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The working substance fueling a quantum heat engine may contain coherence in its energy basis, depending
on the dynamics of the engine cycle. In some models of quantum Otto heat engines, energy coherence has been
associated with entropy production and quantum friction. We considered a quantum Otto heat engine operating
at finite time. Coherence is generated and the working substance does not reach thermal equilibrium after
interacting with the hot heat reservoir, leaving the working substance in a state with residual energy coherence.
We observe an interferencelike effect between the residual coherence (after the incomplete thermalization) and
the coherence generated in the subsequent finite-time stroke. We introduce analytical expressions highlighting
the role of coherence and examine how this dynamical interference effect influences the engine performance.
Additionally, in this scenario in which coherence is present along the cycle, we argue that the careful tuning
of the cycle parameters may exploit this interference effect and make coherence acts like a dynamical quantum
lubricant. To illustrate this, we numerically consider an experimentally feasible example and compare the engine
performance to the performance of a similar engine where the residual coherence is completely erased, ruling
out the dynamical interference effect.

DOI: 10.1103/PhysRevA.99.062103

I. INTRODUCTION

One of the aims of quantum thermodynamics is to de-
scribe, at a fundamental level, the energy and entropy ex-
change among systems [1–5]. The focus on the description
and control of small quantum systems greatly spurred the
thermodynamics of quantum heat engines and refrigerators
[5,6]. Experimentally, a single-ion heat engine [7], a three-ion
refrigerator [8], and an Otto cycle exploring the harmonic os-
cillations of a nanobeam [9] have been recently implemented.
Even more recently, a quantum Otto heat engine employing
a spin working substance [10] and an ensemble of nitrogen-
vacancy centers in diamonds [11] have been reported. On the
other hand, coherence is one of the fundamental properties of
nature, setting apart the quantum from the classical descrip-
tions of reality. Measures to quantify coherence have been
recently proposed [12–14], applying similar methods used
to quantify entanglement. In particular, some measures have
operational meaning, quantifying the distillation [15] and the
erasing cost of quantum coherence [16].

The role of coherence was theoretically addressed employ-
ing the photo-Carnot engine [17], which models the working
substance as a four-level system. The photo-Carnot engine is
an extension of the model employed to thermodynamically
describe the laser [18,19], which is fueled by a three-level
working substance. These models employ what could be
called a “partial-spectrum thermalization” (PST), in which the
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heat source interacts only with a subset of the energy states,
thus thermalizing part of the spectrum.

The PST approach to quantum machines has been one
of the major frameworks to analyze the role of coherences
in quantum machines [17,20–29]. For instance, employing
the approach developed in Ref. [26], the recent experiment
with nitrogen-vacancy centers in diamonds [11] showed the
presence of a quantum signature in the power of engines in
the so-called small action limit [26]. The role of coherence
has also been addressed in other approaches [30–32]. Here,
we focus on the quantum Otto heat engine (QOHE) [33]. The
effects of coherence in this engine model, which is different
from the PST model, have been less investigated.

A heat engine does not attain its theoretically maximum
efficiency due to entropy production, the thermodynamic
quantifier of irreversibility [34–36]. In classical thermody-
namics, two processes are responsible for the irreversibility of
engines. The external friction, or simply friction, is associated
with the exchange of energy at the system boundary due
to sliding. The internal friction [37] is associated with the
finite-time engine operation. It is manifested by the disparity
between the internal dynamics and operation timescales. In
order to achieve the best engine efficiency, the engine should
operate quasistatically and be frictionless, in which case the
entropy production is zero throughout the cycle. However,
from the practical point of view, this mode of operation is not
interesting since it would output zero or very low power.

A new kind of (internal) friction in microscopic engines
with quantum working substances, intrinsically nonclassical
in nature, has been studied in the past decades [37–49]. The
origin of such a quantum friction is attributed to the non-
commutativity of the driving Hamiltonian at different times
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[37–43,45–47], which induces transitions among the instan-
taneous energy eigenstates. Furthermore, when operating in
the quasistatic regime (transitionless regime), the quantum
friction becomes zero [37,38,40–43,45–47], just as the inter-
nal friction of classical engines would. This research avenue
spurred the idea of quantum lubrication, which seeks to render
the effects of quantum friction negligible while operating the
quantum engine at finite time. One of the most commonly
employed strategies is to perform shortcuts to quantum adia-
baticity [49,50]. This method adds so-called counteradiabatic
driving fields that make the working substance evolve in
a transitionless dynamics [51,52]. How costly is such an
additional control remains an open question [53–55].

On the one hand, some investigations have connected
the coherence in quantum engines to quantum friction
[41–43,45,48]. On the other hand, other investigations con-
nected coherence to an increase in the entropy produced in a
thermalization process [56,57]. However, no simple expres-
sion explicitly relating the coherence to the engine efficiency
and power output has been obtained so far.

We present analytical expressions that relate the entropy
production and quantum friction to the coherence in the en-
ergy basis (energy coherence) of the working substance along
the cycle. Employing the relation between the efficiency and
power in terms of entropy production and quantum friction,
power and efficiency can be directly linked to the energy
coherence.

Moreover, we considered an incomplete thermalization
(second) stroke after a finite-time driven (first) stroke that
generated coherence in the energy basis. Thus, some of
this generated coherence is retained in the state after the
incomplete thermalization stroke (residual coherence) [see
Figs. 1(a) and 1(b)]. We employed a numerical example which
is experimentally feasible to show that the residual coherence
interferes with the coherence generated in the third finite-
time stroke. We define an alternative engine in which a full
dephasing operation in the energy basis completely erases this
residual coherence (the dephased engine) and compare the
performance of both engines, with and without this dynamical
interference effect.

We argue that the careful tuning of the cycle parameters
(driving and thermalization times) can make the engine run
in the “constructive regime,” where this interference effect
can be exploited to enhance the engine performance when
compared to the dephased engine. Therefore, the interference
can be seen as a dynamical quantum lubricant. We stress that
this comparison is not between classical and quantum setups
but rather between two quantum settings.

II. THE ENGINE CYCLE

Let us consider a single-qubit working substance which
fuels a QOHE similar to the system employed in the exper-
imental implementation of Ref. [10]. The stroke-driven en-
gine cycle is comprised by two Hamiltonian driven protocols
(energy gap expansion and compression) and two undriven
thermalization strokes, which are depicted in Fig. 1(a). In Otto
engines, the work and heat exchanges are separated among
the strokes: work is only exchanged in the two driven strokes

FIG. 1. Engine cycle. (a) The working substance begins in the
cold thermal state ρ

eq,c
0 , with Hamiltonian H0 and inverse temperature

βc. The working substance is driven by an adiabatic expansion
which changes the Hamiltonian to Hτ1 and leads to the state ρτ1

at time τ1. The second stroke is comprised by hot thermalization,
where the working substance interacts with a hot heat reservoir.
The interaction time between the working substance and the heat
reservoir is sufficiently small such that the thermalization is incom-
plete. The third stroke is an adiabatic compression changing the
Hamiltonian from Hτ1 back to H0. The fourth stroke is a complete
thermalization with the cold heat reservoir. (b) Representation of
the cycle with a dephasing operation in the energy basis after the
incomplete thermalization. For this dephased engine, the states at the
end of each stroke are ρ

eq,c
0 , ρτ1 , ρdeph

τ2
, and ρdeph

τ3
. This dephasing

operation does not cost energy and erases the residual coherence of
the engine.

and heat is only exchanged in the two undriven thermalization
strokes.

