that

(o g (Fama)' = 3 mbo(F ©e 0 (Fgma)® 0o ")
up+-tu;=n j=1
= Y Y Y mbeFeeF T o emi0id®) @ 0 F")
ui+-tu;=n j=1 r+s+i=u;
s#0
This finishes the proof. O

Remark 3.12. It is also possible to prove Lemma using diagrammatic calculus. For the convenience of
the reader, we present the method here since we will prove the results in the case of pre-Calabi-Yau algebras
in a similar manner. For every n € N*, we have that

(mag(magma)"=> E(D)

where the sum is over all the filled diagrams & of type n and of the form

On the other hand, ((ma g ma) gma)™ = 33 E(D1) + 32 E(Da) — > E(D3) where the sum
is over all the filled diagrams 951, E’bg and D3 of type n and of the form



2 O:O: O 0 O e

respectively. The minus sign comes from the fact that the order of the first outgoing arrows of the two sources
filled with m 4 is reversed and |m 4| = 1. Thus, the identity is satisfied since Y E(D2) = > E(D3)
and > E(D) =S E(D).

We now show (8.2). For n € N* we have that (mp o (F 9ma))" = 3 E(D) where the sum is over all
the filled diagrams 9 of type n and of the form

It is clear that (mp © F) gma)"™ = 3 E(D).

Corollary 3.13. Let A and B be two graded vector spaces. Consider my € C(A) and mp € C(B) of
degree 1 and F € C(A, B) of degree 0. Suppose that mpg satisfies the Stasheff identities for every
n € N*. Then, the following holds.

Fg(mA 8m,4) = (FgmA—mB]aF)gmA—&—mBg(FgmA—mBﬁF) (3.3)
Proof. Rewrite the equation (3.3) as

F = (F — F F — F
g(mAgmA) ( gmA)gmA (mBAo/[ )8mA+mBg( gmA) mB%(mBA?[ )

By Lemma|3.11} we already have that (mp o F) oma =mpg?Q (F ° m4 ). Moreover, one can prove
in the same way as we did for (3.1) that F 8(m Aom 4)=(F om A)gm 4. Finally, since m g satisfies the
Stasheff identities, mp ° (mp o F)=(mp ° mpg) o F=0. O

We now recall the Homotopy Transfer Theorem written in terms of A.-algebras and give a
proof which do not use the bar construction inspired by the one in [8].

Theorem 3.14. Let (A,da), (B,dp) be dg vector spaces and f : A — B be a quasi-isomorphism of dg
vector spaces. Let mp € C(B) be an element of degree 1 with my;, = dp[1] that turns B into an A-
algebra. Then, there exists an Aoo-structure ma on A with m}4 = dall] as well as an A.-morphism
F € C(A, B) such that F! = f[1].

Proof. We will construct the A .-structure and the A,-morphism inductively. We already have
that mYy = da[l] and F! = f[1] satisfy the identities (SI') and (MI'). Consider n > 1 and



suppose that we have constructed m4 € C(A) of degree 1 and F' € C(A, B) of degree 0 such that
the identities (SI*) and (M1?) are satisfied for every i < n.
Since (1m.4 9ma)* vanishes for i < n by assumption, the n-th term of the identity is simply

dapyo (magma)™ = (magma)” odapnjen

which gives dca)(ma o ma)” = 0ie (magma)”isacycle.
Moreover, since (F' oma —mp o F)? vanishes for i < n the n-th term of the identity (3.3) is

Flo(mAgmA)n:(FgmA_mBZaF)nJadA[l]@”+dB[1]O(F8mA_mBAC/’[F)n

so Flo(ma om 4)" is a boundary. Since (m 4 om )" is a cycle and F'! is a quasi-isomorphism,
(ma g ma)™ is itself a boundary, meaning that there exists e € C"(A) such that (m4 g ma)" = de
where 9 denotes the differential of C(A, B). We thus define the element 4 € C(A) by uiy = ml
fori <mnand py =mf — e. It satisfies that (14 g a)' = 0 fori < n.

Moreover, by we have that (F g ma —mp o F)" is a cycle so it can be written as

(Foma—mpoF)"=foe +de”

where ¢’ is a cycle of C"(A) and e” € C™(A, B).
We set viy = p'y, Gt = Fifori <nand v} = p’y — €/, G = F" — e Therefore, since we have
only modified 114 by adding a cycle, we have (va 9 va)t = 0 for i < n. Moreover, we have that

(Gova—mp o G)" =) F ' o@id® @mi @id®)+ Flovi+ )  G"o(id®* @miy ®id®)
n1:<r+<s+t n=r+1+t

