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Abstract

We consider two uncoupled wave equations with potentials on an interval; they
both have the same Dirichlet boundary control at the left endpoint. First, we
discuss the conservative case, and by transmutation, we obtain a simultaneous
null controllability for the corresponding uncoupled heat equations. Afterward,
in the nonconservative case, we prove global Carleman estimates for the adjoint
system; the proof relies on the introduction of new variables, and the construction
of appropriate weight functions. Finally, using the Hilbert uniqueness method
of J.L. Lions, we solve the simultaneous boundary controllability problem. The
paper ends with some final remarks and open problems.
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1 Introduction

The exact controllability of wave equations has a history that stretches back to the late
sixties. The early progress on the topic mostly due to D.L. Russell and his collaborators
is quite slow, e.g. [8-10, 15, 40-46] but a steady development follows which reaches
a culminating point in the nineties thanks to the introduction by J.L. Lions of the
famous Hilbert uniqueness method aka H.U.M [33-35] in the mid-eighties. H.U.M
reduces the controllability problem for a given distributed system to obtaining an
inverse or observability estimate for the corresponding adjoint system. Within that
period of development, several methods were proposed in the literature to tackle exact
controllability problems for wave equations; the prominent ones are listed below, and
the interested reader is referred to the introduction of [52].

Those methods include:

® The multipliers method: it was introduced in control theory by Russell [45], and this
was later exemplified in many works, e.g. [1, 2, 8-10, 17, 18, 20-22, 24-26, 33, 35, 38,
55, 59, 60]. This technique is very flexible as long as the system is conservative, free
of lower order terms, and involves only constant coefficients. It becomes cumbersome
when either the coeflicients are nonconstant or there are general lower order terms
in the system; in this case, sharp constraints must be imposed on the coefficients
and lower order terms.

® The microlocal analysis method: this method was developed by Bardos-Lebeau-
Rauch [4] to tackle control issues for hyperbolic equations. They gave a general
sufficient and almost necessary geometric condition for exact controllability:
(GCQC): The set w is an admissible region for exact controllability in time T if every
ray of geometric optics enters w x (0,T) in a time less than T.



This method describes the optimal control region for exact controllability of hyper-
bolic equations with time-independent C'*° coefficients in general C*° domains. The
C requirements in [4] for both the domain and coeflicients was later relaxed in [7]
to C? for the domain and C? for the coefficients.

® Carleman estimates method: The Carleman estimate technique for global con-
trollability was initiated by Fursikov and Imanuvilov [14] in the framework of
parabolic equations. Its counterpart for hyperbolic equations was devised by Zhang
[67, 58] for the ordinary wave equation. Subsequently, Fu-Yong-Zhang [13] and
Duyckaerts-Zhang-Zuazua [12] adapted it to general hyperbolic equations. It is fair
to state here that the first precise Carleman estimate for the wave equation was
established by Ruiz [39] in the context of unique continuation for weak solutions
of the wave equation with a potential. It is worth noting that the introduc-
tion of precise Carleman estimates made it possible to study control problems
not only for wave equations involving general lower order terms, but also for
semilinear wave equations, including the case of nonlinearities with superlinear
growth, e.g. [5, 13, 19, 31, 48, 50, 57]. Other Carleman estimates for hyperbolic
equations were developed by Beaudouin-De Buhan-Ervedoza [5], Imanuvilov [19],
Lasiecka-Triggiani [26], Lasiecka-Triggiani-Zhang [31], Triggiani-Yao [53], etc.

¢ The Riemannian geometry approach: This method was developed by Yao [56] for
hyperbolic equations with C'*° coefficients and was subsequently relaxed to account
for C* coefficients and energy level first order terms by Lasiecka-Triggiani-Yao [29,
30].

Though for single wave-like systems much progress has been made as far as control-
lability is concerned, it cannot be said the same for systems of wave equations. In
the case of systems of wave equations, the notions of controllability that have gained
some traction are: the notion of indirect controllability and the notion of simulta-
neous controllability. In the case of indirect controllability, one wants to control a
multi-component system using a smaller number of controls than the number of differ-
ential equations involved, while simultaneous controllability involves multi-component
systems where the same control mechanism appears in each equation. Several contri-
butions exist in the literature about the indirect controllability of wave equations, e.g.
[1, 3, 11, 36, 48, 50].

The notion of simultaneous controllability was introduced in the literature by Rus-
sell in his study of the boundary controllability of Maxwell equations in rectangular
domains [47]. To solve that problem, he transformed it into a controllability problem

for a system of two uncoupled wave equations, one having the Dirichlet boundary



conditions while the other one had the Neumann boundary conditions. That simulta-
neous controllability result was later generalized by Lions [33, Chapter 5] to a larger
class of domains, and to uncoupled plate equations. As for the simultaneous internal
controllability of uncoupled wave equations (two or more equations), Haraux initi-
ated that work in [16], where he established some unique continuation results leading
to approximate controllability in all space dimensions. He also proved an exact con-
trollability result in one space dimension where the control region was an arbitrary
open subinterval of the interval under consideration, and he proved another one in
higher space dimensions where the control region was the whole domain under con-
sideration. The one-dimensional controllability result of Haraux was later generalized
to all space dimensions and under the Bardos-Lebeau-Rauch geometric control condi-
tion [4, 7] by the second author of the present contribution [49, 52]. A simultaneous
controllability result for uncoupled wave and plate equation was derived in [51]. One
may also mention the work by Zuazua [62] where the author discusses partial observ-
ability inequality for uncoupled dynamical systems; in his work, the author considers
two uncoupled dynamical systems having commuting principal operators, viewing the
second system as a perturbation of the first one. He also proves a simultaneous con-
trollability result provided that the final states of the adjoint system are suitably
related (see [62, p. 25]). The authors of the present work are unaware of simultane-
ous boundary controllability results for uncoupled wave equations other than those of
Russell and Lions mentioned above. The controllability problem that we shall tackle
seems new even in the conservative case. This explains why we start by providing the
proof of the observability estimate in that simpler situation, where multipliers tech-
nique can be used, before tackling the more technically involved nonconservative case.

Other than the obvious pedagogical benefits, doing this has the extra benefits:

® it enables us to cover the analogous problem for the heat equations,

® it gives us some insight into tackling the nonconservative case of interest to us.

Now, we are going to formulate our controllability problem. First, we introduce some
useful notations.

Let T > 0. Set V = {u € H'(0,1);u(0) = 0}, and denote by V' the topological dual
of V. Set @ = (0,1) x (0,T), and let a in L>=(Q).

Consider the following boundary controllability problem:

Given (y° y') in L%(0,1) x H=1(0,1) and (2% z') in L?(0,1) x V', find a control



function h in L?(0,T) such the solution couple (y, 2) of the following system

Ytt — Yaza + a(ac,t)y = 0 iIl Q7

2tt — Zzw +a(x,t)2 =0 in Q,

y(0,t) = h(t), 2(0,1) = h(t), y(1,t) =0, z(1,t)=0in (0,7),
y(70) = y07 yt(vo) = y17 2(70) = ZOa Zt('ao) = Zl)

(1.1)

satisfies

y(,T)=0,4%(,T7)=0, =z2(.,T)=0,z(.,T)=0. (1.2)

Remark 1.1. Some comments are in order.

Notice that, for all (y°,yt) in L?(0,1) x H=(0,1), (2°,2%) in L?(0,1) x V' and h
in L?(0,T), System (1.1) is well-posed; this can be established using the method of
transposition as described in Lions-Magenes [32, Vol. 1]. More on this in Section 4.
Returning to the controllability problem, we point out that, if such a control exists,
we say that System (1.1) is exactly controllable in time T. Note that given the time
reversibility of the wave equation, null controllability and exact controllability are
equivalent; this means that if a control exists that steers the system to equilibrium in
time T, then there exists a control that can steer it to any desired state in time T.
Given that the speed of propagation is finite, the controllability time must be large
enough; in the present problem, the controllability time T is greater than 4, which
is the double of the time needed to control from one endpoint a single wave equation
with speed of propagation one. This controllability time is in agreement with the
controllability time for an uncoupled system of two wave equations discussed in [33,
Chaper 5].

The fact that the control is at the left endpoint is not important; provided we switch
the boundary conditions, the boundary control may be placed at the right endpoint.
However, notice that if we use the Dirichlet boundary conditions at the left endpoint,
and place the control at the right endpoint, then this is similar to what is done
in Lions’ book in the conservative case (a = 0 in Q) [33, Chapter 5]. This latter
controllability problem in the nonconservative case requires a different approach than
the one that we will develop to solve the problem at hand, and will be dealt with in
a subsequent contribution.

An attentive reader should have noticed that we are using the same potential function
in both equations. This is due to the fact that we are unable to establish Carleman

estimates for the adjoint system in the case of two different potential functions. In



the latter situation, there are lower order terms that appear on the right side and
that cannot be absorbed by the left side, given the structure of the weight functions.
More on this later on.

Remark 1.2. One may fairly wonder why we choose to use different boundary con-
ditions at the right endpoint. In other words, can we solve the simultaneous control
problem for the system (1.1) if both y and z satisfy homogeneous Dirichlet bound-
ary conditions at x = 1, or both satisfy homogeneous Neumann boundary conditions
at x = 1?2 This is not possible. To help the reader understand our answer, we
find it useful to expound on the method for solving this simultaneous controllabil-
ity problem. To solve the simultaneous controllability problem at hand, we implicitly
transform it to an indirect controllability problem for the new variables S = y + z
and D = y—z. We say, implicitly, because we do not do this on the primal problem,
but rather on the dual one. Now, it is easy to check that the S-system is controlled
while the D-system is uncontrolled. When the boundary conditions at the right end-
point are distinct, the (S, D)-system is coupled at the right endpoint, so the effect of
the control is transmitted to the D-system through the coupling; this enables us to
control the (S, D)-system and finally the initial system (1.1). If the boundary condi-
tions at the right endpoint were the same, the (S, D)-system would be uncoupled; in
particular, the D-system would be conservative, precluding us to control either the

(S, D)-system or the original (y, z)-system.

We can now state our first result:
Theorem 1.3. LetT > 4. Let (y°,y') in L?(0,1)x H1(0,1) and (2°, 2') in L?(0,1) x
V'. Let a in L°°(Q). There exists a control function h in L*(0,T) such that the solution
couple (y, z) of System (1.1) satisfies (5.5).
Furthermore there exists a positive constant Co, that depends on T and ||a||L () only,
such that

7|22 0,1 < Co {||y0||L2(0,1) + ||y1HH*1(0,1) + ||ZOHL2(O,1) + ||Zl||V/} . (1.3)

To prove this theorem, we shall rely on the Hilbert uniqueness method (H.U.M)
of Lions [33], which reduces solving the controllability problem to establishing an
inverse inequality for the adjoint system corresponding to System (1.1). The rest of
the paper goes as follows: In section 2, we introduce the adjoint system and prove
the observability estimate in the conservative case. Section 3 is devoted to proving
Carleman estimates for the nonconservative adjoint system; this is where the main
contribution of the paper appears. In Section 4, we discuss the well-posedness of a
system like (1.1), and prove Theorem 1.3. Section 5 deals with some final remarks and

open problems.



