N

N

Coupled McKean—Vlasov diffusions: wellposedness,
propagation of chaos and invariant measures
Manh Hong Duong, Julian Tugaut

» To cite this version:

Manh Hong Duong, Julian Tugaut. Coupled McKean—Vlasov diffusions: wellposedness, propagation
of chaos and invariant measures. Stochastics: An International Journal of Probability and Stochastic
Processes, 2020, 92 (6), pp.900-943. 10.1080/17442508.2019.1677663 . hal-04135102

HAL Id: hal-04135102
https://hal.science/hal-04135102v1
Submitted on 9 Jan 2025

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04135102v1
https://hal.archives-ouvertes.fr

1810.01145v1 [math.AP] 2 Oct 2018

arxXiv

Coupled McKean-Vlasov diffusions: wellposedness,
propagation of chaos and invariant measures

Manh Hong Duong* Julian Tugaut’
October 3, 2018

Abstract

In this paper, we study a two-species model in the form of a coupled system of nonlinear
stochastic differential equations (SDEs) that arises from a variety of applications such as
aggregation of biological cells and pedestrian movements. The evolution of each process is
influenced by four different forces, namely an external force, a self-interacting force, a cross-
interacting force and a stochastic noise where the two interactions depend on the laws of the
two processes. We also consider a many-particle system and a (nonlinear) partial differential
equation (PDE) system that associate to the model. We prove the wellposedness of the SDEs,
the propagation of chaos of the particle system, and the existence and (non)-uniqueness of
invariant measures of the PDE system.

1 Introduction

In this paper, we study a two-species model in the form of a coupled system of nonlinear
stochastic differential equations

dXt = 7VV1 (Xt) dt — (IVFll * ,LLt(Xt) dt — (1 — a)VF12 * I/t(Xt) dt + o th, (1&)
dY, = —VVa(Y}) dt — aV Fay * e (Y3) dt — (1 — @)V Fao + 14(Y3) dt + o dW, (1b)
P(X; € dx) = p(z) de, P(Y: € dx) = vi(x) dx. (1c)

Here 0 < a < 1 and ¢ > 0 are given constants; V7, V5 are two external potentials; Fy1, Fyo are self-
interacting potentials describing the interactions among individuals of the same species; Fia, Fo1
are cross-interacting potentials representing the interactions between individuals belonging to dif-
ferent species; o is the diffusion intensity; (Wi, ¢ > 0) and (Wy, ¢ > 0) are independent Wiener
processes and finally * denotes the standard convolution operator: for a function G and a measure
v, the convolution between G and v, G % v, is given by

(G x7y)(x) = /G(w —y)(y) dy.
In () the evolution of X; and Y; depend on their own laws, {us, ¢ > 0} and {14, ¢t > 0} respectively,

that are unknown. Using It6 formula one can show that {u, ¢ > 0} and {v;,¢ > 0} satisfy the
following system of nonlinear nonlocal partial differential equations

2
atut = div ((VV1 + G(VFll * ,U,t) + (1 — a)(VF12 * Vt)),ut) + %A/Lt, (2&)

2
By, = div ((vv2 (Vs # ) + (1 — a)(VEys # yt))yt) + %Ayt, (2b)
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wo(dz) =P(Xo € dzx), vo(dz) =P(Y) € dx). (2¢)
System ([Il) naturally generalizes the one-specie McKean-Vlasov dynamics
dZy = =NV (Z:)dt — VF * ((Z:) dt + o dWr, (3)

where (; is the law of Z; that solves the following (nonlocal nonlinear) PDE

2
06 = div [(VV + VF ()| + 75 AG (4)

Systems of (multi-species, interacting) nonlinear stochastic differential equations and nonlocal
nonlinear PDEs of the type (1)-(4) arise in a plethora of applications such as mathematical biol-

ogy (bacteria chemotaxis [KS71l [KO03, [ESVI0, [CEVTI] [KRZIS], aggregation of biological cells
[EKT6, [EFK1T]), plasma physics and galactic dynamics [BT0S], statistical mechanics and granular

materials [CMV03] [CMV06], pedestrian movements [CLM12, [CLM13], risk management [GPYT13]
and opinion formation [GPYT7]. The mathematical analysis of such systems has been getting a
lot of attention over the last two decades both in the probability and in the PDE community. In
particular, the McKean-Vlasov dynamics has been investigated from various aspects. Existence
and uniqueness of solutions of (@) under fairly general assumptions on the external potential V and
interacting potential I has been proved [McK66], [Fun84l [Szn97] Mé196] [HIPOR, [BRTVIS, [CGMOS].
The propagation of chaos, which was introduced by Kac [Kac50] and further developed by Sznit-

man [Szn91], for the McKean-Vlasov was also proved [BRTV98| [CGMO§]. That is, as n

gets large, the n interacting processes
: : 1 <& . . .
Az} = -VV(Z})dt — =Y VF(Z{ - Z])dt + odW{, i=1,...,n, (5)
n
=1

behave more and more like the n independent processes
dZ! = —NV(Z})dt —VF x((Z)dt + o dW], i=1,...,n,

where (W} );>0 are independent Wiener processes and each particles distribution tends to (;(dx) =
Ct(z)dx where (; solves ({@). In addition, the empirical measure p}' := %Z?Zl 0z converges in
law, on the space C([0,T],R), to (;(dz). Thus both @) and (@) can be numerically approxi-
mated by simulating the particle system (B) for large n. We also refer the reader to [BGMIO,
[Duolhl, TWI6, MonI7] for similar results for the Vlasov-Fokker-Planck equation, to [MMI3]
[HMT4, MMWT5] for analytical approach to propagation of chaos and to recent papers and surveys
[TWT17al [TWI7Dh, [DEGZ1S] for further discussions on this interesting topic. Another important
aspect of the McKean-Vlasov dynamics, namely the existence and (non)uniqueness of invariant
measures and convergence to an invariant measure, also was studied by many authors using dif-
ferent techniques [BRV9S, [Mal03], [BGGI3]. One interesting question
that still largely remains open in this direction is to characterise the relative basins of attrac-
tion of the equilibria of the McKean-Vlasov equation when there are multiple invariant measures
Daws3, ST, [Tug1Ta).

In contrast to the McKean-Vlasov equation, the coupled McKean-Vlasov dynamics is less
understood although some initial attempts have been made. Herrmann [Her(3] obtained results
for three aforementioned issues for a special case of () where V4 = Vo = 0,F1; = Fyo and
Fy = F, see also [DMRI7] for some formal computations regarding the hydrodynamics limit for
this case. Another special case, where V; = V5 = 0 and ¢ = 0, has been studied by several authors:
[FFT3] established a systematic existence and uniqueness theory of weak measure solutions for
system (2)) while its equilibrium properties were investigated in [EFKI7, [DEF16]. More recently,
[CL16l [LabI7] proved, using a discrete variational approximation scheme & la Jordan-Kinderlehrer-
Otto, existence and uniqueness results for a class of parabolic systems with nonlinear diffusion
and nonlocal interaction that includes the PDE system ([2)). We also refer the reader to recent



works [LMI7, [CI17, [FEFT8, [CHSI8| on similar multi-species systems where a (nonlinear)

cross-diffusion is also included.

The aim of the present paper is to study the well-posedness, propagation of chaos phenomenon
and the existence of (multiple) invariant measures of the coupled McKean-Vlasov system (I)-([2]).
We generalize some of the aforementioned results for special cases to the full system and obtain
new results.

Well-posedness of (). Proving the existence and uniqueness of solutions of interacting (multi-
species) systems such as () is highly nontrivial because of its nonlocality and nonlinearity. When
both the confinining and interaction potentials are globally Lipschitz, the well-posedness of () can
be established using the by now standard techniques [McK66] [Fun84] [Szn91l [M&I96]. When either
of the potentials is non-Lipscitz, it is a more intricate problem. The following theorem, which
is our first result, generalizes similar results of [BRTVIS], [HIPOS| for the McKean-Vlasov
equation and of [Her(3] for the special case of () (where Vi = Vo = 0, F1; = Fay and Fh = Fio
as mentioned in a previous paragraph) to the general coupled system ().

Theorem 1.1. Suppose that Assumption ZIlholds and that X, and Y; are such that E(|X[87") <
oo and E(|Y0|8q2) < 0o where ¢ > 0 is defined in (H7) of Assumption 211 The system () admits
a unique strong solution on R;. In other words, given a probability space with two Brownian
motions, there exists a solution to the system with these Brownian motions.

