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The dynamics of a pair of counter-rotating wingtip vortices formed in the wake of a slotted
wing are investigated numerically at Reynolds numbers 3000 to 10 000, considering a NACA12
airfoil with various angles of attack ranging from 5 to 10 degrees. Two parts of the wake are
investigated. Firstly, we focus on the von Kármán wake of the wing and explore its properties
in reference to inifinite wing results. The finiteness of the wing introduces notable differences.
Secondly, we examine the dynamics of the wingtip vortices and the instabilities that are obtained.
The influence of the von Kármán wake on this vortex is emphasized. Two behaviors are identified,
depending on the angle of attack and Reynolds number. An orthogonal proper orthogonal
decomposition (POD) is applied to identify the coherent structures that superimpose upon the
mean flow. A Fourier analysis of the vortex centerline is conducted to highlight the dominant
wavelengths.

I. Nomenclature

𝑥 = Longitudinal (streamwise) coordinates

𝑦 = Transversal (spanwise) coordinates

𝑧 = Vertical coordinate

𝑏 = Vortex spacing (time dependant)

𝑏0 = Wing spacing

2𝑠 = Wing span

𝑐 = Wing chord

𝐴𝑅 = 2𝑠/𝑐 = Wing aspect ratio

Γ = Vortex circulation (time dependant)

𝑎 = Vortex core radius

𝒖 = Fluid velocity

𝑈∞ = Mean flow velocity

𝝎 = Fluid vorticity

𝑝 = Pressure

Re𝑐 = Chord-based Reynolds number

ReΓ = Circulation-based Reynolds number

𝛼 = Angle of attack
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II. Introduction

T
he dynamics of vortex pairs is a topic of major importance in the aeronautical community. For instance, aircraft

wake vortices are a threat to following aircraft in areas of dense traffic, typically in the take-off and landing lanes of

busy airports. The long life span of these vortices imposes to keep large distances between aircraft. This affects the

efficiency of air traffic control in the densier airports. Reducing the lifespan of trailing vortices is an effective way to

meet the ever-increasing demand for air transport. The lifetime of wake vortices is also a matter of importance for the

climate impact of aviation as it affects the altitude and density of contrails [1, 2] when they form under certain types of

atmospheric conditions.

Wake vortices typically roll up within 10 wingspans behind an aircraft, forming a quasi-axisymmetric vortex dipole

characterized by the circulation Γ of the vortices and their separation 𝑏. In an environment where turbulence and

atmospheric stratification are low, the dipole retains its shape as it descends through the atmosphere by self-induction.

A few hundred wingspans behind the aircraft, instabilities appear, most often the Crow instability [3] and the elliptical

instability [4].

The Crow instability, which can be observed in the sky on a clear day when contrails are captured in the wake

vortices [5, 6], is a symmetrical sinusoidal instability. It has a long wavelength (typically 8 times the average distance

between the vortices) and develops in a plane rotated by an angle between 40° and 50° with respect to the plane initially

containing the two vortices. It is amplified by mutual induction in an exponential way and the nonlinear dynamics can

make rings appear when the level of turbulence is low enough. This instability has been reproduced experimentally

behind a wing [7–9]. Following Crow and Bate’s example [10], various numerical studies have tried to amplify it, by

optimal perturbation [11] or by interacting a system of four vortex filaments [12–16].

The elliptical instability is a shortwave instability that occurs when a longitudinal vortex is subjected to a shear

velocity field in the plane orthogonal to the axis of the vortex. It occurs in particular in vortex rings [17] where the

shearing occurs on the ring due to its own velocity field, and for pairs of longitudinal vortices [4, 18] where the shearing

on each of the vortices is produced by the velocity field of the other. It consists of the resonance of Kelvin modes of the

same axial wavenumber 𝑘 and azimuthal wavenumbers 𝑚 and 𝑚 + 2. The 𝑚 = −1 and 𝑚 = 1 modes are dominant in the

absence of axial flow or if it is weak [18], but they can disappear in favor of the 𝑚 = −2 and 𝑚 = 0 modes, or even

𝑚 = −3 and 𝑚 = −1 if the axial flow becomes too significant [19]. The elliptic instability is encountered in pairs of

vortices in symmetric and antisymmetric form, with the latter being dominant for the first mode 𝑘𝑎 � 2.3 [20], where 𝑎
is the vortex dispersion radius. The following modes are found at around 𝑘𝑎 � 4, 5.6 and 7.3.