2 The adjoint system and an observability inequality

Consider the following adjoint system

Ut — Uz + a(x,t)u =0 in Q,
Vgt — U + a(z,t)v = 0 in Q,
u(0,t) =0=wv(0,¢t), wu(l,t)=0,v,(1,¢t)=01in (0,7,
u(, T) =u® w (., T) =ul, v, T)=2" v(,T) =0l

where

e’ e H}0,1),2° €V,

oyl vl e L%(0,1).

It is well known that System (2.1) is well posed, namely, for every T > 0 and all
(u®ul) in H}(0,1) x L2(0,1) and (v°,v1) in V x L?(0, 1), this system has a unique

solution couple (u,v) with
(u,v) € C([0,T]; Hy(0,1) x V)N C* ([0, T); L*(0,1) x L*(0,1)).

Introduce the energy functional E defined by
1 /1
BE(t) = 5/ {lue(a, ) + |uz (2, 1)1 + Jop(2, 1) + Jou (2, 1)|*} do, Yt € [0,T].
0

For the conservative adjoint system (¢ = 0 in @), we have the following observability
result:

Proposition 2.1. Let T > 4. Assume that a = 0 in Q. There exists a positive constant
Co, that depends on T only, such that for all (u®,u') in H}(0,1)x L?(0,1) and (v°,v!)
in V x L?(0,1), the solution couple (u,v) of System (2.1) satisfies

T
E(0)=E(T) < CO/O |z (0,1) + v, (0, 1) dt. (2.2)

To prove this result or the Carleman estimate in the nonconservative case, an
important step, in the opinion of the authors of this work, is to introduce appropriate
new variables. For this purpose, the couple (u,v) being any solution of System (2.1),

set
p=u-+v, ¢q=vV—uU.

One readily checks that the functions p and ¢ satisfy the following system involving

Kirchhoff boundary conditions at the right endpoint



pit — oo +a(z,t)p=01in Q,

Gtt = Qzz +a(r,t)g =0 in Q,

p(0,t) =0 =q(0,1),

p(L,t) =v(1,t) = q(1,1), pu(1,t) = uz(1,t) = —qx(1,t) or (2.3)
pz(1,t) + ¢,(1,¢t) =0 in (0,7),

p(,T) =u’ +2° p(.,T) = v +ul,

q(., T) =0 —u ¢ (., T) = v! —ul,

Proof of Proposition 2.1 One proves the proposition for data

(u’,u') € (H?(0,1) N Hy(0,1)) x Hy(0,1) and

(0%,0") € (H?*(0,1)NV) x V, (2.4)
and one derives the proposition by using a density argument. Under the latter assump-
tion on the data, it is known that the corresponding solution couple (u,v) of (2.1)
with a = 0 in @ satisfies

(u,v) € C([0,T); (H(0,1) N Hy(0,1)) x (H*(0,1)nV)) N CH([0,T]; Hg(0,1) x V),

so that all the computations that follow are justified.
Let the data satisfy (2.4), and let (p, ¢) be the corresponding solution couple for System
(2.3).

Multiply the first equation in (2.3) by 2(z — 1)p, and the second equation by 2xq,,

and integrate by parts to derive

1
2/ (x — Dpeps dm] / / x —1)(p? + p?), dxdt = 0, (2.5)
0

and

1 T T 1
2/ Qe dx| — / / x(q? + ¢2), dxdt = 0. (2.6)
0 o Jo Jo

Reintegrating by parts yields

1
2/ (x—lptpxdx
0

//pt-i-pm ) dxdt = /pw(O,t)th, (2.7)



and
T
0

1 T T
2 / P - / / (¢ + ¢2) dudt = / (qe(1,0) + qu(1,0)2) dt
0 0 0 0

T
- / (1,62 +pa(1, 02 dt,  (28)

where in the last equality, we have used the boundary conditions at the right endpoint
in (2.3).
Now, we need to eliminate the boundary integral at x = 1. To this end, multiply the

first equation in (2.3) by 2xp, and proceed as above to derive

1
0

T T M T
+/ /(pf+pi)dzdt:/ (pe(1,8)% 4 pe(1,)?) dt. (2.9)
0 0 0 0

The combination of (2.8) and (2.9) yields

1 T T 1 1 T
2/ 2qiqy dx| + / / (¢ + ¢2) dadt = 2/ TP AT
0 0 o Jo 0 0

T 1
+ / / (P} + p3) dadt. (2.10)
0 0

Multiplying (2.7) by 2, and adding the resulting equation to (2.10), we find

1 T T A
2/ ((x — 2)pipe + 2qrqe) dz|  + / / (07 + @ + P + ) dadt
0 0 0 0

T
:2/ p2(0,1)? dt, (2.11)
0
By the Cauchy-Schwarz inequality, it follows, for every t in [0, T):
1 1
2 [ (o= Dps + aga) . 0do < [ (@00 +02) + (a? + ) (o t) do
0 0

1
<2 / B+ @+ 2+ ) (e t) da (2.12)
0

1
< 4/ (u? + v +u? + %) (x,t)de < 8E(t) = 8E(T).
0



One then readily derives

T

2/0 ((x = 2)pepe + 2G1q2) dm] < 8(E(T) + E(0)) = 16 E(T). (2.13)

Gathering (2.11) and (2.13), and using the fact that

T r1 T r1
[ [ @t erteaydoe=2 [ [t ob i+ o2) dodt = a7 (D),
0 0 0 0

it follows .
AT~ HBE(T) <2 / pa(0,8)2 dt,
0

hence the claimed observability estimate, for every T'> 4. 0O

Remark 2.2. Thanks to Lions H.U.M., the observability estimate of Proposition 2.1
leads to the existence of a boundary control h in L*(0,T) for System (1.1) with a = 0.
Using the transmutation method of Miller [37], one derives that there exists a control

g in L?(0,T) for the following parabolic system

Xt = Xaz = 0 in Q,

Gt — Cez = 0in Q,

x(0,2) = g(t), €(0,t) = g(t) in (0,T), (2.14)
x(1,t) =0, (,(1,t) =0 in (0,7),

x(-,0) = x" € L*(0,1), ¢(.,0) =¢% € L*(0,1),

such that x(.,T) =0 and {(.,T) = 0.
Indeed, let L > 4 and introduce the following function p, solution of the one-

dimensional heat equation

{ pr — pss =0 in R x (0, 00), (2.15)

p(.,0) =4, p(,T) =0,

where § denotes the Dirac mass at t =0 and p(z;t) =0 in R?\ [(=L; L) x (0;T)].
Now we have the existence of a control h in L?(0,L) such that the solution couple

(y,2) of the following system

Yss — Yz = 0 in QL = (O, 1) X ((),L)7

Zss = Zee = 010 Qr,

y(0,8) = h(s), z(0,s) = h(s) in (0, L), (2.16)
y(1,8) =0, 2z,(1,8) =0 in (0, L),

y(,0) = x°, ys(-,0) =0, 2(.,0) = ¢, 2(.,0) =0,

10



satisfies

y(,L)=0,ys(,L)=0, =z(.,L)=0, z(.,L)=0. (2.17)

Define the extension £ of y by reflection about s = 0, so that {(x,s) = y(z,s) = (z, —s)
for all (z,s) in (0,1) x (0, L). Simillarly, define the reflection of z Set

A t) = / p(s,0)e(z,5)ds, C(a,t) = / p(s.)(x, 5) ds,

and
olt) = / o5, 1)h(s) ds.

One readily checks that the couple (x, () solves (2.14) and satisfies x(.,T) = 0 and
¢(.,T) =0, as claimed above.

3 Carleman estimates

In this section, we are going to state our main result, which is a Carleman estimate for
System (2.1), and to prove it, we will need two Carleman estimates for System (2.3).
The first Carleman estimate for System (2.3) is established under the condition that
all initial and final displacements be zero. The second one deals with the case where
the null displacements constraint is dropped.

Carleman estimates always depend on appropriate weight functions. We are going to

introduce the weight functions to be used in our Carleman estimates now.

3.1 Weight functions and statement of the main result
For every j = 1,2, set
7\ 2
Vi, t) =rj(@) — p (t - 2> +K
where > 0 and K > 0 are constants. The constant K is chosen large enough so that
¥i(x,t) > 1, forall (z,t) € [0,1] x [0,T]. The functions r;, (j = 1, 2), are quadratic

polynomials satisfying:

ri(l) =ra(1), (1) =-ry(1), /(1) =ry(1), (3.1)
ri(xz) <0 and 75(x) > 0 for all z € [0,1]. (3.2)

11



A basic class of functions ry and ro satisfying all those requirements is given by

ri(z) =mz® — (dm+n)z+4m+2n  and  ro(z) = ma? +nx, Vre[0,1],
(3.3)

where m > 0 and n > 0 are arbitrary constants.

Those two functions may be used in the proof of our first Carleman estimate given in
the subsection 3.2, and which is valid for all T' > 0. Notice that this time relaxation is
possible because the null displacements constraint is enforced at the initial and final
time. When the null displacements constraint at the initial and final time is dropped,
the time T must be large enough, and a refined set of functions r; and ro will be used
in that case.

An attentive reader may wonder why we introduce these new weight functions instead

of using the standard one (z—1)2—p [ t — 37 ) To answer this question, we recall the

conservative case. In that case, we rely, not only, on the usual multiplier (z — 1), but
also on this one, . This was already an indication that, for the Carleman estimate,
the standard weight might not work for both components p and ¢ of the modified
adjoint system (3.7). When proving our first Carleman estimate below, we encounter
unwanted boundary terms that must be discarded. Using the two functions r; and o
satisfying the constraints (3.1) and (3.2) enables us to achieve that goal (see J} to Jj,
in pp 22-24). Notice that we may pick fixed values for both constants m and n, for
instance, we may set m = 1 = n, but we want to emphasize that there is an infinite
family of functions that meet our constraints (3.1) and (3.2). In particular, having
such a family handy allows us to select the appropriate constants m and n to meet
our need (see Section 3.3 about our improved Carleman estimate).
Let A > 0. Define for every j = 1,2,

pj(,t) = @D,

Let a in L™(Q). Set &, = {(u,v) € (HI(Q))2 TUs — Ugy +aU = 0, Vg — Vg +av =
0, u(0,t) = v(0,t) = 0, u(1,t) = 0 and v,(1,¢) = 0in (0,7)}. Notice that one can
readily check, using a density argument, and the multipliers technique that for each
each T > 0 and each couple (u,v) in &,, one has u,(1,.), u;(0,.) and v,(0,.) all lie in
L2(0,T).
Let r € C?([0,7T)) be a suitable cutoff function. Our main result in this work is the
following
Theorem 3.1. Let T > 4. Assume that a lies in L>°(Q).

