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SOME COMBINATORIAL INTERPRETATIONS OF THE
MACDONALD IDENTITIES FOR AFFINE ROOT SYSTEMS AND
NEKRASOV-OKOUNKOV TYPE FORMULAS

DAVID WAHICHE

ABSTRACT. We explore some connections between vectors of integers and integer
partitions seen as bi-infinite words. On the one hand, this methodology enables
us to obtain enumerations connecting products of hook lengths and vectors of
integers. On the other hand, this yields a combinatorial interpretation of the
Macdonald identities for affine root systems of the 7 infinite families in terms of
Schur functions, symplectic and special orthogonal Schur functions with respect
to the type of the considered root system. From these results, we are able to de-
rive g-Nekrasov—Okounkov formulas associated to each type. The latter for limit
cases of ¢ yield Nekrasov—Okounkov type formulas corresponding to all the spe-
cializations given by Macdonald. When ¢ goes to 1, one can derive combinatorial
developments of Euler product, answering an open problem from Han.

Keywords. Integer partitions, Macdonald identities for affine root systems, Lit-
tlewood decomposition, Nekrasov—Okounkov formulas.

1. INTRODUCTION AND NOTATIONS

Formulas involving hook lengths abound in combinatorics and representation the-
ory. One illustrative example is the hook-length formula discovered in 1954 by
Frame, Robinson and Thrall | ]. It states the equality between the number f?
of standard Young tableaux of shape A\ and size n, and the number of permutations
of {1,...,n} divided by the product of the elements of the hook lengths multiset
H(A) of A\, namely:

() [ —_—
II »

heH(N)

Hook lengths formulas such as (1.1) are useful enumerative tools bridging combina-
torics with other fields such as representation theory, probability, gauge theory or
algebraic geometry. A much more recent identity is the Nekrasov—Okounkov for-
mula. It was discovered independently by Nekrasov and Okounkov in their work on
random partitions and Seiberg-Witten theory | ], and by Westbury | ] in
his work on universal characters for sl,,. This formula is commonly stated as follows:

By A R
(1.2) ;)T hel;[m(l h2) lcl;Il(l T) ,
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where z is a fixed complex number. This identity was later obtained independently

(1)

by Han [ |, based on one of the identities for affine type A,; in [
Appendix 1] and a polynomiality argument. The proof lead the author to call (1. 2)
in [ | as an indiscretization analogue of the Macdonald identity for affine type

Ail_)l. The existence of similar identities for other types is a natural question that
already arises in Han’s paper | , Problem 6.4]. We give a more general answer
for all infinite affine root systems and the identities tackling the question from Han
can be found in Subsection 6.2. The approach detailed here should actually lead
to an interpretation of Macdonald identities for exceptional types as hook length
formulas, however in these cases the ranks are bounded, so one cannot lift these
identities to an indiscretization analogue as Han calls it. Therefore we do not deal
with the exceptional affine types in this paper. Before going any further, let us
introduce some notations. For formal variables, the T-Pochhammer symbols are
defined as (a;T)o = 1 and for any integer n > 1, as

(@;T)p =1 —a)(l —al)...(1 —aT™ "),
(a;T)oo := H(l —aT),

Jj=0
and (a1, o yan;T)oo = (13T )00 - - - (An; T) o

We also introduce the three following shorthand notations:

(Taf; T)oo := (Tar, Tay';T) oo,
(Taliz;T)OO = (Ta%,Taf2;T)oo,

(Ta1 ay 7T)OQ = (Tal_la,g, Talag_l, Taias, Tal_lag_l; T)oo-

A partition X of a positive integer n is a non-increasing sequence of positive
integers A = (A1, A2, ..., A\¢) such that [A| ;= Ay + Ao+ -+ + Ay = n. The \;’s are
the parts of A, the number ¢ of parts being the length of A\, denoted by ¢(\). The
well-known generating series for P can also be derived from (1.2) with z = 0:

(1.3) ST = (7))

AEP

Each partition can be represented by its Ferrers diagram, which consists of a
finite collection of boxes arranged in left-justified rows, with the row lengths in non-
increasing order. The Durfee square of A is the maximal square fitting in the Ferrers
diagram. Its diagonal, denoted by A, will be called the main diagonal of A. Its size
will be denoted d = d) := max(s|As > s). As an example, in Figure la, the Durfee
square of A = (4, 3, 3,2), which is a partition of 12 of length 4, is colored in red. The
partition X' = (A}, A3, ..., X)) is the conjugate of A, where A’ denotes the number
of boxes in the column j.
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A1
A2
A3
A4

(a) Durfee square (b) Hook lengths

FiGURE 1. Ferrers diagram and some partition statistics.

For each box v in the Ferrers diagram of a partition A (for short we will say for
each box v in \), one defines the arm-length (respectively leg-length) as the number
of boxes in the same row (respectively in the same column) as v strictly to the right of
(respectively strictly below) the box v. The hook length of v, denoted by hy () or hy,
is the number of boxes u such that either u = v, or u lies strictly below (respectively
to the right) of v in the same column (respectively row). The hook lengths multiset of
A, denoted by H()), is the multiset of all hook lengths of A. For any positive integer ¢,
the multiset of all hook lengths that are congruent to 0 (mod ¢) is denoted by H;(A).
Notice that H(\) = H1(A\). A partition w is a t-core if Hy(w) = 0. For any A C P,
we denote by A(;) the subset of elements of A that are t-cores. For example, the only
2-cores are the “staircase” partitions (k,k—1,...,1), where k is any positive integer.
In Figure 1b, the hook lengths of all boxes for the partition A = (4, 3, 3, 2) are written
in their corresponding boxes, the boxes associated with H3(\) are shaded in red. The
hook-length multiset H(\) is here given by {2,1,4,3,1,5,4,2,7,6,4,1} and Hz(\) =
{3,6}. Formula (1.2) was first generalized with two parameters in [[lXc510, Equation
(3.7)]. Later, simultaneously both Rains—Warnaar [R\W 15|, by using refined skew
Cauchy-type identities for Macdonald polynomials, and Carlsson-Rodriguez Villegas
[CRV18], by means of vertex operators and the plethystic exponential, discovered
a (g,t)-extension of the Nekrasov—Okounkov formula to settle a conjecture from
Hausel-Rodriguez Villegas [HRV08, Conjecture 4.3.2] in their study of Mixed Hodge
polynomials of character varieties with genus 1.

Theorem 1.1. [CRV 18, Theorem 1.0.2],[RW 18, Theorem 1.3] We have

uqa(s)—l-ltl(s))(l _ u—lqa(s)tl(s)—l-l)

IR g
);)T 1;{ (1 _ qa(s)-‘rltl(s))(l _ qa(s)tl(s)-I—l)

B H (1 —ug't? " 1T%)(1 — u~ g1 TF)

- _ =141k — giTk
g @I (1 - ¢t TY)
As mentioned in [CRV18, RW 18], the special case ¢ = t is a reformulation of a

result due to Dehaye—Han [DI111], using a specialization of the Macdonald identity

for type Agl_)l, and Igbal-Nazir-Raza—Saleem [INRS12], using the refined topological
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vertex. It can be written as follows:

ey ST ] (1 —ug")(1—utq") _ 1 (1— ug" T (1 — u-lg Ty

(1 _ qh)2 ) (1 _ qrflTk)r(l _ qT+1T]€)T :

AEP heH(N) k>

Note that taking u = ¢™ for a strictly positive integer n and letting ¢ — 1 in (1.4)
yields (1.2) for z = n2. Note that for any positive integer k, the coefficients in T on
both sides of (1.2) are polynomials in z. It is obvious on the left-hand side whereas
for the right-hand side, one uses, as in | , (3.10)], the following relation:

l'k

Therefore we can use the polynomiality argument which tells us that the identity
holds for any complex number z.
The methods used by Han to prove (1.2), and Dehaye-Han for (1.4), both start

from the type Agl_)l Macdonald’s identity. Nevertheless one needs to keep track
of the variables to derive (1.4), whereas (1.2) is obtained by specializing all the
variables to 1. In order to do this for our purpose, one needs some reformulation
dispensing of the more abstract sum over the affine Weyl group, as done for instance

in the work of Gustafson through his g1)¢ identities on root systems | ]. In our
case, it is convenient to use the formulation given by Rosengren—Schlosser | ]
(see also Stanton’s reformulation in | ). The next step in | | for proving

(1.4) needs new combinatorial notions such as exploded tableaux and a V;-coding.
In this paper, we extend this last notion to V; ;-coding (see Definition 4.10) adapted
from Garvan-Kim-Stanton [ |, which comes naturally from the study of the
Littlewood decomposition described in Section 2.

A natural question is then what happens when one tries to derive Nekrasov—
Okounkov formulas for other affine types. In the process of finding such interpreta-
tions, some subsets of partitions appear and are introduced hereafter. A partition
A is self-conjugate if its Ferrers diagram is symmetric along the main diagonal. Let
SC be the set of self-conjugate partitions. The set of doubled distinct partitions, de-
noted by DD, is that of all partitions A of Durfee square size d such that \; = X +1
for all i € {1,...,d}. We also define the set of conjugates of doubled distinct parti-
tions DD’ := {\' | A\ € DD}. For instance, in Figure 2a A = (5,3,3,1,1) € SC has
its main diagonal A shaded in green while in Figure 2b A = (6,4,4,1,1) € DD has
its main diagonal shaded in green as for the strip shaded in yellow, it corresponds to
the boxes added to a self-conjugate partition to obtain a doubled distinct partition.
The conjugate of a doubled distinct partition is also illustrated in Figure 2c. The
subsets SC and DD appeared within the works of Littlewood | ], Macdonald
[ , p.78-79] and of Koike-Terada | ] in their study of Young-diagrammatic
representation of the classical Lie groups B,, C, and D,, or in the work of King
[ | and more recently within the works of Ayyer-Kumari | ] and Albion
[ |. They are of particular interest in the papers by Pétréolle | , ]
where two Nekrasov—Okounkov type formulas for affine root systems of types C'1)
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and A(()Qd)d are derived. For instance, in [ , |, the author proves the follow-
ing SC Nekrasov—Okounkov type formula, similar to (1.2), giving a partial answer
to | , Problem 6.4], and which stands, for any complex number z, as:

(1‘5) Z d>‘T|)‘|/2 H ( 22+2)55> — (T; T)izerz )

AeDD SEX

Here for a box s of A, €5 is defined as —1 if s is strictly below the main diagonal of the
Ferrers diagram of A and as 1 otherwise, as depicted in Figure 2. This signed statistic
already appears algebraically within the work of King | | and combinatorially
within the work of Pétréolle | ].

A rim hook (or border strip, or ribbon) is a connected skew shape containing
no 2 x 2 square. The length of a rim hook is the number of boxes in it, and its
height is one less than its number of rows. By convention, the height of an empty
rim hook is zero. The Littlewood decomposition is a classical bijection in partition
theory (see for instance | , Theorem 2.7.17]). Roughly speaking, for any fixed
positive integer ¢, this transforms A € P into two components: the t-core w, which
is obtained by removing sequentially all the rim hooks of length ¢ of A, and the
t-quotient v (see Section 2 for precise definitions and properties):

)\673»—>(w,g) E’P(t) x Pt

(a) A=(5,3,3,1,1) €SC  (b) A=(6,4,4,1,1) € DD  (c) A= (5,3,3,3,1,1) € DD’
]+ ]+ +]+] + ]+ +[+]+]+] ]+ ]+ +]+]
— |+ |+ — |+ |+ |+ — |+ |+
—| =+ —|—=[+|+ — | =+
FIGURE 2. A self-conjugate partition, a doubled distinct partition
and its conjugate filled with .
Let n be a positive integer and let x = (z1,...,zy) be a set of any independent

variables. Recall the Weyl denominator formula for a reduced root system R (see
for instance p.185 of | )]

(1.6) Z sgn(a)e"(p)_” = H (1 — e_a) ,
oceWw acR

where W is the Weyl group associated with R, Ry is the set of positive roots, e

a formal exponential and p =3~ cp, /2.
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In type A,_1, it corresponds to the Vandermonde determinant A 4(x) following
notations of Rosengren—Schlosser in | ]:

(1.7) Aa(x) = det (xg—l): I1 (-

1<i,j<n

1<i<j<n
Following | ], the Weyl denominator formula in type B, is:
- Jj—n _ _*(j*”)Jrl)
Ap(x): 1§(117c;t§n (:UZ x,
(1.8) = [ =" -2) [ (z5—2)1—wy),
1<i<n 1<i<j<n

and in type C), it is:
Ac(x):= det (a:j_"_l — :c;(jfnfl)>

2

1<i,j<n
(1.9) = H z;"(1 —a? H (xj — xi)(1 — zizy),
1<i<n 1§i<j§n

while in type D, it is:

(1.10)
— j—n (j=n) -n e V(1 — T
Ap(x) = 1£3t§n (35@ +x,; ) 2 H ) H (xj — xi)(1 — z4x5).
1<i<n 1<i<j<n
Let Z[x| := Z[z1,...,xy,] be the ring of polynomials in z1,...,x, with integer

coefficients. A polynomial P(x) in Z[x] is symmetric if it is invariant under permu-
tations of its variables, i.e. for every o € S,:

P(a:l, “ee ,l’n) =P (1:0(1), ‘e ,xg(n)) .
The set of all symmetric polynomials in n variables, denoted by A, is a Z-module
over Z[x|. For a partition A = (A1,...,A,), the Schur polynomial is given by
det (m)‘” tn )

1<ij<n \ *

det (ﬂf?ﬂ )
1<i,5<n

Schur polynomials have been an object of extensive studies; they can be thought
of an orthonormal basis of A,, for the Hall inner product (see for instance | D).
By the alternating property of the determinant, a Schur polynomial is invariant by
any o € S, as a quotient of determinants. One can also think of a Schur polynomial
as a character of the polynomial representations of GL,, or as a sum over semi-
standard Young tableaux (see | 1.

If one thinks of the Schur polynomials as invariant by the action of any element
in Sy, one can introduce the analogues for other groups of signed permutations (see
[ , , , | for more details and background). We write down the
explicit Weyl character formulas for the infinite families of classical groups at the
representation indexed by A = (A1,..., An).

(1.11) sy (%) =



FROM MACDONALD IDENTITIES TO NEKRASOV-OKOUNKOV TYPE FORMULAS 7

The odd orthogonal (type B) character of the group SO(2n + 1) is given by
det (x?\j+n—j+1/2 _ x—(/\j+n—j+1/2))

) %

1<i,j<n
sox(x) := Y i
det (xn J — g )
1<igj<n \* !
det (x%\j+nfj+1 _ m;(/\ﬁnfj))
(1.12) _1<ig<m \* ¢
‘ B det <x7-“j+1 - :E-_(n_j)>
1<ij<n \ °* !

The symplectic (type C) character of the group Sp(2n) is given by

det (:U»A"Jr”_jﬂ — :U»_(/\j+n_j+1)>
(1.13) () 1= =Y :
. S X) =
P det (:cﬂ_jﬂ — x»*(nfjﬂ))
1<i,j<n ¢

Lastly, the even orthogonal (type D) character of the group O(2n) is given by

2 det <a:/-\j+n7j —i—a;»*(/\ﬁn*j))
1<i,j<n \ * !

(1.14) 03" (x) :== s 1 s —)\’
(14 83,0, det (a7 ;)

where § is the Kronecker delta. There is an extra factor in the denominator because
the last column becomes 2 if A\, = 0.

The Macdonald identity for affine root systems can be thought of as a gener-
alization of the Weyl denominator formulas: it connects a sum depending on the
associated Weyl group W, which is a group of (signed) permutations acting on the
affine root system, and a parameter g, to a product over the positive roots.

As we will not need it here, we do not give the definitions of (affine) root systems.
Nevertheless we refer an interested reader, who wants to read a proper introduction
and the definitions of finite and affine root systems, to [ , Part I Chapter 2].
Using the notations of Macdonald | |, there are 7 infinite reduced affine root
systems: A; 1,B;, BY, C;, CY, D; and BC;. Note that the notations of Kac in his
book | , p-80] slightly differ, X, becomes Xt(l) for X in A,B,C, D, and B;/,
¢y, and BC, are respectively denoted by Ag)_l, Dt(i)l and Ag).

Section 4.1 is devoted to the study of the links between some quadratic forms over
7! that appear in the Macdonald identities and some subsets of partitions whose
description is given by the Littlewood decomposition. To do so, we explore an ex-
tension of a bijection already studied by Garvan-Kim-Stanton in [ | between
vector of integers and t-cores: we study these extensions to 7 subsets of partitions,
whose weight can be seen as a quadratic form that appears in the Macdonald iden-
tities for the 7 infinite affine root systems. Moreover we derive enumerative results
on the products of hook lengths of these subsets of partitions and vectors of inte-
gers where the V, ;-coding is a key tool (see Definition 4.10). These enumerative
results will be necessary first to rewrite Macdonald identities for the 7 infinite affine
root systems in Section 5, and then to derive ¢g-Nekrasov—Okounkov type formulas
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in Section 6. As a first consequence of this combinatorial analysis, we are able to
rewrite the sum part of Macdonald identities for all 7 infinite root systems as a sum
over symplectic, special orthogonal and even orthogonal Schur functions. Indeed
the type of enumeration used to prove results in Section 4.2 enables to also connect
the signature of a signed permutation of the Weyl group with respect to some char-
acteristics of X such as the size of the Durfee square, the cardinal of the set of boxes
of A having hook lengths less than g and the main diagonal A of A. The rewriting

of the Macdonald identity (3.7) for type Agl_)l gives the following result.

Theorem 1.2. Sett € N*. The Macdonald identity for type Agl_)l can be rewritten
as follows:

(1.15) Z(—l)H“le's#(x)ﬁ JO =it I (T(:):Z:rjl)i,T>

UJG'P(t) =1 1<i<y<t

where Hey := {s € w | hs < t}, u € P is such that p; == v; — vy + 1 —t for all
1 <i <t andv is the V;,y—coding corresponding to w (see Definition 4.10).

For a positive integer ¢, let us introduce the compact notation:

(1.16) Krp(t,x) := H (Tx,?[xji;T)oo
1<i<j<t

We prove similar results as Theorem 1.2 for the 6 remaining infinite families of

(1)

affine root systems. For example, in type C;’, we get the following result

Theorem 1.3. Sett € N* such thatt > 2 and g = 2t + 2. The Macdonald identity
for type C't(l) can be rewritten as follows:

t
(1.17) > (m)RetHcorlTPsp (x) = (T5T)L, Kr(t,x) [ (T :
w€DD i=1

where Heg = {s € w,hy < g,e5 = 1}, d,, is the length of the main diagonal of
w, i € P is such that p; == v; +i—g for all 1 < i <t and v is the V,-coding
corresponding to w (see Definition 4.10).

Table 2 at the end of Section 5.2 summarizes the families of partitions and their
corresponding Schur functions associated with the 7 infinite affine types.

Actually the above theorems admit a uniform statement for all types as it is
explained in | | formulated in a setting closer to the one exposed in Macdonald
[ |. Ever since the present work revolves more around some interpretations
of Macdonald identities seen as multivariate power series (following the works of

[ , ]), we mention here the reformulation obtained in [ | for a reader
coming with a different point of view. For the following paragraph, one refers an
interested reader to | , | for the notations and to | | for the proof.

Let A be a generalized Cartan matrix of a classical affine root system and A is a
Cartan matrix of finite type obtained from A by deleting the row and the column
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corresponding to 0. Let Ry the set of positive affine roots and é+ the set of positive
(non affine) roots. Let p denote the sum of positive (non affine) roots.