The working substance begins in the cold Gibbs state
ρ

eq,c
0 = e−βcH0/Zc

0 , where βc = (kBTc)−1 is the cold inverse
temperature, H exp(0) = H0 is the initial Hamiltonian (“exp”
stands for expansion), and Zc

0 = Tr[e−βcH0 ] is the associated
partition function. The initial Hamiltonian is given by H0 =
h̄ω0

2 σx, where ω0 is the initial transition frequency, and σx,y,z

denote the Pauli matrices.
In the first stroke, the energy gap of the working substance

is increased by the driven Hamiltonian H exp(t ) in a unitary dy-
namics. The working substance is assumed to be disconnected
from the heat sources so that no energy is exchanged with
them. In a realistic scenario, one could consider that the driven
time is fast enough so that the energy exchanged between
system and environment can be neglected and the driven
dynamics is well described by a unitary evolution [10,58–60].
Hence, the state after the expansion stroke is given by ρτ1 =
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Uτ1,0ρ
eq,c
0 U †

τ1,0
, where Uτ1,0 = T> exp {− i

h̄

∫ τ1

0 dt H exp(t )}, T>

is the time-ordering operator, t ∈ [0, τ1], and

H exp(t ) = h̄ω(t )

2

[
cos

(
πt

2τ1

)
σx + sin

(
πt

2τ1

)
σz

]
, (1)

with ω(t ) = ω0(1 − t
τ1

) + ωτ1 ( t
τ1

). We have chosen this pro-
tocol design because it has been recently employed in an
experimental realization of the quantum Otto cycle with spin
qubits [10].

In the second stroke, the working substance interacts with
a hot heat reservoir at inverse temperature βh = (kBTh)−1

and it undergoes a hot thermalization. The Hamiltonian is
kept fixed at Hhot(t ) = H exp(τ1) = Hτ1 = h̄ωτ1

2 σz spanning the
time interval t ∈ [τ1, τ2]. Some stroke-driven models of quan-
tum heat engines assume that this thermalization stroke is
complete so that the system reaches the thermal equilibrium
state at the end of the stroke [61,62]. More precisely, in
order to achieve this complete thermalization the condition
τ2 − τ1 = τ h

therm � τ h
relaxation should be satisfied, where τ h

therm
is the thermalization time and τ h

relaxation is the relaxation time
of the working substance with the hot heat reservoir.

Since our Hamiltonian does not commute with itself at
different times, the first stroke generates coherence in the
energy basis, all of which would be erased if such a complete
thermalization was performed. Therefore, we consider an
incomplete hot thermalization stroke, in which the thermal-
ization time is of the order τ h

therm � τ h
relaxation. Performing an

incomplete thermalization in our QOHE model will allow the
working substance to retain a residual amount of coherence at
the end of the hot thermalization (second stroke). Thus, there
is some coherence generated at the first stroke that endures the
thermalization stroke and, hence, will be present at the next
driven (third) stroke. Therefore, the incomplete thermalization
allows the dynamical transference of (some) coherence from
the first to the third stroke. One of our goals is to study
how the presence of this residual coherence in the dynamics
of the cycle changes the thermodynamic quantities and the
performance of the engine.

In the third stroke, the working substance energy gap
is decreased to its original value during a unitarily driven
dynamics. The compression Hamiltonian drives the qubit ac-
cording to the condition H com(t ) = H exp(τ1 + τ2 − t ) for the
time interval t ∈ [τ2, τ3], with τ3 − τ2 = τ1 (“com” stands for
compression). This condition guarantees that H com(t ) takes
the same values that H exp(t ) did in the expansion stroke, but
in inverse order (see Appendix A for a detailed explanation).
Denoting by ρτ2 the final state of the second stroke, the state
after the compression stroke is given by ρτ3 = Vτ3,τ2ρτ2V

†
τ3,τ1

,
where Vτ3,τ2 = T> exp {− i

h̄

∫ τ3

τ2
dt H com(t )} .

The fourth stroke is an undriven thermalization with a cold
heat reservoir at inverse temperature βc. The stroke spans the
time interval t ∈ [τ3, τ4] and the Hamiltonian is kept fixed
at H cold(t ) = H com(τ3) = H exp(0) = H0. In order to close the
engine cycle, i.e., ρτ4 = ρ

eq,c
0 , we consider complete thermal-

ization in this stroke. Therefore, the cold thermalization time
must satisfy the condition τ4 − τ3 = τ c

therm � τ c
relaxation.

The four relevant energetic quantities to analyze the ther-
modynamics of the engine are the following. The first-
and third-stroke works 〈W1〉 = Eτ1 − E0 and 〈W3〉 = Eτ3 − Eτ2 ,

respectively, where Et = Tr[H (t )ρt ] denotes the mean instan-
taneous internal energy; and the hot and cold heats 〈Qh〉 =
Eτ2 − Eτ1 and 〈Qc〉 = E0 − Eτ3 , which are the energies ab-
sorbed by the working substance during the interaction with
the hot and cold heat reservoirs, respectively.

The dynamics of a qubit with a Hamiltonian H (t ) with
energy gap h̄ω interacting with a Markovian heat reservoir at
inverse temperature β can be described by the master equation
[63,64]

d

dt
ρ(t ) = − i

h̄
[H (t ), ρ(t )]

+ γ↓

[
	↓ρ(t )	†

↑ − 1

2
{ρ(t ), 	†

↑	↓}
]

+ γ↑

[
	↑ρ(t )	†

↓ − 1

2
{ρ(t ), 	†

↓	↑}
]
, (2)

where γ↓ = γ0(NBE + 1), γ↑ = γ0NBE, γ0 is the vacuum de-

cay rate, NBE = (eβ h̄ω − 1)
−1

is the Bose-Einstein distribu-
tion, and 	↓ (	↑) is the ladder operator in the energy eigen-
basis that takes the excited (ground) state and transforms it
into the ground (excited) state. The analytical solution of this
equation is used to obtain the state ρτ2 after the incomplete hot
thermalization stroke, and hence the thermodynamic relations
with incomplete thermalization (for details see Appendix A).

The residual coherence that is transferred from the expan-
sion to the compression strokes due to incomplete thermaliza-
tion affects the thermodynamic quantities. In particular, as we
discuss in Sec. III B, a dynamical interference effect between
the residual coherence and the coherence generated in the
third stroke is revealed. In order to pinpoint the consequences
of this interference effect, we benchmark our quantum engine
with an alternative cycle without dynamical interference. In
such a cycle a dephasing operation (in the energy basis) is
employed to completely erase the residual coherence (after
the second stroke), even for small thermalization times [see
Fig. 1(b)]. This dephasing operation in the energy basis has no
energetic cost, since it does not change the working substance
mean internal energy.

In this way, we have two quantum engines, with and with-
out (the dephased engine) dynamical interference, providing
a fair benchmark for the investigation of the coherence effects
along the cycle. Additionally, we employ the superscript
“deph” to describe the quantities corresponding to the de-
phased engine cycle [see caption of Fig. 1(b)]. Further details
concerning the dynamical interference effect are discussed in
Sec. III B.

III. THE ROLE OF QUANTUM COHERENCE IN
THE IRREVERSIBILITY AND PERFORMANCE

OF THE ENGINE

A. General description

The four relevant states ρ
eq,c
0 , ρτ1 , ρτ2 , and ρτ3 (related to

the four strokes) are the key states of the engine cycle that
will be employed to completely analyze the performance of
the proposed engine. For further reference, we call this set of
states the key-working-substance states.
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Before we proceed, it is convenient to establish a few
important quantities that are going to be important throughout
our analyzes. The (Kullback-Leibler-Umegaki) divergence
between an arbitrary state ρ and a reference state ρref is
given by D(ρ||ρref ) = −Tr[ρ ln ρref] − S(ρ), where S(ρ) =
−Tr[ρ ln ρ] is the (von Neumann) entropy [65–67]. We con-
ventionally write the instantaneous Gibbs equilibrium state
with Hamiltonian H (t ) and inverse temperature βi as ρ

eq,i
t =

e−βiH (t )/Zi
t , where Zi

t = Tr e−βiH (t ) is the partition function
and i ∈ {c, h} denotes the cold and hot thermal states, re-
spectively. When the reference state of the divergence is
some thermal state ρ

eq,i
t , we will call D(ρt ||ρeq,i

t ) the thermal
divergence.