+ Y mbo(FU®---@F")+mhoG"
n=ui+--+u;
1>
= Fo(d® @mi @id®) 4+ Flo (uh — ) + (F" —e”) o dapen
n=r+s+t
1<s<n
+ Z m%O(Ful®..‘®F“i)+d3[1]o(Fn—€N)
n=u1+--+u;
i>1
=> " F o ([d® @ph ®id®) - Floe — e odypen
n=r—+s+t
s#0

+ Z miBO(Ful®“‘®Fui)7d3[1]06"

n=u1+--+u;
i>1
= (FgmAmeﬁF)"fFloe/fae”zo
so G satisfies the morphism identities (M I%) for every i < n. This finishes the proof. O

As proved in [8] we also have the statement in the other direction, namely, we have the follow-
ing theorem:

10



Theorem 3.15. Let (A,d4), (B,dp) be dg vector spaces and f : A — B be a quasi-isomorphism of
dg vector spaces. Let my € C(A) be an element of degree 1 with mY, = da[l] that turns A into an
Aco-algebra. Then, there exists an As-structure mp € C(B) on B with m}; = dp[1] as well as an
Aoo-morphism F € C(A, B) such that F* = f[1].

Proof. As in the proof of Theorem .14 we will construct the A .-structure and the A,.-morphism
inductively. We already have that mj; = dg[l] and F' = f[1] satisfy the identities (SI') and
(M1I'). Suppose that we have constructed mp of degree 1 and F' € C(A, B) of degree 0 such that
the identities (SI*) and (M1*) are satisfied for every i < n.

The n-th term of the identity applied with m p instead of m 4 is just

dppy o (mp omp)" = (mp omp)" odppjen

since (mp o m )" vanishes for i < n which gives that (mp omp)" is a cycle in C(B). Moreover,
the n-th term of the identity

(mBgmB)ﬁF:(mB&F—FgmA)gmA—&—mgg(mBJaF—FgmA)
gives that (mp ) mp)™ o F'is a boundary. As before, since (mp ) mp)"isacycleand F'isa
quasi-isomorphism, (mp om B)" is itself a boundary, meaning that there exists e € C"(B) such
that (mp o mp)" = de where 9 denotes the differential of C(A, B). We thus define uj; = m/ for
i <nand pf =mlp —eand get (up o up)' = 0fori <n. Again, (up o F — F gma)™ isacycle
and we can write

(up o F —Fomu)" =¢o (FHY®" 4 9e”

with ¢’ a cycle of C"(B) and ¢” € C™(A, B). Define vy, = p’;, G = F' fori < nand v = p’ — ¢,
G™ = F™ —e". Therefore, since we have only modified x by adding a cycle, we have (4 oV 4)t =0
for i < n. By the same argument as fo1i Theorem E we have that (G oma — VB o G)"=0s0G

satisfies the morphism identities (M I*) for everys < n. This finishes the proof. O

We now recall the definition of a minimal model of an A-algebra.

Definition 3.16. An A -algebra (B, mp) is minimal if m}, = 0. Given an A-algebra (A,ma), a
minimal model of A is a minimal A.-algebra (B, mp) together with a quasi-isomorphism P : A — B of
Aso-algebras.

We remark the well-known fact that minimal models of A-algebras always exist. Indeed,
given an A, -algebra (A,ma4), letp : A — H(A) be any quasi-isomorphism of dg vector spaces.
By Theorem [3.15] there exists an A..-structure on H(A) and a morphism of A..-algebras P : A —
H(A) such that P! = p[1]. Moreover, we recall the following result.

Lemma 3.17. Let (A, ma) be an Ao-algebra. Given any two quasi-isomorphisms of dg vector spaces
p:A— H(A)andi: H(A) — A, the Aso-structures m; and m,, on H(A) given in theorems [3.14 and
B.15|are isomorphic. In particular, given quasi-isomorphisms p,p’ : A — H(A) (resp. i,i' : H(A) — A)
the Aoo-structures my, and m, (resp. m;, m;) on H(A) given in Theorem (resp. in Theorem
are isomorphic.
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Definition 3.18. Let (A, my) and (B, mp) be Ax-algebras. We consider quasi-isomorphisms of complexes
ia: H(A) — Aand pp : B — H(B). Then, by Theorem [3.14 H(A) is endowed with an A-structure
m;, and i4 extends to an As.-morphism 14 : H(A) — A. Moreover, by Theorem H(B) is endowed
with an Aso-structure m,, and pp extends to an A.-morphism Pg : B — H(B). Given an As-
morphism F' : A — B, we define an Ao-morphism H(F) : H(A) — H(B)as H(F) = Pgo F o14.

Using the previous results, we deduce the following well-known theorem appearing for exam-
ple in [6].