In this study, we use a classical configuration [21, 22] consisting in placing two wings of the same shape and aligned

along the span wise direction close to each other, tip to tip. This setup allows to decorrelate the amplitude of the

vortices and the distance between them, and thus to increase the importance of their interaction by bringing them closer

together than if they were emitted on either side of the same wing. The instabilities therefore grow faster in physical

space, and this makes it possible to reduce the development length required downstream of the wing, making the spatial

development accessible to numerical and experimental wind tunnel simulations. These principles are directly dran from

the growth rate of these instabilities, which is governed by their growth is governed by the characteristic time [23]

𝜏 = 𝜀−1 =
2𝜋𝑏2

Γ
(1)

where 𝜀 is the strain rate.

We fix a Reynolds number between 3000 and 10 000 which allows us to disregard turbulence modeling. Although

the Reynolds number is approximately 20 to 100 times greater in a real flow, the very low dissipation of the vortices

allows the replication of these instabilities for these lower values. Moreover, there is a recently renewed interest in

the wake of lifting wings at low Reynolds numbers for biological (insect flight) and industrial (small flying objects)

motivations, as highlighted by [24]. For this range of Reynolds numbers, a Von-Kármán vortex street is formed in the

wake and can take various shapes [24–27].

The outline of the paper is the following: section III describes the model of the flow and the numerical setup,

section IV analyses the Bénard–von Kármán wake observed just behind the wing and compares our results with the

litterature for mesh validation purposes, section V describes the formation of the tip vortex and the mean flow properties,

and section VI describes the various observed convective instabilities of the tip vortex.
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Fig. 1 (a) Horizontal and (b) vertical slice of the flow domain in the flat plate case. The figure is not to scale.
The wing depicted as a light gray shade and the dotted lines represent the configuration as seen by the flow due to
the symmetry condition.
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III. Model
The numerical setup is shown in fig. 1. A NACA0012 airfoil of nonzero angle of attack 𝛼 with a chord length

of 𝑐 and an aspect ratio of 𝐴𝑅 = 6 is placed in the flow. In the direction of the flow, the domain extends from 5

chords upstream of the wing to 59 chords downstream. The boundary conditions are an incoming flow at a given

velocity upstream and an outgoing flow downstream. In the transverse horizontal direction, the domain boundaries are

perpendicular to the wing. One lateral boundary lies at the wing root. The other lies at half the wing separation distance

from the wing tip. The fluid satisfies symmetry conditions at each of these boundaries. The one slightly offset from the

wing tip is denoted as the symmetry plane. Thus, the two-wing configuration is reproduced by symmetry. The top

and bottom walls are located far away from the wing, with a distance of 10 times the wing chord. The wake of the

NACA0012 airfoil is investigated at an angle of attack of 5, 8 and 10 degrees. The spacing between the wing and the

symmetry plane is fixed at 0.12 chord lengths.

Two definition of the Reynolds number are relevant for this problem: the first one based on the chord length 𝑐 and

the incoming free-stream velocity 𝑈∞, and the second one based on the circulation Γ of the vortices and their spacing

𝑏. The first one, expressed as Re𝑐 = 𝑈∞𝑐
𝜈 , with 𝜈 the kinematic viscosity, is used to parameterize and initialize the

numerical calculation. However, it does not take into account the shape of the wing or the angle of attack. We vary it

between 3000 and 10 000. The latter factors have an influence on the wing lift, and hence the strength of the vortices,

the separation of the flow over the upper surface, and the appearance of turbulence, as well as the effective surface

area of the obstacle as seen by the flow, which may result in a Von Kármán wake. The circulation-based Reynolds

number, expressed as ReΓ = Γ
2𝜋𝜈 takes into account the lift and spacing between the vortices (which, as a reminder, is

independent of the wing span in our configuration), and is therefore the number that best characterizes the physics of the

interaction between the two vortices. An approximation of this Reynolds number can be calculated a priori, but it can

only be determined once the simulation is performed, as it depends on the distance behind the wing at which the vortex

is evaluated. The relationship between the two Reynolds numbers is given by the following equation