Let W, and W respectively denote the affine Weyl group and the Weyl group.
Let M* be the lattice in | , Section 20], then one has

Wy ~ W x M*.

Moreover recall that for any classical weight v € Fo’,

ay = Z e(w)e® ™),

weW

From the Weyl character formula, one can define the virtual characters for any
vEP,
gy = Bkt
ap

The affine grassmannian elements are the elements of minimal length in the cosets
of W,/W. We shall denote by W) these affine grassmannian elements. Write as
usual W for the set of minimal length elements in the cosets of W/W,,, where W,
is the stabilizer of v under the action of the finite Weyl group and ¢, for u € M* as
defined in | , p-485].

With the previous notations, as shown in | ], the Macdonald identity can be
written
H (1 — e—a)ma = Z €(C)q‘c|8,nvl,+u—1(ﬁ),ﬁ
a€R+\é+ CGWE

where m,, is the multiplicity of «, 1V is the dual Coxeter number, Q) is the root
lattice, and where we set ¢ = ut,, with v € QN (—P4) and v € W for any element
of the affine grassmannian W?. Here |c| corresponds to the dual of the so-called
atomic length as introduced by Chapelier-Laget and Gerber in | ]. Moreover,
each weight —nVv +u~1(5) — p belongs to Py, the set of dominants weights for A.

As a second consequence, these enumerative results allow us to derive g-Nekrasov—
Okounkov type formulas, such as (1.4) in type Agl_)l, but also 6 new results corre-
sponding to the 6 other infinite types. These formulas are derived from a special-
isation of the rewriting of Macdonald identities obtained in Section 5.2 together
with the theorems from Section 4.2. For instance, setting ; = ¢* in Theorem 1.3,
and 7(x) = 1 — ¢” in Theorem 4.14, with a polynomiality argument, we derive the

following g-Nekrasov—Okounkov formula for type C’t(l).

Theorem 1.4 (A ¢-Nekrasov-Okounkov formula for type Ct(l)). For formal vari-
ables T', q and u, we have:

—2¢5 - hs 1—|—uqh5/2

1—wu q
dy | \|/2
(1.18) Z (—u) M/ H 1—gh H 1+ ulghs/2

AeDD SEA sEA

14+ uqr—le (1 _ u72qr+2Tm)7’*|_T/2J (1 o u2qr71Tm) [r/2]

= m:!ll 1+ u*lqum (1 . qum)]—'r/Q-\ (1 B q“‘le)H/ﬂ
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Finally, from these g-Nekrasov—Okounkov type formulas, we are able to derive 13
Nekrasov—Okounkov formulas corresponding to all of Macdonald’s specializations in

[ , Appendix 1], where we discuss some subtleties in type Ag). For example, re-

garding the only specialization in type Dél), the corresponding Nekrasov—Okounkov
formula is as follows:

(1.19)
)\GZD;D/(l)dATD\VQ g\ (1 . (22 282)5;) _ (T, T)izjfz

- ) (22— 2)es
= > (—)hTRET] <1+ n >

AeDD SEA

where z is any complex number, and ¢/, equals 1 if s is strictly above the main
diagonal A and —1 otherwise. Formulas (1.2) and (1.5) are also derived through
our approach.

The organization of this paper is as follows. The first section is devoted to the
exploration of connections between binary bi-infinite words and statistics of boxes
of integer partitions, in particular their hook lengths, which satisfy some constraints
under the Littlewood decomposition. This notion enables us to compute explicitly
the Littlewood decomposition as described in | ]. This way of looking has been
used with different names in the literature such as abaci (see for instance | 1,
fermionic viewpoint (see for instance | 1), or Maya diagrams. Then we show in
Section 3 the connections between Macdonald identities as written in | , Propo-
sition 6.1] and quadratic forms. In the following section, we exploit the Littlewood
decomposition and its interpretation as words to obtain a different way of comput-
ing | , Bijection 2] which maps a t-core partition to a vector of ¢ integers. In
Section 5, we explain how using these techniques allows us not only to explicitly get
a connection between the 7 quadratic forms of Section 3 and integer partitions, but
also to enumerate the products of hook lengths such as in Theorems 4.13 and 4.14
for all these 7 families of partitions. In particular, note that the results of Section 5.1
Finally in Section 6, we use these connections to rewrite the Macdonald identities
for the 7 infinite root systems as g-Nekrasov—Okounkov formulas and then discuss
how one can derive Nekrasov—Okounkov formulas for all the 13 specializations given
by Macdonald.

2. COMBINATORIAL PROPERTIES OF THE LITTLEWOOD DECOMPOSITION ON
SOME SUBSETS OF PARTITIONS

This paper in particular aims to provide a transcription of Macdonald identities
introduced in Proposition 3.1 in terms of integer partitions. From the discussion of
the introduction, this requires to establish a connection between vectors of integers
and integer partitions. Such a connection can be obtained by considering integer
partitions through their bijective correspondence with binary bi-infinite words. This
bijection is connected to many tools used within different theories such as beta sets
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(see for instance | , ]) or vertex operators. In this section, we first intro-
duce this correspondence. Then we discuss the Littlewood decomposition, which is
the main tool of this paper. As recalled with some history and context in [ ,
Section 2.2], this decomposition has many equivalent descriptions, see for instance
[GKS90, HI11, WW20].

We use here the formalism of Han-Ji of | ], as already used by the author in
[ , ]. Let O\ be the border of the Ferrers diagram of A. Each step
on O\ is either horizontal or vertical. Encode the walk along the border from the
South-West to the North-East as depicted in Figure 3: take “0” for a vertical step
and “1” for a horizontal step. This yields a 0/1 sequence. The resulting word over
the {0,1} alphabet:

e contains infinitely many “0”’s at the beginning (respectively “1”’s at the
end),

e is indexed by Z,

e and is written (cg)rez-

This writing as a sequence is not unique (since for any k sequences (cg4;)icz en-
code the same partition, note that this is related to the notion of charge in fermionic
Fock space, see for instance Section 3 in [ ]), hence the necessity to set the
index 0 uniquely for that encoding to be bijective. To tackle that issue, we set the
index 0 when the number of “0”’s to the right of that index is equal to the num-
ber of “1”’s to the left. In other words, the number of horizontal steps along 9\
corresponding to a “1” of negative index in (cx)rez must be equal to the number
of vertical steps corresponding to “0”’s of nonnegative index in (cg)rez along OA.
The delimitation between the letter of index —1 and that of index 0 is called the
median of the word, marked by a | symbol. The size of the Durfee square is then
equal to the number of “1”’s of negative index. Hence the application denoted by
1) bijectively associates a partition to the word:

P(N) = (ck)kez = (... c—2c_1|cocica . . ),
where ¢ € {0, 1} for any k € Z, and such that
#{k<—-1,c, =1} =#{k > 0,c, = 0}.
In Figure 3, note that the hook corresponds to the collection of boxes of A as the
set of boxes belonging both to A and to the lattice coming from the south of the

diagram in parallel to the ordinate axis and exiting in parallel to the x-axis. This
remark illustrates the following lemma.

Lemma 2.1. The application b maps bijectively a box s of hook length hs of the
Ferrers diagram of X to a pair of indices (is, js) € Z* of the word 1) (\) such that
(1) is < Js.,
(2) Cis = 17 st = O}
(3) js - is = hs;
(4) s is a box above the main diagonal in the Ferrers diagram of X\ if and only
if the number of letters “1” with negative index greater than is is lower than
the number of letters “0” with nonnegative index lower than js.
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FIGURE 3. O\ and its binary correspondence for A = (5,5, 3,2) with
a hook.

Proof. The first three points are immediate. We now prove the last point. Let s be
a box in A and (is, js) € Z? the corresponding indices in ¥(\) = (cx)rez such that
¢, = 1 and ¢j, = 0. If i5; and j, share the same sign, this is equivalent to the fact
that the hook defined by the sequence c¢;, ...cj, begins and ends on the same side
of the median of 1(\). Then the box s associated with this hook is either below
the Durfee square or to its right. Hence s is below when i, and j,; are negative
as we also know that iy < js, which concludes the proof of this case. Now we
assume that 75 is negative and js is nonnegative. The number of letters “1” with
negative index greater than i corresponds to the number of horizontal steps before
the Durfee square and the number of letters “0” with nonnegative index lower than
js corresponds to the number of vertical steps after the Durfee square. By definition
of the Durfee square, this concludes the proof. O

Remark 2.2. Let A be a partition and P(\) = (ck)kez be its corresponding word.
Let X' be the conjugate of X and Y(N') = (c})icz. We have

Vke€Z,c,=1—c_p_1.

Given the properties of symmetries of self-conjugate and doubled distinct parti-
tions, they admit a similar characterization:

(2.1) AEDD <= ¢Y(\) = (ck)kez | co=1and Vk € N*, ¢ =1 — ¢,
and
(2.2) AeSC — 1/)()\) = (Ck)kGZ ’ VkeN,c_p_1=1-—c¢.

From Remark 2.2 and (2.1), the set DD’ also admits a similar characterization:
(2.3) ANeDD < Pp(\) = (cp)rez |cc1=0and Vk € N,c_j_o=1—¢.
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From (2.1)—(2.3) and Lemma 2.1(4), we derive the following result.

Corollary 2.3. Set A € SCUDD UDD' and () its corresponding word. Let s be
a box of the Ferrers diagram of \. Let (is, js) € Z* be the indices in 1(\) associated
with s. Then s is a box on or above the main diagonal in the Ferrers diagram of A
if and only if is > 0 or if is <0 < js and

lis| < |js| if A € DD,
lis + 1] < || if A € SC,
lis +2| < |js| if A € DD,

Now we recall the following classical map, often called the Littlewood decompo-
sition (see for instance | , ).

Definition 2.4. Let { > 2 be an integer and consider:

'P(t) X 'Pt

q)t: P —
A= (w, O )y,

where if we set (A) = (ci);cy, then for all & € {0,...,t — 1}, one has
e ((Ctitmith)icz), where m; = #{i € N | ¢y = 1} — #{i € N* |
¢_titk = 1}. The tuple v = (1/(0), .. .,V(tfl)) is called the t-quotient of \ and is
denoted by quot,(A), while w is the ¢t-core of A denoted by core;(\).

Obtaining the t-quotient is straightforward from ¥(X\) = (¢;);c5: we just look at
subwords with indices congruent to the same values modulo ¢t. The sequence 10
within these subwords are replaced iteratively by 01 until the subwords are all the
infinite sequence of “0”’s before the infinite sequence of “1”’s (in fact it consists
in removing all rim hooks in A of length congruent to 0 (mod ¢)). Then w is the
partition corresponding to the word which has the subwords (mod t) obtained after
the removal of the 10 sequences. For example, if we take A = (4,4,3,2) and t = 3,
then t(A) =...001101|010011 ...

¥ (V) =...001]001... Y (wp) =...000]011...,
¥ (VW) =...000[111... |9 (wi)=...000|111...,
¢ (v®) =011 Y (w2) = |
Thus
Y(w) =...000001011111 ...
and

quots () = (v, v, 02 = ((1,1),0,(2)) , cores(A) =w = (1).

The following properties of the Littlewood decomposition are given in | ].
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Proposition 2.5. | , Theorem 2.1] Let t be a positive integer. The Littlewood
decomposition ®; maps bijectively a partition X\ to (w, v ,V(tfl)) such that:
(Pl) w is at-core and O v D are partitions,

t—1
(P2) Al =lw| +t Y W),
1=0

t—1
(P3) Hi(N) =tH(v), where for a multiset S, tS :={ts,s € S} and H(v) := U H(D).
1=0

Proposition 2.5 (P3) in particular implies that A is a t-core if and only if A has
no hook of length t. Indeed if there exists i € {1,...,t} such that [v(¥)| # @, then
1 always belongs to the multiset #((?) and then there always exists a hook of A
whose length is equal to ¢.

Now we discuss the Littlewood decomposition for SC. Let t be a positive integer,
take A € SC, and set ¥()\) = (¢;)iez € {0,1}? and (w,v) = (cores(N), quot, ().
Using (2.2), one has the equivalence (see for instance [ , D:

AeESC < Vige {0,...,t—1},Vj eNac’io-i-jt = 1_C—io—jt—1
<— Vig € {O, coyt— 1},\V/j €N, Cig+jt = 1-— Ct—(ig+1)—t(j—1)

. . /
— Vipe{0,...,t— 1},y(10) = (y(t_m_l)) and w € SCy.

Therefore A is uniquely defined if its ¢-core is known as well as the [t/2] first
elements of its t-quotient, which are partitions without any constraints. It implies
that if ¢ is even, there is a one-to-one correspondence between a self-conjugate
partition and a pair made of one SC t-core and t/2 generic partitions. If ¢ is odd, the
Littlewood decomposition is a one to one correspondence between a self-conjugate
partition and a triple made of one SC t-core, (t — 1)/2 generic partitions and a self-
conjugate partition p = ((t=1)/2) " Hence the analogues of the above propositions
when applied to self-conjugate partitions are as follows.

Proposition 2.6. | , Lemma 4.7] Let t be a positive integer. The Littlewood
decomposition ®; maps a self-conjugate partition A to (w, vO ,I/(t_l)) = (w,v)
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such that:

(SC1) the first component w is a SC t-core and 1/(0), ey D gre partitions,
. . !/
(SC2) Vje{o,...,[t/2] —1},v0) = (,,(t—l—J)> :

(SC"2) if t is odd, =1/ — (zﬂt—l)/?))/,
(1-3)/2
w| + 2t Z WD) +t|u| if tis odd,

(503) |\ = e

|w| + 2t Z W @D| if tis even,
1=0

(SC4)  Hi(A) = tH(v).

Using similar properties as (2.1) and (2.3), this way of computing the Littlewood
decomposition enables to prove the following similar result for DD.

Lemma 2.7. | , Lemma 4.3] Let t be a positive integer. The Littlewood de-
composition P, maps a doubled distinct partition A to ((.d,l/(o), .. ,V(tfl)) = (w,v)
such that:

(DD1) the first component w is a DD t-core and V(O), e D gre partitions,

(DD2) Vje{l,...,[t/2]}, ) = (y“—j))',y(m € DD,

/
and if t is even, V2 = (l/(t/2)) e 8C,

(t=1)/2
wl+2t > D+t if tis odd,
=1

(DD3) |\ = o

|lw| + 2t Z WO+ t[pO) + ¢ 2| if tis even,
i=1
(DD4)  Hi(N) = tH(v).

By (2.3) and Lemma 2.7, one gets the following similar result for partitions in
DD
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Lemma 2.8. Let t be a positive integer. The Littlewood decomposition ®; maps a
conjugate doubled distinct partition \ to (w, vO l/(t_l)) = (w,v) such that:

(DD'1)  the first component w is a DD’ t-core and 1/(0), ey D gre partitions,
A N/
(DD'2) Vje{0,...,|t/2] —1},00) = (Mt—?—ﬂ) D e DD,

/
and if t even, p(t2=1) = <u(t/2_1)) e SC,

(t—3)/2
lw| + 2t Z WD) 4tV if tis odd,
(DD'3) | - N
|lw| + 2t Z O] 4tV 4+ 27D if tis even,
=0

(DD'4)  Hy(\) = tH(v).

3. MACDONALD IDENTITIES AS MULTIVARIATE SERIES

The goal of this section is to make explicit the connection between Macdonald
identities seen as multivariate series on the one hand and some quadratic forms
appearing to the exponent of a formal variable T'. This connection will motivate
the study in Section 4. Stanton in [ | and Rosengren—Schlosser in | | prove
the Macdonald identities in all these 7 types by considering (1.6) as multivariate
power series. To illustrate this process, we give here the examples of the right-hand

sides of (1.6) in types A,gl_)l and Ct(l). Using the set of positive roots for Agl_)l, the
right-hand side of (1.6) becomes

(3.1) H H (1 — e—(k+si—sj)> (1 _ e—(k+1+ej—ei)) :

1<i<j<t k>0

and for Ct(l), it is:

32 J[ 11 (1 _ e_(k+2€i)) (1 _ e—(k+1—2si)>

1<i<t k>0

X H H (1 — e*(k+s¢+sj)) (1 _ ef(k+si—sj)> (1 _ e—(k+1+sj+s¢)) (1 . 6—(k+175].75i)> '

1<i<j<t k>0
Then setting T' = e~ and x; = T, the product (3.1) becomes
H <a:ia;j_1,xi_1ij;T>oo ,
1<i<j<t
and this rewriting yields for (3.2)

t

2 2. =1 =11
H(mi,Txi ,T)Oo H <$Zl‘j yxixg, T, xj, T, T ,T)OO.
i=1 1<i<j<t
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In [ , Corollary 6.2], Macdonald identities are written with  functions. We
state here this result in a slightly different way writing the 6 functions as infinite
products in which we isolate the terms without any power of 7. Moreover for types

Bt(l),Aé?_l and Dgl), Macdonald identities are stated as a sum of the sublattice

{meZ |3 m =0 (mod2)}. As remarked in the proof of [ , Corollary
6.2], the sum can be replaced as half the sum over Z'. The last modification from
the statement of | , Corollary 6.2] is the multiplication by 2 on both sides of

the identity in type Dlgl) so that the term Ap((x)) now appears.

Proposition 3.1. | , Corollary 6.2] The Macdonald identities are
(1) For type Agl_)l with t > 2

(]

t
(3-3) Z sgn(o) H (") +(o (@) =1)m; ptmito(i)—1
meZt i=1

mi+--+m¢=0
€St

= (1) Al [T (Tl hT)

. . (o)
1<i<y<t

where A 4(x) is defined in (1.7) where n is replaced by t.
(2) For type Bt(l) with t >3

(3.4)
t
]. _ my —1)Ym.; —1)m; ms; o(i)— s —o(i
LS spte) [[ TS 5 (e gy —0)
meZt i=1
oESt

t
= (T;T)5, Ap(x)Kr(t,x) [[ (T T) .
i=1
where Ap(x) is defined in (1.8) where n is replaced by t and Kr(t,x) in
(1.16).
(3) For type Ag),l with t > 3

t
% Z Sgn(a) H TQt(”;i)-f—tmix?tmi <(Tmi$i)g(i)_t_1 - (Tmixi)t—i-l—a(i))

meZt =1
oc€ESt

t
= (7% T2)oO (T, T)’;1 Ac(x)Kp(t, x) H:C;l (T2xli2; T2)oO ,
i=1

where Ac(x) is defined in (1.9) where n is replaced by t.



18 DAVID WAHICHE

(4) For type Ct(l) with t > 2

(3.5)

Z sgn(o) HT(QH—Q)(”;i)+(t+1)mix§2t+2)mi ((Tmixi>a(i)—t—1 _ (Tmixi)t—i-l—a(i))

mez! i=1
gES}

or type with t >
5) F D, with t > 2

t

Z sgn (o) Hth(T;i)Jr(tq/z)mix?tmi ((Tmixi)o(i)—t _ (Tmixi)t—i-l—a(i))

mez! i=1
TES}

t
_ (12,12 t—1 1/2, 4. /2
(T T )OO(T,T)OO Ap(x)Kr(t,x) E(T oE T )

o0

(6) For type Ag) with t > 1

t
(36) Z sgn(a) HT(2t+1)( )—i-tml (2t+1) ((Tmzx )O’(’L’)*t i (Tmil,i)t+1fa(i)>

meZt =1
gESt

= (T 1), Ap(x)Kr(t,x) [[ (T=F: T) (T2 77) .
=1

(7) For type Dgl) with t > 4

L5 sl T[T 530 (0 1)

mEZz =1
o€St

= (T T)io Ap(x)Kr(t,x),
where Ap(x) is defined in (1.10) where n is replaced by t.