Theorem 3.19. Let (A,my), (B,mp) be two A-algebras and F' : (A,ma) — (B,mp) be an A-
morphism. Consider quasi-isomorphisms i4 : H(A) — Aand pg : B — H(B) and the associated A-
morphism H(F) : (H(A),m;,) — (H(B),my,,) given in Definition [3.18 Then, if F is a quasi-isomor-
phism, there exists a quasi-isomorphism G : (B, mp) — (A, ma) of Axc-algebras and quasi-isomorphisms
ip: H(B) = B,pa: A— H(A)suchthat pa ois = idga), pp © i = idg(p) and whose associated
H(G) in the sense of Definition is the inverse of H(F).

4 Transferring pre-Calabi-Yau structures

4.1 Pre-Calabi-Yau algebras

In this subsection, we recall the notions of pre-Calabi-Yau structures and morphisms introduced
in [5] and show that a d-pre-Calabi-Yau morphism whose first component is an isomorphism is an
isomorphism in the category of d-pre-Calabi-Yau algebras.

Definition 4.1. Given graded vector spaces A and B and d € Z, we denote by Multiq(A, B) the graded
vector space
Multig(4, B) = [] [T Multiy"(4,B)
kEEN* (ny,...,nk)ETk
where Multi))'"* (A, B) = Homg(A[1]®™ @ --- @ A[1]®", B[—d]®*). To simplify, we will denote
Multig(A, A) simply by Multig(A).

The action of ¢ = (0n)nen € ], en-
element o - F' € Multiy(A, B) given by

Cpon F' = (F™ ") noere € Multig(A, B) is the

—1
L\ O o(ni,...,nk) o
(0-F) = TB[-d},...B[-d) ° O TaMI®n,. . A[1]EE

5o

for (n1,...,n1) € Tr. We denote Multiz(A, B)C* the space of elements of Multig(A, B) that are invariant
under the action of [[,,cx- Cn-

Remark 4.2. If (A, d ) and (B, dg) are dg vector spaces, Multiy (A, B) becomes a dg vector space, with dif-
ferential given by dypii,(a,B)F = dB[_d]®koF—(—1)|F|FodA[1]®(n1+m+nk>forF € Multij*"* (A, B).

Definition 4.3. A d-pre-Calabi-Yau structure on a graded vector space A is an element of degree 1
say1Ma € Multig(A)C*[d + 1] satisfying the identities (SI™"+) given by Y. E(D) + . E(D') =0
where the sums are over all the filled diagrams @ and D' of type (na, . .., ny) and of the form
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forevery (nq,...,ng) € Tg. This is tantamount to [Sqr1 M4, Sq+1Malnec = 0 where [—, —]nec denotes the
necklace bracket given as the graded commutator of the necklace product o introduced in [5]]. A graded
vector space endowed with a d-pre-Calabi-Yau structure is called a d-pre-Calabi-Yau algebra.

We now recall the definition of pre-Calabi-Yau morphisms as given in [5].

Definition 4.4. Let (A, sq+1Ma), (B, sa+1Mp) be two d-pre-Calabi-Yau algebras. A d-pre-Calabi-Yau
morphism F : (A, sq.1Ma) — (B, sqy1Mp) is an element s 1 F € Multig(A, B)“*[d + 1] of degree 0
satisfying the identities (M I™ ") given by > E(D) = > E(D’) where the sums are over all the filled
diagrams D and D' of type (n1, ..., ny) and of the form

N
forevery (nq,...,ny) € Ti. This is tantamount to sg41 F o Sq41Ma—sa+1Mp o Sa+1F = 0 where

the compositions o and o, denote the right hand side and left hand side of the equation respectively.

multinec

Remark 4.5. The identities (SI™) for n € N* are just the Stasheff identities given in Definition
Then, if (A, sq41Ma) is a d-pre-Calabi-Yau algebra the collection of maps (M}),en+ turns A into an
Aso-algebra and as before, (A[1], M) is a dg vector space. Moreover, a d-pre-Calabi-Yau morphism F :
(A, sqr1Ma) — (B, sq+1Mp) induces an A-morphism between the underlying A.o-algebras.

Definition 4.6. Let (A, sq+1Ma4), (B, sa+1Mp) and (C, sq+1Mc) be d-pre-Calabi-Yau algebras and con-
sider Sd+1F : (A7Sd+1MA) — (B,Sd+1MB) and Sd+1G : (B,Sd+1MB) — (C, Sd+1Mc) two d—pre—
Calabi-Yau morphisms. The composition of sq11F and s,11G is by definition the element s441Gosqp1 F
of Multiy(A, B)%* [d + 1] given by (8441G 0 8q41F)™" = 3" (D) where the sum is over all the filled
diagrams D of type (n1, ..., ng) and of the form
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Lemma 4.7. The data of d-pre-Calabi-Yau algebras together with d-pre-Calabi-Yau morphisms and their
composition give rise to a category denoted pCY ;. Given a d-pre-Calabi-Yau algebra (A, sqy1Ma), the d-
pre-Calabi-Yau identity morphism on A is the element of Multiy(A)[d + 1] given for (nq,...,ng) € Ty
by idapy if K = 1, n1 = 1 and by 0 otherwise. It will be denoted id s or simply by id when there is no
possible confusion.

