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significant reduction in the normalized errors on the radiative heat source and, for many of these cases, on the radiative heat flux compared to that obtained with the standard WSGG model.

Introduction

Radiative heat transfer (RHT) is often the heat transfer mechanism in industrial furnaces, gas combustors, flames and fires due to the elevated temperatures (temperature peaks typically reaching 2000 K), the presence of soot and participating species (mainly CO 2 , H 2 O), and relatively large length scales, especially in furnaces and fires. Accurate numerical simulation of RHT in flames and combustion process is challenging due to the high spectral dependence of the radiative properties of gas mixtures, leading to high computational cost required for solving the Radiative Transfer Equation (RTE).

With the Line-by-Line (LBL) [START_REF] Modest | Radiative Heat Transfer[END_REF][START_REF]Modest The Treatment of Nongray Properties in Radiative Heat Transfer -From Past to Present[END_REF][START_REF] Liu | The impact of radiative heat transfer in combustion processes and its modeling -with a focus on turbulent flames[END_REF] integration of the high-resolution spectroscopic database, such as HITEMP2010 [START_REF] Rothman | the high-temperature molecular spectroscopic database[END_REF], a typical turbulent combustion calculation would require to solve, at each time step, approximately one million RTEs by considering the entire spectrum. Therefore, the LBL method is too much time consuming for multidimensional radiative heat transfer (RHT) problems. Even with the advances in computing resources, reduced models are indispensable in practical engineering situations. Accurate and fast solvers of RHT are thus needed.

The Weighted-Sum-of-Gray-Gases (WSGG) model [START_REF] Modest | Radiative Heat Transfer[END_REF][START_REF]Modest The Treatment of Nongray Properties in Radiative Heat Transfer -From Past to Present[END_REF][START_REF] Liu | The impact of radiative heat transfer in combustion processes and its modeling -with a focus on turbulent flames[END_REF][START_REF] Smith | Evaluation of coefficients for the weighted sum of gray gases model[END_REF][START_REF] Goutiere | Kiss Comparative performance of nongray gas modeling techniques[END_REF][START_REF] Coelho | El Hafi Benchmark numerical solutions for radiative heat transfer in two-dimensional axisymmetric enclosures with non-gray sooting media[END_REF][START_REF] Dembele | Wen Assessments of Spectral Narrow Band and Weighted-Sum-of-Gray-Gases Models for Computational Fluid Dynamics Simulations of Pool Fires[END_REF][START_REF] Johansson | Account for variations in the H 2 O to CO 2 molar ratio when modeling gaseous radiative heat transfer with the weighted-sum-of-grey-gases model[END_REF][START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF][START_REF] Yadav | Weighted Sum of Gray Gas Modeling for Nongray Radiation in Combusting Environment Using the Hybrid Solution Methodology[END_REF][START_REF] Bordbar | A line by line based weighted sum of gray gases model for inhomogeneous CO 2 -H 2 O mixture in oxy-fired combustion[END_REF][START_REF] Coelho | WSGG correlations based on HITEMP2010 for gas mixtures of H 2 O and CO 2 in high total pressure conditions[END_REF][START_REF] André | Accuracy of engineering methods for radiative transfer in CO 2 -H 2 O mixtures at high temperature[END_REF][START_REF] Bordbar | An extended weighted-sum-of-gray-gases model to account for all CO 2 -H 2 O molar fraction ratios in thermal radiation[END_REF][START_REF] Bordbar | Hostikka Pressure-dependent weighted-sum-of-graygases models for heterogeneous -mixtures at sub-and super-atmospheric pressure[END_REF][START_REF] Modest | Radiative Heat Transfer in Turbulent Combustion Systems: Theory and Applications[END_REF][START_REF] Asllanaj | Numerical solutions of radiative heat transfer in combustion systems using a parallel modified discrete ordinates method and several recent formulations of WSGG model[END_REF] is one of the most used global gas radiation model due to its simplicity. It requires very few gray gases (usually four), leading to an ease of implementation and very short computational time for solving the RHT. The WSGG model is thus an attractive gas radiation model for the numerical simulation of coupled RHT problems and continues to be used in spite of more sophisticated and accurate gas radiation models such as the Narrow Band Correlated-k (NBCK), the Spectral-Line-Weighted-Sum-of-gray-Gases (SLW), the Full-Spectrum Correlated k-distribution (FSCK), the Absorption Distribution Function (ADF) methods, or others [START_REF] Modest | Radiative Heat Transfer[END_REF][START_REF]Modest The Treatment of Nongray Properties in Radiative Heat Transfer -From Past to Present[END_REF][START_REF] Liu | The impact of radiative heat transfer in combustion processes and its modeling -with a focus on turbulent flames[END_REF].

The WSGG model requires the knowledge of the weighting factors, which are temperature dependent coefficients and the pressure absorption coefficients of the gray gases. These parameters are usually fitted on total emittances of uniform gaseous paths. Probably, the most widely used parameters are those presented in [START_REF] Smith | Evaluation of coefficients for the weighted sum of gray gases model[END_REF][START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] for CO 2 -H 2 O mixtures representative to products of typical methane and fuel oil combustion with partial pressure ratios of 2.0 and 1.0, respectively. The parameters were fitted with total emissivity data simulated with the exponential wide-band model in [START_REF] Smith | Evaluation of coefficients for the weighted sum of gray gases model[END_REF] or with the LBL integration in [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF].

Over the last decade, relevant studies have been conducted to update the WSGG parameters from high-resolution spectroscopic databases for inhomogeneous and non-isothermal participating gases [START_REF] Johansson | Account for variations in the H 2 O to CO 2 molar ratio when modeling gaseous radiative heat transfer with the weighted-sum-of-grey-gases model[END_REF][START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF][START_REF] Bordbar | A line by line based weighted sum of gray gases model for inhomogeneous CO 2 -H 2 O mixture in oxy-fired combustion[END_REF][START_REF] Coelho | WSGG correlations based on HITEMP2010 for gas mixtures of H 2 O and CO 2 in high total pressure conditions[END_REF][START_REF] André | Accuracy of engineering methods for radiative transfer in CO 2 -H 2 O mixtures at high temperature[END_REF][START_REF] Bordbar | An extended weighted-sum-of-gray-gases model to account for all CO 2 -H 2 O molar fraction ratios in thermal radiation[END_REF][START_REF] Bordbar | Hostikka Pressure-dependent weighted-sum-of-graygases models for heterogeneous -mixtures at sub-and super-atmospheric pressure[END_REF]. These recent models give reasonably accurate solutions for actual combustion engineering problems [START_REF] Liu | The impact of radiative heat transfer in combustion processes and its modeling -with a focus on turbulent flames[END_REF]. As underlined by Modest [START_REF]Modest The Treatment of Nongray Properties in Radiative Heat Transfer -From Past to Present[END_REF][START_REF] Modest | Radiative Heat Transfer in Turbulent Combustion Systems: Theory and Applications[END_REF], the greatest limitation of the WSGG model is the restriction of its gray gas pressure absorption coefficients to be spatially constant.

WSGG is an approximate model of the LBL model which has not a good accuracy in certain situations. The improvement of the accuracy of the WSGG model is then needed and remains an active research topic.