Hence the Macdonald identities can all be stated as sums over sublattices of Z.
To motivate the combinatorics in Section 4, we will rewrite the results from Propo-
sition 3.1 as sums over sublattices of Z¢ in Clzy, ..., x4, 27", ..., 2y }][[T]] where the
coefficients of the powers of T' can be written as sum of determlnants. In this pro-
cess, a quadratic form will appear to the exponent of T', which can be mapped to
some subsets of integer partitions whose definitions can be made explicit through
the Littlewood decomposition as detailed in Section 4.1. Finally we divide both
sides by the analogues of the Vandermonde determinant for each types, e.g. the
terms Ax on the right-hand sides of equalities of Proposition 3.1.
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Proposition 3.2. The Macdonald identities are

(1) For type Agl with t > 2

det <x§m]'+jfl>

(3.7) Z rtllml|? /243252, (i=1)m; 1SEI<t |
mez! det_(«77")
mi+---+m¢=0 1<i,j<t

1<i<j<t

2) For type BW with t > 3, with Kp(t,x) as defined in (1.16
t

(3.8)
xi—((2t—1)mj+j—t—1))

det (xl(2t—1)mj+j—t _

Z p@t=1)[m|? /24375y mi(i—t—1/2) 1si,jst
det <x3j*t — xf(jft)ﬂ)

* t—1
meEN*XZ 1<ij<t \" ¥ ¢

t
= (T; 7)o Kr(t,x) [ (T
=1

3) For type A(2)_ with t > 3, with Kr(t,x) as defined in (1.16
2t—1

det <$2tm]-+j—t—1 _ x—(2tmj+j—t—1))
t o) 1<ij<t \ * ¢
3.9 T(Qt)||m||2/2+21:1 m(i—t—1) Z=%
39) Z t—1 det <a;j_t_1 — a:._(]_t_l))
meN* X7 1<i,j<n 7 i

t

= (I: 7). Kr(t,x) [ [ (T257) -
=1

(4) For type Ct(l) with t > 2, with Kr(t,x) as defined in (1.16)

(3.10)

det
Z (D) Iml|2+32F L, my(i—t—1) 1S6ISE

(2t4+2)mj+j—t—1
x; ;

B xf((2t+2)mj+jft71))

-1 —(j—t—1)
det (27 —
meZt 1§i,j§t( i 7 )

t
= (T:7)% Kr(t,x) [ (T
i=1
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(5) For type Dﬁ)l with t > 2, with Kr(t,x) as defined in (1.16)

. 1get<t ($?tmj+j_t B xi—(thj+j_t_1))
3.11 Tt||m||2+zi:1 ma(i—t—1/2) 156,5<
| | Zt det (q;ﬂf—t _ mf(j—t)+1>
mezZ et Z Z

t
_ (12, 1)2 )it 1/2 4. m1/2
(T T ) (T, 7). KTtx}_[l(T oE T )

[e.9] o0

(6) For type Ag) with t > 1, with K (t,x) as defined in (1.16)

(3.12)
det <$§2t+1)mj+j—t _ mf((2t+1)mj+j7t71))
S pCHD/2mIP ] mili—t=1/2) 1<ij<t \ '
Jj—t _ f(j—t)-&-l)
meZt . %?jtgt (a:Z x,

t
= (T; 1) Kr(t,x) [ (TafT) (T 77)
i=1

(7) For type Dgl) with t > 4, with Kr(t,x) as defined in (1.16)

(3.13)
2 det (x@t‘”mf“_tmf
S gD mi-y 1Szt U i

1446 det <a:7t x, —- t)>
mlénoe,%zizo (1+ mt’0)1§z‘,jgt i

((2t—=2)m; +j—t))

— (137), Kr(t,%).

Proof. First we begin the rewriting of the Macdonald identity (3.3) for type Agl)l.
Extracting the powers of T" on the left-hand side of (3.3) yields

t

Z Sgn(U)Tt/Q St m2t (o(d)—1—t/2)m; H pmito(d)-1

i
meZt i=1
my+--+my=0
o€St

Substituting m; — me(;) and setting ||m||? := S°t_, m?, this becomes

t .
Z Sgn(U)Tthn?/Hz;;l(i—1—t/2)m,- H x;mamw(z)fl

meZ? i=1
mi+---+my=0
oc€ESt

Hence, using the fact the sum of all m; is equal to 0, one can rewrite (3.3) as (3.7).

We proceed similarly for the Macdonald identity for type Ct(l). Expand the prod-

uct on the left-hand side of (3.5) and denote by £ € {£1}! the sign coming from the
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expansion of the terms
t
HT(2t+2)(Tgi)+(t+1)mil,z('2t+2)mi ((Tmil,i)a(i)—t—l _ (:EiTmi)t+1_U(i)> )
=1

Then setting m; — &m; and finally noting that m? is invariant by this transforma-
tion, the left-hand side of (3.5) can be rewritten as follows:

Z sgn(o) Z ﬁ&' Z f[T(t—&—l)m?—i—mifi(U(i)—t—l)m§2t+2)mi+§i(0(i)_t_1)

o€S, ge{1}ti=1 mezti=1
t t
— Z sgn (o) Z Hfi Z HT(t+1)m?+mi(U(i)ftfl)x@ﬂr?)&mﬂr{i(U(i)ftfl)'
oE€S; ge{£1}ti=1 mezti=1

By extracting the powers of the variable T', replacing m; with m,; and inverting
the sums, we get:

S smo) Y [[& 30 T i 1>H (@2)6imao (o)1)

o€St ce{£1}ti=1 meZt
_ Z Dm0 mi(i—t=1) ot (x(2t+2)mj+3—t—1 _xf((2t+2)mj+1—t—1))
= 1<, j<t \* ! '
m
The right-hand side of (3.5) is
t
(T;T)', Ac(x)Kr(t,x) H
=1

with A¢(x) as defined in (1.9). Hence (3.5) becomes the desired expression (3.10).
Now for type Ag), one can expand the left-hand side of the Macdonald identity
(3.6) and denote by ¢ € {£1}* the sign coming from the expansion of the terms
t

HT(2t+1)(2i)+tmix§2t+1)mi ((Tmixi)a(i)—t - (.’L’iTmi)t+1_U(i)) ]

i=1
Then setting m; — &m; and finally noting that m? is invariant by this transforma-
tion, the left-hand side of (3.6) can be rewritten as follows:

t t
Z sgn(o) Z H& Z HT(t+1/2)m?+m@'fi(U(i)ftfl/Q)x§2t+l)mi+€i(0(l)7t+(fi*1)/2)

o€ESt fe{x1}ti=1 meZti=1

t t
= Z sgn(o) Z H & Z HT(t'i‘l/z)m,z'f‘mi(U(i)_t_l/z)x§2t+1)§imi+§i(U(Z)_H‘(fi_1)/2))'

oeSt ge{1}ti=1 mezt i=1

By doing the same computations, one derives the modified Macdonald identity
(3.11) for type Dﬁ)l.
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Similarly for type Bgl), one can expand the product on the left-hand side of (3.4)

and denote by £ € {£1}! the sign coming from the expansion of the terms

¢
HT(thl)(%i)Jr(tfl)mi:EE%—l)mi ((Tmixi)o(i)—t _ (l,iTmi)t—i-l—a(i)) )

i=1
Then setting m; — &m; and finally noting that m? is invariant by this transforma-
tion, the left-hand side of (3.4) can be rewritten as follows:

t t
1 Z sgn(o) Z Hé_ Z HT(t71/2)m§+mi£¢(o(i)7t71/2)x(2t*1)mi+fi(U(i)*t+(§i*1)/2)
2 ' '

cESy ge{£1}ti=1 mezti=1

t t
= Z sgn(o) Z Hfi Z HT(t71/2)m?+mi(o‘(i)ftfl/Z)x§2t—1)fimi+§i(U(z)—t+(§i—1)/2)).

o€S; ge{1}ti=1 mezt i=1

Hence (3.4) can be rewritten as

1 @t=1)[m2/24 50, mi(i—t—1/2)
(3.14) T
2

meZt
 det ($52t—1)mj+j—t B xi—((zt_1)mj+j_t_1)) t
727]7
d ( it —(j—t)+1) = (I;1). Kr(t,x) [ (T2 7)
.et’ €y —Z; P
1<i,j<t

We split the sum on the left-hand side of (3.14) in two sums. The first is over m € Z!
such that m; € N* and the other is over m € Z! such that m; < 0. Moreover one
can note that by setting m}j = 1 —my and m, = m;:

3 -1 [ml|2/24 3, mi(i—t-1/2)
(ml,...,mt)ENSO xZt—1

det <x52t_1)mj+j_t _ x_((%_l)mj'i‘j—t—l))

i

1<4,5<t
det (a;j_t - g;f(j*t)ﬂ)
1<ij<t \ ° v
_ Z Dl |2 245 (i—t-1/2)

(mf,...,m})eN*xzt—1

det (th—l)m;Jrj—t B xl—((?t—l)m}—&—j—t—l))

1<ij<t \ ° !
(jft)Jrl)

j=t _ .~
1% <x’ i

Hence (3.14) can be rewritten as (3.8).

One derives the rewriting of Macdonald identity in type Ag)_l (3.9) following the

same steps.
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To complete the proof, it remains to investigate the case of type Dgl). It follows
(1)

the same steps as for type B, ’ but in this case, the sum is split into 6 sublattices
of Z!: N* x Z!72 x N*, N* x Z!"2 x Ng, N¢g x ZI72 x N*, N¢g x Z72 x N and
N* x Z72 x {0}, Neg x Z!=2 x {0}. By performing the substitutions m + 1 —my
and m; — —my; when mj,respectively my, is a nonpositive integer, respectively a
negative integer, one derives (3.13). O

4. HOOK LENGTHS PRODUCT OF {-CORE PARTITIONS

4.1. Integer partitions and some quadratic forms. Thanks to the properties
of the Littlewood decomposition, one might see t-cores w as partitions whose t-
quotient in the Littlewood decomposition is empty: quot,(w) = (0,...,0). This is
equivalent to say that all subwords (mod ¢) in ¢(w) are of the form ...0011...,
which is an infinite sequence of “0”’s followed by an infinite sequence of “1”’s. For
any ¢ € {0,...,t—1} let us define n; := min{k € Z | ¢;4x¢ = 1}. Each n; corresponds
to the index of the first “1” in the subword of ¥ (w) whose index is congruent to i
(mod t). Recall from Section 2 that the word ¢(w) has as many “1”’s of negative
index as “0”’s of positive index. That condition is equivalent to require Zﬁ;é n; = 0.
Hence there is a natural bijective map

¢ : P(t) — 7t

such that if we set ¢(w) := n then Zf;(l) n; = 0.
For example, if we take w = (4,2) and ¢ = 3, then

W (wo) = ...000 \00121...,
no=
¥ (w) =...000011[011011111 ... > | ¢ (wi)=...00 1 I111...,
ny=—
¥ (w2) = |

Therefore in the above example, ¢(w) = (2, -1, —1) € Z3.

In | |, Johnson uses the fermionic description of partitions (which is equiv-
alent to the definition of ) to prove that this bijection is the one defined by
Garvan-Kim—Stanton in | , Bijection 2]. We reformulate what Johnson wrote
in | , Section 2] in terms of indices of words. Let A be a partition and ¢ be a

positive integer. The abaci correspond exactly to the t-subwords of ¥ () with fixed
residue (mod t) and the n;’s, as defined in Theorem 4.1, correspond to the charge
of the ¢-th runner on the abaci.

Theorem 4.1. | , Theorem 2.10][ , Bijection 2] Let w be a t-core and
Y(w) = (ck)yey be its corresponding word. The bijection ¢ satisfies p(w) = (no, ..., n¢—1)
with n; = min{k € Z | cpei = 1} and 3\ ny = 0. Moreover, we have:

t—1 t—1
t ,
(4.1) lw| = 3 g ni + 5 in;.
i=0 =0
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As said before, when studying Macdonald identities for the 7 infinite types of
affine root systems, some quadratic forms arise. For instance, as pointed out by
Han | ] and Dehaye-Han | |, the quadratic form (4.1) appears in the

Macdonald identity for type Agi)l to the exponent of 7" in (3.7). When it comes to
the study of other types, different quadratic forms arise. The goal of this section is
to introduce the subsets of partitions linked to these quadratic forms. We will see

that all of them can be described through the Littlewood decomposition.

First, when studying the Macdonald identity for type C’t(l), the quadratic form
to the exponent of 7" in (3.10) corresponds to half the weight of elements of the
subset DD (9;19). A restriction of the Littlewood decomposition to DD ;19 yields
some additional conditions on the associated vector of integers already studied by
Garvan—Kim—Stanton in | ] but stated here in a slightly different way. Set
w € DD(g149) and ¢(w) = n € Z**2, where ¢ is the bijection from Theorem 4.1.
The equivalence (2.1) ensures that the following additional conditions are satisfied:

(4.2) ng =0, and Vi € {1, ce, 2+ 1}, n; = —N2t49—j-

So in particular, the last condition implies n;y1 = 0 and w is bijectively associated
with a vector of ¢ integers. Therefore we have the following proposition:
Proposition 4.2. | , Bijection 4] Let w € DD g4, 9). Set p(w) = (ni)o<i<at+1-

Then the application mapping w € DD 9,19y to (ni)1<i<t € Zt is a bijection. More-
over we have that:

2t+1 2t+1 t t
(43)  fw[=0+1)> ni+ ) in;=2 ((t+1)zn$+2(z'—t— 1)ni> .
i=0 i=0 i=1 i=1
As underlined in [ ], Figure 4 below illustrates how the word interpretation

together with the computation of the Littlewood decomposition for a partition in
DDy when t = 2, and 2t + 2 = 6 provide the vector of integers given in [ .
The arrows are sorted in 2t + 2 = 6 different colors, each of them corresponding to
a fixed residue (mod 6) of the index of the corresponding word of w. The word
corresponding to w writes as follows:

P(w) = ---0000001000001001 1011011 1110111111111 - -
By extracting the subwords of fixed residue (mod 6), we obtain:
¥ (wp) = -+ 000[111 - - -
¥ (ws) = -+~ 011|111 - -
¥ (w3) = -+ 000|111 -
¥ (ws) = |
W (ws) = -+ 001[111 - -

so that
(no, 1. m2,n3, 1. n5) = (0,1 —2,0,2, —1) € Z5.
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NW| A1 A A3 A A A AT A Ay A AR NE
A1 0
1 o—F>e—F>0 | o—>e 1>
Ao 0
1 o—F>o —F> o
A3 0
i o3>0 —> e
A ‘ 0 (I'(‘J
A5 0
1 —I>

I

>
&
- e O e—=He—SHe O e

FIGURE 4. w = (11,6,4,2,2,1,1,1,1,1) € DDy and its binary cor-
respondence. Here g = 2t + 2 = 6 and v; is defined in Section 4.2.

The equivalence (2.1) enables us to keep two components of n:

w € DD((;) — ( —2) (S ZZ.

Similarly the subset DD (9,4 1) arises in the Macdonald identity for type Ag). Set
w € DD(9441) and ¢(w) = n € Z*'*1 its image by the bijection of Theorem 4.1. The
equivalence (2.1) yields in this case ng = 0 and for all i € {1,...,2t}, n; = —norr1-;.
Once again, the subset of DD (94 1)

Proposition 4.3. | , Bijection 4] Let w € DD(9;41). Set d(w) = (ni)o<i<ar-
Then the application mapping w € DD 3441y to (ni)1<i<t € Z' is a bijection. More-
over we have that:
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t t

2t—|— 1 )
(4.4) lw| = 2+ Zmz = (2t + )Zn? + 2(21 — 2t —1)n;

1=0 i=1 i=1

The subset of self-conjugate 2t-cores arises in the Macdonald identity for Dﬁ)l. A

restriction of this previous results to SC(y) yields some additional conditions on the
associated vector of integers. Let w € SC(gy) and ¢(w) = n € Z?' by the bijection
of Theorem 4.1. The equivalence (2.2) ensures that for all i € {0,...,2t — 1}, n; =
—N2t—1—i-

Proposition 4.4. Let w € SC(a. Set ¢p(w) = (ni)o<i<at—1- Then the application
mapping w € SCay) to (ni)o<i<t—1 € 7 is a bijection. Moreover we have that:

2t—1 2t—1

(4.5) lw| = 2th —&—Zml—%Zn +Z (20 —2t+ 1)n

Regarding types Bt(l), Agll, and Dgl), the leading coeflicients of the quadratic

forms on vectors of Z! appearing in the Macdonald identities as rewritten in Proposi-
tion 3.2 are respectively 2t — 1, 2t and 2t — 2. We start by examining the properties
of the restriction of the bijection ¢ to the set DD'(%) of partitions whose conju-

gate is a doubled distinct partition and that are (2t)-cores. Set w € D’D’(zt) and
#(w) =n € Z*. From (2.3), one has

® Not—1 = 07
o Vi€ {O, e, 2t — 2},712' = —N2_2_;.
So in particular, the last condition implies n;—1 = 0 and w is bijectively associated
with a vector of ¢ — 1 integers.
Therefore one has the following characterization:

Proposition 4.5. Let w € DD’(%). Set ¢(w) = (ni)o<i<2t—1. Then the application
mapping w € DD’(%) to (ni)o<i<t—2 € Z'1 is a bijection. Moreover we have that:

2t—1 2t—1

(4.6) lw| = 2752 +Zmz—2<t2n +Zz—t+1 )

Following the exact same path, one derives the following proposition for DD’(Zt_l):

Proposition 4.6. Let w € DD(275 1 . Set ¢p(w) = (ni)o<i<at—2. Then the application
mapping w € ID,D(2t71) to (ni)ogzgt_g € Z'=1 is a bijection. Moreover we have that:

(4.7)

L 23 2t—3 = t—2 1
lw| = Zn +sz—2<<t—2> ni + (i—t+1+2>ni>.
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/

As remarked above, ¢ maps DD(Qt) and ,D,Dl(thl) to Z!~! whereas it maps bijec-
tively DD’(%_Q) to Z!=2. Therefore these quadratic forms on vectors of ¢ integers

cannot be interpreted as the weight of (conjugate or not) doubled distinct core
partitions. Nevertheless they can be interpreted as weights of elements of subsets
of partitions with an explicit Littlewood decomposition whose quotient is almost
empty but for one or two components.

For instance, in the case of type Bgl), let my be a positive integer and let us
introduce the set DDy; | := {\ € DD’ | By 1(\) = (w,0,...,0,r* D)} where
v2=2) ig the rectangular conjugate doubled distinct partition whose parts are all
equal to mq — 1 and are repeated mj times.