ReΓ

Re𝑐
=

Γ
2𝜋𝑐𝑈∞

, (2)

where Γ is the only variables that need to be measured. A preliminary estimate for 𝑏 once the vortex sheet is rolled up

(in the framework of lifting-line theory, see [23]), can be given by 𝑏 = 𝑏0 +
(
1 − 𝜋

4

)
𝑠. In the case where 𝑏0 = 0.24 and

𝑠 = 3, this yields 𝑏 = 0.88

The governing equations are the incompressible Navier-Stokes equations, given here in dimensionless form:

∇ · 𝒖 = 0, (3a)

d𝒖

d𝑡
= −∇𝑝 +

1

Re
∇2𝒖, (3b)

The nondimensionalization factors are the chord length 𝑐 for distances and 𝑐/𝑈∞ for time. Moreover we have 𝑠 = 3𝑐. In

this framework, we have
ReΓ

Re𝑐
=

Γ
2𝜋

. (4)

The calculations are performed using the incompressible spectral element solver Nek5000.

IV. Bénard–von Kármán vortex street
The wake of a NACA0012 wing at low incidence and low Reynolds number exhibits various forms of wakes just

behind the wing body. In this section, we compare the wakes generated by the wing body (far from the tip) with the

Floquet stability analysis and the numerical observations performed in [24]. For more general studies, one can also look

at [25–27]. Furthermore, we describe the influence of the finiteness of the wing on this wake. The nature of instabilities

is described as dependent on the angle of attack and Reynolds number. For small angles of attack and low Reynolds

numbers, 2D instabilities are observed, while for large angles of attack and higher Reynolds numbers, 3D instabilities

occur.

Table 1 lists the type of 2D structures obtained by the present simulations, depending on the Reynolds number and

the angle of attack. The same structures highlighted in [24, fig. 7] are also observed, as well as the 𝛼3𝐷 transition angle,

that marks the threshold between the 2D and 3D structures. The alternative vortex shedding mode (AVS) is very similar

to the classical Bénard von Kármán wake. The only difference lies in the slight downward deviation of the mean flow,

4



Table 1 The different regimes of 2D wakes obtained as a function of the Reynolds number and angle of attack.
AVS : Alternative vortex shedding; LAVP : Leftward alternative vortex pair; NAVP : Neutral alternative vortex
pair.

Re \ AoA 5◦ 8◦ 10◦

3000 AVS∗ AVS∗ NAVP†

4000 AVS∗ LAVP† NAVP†

5000 AVS∗ NAVP† NAVP†

7500 AVS†

10000 AVS†

∗2D wake; †3D wake

Fig. 2 Strouhal number of vortex shedding behind the center of the wing, as a function of Reynolds number
and angle of attack

due to the non-zero angle of attack. The leftward alternative vortex pair mode (LAVP) exhibits successive vortex pairs,

with the leading vortex having negative vorticity. This results in a downward deviation of the mean flow due to mutual

induction between each vortex pair. In contrast, the neutral alternative vortex pair mode (NAVP) exhibits successive

vortex pairs, with the leading vortex having positive vorticity. The upward velocity induced compensates for the natural

downward motion, resulting in a horizontal motion of the mean flow. On fig. 2, we plotted the Strouhal number, defined

by

𝑆𝑡 =
𝑓 𝑐

𝑈∞

, (5)

with 𝑓 the shedding frequency, as a function of Reynolds number and angle of attack. The results are consistent with

[24, fig. 6] for purely 2D wakes (see table 1), in particular the "Drop 1" bifurcation for Re = 3000 and 4000. Figure 3

also provides a slice of the spanwise vorticity profiles for the different flow regimes. We cannot observe the predicted

bifurcations "Drop 2" for 2D regime transitions since the transition to 3D occurs before. The angle of attack of transition

between the 2D and 3D regimes is of the form 𝛼 = Re−1/2 [24]. The 3D nature of the wake is visible in fig. 3 (c) and

fig. 3 (e). Figure 4 shows the 3D structures obtained for the streamwise vorticity, which can be compared with [24, figs.