There exist two constants C > 0 and s; > 1, such that for every s > s1, any couple

12



(u,v) in &, satisfies the Carleman estimate
s/ (uf +ul 40+ fui)ezs“’2 dxdt 4 s* / (u2 + v2)e2s“"2 dxdt
Q Q
T 2
+ s/ rzapz(O,t) (Um(O,t) — u$(0,t)) e25¢2(0:1) gy (3.4)
0
r 2
<Cs / 01(0,8) (1 (0, £) + va (0, £)) 2251 O .
0

Remark 3.2. The following unique continuation result readily follows from Theorem
3.1:

V(u,v) € Euy  uz(0,t) +v,(0,8) =0, a.e. t € (0,T) = u=0, v=01inQ.

As our proof of the Carleman estimate in the following section will show, provided one
switches ¢y and s in the definition of p1 and ps in the proof of Proposition 3.4, one
can obtain the following result:

Theorem 3.3. Let T > 4. Assume that a lies in L>°(Q).

There exist two constants C' > 0 and s1 > 1, such that for every s > s1, any couple

(u,v) in &, satisfies the Carleman estimate
s/ (uf +ul v+ vg)e%‘” dxdt + s* / (u2 + Q)Q)e%“”? dadt
Q Q
r 2
+ s/ r%02(0,t) (v2(0,t) + us(0,t)) e25¢2(00) gy (3.5)
0
r 2
<Cs / ©1(0,) (ug(0,1) — v5(0, 1)) "> 0 gt
0

3.2 A global Carleman inequality

Set S = {(u,v) € (HY(Q))” ;utt — taw € LA(Q), vit — via € LA(Q), u(0,£) = v(0, t)
0, u(1,t) = 0 and v,(1,¢) = 01in (0,7, u(x,0) = u(z,T) = v(z,0) = v(z,T)
0in (0,1)}.

Proposition 3.4. Let the weight functions ¥; and @; be defined as above for every
j = 1,2. Then there exist three constants A\g > 1, s > 0 and C > 0, such that for
A= N, s = s0 and for all (u,v) € S, the following inequality holds

3)\/ o1 (ve + Ut)2 + (vs + um)Q}eQS“’ldazdt (3.6)
Q

+ 5)\/ o2 [ (v — Ut)2 + (ve — ux)z] e25P2 dxdt
Q

13



+53)\3 / o3 (v+ u)zezswldxdt +53)\3 / o3 (v— u)ze%“’?dxdt
Q Q
T 2
F0 [ oa(0.0(w0,)  ws(0,8)) o0
0

<c(/5%%%ma+/cﬂ%wmm
Q Q

T
+ S/\/ ©1(0,) (v2(0, ) + Um(O,t))ZeQS%(O’t)dt),
0

where F' = uyy — Ugy + Vit — Vpze and G = vy — Vg — (utt — um)

Proof. Let (u,v) in S. Set p = u + v and ¢ = v — u. Then the couple (p, q) satisfies

the system
Ptt — Pz = Fin Qv
qtt — Qza = G in Q7
p(0,t) = 0 =q(0,1), (3.7)
P(lat) = q(17t)7 pz(lvt) + qz(lﬂt) =0in (O,T)7
p(70) :07 p(aT) :07 q(70> :Oa q(uT) :07
Set
p=pie *1 and q = pye” *¥2. (3.8)

Using (3.8), we are going to write (3.7); in terms of p; and (3.7)2 in terms of ps.

Elementary calculus shows that

Ditt — Dizz — 25A@1 (7/11tplt - 7/11zplx)
— s (Y18t — V1wa) 101 — SN (Y1, — ¥3,) w1p1 (3.9)
+ 8202 (0, — 03, Jpr = 1 F in (0,1) x (0,7),

and similarly

[Pztt — P2ga — 285Ap2 (1/J2tP2t - 1/J2zp2x)
— A (V2ur — Voua) P22 — SN (V3 — 13,) 2p2
+ 82023 (3, — 03, )2 = G in (0,1) x (0,7).

Now, we write (3.9) as
Mipy + Mapy = Fe®#* + Rpy in (0,1) x (0,T) (3.10)

14



where

Mip1 = puae — Praa + $°A%07 (wi - w%m)plv
Mopy = (n—1)sA (¢1tt - 1/J1m><P1p1

— s\ (v — ok, )p

— 25Ap1 (¢1tp1t - ¢1zp1:r)7

Rpy = —nsA ("/Jltt - ¢1xag> Y11,

71 being a positive constant to be determined later on. Taking the L?—norm of each
side of (3.10), we find

/\Mlpl\zdzdtJr/ \szl\zdzdtJrQ/ Mllegpldxdt:/ |F65“’1+Rp1|2dxdt.
Q Q Q Q
(3.11)

One checks that

2/ Mipy1 Mopydadt= 2sA(n — 1)/ Ditt <¢1tt - 1/)1m)</71p1d33dt
Q Q
—25)\2/ Y1 (%/th - %fffx)Plttpldl‘dt
Q
*45>\/ D1ttP1 (¢1tp1t - Ufmplm) dadt
Q
—2sA(n—1) / Plaz (wm - z/fm) p1prdadt
Q
425 [ (4, ~ ) praaprdoc
Q
"‘45)‘/ Y1 (1/11t]91t — 1/11@p1z>}71md$dt
Q
+283)\3 (’17 — 1)/ SOZI) (¢1tt - 1/119:1;) (1/}%5 - 1/’%z>p§d$dt
Q
2
~250 [ gt (08 - u2.) pldade
Q
15 [ (e = o) (48, - 02, ot
Q

The main idea is to bound from below the cross-product term by positive quantities,

and pass negative quantities that cannot be absorbed to the right side.

15



T
Now, we set 2/ / Mipi Mopidzdt = 11 + - - - + Iy. Using elementary calculus, we

0o Jo
are going to find all the terms I;s.

I = 2s\(n — 1)/ D1t (%tt - 1/1195;1;) p1p1dxdt
Q
B 2
= —2s\(n — 1)/ V1 (1/)1“ - ¢1zz>]91td$dt
Q

—2sX*(n—1) /Q 114 ("/Jltt - ¢1M)P1tp1d$dt

= I + Lia,

since Y144 (2,t) = Y1gae(x,t) = 0 and py(x,0) = p1(z,T) = 0.
Computing I 5. We have

Ilg = —8)\2(7’] - 1)/ <P1¢1t (wltt - ¢1I1) (p%)tdxdt
Q
=s\3(n—1) / @1¢%t (¢1tt - wm)p?dmdt
Q
+ s\ (n—1) / ©1¥1¢8 (1/)1:516 - 1/11m)17%d93dt-
Q

Consequently, we can write
I = —2sA(n - 1) / o1 (1 = iz )P dudt
Q
#X = 1) [ orod (duie — v o
Q
+s\(n — 1) / P11 (dﬂtt - wlmx>p%dl'dt. (3.12)
Q

Similarly, we have
Iy = —25)\2/ ©1 (?/J%t — w%x)plttpldxdt
Q
= 25)\2/ 1 (77/1% - ﬂ;fm)pidxdt
Q
+ 4s)\? / 11 P1epreprdadt
Q

"‘23)\3/ 8011/11t<¢%t _T/J%I)pupldxdt
Q

16



= Ip1 + Izp + Io3

since (¢2,)¢(x,t) = 0 and py(z,0) = p1(2,T) = 0.
Computing Iss and Is3. We have

Iy = 25)\2 /Q 0101001 (p?)edadt = —25\3 /Q 0101002 prdxdt — 25\* /Q 0103, prdadt

since wlttt (LE, t) =0.
Similarly,

I3 = 8>\3/ V1914 <¢%t - Qﬁfm) (p})edadt
Q
Y /Q o1 (03, — w2, ) phdadt
= o8 [ prna (4, — 03, Jptdndt 2530 [ orinvtatdsds
Q Q
= —s)\4/ o1 prdrdt — 35)\3/ 1107, p} ddt
Q Q
+ s\? / o133 prdedt 4+ sA\3 / O1U1 43 prdadt.
Q Q
We can now write I as
I = 25/\2/ ©1 (d’%t - 7/’%x)p%tdxdt
Q
— 5sA3 / ©101)? prdadt — 250> / 0103, prdadt
Q Q
ot [ prtatdudt+ X [ ontotptdeds
Q Q

+ s\? / ©1010)? prdadt. (3.13)
Q

I3 = —48)\/ 1 (1/)1tp1t - 1/)1mp1z>]91ttd$dt
Q
= —28)\/ ©1U1:(p3; ) eddt + 48)\/ P1YV12P1aP1redadt
Q Q
1 T
= 723)\/ [(gplwltp%t)(x, )} . dx + 25)\? / 0193, pt dadt
0 Q

+28>\/ <P1wlttp?tdxdt_43)\/ P1Y1zP1atPredadt
Q Q

17



—43)\2/ 1112 prapredadt
Q

— 131 + 132 + I33 + 134 + 135.

since p1(z,0) = p1.(z,T) = 0. Computing I34 gives
—45)\/ 112 P12t P1edxdl = —23>\/ ‘lelw(p%t)wdmdt
Q Q

T
= 725)\/ [gpﬂ/}lzpi} (1,t)dt
0

—1—25/\2/ wlwpr%tdxdt—k%x\/ wlwlmlp%tdacdt,
Q Q

since p1:(0,t) = 0. Thus, we have
1 T T
I = —23)\/ {((mwltp%t)(a:, .)}0 dx — 28/\/ [golwlwp%t} (1,t)dt
0 0

+ 25)\2/ aplw%tp%tda:dt + 28)\/ <p1w1ttpftdxdt
Q Q

+ 28)\2/ npld)iﬂp?tdxdt + 23)\/ wlwlwwp%tdxdt
Q Q

—43/\2/ P11 Y12P12P1cdTd. (3.14)
Q

14 = —28)\(’17 — 1) / Pizx (’(/Jltt - wlmx>4plpldmdt
Q
= 2sA(n — 1)/ 1 <¢1tt - 1/)1m>p§zd$dt
Q
+2sM\%(n— 1) / Y110 (¢1tt - 1/119;90)1?1a;p1dxdt
Q

—2sA(n—1) /T [501 (1/)1:&15 - ¢1m)P1mP1} (1,t)dxdt

0
= Iy + Luo + Iu3.

since p1(0,t) = 0. Computing Io, we get
Ip = sA\*(n — 1) / P1Y14 (dﬂtt - ¢1m) (p})wdadt
Q

=s\(n—1) /OT {9011/11@« <¢1tt - 1/J1m>pﬂ (1, t)dt
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=3 =1) [ ervh (v = v s
Q