For the driving strokes, we define the states ρ
qs,i
t , with i ∈

{c, h}, as the states that would have been obtained if the driv-
ing was performed quasistatically (without transition among
the instantaneous eigenstates) and if the initial state was the
thermal state ρ

eq,i
t0 , where t0 = 0 (t0 = τ2) for the expansion

(compression) stroke. More explicitly, denoting by |Et
n〉 the in-

stantaneous energy eigenstates, the two states associated with
the end of the expansion and compression strokes are ρ

qs,c
τ1 =∑

n peq,c,0
n |E τ1

n 〉〈E τ1
n | and ρ

qs,h
τ3 = ∑

n peq,h,τ1
n |E0

n 〉〈E0
n |, where

peq,i,t
n , with i ∈ {c, h}, are the Boltzmann weights calculated

with inverse temperature βi and Hamiltonian H (t ). When the
reference state of the divergence is the quasistatically evolved
state ρ

qs,i
t , we call D(ρt ||ρqs,i

t ) the quasistatic divergence.
The efficiency of the quantum heat engine is given by

the ratio of the net extracted work over the heat absorbed
from the hot source, i.e., η = −〈Wnet〉/〈Qh〉, with 〈Wnet〉 =
〈W1〉 + 〈W3〉 < 0 and 〈Qh〉 > 0. The efficiency of the QOHE
can be related to the total entropy produced (〈�total〉) in a cycle
through [10] (see Appendix B)

η = ηCarnot − 〈�total〉
βc〈Qh〉 , (3)

where ηCarnot = 1 − βh/βc.
The entropy produced during the incomplete thermaliza-

tion with a Markovian heat reservoir (with constant Hamilto-
nian) is [68] 〈�〉 = D(ρ0||ρeq) − D(ρτ ||ρeq) � 0, where ρ0

and ρτ are the initial and final states of the thermalization
process and ρeq is the Gibbs state. Applying these results to
the engine cycle one finds (see Appendix B)

〈�total〉 = D
(
ρτ1

∣∣∣∣ρeq,h
τ1

) − D
(
ρτ2

∣∣∣∣ρeq,h
τ2

) + D
(
ρτ3

∣∣∣∣ρeq,c
τ3

)
,

(4)
which relates the total entropy of the cycle to the thermal
divergences between the key-working-substance states. The
quantity Ltherm = 〈�total〉/βc〈Qh〉 has been called the effi-
ciency lag [10] (see also Ref. [69]) since it quantifies the
departure of the engine efficiency to the Carnot efficiency. In
this paper, we will refer to Ltherm as the thermal efficiency
lag in order to differentiate it from the other efficiency lag
discussed below.

The total entropy production in Eq. (4) encompasses both
the finite-time effects of the driven and thermalization dy-
namics of the engine cycle and directly accounts for the
amount of irreversibility in the engine cycle. Through Eq. (3),
since 〈�total〉 is non-negative, the quantum engine efficiency is
upper bounded by the Carnot efficiency.

Let ρref = ∑
n λnn denote the spectral decomposition of

some reference state used to compute the divergence, where
{λn} are the eigenvalues and {n} are the eigenprojectors of
ρref. The divergence D(ρ||ρref ) can be shown to be decom-
posed as [56,57,70,71]

D(ρ||ρref ) = D[ε(ρ)||ρref] + C(ρ), (5)

where ε(·) = ∑
n n(·)n is the full dephasing map and

C(ρ) = S[ε(ρ)] − S(ρ) is the relative entropy of coherence
(in the reference state basis) [12–16].

From now on, we conveniently assume that the energy
basis of the instantaneous Hamiltonian H (t ) of the working
substance is the relevant basis where the full dephasing ε(ρt )
and the relative entropy of coherence C(ρt ) are computed.
Applying the decomposition in Eq. (5) to Eq. (4), the entropy
production can be written as

〈�total〉 = 〈
�

pop
total

〉 + 〈
�coh

total

〉
, (6)

where 〈
�

pop
total

〉 = {
D

[
ε
(
ρτ1

)∣∣∣∣ρeq,h
τ1

] − D
[
ε
(
ρτ2

)∣∣∣∣ρeq,h
τ2

]
+ D

[
ε
(
ρτ3

)∣∣∣∣ρeq,c
τ3

]}
(7)

and 〈
�coh

total

〉 = C
(
ρτ1

) − C
(
ρτ2

) + C
(
ρτ3

)
(8)

quantify the contribution of the populations (〈�pop
total〉) and

coherences (〈�coh
total〉) of the key-working-substance states to

the total entropy production, respectively. These terms show
explicitly how the coherence of the key-working-substance
states of the QOHE contributes to the engine irreversibility
and, thus, to the engine efficiency by means of Eq. (3).
Equation (3) is obtained assuming a closed cycle, without
assuming any particular model for the quantum working
substance. Before we discuss the effects of coherence and the
dynamical interference in the engine performance, we present
a particular relation for a QOHE fueled by a single-qubit
working substance.

When all strokes take infinite time, i.e., the engine operates
in the quasistatic regime, it does not produce any quantum
friction and, thus, achieves its maximum efficiency, producing
minimum entropy along the cycle. For a QOHE, the maximum
efficiency is given by the quantum Otto efficiency ηOtto = 1 −
ω0/ωτ1 [33].

For a single-qubit working substance, we obtained the
expression (see Appendices A and B)

η = ηOtto − F
βc〈Qh〉 , (9)

where

F = D
(
ρτ1

∣∣∣∣ρqs,c
τ1

) + ω0βc

ωτ1βh

[
D

(
ρτ3

∣∣∣∣ρqs,h
τ3

) − D
(
ρτ2

∣∣∣∣ρeq,h
τ2

)]

(10)

quantifies the quantum friction (F � 0) in the quantum Otto
heat engine [72]. It contains two quasistatic divergences (asso-
ciated with both driven strokes) and the thermal divergence of
the state incompletely thermalized. In the limit that τ1, τ2, and
τ3 are infinitely large, all divergences are identically zero. This
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means that no quantum friction implies F = 0, which implies
η = ηOtto. We will refer to the quantity Lqs = F/βc〈Qh〉 as the
quasistatic efficiency lag.

Employing the same reasoning that leads to Eq. (5), we can
split the quantum friction into two contributions

F = Fpop + F coh, (11)

where

Fpop = D
[
ε
(
ρτ1

)∣∣∣∣ρqs,c
τ1

]

+ ω0βc

ωτ1βh

{
D

[
ε
(
ρτ3

)∣∣∣∣ρqs,h
τ3

] − D
[
ε
(
ρτ2

)∣∣∣∣ρeq,h
τ2

]}

(12)

and

F coh = C
(
ρτ1

) + ω0βc

ωτ1βh

[
C
(
ρτ3

) − C
(
ρτ2

)]
(13)

quantify the contribution of the populations (Fpop) and
coherences (F coh) of the key-working-substance states,
respectively.

The entropy production and quantum friction in Eqs. (4)
and (10) have been decomposed into a population and a co-
herent contribution with respect to the relevant instantaneous
energy basis. However, this does not mean that the population
part does not depend on the coherences whatsoever. For a
driving that generates coherence in the instantaneous energy
eigenbasis, such as our first and third driven strokes, the
populations of the final state depend on the way that coherence
was generated, i.e., depend on the process. Therefore, the
separation into the population and coherent contributions is
with respect to the populations and coherences of the key-
working-substance states.

Combining Eqs. (3) and (9) one can find the relation
[10,72]

〈�total〉 = βc〈Qh〉[ηCarnot − ηOtto] + F (14)

between the total entropy production and the quantum friction
in a QOHE. The minimum entropy production is obtained
when there is no quantum friction, i.e., when the engine
runs in the quasistatic regime, and it is given by 〈�min

total〉 =
βc〈Qqs

h 〉[ηCarnot − ηOtto], where 〈Qqs
h 〉 is the heat absorbed in

the quasistatic limit of the cycle.
The engine average power output per cycle is given by

Ptot = −〈Wnet〉/τcycle, where τcycle = τ4 = τ1 + τ h
therm + τ1 +

τ c
therm is the cycle time duration. The relation between the

efficiency and power is given by Ptot = η〈Qh〉/τcycle . With this
expression and Eqs. (3) and (9), the extractable power can be
written in terms of the entropy production or quantum friction
as

Ptot = ηCarnot〈Qh〉
τcycle

− 〈�total〉
βcτcycle

(15)

and

Ptot = ηOtto〈Qh〉
τcycle

− F
βcτcycle

, (16)

respectively. Then, using the decompositions in Eqs. (6) and
(11), the power can be written in terms of the relative entropy
of coherence of the key-working-substance states.