Definition 4.8. Given d-pre-Calabi-Yau algebras (A, sqy1M4) and (B, sq+1Mp), we say that a d-pre-
Calabi-Yau morphism sq1 F @ (A, sqr1Ma) — (B, sa+1Mp) is a quasi-isomorphism if the map
sar1 F o (A[1], M}) — (B[1], M}) is a quasi-isomorphism of dg vector spaces. Moreover, sq1F is
an isomorphism if there exists a d-pre-Calabi-Yau morphism sq11G : (B, sq41Mp) — (A, sqr1M4)
such that 441G o sq11F = id 4, and sq11F 0 411G = idp.

Lemma 4.9. Let (A, sqr1Ma), (B, sq+1Mp) be d-pre-Calabi-Yau algebras and consider a d-pre-Calabi-
Yau morphism sq 1 F : (A, sa41Ma) — (B, 5411 Mp). If say1 FY : (A[1], sqs1 ML) — (B[1], sax1 Mb)
is an isomorphism of dg vector spaces, then sq11 F is an isomorphism of d-pre-Calabi-Yau algebras.

Proof. By Lemma we have already constructed maps G™ : B[1]™ — A[l] for every n € N*.
We now construct maps G™ " : B[1]¥™ @ ... ®@ B[1]®" — A[-d]®* for every k > 1 and
(n1,...,nk) € Tg. Consider k > 1 and suppose that we have defined the maps G*+% : B[1]® @
-+ ® B[1]®4 — A[—d]®* satisfying that (s411G 0 s4+1F)" % = 0 = (sq41F 0 s411G)"% for
every (iy,...,i;) € T;,j < k. We have

0,...0 _ 1\®k 0,...,0 0,...,0
(8a441F 05411G) = (Sa+1F")®* 0 5441G + Sa+1X

where x*0 is a sum of maps k — A[—d]®* such that the only components of 541G that appear

are sg1G% % where r < k. We thus define s411G% 0 = —(5441G")®* 0 54,1 x% 0. Consider
7 € Ty and suppose that we have defined the maps G*% : B1]¥" @ --- @ B[1]¥"* — A[-d]®*
satisfying that (s4+1G 0 sq41F)" " = 0 = (sq41F 0 s441G)" " for every i = (i1,...,ix) € T

with N (i) < N(ni). We have that (s4+1G 0 sq1 F)" = E(D1) + > E(D2) where D, is the unique
diagram of type 7 containing a disc of type 7 filled with G whose incoming arrows are shared with
discs of type 1 filled with F' and where the sum is over all the filled diagrams &, of type 7 and of
the form

respectively. Note that &, is the only diagram containing a disc of type n filled with G. Moreover,
diagrams involved in the previous sum ) £(%>) contain either only discs filled with F' having
one outgoing arrow or at least one disc filled with F' with several outgoing arrows. In the first
case, the terms only contain discs filled with G of type i € Ty, with N (i) < N (7). Indeed, the discs
filled with F' only have one outgoing arrow but there is at least one of them having more that one
incoming arrow. Then, there is at least one j € [1, k] such that i; < n;. In the second case, they
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only contain discs filled with G of type (i1, ...,7;) € T; and j < k since the total number of outputs
is k. This allows us to define s4.1G™ = — Y~ £(D) where the sum is over all the filled diagrams &
of type 7 and of the form

where the dotted arrows represent the map g. Note that we did not use the fact that F' is a d-
pre-Calabi-Yau morphism. Thus, there exists an element s,1 H € Multiz(A, B)“*[d + 1] such that
sq+1H 0 5441G = idp. Using the associativity of the composition, we get that H = F and thus
Sd+1G o Sd+1F = idA and Sd+1F o Sd+1G = idB.