12 and 17].

All these comparisons to the literature allow us to conclude that the mesh we use around the wing is good enough.

Moreover, we compared two meshes with different point densities to ensure its convergence.

A contour plot of the spanwise vorticity behind the wing is visible on fig. 5. Due to the presence of a wing tip in our

study, the obtained instabilities are not independent of the spanwise direction. Near the wingtip, where the tip vortex

rolls up, the vortex alley fades more quickly. In addition, the vortex shedding is not synchronized along the wing, and
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(a) (b)

(c) (d)

(e) (f)

Fig. 3 Slices of instantaneous (a,c,e) and time-averaged (b,d,f) spanwise vorticity profiles. (a,b) Alternative
vortex shedding (AVS), Re = 5000, 𝛼 = 5◦ ; (c,d) Leftward alternative vortex pair (LAVP), Re = 4000, 𝛼 = 8◦ ;
(e,f) Neutral alternative vortex pair (NAVP), Re = 4000, 𝛼 = 10◦. 3D perturbations are visible in images (c) and
(e), see arrows.

(a) (b)

Fig. 4 Streamwise vorticity coutour plot at Re = 4000 and (a) 𝛼 = 8◦ ; (b) 𝛼 = 10◦.

(a) (b)

Fig. 5 Top view of iso-values of spanwise vorticity at (a) Re = 5000, 𝛼 = 5◦ ; (b) Re = 4000, 𝛼 = 8◦.
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(a) (b)

Fig. 6 (a) Strouhal number and (b) shedding phase shift relative to the wing center (in degrees), calculated at
the trailing edge, as a function of Reynolds number and angle of attack.

Fig. 7 Slice of instantaneous spanwise vorticity profiles, Re = 4000, 𝛼 = 8◦.

the vorticity lines are therefore not parallel to the wing. On the other hand, the shedding frequency is very weakly

dependent on the position along the wing, even though it appears to decrease slightly as one approaches the wing tip.

Figure 6 shows the Strouhal number and the shedding phase shift relative to the wing center, calculated at the trailing

edge, as a function of Reynolds number and angle of attack. The points closest to the wing tip do not exhibit noticeable

oscillations, and the structures appearing at this level seem to result from an extension of the vortices in the inward

direction. It appears that the higher the angle of attack, the less the frequency depends on the spanwise position behind

the wing. Similarly, the phase difference along the wing is less important for a higher angle of attack. This can be

explained in particular by the absence of frequency variation along the wing for an angle of attack of 10 degrees, except

for Re = 3000, which closely resembles what is observed at 𝛼 = 8 degrees. For angles of attack of 5 and 8 degrees,

there are two regions with two frequencies that are close but slightly different. Those two regions are found again in the

phase curve, with two different slopes.

At a certain distance downstream of the wing (which depends on the parameters), the Von Kármán wake looses its

coherent structure and becomes more turbulent (fig. 7).

V. Wake vortex generation and mean flow properties
The tip vortex develops just behind the wing and then forms a vortex tube in the direction of the flow. It is perturbed

by the Von Kármán vortex street right from its formation, as can be seen in fig. 4. The initial circulation and radius

of the vortex as a function of angle of attack and Reynolds number is given in fig. 8. As expected, the initial value

of the circulation mainly depends on the angle of attack, that is, on the lift. It should be noted that velocities are

non-dimensionalized by the upstream fluid velocity. Thus, for the range of interest here, the circulation of the vortex is

not proportional to the Reynolds number.