The expressions discussed above for the finite-time dynam-
ics of the engine explicitly show how the energy coherence
of the key-working-substance states contributes to the engine
performance and irreversibility. At this point it is important to
clarify that, for an engine which generates coherence in the
energy basis during the first stroke, a complete thermalization
with the hot heat reservoir would imply D(ρτ2 ||ρeq,h

τ2 ) = 0
and C(ρτ2 ) = 0 identically. Hence, the presence of coherence
would always contribute to an increase in irreversibility (both
entropy production and quantum friction) and a decrease
in the engine performance, when compared with an engine
where the driven strokes do not produce coherence.

On the other hand, if the thermalization is incomplete,
the contribution of the incompletely thermalized state ρτ2

(after the second stroke) is manifested through the term
D(ρτ2 ||ρeq,h

τ2 ). Such a thermal divergence contributes to de-
crease both the entropy production and quantum friction as
can verified in Eqs. (4) and (10). This means that the residual
coherence after the incomplete thermalization (second stroke),
quantified by C(ρτ2 ) in Eqs. (10) and (13), helps decrease the
irreversibility and, consequently, increase the engine perfor-
mance in comparison to an engine that generates coherence
and has complete thermalization. In the next section, we
will show that not only does the residual coherence directly
decrease the entropy production and quantum friction but it
also gives rise to a dynamical interference effect that also
helps decrease the irreversibility of the engine.

B. Numerical analysis

Let us now investigate the effects of the coherence in
the key-working-substance states during the cycle, and in
particular the residual coherence, employing numerical simu-
lations. In this analysis, we consider energy scales compatible
with quantum thermodynamics experiments in nuclear mag-
netic resonance setups [10,58–60,73]. The initial and final
frequency gaps of the expansion stroke will be chosen as
ω0/2π = 2.0 kHz and ωτ1/2π = 3.6 kHz, respectively. The
chosen temperatures are such that the thermal energy scale of
the cold (hot) heat reservoir is half (double) the energy gap of
the working substance at the time of the interaction with the
heat source. More precisely, the cold and hot inverse temper-
atures will be chosen as βc = 2/(h̄ω0) and βh = 1/(2h̄ωτ1 ),
respectively.

We assume that a complete thermalization with the cold
environment is approximately achieved at a finite time satis-
fying the condition τ c

therm � τ c
relaxation. We also consider that

the interaction time with the hot reservoir is smaller than or of
the same order as the relaxation time of the hot environment
τ h

therm � τ h
relaxation, which results in an incomplete thermaliza-

tion with the hot environment in the engine cycle. The strength
of the interaction of the working substance with the hot and
cold heat reservoirs, namely, the vacuum decay rate, will be
assumed as γ h

0 = γ c
0 = 1 Hz, which implies the relaxation

time τ h
relaxation = 244.92 ms and τ c

relaxation = 761.59 ms. In or-
der to reach approximately a complete thermalization at the
end of the fourth stroke, we considered the cold thermalization
time as τ c

therm ≈ 6.56 × τ c
relaxation. In this case, the working

substance approximately returns to the cold Gibbs state. The
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FIG. 2. Dynamics of the coherences. (a) The relative entropy of coherences of the key-working-substance states C(ρτ1 ) (blue dashed line),
C(ρτ2 ) (red dash-dotted line), and C(ρτ3 ) (green solid line) for the original and C(ρdeph

τ3
) (purple dotted line) for dephased engine cycles.

Additionally, the energy transition probability ξ exp(τ1, 0) (orange long-dashed line) is also shown. All quantities are plotted assuming a fixed
thermalization time τ h

therm = 75.15 ms and varying the driving time τ1. The engine works as a heat engine for the parameters on the right of the
dashed vertical line. (b) The relative entropy of coherence of the relevant key-working-substance states as a function of the thermalization
time τ h

therm for fixed driving time τ1 = 0.46 ms. (c) The population component of the thermal divergence of the key-working-substance
states, D[ε(ρτ1 )||ρeq,h

τ1
] (blue dashed line), D[ε(ρτ2 )||ρeq,h

τ2
] (red dash-dotted line), and D[ε(ρτ3 )||ρeq,c

τ3
] (green solid line) for the original

and D[ε(ρdeph
τ3

)||ρeq,c
τ3

] (purple dotted line) for the dephased engine cycles. All quantities are plotted assuming a fixed thermalization time
τ h

therm = 75.15 ms and varying the driving time τ1. (d) The population component of the thermal divergence of the key-working-substance
states as a function of the thermalization time τ h

therm for fixed driving time τ1 = 0.46 ms. The map ε is the full dephasing operation as explained
in Eq. (5). All entropic quantities are computed in the natural unit of information (nat).

trace distance between the final state of the fourth stroke and
the cold Gibbs state is approximately 1

2 Tr|ρτ4 − ρ
eq,c
0 | 	 10−2.

Figures 2(a) and 2(b) display the relative entropy of coher-
ence as a function of the driving time τ1 and the thermalization
time τ h

therm, respectively. In Fig. 2(a) one can see that the
relative entropies of coherence at the end of the first and sec-
ond strokes are qualitatively similar. The residual coherence
C(ρτ2 ) is smaller than C(ρτ1 ) due to a partial decrease of C(ρτ1 )
set by the incomplete thermalization.

Recall that the quantities for the dephased engine cycle are
labeled by the superscript “deph” [see caption of Fig. 1(b)].
The coherence at the end of the third stroke of the dephased
engine cycle C(ρdeph

τ3 ) behaves qualitatively as C(ρτ1 ) and
C(ρτ2 ), even being smaller than C(ρτ2 ). Note how the behavior
of the coherence at the end of the third stroke in the original

(not dephased) engine cycle C(ρτ3 ) is different. This qual-
itative difference comes from the interference between the
residual coherence and the coherence generated at the third
stroke [see green and purple dotted curves in Figs. 2(a) and
2(b)].

Figures 2(c) and 2(d) show the population component of
the thermal divergence as a function of the driving time τ1

and the thermalization time τ h
therm, respectively. Again, in

Fig. 2(c) one can note that the curves for the population
component of the thermal divergence at the end of the first
and second strokes are similar. Furthermore, the behaviors of
the population components of the thermal divergences at the
end of the third stroke of the original {D[ε(ρτ3 )||ρeq,c

τ3 ]} and
the dephased {D[ε(ρdeph

τ3 )||ρeq,c
τ3 ]} engines are qualitatively

different. Such a difference also comes from the dynamical
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FIG. 3. Entropy production and quantum friction as a function of the driving time τ1 (a) and thermalization time τ h
therm (b). Total entropy

production of the engine with and without dynamical interference is 〈�total〉 and 〈�deph
total 〉, respectively. Similarly, the quantum friction of the

engine with and without dynamical interference is F and Fdeph, respectively. All entropic quantities are computed in the natural unit of
information (nat).

interference effect, highlighting that the populations of the
key-working-substance states are not independent from the
generated coherence during the strokes [see green and dotted-
purple curves in Figs. 2(c) and 2(d)].

The amount of coherence as measured by C(ρτ2 ) de-
cays exponentially with the thermalization time τ h

therm [see
Fig. 2(b)]. On the other hand, the coherence C(ρτ3 ) oscillates
quickly due to the interference of the residual coherence
C(ρτ2 ) and the coherence generated by the driven dynam-
ics in the compression stroke. As the thermalization time
increases, the oscillating amplitudes of C(ρτ3 ) become less
pronounced, going asymptotically to zero, in which case the
coherence C(ρτ3 ) approaches C(ρdeph

τ3 ) because the coherence
C(ρτ1 ) is increasingly erased. In the expressions for the effi-
ciency and power output, the term C(ρτ2 ) − C(ρτ3 ) explicitly
appears, suggesting that whenever C(ρτ2 ) � C(ρτ3 ) efficiency
and power output can be enhanced, compared to the dephased
engine performance. From Fig. 2(b) we can see that the rapid
oscillations make this inequality be satisfied for very narrow
time intervals. Such a behavior will be present in the efficiency
and power output as will be seen shortly.