It remains to check that s441G is a d-pre-Calabi-Yau morphism. By Lemma [3.9] the identities
(M1I™) are satisfied for n € N*. We now consider k£ > 1 and suppose that the identities (MI*) are
satisfied for every i € T; for j < k and consider nn € 7. Since s441F is a d-pre-Calabi-Yau mor-
phism, we have that s 1 F o sgy1Ma = sqy1Mp o sq+1F which gives >~ E(D) = > E(D)

multinec

where the sums are over all the diagrams & and 9’ of type 7 and of the form

and

respectively. Since sq11F o s44+1G = id, we have that Y £(9) = M}. Therefore, we have that
(54+1G o  sqp1Mp)™ =3 E(D]) + > (D)) where the sums are over all the diagrams of type

multinec

7 and of the form

15



and

respectively. We now show that 3" £(}) = 0. Suppose that the identity (MI?) is also satisfied
for every i € T; with j = k and N (i) < N(n). We then have that }_ (D)) = > £(D) where the
second sum is over all the filled diagrams &; of type n and of the form

Note that for the diagrams of type (0, ...,0) € 7; we only used the identities (M [ #) for i € T; with
j < k. Then, by induction and since (sq41F o 5411G)" = 0 for i # 1, we have that ) E(DL) =0so
s4+1G is a d-pre-Calabi-Yau morphism. O

4.2 Transferring pre-Calabi-Yau structures

In this subsection, we generalize the results of [§] to the case of d-pre-Calabi-Yau algebras. We
first define two different ways of composing maps and then give useful identities for the proof of
Theorem and Theorem

Definition 4.10. Let A and B be two graded vector spaces and consider sq11F € Multig(A, B)[d + 1].
Given sqi1 M € Multig(B)[d + 1] and sqy1H € Multig(A, B)[d + 1] we define the lower composition
of sq41 M and sy H with respect to sqi1 F as the element (sq1 M o Fsd+1H) € Multig(A4, B)[d+1]
such that S
N1yl
(Sd+1MsdleSd+lH> 25(%)

where the sum is over all the filled diagrams D of type (n1, ..., ny) and of the form
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Moreover, given 541 M’ € Multiq(A)[d+ 1] we define the upper composition of sq.1 M’ and sq1 H
with respect to s, 1 F as the element sq 1 H ‘0" 541 M’ € Multig(A, B)[d + 1] such that

(sar1H T s M) — 25(%)

where the sum is over all the filled diagrams & of type (n1, . .., ny) and of the form

Lemma 4.11. Let sqr1 M4 € Multig(A)[d + 1], sq+1Mp € Multiy(B)[d + 1] be two elements of degree
1 and consider sq11 F € Multig(A, B)[d + 1]. Then,

Sat+1Ma o (sa+1Ma o sqt1Ma) = (Sa41Ma © sa+1Ma) 0 say1Ma 4.1)

Moreover, we have that

s

F
(sa+1Mp 0 sa1F) 6" 541 My = sap1 Mp or Sa | o sap1Ma) (4.2)

multinec

and
F

Sd41
(Sa41F o sqpiMa) "0 sqpiMa =544 F

multinec

Proof. We first show (4.1). For every k € N* and i € Ty, left hand term is given by

(sa+1Ma o sq11Ma)

multinec

(sat1Ma o (s441Ma 0 S441Ma))"
=) E( D)+ D E( Do) =D E( D)+ D E(Da)+ D> E(Ds) + Y E(Dp)

where the sums are over all the filled diagrams &; of type 7 and of the form
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respectively. The minus sign before ) £(93) comes from the fact that the order of the first outgo-
ing arrows of the discs filled with M 4 have changed their order and that 5441 M4 of degree 1. We
have that Y £(D3) = > £(D2). Moreover, > £(Ds) = 0. Indeed, the two discs sharing an arrow
with the one with the bold arrow are filled with M 4 and are ordered by the labeling of their outgo-
ing arrows. There are two different cases: either the first disc is filled with the first M 4 appearing
in the identity or with the second one. Since s441 M4 is of degree 1, the second case gives rise
to a minus sign and the two cases then cancel each other.
We thus get

(sat1Ma o (sap1Ma o sas1Ma))™ =D E(D1)+ > E(Da) + Y E(Ds)
On the other hand, the right hand term is given by
((sa+1Ma 0 8441 Ma) 0 s441Ma))"
=D E(D) + D (DY) + Y E(BY) + Y E(DY + D E(DE) — Y E(Hp)

where the sums are over all the filled diagrams @ of type 7 and of the form

Again, the minus before £(%(;,) comes from the exchange of the order of two 5411 M. Moreover,
E(Dg) = (D)) and £(D)) = 0 for the same reason as £(Ds) = 0. We thus get

((sax1Ma © sas1Ma) o sa1Ma))™ =D E(DI) + Y E(Dh) + > E(DL)
Since (1) = E(Dy), E(Du) = £(Dg) and (D) = €(Dy), the identity is proved.