The purpose of the paper is to revisit the WSGG model and to propose a new methodology for determining the parameters. In the next, we show that expressing the weighting factors as linear functions of the temperature, leading to fewer parameters in the proposed model, is more computationally suitable than the fourth order polynomial dependence to the temperature that is commonly adopted in the WSGG model [1-3, 5, 9, 10, 12-18]. In this work, the model parameters are obtained from fitting radiative heat source data (instead of the total gas emissivity data) computed from one given representative case. The radiative heat source data, which are computed in the whole domain, give more information in the search of the solution of the inverse problem. To the best of the authors' knowledge, this is the first study where the model parameters are obtained in this way. The parameters to be determined are fitted using data generated with Line-by-Line (LBL) simulations based on HITEMP2010. A new inverse algorithm is proposed to determine the spatially constant and non-constant parameters (i.e. that depend on path-length) of the new gas radiation model. In particular, the adjoint method is applied to the non-gray RTE model to efficiently solve the inverse problem. Although over the last decade, a huge number of studies have provided new WSGG parameters for CO 2 -H 2 O mixtures with the same mole ratio (MR) of H 2 O to CO 2 , this field has continued to have attention in recent years. Studies with MR set to 2.0 or 1.0 have been conducted in [START_REF] Wang | An improved WSGG model for exhaust gases of aero engines within broader ranges of temperature and pressure variations[END_REF][START_REF] Solovjov | Locally correlated SLW model for prediction of gas radiation in non-uniform media and its relationship to other global methods[END_REF][START_REF] Da Silva | Improvement of the efficiency of the superposition method applied to the WSGG model to compute radiative transfer in gaseous mixtures[END_REF][START_REF] Guo | Im Assessment of weighted-sum-of-gray-gases models for gas-soot mixture in jet diffusion flames[END_REF][START_REF] Liu | A nongray-wall emissivity model for the full-spectrum correlated k -distribution method based on uniform media assumption[END_REF][START_REF] Sadeghi | Bordbar Weighted-sum-of-gray-gases models for non-gray thermal radiation of hydrocarbon fuel vapors, CH 4 , CO and soot[END_REF][START_REF] Dhurandhar | Application and comparative analysis of radiative heat transfer models for coal-fired furnace[END_REF][START_REF] Da Fonseca | A wide-band based weighted-sum-of-gray-gases model for participating media: Application to H 2 O-CO 2 mixtures with or without soot[END_REF]. Values of MR set to 1.5 and 3.0 were considered in [START_REF] Yang | Evaluation of the non-gray weighted sum of gray gases models for radiative heat transfer in realistic non-isothermal and nonhomogeneous flames using decoupled and coupled calculations[END_REF] and [START_REF] Xu | WSGG models for radiative heat transfer calculations in hydrogen and hydrogenmixture flames at various pressures[END_REF], respectively. A large range of MR has been studied in [START_REF] Shan | Cen New pressurized WSGG model and the effect of pressure on the radiation heat transfer of H 2 O/CO 2 gas mixtures[END_REF][START_REF] Yang | Improved global model for predicting gas radiative properties over a wide range of conditions[END_REF][START_REF] Liu | An Improved nongray-wall emissivity-absorptivity model for the Full-Spectrum Correlated K-distribution method[END_REF][START_REF] Selhorst | A compact WSGG formulation to account for inhomogeneity of H 2 O-CO 2 mixtures in combustion systems[END_REF][START_REF] Liu | A Full-Spectrum Correlated K-distribution Based Interpolation Weighted-Sum-of-Gray-Gases model for CO 2 -H 2 O-soot mixture[END_REF]. To give a comprehensive and detailed study, our methodology is applied to CO 2 -H 2 O mixtures with MR set to 2.0, which are representative to products of typical air-fired methane combustion. The approach and objectives of our study are different from the aforementioned studies. Our main goal was not only to provide new parameters for CO 2 -H 2 O mixtures but also to achieve better accuracy of WSGG with a reformulation of this model and the development of a new numerical method to estimate its parameters. It was necessary to provide an effort in the two last points to better estimate the parameters for gas mixtures. This is what motivated the present study.

Our study is also focused to determine the parameters of the proposed new gas radiation model within the range of temperature between 400 K and 1800 K and for thicknesses of the gas layer up to 3.0 m. The inverse algorithm can be straightforwardly applied to other conditions and is left for future studies.

It should be underlined that the parameters of the WSGG model (in its standard version) do not depend on gas path lengths.

All the theory of WSGG model (including its potential use with the differential form of the RTE) is based on this property.

Since the model proposed in this work assume that its gray gas absorption coefficients are path-length dependent, then this means that the corresponding model is not a WSGG model. It is however based on the principle of WSGG namely a weighted sum of gray gases.

The remaining of the paper is organized into three main sections. The next section deals with the theoretical background of the forward model and the inverse problem. Since geometry is not relevant to the evaluation of the gas radiation model, a 1D geometry is considered for simplicity of analysis, and to reduce the computational effort of the LBL calculations. The inverse problem is introduced to estimate the parameters of the forward new gas radiation model. A Lagrangian formulation is adopted to accurately establish the adjoint state of the non-gray RTE and the objective function gradients [START_REF] Asllanaj | Fluorescence molecular imaging based on the adjoint radiative transport equation[END_REF][START_REF] Asllanaj | Addoum Simultaneous reconstruction of absorption, scattering and anisotropy factor distributions in quantitative photoacoustic tomography[END_REF].

The following section presents numerical results obtained with the forward new gas radiation model. A set of RHT test cases is studied considering inhomogeneous and non-isothermal participating gases. To investigate the performance and accuracy of the proposed new gas radiation model, the results are assessed making use of LBL benchmark solutions and WSGG solutions by Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF]. Concluding remarks and perspectives are finally given in the last section.

Theoretical background 2.1 Forward model

Using the non-gray WSGG model, the RTE can be written for the j-th gray gas, along an arbitrary path-length x and in the µ forward direction, as: [START_REF] Modest | Radiative Heat Transfer[END_REF][START_REF]Modest The Treatment of Nongray Properties in Radiative Heat Transfer -From Past to Present[END_REF][START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF][START_REF] Coelho | WSGG correlations based on HITEMP2010 for gas mixtures of H 2 O and CO 2 in high total pressure conditions[END_REF][START_REF] Asllanaj | Numerical solutions of radiative heat transfer in combustion systems using a parallel modified discrete ordinates method and several recent formulations of WSGG model[END_REF]:

µ ∂I + j (x, µ) ∂x + κ p,j p(x) I + j (x, µ) -a j [T (x)] I b [T (x)] = 0 for µ ∈ Σ + and j = 0, ..., N, (1) 
-µ ∂I - j (x, -µ) ∂x + κ p,j p(x) I - j (x, -µ) -a j [T (x)] I b [T (x)] = 0 for µ ∈ Σ + and j = 0, ..., N, (2) 
where N is the number of gray gases and the subscript j is the j-th gray gas. Here, Σ + = µ, 0 < µ ≤ 1 . The coefficient κ p,j is the pressure absorption coefficient of the j-th gray gas. The local medium temperature T is given in Kelvin (K). The coefficient p represents the sum of the partial pressures of the participating gas species. The Planck function I b [T ] at the local medium temperature is given by:

I b [T ] = σ T 4 π . (3) 
As commonly used in the literature, we adopted four gray gases in the present gas radiation model. I + j (x, µ) is the partial radiative intensity at the position x ∈ D (where D = [0, L] is the whole domain of length L), in the forward direction; I - j (x, -µ) is the partial radiative intensity at the position x ∈ D, in the backward direction. Then, the partial radiative intensity at the position x ∈ D, in all direction µ ∈ Σ, is given by:

I j (x, µ) =        I + j (x, µ) µ ∈ Σ + I - j (x, -µ) µ ∈ Σ +        for j = 0, ..., N, in which Σ = µ = 0, -1 ≤ µ ≤ 1 . The coefficient a j [T ]
is introduced as a weighting factor which is function of temperature.