In Fig. 2(d), one can observe that D[ε(ρτ2 )||ρeq,h
τ2 ]

approaches zero as the thermalization time increases,
as expected. On the other hand, the oscillatory profile
in D[ε(ρτ3 )||ρeq,c

τ3 ] (green solid line) in comparison to
D[ε(ρdeph

τ3 )||ρeq,c
τ3 ] (purple dotted line) is solely due to the

interference of the residual coherence and the coherence
generated during the third stroke. It is interesting to note that,
in the present scenario, the relative entropies of coherence
and the population components of the thermal divergences
cannot be varied in an independent way varying the stroke
parameters. For instance, in Figs. 2(a) and 2(c), C(ρτ3 ) and
D[ε(ρdeph

τ3 )||ρeq,c
τ3 ] oscillate roughly in phase while C(ρτ2 )

and D[ε(ρτ2 )||ρeq,h
τ2 ] oscillate roughly out of phase. This as-

pect highlights the interrelation between the coherences and
populations.

Figures 3(a) and 3(b) display the total entropy production
and quantum friction of the original (with dynamical inter-
ference) and the dephased (without dynamical interference)
engines as a function of the driving time τ1 and the ther-
malization time τ h

therm, respectively. The entropy production
〈�total〉 and quantum friction F differ by a term containing
the heat absorbed by the working substance from the hot
heat reservoir and the difference between the Carnot and Otto
efficiencies [see Eq. (14)]. The difference of the efficiency
lags, on the other hand, is constant with respect to τ1 or τ h

therm,
Ltherm − Lqs = ηCarnot − ηOtto.

Comparing the entropy production and quantum friction
of either the original or the dephased engine to each other,
Fig. 3(a) shows that their qualitative behaviors are the same
with respect to the driving time τ1. Moreover, note that the
quantities for the original and dephased engine change in
different timescales. The original engine quantities contain
the effect of the dynamical interference and behave similarly
to the relative entropy of coherence C(ρτ3 ) and population
divergence D[ε(ρτ3 )||ρeq,c

τ3 ] [see Figs. 2(a) and 2(c)].
The oscillation timescale of entropy production and quan-

tum friction with respect to the thermalization time τ h
therm

shown in Fig. 3(b) also agree with the relative entropy of co-
herence and population divergence [compare with Figs. 2(b)
and 2(d)]. However, entropy production increases while
the quantum friction decreases the more the working sub-
stance reaches the thermal state. The closer a system reaches
to the thermal state the larger the entropy produced [68], so the
increase in Fig. 3(b) is expected. Increasing the thermalization
time decreases the coherence generated in the third stroke [see
Fig. 2(b)]. The decrease in quantum friction is associated with
the decrease in the total amount of coherence generated in the
engine, showing the deep connection of quantum friction and
energy coherence.

Our results generalize and qualitatively explain some pre-
vious findings in the literature. For instance, in Refs. [37,41]
noise has been used to improve the quantum engine efficiency.
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Here we observe that, if the noise is such that it decreases
the contribution of either C(ρτ1 ) or C(ρτ3 ), the efficiency can
be enhanced. Moreover, quite a few papers have considered
the so-called energy entropy of the working substance as
a measure of quantum friction [37,40,43,44]. Although not
directly connected in these works, the difference between
what these authors called energy entropy and the von Neu-
mann entropy is nothing but the relative entropy of coherence.
The present paper elucidates how this energy entropy was
related to quantum friction in Refs. [37,40,43,44], namely,
through the relative entropy of coherence in Eqs. (10), (11),
and (13). In Refs. [41–43,45,48], quantum friction has been
somewhat related to the presence of coherence. Reference
[43], for instance, employed the l1 norm of coherence to quan-
tify quantum friction. Our results complement these findings
by providing a concrete relation that elucidates how energy
coherence is linked to quantum friction by means of the
quasistatic and thermal divergences.

We have seen some effects of the interference of coherence
in the previous plots and discussions. We further analyze this
phenomenon by showing exactly how it contributes energeti-
cally to the thermodynamic quantities in the quantum cycle.
The following relations have all been obtained assuming a
single qubit as working substance, as described in Sec. II.

Let us denote by Et
n and |Et

n〉 the instantaneous eigenener-
gies and eigenstates of the engine Hamiltonian, respectively,
where the index n = 0 (n = 1) stands for the ground (excited)
state. The energy transition probability in the first stroke is
given by

pexp
τ1,0

(1|0) = ∣∣〈E τ1
1

∣∣Uτ1,0

∣∣E0
0

〉∣∣2 = ξ (τ1, 0). (17)

Evaluating the first-stroke work and the second-stroke
heat one obtains 〈W1〉 = 1

2 {h̄ω0 − h̄ωτ1 [1 − 2ξ (τ1, 0)]}gc

and 〈Qh〉 = 1
2 h̄ωτ1{[1 − 2ξ (τ1, 0)]gc + rz(τ2)}, respectively,

where gc = tanh ( 1
2βch̄ω0) and rz(τ2) = Tr[σzρτ2 ] is the z

component of the qubit Bloch vector associated with ρτ2 . In
particular, for a complete thermalization, this Bloch vector
component will be rz(τ2 → ∞) = gh = tanh ( 1

2βhh̄ωτ1 ).
The third-stroke work can be evaluated as

〈W3〉 = 1
2

{
h̄ω0[1 − 2ζ (τ3, τ2)] − h̄ωτ1

}
rz(τ2) + Einter, (18)

where ζ (τ3, τ2) = pcom
τ3,τ2

(1|0) = |acom
10 (τ3, τ2)|2 is the

third-stroke energy transition probability, acom
mn (τ3, τ2) =

〈E τ3
m |Vτ3,τ2 |E τ2

n 〉 is the energy probability amplitude, and

Einter = 2
∑

n

E0
n e−γ hτ h

therm/2

× Re
{
ρ10(τ1)eiτ h

thermωτ1 acom
n1 acom∗

n0

}
(19)

is the energy contribution due to the interference between the
residual coherence and the coherence generated in the third
stroke (see Appendix E). In Eq. (19), γ h = γ h

0 (2Nh
BE + 1) is

the total decay rate of the qubit after the interaction with
the hot heat reservoir, and ρ10(τ1) = 〈E τ1

1 |ρτ1 |E τ1
0 〉 is one of

the coherence elements of the qubit state in the instantaneous
energy basis at the beginning of the second stroke.

The contribution Einter in Eq. (18) comes exclusively
from the residual coherence at the end of the second
stroke, i.e., the coherence that was not completely erased by

incomplete thermalization. If the thermalization was complete
(τ h

therm → ∞) then Einter = 0. Since the third-stroke work is
present in the engine efficiency and power output, it is clear
that Einter [Eq. (19)] changes the engine performance. Next,
we focus on how exactly Etrans changes the relevant quantities.

The internal energies of the original and dephased QOHEs
are related as E0 = Edeph

0 , Eτ1 = Edeph
τ1 , Eτ2 = Edeph

τ2 , and Eτ3 =
Edeph

τ3 + Einter, where Etrans is given in Eq. (19). From these
relations we can readily obtain the efficiency

η = ηdeph − Einter

〈Qh〉 (20)

and power

Ptot = Pdeph
tot − Einter

τcycle
(21)

of the original engine written with respect to the efficiency and
power of the dephased engine. Furthermore, from Eq. (20)
and Eqs. (3) and (9), we can also obtain how the entropy
production and quantum friction change due to the residual
coherence; they are given by

〈�total〉 =
〈
�

deph
total

〉
+ βcEinter (22)

and

F = Fdeph + βcEinter, (23)

respectively. All these last four equations show how the per-
formance of the engine is affected by the interference between
the residual coherence and the coherence generated in the
third stroke, quantified by Einter. Next, we see this effect in
our particular QOHE.

