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Optical Diffraction Tomography Meets Fluorescence Localization Microscopy

We show that structural information can be extracted from single molecule localization microscopy (SMLM) data. More precisely, we reinterpret SMLM data as the measures of a phaseless optical diffraction tomography system for which the illumination sources are fluorophores within the sample. Building upon this model, we propose a joint optimization framework to estimate both the refractive index map and the position of fluorescent molecules from the sole SMLM frames.

I. INTRODUCTION

In fluorescence microscopy the heterogeneity of biological tissues-through variations in their refractive index (RI)-induces aberrations and light scattering, which distorts the recorded images. Beyond specific sample preparation such as tissue clearing, hardware and computational solutions have been proposed over the last two decades. Adaptive optics and wavefront shaping [START_REF] Gigan | Optical microscopy aims deep[END_REF][START_REF] Ahn | Overcoming the penetration depth limit in optical microscopy: XZ Ground Truth XY Init[END_REF][START_REF] Yoon | Deep optical imaging within complex scattering media[END_REF] emerged as powerful hardware strategies allowing to correct the distorted wavefront. Alternatively, a few multimodal systems-capable of acquiring both fluorescence and phase data-have been developed [START_REF] Chung | Wide field-of-view fluorescence image deconvolution with aberrationestimation from fourier ptychography[END_REF][START_REF] Shin | Super-resolution threedimensional fluorescence and optical diffraction tomography of live cells using structured illumination generated by a digital micromirror device[END_REF]. Not only do they allow to reconstruct the RI map (from phase measurements) and to exploit it to improve the fluorescence signal, but they also offer a unique combination of structural (RI) and functional (fluorescence) information about the sample.

In an attempt to simplify the acquisition process, two recent works [START_REF] Xue | Three-dimensional bi-functional refractive index and fluorescence microscopy (brief)[END_REF][START_REF] Pham | Optical diffraction tomography from single-molecule localization microscopy[END_REF] addressed the problem of reconstructing both RI and fluorophore density from the same data collected by standard fluorescence systems (i.e., without phase measurements). Both works exploit the fact that fluorescence images can be seen as measurements of a phaseless optical-diffraction tomography (ODT) system [START_REF] Tian | 3D intensity and phase imaging from light field measurements in an LED array microscope[END_REF][START_REF] Pham | Versatile reconstruction framework for diffraction tomography with intensity measurements and multiple scattering[END_REF], where the illumination sources are the emission of fluorophores inside the sample. Indeed, fluorophores emit light that scatters through the sample before being captured by the camera, which shows that the recorded fluorescence images carry information on the RI of the sample. This structural information can then be unveiled using dedicated numerical methods [START_REF] Xue | Three-dimensional bi-functional refractive index and fluorescence microscopy (brief)[END_REF][START_REF] Pham | Optical diffraction tomography from single-molecule localization microscopy[END_REF]. In [START_REF] Xue | Three-dimensional bi-functional refractive index and fluorescence microscopy (brief)[END_REF], the authors exploited scanning microscopy to localize the activation of fluorophores, while in [START_REF] Pham | Optical diffraction tomography from single-molecule localization microscopy[END_REF], we capitalized on the single molecule activation property of SMLM.

Outline: The purpose of this communication is to present and explain the main steps of a computational pipeline that simultaneously localizes fluorophores embedded in a specimen while reconstructing its refractive index. In Section II, we show how an SMLM image can be interpreted as phaseless ODT measurements. We end up with an image formation model that depends on both the RI map and the positions and amplitudes of fluorescent molecules. Then, we present in Section III our joint optimization framework. Finally, we present some numerical results in Section IV.

II. THE ODT FROM SMLM FORWARD MODEL

Let Ω ⊆ R 3 be the image domain and η : Ω → R the RI distribution of the sample. Moreover, let uin( • ; p, a) : Ω → C denote the spherical wave emitted by a fluorescent molecule with intensity a > 0 located at position p ∈ Ω. More precisely, we have

∀x ∈ Ω, uin(x; p, a) = a exp (jk b x -p 2) 4π x -p 2 , (1) 
where k b = 2πη b /λ is the wavenumber with λ the emission wavelength and η b > 1 the RI of the surrounding medium.

The resulting SMLM frame y ∈ R M can then be described by

ym ∼ Pois |(P ut ( • ; p, a)) (xm)| 2 + bm , (2) 
where Pois denotes Poisson's distribution (shot noise), {xm} M m=1 are the camera sampling points, b ∈ R M is a background fluorescent signal, and P is a linear integral operator that models the effect of the optical system. Finally, ut ( • ; p, a) : Ω → C represents the total field, resulting from the scattering of the spherical wave through the sample. It is governed by the Lippmann-Schwinger equation

ut (x; p, a) = uin(x; p, a)+ Ω g(x-z)f (z)ut (z; p, a) dz, (3) where f (x) = k 2 b η(x) 2 /η 2 b
-1 is the scattering potential and g : R 3 → C the Green function given by g = uin( • ; 0, 1) [START_REF] Cornea | Fluorescence Microscopy: Super-Resolution and Other Novel Techniques[END_REF].