We now prove (£.2). First, note that ((sq4+1Mp o sap1F) 0 541 Ma)" = > E(D) where the
sum is over all the filled diagrams & of type n and of the form
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It is easy to check that (sq41Mp co (sar1F o sgp MA))T_L =" &(D) which proves
(4.2). Finally, we have that o

((sq1 F sa11Ma) i Say1Ma)" = ZS(@l) + 25(@2) + 25(953) + 25(%4) - 25(@5)

[}
multinec

where the sums are over all the filled diagrams of type 7 and of the form

respectively. Note that Y~ £(D4) = > E(Ds) and > E(D3) = 0, so that

((sar1F o sapiMa) 8" sqp1Ma)" = D E(D)+ Y E(D)

multinec

It is clear that

(sa+1F o (sar1Ma o sapiMa)" = E(D1)+ Y (D)

multinec
This finishes the proof. O

Corollary 4.12. Let sq11 M4 € Multig(A)[d+1], sq+1Mp € Multiy(B)[d+ 1] be two elements of degree
1 and consider sq 1 F € Multiy(A, B)[d + 1] of degree 0. Suppose that sq1Mp satisfies the identities
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(SI™) for each n € T. Then, the following holds.

sq41F
Sa+1F (sa+1Ma o sar1Ma) = (sa41F o sap1Ma —sit1Mp o sap1F) b sqy1Ma

O
multinec multinec

(4.3)

+ sa+1MB 0 Sd+1F Sd+1Ma — sq+1MBp o sa+1F)

( o
1 F multinec

Proof. 1t suffices to show that s41Mp JOr (sa+1Mp o s¢+1F) = 0. By definition, for 7 € T we
have (sq4+1Mp OuF ($q+1Mp o sq+1F))" = E(D) where the sum is over all the filled diagrams
D of type 7 and of the form

Then, sq11Mp oliF (sa+1Mp o Sa+1F) = (sar1Mp 9 Sa+1MB) o sq+1F which vanishes since
sq+1Mp satisfies the Stasheff identites by assumption. O

Theorem 4.13. Let (A,d4), (B,dg) be dg vector spaces and f : A — B be a quasi-isomorphism of dg
vector spaces. Let sq1Mp € Multig(B)[d + 1] be an element of degree 1 with sq1Mp = dp[1] that
turns B into a d-pre-Calabi-Yau algebra. Then, there exists a d-pre-Calabi-Yau structure sqi1 M4 on A
such that sqy1 MY = da[1] as well as a d-pre-Calabi-Yau morphism sq41 F € Multig(A, B)[d + 1] such
that sq 1 F* = f1].

Proof. We will construct the d-pre-Calabi-Yau structure and the d-pre-Calabi-Yau morphism induc-
tively. We already have the maps for k = 1 by Theorem [3.14] Consider k > 1, n € T} and suppose
that we have constructed sy+1M4 € Multig(A)[d + 1] of degree 1 and s441 F € Multig(A, B)[d + 1]
of degree 0 such that the identities (SI?) and (M I?) are satisfied for every i € 7 for j < k and such
that N(7) < N(n) if j = k. Note thatif 7 = (0,...,0) we only assume that the identities (SI?) and
(Mﬂ) are satisfied for every i € T, for j < k. Since (sqg4+1Ma O Sdi1 MA); vanishes for i € Tiifj <k
or j = kand N(i) < N(n), the term indexed by 7 in the identity is simply

daj—qet-Dgap) © (Sa+1Ma o sq11Ma)" = (sa+1Ma © sa11Ma)" o dgpjene

and we thus have that 9(sg+1Ma o Sa+1M4)™ = 0, where we have denoted by 9 the differential
of Multiq(A, B)[d + 1], i.e. (s4+1Ma o sq11Ma)" is a cycle.
Moreover, the term indexed by 7 of the identity (4.3) is

(FIN®* 0 (say1Ma o say1Ma)" = (sap1 F

O
multinec

Sd+1MA — Sd+1MB p?e Sd+1F)n ] dA[1]®N(n)

+dagen-ngap) © (Sar1F | o siy1Ma—sa1Mp 0 sap1F)"

multinec

since (sqi1F o  sqir1Ma — sq1Mp o $4+1F)" vanishes for i € Ty, if N(i) < N ().

multinec
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Then, (f[1])®% o (sq11M4 o Sa+1Ma4)™ is a boundary, and since (sq1+1Ma o Sa+1Ma)™ is a cycle
and f is a quasi-isomorphism, (sg41Ma4 0 Sdy1 M 4)™ is itself a boundary, meaning that there exists
E € Multi; (A) such that (sq41 M4 o 5411 Ma)" = (5441 E). We thus define 'y = M/, fori € T;
with j < korj=kand N(i) < N(n) and u; = M} — E. Then, (sat1/1a © sat1pa) = 0forie T;
with j < kor j = kand N(i) < N(7).

Moreover, by we have that (sg41 F o sit1Ma—sa1Mp O Sdt1 F)™isacycle so it
can be written as

(Sd+1F mul?inec Sd+1MA — Sd+1MB pCZe SdJrlF)ﬁ = (f[].])®n o Sd+1El + 8(sd+1E //)
where E’ is a cycle of Multig(A) and E” € Multig(A, B).