- 5)‘2(77 - 1)/ V1122 (T/Jut - ¢1zz)p%dxdt
Q
since Y1444 (2, t) = Y1402 (2,t) = 0. Thus, we obtain

Iy =2sA(n—1) /Q 1 (ﬂ’ltt - ¢1m)P%zd$dt
=X 1) [ oot (bra — e e
—s\(n - 1) /Q Prb1as (Vi = Vias )pidedt
<o -1) [ [t (v — v )2 (0, 0

—26A(n — 1) /OT [501 (Wt _ ¢1m)p1xp1} (1,t)dxdt. (3.15)

15 = 25}‘2/ ¥1 (w%t - w%r)plzmpldxdt
Q
= —25)\2 / o1 (wi - wfz)pfzdxdt

Q

— 28)\3/ 112 (T/J%t - ¢%z)p1xp1dffdt
Q

+ 4s>\2/ C1U1zeV12P1op1d2dl
Q

+ 25)\2 /OT {@1 (wi - w%m)plmpl} (1,t)dt

= I51 + Is2 + Is3 + Iss
since (¢%,)z(x,t) = 0 and p;(0,t) = 0. Computing I5o and I53, we have
Isy = —s\® /Q P11z (%D%t - 1/151) (p})odadt
= o [ et (v — o oo

+ S)\3 /Q (lelrm (w%t - w%m)p%d‘rdt - 2S>\3 /Q wlwlxmw%mp%dxdt
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T
x| v (v - v ot (L oy
0
= —s\* / 010}, prdrdt — 3s\3 / 01012203 Pl dxdt
Q Q
+ s\ / 0103 Y pidrdt + s\3 / 01012203, P2 dxdt
Q Q
T
- S>‘3/ |:<)01¢1£C (1#%: - w%x)pﬂ (lat)dt’
0
and
Iss = 25)\2 / 112010 (P?) pdadt = —25)\3 / 01012207, pidadl — 25\* / 0101, pidrdt
Q Q Q

T
+ 25\ / {‘lelwzd)lmp%] (17 t)dt
0

since Y142, (x,t) = 0. Hence,
s =25 [ (4, — 2,k o
Q
— s\t / 0101, prdxdt — 5s\3 / ©1U10003 Pl dxdt
Q Q
e /Q 12, 02 pRdudt + 5N /Q 1R pdudt
— 25)\2/ (plwfmp%dxdt
Q
T
x| v (v - v )t (L 0y
0
T
—+ 28)\2 / [<p1¢1m¢11pﬂ (la t)dt
0

+ 252 /OT [% (% _ ¢,§x)p1xp1} (1,¢)dt. (3.16)

Ig = 45)\/ ©1 (1/11tp1t — ¢1mp1m)p1md$dt
Q

T
= 45)\/ {W1¢ltp1tplw:| (1,t)dt
0

—45)\2/ ©1U12P12P1eP1edxdl
Q
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_43)‘/ PC1Y1eP1ztP1cdadt
Q

—25)\/ golwlm(p%z)zdxdt
Q

- 161 + [62 + 163 + 164.

since Y14, (x,t) = 0, p1£(0,t) = 0 and p1.(z,0) = p1.(z, T) = 0. We can write that

Igs = —25/\/ <P1¢1t(p§g;)tdxdt
Q

=2s)\2/ wlzbftpfwdxdt—k%/\/ @1¢1ttp%wdxdt,
Q Q

and

1

Tos = —25) /0 ' [(%wupi)(.,t)}odt

+QSAQ/nglwpr%mdmdt+28)\/Q<p1wlmp%wdwdt.

Consequently,

T

T 1
Is = 45) / [ervupupre (1, 6)dt — 252 / [(rvnapd,) ()] at
0 0
*45)\2/ P1Y12P12V1ep1redadl
Q
+23)\2/ <p1wftp%1dmdt+2$)\/ golwlttpfzdxdt
Q Q

+ 252 / o103 prodadt + 25\ / 01010203 pdxdL. (3.17)
Q Q

No computations needed for the next two terms.

I = 25°\( — 1) /Q & (Y1t = V1aa ) (03, — v, ) phdaat

Iy = —2:5\ /Q o (v~ 03,) P, (3.18)
For the last term, proceeding as above, we find

Iy = —453)\3 /Q o3 (¢1tp1t - ¢1:¢p1m) (%b%t - U’%x)]?ldffdt
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N /Q o (vl — vd, ) () udadt + 25N /Q e (v — 03, ) (03)adadt
= 65 \* /Q i, (V3 — i, )pidadt + 25°X° /Q onn (v, - v, )pidudt
a5t [ it —6'3" | Gyt (vh, — ot )pidrar
=208 [ e (v, — ok, )pidoat
T
#4500 [ Gtoadtdodt 2800 [ [otons (v - v2)i] (L0
Q 0

since (2,);(2,) = (¥2,)a(,1) = 0, p1(2,0) = pr (2, T) = 0 and py (0, ) = 0.
Hence

2
I =651 [t (vh - vt phducs
Q
+ 233>\3 / 90:;) (’(/Jltt - wlxz) (w%t - w%z)p%dmdt
Q
#4508 [ G (bt + vl phduds
Q
T
+ 253/\3/ [@i’wm (wi — wig)pﬂ (1,t)dt. (3.19)
0
Combining (3.12)-(3.19), we get
) 2
2/ Mllegpldl‘dt =435\ / ¥1 (wltplt - wlwplw) dxdt
Q Q
+ 23/\/ 1 [Zwm - 77(¢1tt - ¢1$z):|p?tdxdt
Q
+ 23/\/ 017 V1ee — V1ize | — (V1 — V12 ) + (V160 + V122 p%dmdt
el )~ ( )+ )Jst
A 2
+ 453\ / o3 (d)ft - d)ic) pidrdt + 453\ / 03 <¢1tt¢§t + gblqu/;fx)pfdxdt
Q Q
+ 253/\377/ Sﬁ? ('l/)ltt - wlxx) (w%t - 1/}%x>p%d$dt
Q
+s\3(n—1) / P1Y3, (¢1tt - ¢1zz)p%d$dt + s\ (n — 1)/ 111 (1/11tt - 1/11m)pfd$dt
Q Q
— s\ /Q ‘leis (wis - wfz)p?dxdt — 5sA® /Q Sﬁllblttw%tp%dxdt (3.20)

+ 523 / ©101000% prdadt — 25\ / 0103, prdadt
Q Q
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= N0=3) [ o1t (v viae ikt = 320 =1) [ erten (Vi ekt
0 Q
x| ot (vt — o et —43X" | prresid e
Q

+ S)\S /Q @1¢1xm (1/% - w%z)p%d‘rdt - 28)\2/ splqu%mzp%dxdt
Q

T

N 23)\/01 {(Wpltpgt)(x,.)]jdx— 2SA/O [%wupft](u)dt
T
+ s\3(n — 1)/0 {9011/)1x (lffm - ¢1xm)pﬂ (1,t)dt

—2sA(n—1) /OT {901 (1/11tt - wlmz)plzpl} (1,t)dt

T

—s)\3 /OT [goﬂbu (Q/th - 1/’%;)10%} (1,t)dt + 23)\2/0 [golwhmfﬂlxpﬂ (1,t)dt
T

T 1
+ash [ [ormane] (Lot =290 [ [ornto0)] d
0 0 0

#2600 [ [otone (o wt o] e+ 2900 [ [on (o~ vt Joram ] 0,0

Denote by Ji, ..., Jis, the first eighteen integrals appearing in the right side of (3.20).
At this stage, we find it useful to recall the example of functions r; and ro given in
(3.3).

ri(z) = ma® — (@m+n)x +4m+2n  and  ro(x) = ma® +nx, Vrel0,1],
(3.21)

where m > 0 and n > 0 are arbitrary constants.

We observe that for every j = 1,2,

Vje(,t) = —2u (t - g) s Yjulw,t) = =2,
Vi (z,t) = 7";(33), Vjgz(x,t) = r;’(x) = 2m.

We want the integrals Jy and J3 to be nonnegative. For that to happen, we need

[2¢1tt - 77(1/}1151: - 1#1”)} (x,t) = —4p —n(—2p—2m) >0

and
{U(wltt - wlmw) + 21#1951} (x,t) =n(=2p — 2m) +4m > 0,
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from which we deduce
2u
< .
Kt m Htm
Consequently, there exist i in (2u/( + m),2m/( 4+ m)) and a constant C' > 0 such
that

(3.22)

Ja = Cs)\/ o1p3 dadt,  J3 > Cs/\/ ©1p?  dadt. (3.23)
Q Q

Henceforth, C' denotes a generic positive constant that may vary from line to line or
even in the same line, but is always independent of the parameters s and A.
We want the sum Jy + J5 + Jg to be positive. We have

Ji+ Js + Jo = 453\t / o (wi - wi)2p§dwdt
Q
L I { (T R B
Q
#2500 | o8 (v — ) (41— vt i
— 953)3 /Q o [2)\ (wft _ ﬁw)z + z(zpmwft n wlmz@)
+ ﬁ(wltt - 1/1195:;;) (d}ft — w%iﬂp%dxdt.

Set 2 = [20 (12—, ) +2(rerv, +bresv, ) 4 (e s ) (03— 0 )| .0)
By setting ¢ = (13, — ¢%,)(x,t), we find

Z = (QA(w%t - 1/1%@)2 + n(wltt - 1/111:90) (w%t - w%m)
+ 21 (V1 — ¥1e) + (Y1 + wlm)lﬂig])(% t)

= 2\¢% — 2[2u + n(p + m)] ¢ + 4(m — )i, (x,1).
We obtain a polynomial in ¢ whose discriminant must be negative, in other words
D:=[2u+n(p+ m)]2 —8A\(m — p)ri(z)?* < 0 for every x € [0,1].