Propagation of chaos. To describe our result on propagation of chaos for the coupled McKean-
Vlasov system, we take two sequences of integers, (M, )nen and (N, )nen, that go to infinity as n
tends to infinity and consider the following system of interacting particles

N,
i i 1 ~ i j
AX} = —VVi(X)dt - ;21 VP (X! — X])dt

M,
1 & ; o
_m;VFm(Xt—Ytk)dt—i—ath; i=1,....N,: (6a)
1
T 3 ; ;
W = =V = g 2 Vi (Y - X

M,

1 n . .
- Foo (Y = YEYdt + cdW}, i=1,...,M,. 6b
Nn+Mn;v 22(t t) +U t 1 ) 9 ( )

Note that the convolution operators VF;; « v (i,7 € {1,2},v € {u,v}) in (@) are replaced by

the average sums in ([@). These sums can also be viewed as convolutions between VF;; with the
empirical measures, pj and v}, instead of the laws 1, and v, where

1 & 1 A
= LN, ;5th and v = M. TN, ;5Ytk.
We will show that the propagation of chaos phenomenon holds for the system (@), that is, for all
(pq) € N?, (X[}, ..., X7, Y. YY) converges as n tends to infinity to ®_, ur ®f_, v, where
e, vy are respectively the laws of X; and Y; that are solutions of (). This result is the consequence
of the following theorem, that is our second result and extends [Her(3] to the general case,

Theorem 1.2. Under the same assumption as in Theorem [T for 7' < oo, we have

lim E[ sup (X} —)/(})2} =0 and lim E[ sup (Y} —?})2} =0, (7)
n—=o0  Lic(o,T] n—0o0  Lielo,T)

—

where (X}/,Y) is a solution to the following system

X} = —VVi(X})dt — a(VFyy % i) (X]) dt



7(17(1)(VF12*1/¢)(X)dt+0’th, i=1,...,Np; (8a)
dY; = —VVa(Yi) dt — a(V Fay # ) (Y7) dt
— (1= a)(VFxxu)( tz)dt—i—ath’, i=1,...,M,, (8b)

with (W}, W) being independent Wiener processes. Note that {Xt } N ({YFYMn vesp.) are
identically independent copies of X; (Yj resp.).

Ezistence and non-uniqueness of invariant measures in non-conver landscapes. It is by now
well-known that when the confining potential V' is not convex the McKean-Vlasov equation ex-
hibits a phase transition phenomenon, that is it may have a unique stationary solution or sev-
eral ones when the diffusion coefficient (i.e., the temperature) is above or below a critical value
[Daw83| [Tam84! [Shi’87, [Tug14bl BnCDI6]. Similar results of nonuniqueness of the stationary state
at low temperatures have been also obtained for McKean-Vlasov equations modeling opinion for-
mation [WLECTT, [CP10], for the Desai-Zwanzig model in a two-scale potential [GP18| as well as
for the McKean-Vlasov equations on the torus [CP10, [CGPSI8]. Our third result is the following
existence and non-uniqueness of invariant measures. This is significantly different from [Her03]
where there is a unique invariant measure.

Theorem 1.3. Suppose that Fj;(z) = *4% * for i ,7 € {1,2} and that V5 and V5 have a common
unique minimizer m*. Then for any p such that

Vi (m)] [V (m)| 3

>
r= m“{w;'(m*)(vl"(m*) T aans + (1— a)ars) AV3 (m*) (V3 (m*) + acor + (1 — a)aza)

the system (&) have an invariant measure (u,v) whose mean values belong to [m* — po?, m* +
pa?] x [m* — po?, m* + po?]. In addition, if V; and V5 are symmetrical, then there is a unique
symmetrical invariant measure (u°, ") whose mean values are zeros.

This implies that if V3 = Vo =V where V is a double-wells landscape, then there are at least
three invariant probabilities.
Organisation of the paper. The rest of the paper is organised as follows. In Section Bl we prove
Theorem [[T] on the wellposedness of (). In Section Bl we study the propagation of chaos phe-
nomenon and establish Theorem Finally, in Section @l we prove Theorem on the existence
and nonuniqueness of invariant measures.

2 Existence and uniqueness of strong solutions

In this section, we prove Theorem [[.T] establishing the existence and unique of strong solutions
of the system ([{). We adapt the proof of [BRTV9S| for the existence and uniqueness of strong
solutions of the McKean-Vlasov dynamics (@), see also [Her03| [HIP0S, [Tugl0]. To this end, we
transform ({I) into a fixed point problem of a map I' on a functional space A, we then show that
I" is a contraction map on a subspace A C A proving the existence and uniqueness of strong
solutions over a finite time interval [0, 7). The local solution is then extended to become a global
one by controlling its moments.

Assumption 2.1. We make the following assumptions.

(H1) The coefficients VVi, VV,, VE;; are locally Lipschitz for any 4, j € {1;2}.

(H2) The functions Vi, V» and F;; are continuously differentiable for any i, j € {1;2}.
(H3) There exist §; > 0 and 62 > 0 such that

(VVi(2)=VVi(y))(@—y) > —61]z—y|* and (VVa(x)—VVa(y))(z—y) > —bs|z—y|? Vzéy)-
9



(H4) 2V/(x) > Cya* — Cox? with Cy,Cy > 0. The same holds with V5.

(H5) The potentials Vi is convex at infinity: lim V2V (x) = +00. The same holds with V5.

|z|—=+o0
(H6) There exist m € N and C' > 0 such that |VV;(z)| + |VVa(z)| < C|z|*™~! and m > 2.

(H7) VF11 and VFy, are odd and increasing with polynomial growth functions, the degree being
2q — 1.

(H8) VFiz and VFy are Lipschitz.
We now need to introduce some functional spaces.

Definition 2.1. On the space of functions from R} x R to R, we introduce the norm

Bl

6= sy sup (L2

0<s<T z€R
We now introduce the functional space that will be used in the following.

Definition 2.2. We consider the space
Ap = Ap (VAT A%,
where the three spaces of functions AL, A2 and A3 are defined by
AL :={b:[0;T] xR — R | x+ b(s,x) is locally Lipschitz uniformly in s} ,
where the parameter of Lipschitz may depend on b;
A2 :={b:[0;T] x R — R | =+ b(s, ) is increasing and b(s,z) — b(s,y) > & (x —y) + &}
where &1 > 0, § € R and = > y; and
N {b: [0T] xR — R | [Ibly < o0} -
The space Ar is equipped with the norm ||.||r.

Definition 2.3. We finally put Fr := A X Ar x A7 X Ar equipped with the norm

4
F
1bl17 =D 1bill
i=1

where b := (bl, b2, b3, b4)
We will also use a transformation in order to apply a fixed point theorem.

Definition 2.4. We consider I' from Fpr to Fp defined by its coordinates:

p1ol(b)(z) := aE [VFy (2 — Xf)] , p2ol(b)(x) :=(1—a)E[VFy (z— Ytbﬂ ,
p3oL(b)(z) := aE [VFy (2 — Xf)] and pyoT(b)(z) := (1 —a)E [VFy (z — Ytbﬂ ,

where p; is the ith projection on the space Fr and X! (resp. Y;?) is solution of the SDE
dX} = odB; — VV; (X)) dt — by (t, X}) dt —bo (¢, X7) dt (10)

respectively .
dY} = odB, — VVy (V) dt —bs (£, V) dt — by (£, Y,") dt. (11)



To show that there exist solutions to the equations on X® and on Y?, we use the following
result (see [SV79, Theorem 10.2.2] at page 255):

Proposition 2.5. Let b : Ry x R — R be a function satisfying the three following properties:
1. max,>g |b(s,0)] < cc.

2. For any n € N, there exists a constant ¢, > 0 such that |b(s,z) — b(s,y)| < ¢p|z — y| for any
reals = and y satisfying |z| < n and |y| < n.
3. There exists a constant 7 > 0 such that for any |x| > r, sgn(x)b(s,z) > 0.
Then, for any random variable X, the equation E(®-X0)
E(®:X0) is defined by

admits a unique strong solution where

t
Xt:XOf/ b(s, Xs)ds + 0By .
0

To show that there is a unique strong solution to the initial system, we search a fixed point to
the transformation I'. To do so, it is easy to check that for any b € Fr, the equations (I0) and
() admit a unique strong solution. Indeed, the convexity at infinity of the potentials V4 and V5
guarantees that the third point of Proposition is satisfied.

The following definition of moments will play a crucial role in the analysis of this paper.

Definition 2.6. For any b € Fpr and p > 0, we define

b - ~ b
t:——E[X }, b(t) := su s),
np() ‘ t’ np() O<sgtnp( )

§Z(t) =E UYtb’p} and g;l;(t) = sup 52(5)

0<s<t
To prove Theorem [Tl we need several lemmas.

Lemma 2.7. Set b € Fr, n > 1, p:= (po, po, Po, po) wWith po(z) := Pox, then 77/2’)\71(T) —1—5/5:1 < o0,
for n > 0 such that E [|X3"|] < oo and E [|Y{#"|] < co. Moreover:

o~

M (T) < ka(n) [T + (|1 = pol B + b2 = pol ) (T2 + 7, (7)) ]

and - -
&8,.(T) < ka(n) [T+ (IIbs — poll3™ + [[ba = pol13) (72" + &5, (D)) .

where ki (n) and ko(n) are constants which do not depend on b, p or T'.

Proof. Step 1. By considering p := (po, po, po, po), we thus have the following equation:

t t
Xf:Xo—f—O’Bt—/ \A% (Xf)ds—Qﬁo/ XPds.
0 0

For any n > 1, It6 formula yields

%E [xp)>"] =n(2n — 1)0%E [(x0)™" %] - ano [(x7)*"] - 20 [(X0)*" 7 V' (X7)]
<n(en - 1)o* (B[(xX0)]) 7~ ansB [(x0)]

— 2nC4E [(Xf)%”} + 2nCoE [(Xf )2”}
<n(2n — 1)0? (]E {(Xf)QnDl_% +2n(Cy — 2B0)E [(Xf)”‘}

~2ncy (B [0y ])



We immediately deduce that

2[(xf)”"] < max {E |(xo)™"] <02 — 260 + /(Co — 250)? +2Ca(2n — 1)02>"} .