Hence [0 = my(my — 1) = (£((v2)") + 1) x £((12=)"). Note that its
corresponding word is:

(2t-2)y _
(4.8) P(?2) ...01...110|o...01...
mi— my

Moreover using (4.4) and Lemma 2.8 (DD’3), the subset of DD/ét_l) verifies the
following characterization:
Proposition 4.7. Let \ € DD/ét_l). Set @y 1(N) = (w,0,...,0,032), my =
6((1/(2’5*2))/) + 1 and ¢(w) = (ni)o<i<2t—2. Then the application mapping A €
DD,ét_l) to (ng,...,ne_2,m1) € Z'1 x N* is a bijection. Moreover we have that:

I\ = (2t —1) 3 n? + 3 (2(i —t) + 3)n; + (2t — 1)(m3 —my)

7

[\
()

(2

t— t—2
(4.9) =(2t—1) <m§ + n?) — (2t — )ma + > (20 — 2t + 3)n,.
i=0 =0

Il
o
o

i

|

For type A;?_l, let m; be a positive integer and let us introduce the set DDy, :=
(A € DD’ | D91(\) = (w,0,...,0, D)} where v(2~1) is the same rectangular
partition as in type Bt(l) whose corresponding word is (4.8). Now if we set ¢(w) =
(ng,...,ni—2), A € DD%f is mapped bijectively to (ng,...,n;_2,m1) € Z=1 x N*,
Moreover using (4.6) and Lemma 2.8 (DD’3), we get this time:
Proposition 4.8. Let \ € DD/ét). Set Doy (N) = (w,0,...,0,vCD) my = g((y(2t—1))')+
1 and ¢(w) = (ni)o<i<at—1. Then the application mapping A € DD/ét) to (no,...,ng—2,my) €
71 x N* is a bijection. Moreover we have that:

t—2 t—2
A= 26302 + 3720 — ¢+ Dng + 2t(m? — my)
=0 =0

t—2

t—2
(4.10) =2t (mf +Zn3> —2tmy +2» (i—t+3)n;.
=0

i=0
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(1)

For type D, "/, let m; be a positive integer and m; be a nonnegative integer and let
us introduce the set DD.2_, := {A € DD’ | o, o(\) = (w,0,...,0, 002 0, ... 0,02=3))
where v(%!73) is the same rectangular partition as in types B,gl) and Ag?_l, and v(*~2)
is the m; x my square self-conjugate partition. Hence [v(*=3)| = m;(m; — 1) and
|v(t=2)| = m?. Note that the corresponding word is:

(t-2)y —
(4.11) Y2y =...01...1]0...01

me me

Moreover using (4.6) and Lemma 2.8 (DD’3), we derive
Proposition 4.9. Let \ € DDI(Q%_Q). Set ®or_o(N) = (w,0,...,0,0072 0, ... 0,023))},
my = Z((I/(Qt_?’))/) +1, my = L) and ¢(w) = (n;)o<i<or—3. Then the applica-

tion mapping w € DD;I%) to (no,...,n4_o,mi,my) € Z-1 x N* x N is a bijection.
Moreover we have that:

t—3 t—3
A= (2t —2)) nZ 4+ 23 —t+2)n; + (2t — 2)(m] — my +m7)
=0 7

=0
t—3 t—3
(4.12) = (2t —2) ( n? +mi + m,?) — (2t =2)my + > 2(i —t+ 2)n,
=0 =0

4.2. The enumeration of hook lengths products. The aim of this section is
to show Theorems 4.13 and 4.14 and their analogues for the 5 other families of
partitions defined in Section 4.1. However we will sketch the proof for P corre-

sponding to type Agl_)l (Theorem 4.13) and give details for the more complicated

case of DDy, corresponding to type C't(l) (Theorem 4.14). We will then only
highlight the method for the 5 other families. Proofs are made by induction on the
length of the Durfee square of a partition.

A common property of all of the subsets of partitions introduced above is that
their elements can be associated with a vector of t integers. Given the properties
of symmetry of these partitions, we will bijectively associate them with t positive
integers through their word interpretations: it consists in the greatest ¢ indices of
letters “0” in the corresponding word such that all of those ¢ indices have a different
congruence class modulo an integer g to which we add ¢g. To be more precise, first
we introduce the notion of V; ;-coding.

Definition 4.10. Let t and g be two positive integers such thatt < g. Set A € P
and Y(X) = (ck)kez its corresponding binary word. For i € {0,...,g — 1}, define
Bi == max{(k+1)g+i | cygyi = 0}. Leto : {1,...,9} = {0,...,g—1} be the unique
bijection such that By1y > --+ > By(g)- The vector v := (By(1),- -, By(r)) s called
the Vg ¢-coding corresponding to \.

Remark 4.11. When g = t, the map between w € Py and its Vi,-coding is bijective.
Indeed one can deduce o from v; = o (i) (mod t) and 0 € {o(1),...,0(t)}. Moreover
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we have n ey = |vi/t], where o(i) is the remainder of o(i) by t. Therefore

" Yooy " ,
where ¢ is the bijection from Theorem 4.1.

For any condition C', we will use the boolean notation

1if C is true,
1o := )
0 otherwise.

The following proposition bridges the gap between Definition 4.10 and all of the
subsets of partitions introduced in Section 4.1. Indeed it shows that the Vj ;-coding
of a partition is equivalent to the vector of integers used to characterize these subsets
of partitions.

Proposition 4.12. Let t be a positive integer. Any X in one of the sets Py,
DD (2t42); DD 2411y, SC(Qt),DD%, DD%_I, and DDIQ%_Q 1s in bijective correspondence
with its V, i-coding, where g is the index of the corresponding set.

Proof. We will show that the correspondence between the V, ;-coding of A and the
vector of integers ¢(\) is bijective, and therefore so is the correspondence between
A and its V,4-coding. Let A be a partition in one of the sets of Proposition 4.12.
Set 9(A) = (cx)pez the word corresponding to A. Let v be its Vj ;-coding. The case
A € Py is already handled in Remark 4.11.

If quot,(A) is empty, then A is a g-core. By definition 3; — g is the last letter
“0” in the subword of 1(\) whose indices are congruent to ¢ (mod g). This implies
that for all i, §8; = r’?ei%l{k‘g + i | crgyi = 1}. Set ¢(A) = n € Z9. Let o’ be the

unique permutation of {0,...,g— 1} such that the sequence (n4/(;),0'(7)); is strictly
decreasing with respect to the lexicographic order. By definition of ¢/, note that
Boro) > -+ > Bor(g—1)- By definition of the V;-coding, we define o from o' as
o(i) =o'(i —1) for all i € {1,...,g} and v; = B, for all i € {1,...,¢}. Moreover
setting

/i {g—lif)\ESC,

g otherwise,

recall that we have n;_1, g, = —n—; for all i € {1,...,t} where —i is the remainder
of —i by g. Hence for all i € {0,...,t—1}, Bor(s) = —Byr(g—1-i) T ¢'- Hence knowing
the Vj ;-coding of A is equivalent to knowing B,/(;y for i € {0,...,g—1}. Conversely,
let v = (vi)icq1,..+ be a Vg -coding.For any 1 <4 < ¢, if v; = k (mod g), then set
ng = |vi/g]. Then define for any k € {v; (mod g),1 <@ < t}, define ngy_j, = —ny.
For j ¢ {v; (mod g),1 < i <t} U{¢ —v; (mod g),1 < i < t}, set nj = 0 and
A= (;Sg_l((ni)ogigt_l). Whence the Vj ;-coding of A is in bijective correspondence
with .
Moreover we have that for all i € {1,...,t}:

(4.13) —v;+g<Z <w.

N |Q
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If quot () is not empty, it implies that A belongs to one of the subsets DD%, DD;lt,l
or DD _,. We now have for all i € {0,...,9—2}\{g/2}, Bi = rgli%l{kg—i—i | Chgti =
€

1}. By Section 4.1, note that the index congruent to g —1 (mod g) of the last letter
“0” in ¥(A) is (m1 —1)g — 1. Hence 3,1 > g — 1. Similarly if g is even, 8,5 > g/2.
If g is equal to 2t or 2t — 1 and if we set w = corey(A) and ¢p(w) = n’ € Z9, let
o’ be once again the unique permutation of {0,...,¢g — 1} such that the sequence
(n’, (i) o'(i)); is strictly decreasing with respect to the lexicographic order. By the

word interpretation of elements in DD;I given in Section 4.1 and following the ex-
act reasoning as for elements of DD(,), we derive the same inequalities as (4.13).
Hence there are exactly ¢t — 1 elements k in {0,...,g — 2} such that 5; > ¢/2 and
exactly ¢ — 1 elements such that S < ¢g/2. Thus there exists iy € {0,...,t — 1}
such that B,/(;y) > Bg—1 > Bor(ig—1)- By setting o(i) = o'(i — 1) for any 1 < i < i,
o(ig) = g—1and o(i) = 0'(i — 2) for ig +1 < i <t — 1, we obtain v; = f,(; for all
ie{l,...,t}. By (2.3), the V, -coding associated with X is in bijective correspon-
dence with (ng,...,n;_5,m1). Conversely let v = (v;);cq1,..+ be a V-coding. For
any 1 <i <t if v; =k (mod g), then set my = |v;/g| if k =g —1 and ng = |v;/g]
if k # g — 1. Then define for any k € {v; (mod g),1 < i < t}, define ng_ = —ny.
For j & {v; (mod g),1 <i<t}U{g—2—1v (modg),1 <i<t}, set nj =0 and
A=o! (qﬁ;l((ni)ogigt,l), 0,...,0,(my — 0)™). Hence as remarked in Section 4.1,
this is in bijective correspondence with A.

The case g = 2t —2 is exactly the same except that there exists (k,1) € {1,...,t}?
such that vy, = myg +t — 2 and v; = mig — 1. O

For example, the Vgo-coding of the partition w = (11,6,4,2,2,1,1,1,1,1) €
DDy is (6 x 2+ 4,6 x 1 +1) = (16,7) and o : {1,...,6} — {0,...,5} such
that o(1) =4,0(2)=1,0(3)=3,0(4) =0, 0(5) =5 and 0(6) = 2.

Note that some components of vectors of integers in bijection with the subsets of
partitions considered in this paper are always constant. Therefore the Vj ;-coding
associated with those partitions verifies some additional restrictions. The following
table summarizes for a given subset considered in this paper the congruences satisfied
by the elements of the V; ;-coding as well as the 3; that are constant for all of the
elements in the subset.
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type constant [; congruence set of the Vj ;-coding (mod g)
A,El_)l (A1) none {0,...,t—1}
BY (B none {ior2t—3—i0<i<t—2}U{2t—2}
AQ (BY) Bei=t—1 fior2t—2—4,0<i<t—2 U{2t—1}
cV(C) | Bur=t+1, By=0 fior2t+2—i1<i<t}
D, (&) none {ior2t—1—i0<i<t—1}
AP (BCy) By =0 {ior2t+1—i1<i<t}
DY (Dy) none {ior2t—4—i0<i<t—3}U{t—22t—3}

TABLE 1. Table of conditions verified by V ;-coding for all types.

In the next subsections, we first state the lemmas corresponding to the indices
of the boxes in either the largest part or the largest hook. Then we use these
lemmas combined with the induction property to derive the theorems of hook lengths
products. These hook lengths enumerations and more specifically their proofs are
to be applied in the next section, both to rewrite Macdonald identities for all types
and also to derive g-Nekrasov—Okounkov formulas. As seen in Section 4.1, quadratic
forms appear in Macdonald identities and are related to our subsets of partitions.
Each of the following subsections hence give the product of hook lengths on the
subset of partitions defined in Section 4.1. The case of type Ct(l) is fully detailed,
whereas the other subsections contain only the main technical results for the other
types.

Indeed, to derive the g-Nekrasov—Okounkov formula (1.4) from a specialization
of the Macdonald identity (3.3) for type Agl_)l, Dehaye—Han prove the following
theorem, which we rephrase using the definition of V; ¢-coding (see Definition 4.10).

Theorem 4.13. Set t a positive integer. Let w € Py and v € 7! its associated
Vi i-coding, and set r; =v; for any i € {1,...,t}. Then we have

(4.14) |w| = %222

Moreover, setting a;(w) = #{s € w,hs =t — i}, for any function 7 : Z — F*,
where F is a field, we also have

%—1)

7(hs — )7(hs +1)  p (7(—i)\ @& 7(r; — ;)
w0 U(()) AL =5=

In order to generalize the proof of Dehaye—Han, we need to prove results that are
similar to Theorem 4.13 for partitions arising in Section 4.1. The following theorem

deals for instance with the partitions in DD (9;49) appearing in type C’t(l).
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Theorem 4.14. Set t a positive integer and g = 2t +2. Let w € DD(y) and v € A
its associated Vg -coding, and set r; = v; —g/2 for any i € {1,...,t}. Then we have

(416) |OJ‘ Z 2 _ 9/2_1;(g_l>

Moreover, setting a;(w) := #{s € w,hs = g —i,es = 1}, for any function 7 : Z —

>, where F is a field, we also have

(4.17)

[ rtemse) qq(TED) I o) rlen)
7(hs) 7(i) 7(i) i =)

s€w i=1 i=1 1<i<j<t T(j—14) T(g—i—J)

and setting o/ (w) := #{s € w,hs = g —i,es = —1}

(4.18)
T(hs +£59) _ 7 (7D {7 7@ 70T+ 4 DT (s —t = 1)
sg 7(hs) 1;[1 < T ) Hl T(20) T(@)T(E+t+D)T(E+1—10)

T(ri—ry) T(ri+r))
’ 1§i1;£§t r(j—1i) T(g—i—j)

We need to introduce the g-intervals as 194, == {k € Z | m <k < M,k =m
(mod g)}, 1% = {(k,M) € Z | m < k < M,k = m (mod g)}, 1%, := {l €
Z\m<l§M,lEM(modg)}andl})ﬁ} ={m, ) eZ|m<l<MIl=M
(mod g)} for m, M two integers.

This notion is of particular interest in our case ever since we are trying to enumer-

ate hook lengths with a fixed residue (mod g). We will need the following lemma
all along this section.

Lemma 4.15. Let g be a positive integer, let T be a function defined over Z, let m
and M be two integers such that m < M. We have

(M —k—g) 7(M—max(I5},) —g)
(4.19) ke& M-k c@-m)
and
T(l—m+g)  7(M—-m+g)
(4.20) lellf_,;[M r(l—m) T(min([fj{h) —m)

The proof is straightforward since all products are telescopic.

The proofs of Theorems 4.13 and 4.14, as well as those of all theorems present
in the next subsections, are done by induction on the maximal element of the V ;-
coding of the partitions: it means that, given v a V, ;-coding and A the corresponding
partition, v; is the maximal element. By definition of v, v; — g corresponds to the
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maximal index of “0” in ¥(A). To use the induction property, one needs to consider
the partition associated with v/ a Vj ;-coding such that there exists ¢ € {1,...,t}
with v, = vy — g. For generic ¢-core partitions (i.e. when g = t), in order to use
the induction property, one needs to consider the V;;-coding corresponding to the
partition stripped from its largest part (i.e. stripped from the colored part in Figure
5). Nevertheless for all the other subsets of partitions defined in Section 4.1, given
their property of symmetry along A, one needs to consider the partition stripped
from its largest hook (i.e. stripped from the colored hook in Figure 4) to use the
induction property on the maximal element of their associated V ;-coding.

4.2.1. Type Agl_)l and P(;y. As mentioned above, the case of t-core partitions is a
bit particular: it is the only subset of partitions studied in this section with no
properties of symmetry along A. For instance, when ¢t = 6, to prove Theorem 4.13
in the example of w = (7,3,3,2,2,1,1) € P (see Figure 5), the induction property
is used on the partition (3, 3,2, 2, 1), which is still a 6-core partition.

w2 5|2
411
2
1

w3

w4

wWe

8

7

S
Wws 4
2
w7T
1

FIGURE 5. w € Pg)

Lemma 4.16. Let t be a positive integer. Set w € Py and (vi,...,v;) € Z'
its associated Vi i-coding. Then the largest part of w corresponds to the collection
of bozes of indices in Ul_, If)’;}l_t. Moreover the largest part of w' deprived from
the box on the main diagonal corresponds to the collection of boxes of indices in
Iz’tjvl —t Uf;% I};’;vi—t

The proof is straightforward from the fact that the boxes in wq, respectively w}
are those whose index of the letter “0”, respectively “1” is vy — g, respectively v,
and the definition of g-intervals.

Lemma 4.15 is necessary to prove Theorem 4.13, but given the terms of the
product over hook lengths slightly differs from the ones in Theorem 4.14, one needs
also the following results, which are proved as (4.19) and (4.20) above. Let g be a
positive integer, let 7 be a function defined over Z, let m and M be two integers
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such that m < M. We have
H (M —k+g) T(M —m + g)

(M —k) (M- max([fr;jv[))’

9,+
keIm,]\/f

and

r(l—m) T(M —m)

r(l—m—g) T(min(Z}")—m—g)
I1

lelf,;,_M

The proof of Theorem 4.13 follows from Lemmas 4.15 and 4.16 and manipulations
of products as (but simpler than) in the proof of Theorem 4.14 detailed below.

4.2.2. Type Ct(l) and DD g449). The following lemma is useful in order to decompose
the product over hook lengths of doubled distinct (2¢ + 2)-core as a product over
g-intervals.

Lemma 4.17. Let t be a positive integer and set g = 2t + 2. Set A\ € DD,y and
(v1,...,v;) € Z' its associated Vy-coding. Then the largest hook of X, denoted by
H1 corresponds to the collection of bozxes of indices in

H, = 7'[17_’_ U 'HL_
where H1 4 (respectively H1,—) denotes the set of indices of boxes s in the first hook
such that es = 1 (respectively es = —1) and
t

i 1*(]+ ].(]+ 1..(/.+ U 179:+ 179:+
7‘[1,+ - I—U1+9;v1—9 U 1071/‘1*!/ U T;/ 2,01—g Ivi,vl—g UI—UH-Q,M—Q )
=2
t
— 119«,7 l-,(/< 1797_ 1797_
Hlv— - U Lvlﬂ}ﬁg U lfuf;/.a/ 2 U (I—vl—irg,vi—g U I—v1+g,—vi )
=2

Proof. Set A € DD gy, Y(\) = (c)pez, and set (v;);eq1,.. ) its associated Vy ;-coding
and o as defined in Definition 4.10. By Lemma 2.1, the box with the largest hook
length has the corresponding pair of indices (imin, jmax) Where iy := min{i € Z |
¢; = 1} and jmax := max{j € Z | ¢; = 0}. Since X is a g-core, v = max{j €
Z | cj—g = 0} by Proposition 4.12. Therefore jmax = v1 — g. Moreover by (2.1),
the maximal index of a letter “0” corresponds to the minimal index of a letter “17,
whence ipin = —v1+¢. Therefore the box of coordinates (1,1) in the Ferrers diagram
of A corresponds to word indices (—v; + g,v1 — g) as shown in the boxes shaded in
Figure 4.

Moreover, as illustrated in Figure 4, each box s € X is by Lemma 2.1 in bijection
with a pair of indices (is, j5) such that iy # js (mod g), ¢;; =1, ¢j, =0, and i < js.
By Proposition 4.12 and illustrated in Table 1, it implies that

ANk e{l,...,t} |is=txo(k) (mod g),
M e{l,...;t} \{k} | js=+xo(l) (mod g).
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By Theorem 4.1, we have

v if is = o(k) (mod g),
—v+gifis=—o(k) (mod g),

(4.21) and

- vy —gifig=0(l) (mod g),
Js = —v ifig = —o(l) (mod g).

Ultimately, and as illustrated in Figure 4 in the red and blue shaded areas, let s be
a box of A in the first hook. Then €5 = 1 (respectively e, = —1) implies js =v1 — ¢
(respectively iy = —v1 + ¢g) and js < v; — g. O

From the proof above, note that the largest hook length in the boxes of the largest
hook of A is 2(v1 — g) = 2(n,(1) — 1)g + 20(1) and that it corresponds to the hook
length of a box on the main diagonal A. From this remark, we derive by induction
on the length of A

(4.22) {hs | s € A} = J{2kg +20(i) | 0 < k < ngy — 1}

=1

We now prove Theorem 4.14.