In Fig. 4(a) we compare the efficiency of the original
QOHE (red solid line), which contains the dynamical inter-
ference effect, and the dephased QOHE (blue dashed line),
which does not contain the interference effect, as a function
of the driving time τ1 for a fixed incomplete thermalization
time τ h

therm = 75.15 ms (τ h
therm ≈ 0.31 × τ h

relaxation). Observing
Fig. 4(a) we can note that the original QOHE may perform
better or worse than the dephased QOHE. In this parameter
regime, the dynamical interference can make the original
QOHE perform about 20 times more efficiently than the
dephased QOHE in the intermediate region of the plot. Fur-
thermore, even for such a small thermalization time (about
1/3 of the relaxation time), the efficiency of the original
QOHE reaches values very close to Otto’s efficiency. This is
a consequence of the small quantum friction generated by the
engine cycle as seen in Fig. 3(a).

A similar behavior can be observed in the power output
[see Fig. 4(b)]. The power output of the original QOHE can
also be greater or smaller than the power of the dephased
QOHE. Note that the efficiency and power of both the original
and dephased QOHE oscillate. Since, by construction, there
is no interference effect in the dephased QOHE, these oscilla-
tions are not a manifestation of the residual coherence alone.
They arise from the choice of the driving Hamiltonian.

Now let us consider a fixed driving time τ1. In this case,
the efficiency and power of the original QOHE oscillate as
function of the thermalization time τ h

therm as displayed in
Figs. 4(c) and 4(d). Comparing them to Figs. 2(a) and 2(b),
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FIG. 4. Efficiency and power output. (a, b) The engine efficiency and power output as a function of the driving time τ1 for the fixed
thermalization time τ h

therm = 75.15 ms, respectively. (c, d) The engine efficiency and power output as a function of the thermalization time
τ h

therm for the fixed driving time τ1 = 0.46 ms, respectively. In all figures, the efficiency and power output of the original and dephased engine
cycle are depicted in red solid line and blue dashed line, respectively.

the oscillations in Figs. 4(c) and 4(d) occur strictly due to
interference between the residual coherence and the coherence
generated in the third stroke. The effect of this interference
is damped as the thermalization time τ h

therm increases [see
Eq. (19)].

For an engine that generates coherence in the first stroke,
the interference effect may or may not contribute to increase
the engine performance and function as a quantum lubricant.
A fine control over the driving and thermalization times is
paramount to make the quantum engine run in a suitable
parameter regime, thus taking full advantage of dynamical
interference effect.

We emphasize that we are not claiming that the presence
of coherence provides an absolute enhancement of the engine
performance. In fact, from Eqs. (8) and (13), we see quite the
opposite for QOHE engines. We claim that, for a QOHE that
already generates coherence, the residual coherence surviving
the incomplete thermalization stroke may be beneficial to
reduce entropy production and quantum friction if compared
to an engine which does not allow the dynamical interference
effect.

Quantum lubrication is a method by which the engine effi-
ciency can be enhanced through the reduction of quantum fric-
tion [41] controlling the entropy production and irreversibility
along the quantum cycle. The typical method employed in
the literature is to perform shortcuts to adiabaticity by means

of counteradiabatic driving fields [49–55]. For an engine
that generates coherence, we have seen that the fine control
over driving and thermalization times can be employed to
reduce entropy production and quantum friction through the
interference effect, when compared to the dephased engine.
Since this method does not rely on additional driving fields
but on purely controlling the parameters of the engine cycle,
we refer to it as a dynamical quantum lubrication strategy.

IV. CONCLUSIONS

In this paper, we have analyzed the role of coherence in a
quantum Otto heat engine. By considering finite-time driven
operations and incomplete thermalization with the hot source,
we obtained analytical expressions relating the entropy pro-
duction and quantum friction to the coherence in the energy
basis of the working substance along the cycle. Then, we
employed the relationship between these quantities and the
engine efficiency to find how both efficiency and power output
become related to energy coherence. We note that the relation
between entropy production and coherence is valid for any
working substance. Also, we assumed a single-qubit working
substance to derive the relation between the quantum friction
and energy coherence.

We found that the residual coherence present at the end
of the incomplete thermalization stroke interferes with the
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coherence generated in the compression stroke. In particular,
this dynamical interference effect influences the work per-
formed in the compression stroke. In turn, this affects the
engine efficiency and power output. In order to analyze this
effect, we compared the engine performance to the perfor-
mance of a similar engine the residual coherence of which
is completely erased, ruling out the dynamical interference
effect.

We show that the thermodynamic quantities between the
engine with and without dynamical interference differ by a
term which precisely quantifies the interference effect [cf.
Eqs. (22) and (23)]. We employed a numerical analysis with
parameters that can be achieved with current experimental
settings [10]. We numerically show that the interference is
clearly manifested in the engine efficiency and power output.
Therefore, the performance of the engine with dynamical
interference can be either better or worse than that of the
engine without interference. In order to make the engine run
in the “constructive regime” (where interference improves
the performance), one has to have a fine control over the
cycle parameters (driving and thermalization times). When
operating in this regime, the interference effect can be seen
as a dynamical quantum lubricant.

We believe that our paper contributes to unveil the impor-
tant role played by coherence in thermodynamics of quantum
devices. We hope that the results presented here encourage
new experimental efforts to explore coherence effects in quan-
tum thermodynamics.
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APPENDIX A: THE ENGINE CYCLE

In Sec. II we explained the QOHE cycle, however some
important aspects were not thoroughly discussed. First, we
show that the energy transition probability of the expansion
stroke is the same as the energy transition probability of
the compression stroke. Then, we discuss the relation between
the expansion and compression driving fields, which are not
the backward protocol of one another as considered in some
papers [10]. Also, we show the expressions of the master
equation for incomplete thermalization.

1. Relation between expansion and compression strokes

In Fig. 5 we show how the instantaneous eigenenergies
change during one cycle. The Hamiltonian of the total engine

FIG. 5. Change in the eigenenergies during one cycle. For n =
0 [red (upper) line] and n = 1 [blue (lower) line] the curves show
the value of the instantaneous eigenenergies during one cycle. From
the parameters considered in Sec. III, the relation between the initial
and final frequencies is ωτ1 = 1.8 × ω0. With this information, we
plotted the renormalized instantaneous eigenenergies En(t )/h̄ω0 as
a function of time. Additionally, we depicted each stroke as well as
represented the Hamiltonian at the four key instants of time.

is given by

H (t ) =

⎧⎪⎪⎨
⎪⎪⎩

H exp(t ) t ∈ [0, τ1]
Hhot(t ) t ∈ [τ1, τ2]
H com(t ) t ∈ [τ2, τ3]
H cold(t ) t ∈ [τ3, τ4],

(A1)

where each of these Hamiltonians has been defined in the
main text [see Eq. (1)].