2C,

We deduce that
supE {(Xf)%} <cp (1 +E [(XO)%D )

t>0

where ¢, is constant. Similarly we obtain

supE (V)] < o (1+E [%0)"]) -

>0
As a consequence, if E [(XO)Q”} and E {(Yo)ﬂ are finite, we have that 72 (T') < oo and & (T)) <
.
Step 2. We have
Xt xp = [ ) - v o) as
—/Ot (b1 (s, X2) —prop(s, XP)] ds—/ot [b2 (s, X2) = p2op(s, XP)] ds.
Consequently, for any a > 1, we obtain that |X? — X/|” is equal to
—a /Ot sign (X0 — X2) | X0 — X2" xosxe [V (XD) = V] (X0)] ds
~a /Ot sign (X0 — X2) |X2 = X2"  Lxixe [b1 (5. X2) = prop (s, X0)] ds
—a /Ot sign (X? — X2) | X = X2" " Lxosxe [bo (5, X0) = paop(s, X2)] ds.
Taking the limit as o goes to 11 we get
| X)— X0 =- /Ot sign (X2 — XP) [V{ (X2) — V{ (X?)] ds
— /Ot sign (X2 — X2) [b1 (5, X2) —prop(s, X0)]ds
— /Ot sign (X2 — X2) [b2 (5, X2) —paop(s, XF)]ds. (12)
We will control each term on the right-hand side of ([2). The first one can be controlled by
- [ sion (xt = x) [V (x2) = Vi (et < = [0 Xt as 7,

for any ¢ < T'. In the last formula, v and 7 are constants which depend on V;. For the second
term: since b; is increasing

sign (Xs - X§) [b1 (S,Xs) — by (S,XQ)} >0,
which implies that

— sign (X2 — X2) [by (s, XY) — p1op(s,X0)]
< —sign (X;’ —X?) [b1 (S,Xs) —p1op(s,X)] +sign (XE’ —X?) [b1 (S,Xs) — b1 (s,X2)]



= —sign (X{ — X£) [by (s, X2) — p1op(s,XL)]
by (s, XE) —prop(s, X0)|.

IN

As a consequence, the second term is bounded above by

t
/ b1 (5, X?) — pr o p (5, X7) | ds.
0

Similarly the third term is bounded above by

t
/ 1ba (5, X?) — pa 0 p (s, X7) | ds.
0

Substituting these estimates back into (I2]) we get
t
XE - X[ ST+ [ by (s,X0) = pr o p (s, X0) s
0

t
+/ b2 (5, X2) — po o p (s, X2)| ds.
0

As by, by and p are in the space A, we know that ||b1||7+]|b2||7+||p||T < o0 so that ||by —p||T < oo
and |[|by — p||7 < co. We directly deduce:

X0 = X7 <5+ (Ilbs = pllz + 112 = pll) / (14 (x0)0) ds.
By using triangular inequality, we obtain:

XI" < (1xp1+ X2 - X)) <2 (x| xp - X}
Consequently, we have:

7 2n n [ o 2n
)= swp B[|X!"] <2 (1) + s [x2 - x0"])
0<t<T 0<t<T

But, we can write

T 2n
2n n nx~2n n n n 2
XP = X[ <22 9T 4 220 (|[by — plIF" + |lb2 — pl[7") / (1+|Xf| q)dt]
0

2n
T
n n=zn mn n n n 2
<orn L ponsen ot (b, — plBE ot (1be — pl20) |72 +</ IXflth>
0

T
T2"+/ |Xf|4q"dt]} .
0

By taking the expectation then the supremum over [0; 7], we find the formula for 14, (7). The
same computations hold for the second diffusion.

<g2n {T?W" +207 (b — I3+ [1b2 — pl2)

O
Lemma 2.8. T' is an application from Fp to Fpr and
ITBIIT < Co (14 78,(T) +&,(T)) , (13)

where () is a positive constant.



Proof. Step 1. We first need to prove that p; o I'(b) lives in AL (A2 for any 1 < i < 4. We
will do so only for ¢« = 1. As VFj; is increasing and continuous, we deduce that p; o T'(b) is
continuous and increasing in x. It is also locally Lipschitz (uniformly in the time variable). Due
to the assumptions on the potential Fi1, we have for any x > y

p1oT(B)(t,x) —proT(b)(t,y) =aE [VFu (z — X7) = VFu (y — X7)]

>afy (¢ —y) + afy; -

By taking & := inf {aﬁ%h afyy; (1 — )512, 622} and §p = inf {aﬁ?ﬁ aBy; (1 —a)B; (1 ﬁ22}
we obtain that p; o I'(b) is in AL (M AZ
Step 2. We will now prove Inequality (I3]) (which, by the way, proves that p; o I'(b) lives in A3.).

By definition, we have:

[E [V (= - X7)]|

[lp1 o T(®)]|7 :=asup

z€R 1+ x24
E||VF —X?
oo IV (2= XD)]
z€R 1+ x24
c (1 + |29+ E “Xﬂﬂ)
<asup 5
zeR 1+ 22
<aC (1 + ngq(T)) . (14)
By proceeding similarly, we obtain
Ip2 2 TO) Il < (1 = a)C (1+,(T)) . (15)
Ips o D)l < aC (1415, (D)) | (16)
and ||ps o T(B)]l7 < (1 - a)C (1+8,(T)) - (17)

As a consequence, we have

ITBl5 < Co (1408, (T) +,(D)) -

Lemma 2.9. I' is continuous and satisfies

b1 0T () = p1 o T (@)l < (s = eallr + [[b2 = eallr) VIC (i (1), 75,(T)) . (1)
[Ip2 0 T (6) = p2 0o T (@) | < ([Ibx = el + b2 = e2lla) VICh (wh(T), 0, (1)), (19)
Ips 0 T (6) = ps o T (€)1 < ([lbs — el + lIbs — ealle) VICh (€h,(T).&5,()) , (20)
and It o T (8) = pa o T (@)l < (IIbs — callr + IIbs = ealle) VICG (€2,(1),€5,(D) » 1)

where C{ is an increasing function for both variables.

Proof. Set s € [0;T] and z € R. By triangular inequality, we have
1ol (b) (s,2) = prol(c) (s,2)] <E[|F; (z = XJ) = Fiy (v — X5)|] -

By the assumptions on Fj;, we get:

[proT () (s,2) =1 o T (0) (s.0)] < CE [Au(bo) (14 (A0(@) ™" + (As(@)™ %)
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where As( = ‘Xb—XC’,
and Ab(z ’x—X ‘ for any b € Frp.
As (a+ b)?772 < 22072 (q2972 4 p?972) | we deduce:

2q—2

Ipr o T (b) (s,2) — p1 o T () (s, 2)| < 229C, (1 +229°2) E [As(b, ¢) (1 + (x4 (X;)QH)]

We remind that (a+b+c)? < 3(a® +b* + ¢?) and 1+ 22972 < 2(1 + 229). Then, Cauchy-Schwarz
inequality yields

moﬂwﬁw—moﬂdﬁwhﬁxﬂ“@ﬂ+MW)Eﬁ&&dﬂ (22)

\/1 + 774q L(T) + Mig— 4(T)
By using It6 formula with the function x +— |x|?, we can write
Attt =2 [ (X2 x0) (W (x) ~ 1 (x0) ds
0
2 C(XP - X9 (b (5, X°) — 1 (s X)) d
2 [ X0 (0 5 X2) — a5, X0)
0
The first term is less than 260 fo (b, c) ds. Since the functions by and bs are increasing, we deduce

that the quantities (X? — X&) (b1 (s X?) = b1 (s5,X¢)) and (X2 — X¢) (b2 (s, XD) — ba (s, X()) are
nonnegative. This implies

_ /Ot (Xf - X2) (b (S,Xf) —c1 (s, X5)) ds

t
g/ IX? — X2 by (5. XE) — e (s, X0)| s

1 ! 2
/ Ay(b,c) ds+—||blfcl||T/ (1+1x2*) " as
0

2 0

/ Au(b, ) ds+||b1—cl||T/ (1 +xg[*) ds.
0

l\D|>—‘

In the same way, we have
t
- / (X? — X2) (b (5, X") — 2 (5, X9)) ds
0
t
< [t = X (5, X0) — ca (5, X0) s
0
I 2 1 2 ! c|2q 2
<5 | Ab.0Pds + 5l el (1+|XS| ) ds
0

1 t
5/ Ay(b,c) ds+||b2702||T/ (1+1x2") ds
0

We thus obtain:

E [As(b,0)?2] < 2(9+1)/0 E [Ay(b,¢)2] ds + 2 (|[by — c1||% + [[be —C2||%)T(1+@(T)) .
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We apply Gronwall lemma and we get:
E[Au(b,c)2] <2 (IIbr = eallf + b2 = calld) T (14 75, (T) ) 2O+

As the role of b and ¢ can be inverted, we obtain:

1
2

1

niy(T) + 5

E [Ai(b,e)?] <2(||b1 — e1l[F + |[b2 — 2| |3) T (1 + @(T)) Q200410

We combine this with Inequality ([22]) and we finally have ([I8) with the function

Chfary) =3 x i 1+ ELEL et g

We obtain Inequalities (I3)), 20) and (ZI]) by proceeding similarly. O

As mentioned previously, we will use a fixed point theorem. We already have a continuous
map. We will now restrict the space so that the map is a contraction.