Proof of Theorem 4.14. First we show (4.16). By Theorem 4.1, the weight of w
is:

g 2t 2t+1 AR 2t+1
lw| = 2 Z n? + Z in; = 2 (2:(9711)2 + Z 2gn;(i —t — 1)) .
i=0 =0 i=0 =0

From (4.2) and the fact {r; (mod ¢)} = {1,...,t}, we derive (4.16).

To prove (4.17), we proceed by induction on the size of the Durfee square by
removing the hook with largest length (which is the largest hook on the main di-
agonal). When w = (), its corresponding V, ;-coding is v € Z' whose components
are v; = g — i. Hence the vector r as defined in Theorem 4.14 has components
ri=g9g—1i—t—1=1t+1—1. The left-hand side of (4.17) is empty, thus equals 1
by convention. So is the right-hand side. Hence the initialization.

We can rewrite the left-hand side of (4.17) as

(4.23)
T(hs - 559) - T(hs - 539)
sll 7(hs) N seg\IHl r(hs)
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By Lemma 4.17, the first product on the right-hand side of (4.23) writes as

(4.24) [ Zw-s—e-9 yp fu-g-z-9

( T(v1 — g — ) ! T(v1 — g —x)
Elijl—}—q v]1—g GIS :‘rl
T(v1—g—2—9g)
X \ ;
H T(v1 —g — )
zel? \)
g/«,v1—g
t T —g—z—9g) Tw—g—z—g)
1 —g—x— -z —
X .
H 11 T(v1—g—x) II T(v1—g— )
= 161% =g T€ILy g

By definition of g-intervals, if Ig o+ v 7 0, then
zel” M\{m} = x—gEIfn+M

Moreover by Lemma 4.17 there exists a unique box s in the Ferrers diagram of w
such that hy = v; —g—max(I%2" ) < g. Products in (4.24) are therefore telescopic

m,v1—g
and by Lemma 4.15 it can be rewritten as

(4 25) (7’(20'(1) - g(l + ﬂo’(l)>g/2 > Tg<uy <T(O‘(1 >1y<“1
. 7(2(v1 — g)) (1 —g)
L3g/2<0, .
X 7(o(1) —9/2 — Lo )>y/2!—/> ; ﬁ (7’(0— 0(1)>U(z)g)) g<vi—v;
(11_’7”) palrs Ul—’Uz g)

y H ) +0(i) = 9(1+ Loy 40(i)>g)) 2g<vr by
T(Ul +v; — 29) '

To complete the rewriting of the first hook product Hi, it remains to proceed the
same way for the second product on the right-hand side of (4.23). Note that the
latter can be written as follows

(4.26)
H T(v1 4+ 9) H T(v1 +¥) H T(v1 + )
T(v1 =g +y) T(vi—g+y) T(v1 —g+Y)
'Ljel_l,1+q v]—2g 1161*1 1+9.,—9g yel” v1+9,—9/2
¢
7(v1 +y) 7(v1 +y)
A1 =y I
=2 g9,—
yeld yel )

—v1+9,v;,—9g
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Again the products in (4.26) are telescopic and the same computations as before
yield

y ( T(v1 — g/2) )L:)"/' 2<v ﬁ < T(v1 +v; — g) >12g<v1+vi
T((T<l) - .(1/2 + ]ln(l)q//z!/) - 7(0(1) + U(Z) - g]lo(l)+0(i)>g)

=2

t

7'(1)1 - Uz‘) to<o v
<1l <T<o<1> —o(i) + ﬂa<1><o<i>9>> |

First note that g < v; < 3g/2 is equivalent to g < gny(1) + o(1) < 3g/2. This
implies 1,1y = 1 and o(1) < g/2. Hence 2(vi — g) = 20(1) — gl (1)>4/2 and
v1 —g/2 =0(1) = g/2 + gls)<g/e- Similarly if g < vy < 2g, then vy — g = o(1).
We can then rewrite (4.27) as

T(2(v1 — 9)) e
(428) <7_(20.(1) _qﬂa(1)>g/2)>

TR/ b
X<T< ( _(//)+]l (//)(]>

X

(= 9)) "
)

.Ew 2

||
N

T(U1 +v; —g) )129@1%1‘
+O’(Z)>g)

<T(U(1) +0(i) — glo()

(2

.

< (v1 — v;) >ﬂq<v1 v
s \T(0(1) = o)) + Lo(1)<o(5)9) '
Hence using (4.25) and (4.28), the red terms 7(2(v1 — g)) cancel and (4.23) can

be rewritten as

T(hs_gsg)_ 7(20(1)*9(1+]l ()>g/2)) fo<n
(2 115 ‘( (20(1) — gLy 112 /2) )

x <<<f<12—J>> f—éa 1)-g/2-1 H,))

T(U 1 ) T 0—/1 - (//2 + ]1(7 1 <(1/"'_).(/>

L (T(0(1) 4+ 0(i) — g1+ Lo(1)o(iysg)) | 2001
H( 7(0(1) + (i) — 9Lls(1)40(i)>g) )

scw

X

=2

+
L (1) = 0(i) = Lo(yso@mg) | o<
8 H < (1) —o(i) + (1)«;@)9))

1% <M> o f[( 7(v1 — v;) )]lg@l_vi (7-(Ul+w_g)>]lzg<vl+vi
T(v1 — 4 —g) T(v1 —vi —g) (v +vi - 29)

=2
% T(hs - 2":sg)
H m(hs)

sew\H1
hs€EH(w)
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To complete the induction step, we need to investigate the second largest hook
of w, denoted Hy. There are two cases according to the coordinates of the box on
the main diagonal of Hy (that of largest hook length), which has coordinates

(1) (first case) either (—vy 4+ 2g,v1 — 2g), then for any i € {2,...,t}, v1 —v; > g,
(2) (second case) or (—vg + g,v2 — g), then in particular one has v; — vy < g.
To study this case, let [ be the integer such that [ := max{i € {2,...,t} |

v —v; < g}

We handle the first case. Let w\ H; be the partition w deprived from its largest hook.
As H(w\ H1) C H(w), w\ Hy still belongs to DD(y. In this case, | =v1 —g—t—1
and 1, = v; —t — 1 for 2 < ¢ < ¢. It also implies by (4.13) that v; > 3g/2. Moreover
forall 2 <¢ <t, v; —v; > g and 2g < v; + v;. Hence all of the boolean conditions
in (4.29) are satisfied.

Now we examine the residual terms depending on ¢ in the product (4.29). Set
(i,7) € {1,...,t}, and note that

o(1) = o (i) + Loy<oyg = 0(1) — 0(j) + Lo)<o()9 = o(i) =0(j) (mod g).

By definition of o this cannot be true, so we have o(1) — o(i) + Lo(1)<0(i)9 7#
o(1) = o(j) + Ls(1)<o(j)9, hence:

(4‘30) {17 s g 1} = {0(1)7 20(1) - g]lo(l)>g/27 U(l) - 9/2 + ]la(l)<g/2g)}

t
U{a(l) —0(i) + L(1)<0()9,0 (1) + 0(1) — 9Lo(1)+0(i)>g }s
=2

and

(4.31)
{—9+1,...,-1} ={0(1) —9,20(1) = g(1 + L (1)>¢/2)), 0 (1) = 9/2 = L5(1)>g/29)}

t
U{U(l) —0(i) = Lo(y<o(@9,0(1) + (i) — g(1 + Lo(1)4o(i)>g) }-
=2

Hence by (4.30) and (4.31), the products depending on o in (4.29) can be rewritten
as

(4.32)
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By the induction property, we have:

T(v1 —39/2) vy 7(v1 — g —vj)) 7(v1 + v; — 29)
. | s QLIQ r(1+ )

(v — g/2) (v +v; — g) (v — vj)
. H 7(%) H (i + 7) H T(j—1i)

2<i<j<t 2<i<j<t

Plugging (4.32) and (4.33) into (4.29) concludes the proof of this first case.
The second case is yet more subtle. To handle the second point, let us first remark
that w\ H1 € DD, and let v’ be its associated Vj ;-coding. Let [ be the integer such
that, if g < v1 < 3¢/2, then v; = g — o(1) = —v1 + 2¢ and v/ = (vo, ..., v, —v1 +
29,v141,...,v) and v/ = (va,...,v;,v1 — g,U41,...,v) otherwise. We start with
the case v; > 3g/2.

By the induction property, we have:

T(hs —es9) _ T ((T(=0)\
(4.34) SEHHl r(hs) 1;[1 < () )
hs€H(w)
Ul_gg/z Tty ) 1 T g - w) 7(v1 4 vj — 29)
H T(j —1) H m(j —1) glgt 1+7)

j=l+1

2 T(v; + v — T(v; — V5
) L] [ fetnzo) qporo)

_Z_
i=2 2<i<j<t (9 7) 2<i<j<t

Jj=2
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Hence (4.29) and (4.34) lead to:

s~z _ (12 ol1 L))
(4.35) H 7(hs) _< 7(20(1) = gly(1)>g/2) )

w Tg<vy T((f(' — (]/) —1, ’) 5q) Lg<uv,
><< 7(o(1)) ) T(o(1) —g/2 + 1, ((/2(]>>
t T(o(1)+o(i) —g(1+1 (1)+0(i)>g)) Lag<vg+u;
H < o(1) — g]la(l)+a(i)>g) >

SEw

+
t T(o(1) —o(i) — ]10(1)>a(i)g) Lg<v;—v;
(S )

J
“<T<—z‘>>“i<w\ﬂl>ﬁf —9/9) [ Tlizu) ity —g)

pabet 7(7) ey 1<icj<t T(j — 1) 7(i + )

Moreover we have:

ﬁ UJ +g—w1) :ﬁT o(j )+g (1 = 151)<o(j) — (1))
i Tn—wy) g m(e(1) = o() + Loy<o()9)
ﬁ o(j 1)>o()9 — (1))
i Tl )+]1 (1)<o()9)

Let us introduce

A=

<T(20‘(1)g(1+]l >J/2 o<y < (7 —(//?— 1 >g/ )(/)>”.vaf'1
7'(20'(1) - 9]1 >g/2 U(l) '(//Z } L”U <‘//’2'(])
(o) —g)\ ™" 7(o(1) +0(i) = 9(1 + Lo(1)10(i)>g)) Tg<uorto;
) ( 7(o(1)) ) }l( 7(0(1) + (i) — 9Lo(1)1o(i)>g) )

t 1 o
o(l) —o(i) -1, (1)>0(i)g)> g
X T(V; +9—v1).
£[2<TU (i) + Lo(1)<o(i)9) ]1;[2 (v )
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By (4.30), we can rewrite A as

l

= 17( 1) : 7(v1 — vj) . —v
[T () l_IQT(Ul—vj_g)HT(UJJFQ 1)

(4.36)
j=2

litg—ie Hy4,
where ;(Hy) = 0 otherwise

Plugging (4.35) in (4.36) completes the induction.

The case g < v; < 3¢/2 is settled by the induction property and the remarks
used to obtain (4.29).

The proof of (4.18) follows the exact same steps except for the first terms of each
product of the right-hand sides of (4.27) and (4.25) where the products in red and
in green are now:

7(20(1) — g(1 + 110(1)>g/2))>13/2"<” ( 7(2(v1 — g) + g) >19<“1
7(2(v1 —g) — 9) 7(20(1) = gls(1)>g/2)

To handle the boolean conditions, we use once again that if ¢ < v; < 3¢/2 then
20(1) = g(1+15(1)>g4/2) = 201 —3g and if g < v1 < 2g then o(1) — g = v1 —2g which
concludes the proof. O

(4.37) (

4.2.3. Type Bt(l) and DD/QIt_I. As mentioned in Section 4.1, interpreting the geo-

metric conditions on lattices in Macdonald identities for types BW), A((fi)d and DO
as g-cores of DD or SC is not possible but these can be interpreted as a subset
of doubled distinct partitions with a specific g-quotient. In this subsection, we set
g=2t—1.

If we take X\ € DD;I such that (%2 has its corresponding word equal to (4.8),
and ¥ (A) = (cx)rez, note that the set of indices congruent to 2t — 2 (mod g) corre-
sponding to a letter “0” is {kg—1 |k € Z,k < —mj or 0 < k < m;—1}. Using (2.3)
and the same considerations as for the proof of Lemma 4.17, we have the following
similar result.

Lemma 4.18. Let t be a positive integer and set g = 2t — 1. Set \ € DDlgl and
v € Z' its associated Vyy-coding. Let ig € {1,...,t} be such that vy, = myig — 1.
Then the largest hook of A, denoted by Hy, corresponds to the collection of boxes of
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indices
Hy =M1+ UHy -

where H1 4 (respectively H1,—) denotes the set of indices of boxes s in the first hook
such that es = 1 (respectively es = —1) and

t
_ 19,+ 1,9,+ 1.9,+ g,+ 19,+
Hl,-i— - U (Ivi,mngI—vi—l-g—Zvl—g) U I’L'ZO,U]ng If'z,',-OngfQ.'zflfg\Ifl,mfg )
=1
i#io

t

— 1797_ 1797_
Hi- = U <va1+g*2,vr(1+lz‘:1)9UI—U1+9—27—W—2) U
=1

iio
1,9,— 1,9,— 1,9,—
I*’¢'l+!]*27*’(’z}0*2 U ( —v1+g—2,viy—(1+1;5=1)g \ I*’UIJF!I*fo/*l )

g7+

Note that we avoid the discussion on whether 79 = 1 by remarking that I,;", _ =

0.

As for (4.22), we derive similarly that for any partition in DD4}, DDyt | or DDy,
where g is the index of the corresponding set, we have:

t
(4.38) {hs | s € A} = J{2kg +2(0(i) +1) | 0 < k < ngy — 1}
i=1

The issues arising when using (4.17) is that if the g-quotient of a partition is not
empty, we have at least one box s such that hy = g. As when we derive ¢-Nekrasov—
Okounkov type formulas, we specialize 7(x) = 1 — ¢* or 7 = Id, the product can be
equal to 0. Therefore one needs the following result for type Bgl).
Theorem 4.19. Set t a positive integer and g = 2t — 1. Let \ € DD;]1 and v € 7t
the Vg ¢-coding associated to A, and set r; = v;—g/2+1 for anyi € {1,...,t}. Then
we have

g (9+2)(lg/2] + 1)
W—g;?"?— 12 .

Moreover setting «;(\) as in Theorem /.14, for any function T : Z — F*, where
F is a field, we also have

7(hs —€59) ! 7(—1) @A) T(r; —rj)  7(ri+15)
o IS5 =1 () I T ey

SEX i=1 1<i<j<t

Proof. The proof is exactly the same as the one of Theorem 4.14 but without the
products in brown in (4.24) and (4.26). These products would have been over
the sets Ig’/;il’vlig and I“i’;lJrg_Q’_Uio_Z in this case. Note that the latter products
are the ones which yield the terms 7(v; — ¢/2)/7(¢) in (4.17). Hence there are
no terms 7(r;)/7(7) in (4.39). The other difference with (4.17) is that ®9;_1(\) =
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(w,0,...,0,022)} where v(*~2) has a corresponding word verifying (4.8). Then
there exists ig € {1,...,t} such that o(ig) = g — 1 and v;, = m1g — 1. The product
of hook lengths belonging to Ho;—1(A) corresponding to pairs of indices (4,j) such
that i < j and i = j (mod g) = g — 1 (mod g) are telescopic as well as the other
products over hook lengths corresponding to pairs of indices (i,j) with i < j such
that ¢ or j is congruent to g — 1 modulo g. Using Lemma 4.18, the products give

7(2vi) — 29 +2) 7(9) _
7(9) T(2vi, — 29 +2)

If 49 > 1, the products in green in (4.37) are now
1 <v IL( <v1—,
T(v1 +vig —g+2)\ 7 [(T(v1 — ) | IS Vo
T(v1+1—g) T(o(1)+1)

x <T<a<1> +1- g)) <T( (i +1-9) ))

7(v1 — vip — 9) 1+ Vi — 29 + 2
The case ig = 1 is handled in the same way and the proof is completed with the
same computations as in the previous theorems. ]

4.2.4. Type Ag?_l and DD;lt. If we take A\ € DD/Qlt such that (%=1 has its cor-
responding word equal to (4.8), and (\) = (ck)kez, note that the set of indices
congruent to 2t — 1 (mod g¢) corresponding to a letter “0” is {kg — 1 | k € Z,k <
—mq or 0 < k < mj — 1}. Using (2.3) and the same considerations as for the proof
of Lemma 4.17, we have the following similar result.

Lemma 4.20. Lett be a positive integer and set g = 2t. Set \ € DDlgl and v € 7
its associated Vg -coding. Let ig € {1,...,t} be such that v;y = mig — 1. Then the
largest hook of A, denoted by Hy, corresponds to the collection of boxes of indices

Hy =Hi+ UHq -

where H1 4 (respectively H1,—) denotes the set of indices of boxes s in the first hook
such that e; =1 (respectively e = —1) and

_ 1l,9,+ 1,9,+ 1,9,+
Hiy = I’Uio,’Ul -9 Y (I—w[,—kg—?ﬂu—g \ 1—1&‘1—9
t
1197+ 1197+ l‘.(/' ’
U (Ivi,vl —g U I—vi+g—2,v1 —g) U l,,y;zf l,u1—g’
=1
iig

_ 1197— 1797_
Hl?‘ - U <I*’Ul+9727”i*(1+]1i:1)9UI_U1+9_27_W—2)

=1
%10
1,9,— 1,9,— 1,9,— L,g,—
U If'mﬂ}*QﬁwO*Q U (I*'U1+97271'i(]7(1+]—i[]:l)g \ I*’Ulﬂ]*?ﬁg*l U J'*I‘Hr!/*z-*fl,f?*l )
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Following the steps of the proof of Theorem 4.14, using Lemma 4.20, we derive
the following result which will be necessary to derive a Nekrasov—Okounkov formula

for type Ag)_l.

Theorem 4.21. Set t a positive integer and g = 2t. Set A € DD;l and v € 7 the
Vg t-coding associated to A, and set r; = v; — g/2+ 1 for any i € {1,...,t}. Then
we have

Al =

: (9+1)(g/2+1)
er - 12

Moreover setting «;(\) as in Theorem /.14, for any function T : Z — F*, where
F is a field, we also have

(4.40)
T(hs —esg) 9 (=) \ 4N 7 (ry) T(ri —rj)  T(ri+15)
I -GG 56 I 5w

4.2.5. Type Dt(i)l and SC o). In this subsection, set g = 2¢. Recall that the qua-

dratic forms appearing to the exponent of T" in the Macdonald identity for type Dt(i)l

can be interpreted as half the weight of an element in SC(,. Using (2.2) and the
same considerations as for the proof of Lemma 4.17, we have the following similar
result.