We set vy = uiy, G' = Fi fori € T; with j < k and for j = k and N(i) < N(7) and set
v = v — E', G" = F™ — E". Therefore, since we have only modified p 4 by adding a cycle, we
have (sqy 174 © S411va)’ = 0fori € T; withj < korj = kand N (i) < N (7). It is straightforward
to check that (1§2+]_G O Sat1Va — Sa+1Mp o, $q41G)™ = 0. O
Theorem 4.14. Let (A,da), (B,dg) be dg vector spaces and f : A — B be a quasi-isomorphism of dg
vector spaces. Let sq1 My € Multiz(A)[d + 1] be an element of degree 1 with sq 1M} = da[l] that
turns A into a d-pre-Calabi-Yau algebra. Then, there exists a d-pre-Calabi-Yau structure sqy1Mp on B
such that sq41 My = dg[1] as well as a d-pre-Calabi-Yau morphism sq1 F € Multiz(A, B)[d + 1] such
that sq 1 F' = f[1].

Proof. We will construct the d-pre-Calabi-Yau structure and the d-pre-Calabi-Yau morphism in-
ductively. We already have the maps for k = 1 by Theorem 3.15 Consider k > 1.

Suppose that we have constructed an element s;11Mp € Multig(B)[d + 1] of degree 1 and
sa+1F € Multig(A, B)[d + 1] such that the identities (SI°) and (MI?) are satisfied for every i € T;
such that j < kor j = kand N (i) < N(n).

The term indexed by 7 of the identity applied with sq1+1Mp shows as before that the ele-
ment (sq+1Mp o sqy1Mp)" is a cycle.

We now consider the following identity.

multinec

sq 1F
(sa+1MpB o sa+1MB) 2 Sa+1F =(sa+1Mp 0, Sa1F — 8411 F o sgraMa) Y8 sqy1Ma
' (4.4)

[e) (0] —
+ sa+1Mp 00\ F (sa+1MpB o, Sat1F — sq1 F Sa+1Ma)

(¢}
multinec

Its term indexed by 7 is

(Sd+1MB n(zc Sd+1MB)ﬁ o (f[l])@)(N(ﬁ)) = (5d+1MB p?c 5d+1F - Sd+1F (©] Sd_;,_lMA)ﬁ (¢] dA[l]@N(ﬁ)

multinec

+ ds_gpt-ngap) © (Sar1Mp O sat1F —sap1l” | o Sa+1Ma)"

multinec

singe (sq+1Mp ° Sat1F —sqp ' o sdHMA)Z vanishes fori € 7; if j < k or j = k and
N(i) < N(n).

Then, (s4+1Mp o sar1Mp)" o (f[1])®N () is a boundary, and since (s411Mp o sq+1Mp)Tisa
cycle and f is a quasi-isomorphism, (sq1+1Mp o Sq+1Mp)™ is itself a boundary, meaning that there
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exists F € Multi}(B) such that (sq 1 Mp o Sq+1Mp)" = 0(s441F). We thus define u% = Mé for
1€ T;withj <korj=kand N(i) < N(n)and u% = M% — E. Then, (sq+1/45 o Sap1pB)i =0
fori € T; withj < korj=kand N(i) < N(n).

Moreover, by we have that (sg+1 Mp o Sa41F — sap1 F' o Sa+1M4)™ is a cycle so it
can be written as

(3d+1MB p?e Sd+1F - Sd+1F 8d+1]\4,4)ﬁ = Sd+1E/ ] (F1)®N(ﬁ) + 8(Sd+1E”)

multinec
where E’ is a cycle of Multig(B) and E” € Multiy(A4, B).

We set vl = s fori € T; with j < kor j = kand N(7) < N(7), v} = v — E' and G* = F' for
i <n,G" = F™— E". Therefore, since we have only modified s4.1up by adding a cycle, we have
(sa+1vB © sat1vp)' = 0fori € T; with j < kor j = kand N(i) < N (7). It is straightforward to
check that (sq+1v8 o $4+1G — 84+1G o s441M4)™ = 0. This finishes the proof. O

multinec

4.3 Minimal models and quasi-isomorphisms of pre-Calabi-Yau algebras

We now remark that the previous results leads to the existence of minimal models for pre-Calabi-
Yau algebras and prove that any quasi-isomorphism of d-pre-Calabi-Yau algebras admits a quasi-
inverse.

Definition 4.15. A d-pre-Calabi-Yau algebra (B, sq11Mp) is minimal if M}, = 0. Given a d-pre-Calabi-
Yau algebra (A, sqr1Ma), a minimal model of A is a minimal d-pre-Calabi-Yau algebra (B, sq+1Mp)
together with a quasi-isomorphism P : A — B of d-pre-Calabi-Yau algebras.