The unitary evolutions of the first and third strokes are

Uτ1,0 = exp

{
− i

h̄

∫ τ1

0
dt H exp(t )

}
(A2)

and

Vτ3,τ2 = exp

{
− i

h̄

∫ τ3

τ2

dt H com(t )

}
, (A3)

respectively, where H exp(t ) is defined in the time interval t ∈
[0, τ1] and H com(t ) is defined in the time interval t ∈ [τ2, τ3].
Recall that H com(t ) = H exp(τ3 − t ), where τ3 − τ2 = τ1, i.e.,
the expansion and compression strokes take the same amount
of time to be performed. Changing variables in Eq. (A2) to
τ1 + τ2 − t = τ3 − t one obtains

Uτ1,0 = exp

{
− i

h̄

∫ τ2

τ3

(−dt ) H exp(τ3 − t )

}

= exp

{
− i

h̄

∫ τ3

τ2

dt H com(t )

}
= Vτ3,τ2 . (A4)

This seems a quite strange result. Even though the variation
of the Hamiltonian is different, the time-evolution operator
coincides. However, if we want to establish the physical
condition H com(t ) = H exp(τ3 − t ) that makes the third-stroke
driving Hamiltonian go back to the initial Hamiltonian of
the first stroke passing through the same Hamiltonians in
between, Eq. (A4) is true as demonstrated above.
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The definitions of the transition probability between energy
states of the expansion and compression strokes are

pexp
τ1,0

(m|n) = ∣∣〈E τ1
m

∣∣Uτ1,0

∣∣E0
n

〉∣∣2
(A5)

and

pcom
τ3,τ2

(m|n) = ∣∣〈E0
m

∣∣Vτ3,τ2

∣∣E τ1
n

〉∣∣2
. (A6)

By definition, the energy transition probabilities of the expan-
sion and compression strokes are

ξ (τ1, 0) = ∣∣〈E τ1
1

∣∣Uτ1,0

∣∣E0
0

〉∣∣2 = ∣∣〈E τ1
1

∣∣Uτ1,0

∣∣E0
0

〉∣∣2
(A7)

and

ζ (τ3, τ2) = ∣∣〈E0
1

∣∣Vτ3,τ2

∣∣E τ1
0

〉∣∣2
, (A8)

respectively. Using Vτ3,τ2 = Uτ1,0 from Eq. (A4) and opening
the modulus square one can easily show that

ζ (τ3, τ2) = ξ (τ1, 0). (A9)

2. Incomplete thermalization relations

Suppose the initial state of a qubit ρ0 is given by the
Bloch vector r0 = (rx(0), ry(0), rz(0)), where ri(t ) = Tr[σiρt ]
are the instantaneous Bloch components for i = x, y, z. From
Refs. [63,64], the master equation of a qubit interacting with
a Markovian heat reservoir and the Hamiltonian of which is
fixed at H = h̄ω

2 σz is given by Eq. (2). The solutions of the
Bloch vector components at the end of the second stroke are
given by

rx
(
τ h

therm

) = rx(τ1)e−γ τ h
therm/2, (A10)

ry
(
τ h

therm

) = ry(τ1)e−γ τ h
therm/2, (A11)

rz
(
τ h

therm

) = (rz(τ1) + g)e−γ τ h
therm − gH, (A12)

where γ = γ0(2NBE + 1), g = γ0

γ
, and the remaining param-

eters have been defined in the main text. One of the coherence
elements at the end of the incomplete thermalization oscillates
as

〈
E τ1

1

∣∣ρτ2

∣∣E τ1
0

〉 =〈0|ρτ2 |1〉 = rx
(
τ h

therm

) − iry
(
τ h

therm

)
2

= 〈
E τ1

1

∣∣ρτ1

∣∣E τ1
0

〉
e+iτ h

thermωτ1 e−γ τ h
therm/2. (A13)

These oscillatory terms are the origins of the oscillations in
Figs. 4(c) and 4(d).

APPENDIX B: ENTROPY PRODUCTION

1. Efficiency and entropy production

Since the working substance ends up in the same initial
state as the engine cycle due to the complete thermalization
with the cold heat reservoir, the total changes in energy and
entropy are

〈W1〉 + 〈W3〉 + 〈Qh〉 + 〈Qc〉 = 0 (B1)

and

�S2 + �S4 = 0, (B2)

respectively. In Eq. (B2), �S4 = S(ρeq,c
0 ) − S(ρτ3 ) and �S2 =

S(ρτ2 ) − S(ρτ1 ) are the changes in entropy during the fourth
and second strokes, respectively. The first and third strokes are
unitary and hence do not change the entropy. These equations
express the conservation of energy and entropy in one cycle.

The total change of entropy of the working substance is
equal to the total entropy production plus the total heat flux.
Since the working substance interacts with two heat reser-
voirs, it contains two contributions to the heat flux, namely,
βc〈Qc〉 and βh〈Qh〉. Therefore,

�Stotal = 〈�total〉 + βh〈Qh〉 + βc〈Qc〉. (B3)

From entropy conservation �Stotal = 0, implying that the total
amount of entropy produced is dispersed to the reservoirs.

The engine efficiency is given by

η = −〈W1〉 − 〈W3〉
〈Qh〉 = 1 + βc〈Qc〉

βc〈Qh〉 , (B4)

where Eq. (B1) has been employed and βc has been conve-
niently introduced. Substituting βc〈Qc〉 from Eq. (B3) into
Eq. (B4) and rearranging the terms one obtains

η = ηCarnot − 〈�total〉
βc〈Qh〉 , (B5)

which is Eq. (3).

2. Entropy production and thermal divergences

In this subsection, we derive the expression for the total
entropy production as a function of the thermal divergences
[Eq. (4)]. We begin with Eq. (B4):

η = 1 + 〈Qc〉
〈Qh〉 = 1 + E0 − Eτ3

〈Qh〉 , (B6)

where in the last equality we wrote the cold heat in terms of
the internal energies.

Next, we use the following relation valid for the thermal
divergence (see the Supplemental Material of Ref. [60] for a
quick derivation). Let ρt be an arbitrary state in some time t
with Hamiltonian H (t ) and ρ

eq
t an associated Gibbs state with

same Hamiltonian and some reference inverse temperature β;
then

D
(
ρt

∣∣∣∣ρeq
t

) = β
[
E (ρt ) − F eq

t

] − S(ρt ), (B7)

where F eq
t = −(β )−1 ln Zt is the associated free energy and

Zt = Tr[e−βHt ] is the associated partition function.
We substitute the internal energies in the efficiency using

the expressions

βcE
(
ρ

eq,c
0

) = D
(
ρ

eq,c
0

∣∣∣∣ρeq,c
0

) + S
(
ρ

eq,c
0

) + βcF eq,c
0 (B8)

and

βcE
(
ρτ3

) = D
(
ρτ3

∣∣∣∣ρeq,c
0

) + S
(
ρτ3

) + βcF eq,c
0 , (B9)

where we have used ρ
eq,c
τ3 = ρ

eq,c
0 , and F eq,c

τ3 = F eq,c
0 because

the Hamiltonian is the same at times τ3 and zero (see Fig. 5).
Hence,

η = 1 + �S4 − D
(
ρτ3

∣∣∣∣ρeq,c
0

)
βc〈Qh〉 = 1 + −�S2 − D

(
ρτ3

∣∣∣∣ρeq,c
0

)
βc〈Qh〉 ,

(B10)
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where we already canceled the free-energy terms and used
Eq. (B2). Using Eq. (B7), we substitute the von Neumann
entropies

S
(
ρτ1

) = βhE
(
ρτ1

) − βhF eq,h
τ1

− D
(
ρτ1

∣∣∣∣ρeq,h
τ1

)
(B11)

and

S
(
ρτ2

) = βhE
(
ρτ2

) − βhF eq,h
τ1

− D
(
ρτ2

∣∣∣∣ρeq,h
τ1

)
(B12)

in order to obtain

�S2 = βh〈Qh〉 − D
(
ρτ2

∣∣∣∣ρeq,h
τ1

) + D
(
ρτ1

∣∣∣∣ρeq,h
τ1

)
, (B13)

where we already used the fact that ρ
eq,h
τ2 = ρ

eq,h
τ1 , F eq,h

τ2 =
F eq,h

τ1 , because the Hamiltonians are the same at times τ1 and
τ2. Replacing Eq. (B13) with Eq. (B10) and rearranging the
terms we obtain

η = ηCarnot − D
(
ρτ1

∣∣∣∣ρeq,h
τ1

) − D
(
ρτ2

∣∣∣∣ρeq,h
τ1

) + D
(
ρτ3

∣∣∣∣ρeq,c
0

)
βc〈Qh〉 .

(B14)
Comparing this equation to the efficiency in Eq. (B5), one
obtains

〈�total〉 = D
(
ρτ1

∣∣∣∣ρeq,h
τ1

) − D
(
ρτ2

∣∣∣∣ρeq,h
τ1

) + D
(
ρτ3

∣∣∣∣ρeq,c
0

)
,

(B15)
which is Eq. (4).

APPENDIX C: THE QUASISTATIC DIVERGENCES

Before we demonstrate the expression for the quantum
friction F we need to obtain an expression for the quasistatic
divergence similar to Eq. (B7) for the thermal divergence.