Lemma 4.22. Let t be a positive integer and set g = 2t. Set A € SC(y and

(v1,...,v) € Z its associated Vy-coding. Then the largest hook of X, denoted by
H; corresponds to the collection of bozxes of indices in

Hy = H17+ U ’HL,

where H1 4 (respectively H1,—) denotes the set of indices of boxes s in the first hook
such that es = 1 (respectively es = —1) and

t
_ 1hot 1,9+ 9,+
H17+ - I—m—Q—g—l.m—g (Ivi,vl—g UI—UH—g—l,ful—g ’
=2
t
—_ 1»97* 1»977
Hi- = U (I*Ul+9*1,vi*g UI*U1+Q*17*U¢) ’
=2

As for (4.22), we derive similarly that for any self-conjugate g-core partition

t
(4.41) {he | s € A} = J{2kg +20(i) + 1] 0 < k < nygy — 11}
=1

Using Lemmas 4.22 and 4.15, we derive the following analogue of Theorem 4.14.
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Theorem 4.23. Set t a positive integer and g = 2t. Let w € SC(y) and v € 7t its
associated Vg -coding, and set vy = v; — g/2+1/2 for any i € {1,...,t}. Then we
have

i=1

Moreover setting caj(w) as in Theorem 4.14, for any function T : Z — F*, where
F is a field, we also have

(hs —&s9) _ T (=) T(ri—r;)  T(rit+r)
442) ] T 11 < ) > IT i S

SEW i=1 1<i<j<t

4.2.6. Type Ag) and DD 441y In this subsection, we set g = 2¢ + 1. Recall that
the quadratic forms appearing to the exponent of T in the Macdonald identity for
type Ag) can be interpreted as half the weight of an element in DDg). Similarly to

Lemma 4.17, one derives the following lemma.

Lemma 4.24. Let t be a positive integer and set g = 2t + 1. Set A\ € DD,y and
(v1,...,v) € Z' its associated Vy-coding. Then the largest hook of X, denoted by

H1 corresponds to the collection of boxes of indices in
H, = H17+ U 'Hl’,

where H1 4 (respectively H1,—) denotes the set of indices of boxes s in the first hook
such that es = 1 (respectively es = —1) and

t

_ l7g~,+ l,g,+ 1797"’_ 1797+

/HL-‘r - I—m +g,v1—g U I(Lm*!] (Iviavl —9g U I_Ui+9=7)1_g ’
1=2
t

. 1‘g_’7 l,g,— 1’97_

Hi— = U Ifm#(/,*.f] U (I*vlJrgﬂ)i*g U I*”1+97*”i )
1=2

The proof of Theorem 4.25 stated below is exactly the same as the one of (4.17) in
Theorem 4.14 but without the products in brown in (4.24) and (4.26), as underlined
in the proof of Theorem 4.19. Using Lemmas 4.24 and 4.15, the proof follows the
same step as the one of Theorem 4.14.

Theorem 4.25. Set t a positive integer and g =2t + 1. Set w € DD(y) and v € A
its associated Vg ;-coding, and set r; = v; —g/2 for any i € {1,...,t}. Then we have

1y (9—2)]9/2)
W|—g;7’i2_12,
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Moreover, setting a;(w) as in Theorem 4.14, for any function T : Z — F*, where I’
is a field, we also have

T(hs — &5 I (=) @) T(ri —r;) 7(ri+r;
(4.43) H (T(hj 9):1—[1<T((i))> H ( i) 7( j)

o \<isi<t T(j—1i) T(g—1i—17)

4.2.7. Type Dt(l) and and DD/Q%_Q. Set g = 2t + 2. If we take A\ € DDIQQ such that
v2t=3) and (=) has their corresponding word equal to (4.8) and (4.11), and () =
(ck)kez, remark that the set of indices congruent to t —2 (mod g) corresponding to
a letter “0” is {kg—t | k€ Z,k < —myorl<k<m}. Using (2.3) and the same
considerations as for the proof of Lemma 4.17, we have the following similar result.
One can remark that (4.12) could also have been interpreted as a doubled distinct
partition. We chose this convention in order to have a definition of V, ;-coding from
Definition 4.10 as much independent of type as possible. The price to pay is that in
the following results, if A € DD;Q and s a box of A, the sign statistic e, is replaced
with &/, being equal to 1 if s is strictly above the main diagonal A and —1 otherwise.
Note that in this case, one has:

{hs —elg,\ € DDIgQ,s €N} ={hs +esg,\N € DDIQQ,S e N}

Lemma 4.26. Let t be a positive integer and set g = 2t — 2. Set \ € DDlg2 and
v € Z! its associated Vy-coding. Let (ig,i1) € {1,...,t}* be such that v;, = m1g—1
and vy, = myg+t—2 Then the largest hook of A, denoted by Hy, corresponds to the
collection of boxes of indices

Hy=Hy UHq -

where H1 4 (respectively H1,—) denotes the set of indices of boxes s in the first hook
such that €, =1 (respectively €', = —1) and

t
— Lg,+ Lg,+
H17+ - U <I'Uizvl_g Uvai+(1+1i:1)g72,vlfg>

i=1
%10
10
Lg,+ Lg,+ Lg,+
Y I“iovL'l’g Y <I*Uz[)+(1+ﬂf():1 )g—2,01—9 \ I*L’UI -9
1,9, 1,9, 1,9,
| .
U Il'q 01—g U <Ifz'/] +(1+1;;=1)9—2,v1—9 \ Ivr/ /2—1,v; *,‘/) ’

t

17 [ 17 [
/HL* - U <I*gl+g*2,vz‘*gUI*glJrg*?ﬁvi*?)
=1
1#10
1#i1
UILQ;* U (Ils%* \Il-ﬂ:* )
—v1+9—2,—v;;—2 —v1+9—2,05—g —v14+9—2,—g—1

l,g9,— l,g,— l,9,—
U J'fm +9—2,—v;, —2 U <J'7u +9—2,v;; —g \J'*!‘Hrf/*?-*f/ 2—1)"



FROM MACDONALD IDENTITIES TO NEKRASOV-OKOUNKOV TYPE FORMULAS 47

Following the steps of the proof of Theorem 4.19, using Lemmas 4.26 and 4.15,
we derive the following result on products of hook lengths for elements of DD _,

(1)

related to type D, ’ as underlined in Section 4.1.

Theorem 4.27. Set t a positive integer and g = 2t — 2. Set A\ € DD;Q and v € 7t
the Vg -coding associated to A, and set r; = v;—g/2+1 for anyi € {1,...,t}. Then
we have

(9/2+1)(g +1)
Al = Z = o

Moreover setting o;(w) := #{3 € w,hs =g—1i,e, =1}, for any function 7 : Z —
F*, where F' is a field, we also have

T(hs —£59) _ 71 T(hs +€59)
H 7(hs) B H 7(hs)

SEX seN
-1 . ()t -1 .
_ gl—[ <T(—z)>a’(>‘) H 7(2r;) H 7(7) H T(ri —r;)  7(ri+71j)

UW\Ga ) By My 560 w6+2=i-))
Proof. First of all, we start by remarking that the terms of the product
7(h — €'g)/7(h) telescop in the same way as the terms 7(h — €g)/7(h) of Theo-
rem 4.21 except for the hook lengths of the boxes on the main diagonal A. This
induces the term of the form 7(2r;)/7(20 (i) +2—1,(;)>¢/2-19) in the above theorem,
where (i) = r; (mod g).

The only other thing that differs from the proof of Theorem 4.21 resides in the fact
that the self-conjugate part of the (2t — 2)-quotient is no longer necessarily empty.
This leads to change the form of the telescopic product over the boxes whose pair of
indices in the corresponding word has at least one component congruent to g/2 — 1

(mod g) (which are shaded in brown in Lemma 4.26). If ip > 1 and ¢; > 1, then the
products in brown when computing the first step of induction are now

<T((’_(l) 7 ((//—) o l) o Jl(T(;])/\v(/ '_’I.(/)>Il/‘ V1TV <T<1'1 — {//2 + 1 *(/> > l‘/ 2-1<y
T(v1 —vi, — 9) T(v1 + v, — 29 +2)

% < 7(v1 — "n) >I”' 1T <T(:(‘| + v, ‘(/+2)> lg/2-1<v,
T(o(1) = (9/2 = 1) + 1,(1)<g/2-19) (v —g/2+1) '

The casesig = 1ori; = 1 are handled in the same way. Note that the term 7(2x0)
in the last step of the induction of the product over the boxes of A corresponds to
the case of 7, = 0 (mod g¢). This term cancels with the term 7(0) coming from the
last step of the induction of the product above. Indeed recall when A is the empty
partition, (7;)1<i<¢ is the vector (0,1,...,¢9/2). O

5. MACDONALD IDENTITIES FOR AFFINE ROOT SYSTEMS AND INTEGER
PARTITIONS

Motivated by the computations from Section 3, the last section detailed some
enumerative results about subsets of partitions linked to the quadratic forms that
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appear in the Macdonald identities of each infinite affine root system. In this section,
the goal is to show how these enumerations enable one to transcribe the Macdonald
identities within the language of integer partitions and Schur functions. The V ;-
codings introduced in Definition 4.10 (that are some specific decreasingly ordered
vectors of integers) are going to be the key tool for this purpose. These are heavily
linked to the bijection o : {1,...,9} — {0,...,9 — 1} involved in their definition
and which can be thought of as a shifted permutation o’ € Sy, i.e. 0/(i) := g — o (1).
In Section 5.1, we detail how the sign of these o, denoted by sgn(o) := —sgn(o’)
and which can be thought of as a signature of a permutation sorting in decreasing
order, is characterized by both the cardinal of some subsets of hook lengths of the
partitions introduced in Section 4.1 and some statistics attached to the partitions
(such as A or the size of the Durfee square).

The purpose of Section 5.2 is then to provide the desired rewriting of Macdonald
identities for all infinite affine types in the language of partition. These formulas are
of type “sum = product”, and recall that in (3.7) and (3.10), the sum is computed
over m in some subsets of Z' without any order on its components. However,
partitions come with an order, hence when sending the vector m to the vector
r from Theorems 4.13-4.14 and the theorems from Section 4.2 we have chosen a
specific order: that is the translation by a constant of a V, ;-coding. We apply this
formalism to rewrite the sum part of Macdonald identities for all 7 infinite root
systems as a sum over Schur functions, and over symplectic, special orthogonal and
even orthogonal Schur functions.

5.1. Signs of permutations and integer partitions. In this section, we establish
the lemmas that bridge the sign of o : {1,...,9} — {0,...,9 — 1} as defined in
Definition 4.10 together with some subsets of the corresponding partitions for each
type. The order of the types in this section slightly differs from the rest of the
paper because these enumerations depend on the subset of partitions attached to
the quadratic form as introduced in Section 4.1.

5.1.1. Type Agl and Py. The case of type A§91 is once again a bit particular.
Indeed one of the differences between Theorems 4.13 (stated for type Agl_)l) and

4.14 (stated for type C’t(l)) is that in the left-hand side of Theorem 4.13, 7(h —
t)7(h+1t)/7(h)? does not depend on the signed statistic £, whereas in Theorem 4.14
this term is a single quotient of functions 7 depending on €.

Lemma 5.1. Lett be a positive integer and g = t. Letw € Py and (w) = (ck)rez-
Let v be its associated V; i-coding and o as defined in Definition 4.10. Then

(5.1) |Het| = #{s € w,hs <t} =sgn(o) (mod 2).

Proof. Set ¢¥(w) = (cg)rez the word corresponding to w by Lemma 2.1, then H_;
as defined in Theorem 1.2 is equivalently described by Hey = {(k,l) € Z | k <
l,epk=1,¢=0and | —k < t}. We decompose H.; with respect to the remainders
(mod t) of the indices of the letters “0” and “1”. Let v be its associated V} -coding



FROM MACDONALD IDENTITIES TO NEKRASOV-OKOUNKOV TYPE FORMULAS 49

and o as defined in Definition 4.10. More precisely, let k, [ be two integers such that
1 <k <1<t. Note that

{a€Zco=1a=0c() (modt)}={o(l)+qn,q> |2

J}?
t
(beZcy=0,b=0(k) (modt)}={o(k)+qn,q< L%J}.

The elements (o (1) +qt, 0 (k) + (¢ — 110 (k) )t) correspond to the indices of boxes
whose hook length is strictly less than ¢ such that the indices in the corresponding
word are congruent to o(l) and o(k) (mod ¢). This set is fully characterized by
the value of ¢ which is greater than ngq) and n,) — 1 — L5()>ex) Where we set
Ng() = [vi/t].

Therefore this enumeration of H ¢ yields

(5.2) Hal= D (o) = ne() — Laiy<ot)) -

(1.5)€{L,..t}?
i<j

Since we are interested here in having a relation on the parity of sgn(o), rewriting
(5.2) (mod 2) yields

(5.3) Hal= > (nogi) + Moy + Lo@y<oy)  (mod 2).

(1.)E{1,....t}?
1<j

Gathering the common terms, one derives from (5.3)

t—1
Hal = (=1 nom+ Y. D<oy (mod?2).
=0 (i,4)€{1,...t}?

i<j
We then conclude using Theorem 4.1 which states that for elements w € P(;) and
¢(w) = (no,...,n4—1) one has the vanishing condition Zf;é n; = 0. O

5.1.2. Type C't(l) and DD (342y. We now prove the following lemma that will be quite
useful when applying Theorem 4.14 to specializations in Macdonald identities. Its
proof follows the same path as the proof of Lemma 5.1, but requires an extra dis-
cussion due to the presence of g-intervals of different kinds in this case (as explained
in Section 4.2). This explains the presence of an extra term (which is the size of the
Durfee square).

Lemma 5.2. Sett be a positive integer and g = 2t +2. Set w € DDy and Y(w) =
(ck)kez- Let v be the Vy-coding associated to w together with o : {1,...,g} —
{0,...,9 — 1} as defined in Definition 4.10. Then

(5.4) |Heg | =#{s €w,hs < g,6s =1} =d, +sgn(o) (mod 2).

Proof. By (4.21) and Lemma 2.1 (4), we can split the boxes in H.4 1 according
to the corresponding pair of indices. By Lemma 2.1, we associate a box s € w to
(is,Js). Then Hegy = {js —is | is < js,¢j, = 0,¢;; = 1} and we can rewrite
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H., + as the disjoint union of the respective congruence classes (mod g) of (i, js).
Remark that the indices of letter “0” of the boxes who are located above the main
diagonal must be positive which means that they are congruent to o(i) (mod g) for
1 <1¢ <t Let k,I be two integers such that 1 < k <[ <.

The elements (o(I) + qg,0(k) + (¢ — 151)>0(k))g) correspond to the indices of
boxes above the main diagonal whose hook length is strictly less than g such that
the indices in the corresponding word are congruent to o (1) and o(k) (mod ¢). This
set is fully characterized by the value of ¢ which is greater than n, ) and ng ) —
1 — 1,()>0(k) Where we set ng ;) = [vi/g].

Next we enumerate the number of boxes above the main diagonal whose indices
of “1” in the corresponding word are not congruent to o(i) (mod g) for 1 <i < ¢.
For any (k,1) € {1,...,t}?, the elements (g — o (1) + qg,0(k) + (¢ — Ly—s)>0(k))9)
correspond to the indices of boxes whose hook length is strictly less than g such
that the indices of the box in the corresponding word are congruent to g — o(l) and
o(k) (mod t) and the box is above the main diagonal. If o(k) + o(l) > g, there are
exactly ny(;) elements. If o(k) + o(l) < g, then it remains to determine whether
the box s associated to the pair of indices (—o(l),o(k)) is above the main diagonal
or not. Hence by Corollary 2.3, the number of boxes in H.4 1 corresponding to
this enumeration corresponds to n,x) — Lo(k)1o()<g X Lo(k)>o@)- It remains to
deal with the boxes above the main diagonal whose hook length is strictly less
than ¢ such that the corresponding indices of letters “1” are congruent to either
0 or g/2 (mod g). The first one corresponds to the set of indices of the form
(q9,0(k) + qg) for 0 < ¢ < ny() — 1, whereas the second corresponds to the set of
indices (9/2 + qg,0(k) + (¢ — 1g/250(k))g) for 0 < g < ngy — 1. This enumeration
yields:

(5.5)

|Heg+

= > (M) = M0() — Lo(i)<o) + Mo() + o) — Lo(i+ati)<g)
(1,9)€{1,...t}*
1<)
t
+ > (Mol + o) + Moty — La(i<g/2)

=1

By gathering the common terms, we derive the following from the above equality:
(5.6)

t
Hegtl =Y noy+ Y (Loty<o() T Lo<g-o() + Loti<g2) (mod 2).
=1

(1.)E{1,....t}?
1<

The last step of the proof consists in noticing that the sum over n,; fori € {1,...,t}
is the sum over the positive (nk)ke{o,...,2t+1}- It is therefore the size of the Durfee
square of w, whence the desired equality. O
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5.1.3. Type Ag? and DD (9;41). Similarly we get the following lemma needed in the
rewriting of Macdonald identities for affine type Ag?
Schur functions.

as a sum of special orthogonal

Lemma 5.3. Sett be a positive integer and g = 2t +1. Set w € DDy and Y(w) =

(ck)kez- Let v be the Vyi-coding associated to w together with o : {1,...,9} —
{0,...,9 — 1} as defined in Definition 4.10. Then

(5.7) |Hegq|=#{s€w,hs <2t+1,e =1} =sgn(o) + |Heg+ NA| (mod 2).

Proof. The proof follows the same exact steps as for Lemma 5.2 except that the terms
coming from the indices of (g/2 + qg,0(k) + (¢ — Ly/255(1))g) for 0 < g < ngpgy — 1
no longer appears since g/2 is not an integer. Hence (5.5) becomes here

(5.8)

|H<97+

= > () = no(g) — Lo()<o) + Mo(i) + o) — Lo(i+ati)<g)

(1.)€{L,...t}?
1<j

=1
Hence (5.8) becomes
Hegil= D (Lo<oli) + Loti)<g-op) (mod 2).
(i,j)e;{<1,'.,.,t}2
i<j

To complete the proof, it remains to add 14(;)</2 — L5 ()<g/2 and note that by (4.22)

Heys VA= #{i € {1,...,t} | 0(i) < g/2}.

O
5.1.4. Type Déi)l and SC(yy). Following the same kind of enumeration as for Lemma
5.3, we have that (5.8) becomes:

= D (o) — Mo) — Leh<oli) T Mo(i) + Mo() — Lo()+o()<g—1)

(i,5)€{1,...,t}?
i<j

|Heg+

Hence one derives the following lemma which will be applied when rewriting the
Macdonald identity for affine type ngi)l as a sum over orthogonal Schur functions.

Lemma 5.4. Set t be a positive integer and g = 2t. Set w € SC(y) and P(w) =
(ck)kez. Let v beits associated Vg 4-coding and o as defined in Definition 4.10. Then

(5.9) |Heg+| =#{s €w,hs <2t,es =1} =sgn(o) + |[Heg+ NA| +d,, (mod 2).
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5.1.5. Type Agll and DD/QIt. Adapting the proof of Lemma 5.2, we derive the fol-
lowing lemma.

Lemma 5.5. Set t be a positive integer and g = 2t. Set \ € DD;]1 and P(N) =

(ck)rez- Let v be the Vg -coding associated to X\ together with o : {1,...,9} —
{0,...,9 — 1} as defined in Definition 4.10. Then

(5.10) |Heg | =#{s €w,hs <2t,es =1} =dy+sgn(o) (mod 2).