As for the case of A-algebras we deduce from the previous results that minimal models of
pre-Calabi-Yau algebras always exist. Indeed, given a d-pre-Calabi-Yau algebra (A4, sq+1Ma4), let
p : A — H(A) be any quasi-isomorphism of dg vector spaces. By Theorem there exists an
d-pre-Calabi-Yau structure on H(A) and a morphism of d-pre-Calabi-Yau algebras P : A — H(A)
such that P! = p[1] is a quasi-isomorphism.

Lemma 4.16. Let (A, sqr1Ma) be a d-pre-Calabi-Yau algebra. Given quasi-isomorphisms of dg vector
spaces p : A — H(A) and i : H(A) — A, the d-pre-Calabi-Yau structures M; and M, on H(A) given in
Theorem {.13|and [4.14| are isomorphic. In particular, given quasi-isomorphisms p,p' : A — H(A) (resp.
i,7' : H(A) — A), the d-pre-Calabi-Yau structures M, and M, (resp. M; and M;) on H(A) given in
Theorem (resp. in Theorem[4.13) are isomorphic.

Proof. Consider quasi-isomorphisms p : A — H(A) and i : H(A) — A. By Theorem [.13] one
can define a d-pre-Calabi-Yau structure M, on H(A) as well as a d-pre-Calabi-Yau morphism Py :
A — H(A) such that P! = p[1]. Moreover, by Theorern one can construct a d-pre-Calabi-Yau
structure M; on H(A) and a d-pre-Calabi-Yau morphism I : H(A) — A such that I' = i[1]. Those
two constructions give isomorphic structures. Indeed, the composition P o I : (H(A), M;) —
(H(A), M,) is a d-pre-Calabi-Yau morphism such that (P o I)! is an isomorphism since H(A) is
minimal so P o I is an isomorphism of d-pre-Calabi-yau algebras by Lemma O

Definition 4.17. Let (A, sq+1Ma) and (B, sq+1Mp) be d-pre-Calabi-Yau algebras. We consider quasi-
isomorphisms of complexes is : H(A) — Aand pg : B — H(B). Then, by Theorem H(A) is
endowed with a d-pre-Calabi-Yau structure M;, and i, extends to a d-pre-Calabi-Yau morphism I :
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H(A) — A. Moreover, by Theorem [4.14| H(B) is endowed with a d-pre-Calabi-Yau structure M, and
pp extends to a d-pre-Calabi-Yau morphism Pg : B — H(B). Given a d-pre-Calabi-Yau morphism
F : A — B we define a d-pre-Calabi-Yau morphism H(F') : H(A) — H(B)as H(F) = Pgo F o l4.

Using the previous results, we deduce that any quasi-isomorphism of d-pre-Calabi-Yau alge-
bras admits a quasi-inverse.

Theorem 4.18. Let (A, sqr1Ma) and (B, sq11Mp) be d-pre-Calabi-Yau algebras and consider a d-pre-
Calabi-Yau morphism F : (A, sq41Ma) — (B, sq+1Mp). Consider quasi-isomorphisms is : H(A) — A
and pg : B — H(B) and H(F) : (H(A), M;,) — (H(B), M,,,) given in Definition[#.17} Then, if F is
a quasi-isomorphism, there exists a quasi-isomorphism G : (B, sq4+1Mp) — (A, sq+1M 4) of d-pre-Calabi-
Yau algebras as well as quasi-isomorphisms ip : H(B) — B, pa : A — H(A) such that paois = idg(a),
pp oip = idy(p) and whose associated H(G) in the sense of Definition [4.17)is the inverse of H(F).

Proof. Since F is a quasi-isomorphism, it induces by Lemma [4.9|an isomorphism of d-pre-Calabi-
Yau algebras H(F) : (H(A),M,,) — (H(B), M,,) which has an inverse denoted here by K :
(H(B), M) — (H(A), M;,). Considerip : H(B) = B,pa: A — H(A)suchthatpsois =idg(a)
and pp o ip = idy(p). By Theorem [4.13|and Theorem .14} those maps extend to d-pre-Calabi-Yau
morphisms Iy : H(A) — A, P4 : A - H(A), Ip : H(B) - Band Pg : B — H(B) such
that (P4 o I4)" = idg ) and (Pg o Ig)' = idg(py;1). Moreover, up to an automorphism of the
d-pre-Calabi-Yau algebra H(A) (resp. H(B)), it is possible to assume that P4 o I4 = id (resp.
Ppolp =id). Then G = 14 o K o Pp gives a quasi-inverse for F since by definition we have that
H(G)=PsoGolg=PyolpyoKoPgolg =K. O
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