Furthermore, it was mentioned in section III that the distance between the vortex and the symmetry plane is expected

to increase up to 𝑏/2 = 0.44. However, in practice, the average vortex (obtained by averaging snapshots at different

times) deviates less than expected, as shown in fig. 9 (b). This can be explained by the proximity of the symmetry plane
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(a) (b)

Fig. 8 Initial circulation (a) and vortex radius (b) as a function of angle of attack.

(a) (b)

Fig. 9 Evolution of (a) the altitude and (b) the separation of the wingtip vortices as a function of the downstream
distance from the wing. It should be noted that the large separation values observed are due to the formation of
vortex rings.

and the early interaction of the vortex with its image, long before most of the wrapping is completed. Moreover, due to

the symmetry, the altitude of the vortex increases by induction as it moves downstream of the wing (fig. 9 (a)). With this

data, it is now possible to compute the circulation-based Reynolds number, that we present on fig. 10.

Figure 11 shows a cross-section of the streamwise vorticity of the mean flow at several distances downstream of

the wing. It shows the formation of the tip vortex (to the right of (a-b-c)) and the Von Kármán wake (in the center of

(a-b-c)), the degeneration of the Von Kármán wake and its influence on the vortex (c-d), and then their separation once

the vortex is rolled up and rises (d-e).

VI. Wake vortex instabilities
First, an iso-value of streamwise vorticity is plotted on fig. 12 to get an idea of the shape and position of the wake

vortex. Two main types of instabilities appear in our study, and only a limited number of cases (for instance (a) and

(b)) seams to reach a longwave instability. The others show another instability with a shorter wavelength, for higher

Reynolds numbers or larger angles of attack (for instance (c) and (d)). Table 2 summarizes the instabilities that develop

as a function of angle of attack and Reynolds number. Note that these two instabilities affect the position of the vortex.

If we look again at fig. 10, we can see that the separation between these two cases corresponds to crossing a threshold in

the circulation-based Reynolds number values.

In this section, we first consider the velocity field resulting from the difference between the mean field and a snapshot,
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Fig. 10 ReΓ as a function of Re𝑐 and 𝛼

Table 2 The different regimes of wake vortex instability obtained as a function of the Reynolds number and
angle of attack. LW: longer wavelength instability; SW: shorter wavelength instability.

Re \ AoA 5◦ 8◦ 10◦

3000 LW SW

4000 SW SW

5000 LW SW SW

7500 SW

10000 SW
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(a) (b)

(c) (d)

(e)

Fig. 11 Streamwise vorticity profile of the mean flow at several distances downstream of the wing: (a) 0.5, (b) 5,
(c) 15, (d) 25, (e) 50 for Re = 5000 and 𝛼 = 5◦. The colorbar limits are not the same for the first image and the
following ones.
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(a)

(b)

(c)

(d)

Fig. 12 Iso-contour of the streamwise vorticity. A mirror effect has been applied at the symmetry plane level.
(a) Re = 5000, 𝛼 = 5◦; (b) Re = 3000, 𝛼 = 8◦; (c) Re = 4000, 𝛼 = 8◦; (d) Re = 5000, 𝛼 = 10◦.

considered as a perturbation of the mean field. We analyze the deviation of the vortex position by searching for the

frequencies of its movements, as long as they are defined. On the other hand, we use a Proper Orthogonal Decomposition

(POD) to identify the main modes of the flow. This method allows to find an orthogonal basis of the vector space

generated by snapshots of perturbations in the flow. The average of all these snapshots, referred to as the base flow, is

calculated, and a spectral analysis of perturbations around this mean is performed (but not on the Fourier basis). The

resulting vectors are called modes and are sorted by decreasing energy, meaning that the first modes correspond to the

largest eigenvalues of the correlation matrix. This decomposition is optimal in the sense that, for a given number of

POD modes, the projection onto the subspace generated by these modes contains the highest possible amount of kinetic

energy.