With the WSGG model, the total gas emissivity is given for an isothermal slab of length L by [START_REF]Modest The Treatment of Nongray Properties in Radiative Heat Transfer -From Past to Present[END_REF][START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF][START_REF] Coelho | WSGG correlations based on HITEMP2010 for gas mixtures of H 2 O and CO 2 in high total pressure conditions[END_REF]:

WSGG (T, pL) = N j=0 a j [T ] 1 -exp(-κ p,j pL) . (4) 
In the case of the LBL method, it is given by:

LBL (T, pL) = ∞ η=0 E bη [T ] E b [T ] 1 -exp(-κ p,η pL) dη, ( 5 
)
where η is the wavenumber, pL is the pressure path-length of the gas, κ p,η is the pressure absorption coefficient given by κ p,η = κ η /p [START_REF] Coelho | WSGG correlations based on HITEMP2010 for gas mixtures of H 2 O and CO 2 in high total pressure conditions[END_REF], with κ η the spectral absorption coefficient. E bη and E b are the spectral and the total Planck blackbody emissive power, respectively [START_REF] Modest | Radiative Heat Transfer[END_REF].

The coefficients a j [T ] are determined only for the gray gases. For the transparent window, the corresponding weighting factor is computed with the subscript j and the absorption coefficient set to zero (κ p,j=0 = 0). To attain conservation of energy, it follows that:

a 0 [T ] = 1 - N j=1 a j [T ]. (6) 
The total radiative intensity is obtained as:

I(x, µ) = N j=0 I j (x, µ) for (x, µ) ∈ D × Σ. (7) 
The boundary conditions are defined for black walls as [START_REF] Modest | Radiative Heat Transfer[END_REF][START_REF]Modest The Treatment of Nongray Properties in Radiative Heat Transfer -From Past to Present[END_REF][START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF][START_REF] Coelho | WSGG correlations based on HITEMP2010 for gas mixtures of H 2 O and CO 2 in high total pressure conditions[END_REF]:

I + j (x = 0, µ) -a j [T (x = 0)] I b [T (x = 0)] = 0 for µ ∈ Σ + and j = 0, ..., N, (8) 
I - j (x = L, -µ) -a j [T (x = L)] I b [T (x = L)] = 0 for µ ∈ Σ + and j = 0, ..., N, (9) 
in which I b [T ] is the Planck function at the wall temperature.

The total radiative heat flux is defined by:

Q r (x) = 2π N j=0 1 -1 I j (x, µ) µ dµ for x ∈ D. (10) 
With the WSGG model, the total radiative heat source is:

S r (x) = - dQ r (x) dx = G κ (x) -4π κ P (x) I b [T (x)] for x ∈ D, (11) 
with

G κ (x) = 2π N j=1 κ p,j p(x) 1 -1 I j (x, µ) dµ and κ P (x) = N j=1 κ p,j p(x) a j [T (x)], (12) 
where κ P is the Planck-mean absorption coefficient.

Weighting factor

The coefficient a j [T ] is the weighting factor, and is also of primary importance for the WSGG model. The weighting factor is typically based on polynomial functions of the temperature [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF][START_REF] Coelho | WSGG correlations based on HITEMP2010 for gas mixtures of H 2 O and CO 2 in high total pressure conditions[END_REF], as below:

a j [T ] = K l=0 b j,l T l for j = 1, ..., N, (13) 
in which b j,l are polynomial coefficients of l-th order for the j-th gray gas. With the standard WSGG model, κ p,j and b j,l are constant and the degree of the polynomial of Eq. ( 13) is typically set to four (K = 4). It should be noted that Denison

and Webb [START_REF] Denison | A Spectral Line-Based Weighted-Sum-of-Gray-Gases Model for Arbitrary RTE Solvers[END_REF] showed that the coefficients κ p,j do not need to be constant with the SLW model. In the present study, we propose the simplest formulation of Eq. ( 13) using a linear function of the temperature:

a j [T ] = b j,0 + b j,1 T for j = 1, ..., N. (14) 
The main advantage of this new formulation of a j [T ] is the reduction of the number of parameters to be determined in the inverse problem. Indeed, in Eq. ( 14) only eight parameters have to be determined instead of twenty for the standard WSGG model [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF]. In inverse problems, it is well known that a better convergence of the solution is often obtained when the forward model has fewer parameters to be determined. As an example, Fig. 1 shows the coefficients a j [T ]

(j = 1, ..., 4) for the standard WSGG model with the parameters b j,l (l = 1, ..., 4) of Table 3 in Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] and for the temperature field given by:

T (x * ) = 400 + 1400 sin 2 (πx * ), (15) 
where

x * = x/L ∈ [0, 1].
The parameters b j,l of [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] were obtained for H 2 O-CO 2 mixtures based on HITEMP2010, with partial pressure ratio equals to 2, which are representative of products of typical air-fired methane combustion. The correlations were established for temperatures varying between 400 K and 2500 K, and pressure path-lengths ranging from 0.001 atm m to 10 atm m. As it can be seen in Fig. 1, a j [T (x * )] presents slightly oscillating curves versus the spatial position x * . The oscillating curves are more pronounced for the subscripts j = 1 and 2. The oscillating behavior of these coefficients a j [T ] is related to the high polynomial degree of order four used by the standard WSGG model, which may lead to Gibbs oscillations, thus affecting the accuracy of the computation of S r and Q r . In contrast, the use of the linear function in Eq. ( 14) respects the monotony of the temperature distribution, and it will show later that for the temperature profile of Eq. ( 15) the coefficients a j [T ] given by the proposed gas radiation are free of any oscillation, in contrary to the ones given by the standard WSGG model.

[Figure 1 about here.]

Inverse problem 2.3.1 Objective function

The emphasis in this work is to estimate the parameters κ p,j and b j,l for j = 1, ..., N and l = 0, 1 for the proposed gas radiation model. The parameters vector ξ = (κ p,j , b j,l ) for j = 1, ..., N and l = 0, 1 is estimated by applying a gradient-based inverse algorithm to an objective function J that is an explicit function of the parameters. The first try for using the gradient-based inverse approach to approximate the coefficients of the SLW (Spectral Line-Based Weighted Sum of Gray Gases) model was proposed by Dehghanian and Sarvari [START_REF] Dehghanian | Sarvari Inverse Estimation of Main Parameters of Spectral Line-Based Weighted Sum of Gray Gases Model With Few Gray Gases to Simulate the Radiation in Nongray Media[END_REF]. The authors presented an inverse method to obtain the main parameters of the SLW model with very few (one or two) gray gases from the knowledge of total incident intensities data computed at the wall surfaces. The exact data were obtained by solving the RTE with the SLW model and a large number of (twenty) gray gases. The objective function, which is the sum of square deviations between the exact and estimated data, was minimized using the conjugate gradient method. In our case, the objective function represents the normalized difference between the radiative heat source computed via Eq. ( 11) with the present model, S r (ξ)(x) and the one obtained with the LBL method, S r,LBL (x) with x ∈ D:

J(ξ) = 1 2 S r (ξ) -S r,LBL (S r,LBL ) max 2 D , (16) 
in which (S r,LBL ) max is the absolute value of the maximum of S r,LBL (x). To prevent rounding errors due to the low magnitude of S r,LBL (x), J is normalized as seen in Eq. ( 16). It should be pointed out that the norm in Eq. ( 16) is built without taking into account the values at the medium boundaries since the total radiative heat source is not defined at the medium boundaries.