Proof. The only difference with the proof of Lemma 5.2 resides in the fact that
A has a (2t)-quotient not necessarily empty. Let m; be a positive integer as in
Proposition 4.8. Set iy € {1,...,t} such that o(ip) = g — 1 and v, = mig — 1.
Set i € {1,...,t}. If i < g, then o(i) < o(ip) and there are exactly ny(;) — m1
pairs of indices (k,[) such that | —k € Hoy  and [ = 0(i) (mod g) with ¢; = 0 and
k=g—1 (mod g) and ¢, = 1. Similarly there are m; — 1 pair of indices (k,[) such
that | —k € Hey4 and I = g — 1 (mod g) such that ¢; = 0 and k& = o(i) (mod g)
such that ¢; = 1. Similarly if i > ¢, this number becomes 2(m; —1) — Ng(i)- Noting

that dy =m;—1 —I—Zti:l Ny(;) and following the same steps as for Lemma 5.2 where
i#io

1;(i)<g—a(s) 18 replaced by 1,(;)<y—2-0(j) concludes the proof. O

5.1.6. Type Bgl) and DDlzltfl. Following the same path as for Lemma 5.5 yields the
following lemma.

Lemma 5.6. Set t be a positive integer and g = 2t — 1. Set \ € DDlgl and p(\) =

(ck)kez. Let v be the Vg -coding associated to X\ together with o : {1,...,g9} —
{0,...,9 — 1} as defined in Definition 4.10. Then

(5.11) [Heg4| =#{s €w,hs <2t — 1,6, =1} =sgn(o) + [Hcg+ NA| (mod 2).

5.1.7. Type Dgl) and and DD/Q%,T Following the same path as for Lemma 5.5 yields
the following lemma.

Lemma 5.7. Set t be a positive integer and g = 2t — 2. Set A € DD,gQ and Pp(N) =

(ck)kez. Let v be the Vg -coding associated to X\ together with o : {1,...,g9} —
{0,...,9 — 1} as defined in Definition 4.10. Then

5.12 Ho, | =#{sc€w hs <2t—2¢. =1} =dy +sgn(o mod 2).
9, S

Proof. The proof is essentially the same as the one of Lemma 5.5 with the difference
that there are n,(;) — ly()<g/2—1 for i € {1,...,t} \ {io, i1} elements coming from
the letters whose indices of “0”, respectively “1”, in the corresponding word are
congruent to (i) (mod g), respectively g —2 —o(i) (mod g). The term 1,(;)<4/2-1
is compensated by the elements whose indices of “0” is congruent to g/2—1 (mod g).
O

5.2. Rewriting of the Macdonald identities for affine root systems. Recall
that Macdonald identities of Proposition 3.2 involve power series over sublattices of
7! of a formal variable T whose coefficients are fractions of two determinants. The
proofs in this section all follow the same steps:
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(1) interpret the exponent of the formal variable T" as one of the quadratic forms
from Section 4.1,

(2) then use the correspondence between vectors of integers and partitions stud-
ied in Section 4.1 together with the Vj;-coding. Note that the conven-
tion used by Rosengren and Schlosser for the product of classical roots, e.g.
A4, Ap, Ac and Ap does not correspond to the product of classical roots in
the denominator of characters of classical types, one needs to compose the
o from Definition 4.10 with the permutation j — ¢ — j in order to reorder
the fraction of determinants so that it corresponds to the classical definition
of the irreducible character,

(3) finally the signature coming from rearrangement of the columns of the de-
terminants to the numerator is reinterpreted as some statistics associated
with the corresponding partition thanks to the Lemmas from Section 5.1.

5.2.1. Type Agi)l. Here we prove Theorem 1.2. First note that the right-hand side
of (3.7) is the desired right-hand side of (1.15). Recall the left-hand side of (3.7)

det (a:émj +i _1>

1

(5.13) Z ptlml2 /2450 (i-1)m; LSI<t |
= det (+171)
ma+ =0 1<i,j<t

Set w € Py such that ¢(w) = (my,...,my), where ¢ is the bijection from Theorem
4.1 and v its associated V;;-coding. By definition of the V;;-coding, we have that
(4.14) corresponds to (4.1). Hence the exponent of T" is the weight of w. It remains
to deal with the quotient of determinants.

Note that the exponents tm; + j — 1 of the z;’s in (5.13) can be negative, whereas
in the definition of a Schur polynomial in (1.11) the exponents of the x;’s in the
determinant are positive. To prove Theorem 1.2, we will first reorder the columns of

. tmj+j—1

the matrix (551 ! ) .

1<4,5<t
order. Set o : {1,...,t} — {0,...,t — 1} as defined in Definition 4.10. Take
o' € S; such that /(i) := 1+ o(t — i) and o’~! the inverse of ¢’. Therefore for all
je{l,..thtmj+j—1= V(o1)-1(t—j) and then reorder the columns to both the
denominator and the numerator with the permutation that sends j to ¢ — j.

Hence, using Lemma 5.1, (5.13) becomes

so that the sequence (tm,(;y+0(j)—1) is in decreasing

det_ ()
(5.14) Z (—1)|H<t|T\w\1§W§;‘7
wE'P(t) det .%'2_‘7>
1<i,j<t

where v is the V;;-coding associated bijectively with w, as underlined in Remark
4.11. The final step of the proof to rewrite the quotient of determinants as a Schur
polynomial is to transform (5.14) so that all of the exponents of the x;’s become
nonnegative. By definition of v, vy = min(vy,...,v;). Therefore v; — vy > 0 for any
i€ {1,...,t} and factorizing by Hle x;*, one has
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¢
V4 Vqi—:
det (:clj) = det (aci] t) | |xft
1<i,j<t 1<i,j<t 11
1=

To complete the proof of Theorem 1.2, it remains to prove that vy = —¢(w) where
{(w) is the number of parts of w. Let ¢)(w) = (cx)kez be the word corresponding
to w. Then by Definition 4.10, v; = min{k € Z | ¢, = 1}. The number of parts of
w then corresponds to the number of letters “0” whose indices are greater than v;.
Therefore

t—1
Uw) = (Mo = Moy — Log)<ow)

= Mo — (t— Dmg) — oft).

i=1
By using Zle Mgy = 0, one derives £(w) = —v;. By setting p € P such that

Wi = v; — vy + 1 — t, we conclude the proof.

5.2.2. Type C't(l).

Proof of Theorem 1.3. First note that the right-hand side of (3.10) is the desired
right-hand of (1.17). We recall the left-hand side of (3.10) here:

(5.15)
det (x(2t+2)mj+j—t—1 _ I‘—((2t+2)mj+j—t—1)>
Z (D) [Iml|2+320, my(i—t—1) 1S6I<E ¢ i

meZt

(et (@ - )

It remains to order the m;’s to derive a sum of symplectic Schur functions sp (de-
fined in (1.13)). Set w € DDy such that ¢p(w) = (0,m1,...,my, 0, —my, ..., —m1),
where ¢ is the bijection from Theorem 4.1, v its V ;-coding with g = 2¢ + 2 as in
Definition 4.10 and r = (v1 — g/2,...,v; — g/2) the vector defined in Theorem 4.14.
Let o’ € Sy be such that the sequence (¢(w)q(iy—1,0"(4))icq1,... gy is increasing with
respect to the lexicographic order. Note that by definition of ¢ in Definition 4.10,
for any i € {1,...,t}, 0'(¢g —i) = o(g — i) + 1. Hence for any ¢ € {1,...,t}

gmi+i—g/2= 4 e gmi+i—g/2 < —(gmi+i-g/2),
’ —T'(g1)—1(;) Otherwise.

Moreover the exponent of 7" in (3.10) corresponds to the quadratic form (4.3). Recall
that in Theorem 4.14 the vector r is in bijective correspondence with v and so with
w € DD(y,). Hence the left-hand side of (3.10) becomes

det <x:] — x;rj)

det(a:fﬂ_j - a:g_t_l) '

Z sgn(o) T/

rezt
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Set pj:=1; —g/2+jforall j € {1,...,t}. By definition of the V, ;-coding and
(4.13), we have iy > --- > py > 0. By Lemma 5.2 sgn(o) is equal to (—1)%+H<o+|
which concludes the proof. ]

5.2.3. Type B,Sl). Following the same path as before, one rewrites the Macdonald
identity for type Bt(l) as follows.

Theorem 5.8. Sett € N* such thatt > 3 and g =2t — 1. The Macdonald identity
(1)

for type B, can be rewritten as follows:
(5.16)
t
Z (=1) <ot FH<g NAITIA/2 sou(x) = (T; T)., Kp(t,x H T:L' T 7
AeDD} i=1

where v is the Vy-coding corresponding to A (see Definition 4.10), A is the main
diagonal of A\, Hegy = {s € w,hs < g,es = 1} and p € P is such that p; :=
(vi+i—g) foralll <i<t.

Proof. Recall from Proposition 3.2 the rewriting of the Macdonald identity in type
BY (3.8)

Z T 2t=1)[Iml|?/2—=m1(2t=1)/2+3;_p mi(i~t—1/2)

meN*x7Zt—1
1<depq ($§2t*1)mj+j*t _ x;((?tfl)mj+j7t,1)> t
_Z?-]_ :t.
j=t _ =)+l = (1; 1) Kr(t,x) [[ (T257)
et (x’ — i ) i=1
1<4,5<t

where Kr(t,x) as defined in (1.16).
By Proposition 4.6, the exponent of T' is the quadratic form that corresponds to
half the weight of A € DD, , such that

e setting coreg—1(\) = w then ¢(w) = (ma,...,my—1, —My4—1,...,—ma,0),
e and quoty, {(\) = 32 with [vC=2| = my(m; — 1).

As in the case of type Ct(l), let o as defined Definition 4.10, and define o’ € S,
such that for any i € {1,...,t}, 0’(9—i) = (g —1i) + 1. By applications of ¢’ to the

columns of det <x(2t*1)miﬂ'*t _ xf((Qt—l)ij,t,l))
1<, j<t ¢

Theorem 5.8. U

and Lemma 5.6, one derives

5.2.4. Type A2 | From (3.9) of Proposition 3.2, by Proposition 4.8, using Lemma
5.5 and the same computations, one derives the following result.

Theorem 5.9. Sett € N* such thatt > 3 and g = 2t. The Macdonald identity for
2) - .
type Ay,” | can be rewritten as follows:
¢
(5.17) > (~)BHH<ol TN 2sp () = (T 7). Kp(t,x) [ [ (T%2F%7%)
A\eDDy} i=1
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where v is the Vg ;-coding corresponding to A (see Definition 4.10), dy is the length
of the main diagonal of A\, Heg + :={s € w,hs < g,es =1} and pn € P is such that
wi=vi+i—g forall<i<t.

5.2.5. Type Dﬁ)l. Following the same steps and using Lemma 5.4 one can also

rewrite the Macdonald identities for type Di +)1 as follows.

Theorem 5.10. Set t € N* such thatt > 2 and g = 2t. The Macdonald identity
for type Dgr)l can be rewritten as follows:

_1)H<g,+1+H<g,+NA[+dy plw]/2
(5.18) (—1) T 50, (%)
wESC<g)

¢
_ (1/2.p1/2 t 1 1/2_ 4. m1/2
_(T T )OO(TT Kr(t, x) 1—[1(T o5 T )OO
where v is the Vy-coding corresponding to w (see Definition 4.10), A is the main
diagonal of w, Heg + = {s € w,hs < g,es = 1} and p € P is such that p; == vi+i—g
forall1 <1i<t.

Proof. The exponent of the formal variable T' on the left-hand side of (3.11) from
Proposition 3.2 is the same quadratic form as (4.5) from Proposition 4.4 when taking
w € SC gz such that ¢(w) = (ma, ..., my, =My, ..., —maq). Using the correspondence
between w and its V, ;-coding and r as defined in Theorem 4.23, note that for any i €
{1,...,t} there exists k € {1,...,t} such that ry, = max(gm;+i—t, —gm; —i+1+t).
By reordering the columns in a decreasing order, one derives (5.18). ([l

5.2.6. Type Ag). Following the same steps as before starting from (3.12) from
Proposition 3.2, then using Proposition 4.3 and Lemma 5.3, one derives the fol-
lowing results

Theorem 5.11. Sett € N* and g = 2t + 1. The Macdonald identity for type Ag)
can be rewritten as follows:

(5.19) Z (=) H<gtHH<g DAl Tlwl/2 50, (%)
UJGDD(g)

t
:( KTtX H TIE T :|:2;T2)007
i=1

where v is the V, -coding corresponding to w (see Definition 4.10), A is the main
diagonal of w, Hey + == {s € w,hs < g,€s = 1} and p € P is such that j1; := vi+i—g
forall1 <1< t.

5.2.7. Type Dgl). Similarly, using Lemma 5.7, Theorem 4.27 and the same compu-

tations, one derives the rewriting of Macdonald identity for type Dt(l).
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Theorem 5.12. Sett € N* such thatt > 4 and g = 2t —2. The Macdonald identity

1
for type D§ )

(5.20) > (=B HA<o TN Roeen(x) = (T3 7)) Kr(t,x),
A\eDD;?

can be rewritten as follows:

where v is the Vg -coding corresponding to A\ (see Definition 4.10), dy the length of
the main diagonal of w, Hegy 1= {s € w,hs < g, = 1} and p € P is such that
wi = (vi+i—g) foralll <i<t.

Proof. Starting from (3.13) of Proposition 3.2, the proof is done using Proposition
4.9 to map the lattice to integer partitions, then reorder columns so that the cor-
responding V; ;-coding appears in decreasing order and Lemma 5.7 to convert the
signature of the permutation into a partition statistics. It remains only to verify
that the sum of fraction of determinants appearing as coefficients of formal variable
T actually match with the Definition 1.14 of even orthogonal character. This is
ensured by the fact that m; = 0 is equivalent to u; = 0, which concludes the proof
of (5.20). O

The following table summarizes the results of the previous subsection for each
type with the notations of Macdonald | | in parenthesis. Remark that the the
classical type of Schur function appearing for each affine type can actually be seen
on the affine Dynkin diagram: it is the one associated with type of the Dynkin

diagram obtained when removing the node 0 (see | | for more details):

type family Schur function

A§91 (Ai_1) P Classical

Bt(l) (By) DD,, ; | Special orthogonal

Ag)_l (BY) DD, Symplectic

C't(l) (Cy) DD(912) Symplectic

Dﬁ)l (CY) SC(a | Special orthogonal

Ag) (BCY) DD 2¢41) | Special orthogonal

Dgl) (Dy) DD, | Even orthogonal

TABLE 2. Table of Macdonald identities with their corresponding
partition family and their corresponding associated character.

6. ¢-NEKRASOV—OKOUNKOV FORMULAS AND CONFLUENCES

6.1. ¢-Nekrasov—Okounkov formulas. In this section, we combine the results
obtained in Sections 4.2 and 5.2 to derive g-Nekrasov—Okounkov type formulas for
all infinite types except for the type Agl_)l already given in (1.4). The proofs of all

theorems below follow the same steps:
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(1) Specialize all the Macdonald identities stated in Section 5.2 either taking
z; =¢" or x; = ¢ '. Then
(a) reinterpret the specialized symplectic, special orthogonal Schur func-
tions as a product over hook lengths using one of the theorems in Sec-
tion 4.2 with an appropriate choice of the function 7 on the sum part,
(b) and rewrite the products with some technical lemmas.

(2) Then setting u = ¢9 or u = ¢9/2, verify that the coefficients in the formal
variable T" on both sides of the equalities derived at the end of the previous

step can be seen as Laurent polynomials in u.

For instance, to derive Theorem 1.4, we will use a polynomiality argument by
remarking that for any positive integer n, the coefficients of 7™ on both sides of
(1.18) can be seen as Laurent polynomials in u with coefficient in C(gq). To see that,
note that for any A € DD we have:

H 1 —u=2esghs H 1 4 ughs/? _ H 1 —u=2esghs H (14 ug"/?)(1 4+ u=1g"/?)
— ghs —14hs/2 — ghs _ ohs ’
SEA 1—q s€EA I+u™yq / sgg 1—q s€eA 1—q
S

therefore the left-hand side belongs to C(g)[u;u~!]. By expanding the quotient on
the right-hand side of (1.18) and extracting the coefficients in 7", we obtain the
Laurent polynomiality in u of the coefficients. Hence it is enough to prove that both
sides coincide at u = ¢* for infinitely many positive integers t.

The following Lemma, whose proof can be found in the Appendix A, is the key
ingredient in step (1).(b).

Lemma 6.1. Let x be a formal variable and t a positive integer. Then we have:

t
1—q"x

'L:l r>1
t 1— qr—l—tx
z:l r>1

. r+2$) L(r+1)/2] (1_ r+1+2tx) [r/2]

(6.3) H (1 - qlﬂx) - H ( : (1-— qr—&-l—i-tx)qr 7

1<i<j<t r>1

ey (1-q ') L(r+1)/2] (1— ¢ %) [r/2]
(6.4) H (1 —4 Jx) - H (1—q—1tz)" )

1<i<j<t r>1

o r+tx)r

- ey 1 1—q¢t2)" (1
65 J] (1-¢"2)(1-¢2)= 0o 11 51 — Zmz))r ((1 = ;]Hm)’“
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6.1.1. Type Agi)l. This corresponds to the result (1.4), obtained in parallel by
Dehaye—Han | | and Igbal-Nazir-Raza—Saleem | | and is derived using
Theorem 4.13 and Theorem 1.2 setting x; = ¢ and 7(x) = 1 — ¢* and Lemma 6.1
(6.5) to rewrite the product in the right-hand side of (1.15) as the right-hand side
of (1.4).