A. Longwave instability
We first study the occurrence of this instability through the case of Re = 3000 and 𝛼 = 8◦. Figure 13 shows the

isocontours of the streamwise vorticity for a perturbation field around the mean flow. Three distinct regions can be

identified. The first zone is located within 10 chord lengths downstream of the wing. In this region, the interaction

between the wing vortex and the Von Kármán wake structures causes the core of the vortex to move. This can be

observed in fig. 14, which displays a cross-section of the perturbation streamwise vorticity at the vortex core. The second

zone is between 10 and 30 chord lengths behind the wing. At this location, the vortex still retains the perturbation from

the Von Kármán wake, but another perturbation with a much larger wavelength begins to form. Figures 15 and 16

display the perturbations due to this small and large wavelength. Finally, at more than 30 chord lengths downstream of

the wing, the tip vortex is mostly free from the small wavelength perturbation, and only the movement of the core with

the large wavelength remains, which can be seen in more detail in fig. 17. This division of the wake into three parts

and the different wavelengths can also be identified through Proper Orthogonal Decomposition (POD) analysis. In

particular, mode 1 is represented in fig. 18.

We now compare the previous case to the case where Re = 5000 and 𝛼 = 5◦. We can see from fig. 19 that the

vorticity of the perturbation varies little between the two cases. The initial perturbations (𝑥 � 10) are also very similar.

However, it can be seen in fig. 20 that there is a perturbation of the form 𝑚 = 2 in the section 10 � 𝑥 � 30, which was

not visible in the first case. This mode then fades away, and starting from 𝑥 = 30, we can observe the long-wavelength

mode identified earlier, as shown in fig. 21. This time, POD mode 2 is the first to capture these behaviors (see fig. 22).

Furthermore, another difference is observed in the evolution of the Von Kármán wake. The coherent structures

formed near the wing tend to degenerate as usual, but in addition, they have a tendency to oscillate at the same large

wavelength near the wingtip vortex. This can be seen in the perturbation plot and in the POD modes in fig. 22.
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(a)

(b)

Fig. 13 (a) Lateral and (b) top view of perturbation streamwise vorticity contour plot for Re = 3000 and 𝛼 = 8◦.
Only the structures near the mean vortex are represented.

Fig. 14 Transverse cross-section of the streamwise vorticity perturbation field (shown in color). The black line
represents the contour of the streamwise vorticity of the mean field. 𝑥 = 3, 3.1, 3.2, 3.3, 3.4, 3.5, 3.6, 3.7 and 3.8.
Re = 3000 and 𝛼 = 8◦.
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Fig. 15 Transverse cross-section of the streamwise vorticity perturbation field (shown in color). The black line
represents the contour of the streamwise vorticity of the mean field. 𝑥 = 12, 12.1, 12.2, 12.3, 12.4, 12.5, 12.6, 12.7
and 12.8. Re = 3000 and 𝛼 = 8◦.

13



Fig. 16 Transverse cross-section of the streamwise vorticity perturbation field (shown in color). The black line
represents the contour of the streamwise vorticity of the mean field. 𝑥 = 20, 20.1, 20.2, 20.3, 20.4, 20.5, 20.6, 20.7
and 20.8. Re = 3000 and 𝛼 = 8◦.
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Fig. 17 Transverse cross-section of the streamwise vorticity perturbation field (shown in color). The black line
represents the contour of the streamwise vorticity of the mean field. 𝑥 = 37 and 43. Re = 3000 and 𝛼 = 8◦.
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(a)

(b)

Fig. 18 (a) Lateral and (b) top view of the streamwise vorticity contour plot of the first POD mode calculated
from 80 snapshots for Re = 3000 and 𝛼 = 8◦. Only the structures near the mean vortex are represented.

(a)

(b)

Fig. 19 (a) Lateral and (b) top view of perturbation streamwise vorticity contour plot for Re = 5000 and 𝛼 = 5◦.
Only the structures near the mean vortex are represented.
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Fig. 20 Transverse cross-section of the streamwise vorticity perturbation field (shown in color). The black line
represents the contour of the streamwise vorticity of the mean field. 𝑥 = 12.1, 12.2, 12.3, 12.4, 12.5, 12.6, 12.7,
12.8, 12.9, 13, 13.1 and 13.2. Re = 5000 and 𝛼 = 5◦.
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Fig. 21 Transverse cross-section of the streamwise vorticity perturbation field (shown in color). The black line
represents the contour of the streamwise vorticity of the mean field. 𝑥 = 46.5 and 49.5. Re = 5000 and 𝛼 = 5◦.