Definition 2.10. Set K > 0 and T > 0. We consider
Aqlf ={beAr : |]bllr < K}.
We also define Ff¥ := A% x A x AK x AL,

Lemma 2.11. Let X, and Y} be two random variables such that E X§q2 <ooand E Yong] <

oo. Then, there exist two positive parameter K and Ty such that for any T' < Ty, we have the two
following properties:

1. EX is stable by I': TEX C EX.

1

2. The Lipschitz norm of the restriction of I' on Ff* is less than 3.

Proof. Step 1. From (4], we have
Ip1 0 D)l < aC (1 +nb,(T)) -
So, from Lemma 27 we have
Ip1 0 )]y <aC (14 kala) |72+ (11on = pol B + 162 = pol137) (T2 + 1,2 (T))])

<aC (14 ka(a) |72+ 220 (|[bal 7 + (102l 37 + 2llool ) (T2 + ng,o(T)) |)
<aC (1+ kalg) [T20+ 2200 (K204 ||oo | 37) (72 + 0, (T))])
<C (1+kalg) [T20+ 22040 (K20 4+ Y|oo137) (720 + 1 (D))]) -

This can be rewritten as

llpr o T(b)||p < C1 + CoT?7 (1 + K27)

where C; and C5 do not depend on 7" nor on K. We take K > 2C, and T < (W) 2_q_ As

a consequence, for any T < Ty, we have

Ip1 o T®)ly < 261 < K.

which proves that p; o T'(b) € AK. We proceed similarly and we obtain that ps o I'(b) € AL,
p3o'(b) € AK and ps o T'(b) € AE. Consequently, I'(b) € FX if b € FX.
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Step 2. We will now examine the Lipschitz constant. By making the sum of the inequalities in
Lemma 29 we obtain

with a(T) = maX{Q\/TCé (@(T),@(T)) :2V/TCY (@(T),@(T))}. We choose Ty suffi-

ciently small such that «(73) < 3. By taking 7' := min{7T};7%}, the Lipschitz norm is less
than 1. O
2

1T (b) =T ()l < alT)|[b— el

We point out that T" depends on Xy and Y. This is why we will only be able to construct, in
a first time, a solution on a finite time interval.

2
Proposition 2.12. Let Xy and Yy be two random variables such that E {Xogq } < oo and
E {YO&ZZ} < 00. Then there exists Ty > 0 such that for any T" < T}, the system of equations
(@ admits a strong solution on the interval [0; T']. Moreover, we have

sup E{|Xt|4q} + sup IE{|Yt|4q} <.
0<t<T 0<t<T

Proof. Step 1. We take K and T, as defined in Lemma 2Tl Thus, the Lipschitz norm of the
restriction of I on Ff is smaller than 1 for any 7' < Tp.

We take b € FX. We consider the sequence (0p) pen by bo := b and by :=T'(bp) for any p € N.
We know that b, € FX for any p € N. T being a contraction, the sequence (bp)p converges to
an element by, € FX. This element does not depend on b. Moreover, we have I (bso) = boo.
Consequently, (Xf“’,Ytb‘”) 0.7 is a strong solution of the system (Il) providing that be 1, beo,2,

te[0;T
boo,3 and be 4 are locally Lipschitz (with (beo,1, boo,2, Doo,3, Doo,a) =t boo)-
As bp41 =T (by), then for |z| < N and |y| < N, we have:

|bnt1,1(t, ) — but11(t y)| =a ‘]E {Fﬁ (x - th") - F (y - Xf"’)} ’
<aE HFﬁ (95 _an) — Fyy (y_Xf")H

<2%lafz — y[E [e + 2?17 + [y + 2| xP0

<kl ol (14 255(1))
Since ||bp 1]l < K and ||by, o||r < K, from Lemma [2Z7] we deduce:

|bn+1,1(t7 :C) - bn+1,l(t7 y)| S ’l/) (Na K7 Ta p) |SC - y| .

By taking the limit as n goes to infinity, we deduce that
|boo,1(tax) - bOO,l(ta y)' S 1/1 (Na Ka Ta p) |$ - y| .

S0 boo,1 is locally Lipschitz. We can do the same reasoning for b 2, b3 and bes 4. Therefore,

(Xf‘” , Y;b‘x’) is a strong solution of ().
te(0;T)

Step 2. According to the assumptions, E [ngz] and E {YO&]Z} are finite. We thus deduce
sup E [|X§|8q2} + sup E [|Yf|8q2} <00,
s€[0;T] s€[0;T]

From Lemma 2.7 we have:

o~

Wb, (T) < ka(n) T2+ (Ilbs = pol B + (162 = poll3) (T2 + 8, (1)) -
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and e —
€8,.(T) < ko) [T+ (1Ibs — pol B + b2 = pol [3) (T*" + &, ()] -

—

As @(T) and gfq\n(T) are finite, we deduce the finiteness of 75 (T') and of &5 (T) for any n
such that 4¢gn < 8¢2. Consequently, we have ni;" (T)+ EZ;" (T) < . O

Let us point out that the uniqueness of the solution has not been proved for the moment. It
will be proved subsequently.

We just obtained the result in finite time. We aim to establish it on the whole set Ry. To this
end, we will assume that there exists a maximal time such that after this time, there is explosion.
We will give a good control of the moments and then extend the solution after the maximal time.
Thus we will obtain a contradiction proving that there is no such maximal time.

Lemma 2.13. Let X( and Y{ be two random variables such that E [ng] < ooand E [Y}J%} < o0
with k& > ¢. Let T be a positive real and b an element of Fp. We assume that the function I (b)
is defined (which is not obvious since we did not assume the finiteness of the 8¢?-th moment)
and that it satisfies T' (b) = b. We put X; := X} and Y; := Y,? the strong solution of the system
starting from Xy with the drift defined by b. Then, there exists a function C” such that

(e e e )]

!

and

~

g7 = sup IE{|Yt|2k} <c” (E [|X0|2k} B {|Y0|2’“D .
te[0;T
Proof. Step 1. We put z; := E {|Xt|2k} and y; := E {|Y}|2k} We apply Ito6 formula, we take

the integration, the expectation then we derive:

d . _
e = — 2KE [sign () [ X (V] (X0) + Ffy 5 e (Xe) + Fly %1 (X0))]

+k(2k — 1)0°E [|Xt|2k’2} .

Since Fi; is convex, it is easy to prove that E [Sign (X)) | X2 FL* e (Xt)] > 0. We deduce

d , .
- < = 2KE |sign (Xo) | X (V] (X0) + Fly %01 (X))

+ k(2K — D)ozl T,

Step 2. We now prove that the right hand side of the inequality is negative if x; and y; are too
large. If V7 was convex, the integral term with ¥V’ would be easy to control. However, V is not
convex. We take 7 > 0 arbitrarily large and we have:

T

E |sign (X¢) |X,5|2k*1 1% (Xt)} :/ sign(ac)|x|2k—1V1'($)ut(dx)

—T

4 / sign(z) |2V (2)ue (d)
[=rirle

If 7 is large enough, the second integral is positive whilst the first can be negative.
Step 2.1. We begin by the first integral:

T

/ " sign(@)[2P* Vi (2)pue(de) > / (2?1 V7 ()] ()

—T —r
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PP sup V()] = = f(7).

T €[—T7;7]

> —|r

Step 2.2. We now look at the second integral. Since V" (£o0) = +o00, we know that g(7) :=

inf, (7.7 sign(z )Vl‘ (r) > 0 if 7 is large enough. Thus:

/ sign(a)]a*~ Vi (2)r () g(r) / )
[~rile

( / l2l?* 1 (dr) /[ ]|x|2kut<dx>>

>g(7) (SCt —7? ) .

Step 2.3. We now control the mixed term —2kE [sign (X)) | X FYy 5 1 (Xt)]. We take Y; an
independent copy of Y;. Then, we have:

—2kE {Sign (Xe) |X[* 71 Fly % vy (Xt)} =—2kE [Sign (Xa) |1 X571 F (Xt - ﬁ)}

]

<9kE [|Xt|2’“*1 ’F{Q (Xt _ ﬁ)

Since F}5(0) = 0 and FY, is Lipschitz, we obtain:
. 2k—1 v 2k—1 <
—2kE {agn (X)) |X " Fly * 1 (Xt)} <2kCE [|Xt| ‘Xt - YtH
<2kC {E ||| +E[1X 7 BVl

1L
k

<2kCxy + 2kCa} T y?

Step 3. We combine the inequalities and we get:

d 1
e <k(2k = 1o, " +2kf (1) - 2kg(r)as

L L
2k

+ 2kg(7)7%* + 2kCxy + QkC:ci y2*

In the same way, we have:

d 1
iU <Kk — D)oy, 4 2k f (r) — 2kg(r)u

L
k

1
+ 2kg(7')72]€ + 2kCy; + 2/<:Cyt1 2k g 2k

If y; < x4, we thus have

d 1
prd <k(2k —1)o xi ¢ +2kf (1) — 2kg(T)z:

+ 2kg (7)1 + 4kCxy .