It follows from (3.22) that u < m. Similarly, (3.2) shows that r(z)? > 0 for every
x € [0,1]. Thus we may choose A large enough so that D < 0. We adopt such a choice
throughout the rest of this section. As a consequence, there exists a constant C' > 0
such that
Jo+Js+ Js = Cs3)\3/ Oipidadt. (3.24)
Q
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Moreover, given that for each j = 1, 2, the function ¢; lies in C*(Q), there exists a
constant C' > 0 such that for all A large in the sense stated above, and all s > 0, the

internal lower order terms satisfy
|J7 4+ Jis| < Cs)\4/ Oipidrdt, (3.25)
Q

where we have also used the fact that 1;(z,t) > 0 for all (z,t) in Q.
As for the right side of (3.11), we have for some positice constant Cy

/ |Fe*# + Rpy|*dwdt < Co( / F2e2591 dpdt + s2\2 / ga?p%dzdt), (3.26)
Q Q Q

since ¢(x,t) > 1 for all (z,t) in Q.
Choosing s > A, it readily follows from (3.24)-(3.26)

J4+J5+J6—|J7+---+J18|—0082)\2/

pipidedt > 083)\3/ Oipidadt, (3.27)
Q

Q

for some positive constant C, and for all s and X large enough.
Reporting the estimates (3.23) and (3.27) in (3.20), we derive

s)\/ golp?td:rdt—ks)\/ golpfmdxdt—i—s?’)\?’/ Oip?drdt
Q Q Q

T

+ C< — 25\ /O1 [(smwltp?t)(fm ~)} de - 25,\/0 [3011/)1mp?t} (1,t)dt

T

+ A% (n— 1) /0 e (b1 — 100 )02 1)t + 2602 /0 [ervnaatnand | (1, Dt
—2s\(n—1) /OT [@1 (wltt — wlxz)plzpl} (1,t)dt (3.28)
— s\’ /OT [wlwu (wi - wfx)pﬂ (1, t)dt +25°\° /OT [@i’wu (wi - wfz)pﬂ (1, t)dt

T

+ 48\ /OT [901¢1tp1tp1x} (1,t)dt — 25)\/0 [(¢1¢1wp%m)(.,t)];dt

T
42502 / (o1 (v w%m)pmm](u)dt) <C / F2e25%1 dadt.
0 Q
An estimate similar to (3.28) will be satisfied by py; more precisely, we have

s/\/ @ngtdxdt—i—s)\/ cpgpgzdmdt—i—ss)\?’/ wipadadt
Q Q Q
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T

+ O( ~ 25 /01 [CXEA .)]de - 25/\/0 AL
+avm1)4Tpﬂm(wﬁ¢MQ£kLwa+zM{AT@awmwhﬁthﬁ

—2sA(n—1) /OT {901 (tht - 7/)2m)]921172] (L,t)dt — sA? /OT [@21/)273 <¢§t - d’%x)l’g] (1,t)dt

(3.29)
' [(¢2¢2mpgz)(-,t)};dt

T
+ 45)\/ |:g02"¢)2tp2tp2mi| (1,t)dt — 25)\/
0 0
T
2500 [ [ (v, - vk )] 1,00
0
T
+ 202 / |2 (v3, —wéz)p%pz](l,t)dt) <C / G229 ddt.
0 Q

Before analyzing the boundary terms, we shall add the boundary terms for both p; and
p2. To this end, we shall add the two estimations corresponding to p; and ps. Denote

by Ji,...,Ji, all the ten boundary integrals which will appear in the sum, we find

1 T
Ji = *25)\/ {(%%tlﬁt + patharp3, ) (z, ~)]0 dx
0
1
=20 [ [ =i, + ean) @) = i o+ ard)(@0)|do - (330)

1
= 2sA\uT / {(%p?t +papyy) (@, T) + (9103, + w213 (2, 0)} dz.
0

T
Ty = =25 [ [orbnats + eavess] (1,001
0
T
= —2s\(r} (1) + (1)) / o1 (1, )pri(1,1)%dt = 0, (3.31)
0
since r1(1) = ra(1), r5(1) = —ri(1) and p1(1,t) = pa2(1,¢) for every ¢ in [0, 7.
T
Jy = s\%(n — 1)/0 |:(P1'(/J1z(wltt — P12a)PT + P2tb2s (Var — ¢2m)p§} (1,t)dt

T
Z—M%U—UQﬂD@u+ﬁﬂD—WHU@M+%UD)A (L, Opr(1,0)%dt
(3.32)
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T
= —s\(n = Dri(1) (r{ (1) — 5 (1)) /0 e1(1,t)pr(1,1)*dt = 0,

since 4/(1) = r/(1).

Jy = —2s\(n—1) fOT [301 (V1et — Y100 ) Prap1 + 02 (V2er — 1#2”)]?2@2?2} (1,t)dt
—2A (= 1) 7 (= 20— (D) = (= 20— r§(1)) ) (papaapa) (1L )4(3.33)

= 25A(n — 1) (r{ (1) = 5(1) [ @1 (1, O)pra(1,8)pa (1, )dt = 0

T
Jé = —S)\?)/(; |:8017/1193 (w%t - w%m)p% + 9021/}21 (wgt - wgz)pg} (Lt)dt

T
= —5)\37"/1(1)/0 (¢1t(17t)2 = (1)? = (Yre(1,8)? - T’1(1)2))(¢1P%)(1af)dt = 0.

(3.34)
T
Jé = 28)\2/ [@11/)1111&19619? + 9021#2“1/)%]93} (17 t)dt
0
T
= 2sA%rf (1) (r{ (1) — r5 (1)) / o1(1,t)p1(1,t)%dt = 0. (3.35)
0
T
Jh = 43)\/ [‘leltpltplx + 902¢2tp2t1?2m} (1,t)dt
0
T
= 43)\/ Y1e(1,8)p1(1,8) (pre(1,t) — pae(1, 1)) pro (1, t)dt = 0, (3.36)
0

since p1¢(1,t) = por(1,t).

T 1
Jg = —28A/ [(wﬂmpfx + S02¢2mpgx)(~at)}0dt
0
T
= —2sA(r{(1) +r’2(1))/ o1(1,t)p1o(1,1)2dt
0

T
+ 252 /0 (P (0)1.(0, £)pra (0, £)2 + 75 (0) 0 (0, t)pas (0, 1)?) dt
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T T
= 26 (1(0) /O 01(0, Dp1a (0, £)2dt + (0) /O 22(0. 02 (0.)%1).  (337)

T
Jy = 255" /0 [ohuna (W, — 2P} + eitan (v3, — v3,)p3| (1, )t
T
:253,\3(r’1(1)+r;(1))/ D1e(1,8) %01 (1,8)3p1 (1, 1)2dt
0

T
— 2822 (r] (1)® + r5(1)%) / o1(1,t)%p1(1,¢)%dt = 0. (3.38)
0

T
Jio = 257\ / 7/’1f 1/111)P1rp1 + @2 (1/’2f 1/’%1)1’2.#?2} (1,t)dt
0

T

¢1t (1,6)2 =71 (1)* = (¥e(1,)* — 7“/1(1)2)> (p1p12p1)(1, t)dt = 0.
0
(3.39)
Adding (3.30)-(3.39), we obtain, for some positive constants Cy and Cs:
1
Ji 4+ Jg= QSAMT/ (¢1(2, T)p1e(x, T)? + po(z, T)pae(z, T)?) d
+ 28)\,uT/ (¢1(z,0)p1e(,0) + pa(z, 0)par(z, 0)%)dz (3.40)
T T
+23)\ rl ©1(0,)p1.(0,)2dt + 75(0 )/ <p2(0,t)p2m(0,t)2dt).
0 0

T
> SA ( 01 301(0, t)plx (0, t)Zdt + CQ / ¥2 (0, t)pgx (0, t)Zdt.>
0 0
Gathering (3.28), (3.29) and (3.40), we derive

s)\/ cplp%tdxdt—i-s)\/ golp%zdxdt—i—s‘?)\?’/ Oipidadt
Q Q Q

T
—|—s)\/ wgpgtdxdt—l—s)\/ gpngwdxdt—ks?’/\g/ cpngda:dt—ks)\/ ©02(0,1)p2s (0, 1)dt
Q Q 0
(3.41)

T
< C/ (F2e?5%1 4+ G?e**%2) dadt + C/ ©1(0,)p1,(0,t)%dt.
Q 0
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Now, we must go back to the functions p and ¢. Since p(z,t) = p1(z,t)e™5?1 (@) and
q(x,t) = pa(x, t)e=*#2(=D it then follows

pr = (plt - 8)\1/11#,01171)e—s<,017 and p, = (pu — 5)\¢1z901p1)€_s@1.
Using the inequality (a — b)2 < 2(a2 + bz)7 we find
s <20t Nhel), ple <200+ M ehe). Ba)

Multiplying (3.42) by sAp1, then integrating over @ and adding the results, we obtain
the following inequality

A
% / ©1 (pf + pi)ezs“"ldmdt < s)\/ Y1 (p%t —|—p%w)da:dt + M33/\3/ Oipidudt,
Q Q Q
(3.43)

where M :(— max (¢3,(t) + ¢2,(z)).
o520 (wu( ) +U1,( ))
Similarly, one derives

SA

2 ), (67 + ) e**?2dwdt < s /Q o (p3; + p3,)dadt + Ms*\? /Q papydudt,

(3.44)

As for the boundary terms, we notice that since both p(0,t) and p2(0, ,¢) are null for
every t in [0,T], it follows that

p12(0,1) = p(0,t)e’?* and p2,(0,t) = q,(0,t)e’??, Vi e [0,T].

Thus, multiplying (3.41) by M + 1 and adding (3.41)-(3.44) side by side, we find
2
(M + 1)sA Z/ ©;(p3;, + pi,)dzdt + 33)\3/ (¢ip*e*?t + p3¢*e*%?) dudt
=179 @
2 SA SA
+ MNP /Q @;p;dudt + 5 /Q ¢1 (97 +p2) €29 dadt + 5 /Q ©2 (a7 + ¢2) €% dadt
j=1

T
+ 5\ / 02(0, £)paa (0, t)%€**#2 00t (3.45)
0

T
< C/ (F2625<p1 —i—GQeQS"”")dxdt—l—C/ 301(0,t)pw(o,t)Qe%W(o’t)dt
Q 0
2
+Ms3A3Z/Q<p,«p§dxdt.
j=1
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It then follows
SA/ {o1 (pF +p2) €% + 92 (¢ + @) €% } dwdt + 53)\3/ (£3p%e®91 + p3qPe®*#?) dwdt
Q Q
T
+ A / 20, )pa (0, 1)%€>*#2 0Dt (3.46)
0
T
< C’/ (F2623g01 + G262s¢2) dxdt + C’/ 1 (O,t)pw(O,t)ZeQS‘Pl(O’t)dt,
Q 0
which is the claimed Carleman inequality, given the definition of p and ¢q. O

3.3 An improved Carleman estimate

For this new Carleman estimate, a more refined set of functions r; and ro will be
needed as the null displacements constraint is now removed. The time T must be large.
So, as in the conservative case discussed in Section 2, let T > 4. Then, there exists dg
in (0,1) such that 6oT > 4. Set ag = T(1 — dp). Set

ao

3
ri(z) = (1+ %)332 —(4+ap)r+4+ % and  ro(z) = (1+ %)xQ + 5

Notice that these two functions are obtained by choosing m =1+ % and n = % in
(3.21); so they satisfy all the required constraints in (3.1) and (3.2).
Now, we are going to introduce a cut-off function that will be useful in the proof of
our new and improved Carleman estimate. To this end, let € € (0,1/2), with & close
to zero, and introduce the function r € C%([0,77]) with 7(T) = 0 =r(0) and r = 1 on
[T, (1 —¢e)T7.