Inverse algorithm

A gradient-based optimization algorithm using the quasi-Newton method with Lm-BFGS [START_REF] Asllanaj | Fluorescence molecular imaging based on the adjoint radiative transport equation[END_REF][START_REF] Asllanaj | Addoum Simultaneous reconstruction of absorption, scattering and anisotropy factor distributions in quantitative photoacoustic tomography[END_REF][START_REF] Nocedal | Numerical Optimization[END_REF] was used to iteratively minimize the objective function J given by Eq. ( 16). This optimization algorithm iteratively updated the initial value of the parameters vector ξ ξ ξ = (κ p,j , b j,l ) 1≤j≤N,0≤l≤1 along a search direction of gradient descent denoted d. The updating technique is given by the following relation:

ξ ξ ξ n+1 = ξ ξ ξ n + θ n d (∇ ∇ ∇J(ξ n )), ( 17 
)
where n is the iteration number of the inverse algorithm and θ n is the step provided by the Armijo line search [START_REF] Bonnans | Numerical Optimization Theoretical and Practical Aspects[END_REF] ensuring the necessary minimization of the objective function. Some tests by lowering the value of θ n in the update of Eq. ( 17)

were made since, by following the principle of under-relaxation factors, the update steps must be kept small enough for the convergence of the algorithm. The objective function gradient with respect to the unknown parameters denoted ∇ ∇ ∇J(ξ)

is needed in Eq. ( 17). To efficiently compute this gradient, the Lagrangian formulation and the adjoint state of the RTE were used. They are presented in detail in Appendix C and the main obtained results needed in the inverse algorithm are summarized below. The expressions of the objective function gradients, with respect to parameters κ p,j and b j,l for j = 1, ..., N and l = 0, 1, are given by:

∇ ∇ ∇J(κ p,j )(x) = 2π (S r (x) -S r,LBL (x)) (S r,LBL ) 2 max p(x) 1 -1 I j (x, µ) dµ -2 a j [T (x)] I b [T (x)] +p(x) 1 -1 ψ j (x, µ) I j (x, µ) dµ -p(x) a j [T (x)] I b [T (x)] 1 -1 ψ j (x, µ) dµ. ( 18 
) ∇ ∇ ∇J(b j,l )(x) = -κ p,j (x) p(x) T l (x) I b [T (x)] 4π (S r (x) -S r,LBL (x)) (S r,LBL ) 2 max + 1 -1 ψ j (x, µ) dµ . (19) 
The variables ψ j in Eqs ( 18) and ( 19) are the adjoint states of the partial radiative intensities I j . They are needed for the computation of the objective function gradients. The adjoint variables ψ j are solutions to the following adjoint equations model:

µ ∂ψ - j (x, -µ) ∂x + κ p,j p(x) ψ - j (x, -µ) + 2π (S r (x) -S r,LBL (x)) (S r,LBL ) 2 max = 0, (20) 
-µ ∂ψ + j (x, µ) ∂x + κ p,j p(x) ψ + j (x, µ) + 2π (S r (x) -S r,LBL (x)) (S r,LBL ) 2 max = 0, (21) 
for µ ∈ Σ + and j = 1, ..., N . The adjoint boundary conditions are given by:

ψ - j (x = 0, -µ) = 0 for µ ∈ Σ + and j = 1, ..., N, (22) 
ψ + j (x = L, µ) = 0 for µ ∈ Σ + and j = 1, ..., N. (23) 
It should be noted that the same discrete ordinates method was used to solve the forward and adjoint RTEs. The spatially constant parameters of the proposed model were determined by computing, in the updating procedure [START_REF] Modest | Radiative Heat Transfer in Turbulent Combustion Systems: Theory and Applications[END_REF], a simple mean value of each parameter κ p,j and b j,k (j = 1, ..., N and k = 0, 1) obtained at all the nodes of the spatial grid.

For a better convergence of the inverse algorithm, the spatially non-constant parameters were determined using simplified expressions for the objective function gradient with respect to κ p,j and b j,k (j = 1, ..., N and k = 0, 1):

∇ ∇ ∇J(κ p,j )(x) = (S r (x) -S r,LBL (x)) (S r,LBL ) 2 max and ∇ ∇ ∇J(b j,k )(x) = - (S r (x) -S r,LBL (x)) (S r,LBL ) 2 max . (24) 
It should be noted that, to compute Eq. ( 24), the adjoint equations model does not need to be solved.

Scaling procedure

The simultaneous estimation of the twelve parameters in the proposed gas radiation forward model needs a scaling procedure [START_REF] Asllanaj | Addoum Simultaneous reconstruction of absorption, scattering and anisotropy factor distributions in quantitative photoacoustic tomography[END_REF] since the type and the order of magnitude of the parameters to be estimated are different. Accordingly, the components of the objective function gradient for each parameters are also different by about the same order of magnitude, which is detrimental to the solution of the inverse problem with a gradient-based optimization algorithm. Then, the objective function gradients with respect to κ p,j and b j,k for j = 1, ..., N and k = 0, 1 were scaled as:

∇ ∇ ∇J scaled (κ p,j ) = c κp,j ∇ ∇ ∇J(κ p,j ) and ∇ ∇ ∇J scaled (b j,k ) = c b j,k ∇ ∇ ∇J(b j,k ), (25) 
in which c κp,j and c b j,k are scaling factors. They are found after the first iteration of the inverse algorithm with the relations:

c κp,j = c κp,j max( ∇ ∇ ∇J(κ 0 p,j ) ) and c b j,k = c b j,k max( ∇ ∇ ∇J(b 0 j,k ) ) . ( 26 
)
The same constant values were kept during the iterations of the inverse algorithm. The best quality of the parameters estimation were found when the empirical constants were set to: c κp,j = c bj,0 = c b1,1 = 0.001, c b2,1 = 0.01, c b3,1 = 0.1 and c b4,1 = 1. The last empirical constants were larger because the initial guesses of the pressure absorption coefficients (given in Table 3) corresponding to the same subscripts were larger.

Results

All test cases (1D and 3D) presented below were selected to evaluate the performance and accuracy of the proposed gas radiation model for the solution of RHT in inhomogeneous and non-isothermal participating gases at athmospheric pressure (the total pressure (p tot = 1.0 atm for all the cases). The partial pressure of the gas is: p(x * ) = χ CO2 (x * ) + χ H20 (x * ) p tot , with a ratio χ H20 (x * )/χ CO2 (x * ) equal to 2 for all the cases. The numerical simulations were performed with a 48 cores computer (2 CPUs Intel Xeon@2.4-3.5GHz,12 cores/CPU) using Hyper-Threading and Intel C compiler.

Presentation of the 1D cases studied

The slab is bounded by two infinite parallel black walls. The performance and accuracy of the model are studied by comparison against the standard WSGG model with the parameters of Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] based on HITEMP2010 and LBL benchmark solutions. For these solutions, the spectral range was generated for temperature of the medium ranging from 400 K to 1800 K with constant step of 100 K, and for the sum of partial pressures of CO 2 and H 2 O equal to following values: p = 0.01, 0.1, 0.2, 0.4, 0.6 and 1.0 atm. Linear interpolations were used to evaluate intermediary temperatures and partial pressures. It was verified in independent studies that the present LBL solutions had enough accuracy to evaluate the present gas radiation model. To solve the RTE over the computational domain leading to both the present model and LBL benchmark solutions, the grid was composed to two hundred points with constant spatial steps along the path and with thirty discrete directions. These values led to insensitive solutions with the grid according to [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF].