By taking 7 large enough, g(7) > 4C so that if z; is larger than a constant x(7), % < 0.

’ dt
Conversely, if 2y <y, if y; is larger than x(7), %yt < 0. We immediately deduce:

o7 < s faonE ] 2 ]

and
g7 < max {x(T):E | | X0 :E[I%6*] |
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We are now able to obtain the main theorem

Theorem 2.1. Set two random variables Xy and Yj such that E [XOQQ} < oo and E [YOQQ} < 00.

Then, the system admits a unique strong solution on R.

Proof. Step 1. We consider

U := sup {T >0 : (E) admits a unique solution on [0; 7], sup E [quz] + sup E [quz} < oo}
0<t<T 0<t<T

with the convention sup ) = 0. We begin to show that U > 0. By taking K large enough, there
exists 7 > 0 and a unique b € Ff such that I' (b)) = b. Then (X°,Y") is a strong solution of the

system (E) on [0; T"]. We now consider a solution ()z, i)te[O;T]- To this solution, we associate the
following drifts

c1(t,z) := aE [F{l(x — )A(;)} ,ea(t,z) == (1 —a)E [F{Q(ac - 57,5)} :
cs(t,x) := alE {Fél(:c — 5(\;)} and c¢y(t,z) = (1 —a)E {FQIQ(SC — }7,5)} .

We put ¢ := (¢1,¢a,¢3,¢4). By the assumptions on Fi1, we obtain:

Fl oz — X,
lei(t, x)| ‘ 11( t) e
_ <c(1 E ’X
1+ 224 ¢ 1+ 24 - Jro?tlgT !

i

In the same way, we have

M~ 12
M<C(1+ sup E Y}‘ q}),

L+a2 — 0<t<T

les(t, )| |+ %
LI o1+ sup E X‘ :
1+a%2 — ogth ‘

However, according to Lemma 213} the moment at time ¢ of )z and the one of 57,5 are bounded
by a function which depends on the moments of Xy and Yj.

lea(t, )| < %
and ————<C |1+ sup E ||V}
1+ a2 — ogth !

If we have a function ¢ such that I'(c) = ¢ then the associated process verifies the equations

; lea (8,2)] lea(t,2)|
of Lemma 213 Then, by taking K large enough, we deduce that 5257 < K, T 50 < K,

% < K and % < K. This means that ¢ € FX. Consequently, for any random variables

Xo and Yy with 8¢?th moment finite, by taking K large enough (which depends on the initial
moments), we know that a solution of the equation I'(¢) = ¢ is in FX. However, the equation has
a unique solution on FX since the map T is a contraction on FJ.

We immediately deduce that there is a unique system of stochastic differential equations which

corresponds to (E). And, there is a unique strong solution to this equation. We thus deduce that
U>T>0.

Step 2. We assume that U < oco. This U does depend on the moments of Xy and Yy. We know
that the moments of order 1 to 8¢ of (X;,Y;) are bounded by a constant C{ which depends only
on the initial moments. We thus consider the system of equations

t t t
X, =X} — /0 VVi(X])ds — a/o (VFi1 # pg)(XL)ds — (1 — a)/o (VFi2 *vg)(X.)ds + 0By,

t t t
Y/ =Y — /0 VVa(Y!)ds — a/o (VFap * pg)(Y)ds — (1 — a)/o (VFag *vg)(Y])ds + 0By,
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with X{ and Y{ such that E [|X{|"] < C{ and E [[Y{|"] < C{/. We can associate a time T" > 0 to
this equation such that it admits a unique strong solution on [0; 7"]. To the new random variable
X is associated a new constant K’. Without any change to the generality, we take K’ > K.

We put Xg := X, z and Yy =Y}, oy These new initial random variables satisfy the condi-
tions so we can deﬁne a unique strong solut1on on [0;T"]. This implies that we have extended
(Xt Yo)ie (0.0 0 (Xe,12) Indeed, on [U — T2 ; UJ, there is uniqueness. This contradicts
the definition of U.

te[o;U+Z)
O

By using the proof of Theorem 21} we can directly obtain the following result:

Proposition 2.14. Let (X,Y’) be a solution of the system (). Assume that E (X&")+E (Y@") <
oo for some n € N*. Then, we have

supIE( )+supIE(Y2 )<oo.
t>0 t>0

3 Propagation of chaos

We recall the interacting particle system defined in (@)):

Nn
dX} = —VVi(X})dt — > VEL(X] - X{)adt

Ny + M,
j=1
1 M, _ _
TN L > VFu(X] = YF)dt +odW]; i=1,...,Ny;
" " p=1
1 N,
W =~V = g 2 Vi (Y - X
1 M,
mZVFzz Yk)dtJrJth, i=1,...,Mp,;

and its identically independent copies given in (g])

dX; = —VVi(X}) dt — a(VF % ) (X}) dt — (1 — a)(VFi2 % v3) (X)) dt + odW;

i1=1,...,Ny;
dY; = —VVa (V) dt — a(V Foy % pe)(Yy) dt — (1 — a)(V Fa  1)(Yy) dt + od W,
i=1,...,M,,

where a = lim o and g = Law(X}), v = Law(Y)).

The rest of this section is devoted to prove Theorem that is to show that the interacting
particle system satisfies propagation of chaos . We adapt the proof of [BRTV9S| Her(03].
Proposition B2l we prove a weaker statement than (7l) where the expectation and the supremum
are interchanged. We then strengthens Proposition to the fourth power in Proposition 3.4l
Finally, Theorem [[.2] will be derived from these propositions.

We will need the following lemma on a nonlinear generalisation of Gronwalls inequality.

Lemma 3.1. Let ¢ be a positive function such that $(0) = 0. Suppose that there exist constants
A>0,B>0and0<a<1 such that

D sas s [ o)

then
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Proof. We note that a special case of this lemma for & = % has appeared in [Her03, Lemma 2]
while a more general version where A and B are functions of s can be found in [Dra03, Theorem
21]. For the convenience of the reader we provide a simplified proof for the case of constant
coefficients and arbitrary « here. Suppose ¢ solve the integral equation

t t
w(t) = A/ w(s)ds + B/ w(s)®ds (0) = 0.
0 0
We take the derivative with respect to ¢ both sides to obtain

e )
200 + Bope M VO =0

Taking the anti-derivative of this ODE gives

1 (D)
A@xnk%[Awu>+Bwuw

Solving this equation with the initial data 1(0) = 0 we obtain

Y(t) = (g (eA(lfa)t B 1)) ﬁ.

A comparison principle gives ¢(t) < 1 (t), which is the assertion of the lemma. O

}:t-i-C.

Proposition 3.2. We have

. i /\z 2] . i /\z 2]
nh_}rI;Otes[lé})T]E{(Xt - X}) } =0 and "h—*ngot:[%}:)T]E{(Yt YY) } =0. (24)
Proof. We define
w(t) = E [(th - )?3)2] and G(t) = E [(Ytl - ?}ﬂ . (25)

We have

—

w(t) =E [(Xf - )?5)2} Vi=1,...,N, and @(t)=E [(Y;’ - Y;‘ﬂ Vi=1,...,M,. (26)
Using the It6 formula, we compute
wit) =E[(X{ - X})’]

2@/Ww@@w«@»¢ﬁﬁMs
0

t 1 N ) . —~ S~
_ e t_XI) — 1 . T _ 1
QE/O [Nn T ;:1 VEL(X! = X)) = a(VF o+ ) (XD)] - (X2 = XT) ds

t 1 M, . _ i /\Z
— QE/O [m I;VFH(XS — y;k) — (1 =a)(VFa* Ms)(Xs)} (X! = X1)ds

where

At = —(VVa(x)) - V(XD - (X - X)),



18

N,

L o _ .
o 2 (VX - X)) = (F ) (5D) | - oxt - X,
N ) (VFu % ) (XD - (X{ = X))

n
M,

Z
+ |~

N Z (VE(X] ~ YF) ~ (VFi *yt)()?g))} (xi XD
£t = (- - m) (VFia ) (X7) - (X = X7)

Next we estimate each term in (Z7). We start with A

Ailt) = (Vi) - V(D) - (X] - X))

@ S =\ 2
< 0, (X; - X;) :
This implies that

NTI,
> E[Ai(t)] < Nabrw(t)
=1
Next we estimate B;:

N.
1 = . — .~
B0 = | - 53 3 (VP (X = X)) = (VR ) (60) | - (6 = X

N,

1 = . —~ S~

= [— NI 1(VFH (X} — tj)—VFn(Xi—Xf))] (X - XY)

iz

N,
1 i -~ - P
— [m; (v}?ll(‘)(tZ - Xg) - (VFll * ,U/t)(XtZ))] : (Xt - Xt)