Proposition 3.5. Let a in L>(Q). Assume that T > 4. Let (p,q) be a solution of
(2.8). Then there exist two constants C > 0 and s; > 1, such that for every s > s,

s / (P} +p5)e** dudt + s / (F + 42)e*#2dadt (3.47)
@ Q
+S3/ p2€28@1dxdt+53/ q2625<p2dzdt
@ Q
T
+S/ TQLPQ(O,t)qw((Lt)2625802(0,t)dt
0
T
< CS/ (pl(o’t)pw(o,t)262sap1(07t)dt.
0
Proof. Let (u,v) be a solution of (2.1). Consider the operator P defined by Py =

Yt — Yza- Set
w=ru and z = rv. (3.48)
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Then

Pw = rPu+ 2r'uy + r""u and Pz = rPv + 2r'v, +r"v

Now (w,z) € S, so, we can apply Proposition 3.4. We find by taking A = )\g, that

there exist sg > 0 and C > 0 such that for every s > s,
3/ o1 [ (we + Zt)2 + (wg + 21)2]6259"1dwdt
Q
+s [ 2 [(zt wt)2 + (zz - wm)z}e%“’zdaﬁdt
Q
+ 33/ o3 w + z o201 drdt + 33/ ©3 (z — w)2625“’2dxdt
Q Q
T 2
+ s/ ©2(0,1) (22(0,) — w4 (0,1)) e25¢2(00) gy
0
<¢(

+ / (rPq+2r'q + T/'q)QeQS"”"dxdt
Q

er +2r'py + 77 ) €251 dudt

@\

T
+ s/ 7201(0, 1) (ws (0, ) + 2, (0, t))262sso1(0vt)dt>.
0
Replacing w and z by their expressions given by (3.48), we get

s/ r2<p1(pf —&—pi)er“’ldmdt—i—s/ r2<p2(qt2+qi)ezs‘ﬂ"‘dxdt
Q Q
+33/ T2@3p262€¢1d$dt+83/ r2<pgq262‘9“’2dxdt
Q Q
T
+s/ 7“2@2(0,t)qz((),t)zezs“”(o’t)dt
0
SC(/ 7"2(73p)2625“"1dmdt—|—/ 7"2(73q)2625“’2dxdt
Q Q
+/ T’preQS‘oldxdt—l—/ gt e P2 dadt
Q Q
+/ T"2p2628“"1d:17dt+/ "2 q%e®* P2 dadt
Q Q
T
+s/ r2<,01(0,t)pw(O,t)QeQS%(O’t)dt
0

+s/ r’2g01p262w1dmdt+s/ r'2cp2q2628‘”dxdt)‘
Q Q
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We have used in the left hand side of (3.50) the following estimate

7“2

'y + eyl > Sl -y

We deduce from (3.50) that there exist so > 0 and C' > 0 such that for every s > s,
s/ r’o1(p; + p2)e* ¥ dudt + s/ oo (qf + ¢2) e dadt (3.51)
Q Q
+ 53/ T2<p‘;’p2625“"1da:dt + 83/ r2¢§q2625“’2 dxdt
Q Q
T
+s / 1202(0,)q,(0,1)%e*#2 (01 gt
0
< C(/ ('Pp)zezsﬂpl dxdt + / (Pq)2625“’2 dxdt
Q Q
+ / pe?¥P1 dxdt +/ e P2 dxdt + s/ p?e®Prdzdt
Q Q

Q

T
+s/ q2623“"2dacdt+s/ @1(0,t)pw(O,t)Qezs‘Pl(o’t)dt).
Q 0

It remains to get rid of the function r from the left hand side of (3.51), and absorb
the undesired terms from the right hand side to get the claimed estimate. For this

purpose, introduce for all ¢ € [0, T the following weighted energy:

1/t 1t
Ei(t) = 5/O (pf(x,t) +pi(x7t))e2w1(w’t)dx + 5/0 (qf(amt) + qg(x,t))ezs“"z(“;’t)dx.

Differentiating F in ¢, we find for every ¢ € [0, T7,
1 1
EL(t) = s/ (p} + p2)p1e>*¥ da + s/ (67 + @2) €™ da (3.52)
0 0
1 1
+ / (pttpt + thpx)ezs%dli + / (QttQt + qmth)e%mdz.
0 0

Integrating by parts the terms in p,;p, and ¢,+q. in (3.52), it follows from the fact that,
for every t € [OvT}v pe(0,t) = q:(0,t) = 0, p(1,t) = q(1,¢) and g, (1,t) = —px(1,1),

1 1
E.(t) = s/ (pf + pi)¢1t625¢1dx + s/ (qf + qi)g@zte%wdx (3.53)
0 0

1
+ / (Pt — Paw — 25pap1a) Pre”*F da
0
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1
+/ (41t — Goe — 25Gup20) qre™* P2 da
0

+pe(1,8)p.(1,8) (ezs‘pZ(l’t) - 625“’1(1"5)).

Using (2.3) and ¢1(1,t) = p2(1,¢) for every t € [0,T], we get

1 1
El(t) = s/ (p} + p2)pre** ¥ da + s/ (67 + @2) p2ue™* P2 da (3.54)
0 0

L 1
- / (a2, O)p + 25papra ) e du — / (a(x,t)q + 254,020 ) 4> du.
0 0

Using the Cauchy-Schwarz inequality, we derive, (keeping in mind that 1, < 0 and
w2, > 0 on [0,1] x [0,T)):

1 1
‘ - 25/ Sﬂmptpm@zwldx‘ < —S/ (0} + p2) prae*>?rde (3.55)
0 0

and
1 1
’ — 2s / wzmqtqme%*”dx‘ <s / (@ + @) paue® P2 da. (3.56)
0 0

Inserting the two preceding inequalities into (3.54), we obtain

1 1
E(t)<s / (p? +P2) (o1t — p1o) € dz + 5 / (@7 + ¢2) (92t + 22) €2 da
0 0

(3.57)

! 1
+/ |a($vt)ppt|€25“"1d13+/ la(z, t)qqs|e**#* dz.
0 0

For all (x,t) € [0,1] x [(1 — &)T,T], we have
T /
o)+ 1. t) = Do(2u(t = ) + 74 (@)1 1)
> No(pT'(1—2¢) + r[{)lilrllr’l)wl(x,t)

> N (T (p(1 —22) = 1+ 8p) — 4) 1 (z, 1)
since by the definition of 71, we have minjy ;)7 (z) = r1(0) = =4 — T'(1 — do).
Given that §oT > 4, there exist p in (1,14 (ag/8)) close to one, and ¢ in (0,1/2) close

to zero, such that

T (u(1—2e) —1+3) —4> 0. (3.58)
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Similarly, with g and € as in (3.58), we have

(1) — pou(@,t) = Ao (p(1 — 26)T — mary (& x))pa(z,t)
> Xo(u(l —26)T -2 — 2(1 —60)T)pa(z, 1),

and thanks to (3.58), we derive that the constant y(1—2¢e)T—2—32(1—40)T is positive.
Consequently, there exists a constant k > 0 such that for all (z,t) € [0, 1]x[(1—e)T, T,

—p1t(z,t) + p12(x,t) = k and — poi(z,t) — pou(z,t) = k. (3.59)

Now it follows from the Young inequality

C 1
/ la(x, t)pps|e** P dr < 7/ p2e?*rdr + k/ P22y
0

sk C
< = E — 2501y, :
R0+ S [ e (3.60)
Similarly, one shows
sk c [
/ |la(x, t)qq:|e* P2 dx < ?Es(t) + %/ e***2dx. (3.61)
0

We derive from (3.57)-(3.61) that

EL(t) + skEs(t) <

=lQ

1 1
(/ p2e25¢1da@+/ q2625“’2dx).
0 0

The preceding inequality leads to

) Ceskt 1 1
(Es(t)eSkt)/ < ST(/O p2€28(’01d$+/0 q262‘wzdx). (3.62)

Now, set T = (1 — &)T. Integrating (3.62) over [T, t] for every t € [T, T] yields,

Ey(t) < Ey(T)est @ (3.63)

<

1 t 1
g / sk(r— t)(/ p2@25“"1dx)d7+/~65k(77t)(/ q26259"2dx)d7']
sk 0 T 0

Integrating (3.63) over [ZN“, T], we get the existence of a constant C' > 0 such that

T
s/~ Es(t)dt < %ES(T) +C</ pzezswdxdt—l—/ qzeQS“"zdxdt). (3.64)
Q Q

T
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On the interval [0,eT], first, one multiplies (3.54) by minus one, then one proceeds

exactly as above to derive the inequality

eT
1
s / E(t)dt < fEs(eT)—kC( / pre**Prdxdt + / q2e25‘/’2dxdt). (3.65)
0 k Q Q

Gathering (3.64) and (3.65), we find

T eT
1 ~
s [ Ey(t)dt+s / E(0)dt <  (E(T) + B, (D)) +C( / PP dudt+ / ¢ e dadt).
T 0 Q Q

(3.66)

We shall now estimate the first two terms in the right hand side of (3.66).

Proceeding as we have just done above in the interval [TV, T, we readily check that for

all t € [0, 7],

1
B0 <Cs [ G + )i
0
1
+ CS/ (4 + q2)e****da (3.67)
0
C 1 1
+ sEq(t) + . (/ pre*idy + / quQS“"de).
0 0

1 1
< CsEq(t) + %(/ p2e2P1dy 4 / e d:z:).
0 0

Now, we are going to estimate F4(¢T). We deduce from (3.67) that there exists a
constant C' > 0 such that for all ¢ € [0, 7],

/ 1 ! 2 2s ! 2 2s
—E(t) < C{sEs(t) + 7< p“es*frdx 4+ | q°e ‘dex)] (3.68)
s3Jo 0

Let ¢ € [T, T). Integrating (3.68) over [¢T,1] yields

t 1 t 1
E(eT) < C{s /T Eq(7)dr + 3 /T/O (p?e**?1 + g%e**%2) dde]
£

€

Integrating the last inequality over [T, T}, it follows that there exists a constant C' > 0
such that for all s > 1 large enough, one has, (keeping in mind that » = 1 on [¢T, T])

T

E.(eT) < Os /

r2 B (t)dt + / (pe??r + g?e**#2) dxdt). (3.69)
eT

Q
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Simlilarly, one derives from (3.67) that for every t in [0,7], one has the following

inequality
1 1 1
EL(t) < C’{sE )+ - . (/0 2 25“016537—&—/0 quQS“”dx)}. (3.70)

Let ¢ € [¢T, T]. Integrating (3.70) over [t, T yields

E,(T) < Es(t)+c[s/t T)dr + = / / 2?51 4 g 25"’2)d9cd7].