Cases taken from Dorigon et al. [10]

As in [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF], the temperature profile given by Eq. ( 15) and the two following are considered:

T (x * ) = 400 + 1400 sin 2 (2πx * ), (27) 
T (x * ) =          880 + 920 sin 2 (2πx * ) if x * ≤ 1 4 400 + 1400 1 -sin 3/2 (x * -1 4 ) 2 3 π if x * > 1 4 (28) 
In the same way, three mole fraction profiles of CO 2 are proposed:

χ CO2 (x * ) = 0.2 sin 2 (πx * ), (29) 
χ CO2 (x * ) = 0.2 sin 2 (2πx * ), (30) 
χ CO2 (x * ) =          1 4 sin 2 (2πx * ) if x * ≤ 1 4 1 4 1 -sin (x * -1 4 ) 2 3 π if x * > 1 4 (31) 
The average partial pressure of CO 2 , considered in all these cases, is equal to 0.1 atm. The different cases studied in this work are reported in Table 1. The twelve different cases are those already studied by Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF].

[Table 1 about here.]

Additional test cases

Other test cases were selected to further investigate the accuracy of the proposed gas radiation model.

Sinusoidal temperature and species concentration profiles are defined as:

T (x * ) = 700 -300 cos(πx * ), (32) 
χ CO2 (x * ) = 0.1 -0.075 cos(πx * ). (33) 
Two lengths L are considered for these profiles: 1.0 m and 3.0 m.

Hyperbolic temperature and species concentration profiles are defined as:

T (x * ) = 1100 + 5600 f (x * ) with f (x * ) = (0.5 -x * ) 3 , (34) 
χ CO2 (x * ) = 0.1 + 0.8 f (x * ). (35) 
Three lengths L are considered for these profiles: 0.25 m, 1.0 m and 2.0 m.

As before, the average partial pressure of CO 2 , considered in these new cases, is equal to 0.1 atm. The five cases specified in this section are the last five cases reported in Table 1.

Determination of the model parameters

The parameters of the model (using linear functions of the temperature for the weighting factor a j ) were determined by inverse problem only for Case 1. This case was selected because it is the most representative and the simplest among all cases for the temperature and the partial pressure of CO 2 . As stated before, in all cases, the average partial pressure of CO 2 is 0.1 atm. The parameters were estimated with the radiative heat source data of Case 1 with LBL simulations based on HITEMP2010. The details of the LBL calculations can be found in [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] and will be omitted here. Three lengths L are considered in the twelve first cases: 0.5, 1 and 2 m. Case 1 considers the intermediary length (L = 1 m).

The inverse problem is strongly non-linear and very sensitive to the initial guesses of the parameters, which must be chosen close to the real solution to ensure the convergence of the inverse algorithm. This required testing a large number of initial guesses of the sought parameters. The results show that the best quality of the parameters estimation for Case 1 are obtained with the initial guesses given in Table 2. Also, the inverse problem, which is strongly related to the initial guesses of the parameters, has multiple solutions. Thus, one of these solutions is given in the following.

[Table 2 about here.]

Determination of the spatially non-constant parameters

The objective function gradient with respect to κ p,j and b j,k (j = 1, ..., N and k = 0, 1) was computed with Eq. ( 24).

The initial guesses of the parameters (for n = 0) are constant and given in Table 2. The estimated spatially non-constant parameters were obtained after 27,518 iterations and are depicted in Fig. 2. Even if the number of iterations is very large, the CPU time is fast since the calculations are 1D (38 s.). The convergence of the objective function versus the iteration numbers is provided in Fig. 3(a). The convergence criterion was related to a relative difference of the objective function which should be lower than a tolerance set to 10 -6 . The convergence is very fast at the beginning of the iterations and very slow after. Since in Table 2 some values for the initial guesses of the parameters are identical for some subscripts, it was found that the curves of κ p,1 with κ p,2 , b 1,0 with b 4,0 and b 2,0 with b 3,0 are merged. Also, as it can be seen in Fig. 2, the spatially non-constant parameters have very smooth curves. The variations of curves for j = 4 are more pronounced and are notable for b 3,0 and b 3,1 .

[Figure 2 about here.]

[Figure 3 about here.]

Determination of the spatially constant parameters

The objective function gradient with respect to κ p,j and b j,k (j = 1, ..., N and k = 0, 1) was computed via Eqs. [START_REF] Asllanaj | Numerical solutions of radiative heat transfer in combustion systems using a parallel modified discrete ordinates method and several recent formulations of WSGG model[END_REF] and [START_REF] Wang | An improved WSGG model for exhaust gases of aero engines within broader ranges of temperature and pressure variations[END_REF]. The initial guesses of the parameters (for n = 0) are constant as shown in Table 2. The reconstructed spatially constant parameters were obtained after 9,231 iterations and are given in Table 3. These new parameters were used (as data) to run the forward models of Cases 2 to 17. The CPU times of the inverse and forward 1D calculations are 12 s. and 0.3 s., respectively. The convergence of the objective function versus the iteration numbers is provided in Fig. 3(b).

For lengths equal to 0.5 m, 1.0 m, 2.0 m, the present model provides accurate results with the coefficients given in Table 3. For lengths equal to 0.25 m and 3.0 m, a constant related to the length L, denoted C L , can be introduced. As the dimensionless variable x * is used in the model, the coefficient κ p,j is multiplied by the distance L in the dimensionless equations. The coefficients were generated for a given length L= 1.0 m. In order to be in a situation close to this case, C L should be chosen such that the product L C L is close to 1.0. The best accuracy of the results was found when C L is set to 1.2 and 0.6 for lengths equal to 0.25 m and 3.0 m, respectively. The determination of the parameters for lengths higher than 3.0 m is left in future works.

[Table 3 about here.] Fig. 4 shows the profiles of coefficients a j [T ] for the proposed model (computed with the parameters of Table 3) for Case (1.092, 0.999, 2.016, 23.057) (Table 3). As said before, the inverse problem has multiple solutions. Another solution can be obtained with other values of the coefficients κ p,j . It can be noticed that the values of κ p,1 and κ p,2 are close but the parameters b j,0 and b j,1 are different. Also, all the calculations of the inverse problem that were carried out led to 3 negative values and 1 positive value for the parameters b j,1 (Table 3).

[Figure 4 about here.]

Discussion on the 1D results

To evaluate the performance and accuracy of the proposed model, local normalized errors with respect to the LBL benchmark solutions were computed for both S r and Q r , as:

δS(x) = 100% • S r (x) -S r,LBL (x) max S r,LBL , (36) 
δQ(x) = 100% • Q r (x) -Q r,LBL (x) max Q r,LBL , (37) 
where the denominators of the fractions in Eqs. ( 36) and ( 37) are the maximum absolute values of S r and Q r . Two errors are introduced for the discussion on the results : δS max and δQ avg , the maximum of the absolute normalized errors, and δS avg and δQ avg , the average of the absolute normalized errors in the computational domain.