1 N, 1 N,
_ B Ly - ——— 2
=N, L ;QU (t) N, ;QU (t) (29)
where
oly(®) = (VFu(X{ = X}) = VFu(X] - X)) - (X] = X)) (30a)
0% (t) i= (VFu(X] = X}) = (VFi ) (X7) ) - (X] = X]). (30b)
We have

ii@%j(t) = Z

Q?j (t)7
i=1 j=1

1<i<j<Np,
where 07 (t) = 0ij (t) + Q;i (t). Since VFi; is an odd function, we have
03;(t) = (VFH(Xti — X)) - VFL (X} - Xg)) (X! - XD
+ (VFn (X} -

X}) = VFu(X] - X)) - (X{ - X})
= (VP (x] -

D)= VER(X] - X)) - () - X - (x] - X)),

(28)
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If Xi— X7 > Xz X] (resp. Xi—X] < Xz Xj)thenXl Xz > X/ - XJ (resp XZ Xz < X]— X])
and VFll(XZ ) > VF‘ll()(z X‘]) (resp VFll(XZ ) S VFll(Xz — X‘]) ) as VF11 is
increasing. Thus we always have sz(t) > 0. Therefore,

Np,
Z 0i;(t) > 0. (31)
ij=1

On the other hand, using Cauchy-Schwarz inequality, we get

(Zew ) < (B - XD2)m(0)”. (32)

where

2

n

ki(t) :E<{ (VFu()/(\ti—)/(\tj)—(VFu*Mt)()/(\ti))r)

-
Il
—_

We rewrite k; as

N,
)=> &)+ D &ur(t) with
=1 1<j<k<N,

_ — o~~~

&(0) = B([VFu(X] = X7) = (TFu1 ) (X)) VP (X] = XF) = (TP = ) (X)) ).

If j #k, )/(\i, X7 and Xk are three independent copies of X1. This implies that

_— — —~

&k =Ex (E)?] Vi (X] — X{) = (VFi * Ht)(X@]E}\k [VFn(X] — XF) — (Vi o+ Mt)(XZ)])
— E[0] = 0,

where we have used the fact that 5(\1', X7 and Xk have the same law p¢. For j =k, we get

o~

&5(0) = E([VFu (X} = XI) = (VFiu ) (X))
< 2B (|VF(X] = X)P +1(VFu* ) (XDP). (33)

Since |VFi1(z)] < C(1 + |z[*9), we have |VFyq(2)|*> < C(1 + |z|*?). Applying this inequality we
obtain

E|VEL (X} — X7)? < CE(L+ |X] — X[*) < CE(1 + X} + [X/|') < C.
BV P ) X)) = B(| [ VPR - wpmt) o] ) <B( [ IVF(X = p)Patan)
< CE( [+ X+ lyl ) ) < CE(1+ 1K) <€ (30)
Therefore, we obtain N
)= &, <CN,
j=1

Substituting this estimate back into ([B2]) gives

1

E(ipfj(t)) < ONg (B(X{ - X})?) . (35)
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Substituting (ISE]) and (B3I back into (29]), we achieve

CNS/? . —wo\:  CON?

We proceed with estimating C;. Using Cauchy-Schwarz inequality we get

E(VFu # u)(X])(X] — X})]

Ny,
IE[Ci()] | = ’a TN 3L

(BLx: - X11%)* (BT R =) (D)

Np

S‘a—

< C}a— N (IE[XZ Xl]Q)%,

where we have used E|(VF; x ,ut)()/(\ti)|2 < C' which was proved in ([B4]). Therefore,

Np

(ELx; - X7) -

t (37)

).

w(

Now we estimate D;. This is a cross term that involves both species and we will need to use
assumptions on the Lipschitz property of Fj5. We first add and subtract appropriate terms
similarly as in B;.

M,
otz - o) 5
i
N
[N v ﬁ(VFm(;@—Y;k)—(VFlg*yt)(;(?))} (X X))
=: D}(t) + DZ(t). (38)

Using Lipschitzian property of VF}, we have
[VF2(X{ - Y{") = VF(X{ - V)| < K|X{ - X{],
which implies that

. CM,

(0] < § B - xi)® (39)

E[D

—~

Taking the expectation of D?(¢), noting that v, = Law(Y;¥), we obtain

E [Di(t)] ZE[— ﬁ% (VFH()/(\? —Y}) — (VF(X] - 5//}))} L (XE - X))
" " k=1

Then similarly as in D} (t), we have
o M,
E[D3t)] < o~ BV = YFIIX] - X),
[D}0) < v Z | I |
which implies that

Nrn

S E[D0)] < N+M (ZW XZ|Z|Y’< vF)

i=1
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< C\/_*/_(ZE Xi - Xj) )%(%E(Yt’“—{/}f);

- N,+ M, =
CM,N, i N2 3 —~ o\ 3
- N, + M, (E(Xt - Xt) ) (E(Ytk - }/tk) )
CM,N, =
Substituting ([39) and Q) into (B8] we obtain
CM, N, =
ZE m( w(t) + \/w(t)w(t)). (41)
Finally we estimate F; analogously as in C; and get
M, i o2 3 M,
E[E:(0)] < C|(1 - a) - " |(B(x] - X§)*)" = |1 -a) - ().
Taking the sum over ¢ from 1 to NN,, yields
Al M
> E[Ei(t)] < CN,|(1—a) — " w(t). (42)
i=1
Substituting (28], B4, ) and [@2) into [Z1) we obtain
' oNy? CM,N
Npw(t) <2 N, 0 t
w0 <2 [ (Naoo) + 5351 S0+ )
| CM,N, i Mn
N L $)w( —a) — w(t)) ds.
By dividing both sides by N,, we get
! N,/? N, M,
wit) < C’/O (w(s) (v o v e -0 - 555 )Ve® @)
+ \/w(s)&}(s)> ds
< c/ )+ () V/als) T B() ) d, (44)
where 0 < f(n) < CN iy ‘ Nﬂﬁ’}wn ‘ +|(1—a)— Nn,]\f-TMn ‘ (hence f(n) — 0 as n — 0). Note

that we have used @(s) > 0 and the elementary \/Zy < 1(z + y) to obtain the last estimate.
Analogously we obtain

5(t) < c/ot (w(s)Jr&}(s) + f(n) w(S)Jr&}(s)) ds (45)

for some function 0 < f(n) that tends to 0 as n goes to infinity.
Taking the sum of {3]) and 3] yields

w(t)+a(t)gc/0 (w(s) +2(s) + (£() + Fm)V/eols) + () ) ds. (46)

Applying Lemma B we obtain

w(t) + (1) < c((f<n> + Fm) (% - 1))2. (47)
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~

Since f(n)+ f(n) — 0 as n — 0, the last estimate implies that

lim sup w(t)=0 and lim sup @(t) =0.
n—>oote[0,T] n—>oote[0,T]

This completes the proof of Proposition O

Remark 3.3. If N,, and M, tend to +oo simultaneously but IJC[[" is a constant, then from the

computations in the proof of Proposition B2l we obtain explicit estimates

sup E(X] — )/(\2)2 < < and sup E(Y} — }//2)2 < E, (48)
te[0,7) Ny, t€[0,T] M,
for some positive constants C' an C. O
The following proposition strengthens Proposition 3.2
Proposition 3.4. We have
lim sup E{(X; - Xt’) } =0 and lim sup E{(Y; - Ytl) } = 0. (49)
N0 tel0,T] =0 te[0,T)
Proof. Let us define
¢ =E[(X] - X)*] and () =E[( - V). (50)

The strategy of the proof will be similar to that of Proposition B2 that consists of three steps: (1)
using It6’s lemma to obtain an expression for ((t), (2) estimating each term that appears in the
expression to derive a Gronwall type inequality for ((¢) and (3) applying Lemma Bl to deduce
the assertion.

We now carry out this procedure and will refer to the proof of Proposition when similar
arguments apply. We first use It6 formula to obtain

¢ = E|(x; - Xy (51)

t o i —
_ 4R / (VVA(XT) — VVA(XD)) - (X — X1)* ds
0

t 1 Al - ) = S~
B [ [ S VR~ ) al(VFu ) (R0)] - (X4 X
0 o

Np + M,
- /{mg 12X = V) = (1= )(VFio % ) (XD)] - (X2 = XD)* ds
:;4/ (Fi(s) + Gi(s) + Hi(s) + I;(s)) ds, 52)
0

where

Fi(t) = — (VX)) - VVA(XD)) - (Xi = X)),

6t = [ - g 30 (TR0 - X0) — (W ) (D) -0 - S
H;(t) = (a - Nn]inMn)(VFH « ) (XF) - (X7 — X])P,
0= |- v S (VR -~ ¥~ (Vs e (X)) | - - i,

b
Il
—
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Ht) = (1= 0) = 52 ) (T Fa ) (D) - (X = X))

Next we estimate each term F;, G;, H; and I;. According to Assumption 2], we have

E[Fy(s)] < 6. (X} - XD)*]. (53)
We write G;(t) = —m(Gl1 (t) + G2(t)), where
N, . ) e — . e
Gl =Y (VPn(X] = X)) - VFu(X] - X{) - (X] = X})?,
J=1
Nn — - — . —
GH(1) =3 (VFu(X] = X7) — (Vi) (X7 ) - (X] = X})P.

j=1

Similarly as in the proof of Proposition B2l we have

Np,
> Gt =o0.
1=1

Using Holder’s inequality

| [raa|<([irsa)"( [rota)" (54)

we get
E[G2()] = E] N (VR (X = XD) = (VR = i) (X ) - (X = X))
< (=[x - xp4) " Ry,
where

where a;(t) := VFH()/(\;' — X]) = (VFu * Mt)()/(\;) Using the multinomial theorem

n 4 n

(o) =Xd + ¥ ot 3 ol

j=1 j=1 1<j#k<n 1<j<k<n
+ Z 12a?a]—ae + Z 24a;ara00m,
1<j#k#L<n L<jFk#ALFm<n

we decompose k;(t) as follows
Ri(t) = R0 () + RO (1) + 7 @) + 7V () + RO ),

where

n

RO =E(Y ), RP0=E( Y da0'an), 2P0O=E( Y 6q0%an?),

j=1 1<j#k<n 1<j<k<n

ROW=E( Y 2aPq0a®), FPO=E( Y 2Aeg@abalban).