Note that, because fluorophores are incoherent sources, the image y formed out of the activation of L molecules at positions {p l } L l=1 with amplitudes {a l } L l=1 is simply given by y = L l=1 y l , where y l stands for the contribution of the lth fluorophore. As such, without loss of generality, we assume to have access to L SMLM acquisitions {y l } L l=1 , each corresponding to the activation of one molecule. The discretization of this forward model (i.e., equations ( 2) and ( 3)), requires to deal with the singularity at 0 of the integrand in [START_REF] Yoon | Deep optical imaging within complex scattering media[END_REF]. We refer the reader to [START_REF] Pham | Three-dimensional optical diffraction tomography with Lippmann-Schwinger model[END_REF] for details on how this difficulty can be efficiently handled. In the following, we denote the (nonlinear) discrete forward model by H(f , p, a), where f ∈ R N corresponds to a sampled version of the scattering potential f within Ω.

III. RI RECONSTRUCTION AND MOLECULE LOCALIZATION

Given the SMLM data {y l } L l=1 , we propose to estimate both the RI map f and the molecules positions {p l } L l=1 and amplitudes {a l } L l=1 through the resolution of

arg min f ≥0, p l ∈Ω, a l >0 L l=1 DKL (H(f , p l , a l ) + b l ; y l ) + τ ∇f 2,1, (4) 
where τ > 0, ∇f 2,1 is the popular total-variation (TV) regularization, and DKL stands for the generalized Kullback-Leibler divergence. It is defined by DKL (z; y) = z T 1M -y log(z + β), with β > 0. From a Bayesian point of view, it corresponds (up to a constant term) to the negative log-likelihood associated with the Poisson distribution (shot noise). Finally, b l models the background fluorescence of the lth SMLM frame y l . In practice, we estimate it in a pre-processing step, exploiting the fact that it varies slowly in space and time [START_REF] Pham | Optical diffraction tomography from single-molecule localization microscopy[END_REF]Section 3.4.3].

To tackle Problem (4), we deploy an alternating optimization strategy. More precisely, we sequentially solve the following subproblems.

• Update of molecules amplitudes {a l } L l=1 . Using the fact that H(f , p l , a l ) = a 2 l H(f , p l , 1), we obtain simple expressions of the first two derivatives of the objective function in (4) with respect to the amplitudes a l . This allows us to deploy an efficient Newton update.

• Update of molecules positions {p l } L l=1 . The non-differentiability of the spherical wave in (1) at x = p prevents the direct use of a gradient-based approach on (4). Instead, we consider a smoothed version of the spherical wave where the norms in (1) are replaced by • 2, =

• 2 2 + with 0 < 1. We then derive a closed form expression of the gradient of the objective with respect to each p l , and set up a projected gradient method (to ensure that p l ∈ Ω).

• Update of refractive index f . This corresponds to a phaseless inverse-scattering problem [START_REF] Tian | 3D intensity and phase imaging from light field measurements in an LED array microscope[END_REF][START_REF] Pham | Versatile reconstruction framework for diffraction tomography with intensity measurements and multiple scattering[END_REF]. We address it through a relaxed variant of FISTA [START_REF] Ma | Accelerated image reconstruction for nonlinear diffractive imaging[END_REF]. Due to space limitations, we refer the reader to [7, Section 3] for a detailed description of these three steps. Finally, as the objective in ( 4) is non-convex, initialization plays a central role. For molecules amplitudes and positions, initial estimates can be obtained with any SMLM algorithm. Concerning the initialization of the refractive index f , we simply consider a rescaled version of the widefield image.

IV. NUMERICAL ILLUSTRATION

Simulation Setting: We simulated an RI distribution immersed in water and included in the region Ω of size (7.2 × 7.2 × 3.2)µm 3 . Fluorophores have then been randomly distributed within this sample. The smallest distance between two fluorophores is 20nm, the amplitudes a l were drawn from a Poisson distribution with mean A = 1000, and the emission wavelength was set to λ = 647nm. We then generated a number of L = 1000 SMLM frames (biplane modality), each corresponding to the activation of a single fluorophore. Finally, the backgrounds b l were simulated through noise smoothing (for slow space variation) and interpolation (for slow time variation).

Results and Discussion: In Fig. 1 (top), we compare the RI map obtained by the proposed joint optimization framework with the ones that obtained when the molecules positions and amplitudes are fixed to their i) initial estimates or ii) true values (best case scenario). These results highlight the importance of the joint optimization, as well as its efficiency. In the bottom part of Fig. 1, we compare molecules amplitudes and positions estimated by our joint optimization approach with initial ones. We can appreciate the gain in accuracy (twice as good RMSE on localization). Through the estimation of the RI variations, we account for sample-induced distortions and improve the accuracy of the localization of molecules.

More extensive experiments are reported in [START_REF] Pham | Optical diffraction tomography from single-molecule localization microscopy[END_REF]. In particular, we show that the proposed approach is robust to noise and still performs well when reducing the number of frames to L = 100. We also illustrate how the distribution of fluorophores affects the quality of the reconstructed RI map.