Proceeding as in the derivation of (3.69), one gets

7
Ey(T) < C(s / r2E,(t)dt + / (P22 + e 25“"2)d:1:dt). (3.71)
. Q

Combining (3.66), (3.69) and (3.71), and using the fact that r = 1 in [T, T], it follows

that there is a constant C' > 0 such that for every s > 1 large enough,

T T
s/ Es(t)dtgc(s/ TQES(t)dt—i—/ 2 2Wldmdt+/ QSdedt). (3.72)
0 0 Q Q

The following inequality readily follows from (3.51):

T
s/ T2E5(t)dt+s3/ r2p2625“’1d3:dt+53/ r2g?e** P2 dydt (3.73)
0 Q Q

T
—|—s/ r2<p2(0,t)qw(O,t)Qezs“”?(o’t)dt
0

2 9g 1 2 9g 5
<o /Q (Pp)2e>s#r dudt + /Q (Pq)’e>#2 dudt

—i—/pfezs“"lda?dt—i—/ qt2623“’2dxdt+s/erQS‘Pldxdt
Q Q Q

T
+s/ quQSWdazdt+s/ <p1(0,t)pz(O,t)Qe%“"l(O’”dt).
Q 0

Gathering (3.72) and (3.73), one derives that there exists a constant C' > 0 such that
for every s > 1 large enough,

T
s/ Es(t)dtJrs?’/ r2p2625@1dxdt+53/ r2q?e** P2 dydt (3.74)
0 Q Q

T
+s/ 7"2(,02(0,t)q$(0,t)2623“’2(0’t)dt
0
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gc( / (Pp)e25# dudt + / (Pq)*e**#2dwdt
Q Q
—|—/ 2 2S‘Pldxdt—i—/ qfer“"zd:Edt—&—s/ p2e®Prdxdt
Q Q Q

T
+ 8/ g?e* P2 dxdt + s/ ©1(0,t)p (0, t)2625“”1(0’t)dt>.
Q 0
The third and fourth integrals in the right hand side of (3.74) can be absorbed in the

left hand side by the first integral. Then there exists a constant C' > 0 such that for
every s > 1 large enough,

T
s/ Es(t)dt—|—33/ T2p262s<’01d$dt+53/ r?qe*?2 dxdt (3.75)
0 Q Q
T
+s/ 202(0, ), (0, 1) 22520 gt
0
gc( / (Pp)e25# dudt + / (Pq)*e**%2 dwdt
Q Q
—|—s/ 2 25“’1dmdt+s/ g?e* P2 dxdt
Q Q

T
+ 8/ 301(07t)pw(07t)2€25¢1(07t)dt>.
0

In order to absorb the lower order terms in the right hand side of (3.75), we shall

rely on the following result, which is the analog of [5, Lemma 2.4]:

Lemma 3.6. There exist constants C > 0 and sy > 1 such that for every s > s1,

1 1
52/ 2e2h1dy + 52 / qze%“"zdfcéC’(/ 2 29“"16133—&-/ qie%mdx). (3.76)
0 0

Proof. Differentiating ¢;,e>*%* with respect to x, we find for every i = 1,2,

(@ime%w)x — (@izz =+ 28(,0221)625%~

Multiplying that identity by p?, then by ¢ and integrating the results by parts over

(0,1), we successively get

1 1
28/ PPt dr = —/ P’ p1uee> 9 dr
0 0

1
- 2/ pxp(plw€25<ﬁ1dx + (Pl:r(la t)p(la t)2e2s¢1(1’t)7 (377)
0
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and

1 1
25/ q2¢§m625w2d‘r = 7/ q2902r1625@2dx
0 0
1
— 2/ Qeqp2€2°92da + v (1,t)q(1, t)2e25“’2(1’t). (3.78)
0

Adding (3.77) and (3.78), it follows from the fact that ¢1,(1,t) = —@2,(1,t) and
p1(1,1) = 2(1,1):

1 1
28/ (P pTae™ + B2 ) do = — / (P*P1006™%" + ¢ 0200672 da
0 0

1
-2 / (PaPP12€**7" + Quqip2o€>°%? ) da.
0

(3.79)

Note that for each i = 1,2, 97, > po > 0. We derive from (3.79) and the Young
inequality, that there exists a constant C' > 0 such that

1 1 1
2s,ug/ (erzs‘pl + q2e25“’2)dx < C/ p2e?*h1dy + uos/ p2e*erdy (3.80)
0 0 0

1 1 C 1 C 1
+ C/ g?e®P2dx + ,uos/ e dy + — pie%“’ldx + — qiegswdx.
0 0 HosS Jo Hos Jo

Then choosing s sufficiently large, the first four integrals in the right hand side of
(3.80) can be absorbed in the left hand side, which gives the following estimate

1 1
C
s/ (erQS“"l + q2625“’2)dm < " / (pieQWldx + qierW)dm.
0 0

This completes the proof of Lemma 3.6 since s > 1. 0O
It follows from (3.75) and (3.76) that

53/ erQ‘wldxdt—&—sS/ g?e*P2 dxdt < Cs/ (p?EeQSW1 —i—qiezw"‘)dxdt (3.81)
Q Q Q
T
< C’s/ E,(t)dt
0
<C’(/ (Pp)2ezs“’1dacdt+/ (Pq)2625”2da:dt+s/ p2e2* 1 dxdt
Q Q

Q

T
—|—s/ q2625“’2dxdt—|—s/ gol(O,t)px(O,t)Qe%“"l(O’t)dt).
Q 0
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Combining (3.75) and (3.81), we get

T
s/ Es(t)dt+83/ erZS‘Pldxdt+s3/ q?e** 2 dydt (3.82)
0 Q Q
T 2
+ s / 200(0,1) (05 (0, 1) — uz (0,¢)) €220V gy
0

< C(/ (Pp)QeQSdedt—i-/ (Pq)Qezs“"?dﬂcdt—i—s/ p2e2* 1 dzdt
Q Q Q

T
+s/ qzeQS“’zdxdt+s/ <p1(0,t)pm((),t)ze%“”l(o’t)dt).
Q 0

The third and fourth integrals in the right hand side of (3.82) can now be absorbed
in the left hand side. Moreover, since (p, ¢) solves (2.3), we have Pp = —a(z,t)p and
Pq = —a(z,t)q, it follows that

T
s/ Es(t)dt+s3/ p26285"1dxdt+s3/ q*e** P2 dydt (3.83)
0 Q Q
T 2
+s/ 7‘2302(0,25)(%(0,7,‘) —uI(O,t)) e25¢2(0:t) gy
0
<C(/ pzezs"’ldxdt—l—/ g?e* P2 dxdt
Q Q

T
+ S/ (pl(()’t)px(o,t)2625901(0’t)dt)'
0

Therefore, the first two integrals in the right hand side of (3.83) can also be absorbed
in the left hand side, which ends the proof of Proposition 3.5. 0O

Corollary 3.7. (Main Theorem.) Let T > 4. Let (u,v) be a solution of (2.1).
Assume that a lies in L*°(Q).

There exist two constants C > 0 and s1 > 1, such that for every s > s1,
5/ (uf +ul + v +0v3)e P dadt + s° / (u® +v*)e** 2 dadt (3.84)
Q Q
T 2
+s / 202(0, 1) (v2(0, 1) — uz (0,¢)) €22 (0D qy
0
T 2
<Cs / 01(0,1) (a0, ) + 0, (0, 1) 22591 D gt
0

Proof. Let (u,v) be a solution of (2.1). Recall that (p, ¢) = (u—+v,v—u) satisfies (2.3).
Replacing p and ¢ by their expression in (3.47), we find that there exist C' > 0 and
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s1 > 0 such that for every s > 1,

s/ [(ue + vt)Q + (ug + vm)Q] 251 dxdt (3.85)
Q
+ s/ [(vt — Ut>2 + (vw — uI)Z]eQSWd:Edt
Q

+ 53 / (u + U)Qezs‘pldxdt +53 / (U — u)geZS“”“d:cdt
Q Q

T
+ s / 1205 (0,£) (v, (0, £) — 1 (0, 1)) 2259200 gt
0
T 2
< Cs / ©1(0,1) (uz (0, 1) + (v (0, 1)) "2e1 D gy
0

We get (3.84) by using the fact that po < oy in the left hand side of (3.85). O

4 Exact boundary controllability

Set H := H}(0,1) x V and denote by H’ its topological dual. Given a € L*(Q),
(u®,0%) € H and (u',v') € (L?(0, 1))2. Consider the boundary controllability prob-
lem: Find a function g € L?(0,T) such that if the pair (o, p) is solution of the system

Ot — gz +a(z,t)oc =0 in Q,
ptt_px;c+a( t)p:() in Q,
o(0,t) = p(0,t) = g(t) n (0,7), (4.1)
o(1,t) =0, pz(1,¢) =0 in (0,7),
o(z,0) = u’(x), p(x,0) = v°(z) in (0,1),
a't(xvo) =u ( ) Pt(m O) v (ZE) (031)7
then
(o(z,T), plz, T),0¢(x,T), pr(z, T)) = (0,0,0,0) in (0,1)%. (4.2)
Let (f1, f2) € L*(Q) and consider the backward system
Wit — Wee + a(z, )w = f1 in Q,
2t — Zox +a(a, )z = fz in Q,
w(0,t) =0, 2(0,t) =0 in (0,T),
w(1,t) =0, z:(1,¢) =0 in (0,7, (4.3)
w(z,T) =2(x,T)=0 in (0,1),
we(z,T) = z(x,T) =0 in (0,1).
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The solution of (4.1) can be given by transposition (see [32, Theorem 9.1, Chapter 3])

in this sense:
1 1
/Qofldxdt+/pr2dzdt = ((u",v"), (w(.,0),2(.,0))) /o U (z)wt(x,())dz/o v (z)ze(x, 0)dz

T
_ /0 96w, (0, 8) + 20(0, 1)),

where (-, ) stands for the duality product between H and its topological dual H'. It

can be proved in view of [23] that there is a solution pair of (4.1) satisfying
(0,p) € C([0,T]; (L*(0,1))*) N C*([0, T); H').