(a)

(b)

Fig. 22 Top view of (a) perturbation streamwise vorticity contour plot and (b) the second POD mode calculated
from 80 snapshots, for Re = 5000 and 𝛼 = 5◦.
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Fig. 23 Amplitude of the vortex displacement as a function of the streamwise wavenumber of the (a) horizontal
and (b) vertical vortex displacement around its mean position. The dashed lines indicates the Crow frequency
and the dotted lines the Von Kármán frequency.

The mean Fourier spectrum of the displacement of the vortex center with respect to its mean is shown in fig. 23.

While the presence of a large wavelength (𝑘 � 4) appears to be evident, it does not seem to be well determined. However,

the influence of the Von Kármán wake is very visible (7 � 𝑘 � 12).

B. Shorter-wavelength instability
We now aim to investigate the occurrence of shorter-wavelength perturbations in the wingtip vortex. We study this

case using the flow obtained for Re = 4000 and 𝛼 = 8◦. We focus on the vortex motion before it breaks apart, which

appears to occur at 𝑥 � 46. Three distinct zones can be identified in the perturbation vorticity contour plot presented in

fig. 24. Firstly, the vortex is perturbed, similar to the previous case, by the Von Kármán vortex street. However, in this

case, the way the vortex is perturbed does not appear to exhibit a truly periodic motion, as shown in fig. 25. Furthermore,

the intensity of the perturbation appears to be much weaker: the vorticity of the perturbation is an order of magnitude

smaller. Then, a perturbation of larger wavelength but smaller than in the previous section emerges, still influenced by

the initial perturbation, as depicted in fig. 26. Finally, the vortex follows oscillatory motion at this latter wavelength only,

as observed in fig. 27, and may subsequently break and form vortex rings.

The mean Fourier spectrum of the displacement of the vortex center with respect to its mean is shown in fig. 28. In

contrast to the previous case, it does not seem possible to observe any influence of the Von Kármán wake on these

spectra. However, the wavenumbers associated with the larger wavelengths, but still smaller than in the previous case

(𝑘 � 5) exhibit significant energy content. The comparison of the curves from the two separate cases clearly indicates

that different phenomena occur.

VII. Conclusion
We conducted a numerical study at Reynolds numbers between 3000 and 10 000 and moderate angle of attack

(between 5 and 10 degrees) to investigate the occurrence of wake instabilities behind a slotted wing setup.

First, we focused on the von Kármán wake. We observed the various 2D and 3D regimes that have been reported

in the literature. We noticed an influence of the wing’s finiteness, manifested by slight modifications in the shedding

frequency and a phase shift of the vortices. Close to the wingtip vortex, the von Kármán wake appears to disappear.

Next, we examined the wingtip vortex and the instabilities that develop in its vicinity. We identified two regimes,

separated by a threshold Reynolds number based on circulation. These regimes differ in their response to the von

Kármán wake and the wavelength of the instability downstream of the wing. For lower Reynolds numbers, the

wingtip vortex strongly interacts with the von Kármán wake, and a large-wavelength instability develops in terms of its

position. For higher Reynolds numbers, the wingtip vortex shows a weaker interaction with the von Kármán wake,

and a smaller-wavelength instability emerges in terms of its position. This can lead to the formation of vortex rings.

However, this instability is not considered a small-wavelength instability in the Widnall sense. For these two regimes,
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(a)

(b)

Fig. 24 (a) Lateral and (b) top view of perturbation streamwise vorticity contour plot for Re = 4000 and 𝛼 = 8◦.
Only the structures near the mean vortex are represented.

the wavelength obtained is quite variable.