Discussion on the results for Cases 1 to 12

For Case 1, Figs. 5(a) and 6(a) show a comparison between the present gas radiation model (with constant and nonconstant parameters), WSGG model by Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] and LBL benchmark solutions of S r and Q r respectively. For this case, where the partial pressure of CO 2 is equal to 0.1 atm in the whole domain, both curves have symmetrical profiles with the temperature ranging from 400 K at the boundaries to 1800 K at the center of the slab. Figure 6(a) shows that Q r is equal to zero at the center of the slab (x * = 0.5) due to the symmetry of the curves. Since Q r is transferred from the higher temperature medium to the boundaries, it is positive for x * > 0.5, and negative for x * < 0.5. S r is non-zero at the boundaries since the partial pressure of CO 2 has the constant value of 0.1 atm. The maximum absolute value of S r is at the center of the slab, which coincides with the maximum medium temperature; the negative profile shows that the medium at the center loses energy due to thermal radiation. The radiative heat transfer increases with the distance between the walls due to the overall increase in the optical thickness of the slab, as shown by the increase of Q r on the wall. The profiles displayed in Figs. 5(a) and 6(a) show that the WSGG model by Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] gives the least accurate results, with a tendency to overpredict the extremas of S r and Q r . The present gas radiation model using spatially constant parameters reduces considerably the overshoots of the standard WSGG model. Figures 5(b) and 6(b) show that the normalized errors on S r and Q r have been greatly reduced, with error curves oscillating around the zero value. The variation of the error curves is not related to the gradients of S r and Q r , but only to the fact that the parameters were taken constants. The present gas radiation model (using spatially constant parameters) yields maximum and average normalized errors (in %) of (δS max = 2.32, δS avg = 0.61) and (δQ max = 1.06, δQ avg = 0.22) for S r and Q r respectively, while the WSGG model by Dorigon et al. gives (δS max = 6.00, δS avg = 3.85) and (δQ max = 5.83, δQ avg = 3.20). This result hints that the use of linear functions of temperature for the weighting factors a j is more suitable than the fourth order polynomial dependence on the temperature that is commonly used in the literature. It can be noticed that the normalized errors have decreased of about 60 % compared to the result provided by the present gas radiation model runned with the initial parameters given in Table 2.

Finally, it was observed that the present gas radiation model with spatially non-constant parameters gives a perfect agreement with the LBL solution in the whole domain for Case 1. As shown in Figs. 5(a) and 6(a), the normalized errors on both S r and Q r are uniformely low in the whole domain, with maximum and average normalized errors measured (in %) as (δS max = 1.12 • 10 -7 , δS avg = 2.29 • 10 -8 ) and (δQ max = 0.07, δQ avg = 0.04). This result also shows that the proposed gas radiation model achieved the level of accuracy of the LBL method, provided that the spatially non-constant parameters κ p,j and b j,k are well estimated. Such a result shows a potential of the proposed gas radiation model, in terms of accuracy, that has not been described before in the literature. However, at the stage of the present research, the spatially non-constant parameters can only be applied to the case for which they were obtained by the inverse problem.

[Figure 5 about here.]

[Figure 6 about here.]

The present gas radiation model with constant parameters was applied to the other cases of Table 1 as a forward solution to further study the accuracy of its predictions and the quality of the constant parameters estimation. The normalized errors for S r and Q r are plotted in Fig. 7 and Fig. 8 respectively. For S r , our model shows an improvement on the standard WSGG model by Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] for all the cases, with a significant reduction of both maximum (Fig. 7(a))

and average (Fig. 7(b)) normalized errors. The present model yields the largest of the maximum and average normalized errors over all the cases considered (in %) of (δS max = 7.19 and δS avg = 4.10) obtained with Case 6, while for the WSGG model by Dorigon et al. this occur with Case 7 (δS max = 12.69 and δS avg = 6.17). It can also be observed that the largest decrease of the normalized errors is obtained for Case 1, which is precisely the case solved by inverse problem to estimate the parameters of the present gas radiation model: the errors δS max and δS avg are decreased by 62% and 84%, respectively, compared to Dorigon et al [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF]. For the other cases, the improvement of the proposed gas radiation model is nevertheless substantial, with an error decrease up to 60% on both δS max and δS avg for Case 7. These results show that the present gas radiation model can be used for other temperature field than the profile given in Eq. ( 15) used by Case 1 (Cases 5-12), or non constant partial pressures (Cases 4, 8 and 12). Note also that for these last three cases, for which Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] already gave accurate results (with normalized errors less to 2%), the present gas radiation model gives a comparable or slightly better accuracy. δQ avg are decreased by 82% and 93%, respectively, compared to Dorigon et al [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] (which are even more than for δS max and δS avg ). As shown in Fig. 8, δQ max and δQ avg are significantly reduced for Case 1,2 and 4-7 only. For Case 8, both gas radiation models give a similar high accuracy, with errors within 1 % for both δQ max and average normalized error δQ avg .

For Cases 9-12, where the temperature is given by the non-symmetric profile (i.e., Eq. ( 28)), the present gas radiation model gives slightly less accurate results than the model of Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF], but nonetheless yields error inferior to 4.6 % for δQ avg . The discrepancy of the results is the most important for Case 12, where δQ avg 3.3% for the present gas radiation while Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF] reach δQ avg 0.7%. Case 12 is precisely one of the three cases of Table 1 where the partial pressure of CO 2 does not take a constant value (the other two cases, namely 4 and 8, are accurately solved by both gas radiation models, as mentioned above). This last result hints that it would be more suitable to employ correlations for the weighting factors that take into account both temperature and partial pressure.

[Figure 7 about here.]
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Discussion on the results for Cases 13 to 17

The present gas radiation model (with spatially constant parameters) was applied to the cases 13 to 17 as forward model to further investigate its accuracy. The maximum and average normalized errors on S r and Q r are given in Fig 9 . The accuracy of the proposed model is compared to the one of the standard WSGG model by Dorigon et al. [START_REF] Dorigon | WSGG correlations based on HITEMP2010 for computation of thermal radiation in non-isothermal, non-homogeneous H 2 O/CO 2 mixtures[END_REF]. The accuracy of Q r is quite satisfactory for all the cases. For the maximum normalized error on S r , the present model shows an improvement for all the lengths L. For the average normalized error on S r , the results are improved only for cases 13 and 14. The errors for cases 15-17 are a little higher but do not exceed 4.23 %. Compared to the standard WSGG model, the present model tends to provide more regular error magnitudes for all the cases. This can explains why the errors are a little higher for cases 15-17.

[Figure 9 about here.]

3D test cases

In this section, we show that the coefficients obtained from 1D cases can be extended to general radiative heat transfer problems with 3D geometries. The proposed gas radiation model with the coefficients of Table 3 is applied to two 3D problems which have the same geometry (rectangular parallelepiped cavity) and the same non-uniform gas temperature.