1<jAkAl<n 1<j#kAlAm<n
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As in the proof of Proposition 32|

P =M t)=rP () =0 and &M(t) <CN2, &P (1) < CN2.

3

Therefore, we obtain #;(t) < CN2, thus

E[63(0)] < CVNa(E[xi - X)) and E(Gi0)] < P (slxi - X)) 69)

N, + M,
Next we estimate H;. Using Holder’s inequality (54) again we have

—~ 1/4

- | (Bl(xi - )" (BRI R« (K1)

E[H:(t)] < |a -

As in the proof of ([34]), it holds that

E[(VFi * ,Ut)(;(?)ﬂ <C,

which implies that

E(H;) < C‘a - % (IE[((XZ )?)4})3/4. (56)
We proceed with the term I;
1 o i k
L(t) = { N ; (VFlg(Xt V) = (VEy # )( )}

1 o i k k

= {7Nn+Mn;(VF12(Xth ) — VFio( X -Yy) )}

1 - i k i i i3
~ [m I; (VF(XG =) = (VFi2 5 n)(X] ))} (Xi — X))
= 1Y) + 17 (1), (57)

Using the Lipschitz property of VFis we get

1 i v
0] < 53 2 X = XD*
n n k=

which implies that
KM,

E {Ii(l)(t)] g T

E[(xi - X})*].

Summing this estimate over 7 yields

38 1] < A2 ;- i), .

M.
1 X — - P
E[10)] =~ E[; (VF2(X] = ¥) = (VF2 +m)(X]) - (X = X))
1 M, . P .
= —mﬂ-‘:{ (VF12(XZ —YF) = VFu(X] - YF) - (X] - Xf)g}
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K My — —~
k k 1,4 (3
sﬂh+mgjwm—wuwt—&w
M,
K - — .\ 1/4 P A e
< e o (BOE v (B - X))

Hence

:iznl]E {11(2)@)} < ﬁ(i (E(Ytk _ }’,})4) 1/4) (:iznl (E(XZ )/(\1)4)3/4)
= 11 (B =70 ) (e - X)) -

Substituting (B8) and (B9) into (BT), we obtain

iZT;E [£:(t)] _ﬁnj\i’l%E[(){; )?;)4} (60)
P (v - v0) ) (B - X))

Similarly as H; we get

My,

B[] < 01 - @) - | (Bl - X)) oy

Taking the sum over 4 in (52)) and from estimates (B3), (B3), (B6) and (60) we get

! ONS® 5
N, (1) < 4 [Nno G _ N
) <4 [ [NMubiclo) + o)+ Nofa— g
M, KM,N, KM, N,
N, |(1— " nn 3/4(5)71/4 }
FON|(1 =) = =[O+ 5 O A, ¢ )
By dividing both sides of the above estimate by N,,, noting that i, + v < 1, we write the result

in a compact form

! s n 3/4 s 3/471/4 s P
(=€ [ (€ + g e) + ¢ ) a (62)
where
g(n) = N%§T+‘ TR DR T

Using the inequality of arithmetic and geometric means,
3a+b=a+a+a+b>4a**b"/* for all a,b>0,

and the non-negativity of ¢ and E , we obtain the following estimate

<c/‘ )+ a(m)(C(s) + C(s)*/*] ds. (63)
Analogously we obtain a similar estimate for ¢
0 < [ e+ 80) + o) + G s (64)
where
§(n)%+’aﬁ Jr‘(l—a)—ﬁ ),
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Adding (63) and (64) gives

~ t ~ ~
(€+00 =€ [ [c6s)+E6) + (o) + Fm)(cls) + L)) s (65)
Applying Lemma Bl for a = 2 we get
~ 4
€+ < C((gn) + G (e = 1)), (66)
from which we deduce the statement of the proposition. O

Remark 3.5. If N,, and M,, tend to +oo simultaneously but ]JC[T" is a constant, then from the

computations in the proof of Proposition 3.2, we obtain explicit estimates

sup B [(xi - xi)] < % and  sup B (v =¥ < % (67)
for some positive constants C' an C. O
We are now ready to prove Theorem
Proof of Theorem [1.2. According to [27) we have
(xi - xj)°
— 2 [V - WED) - (x - Khas
- 1 & R - . =
- 2/0 [m ; VFu(X] = XI) = a(VFi <) (XD)] - (X] = XD ds
' 1 - i k i i i
2 [ [y > VR ) (= (VR ) (] (K- K. (9
We define
T 1 — — =
p=2 [\l D VIR XD eV ) (D] - (4] = X[
T 1 M, ; . — . S
#2 [ | 2 Ve =Y = (- (Ve =) ()] - 06 XD s ()
=: L + Lo. (70)
From (G8) and ([@) we can estimate
—~ t —~ 2
(Xi—Xx})° < 291/0 X - Xi| ds+ L. (71)

S —~2
Setting ¢(t) := fot ‘X; — X1 ds, we get

¢ (t) < 2601p(t) + L.

Using Gronwall lemma and the fact that ¢(0) = 0, we deduce that, for any ¢ € [0, 7],

o(t) < 2£91(6201t - 1).
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Substituting this back into (71l), we obtain
(Xi = X})* = ¢/(1) < Mt < 271,
from which we deduce that

EL:[%PT} (xi— Xz)} 2N TE[L). (72)

Next we find an upper bound for L. For the first term, L, proceeding similarly as the terms B;
and C; in the proof of Proposition B.2] we have

2 - T N, T o
E[L] < M.+ N, Z/o (|le;(3)| + |P§](3)|) ds + QC‘G - (E[X; - Xﬂ ) ds
j=1
Ny T 1
2 N, ;o2\ 2
- L 2 P T‘ n E[Xi - Xi
< a2 J, (b g ds 20t iy
=: K, + Ko, (73)

where p};(s) and pZ;(s) are defined in (30).
By Proposition B.2] K> tends to 0 as n goes to +oo. If % is constant, then Ko = 0. We now
estimate two terms in Kj. According to (B3], we have

1

(NZ pU )<C\/_n( sup E[Xz )?Z}Q)Z

s€[0,T

Thus,

s€[0,7)

2 T & 20T+/N L o2\
- E( 2 )d <7"( E[X! — Xi )
i/ D) o < 3 (L LI XY
which converges to 0 as n — +oo. If % is constant, then
P o2 C
sup E[X;—X; }g—,
s€[0,T] ( ) Ny,

which implies that
ﬁ/OTE Z|p” )ds<2]€—nT. (74)
For the pllj term, using ([B0), Cauchy-Schwarz inequality and Proposition 214 we get
Bl o)) < B0 - RFIB[(V R0 - X7) - VAR - X))
< {E[(X;' - )?2)2}

{B[ (i = B2 &2 - X e JxE - X3P+ 1R - R |

2

1
2

< { sup E[(X - )?;'f}

s€[0,7)

1
1

B[t Ri+ &2 x2) R[4 130 - xR - R}
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R S
< C{ sup E[(X! - X;)Q} X { sup E[(X] - X;)4} ’
SE[OaT] SE[O,T]

which tends to 0 as n tends to +o00 according to Propositions 3.2l and B4l If IJ\\/[TTL is constant then,

Ello (o) < cf suw E[(X;)?;YF < sw E[(X;‘ff;f}i <

s€[0,T] o
Thus
2 N 1 C
m;/o E(lpoi;(s)l] ds < - 75)
From (Z3), (@) and (Zd), we get
E[L,] < NE 76)

The first term Lo can be estimated similarly as the terms D; and E; in the proof of Proposition 3.2l
We have

s <2 [ O g iyt O S (v - e[ (x: - K]
2 > 0 Mn+Nn s s Mn+Nnk:1 s s s s

2

+C|1-a)- % [E(x! )?;;)T}ds

<[ {0 e cloo - e st -]
L e (SSB?T]E[M ~¥)°] sup B[(x: @@5}@

< QT{% SESEPT]E(X; X+ C‘(l —a) % [SEEPT]E(X; - ??2)2}%
i 075 el ) ) "

According to Proposition [£2] the RHS of (77) tends to 0 as n — oo. If &= is constant then it is
bounded by . Substituting estimates of E[L;] and E [Ly] back into (), we obtain

06201T

3

E sup (X} -X})’] <

t€[0,T] n

from which the first assertion of the theorem follows. The second assertion is obtained analogously.
O

4 Existence and non-uniqueness of invariant measures

In this section we prove Theorem showing the existence and non-uniqueness of invariant
measures of the PDE system (2)) that is given below.