Two spectral analyses have been conducted. The first one is a POD analysis that highlights the observed behaviors

of the perturbation. The second one is a Fourier analysis of the position of the wingtip vortex as a function of the

downstream distance from the wing. It helps to understand the difference in the wingtip vortex’s response to the von

Kármán wake and the diversity of wavelengths of the subsequent instabilities.
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Re = 4000 and 𝛼 = 8◦.
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and 𝛼 = 8◦.

22
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and 𝛼 = 8◦.

23



Fig. 28 Amplitude of the vortex displacement as a function of the streamwise wavenumber of the (a) horizontal
and (b) vertical vortex displacement around its mean position.

[11] Brion, V., Sipp, D., and Jacquin, L., “Optimal amplification of the Crow instability,” Physics of Fluids, Vol. 19, No. 11, 2007, p.

111703.

[12] Crouch, J. D., “Instability and transient growth for two trailing-vortex pairs,” Journal of Fluid Mechanics, Vol. 350, 1997, p.

311–330.

[13] Fabre, D., and Jacquin, L., “Stability of a four-vortex aircraft wake model,” Physics of Fluids, Vol. 12, No. 10, 2000, pp.

2438–2443.

[14] Fabre, D., Jacquin, L., and Loof, A., “Optimal perturbations in a four-vortex aircraft wake in counter-rotating configuration,”

Journal of Fluid Mechanics, Vol. 451, 2002, p. 319–328.

[15] Bristol, R., Ortega, J., Marcus, P., and Savas, Ö., “On cooperative instabilities of parallel vortex pairs,” Journal of Fluid
Mechanics, Vol. 517, 2004, pp. 331–358.

[16] Savas, Ö., “Experimental investigations on wake vortices and their alleviation,” Comptes Rendus Physique, Vol. 6, No. 4, 2005,

pp. 415–429.

[17] Widnall, S. E., Bliss, D. B., and Tsai, C.-Y., “The instability of short waves on a vortex ring,” Journal of Fluid Mechanics,
Vol. 66, No. 1, 1974, p. 35–47.

[18] Moore, D. W., and Saffman, P. G., “The instability of a straight vortex filament in a strain field,” Proc. R. Soc. Lond. A, Vol.

346, No. 1646, 1975, pp. 413–425.

[19] LACAZE, L., RYAN, K., and LE DIZÈS, S., “Elliptic instability in a strained Batchelor vortex,” Journal of Fluid Mechanics,
Vol. 577, 2007, p. 341–361.

[20] Sipp, D., and Jacquin, L., “Widnall instabilities in vortex pairs,” Physics of Fluids, Vol. 15, No. 7, 2003, pp. 1861–1874.

[21] Devenport, W. J., Zsoldos, J. S., and Vogel, C. M., “The structure and development of a counter-rotating wing-tip vortex pair,”

Journal of Fluid Mechanics, Vol. 332, 1997, p. 71–104.

[22] Roy, C., Leweke, T., Thompson, M. C., and Hourigan, K., “Experiments on the elliptic instability in vortex pairs with axial core

flow,” Journal of Fluid Mechanics, Vol. 677, 2011, pp. 383–416.

[23] Saffman, P. G., Vortex dynamics, Cambridge university press, 1992.

[24] Gupta, S., Zhao, J., Sharma, A., Agrawal, A., Hourigan, K., and Thompson, M. C., “Two- and three-dimensional wake

transitions of a NACA0012 airfoil,” Journal of Fluid Mechanics, Vol. 954, 2023, p. A26.

[25] Kurtulus, D. F., “On the wake pattern of symmetric airfoils for different incidence angles at Re = 1000,” International Journal
of Micro Air Vehicles, Vol. 8, No. 2, 2016, pp. 109–139.

24



[26] Deng, J., Sun, L., and Shao, X., “Wake dynamics of low-Reynolds-number flow around a two-dimensional airfoil,” Physics of
Fluids, Vol. 31, No. 2, 2019.

[27] Marquet, O., Leontini, J., Zhao, J., and Thompson, M., “Hysteresis of two-dimensional flows around a NACA0012 airfoil at

Re=5000 and linear analyses of their mean flow.” International Journal of Heat and Fluid Flow, Vol. 94, 2022, p. 108920.

25



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