Thanks to the Hilbert Uniqueness Method developed by Lions in [33], to solve the
exact controllability problem, it is enough to prove an observability inequality for the

following adjoint system

in Q,
2t — Zgx +a(z,t)2 =0 in Q,
w(0,t) =0, z(0,¢ in (0,7),

Wit — Wee + a(z, )w =0
0
)=0
w(l,t) =0, z,(1,t) =0 in (0,T),
0
)
)

(w(z,T),2(z,T)) = (w(z),2°(x)) € H,

2
The preceding system has a unique weak solution satisfying:
(w, z) € C([0,T); H) N C ([0, T}; (L*(0, 1))%).

Proposition 4.1 (Observability inequality). Let T' > 4. Let (w, z) be a solution
of (4.4). Consider the following energy:

1

Ew,z(t)zi/o (w2 (e ) + WP () + 220 8) + 22(, 1)) da

Then there ezists a constant C > 0 independent of the data (w°,2°) and (w',z') such

that the following inequality holds

T
E,.(0)<C / (w(0,8) + 2:(0, 1)) dt. (4.5)
0

Proof. Proving (4.5) is a two-step process. First, one establishes an energy estimate,

then one uses the energy estimate and the Carleman estimate of Corollary 3.7 to derive
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the claimed observability estimate.
Step 1: Energy estimate. Multiplying the first equation in (4.4) by w, the second
equation by z;, integrating over (0,1) and adding the results, yield

1
E, .(t) = _/o a(., t) (ww; + 2z)dz. (4.6)

Using the Cauchy-Schwarz and Poincaré inequalities, it follows from (4.6) that there
exists a constant C' > 0 such that for every ¢ € [0, 7],

1
E, .(t) < C/ (|wwe| + [z2¢|) da
0

SC«((/Oledx>é(/olwt2da:)é+ (/Olz“‘dm)é(/olz?dx);)

< CE, . (t). (4.7)

We now let s and ¢ be in [0,T]. If s < ¢, we observe that (4.7) implies that for every
t e 0,7,
(Bw.(t)e ) <.

We find after integrating this inequality over [s, t],

N

E, () Ew’z(s)ec(t_s). (4.8)

On the other hand, there exists a constant C' > 0 such that for every ¢ € [0, T7,

7E1,u,z(t) < CEw z(t)7

)

that we obtain by multiplying (4.6) by (—1) and then by estimating the result as
previously. Now if s > t, proceeding as before, we find that there exists a constant
C > 0 such that

By (t) < By .(s)eCC71, (4.9)
Hence, we derive from (4.8) and (4.9) that there exists a constant C' > 0 such that for
all s,t in [0, T,

By (t) < By s (s)eClt e, (4.10)

Step 2: Observability estimate. It follows from Corollary 3.7:

T T
/ By (t)dt < C / 01(0,) (w5 (0,8) + 2,(0,8)) %> Oz, (4.11)
0 0
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Therefore, combining (4.10) and (4.11), we derive the claimed observability esti-
mate. 0O

Theorem 4.2. Let T > 4. Let a € L>(Q), (u°,v°) € (L*(0, 1))2 and (ul,v') € H'.
There exists a unique control g of minimal norm in L*(0,T) such that the pair (o, p)
solution of (4.1) satisfies (4.2).

Furthermore there exists a positive constant Co, that depends on T and ||a||L () only,
such that

gllz20,m) < Co {11ullzz0,0) + llutll-10.0) + [10°]]220,0) + 0t [vr} . (4.12)
Proof. Introduce the following functional defined by

J: Hx (L2(0,1))2 > R (4.13)
(w®, 2), (w?, 21)) I/T (w2 (0,2) + 2:(0,))dt
17 ) ) 21 O x ) xT 9
wPw, (., 0)dx Wz (L, 0)de — ((ut,vh), (w(.,0), z(., ,
+/0 <o>d+/0 (.0)dz — {(u",0Y), (w(..0), 2(..0)))

where the pair (w, z) is the corresponding solution of (4.4). The quadratic functional [
is continuous and strictly convex. Moreover, 7 is coercive. Indeed, using Proposition
4.1, one checks that there exists a constant C' > 0 such that

1 1
T ((w’,2°), (w', 2")) > CE,.(0) +/ uwy(.,0)dx +/ v02(.,0)dx
0 0

- <(ulavl)7 (w(’ 0)7 2(70)»

It follows from the Cauchy-Schwarz inequality

j((wO’ZO), (w1721)) 2 CEUMZ(O) - ||(U1,1)1)||H/||’LU(.,0),2(.70))”]—[
= 11, 0%) 220,12 1 (we (-, 0), 2e( O) 220,172

One then deduces

j((wovzo)a (wlvzl)) 2 CH((wOazo)) (w1721))||%1><(L2(0,1))2
- MH((wOa ZO): (wl?zl>)||H><(L2(0,1))27

where the constant M depends on the initial conditions (u°,v°) an ( ,v') only.

Consequently, the functional 7 has a unique minimizer ((@°, 2°), (@', 2')), solution
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of the Euler equation

1

/T (5(0,¢) + 2,(0,1)) (we (0, ) + zm(O,t))dt—k/ uPwy (., 0)dx (4.14)
0 0

1 0 — {((ut,v1), (w z(. =
+/0 W02 (-, 0)d — {(uh, 0Y), (w(., 0), 2(., 0))) =0,

for every solution pair (w, z) of (4.4).
Note that in (4.14), (w, 2) is the solution of (4.4) corresponding to the minimizer of
J. Setting g(t) = w4(0,t) + 2,(0,t), then the following duality identity holds

1

/T (5(0,) + 25(0,1)) (w4 (0, ) + zx(O,t))dH—/ ulwy (., 0)dz (4.15)
0 0

+/O vozt(.,O)da:f<(u1,v1),(w(.,O),z(.,O)))7/0 o(, T)w'de

_ / p(. D)2 da + (00 T), pi(-, T)), (w°, 2°)) = 0,

for every solution pair (w, z) of (4.4).
Thanks to the Euler equation, it readily follows from (4.15)

f/ a(.,T)wldxf/ o, T)2 de + (w°, 2°), (o¢(., T), pe(-,T))) = 0. (4.16)
0 0

Taking (w®(z),2%(z)) = (0,0) in (0,1)? then we find (o(z,T),p(x,T)) = (0,0) in
(0,1)2. We deduce that (4.16) reduces

{(oe(.,T), pe(, T)), (W, 2°) = 0, V(w?, 2°) € H.

Therefore (o4(.,T), p+(.,T)) = (0,0) in H’', and (4.2) holds as claimed.
Finally, using the Euler equation (4.14), the inequality (4.12) follows at once, which
completes the proof of Theorem 4.2. 0O

5 Final comments and open problems

The Carleman estimate in our main result, that is Theorem 3.1 has several applica-
tions, one of which is the controllability problem discussed in the preceding section.
We are going to provide another application below, and also comment on the case of

two different potentials.
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5.1 Indirect boundary controllability of a system of wave
equations involving the Kirchhoff boundary conditions.

When solving the simultaneous boundary controllability problem for System (1.1), we
solved two controllability problems in one shot; namely, the one of interest, and the
following indirect controllability problem Let T' > 0. Set V = {u € H'(0,1);u(0) = 0},
and denote by V” the topological dual of V.. Set @ = (0,1) x (0,T), and let a in L>°(Q).
Consider the following boundary controllability problem:

Given (y°,y1) in L?(0,1) x V' and (2%, 2!) in L?(0,1) x V’, find a control function h
in L2(0,T) such that the solution couple (y, z) of the following system

Yt — Yoo +a(z,t)y = 0in Q,
2tt — Zzw +a(x,t)z = 0 in Q,
y(0,t) = h(t), 2(0,t) =0, y(1,t) = 2(1,t), y(1,t) + 2,(1,t) = 0 in (0,7,
y(,0) =% u:(.,0) =y, 2(.,0) = 2% z(.,0) = 21,
(5.1)
satisfies

y(aT) :Ov yt('vT) :07 Z(aT) :Oa Zt('vT) =0. (52)
Indeed the adjoint system to (5.1) is given by

Ptt — Doz + a(z,t)p =0 1in Q,

Gtt — Qua + a(z,t)q =0in Q,

p(0,t) =0 =q(0,1),

p(L,t) = q(1,t), p=(1,t) + 2(1,¢) = 0 in (0, T),

p(.T)=p" €V, pe(,T) =p" € L*(0,1), q(,T)=¢" €V, q(.T)=q" € L*(0,1).
(5.3)

With the help of Proposition 3.5, one readily derives the needed observability

t
t

)

inequality for System (5.3). Then, invoking Lions H.U.M, one deduces the desired
controllability of (5.1).

5.2 The case of two different potentials.

Let a and b both lie in L>(Q) with a # b. The following boundary controllability
problem is open: Let (y°,y') in L#(0,1) x H=1(0,1) and (2%, 2!) in L2(0,1) x V’. Find
a control function h in L?(0,T) such that the solution couple (y,2) of the following
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system

Ytt — Yoo T a(ﬂf,t)y =0in Q7

21t — 2z + 0(z, )z =0 in Q, (5.4)

y(Ovt) = h(t)v Z(O7t) = h(t>7 y(lat) =0, Zm(Lt) =0in (OaT)a
y(,O) = yO’ yt('ao) = yla 2(70) = Zoa Zt('vo) = 17
satisfies
y(.,T)=0,y:(.,T) =0, 2(,T)=0, z(,T)=0. (5.5)

The adjoint to this system is given by

Ut — Uy + a(x,)u = 0in Q,

Vg — Vge + 0(z,t)v =0 in Q,

w(0,t) =0=2v(0,t), wu(l,t)=0=wv,(1,¢) in (0,7), (5.6)
u(.,T)=u’ € H}(0,1), w(.,T) = ut € L*(0,1),

v(,T) =0 €V, v (.,T) = vt € L*0,1).

If we want to use the change of variables that proved to be essential in establishing
the observability inequality in both the conservative and nonconservative cases in the
preceding sections, then, elementary algebra leads us to the new (p, ¢)-system, (keep
in mind that p = v +v and ¢ = v — u):

Dt — Daz + ¥(x,)p+ (x,t)g = 0 in Q,

Git — Quz +Y(z,t)g + (2, t)p=01in Q,

p(0,4) =0=¢q(0,t), p(1,t)=q(1,t), p(1,) +¢o(1,t) =0 in (0,7),  (5.7)
p(,T) =u+° €V, ps(.,T) = u' + 0! € L?(0,1),

q(., T) =" —u’ €V, ¢(.,T) = vl —ul € L?(0,1),

where y(z,t) = (a + b)(z,t)/2 and 0(z,t) = (b —a)(x,1t)/2.

Applying the improved Carleman inequality to this system (see Proposition 3.5, we
find

s/ (p} + p2)e**¥ dadt + 5/ (¢ + q2)e**** dxdt (5.8)
Q Q

+53/p2e2s“01dxdt+53/ g?e* P2 dxdt
Q Q
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T
+s/ rznpg(O,t)qw(07t)2623“”2(0’t)dt
0

T
< C’s/ ©1(0,t)p2 (0, t)QeQSW(O’t)dt + C/ 52 (erQS“"2 + quQS“"l) dxdt.
0 Q

Now, we have by definition: ps(x,t) < ¢1(z,t) for all (x,t) in Q; therefore, we are able
to absorb the lower order term in p in the right hand side of (5.8), but we cannot do
the same for the corresponding term in g. A similar technical difficulty was already
observed by the authors of [6] when dealing with a system like (5.7) in the parabolic
equations framework. Therefore a different approach is needed in the case of different

potentials. This seems to be an interesting open problem.
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