The dimension of the cavity is 2 m × 2 m × 4 m. As two dimensions of the cavity are equal to 2 m, the present radiation model can be used and the effect of the third dimension (4 m) on the results is analyzed. All the surrounding walls are black at 300 K. The non-uniform gas temperature is symmetrical about the centerline of the cavity:

T (r) = (T c -T e ) f (r) + T e with f (r) = 1 -3 r 2 + 2 r 3 , (38) 
where r is the radial distance from the cavity centerline and T e is the temperature at the exit (z = 4 m). The gas temperature outside the circular region is uniform and set to T e . T c is the gas temperature along the cavity centerline. It is assumed to increase linearly from 400 K at the inlet (z = 0) to 1800 K at z = 0.375 m, then decreases linearly to 800 K at the exit. In the first 3D test case, a homogeneous gas mixture is considered with χ CO2 set to 0.1 atm. In the second 3D test case, a non-homogeneous gas mixture is considered with χ CO2 (r) = f (r) χ c where χ c is the molar fraction of this species along the centerline. It is assumed to increase linearly from zero at the inlet to 0.1 atm at z = 0.375 m, then decreases linearly to zero at the exit. The two 3D test cases were recently studied by Fraga et al. [START_REF] Fraga | Benchmark Solutions of Three-Dimensional Radiative Transfer in Nongray Media Using Line-by-Line Integration[END_REF] with the LBL model based on HITEMP2010. The reference solutions of Fraga et al. were obtained using a Finite Volume Method with high angular resolution and a finer regular structured spatial grid composed of 32 × 32 × 64 nodes. In the present work, the 3D Modified Discrete Ordinates Method combined with the exponential scheme and the L 2 (128 directions) quadrature were used. The 3D numerical method and its validation with mesh and ray independency are presented in [START_REF] Asllanaj | Numerical solutions of radiative heat transfer in combustion systems using a parallel modified discrete ordinates method and several recent formulations of WSGG model[END_REF] and are not repeated here. We used the same spatial grid that Fraga et al. As it is, the two spatial and angular solutions of the RTE have the same level of accuracy. The results presented below were obtained either with the proposed gas radiation 3 is robust and can be applied to a 3D geometry even if one of its three dimensions is higher than 2 m.

[Figure 10 about here.]
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Conclusions

A new gas radiation model based on the principle of WSGG was proposed in this study. It was shown that expressing the weighting factors as linear functions of the temperature, leading to fewer parameters in the reduced model, is more computationally suitable than the fourth order polynomial dependence of the temperature that is commonly adopted in the standard WSGG model. Using an efficient inverse algorithm, we have succeeded to estimate the set of 12 spatially non-constant parameters of the proposed gas radiation model considering four gray gases, namely the coefficients of linear functions of the weighting factors and the pressure absorption coefficients. The inverse algorithm uses as data the total radiative heat source simulated in the whole medium instead of the total gas emissivity data that is used in the literature. The parameters to be determined are fitted using data generated with LBL simulations based on HITEMP2010.

The proposed gas radiation model has been applied to estimate the parameters for mixtures of gases (H 2 O, CO 2 ) at atmospheric pressure with partial pressure ratio set to 2.0 (which are representative of products of typical air-fired methane combustion), within the range of temperature between 400 K and 1800 K and for thicknesses of the gas layer up to 3.0 m.

By applying the inverse algorithm to a given case, the proposed gas radiation model achieved a comparable level of accuracy of the LBL method. It is not yet possible to use this model to other test-cases, since the parameters obtained are spatially dependent. However, an averaging procedure of these parameters in the inverse algorithm made it possible to obtain a new model with spatially constant parameters. When applied to several test cases (1D and 3D) in the conditions for which the parameters were obtained, this led to a significant decrease in the normalized errors on the radiative heat source S r and, for many of theses cases, on the radiative heat flux Q r compared to that obtained with the standard WSGG model.

The gas radiation model proposed in this work with constant parameters and 4 gray gases (N = 4) is simpler to use since it leads to only 12 parameters instead of 24 for the standard WSGG model. The 12 parameters of the proposed model are given in Table 3, which are expected to provide the level of accuracy shown in the presented study for lengths L up to 3.0 m and within the range of temperature for which they were obtained (i.e. T between 400 K and 1800 K). The proposed method for derivation of parameters is more sophisticated but has the advantage to be more efficient. It should be also noted that the computational time of the present gas radiation is similar to the standard WSGG model which is very interesting for coupled calculations in CFD.

Some improvements in the methodology proposed in the present study will be addressed in future research. The parameters of the model for higher temperatures (up to 2500 K for example) can be determined. In this case, a non-symmetrical profile of T will be more suitable. In this work, the coefficients were generated for a given domain length L. Performing the inverse analysis for each different length L would yield a different set of coefficients. In this way, the absorption coefficients are therefore dependent on gas path length. In the LBL model, the absorption coefficient is dependent only on local thermodynamic properties of the domain. However, a homogeneous/reduced gas radiation model can be constructed such as the absorption coefficients are dependent on gas path length. This type of model is roughly equivalent to Spectral-Line Moment-Based (SLMB) model [START_REF] André | A multi-spectral reordering technique for the full spectrum SLMB modeling[END_REF]. Even if it is introduced differently, SLMB model is the only Full Spectrum method allowing path dependent absorption coefficients. The treatment of path dependence in our model can follow the formalism of SLMB modeling in our future works.

Appendix A. Space functions and associated inner products.

In the present paper, the L 2 (Σ) space function which is square integrable on Σ is assumed. The associated inner product is:

u v Σ = 1 -1 u(µ) v(µ) dµ for all u, v ∈ L 2 (Σ).
Moreover, the L 2 (D) and L 2 (D × Σ) space functions are square integrable on D and D × Σ. The two associated inner products are:

u v D = L 0 u(x) v(x) dx and u 2 D = u u D for all u, v ∈ L 2 (D), k h D,Σ = L 0 1 -1 k(x, µ) h(x, µ) dµ dx for all k, h ∈ L 2 (D × Σ),
in which u D is the associated norm to L 2 (D).

The notations presented in this Appendix are used in Appendices B and C.

Appendix B. Detailed calculations of the objective function gradients B.1 State equation and observation equation

The total radiative heat sources computed with the present gas radiation model and the LBL method are denoted by R and M , respectively. Then, the objective function ( 16) is written as:

J(ξ) = 1 2 R(ξ) -M M max 2 D . ( 39 
)
where R(ξ) in Eq. ( 39) is the observation equation defined as the total radiative heat source according to the parameter ξ.

It can be also written as:

R(ξ)(x) = N j=1 (HI j )(x) -B(x) for x ∈ D, (40) 
with

(HI j )(x) = 2π κ p,j p(x) 1 -1 I j (x, µ) dµ and B(x) = 4π κ P (x) I b [T (x)]. (41) 
The terms R + j (ξ, I + j ) and R - j (ξ, I - j ) are denoted by Eqs. ( 1) and ( 2), respectively. Then, the state equation is defined by: R(ξ, I 1 , I 2 , ...,

I N ) = R + j (ξ, I + j ), R - j (ξ, I - j ) N j=1 . ( 42 
)
The objective function J (39) will be minimized by means of the inverse algorithm when Eq. ( 42) is satisfied [START_REF] Asllanaj | Fluorescence molecular imaging based on the adjoint radiative transport equation[END_REF][START_REF] Asllanaj | Addoum Simultaneous reconstruction of absorption, scattering and anisotropy factor distributions in quantitative photoacoustic tomography[END_REF].

B.2 Lagrangian formulation and adjoint equations model

The Lagrangian formulation is formulated in the L 2 function space as [START_REF] Bonnans | Numerical Optimization Theoretical and Practical Aspects[END_REF][START_REF] Fiacco | Nonlinear Programming: Sequential Unconstrained Minimization Techniques[END_REF]:

L(ξ, I 1 , I 2 , ..., I N , ψ 1 , ψ 2 , ..., ψ N ) = 1 2 N j=1 (HI j ) -B -M M max 2 D + N j=1 ψ j R j D,Σ , (43) 
where the Lagrangian multipliers are functions defined by: ψ j = ψ j (x, µ) with (x, µ) ∈ D × Σ for j = 1, ..., N . The Lagrangian multipliers represent the adjoint state of partial radiative intensity I j (j = 1, ..., N ) in the medium. The fundamental property, which is obvious in appearance, is that if I j (j = 1, ..., N ) satisfy the state equation ( 42) for the ξ parameter, then the following relation is satisfied:

L(ξ, I 1 (ξ), I 2 (ξ), ..., I N (ξ), ψ 1 , ψ 2 , ..., ψ N ) = J(ξ) for all ψ j j = 1, ..., N.