2
Bupiz = div ((vv1 Fa(VEy # ) + (1 — a)(VEFg + yt))ut) + %Am, (78a)

2
8t1/t = div ((V‘/Q + G(VFgl * ‘Ltt) + (1 — a)(VFQQ * l/t))l/t) + %Al&. (78b)
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We only consider the quadratic interaction potentials

aiij

2

We expect that extensions to polynomial potentials could be possible but the analysis will be much
more intricate. We leave this for future investigation. Stationary solutions (u(x)dz,v(x)dx) of
the above system is determined by

Fij(z) =

exp(— —(Vl( )+ aFyy * p(x) + (1 —a)Fio * v(x) )
wu(x) (79a)
fexp( x) + aFiy x p(x) + (1 —a)Fr2 xv(z ))dx
exp( x) + aFoy * p(x) + (l—aFgg*l/z))
(79b)
fexp( x)+aF « p(x) + (1 —a)Fa xv(x ))dm
We define
my = /xu(z) dex and mg = /xl/(z) dx.
Using explicit formulas Fjj(z) = %52 22 for ,j = 1,2, we obtain
exp ( - Z(Vi(2) + a2 — acpymiz + (1 — a)%22? — (1 — a)amex )
() = (s00)
[ exp ( — %(Vl(x) + a3t 2? — acpymiz + (1 — a)B22? — (1 — a)aomax ) dz
exp ( — %(‘/2(,@) + a2t 22 — aagymiz + (1 — a)%yc2 (1 — a)agamax )
v(z) = . (80Db)
[ exp ( — %(Vg(x) + a2 2? —aanymir + (1 —a)®22? — (1 -a aggmgx ) dx
Therefore, (mq,m2) satisfies the following system
Jxexp ( — l (Vl(x) + a%xQ —aapymiz + (1 — a)%xQ —(1- a)algmgx)) dx (812)
myp = , (8la
fexp ( %(Vl(x) + a3 2? — aopymyr + (1 —a)%2a? — (1 - G)Oé12m2$)) dx
[ wexp ( — %(V (r) + a3z 2 —aagymir + (1 — a)%zQ - (1- G)Oé22m2$))
m2 (81b)

- [ exp ( — % (Va(z) + a%22? — aagymiz + (1 — a) 22222 — (1 — a)aggmgx)) dz
)

We define @1 (my, ma) and ®o(mq,ms) to be the right-hand sides of (8Ial) and (8IL), respectively.
Setting ®(mq, ma) := (1, P3)(mq,m2). We rewrite ([BI]) as

(ml,mg) = (I)(ml,mg), (82)

where ®(m1, m2) denotes its right-hand side.

4.1 Symmetrical invariant measure

We suppose that V7 and V5 are symmetrical.

Lemma 4.1. There exists a unique pair of symmetric invariant measures that are given by

exp(—U—QZ(Vl(ac)-f- en 2+(1—a)0‘7$2))

O(z) = , a
p [ exp ( - Z (Vi) + a%ra? + (1 - a)O‘TxQ)) dx (330)
R B

[ exp ( - & (Va(z) +a%x2 + (1 - a)a§2x2)) dz
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Proof. Since (1°, %) satisfy ([3al) with their mean values (0, 0) that fulfill (8TH), they are invariant
measures and are symmetric because Vi and V5 are symmetric. Now suppose that (u°,20) is an
arbitrary symmetric invariant measure. Then (11°,7°) satisfies ([3a)) with (m1,m2) replaced by
their mean values (mzo, mpo). Since (° and 7%) are symmetric, we have

on:/x,u dx—O—/ x) dr = mgpo.

Substituting these values back into (79al) we obtain (1%, 2°) = (u°,1°). O

7o

4.2 Other invariant measures

We are now interested in non-symmetrical invariant measures.

Assumption 4.1. Suppose that V; and V5 have a common unique minimizer m*
Vi(m*) =Vy(m*) =0, V/(m*) >0 and Vy'(m*)> 0.
We will make use of the following result.

Lemma 4.2. [HT10, Lemma A.3] Let U and G be two C*®(R)-continuous functions. Let \ be
a parameter that belongs to some compact interval T of R. We define Uy = U + AG. Suppose
that Ux(z) > 22 for |z| larger than some value R independent of A and that Uy has a unique
global minimum at zx with U{(z)) > 0. Let fn, be a C3-continuous function depending on some
parameter m that belongs to a compact set M. Furthermore, we also assume that there exists
some constant 6 > 0 such that |fm(2)| < expl0|Ur(2)|] for all z > R,A € Z,m € M and £ s
locally bounded uniformly with respect to the parameter m € M for 0 < k < 3. Let a,b € R such
that a < z)x < b. Then the following asymptotic result holds as € tends to 0:

[ o [ 228 4o = [ [ - 2RO ) 1 oue 4 @)} (50

with

5U3 Uy Il (2a )-

00 = Fulon) (J5gty — 1) — I o) s + 200 (85)

Here Uy, = U)(\k) (za) and 0(11/)\4(5)/5 converges to 0 as € goes to 0 uniformly with respect to the
parameters m and . Moreover, for any n > 1, we have

2U, (2) n—=2

fR 2hefm (e 4z " nzy Us
[ efm@e—"22 g, AT Ty, [ 27277”1722”0 (23] (86)
R

where the estimate is uniform with respect to the parameters m and A as € — 0.
We are now ready to prove Theorem
Proof of Theorem[L:3. We recall that p > 0 is defined such that

p > max { V2 (m)| [V (m*)] !
- 4V1”(m*)(V1”(m*) + aaqq + (1 — (1)0[12), 4V2”(m*)(v2”(m*) + aasy + (1 — a)OQQ) ( ' )
87
We define
D(0) := [m* — pa?,m* + po?] x [m* — po?,m* + po?].

Let (my, ma) € D(0). Then there exist p1, p2 with 0 < |p1], p2| < p such that

m; =m* + pio?, i=1,2.



31

We have

O (my, ma)

Jxexp ( — Z(Vi(z) + a®a? — aonr (m* + pro?)z + (1 — a) %22 — (1 — a)arz(m* + p202)z)) dx

[ exp ( - Z(Vi(2) + a®2? — acqr(m* + p1o?)z + (1 — a) 4222 — (1 — a)oqz(m* + p202)x)) dx

fermllplI”(l’“)o‘lzpzz exp ( — 0—22 (V1 (z) + a%z? —aoym*z + (1 —a)%2a? — (1 - a)ozmm*z)) dx

f e2ac1pre+2(l-a)aizpa oxp ( _ %(‘/1(1') + a3 2? — aocyym*r + (1 —a)%322? — (1 - G)Oé12m*1')) dx '

Set U(x) = Vi(z) + a®2? — aapym*z + (1 — a)%22? — (1 — a)azom*z. We have

U'(x) = V{(2) + (aaqy + (1 — a)aqa)(x —m™),
U"(z) = V{"(x) + a1 + (1 — a)aa,
U (2) = V¥ ().

Since U’'(m*) = V{(m*) = 0,U" (m*) = V/"(m*) > 0, m* is the unique minimizer of U. Applying
Lemma 2] for f(z) = 2aa11p12 + 2(1 — a)ajzpaz,n = 1,U(z) and A = 0, we get

1
1 (m* + pro?, m* + pao?) =m* — Tl [m*Z—z - 2m*f’(m*)} o? 4+ o(0?)
V2 m) ¢

= o 1P Ve TR o )

= m* — kjo? + o(c?),

where
T:=aar1 + (1 —a)ara, ¢ :=aar1pr + (1 —a)aizps.
We have
< 17 acni|p| + (1= a)ass|pl
— 4V (m*) +1)2 ViIi(m*)+ 1
1 1
VP aonp+ (1-a)arp
AV (m*) 4 7)? V'(m*) + 7
_m W
AV (m*)+ 1) V{"(m*) + 7
ED
< p.

Similarly we have
Oo(m* + p1o?, m* + pao?) = m* — kao® + 0(0?) where |ko| < p.

Thus for o small enough, we have ®(m* + p1o2, m* + p20?) € D(o). By Brouwer’s fixed-point
theorem, there exist (my, ms) € D(0) that satisfy (&1l), thus the measures p and v defined in (80
are invariant measures for the coupled MV-equations. |

Remark 4.3. Assumption 1] has been used to obtain that the two functions

U(z) = Vi(z) + a%xQ —aaym*zr+ (1 — a)%zQ — (1 —a)ajgm™z,

Ulz) = Va(x) + a%:ﬂ —aagym*x + (1 — a)%zQ — (1 —a)aggm™x,
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have the common unique minimizer m* which is also the minimizer of Vi and V5. We expect that
this assumption can be removed. To this end, one would need to find a solution (mj, m5) to the
following system

Vf(ml) + (1 — a)alg(ml —mg) =0,

‘/Ql(mg) + aagl(ml — mg) =0.
Then one apply Brouwer’s fixed-point theorem for D(c) = [m} + p10?,mb + p20?] where 0 <
|11, |p2| < p with a suitable choice of p. O
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