In the first stroke, the initial state is always the cold
Gibbs state ρ

eq,c
0 = e−βcH0/Zc

0 = ∑
n peq,c,0

n |E0
n 〉〈E0

n |, where
peq,c,0

n are the respective Boltzmann weights. The the reference
state for the first-stroke quasistatic divergence is

ρqs,c
τ1

=
∑

n

peq,c,0
n

∣∣E τ1
n

〉〈
E τ1

n

∣∣, (C1)

where the eigenstates changed without changing the popula-
tions of the state. The quasistatic divergence is given by

D
(
ρτ1

∣∣∣∣ρqs,c
τ1

) = −Tr
[
ρτ1 ln ρqs,c

τ1

] − S
(
ρτ1

)
. (C2)

Expanding the trace in the basis of Hτ1 and using ln peq,c,0
n =

−βc(E0
n − F eq,c

0 ) the first term of the divergence can be written
as

−Tr
[
ρτ1 ln ρqs,c

τ1

] =
∑

n

βcE0
n Tr

[
ρτ1

∣∣E τ1
n

〉〈
E τ1

n

∣∣] − βcF eq,c
0 .

(C3)
Now comes an important assumption that constrains the

derivation. We assume that the ratio E τ1
n /E0

n for every n
between the final and initial energies is constant. This applies
at least for a qubit or a harmonic oscillator. In our case,
we are considering a qubit working substance, so this ratio
is E τ1

n /E0
n = ωτ1/ω0 for n = 0, 1. We multiply the term E0

n
by E τ1

n /E τ1
n = 1 and rearrange the eigenenergies E τ1

n inside
the trace, obtaining the spectral decomposition of the final
Hamiltonian Hτ1 = ∑

n E0
n |E τ1

n 〉〈E τ1
n |. Therefore, we obtain

the following expression for quasistatic divergence:

D
(
ρτ1

∣∣∣∣ρqs,c
τ1

) = βc
ω0

ωτ1

E
(
ρτ1

) − βcF eq,c
0 − S

(
ρτ1

)
, (C4)

which is the relation we were seeking.
Now, we want to obtain the same relation for the third

stroke. However, the initial state is not the Gibbs state, in
general, since an incomplete thermalization is performed.
As we mentioned in the main text, the quasistatic state that
would be obtained if we performed the compression stroke
quasistatically is not the reference state used in the quasistatic
divergence. Instead, we use the reference state ρ

qs,h
τ3 , which

is the quasistatic state that would have been obtained if the
transformation was performed quasistatically and the initial
state was the hot Gibbs state ρ

eq,h
τ2 = ∑

n peq,h,τ1
n |E τ1

n 〉〈E τ1
n |.

Hence,

ρqs,h
τ3

=
∑

n

peq,h,τ1
n

∣∣E0
n

〉〈
E0

n

∣∣. (C5)

The quasistatic divergence we use is

D
(
ρτ3

∣∣∣∣ρqs,h
τ3

) = −Tr
[
ρτ3 ln ρqs,h

τ3

] − S
(
ρτ3

)
. (C6)

Using the same strategy as before to calculate the first term
we obtain

−Tr
[
ρτ3 ln ρqs,h

τ3

] = βh
ωτ1

ω0
E
(
ρτ3

) − βhF eq,h
τ1

, (C7)

where we used ln peq,h,τ1
n = −βh(E τ1

n − F eq,h
τ1 ) and the spec-

tral decomposition of the initial Hamiltonian is H0 =∑
n E0

n |E0
n 〉〈E0

n |. Therefore, the relation we seek is

D
(
ρτ3

∣∣∣∣ρqs,h
τ3

) = βh
ωτ1

ω0
E
(
ρτ3

) − βhF eq,h
τ1

− S
(
ρτ3

)
. (C8)

APPENDIX D: QUANTUM FRICTION

Using Eqs. (C4) and (C8), we can derive the expression for
the quantum friction. We begin the derivation from Eq. (B6)
for the efficiency

η = 1 + βcE0 − βcEτ3

βc〈Qh〉 , (D1)

where we multiplied the second term by 1 = βc/βc. Let us
consider the numerator in the second term. We want to relate
the initial energy to the quasistatic divergence. We use the
expression of the quasistatic divergence given by Eq. (C4),
S(ρτ1 ) = S(ρeq,c

0 ) because the first stroke is unitary, and the
identity S(ρeq,c

0 ) = βcE (ρeq,c
0 ) − βcF eq,c

0 . Therefore, we can
obtain the relation

βcE
(
ρ

eq,c
0

) = βc
ω0

ωτ1

E
(
ρτ1

) − D
(
ρτ1

∣∣∣∣ρqs,c
τ1

)
, (D2)

where we have isolated the initial energy. Equation (C8)
already relates the internal energy Eτ3 to the quasistatic di-
vergence. However, to derive the desired expression we must
eliminate the von Neumann entropy S(ρτ3 ) from the equation.
We do this by first using S(ρτ3 ) = S(ρτ2 ), since the third
stroke is unitary, and then using the relation for the thermal
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divergence Eq. (B7). Hence, we obtain

βcE
(
ρτ3

) = βcω0

βhωτ1

[
D

(
ρτ3

∣∣∣∣ρqs,h
τ3

) − D
(
ρτ2

∣∣∣∣ρeq,h
τ1

)]

+βc
ω0

ωτ1

E
(
ρτ2

)
, (D3)

where we have already isolated the internal energy Eτ3 . Sub-
stituting Eqs. (D2) and (D3) into Eq. (D1), and manipulating
the terms we arrive at

η = ηOtto − F
βc〈Qh〉 , (D4)

which is Eq. (9), and we identify

F = D
(
ρτ1

∣∣∣∣ρqs,c
τ1

) + ω0βc

ωτ1βh

[
D

(
ρτ3

∣∣∣∣ρqs,h
τ3

) − D
(
ρτ2

∣∣∣∣ρeq,h
τ2

)]
(D5)

as the quantum friction [Eq. (10)].

APPENDIX E: INTERFERENCE ENERGY
CONTRIBUTION

In this Appendix, we demonstrate the energy contribution
due to the interference effect given by Eq. (19). This energy
contribution comes, in fact, from the internal energy at t = τ3.
This internal energy is given by Eτ3 = E (ρτ3 ) = Tr[ρτ3 H0]. Let
ρτ2 = ∑

nm ρnm(τ2)|E τ1
n 〉〈E τ1

m | denote the state at the end of

the second stroke, where ρnm(τ2) = 〈E τ1
n |ρτ2 |E τ1

m 〉. The term
ρ10(τ2) is given by Eq. (A13). The internal energy can be
decomposed as

Eτ3 =
∑
mm′

ρmm′ (τ2)
∑

n

E0
n acom

nm (τ3, τ2)acom∗
nm′ (τ3, τ2), (E1)

where we used the spectral decomposition of the initial Hamil-
tonian, used ρτ3 = Vτ3,τ2ρτ2V

†
τ3,τ2

, opened the trace, and used
the definition of the energy transition amplitude defined in the
main text. Splitting the summation

∑
m,m′ = ∑

m +∑
m �=m′ ,

the second term will be the interference contribution:

Etrans =
∑
m �=m′

ρmm′ (τ2)
∑

n

E0
n acom

nm (τ3, τ2)acom∗
nm′ (τ3, τ2). (E2)

Writing the sum over m and m′ explicitly, one finds that the
terms are the complex conjugates of each other. Hence,

Etrans = 2
∑

n

E0
n Re

{
ρ10(τ2)acom

n1 (τ3, τ2)acom∗
n0 (τ3, τ2)

}
. (E3)

Using Eq. (A13) we finally arrive at

Etrans = 2
∑

n

E0
n e−γ τ h

therm/2

× Re
{
ρ10(τ1)e+iτ2ωτ1 τ h

therm acom
n0 acom∗

n1

}
, (E4)

where ρ10(τ1) = 〈E τ1
1 |ρτ1 |E τ1

0 〉.
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