In order to obtain the adjoint equations model, the fundamental property presented in Eq. ( 44) was used. By deriving Eq.

(44), it yields: 

J (ξ) δξ = ∂L(ξ,
Then, the adjoint variables satisfy [START_REF] Bonnans | Numerical Optimization Theoretical and Practical Aspects[END_REF][START_REF] Fiacco | Nonlinear Programming: Sequential Unconstrained Minimization Techniques[END_REF]:

N j=1 ∂L(ξ, I 1 , I 2 , ..., I N , ψ 1 , ψ 2 , ..., ψ N ) ∂I j δI j = 1, (46) 
in which the sensitivity directions δI j are expressed as:

δI j = ∂I j (ξ) ∂ξ δξ for j = 1, ..., N. (47) 
Equation ( 45) is then reduced to:

J (ξ) δξ ≡ ∇ ∇ ∇J(ξ) δξ D = ∂L(ξ, I 1 , I 2 , ..., I N , ψ 1 , ψ 2 , ..., ψ N ) ∂ξ δξ. (48) 
Combining Eq. (43) with Eq. ( 46), it follows:

N j=1 N i=1 (HI i ) -B -M M max (HδI j ) M max D + N j=1 ψ j ∂R j ∂I j δI j D,Σ = 0. (49) 
Using Eq. ( 40), N i=1 (HI i ) -B was changed by R in the first term of Eq. (49). Eq. (49) has to be satisfied for all δI j .

Then, for each sensitivity directions:

R -M M max (HδI j ) M max D + ψ j ∂R j ∂I j δI j D,Σ = 0 for j = 1, ..., N. (50) 
Equation (50) leads to:

∂R j ∂I j * ψ j δI j D,Σ + H * (R -M ) M 2 max δI j D,Σ = 0 for j = 1, ..., N, (51) 
where the subscript ( * ) denotes the adjoint operator. The adjoint state of the partial radiative intensity at the position x ∈ D, in all direction µ ∈ Σ is defined as:

ψ j (x, µ) =        ψ + j (x, µ) µ ∈ Σ + ψ - j (x, -µ) µ ∈ Σ +        for j = 1, ..., N.
Replacing R j defined by Eq. ( 42) in Eq. (51) and using Appendix C, the following adjoint equations model is derived:

µ ∂ψ - j (x, -µ) ∂x + κ p,j p(x) ψ - j (x, -µ) + 2π (R(x) -M (x)) M 2 max = 0 for µ ∈ Σ + and j = 1, ..., N, (52) 
-µ ∂ψ + j (x, µ) ∂x + κ p,j p(x) ψ + j (x, µ) + 2π (R(x) -M (x)) M 2 max = 0 for µ ∈ Σ + and j = 1, ..., N, (53) 
For convenience, in the above equations, the direction µ was changed to its opposite direction.

The adjoint state of the partial radiative intensity satisfy the following boundary conditions:

ψ - j (x = 0, -µ) = 0 for µ ∈ Σ + and j = 1, ..., N, (54) 
ψ + j (x = L, µ) = 0 for µ ∈ Σ + and j = 1, ..., N. (55) 

B.3 Expressions of the objective function gradients

The differentiation of the Lagrangian formulation according to ξ in direction δξ leads to:

∂L(ξ, I 1 , I 2 , ..., I N , ψ 1 , ψ 2 , ..., ψ N ) ∂ξ δξ = ∂J(ξ) ∂ξ δξ + N j=1 ψ j ∂R j ∂ξ δξ D,Σ . (56) 
Using Eq. ( 48), it follows:

∇ ∇ ∇J(ξ) δξ D = R(ξ) -M M max 1 M max ∂R(ξ) ∂ξ δξ D + N j=1 ψ j ∂R j ∂ξ δξ D,Σ . (57) 
Equation (57) allows to compute the gradient of the objective function. Applying Eq. (57) to ξ = κ p,i for i = 1, ..., N , one derives that:

∇ ∇ ∇J(κ p,i ) δκ p,i D = R -M M 2 max 2π p 1 -1 I i (•, µ) dµ -4π p a i [T ] I b [T ] δκ p,i D + ψ i p I i -p a i [T ] I b [T ] δκ p,i D,Σ . (58) 
Then, the objective function gradient, with respect to κ p,i , has the following components:

∇ ∇ ∇J(κ p,i )(x) = 2π (R(x) -M (x)) M 2 max p(x) 1 -1 I i (x, µ) dµ -2 a i [T (x)] I b [T (x)] +p(x) 1 -1 ψ i (x, µ) I i (x, µ) dµ -p(x) a i [T (x)] I b [T (x)] 1 -1 ψ i (x, µ) dµ. (59) 
Applying Eq. (57) to ξ = b i,k for i = 1, ..., N and k = 0, 1, one derives that:

∇ ∇ ∇J(b i,k ) δb i,k D = R -M M 2 max -4π κ p,i p T k I b [T ] δb i,k D -ψ i κ p,i p T k I b [T ] δb i,k D,Σ . (60) 
Then, the objective function gradient, with respect to b i,k , has the following components:

∇ ∇ ∇J(b i,k )(x) = -κ p,i (x) p(x) T k (x) I b [T (x)] 4π (R(x) -M (x)) M 2 max + 1 -1 ψ i (x, µ) dµ . (61) 
It should be pointed out that the parameters κ p,j and b i,k depend here on path-length x. Also, it should be noted that the adjoint state of the partial radiative intensities ψ i for i = 1, ..., N are needed for the computation of the objective function gradients with respect to parameters (Eqs. ( 59) and ( 61)).

Appendix C. Calculations of adjoint operators

Let F ∈ L 2 (D). From ( 40), one has:

F (HδI j ) D = D F (x) 2π κ p,j (x) p(x) 1 -1 δI j (x, µ) dµ dr = D 1 -1 2π κ p,j (x) p(x) F (x) δI j (x, µ) dµ dr = H * F δI j D,Σ . (62) 
with

(H * F )(x) = 2π κ p,j (x) p(x) F (x). (63) 
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  (a) Radiative heat source Sr. (b) Normalized error on Sr. The maximum normalized errors are for the present model and the one by Dorigon et al., respectively
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 10 Figure 10: Comparison on S r computed by the present gas radiation model, WSGG by Dorigon et al. [10] and LBL benchmark solutions for 3D Case with homogeneous gas mixture [41].

  (a) Radiative heat flux Qr. (b) Normalized error on Qr.
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 11 Figure 11: Comparison on Q r computed by the present gas radiation model, WSGG by Dorigon et al. [10] and LBL benchmark solutions for 3D Case with homogeneous gas mixture [41].

  (a) Radiative heat source Sr. (b) Normalized error on Sr.
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 12 Figure 12: Comparison on S r computed by the present gas radiation model, WSGG by Dorigon et al. [10] and LBL benchmark solutions for 3D Case with non-homogeneous gas mixture [41].
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 13 Figure 13: Comparison on Q r computed by the present gas radiation model, WSGG by Dorigon et al. [10] and LBL benchmark solutions for 3D Case with non-homogeneous gas mixture [41].
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 2 Initial guesses of the parameters of the proposed gas radiation model for Case 1 needed for the solution of the inverse problem.

	(K -1 )

(a) Radiative heat flux Qr. (b) Normalized error on Qr.
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