6.1.2. Enumeration of hook lengths on the main diagonal. For all other types than
type Agi)l, when completing the step 1.(a) detailed at the beginning of Section 6.1,
the specialization of the symplectic and special orthogonal Schur functions appearing
in the rewritings of the Macdonald identity correspond to some specialization of the
corresponding Weyl denominator formula. Some of the terms coming from these

specializations of the Weyl denominator formula are lacking in the theorems from
Section 4.2. For instance in Theorem 4.14 in type Ct(l), the product over hook
lengths is lacking a term of the form ['_, 7(2r;)/7(2i) to have the analogue of the
term coming from the roots 2¢; for 1 < ¢ < t. In order to convert the specialization
of symplectic and special orthogonal Schur functions into a hook length formula,
one can note that the products corresponding the roots of the 2¢; correspond to the
box over hook lengths on the main diagonal A of the corresponding partition, as
depicted in the following lemma:

Lemma 6.2. Let A be a partition in one of the sets Py, DD 9119),DD(2141),
SC(Qt),DD;t and DD%_I. Let v its corresponding Vy-coding. Set ¢ = g/2 —
1/21zesc — Lyeppr and as in the Theorems from Section 4.2 setr = v — ¢g'1. We
have:

27"i 1 _ qhs+g

1 — q J— hs_g
Hl_q2i - H(_q )Hl_qhs—g’
i=1 sEA SEA
hs<g

and
t 2r; hs+
1+q T4 B 1+q sT9g
H 1+q% H(q ) Q)H 1+ ghao
=1 SEA SEA
hs<g

The proof follows after remarking from Lemmas from Section 4.2 that the set of
hook lengths of the boxes s on the main diagonal A is actually the set {2r; —2kg, 1 <
i1 <t,0<k<|(r;—1)/g]}. For a box s such that hy < g, we use the following
relation for any X (where X is either ¢"s=9 or —¢s~9):

1+X! 4
L
1+ X

6.1.3. Type Ct(l). The left-hand side of (1.18) can be obtained by setting 7(z) =
1 — ¢* in Theorem 4.14 and multiplying the resulting expression by the product of
hook lengths on the main diagonal A. We prove the following result.
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Lemma 6.3. Let t be a positive integer, set A € DD g;19), g =2t +2 and v € A
its associated Varyoi-coding. Set Hegy = #{s € Ahs < g,e5 = 1}. Set p =
(v =2t — 1,9 —2t,...,uy —t —2) € P and . Then

1— qhs—(2t+2)85 14+ qt+1+hs/2

_ qhs H —t—1+hs/2°
1 q SEA 1+ q /

(6.6) Spu((qu, e ,qt) = (_1)|H+Iq(t+1)dA H
SEA

Proof. The proof of (6.6) is done by induction on the length of the main diagonal
A of \. We show that it follows the same induction as for Theorem 4.14 with
7(x) = 1 — ¢*. When \ is the empty partition, v = (2t + 1,...,t + 2) then pu is
the empty partition. This concludes the initialization step. Set A € DD(g;19), v
its associated Vayo-coding, then p = (vy — 2t —1,...,v —t — 2) € P and let Hy
be the largest hook of A\. Then define A=A \ Hy € DD y449) the partition whose
Ferrers diagram is the one of A where H; as been removed. Let v/ be its associated
Vatyo-coding and o= (v — 2t — 1,...,v; —t — 2) € P. Setting r; = v; —¢t — 1 and
ri = v, —t— 1, we have

(6.7)
i(vj—t—1) _ —i(v;—t—1) (i—t—Dr; _ —(i—t—1)r;
sp(p) 15,6}9& (4" 7 ) _ 1%‘,3}9 (a T ’)
sp(fi) (v —t—1) _ —i(vh—t—1)\ (i—t—1)r, —(i—t—1)r"\
et (a7 =g ) e (o0 g

Set g = 2t 4+ 2. We first handle the case g < v; < 3¢/2. In this case, v1 = g + o(1)
and o (1) < g/2, with o as defined in Definition 4.10. Then o(1) < g—o(1), A has for
largest hook length h(; 1y = 20(1) € A and h(;1)/2—t—1=0(1) — g/2 < 0. There
exists 2 < I <t such that ] = g/2—0(1) = —r1+g, and for any i € {1,...,1—1} we
have r, = 741, and 7, = r; otherwise. Moreover if we take 1)(\) = (¢x)rez the word
corresponding to A, then c_, (1) = 1. For 1 <7 <, we have g—o(1) < v; < g+o(1).
This implies that —o (1) < v; and recall that ¢,,—y = 0. Similarly for [+ 1 <i < ¢,
v; —g < —o(1). Hence Hy  ={20(1),0(1),71 + 17 — g for 1 <i <[} with H; 4 as
defined in Lemma 4.17.
By (1.9), (6.7) becomes

69 TTEa T Sy 1 e
im1 4 (1= g (o jeip (L—=¢" 7)1 - ¢""")
R A L C R B I (1—¢*")
1— q2(9—7"1)
B B i (e A QUG )
) (

(1 _ qu+7“1*g)(1 _ qrjfrlJrg 1— qgfrjfrl)(l _ qrjfr1+g) :

j=1+1
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Observe that, using tg = —g/2 + 2?21 i, the first term in the right-hand side of
(6.8) can be rewritten as

q—t9+2(9—7’1)+22:2 (rj—r1+9) =5y 41 (ri+ri—g)

_ g S 29—+ (g = (r1ri—g)
Then using that ¢ = —(1 —¢*)/(1 — ¢~7), for any x € C*, this term becomes

v [ (L= go™)(1 4 g9
¢ (‘(1 —q9)(1+ qw>>

2t41 1— q—i 1— qr]-—T1+g t 1— qg—m—'rj
x H (_ 1—qi ) H <_1_qr1grj) H (_1_qr1+rjg> :
- , )
This can be rewritten as

1+ qt+1+h(171)/2 2t+1 _1 _ q—i a;(Hy)
1—¢ )

—t—1+h 2
14+¢q +h,1y/ Pl

Using the induction property, it concludes the proof of the case g < v1 < 3g/2.
As in the proof of Theorem 4.14, there are two cases left to deal with to perform
the induction:

(1) either v] = v — 2t — 2 and v} = v; for 2 < i <,
(2) or there exists 1 <1 < ¢ such that for any 1 < i <1 v} = vj41, v] = v1 —2t—2
and for any [ +1 <1i <t, v} = v;.
Moreover by (4.22), note that in both cases h € H; N A implies h = 2r; — 2t — 2.
We handle these cases by using Lemma 6.2 in which ¢ is replaced by ¢/2, 1—z2 =

(1-2)14z),q~ POrAREE . H?f{l <— 11__'1(;) and the same reasoning as for the proof

of Theorem 4.14. O

When u = ¢'*!, the product over hook lengths on the left-hand side of (1.18) is
zero unless A has no hook length equal to 2¢ + 2, i.e. A € DD 9419). By Lemmas 6.3

and 6.1 (6.1)—(6.5), (1.18) coincides with the Macdonald identity (1.17) for type C’t(l)
in which z; = ¢*. Using the remark that both sides of the equality of Theorem 1.4
seen as a power series in T' whose coefficients belong to C[[q]][u,u~!], this completes
the proof of Theorem 1.4.

6.1.4. Type Bgl). Following the same steps as for Lemma 6.8, using 2125121 = (t—

1)(2t — 1) and Lemma 6.2, we derive the following from Theorem 4.19 with 7(z) =
1-— q2z.

Lemma 6.4. Let t be a positive integer, set \ € DD%_D g=2t—1andv € Z!
its associated Va1 -coding. Set Hegy = #{s € Ahs < g,e5 = 1}. Set p =
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(v —2t+2,v9—2t+3,...,0,—t+1) € P. Then

$0u(ay @, 2 Y) = (1) <actHH < DAl = (@1
1— 2hs—2(2t—1)es 1— 2t—1+hg

e A
1— QO5 1— q—ta—i-H-hS

SEX SEA

Following the same steps, using Theorem 5.8 and Lemma 6.4, rewriting the prod-

ucts with Lemma 6.1, setting x; = ¢!, u = ¢**~!, one derives the next result.

Theorem 6.5 (A ¢-Nekrasov—Okounkov formula for type Bt(l))

ables T', q and u, we have:

. For formal vari-

—2eg 2hS

Z u—ITIA/2 H I—u th H 11_—u1i({;;s

DD SEX sEA
B H 1 —ulg2r=D7m (1 ( u—2q2rTm) [r/2] (1 _ u2q2(r+1)Tm) [r/2]
a1 1— UQQTTm (1 _ q2TTm)|—(’I“+1)/2-| (1 o qQ(T+2)Tm) [r/2]

2t—1 2¢9—1

Like in the case of Theorem 1.4, if we set u = ¢ and x; = ¢q in Theorem
5.8, (5.16) coincides with the formula of Theorem 6.5. We conclude by remarking
that on both sides the coefficients of the powers of T belong to C[[g]][u, u].

6.1.5. Type A(ﬁ)—l' Following the same steps of the proof of Lemma 6.3, showing that
the induction steps are the same as the ones of Theorem 4.21 with 7(z) = 1 — ¢7,
using (4.38), Lemma 6.2 in which ¢ is replaced by ¢'/2? and ¢(2t — 1) = Zf;l i, we
derive the following result.

Lemma 6.6. Let t be a positive integer, set g = 2t, A € DD;]I and v € 7! its
associated Vo -coding. Set Heg+ = #{s € Ahs < g,e, = 1}. Set p = (v1 — 2t +
livg—2t+2,...,0.—t) € P. Then

1—

2 £ _ |H+]| —tdAH q
Spu(q7qa"'aQ)_(_1) q — _hs —t+hs/2°
SEA 1-q 56A1+q /

h572t55 1 + qt+h5/2

Following the same steps, using Theorem 5 9 and Lemma 6.6, rewriting the prod-
ucts with Lemma 6.1, setting x; = ¢*, u = ¢', one derives the following ¢g-Nekrasov—
Okounkov formula.

Theorem 6.7 (A g-Nekrasov—Okounkov formula for type Aéﬁl) For formal vari-
ables T', q and u, we have:

1—u 263 hs 1+Uqhs/2
> (Cuym T el | Emre v
DD’ SEX 1—q sEA 1+u™'q !

STy [T U e

1 S (1 + ug™T™) (1- qum)h"/ﬂ (1— q"*le)“/Q]

T+1u2Tm) [r/2] (1 _ qru—2Tm) [r/2]
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Like in the case of Theorem 1.4, if we set u = ¢* and z; = ¢* in Theorem 5.9,
(5.17) coincides with the formula of Theorem 6.7. We conclude by remarking that
both sides are Laurent polynomials in w.

6.1.6. Type DE +)1 The following lemma corresponds to the specialization of odd
orthogonal Schur functions at z; = ¢* .

Lemma 6.8. Let ¢ be a positive integer, set X € SCap), g = 2t and v € 7t its
associated Vo -coding. Set Heg = #{s € Ahs < g,e, = 1}. Set p = (v1 — 2t +
livg—2t+2,...,u,—t) € P. Then
(6.9)
2hs—Adtes _ 2t+hs
2t71) — ( )|H<g 4|+ Heg,+NA| H 1—gq € 1—gq
1— qZhS 1— q72t+hs :
SEA

sou(q,q?’, cesq
SEA
The proof of Lemma 6.8 follows the exact same path as the one of Lemma 6.3
with the difference that in Theorem 4.23 with 7(x) = 1 — ¢?*, the product []i_; (1 —
¢*"#)/(1 — ¢*) is missing and instead of using (1.9), we use (1.8). As in the proof of
Lemma 6.3, this product comes from the product over the terms belonging to the
main diagonal of A € SC(y;). As explained in the proof of Lemma 6.2, using (1 —
¢ ")/(1 —¢') = —¢~, this product induces a term (—1)H<s.+M3 in (6.9). Whereas
in all other lemmas, there is a factor ¢ to some power, this factor is missing in (6.9)
because, at each step of the induction, this power of q yielding the dependency on
dy for the other types, is equal to 2¢(2t — 1) — 2321 = 0.
Following the same steps, using Theorem 5.10 and Lemma 6.8, rewriting the
products with Lemma 6.1, setting z; = ¢**~', u = ¢** and a Laurent polynomiality
argument, one derives the following ¢-Nekrasov—Okounkov type formula.

Theorem 6.9 (A ¢-Nekrasov—Okounkov formula for type Dﬁ)l). For formal vari-
ables T', q and u, we have:
1—u— 2es 2hs 1—uh5
d [\|/2 q
Z T H 1— q2hS 5611 1— u—lqhS

AeSC SEN

1q2r 1pm/2 (1 — y 2 2(r+1)Tm) [r/2] (1 — u2g?T™) [r/2]

1 + Tm/2 2T 1Tm/2 (1 _ qZTTm) [(r+1)/2] (1 _ q2(r+1)Tm) [r/2]

6.1.7. Type Agt). Following the same steps as in the proof of Lemma 6.8, using
Lemma 6.2, one derives the following from Theorem 4.25 with 7(x) = 1 — ¢**

Lemma 6.10. Let t be a positive integer, set A € DDy 41y, g =2t +1 and v € 7t
its associated Voui14-coding. Set Heg i = #{s € Ahg < g,es = 1}. Set p =
(v —2t,v9—2t+1...,9, —t—1) € P. Then

So‘u(q7 q3’ - ,q2t_1) — (_1)‘H<97+|+‘H<97+0A| (2t+1)d>\

2hs—2(2t+1)es 2+1+hs

1—q 1—gq
<11 11 1 g 2t-1+hs
SEA sEA
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Using Theorem 5.11 and Lemma 6.10, rewriting the products with Lemma 6.1,

setting x; = ¢* 1, u = ¢®*!, one derives the next result.

Theorem 6.11 (A ¢-Nekrasov—Okounkov formula for type Ag)). For formal vari-
ables T', q and u, we have:

—2¢es 2hs

S uh T 1—u I 11 - g(fhh

AeDD SEN SEA wog
—2gAr2m1 (1 _ u—2q2(r+1)Tm) [r/2] (1 _ u2q2TTm) [r/2]

_ 1—utg?T™1
- H 1 —ug?Tm 1 —u2¢irT2m+1
m,r>1

(1-— quTm)f(TJrl)/ﬂ (1 — @er+Tm) [r/2]

2t+1 2¢9—1

Like in the case of Theorem 1.4, if we set u = ¢ and x; = q in Theorem
5.11, (5.19) coincides with the formula of Theorem 6.11. We conclude by remarking
that both sides are Laurent polynomials in u.

6.1.8. Type Dél). Recall from | , eqn (2.6)] that:
(6.10)
¢ t
det (207240l O ST T (i — ) (1= i) T+ 2).
1sijst i=1 1<i<j<t i=1

Similarly, by application of Theorem 4.27 with 7(x) = 1 — ¢?*, and using the fact
that 7(2z)/7(z) = 1+ ¢ and (6.10), one derives the next lemma:

Lemma 6.12. Lett be a positive integer, set A € DD/Q%_Q, g=2t—2 andv € Z' its
associated Voo ¢-coding.Set Hey 1 = #{s € Ay < g,el, = 1}. Set p = (v; — 2t +
3yug—2t+4...,0,—t+2) €P. Then

_ Al 1—g¢q
¢.¢% ") = ()l OB [T == —
SEN

2hs—2(2t—2)e’,
even(

Following the same steps, using Theorem 5.12 and Lemma 6.12, rewriting the
products with Lemma 6.1, setting ; = ¢!, u = ¢*'~2, one derives our last result

of this subsection.

Theorem 6.13 (A ¢-Nekrasov—Okounkov formula for type D,El))

ables T', q and u, we have:

S (cu 2TV 1 —1U_ =

DD’ SEA

- 11

m,r>1

. For formal vari-

2hS

(1 — q2(r+2)U2Tm) /2] (1 _ qQ(Tfl)u72Tm) [r/2]
(1 — g2rthm) [r/2] (1 — g2r+2)7m) [r/2]

As for Theorem 1.4, if we set u = ¢**~2 and z; = ¢*~! in Theorem 5.12, then
(5.20) coincides with the formula of Theorem 6.13. We conclude by noting that
both sides are Laurent polynomials in w.
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6.2. Confluences and connections with the Appendix 1 of Macdonald’s
paper. In this subsection, we consider all of the specializations for infinite root sys-
tems in | , Appendix 1]. These specializations yield some Nekrasov—Okounkov
type formulas that are already known and some others which are new. To clarify
how Macdonald’s specializations are to be transcribed in terms of the set of vari-
ables x, recall that if we let (e;)1<i<¢ be a basis for R? and write k + ¢; for the affine
function e; — k + J; ;. Then Rosengren—Schlosser set T' = eland z; = T7% in
their rewritings of Macdonald identities for all infinite affine types.

As for technical aspects and in order to avoid repetitions, we remind the reader
of the following limit, which will be used in all of the specializations introduced in
[ , Appendix 1] to get new Nekrasov—Okounkov formulas. For any (z,y) € R*?,
we have:

1—-¢" =

lim =—.
g—11 — qY¥ Y

Recall from Section 6.1 that one can specialize u to a integer power of ¢™, one can

find a specialization of the Macdonald identity for the corresponding type. Now if we

let ¢ go to £1, both sides of the identity belong to Q[m]|[[T]], as already performed

in type A by Han in | ]. Therefore one can lift this identity to any complex
number m.
6.2.1. Type Agl_)l. Both specializations in | , Appendix 1] give the same Nekrasov—

Okounkov formula (1.2).

6.2.2. Type Bt(l). Let ¢ be an integer greater than 3. In this case, in [ ],
ag=1—¢e1—¢e9,and a; = ¢; — ;41 for 1 < ¢ <t—1 and a; = . In all this section,
we set u = ¢?1.

(a) The first specialization in | | corresponds to e* — 1 for 1 < ¢ < t. This
is equivalent to taking x; = 1 in Theorem 5.8. By letting ¢ — 1 in Theorem 6.5,
using this time the fact that both sides are polynomials in ¢, one derives

611) 3 TNET] (1 _ W;W) 2= Lth o pzates

he —22+1
AeDD’ sEA seA ® +

where z is any complex number. With this formulation, the issue is that it is not
immediate that the product on the left-hand side of (6.11) is well-defined because
of the term hy; — 2z + 1 at the denominator. Moreover this formula was stated in a
different way in [ , Theorem 3.20]: the sum part was over the set of doubled
distinct partitions and the product over hook lengths slightly differs. Recall that
the set eH () := {eshs, s € A} and eH(N') only differ for the boxes shaded in yellow
in Figure 2b and Figure 2c: a horizontal (respectively vertical) strip of length dy
with sign e; = 1 (respectively s = —1) for A € DD’ (respectively DD). Therefore
for A\ € DD, the left-hand side of (6.11) becomes

11 (1 — (22;1)E> [[(hs +22—1) = (1) T¥I2 T (1 + (2221)5> .

sEA\A sEA seN
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Hence one can write (6.11) as | , Theorem 3.20]
2z — 1)6 2
12 AT 22— e _ gy
©12) 3 bR (1 B Syt
AeDD SEA

where z is any complex number.

(b)The second specialization is e* — 1 for 1 < i <t — 1 and e* — —1. This
specialization is equivalent to taking x; = —1 in Theorem 5.8. It is equivalent to
letting ¢ — —1 in Theorem 6.5. This implies that v = ¢**~! — —1. Moreover recall
that if A € DD’, all the hook lengths of the boxes of A are even. Hence for any
complex number z, we get

ow 8 I (- B - ()

AeDD’ SEX

which is new.

(c) The third specialization is e* — 1 for 0 < ¢ < ¢ — 1. This specialization is
equivalent to taking z; — T-1/2 in Theorem 5.8. In this case, one cannot derive
a formula with the g-analogues written in this paper. Nevertheless there is a g-
Nekrasov—Okounkov formula that could be obtained using the same techniques as
the ones we developed. To do so, one should first replace z; — ;712 in the

Macdonald identity for type Bgl) from Proposition 3.1. In this case, the quadratic
form to the exponent of 1" changes. The subset of partitions linked to the latter
is another subset of partitions. Namely it is the subset SC3, ; of self-conjugate
partitions whose (2t — 1)-quotient is empty except for the self-conjugate element of
the quotient which is a square. Analogues of Theorem 4.23 and Lemma 5.4 can
be obtained using the same methods but no details are given here. The Nekrasov—
Okounkov formula corresponding to this specialization is the following:

610 32 ot r T (s B ) < (rn) )

AESC SEA
where z is a complex number. Actually (6.14) can be obtained from the Nekrasov—
Okounkov formula (6.18) for type Dt(i)l below, as already noted in [ , Theorem

3.33]. The proof of (6.18) is detailed in the subsection dedicated to the type Dgr)l:
it suffices to substitute T — T2 and z — —z + 1/2 in (6.18) to derive (6.14).

6.2.3. Type Ag%)_l. Let t be an integer greater than 3. In this case, in [ ],
ap=1—¢e1—¢e9,and a; = €; —¢;41 for 1 <i <t—1and a; = 2¢;. In all this section,
we set u = ¢'.

(a) The first specialization is e — 1 for 1 < ¢ < ¢t. This is equivalent to taking
x; = 1 in Theorem 5.9. By letting ¢ — 1 in Theorem 6.7, using this time the fact that
both sides are polynomials in ¢, one derives the following new Nekrasov—Okounkov
type formula

615) > 0t (1 ) 22&) = (@) )

\eDD’ SEA
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where 2 is any complex number.

(b) The second specialization is e* — 1 for 0 < i < ¢t — 1. Once again, this
specialization is equivalent to taking x; — T-1/2 in Theorem 5.9 and one cannot
derive a formula with the g-analogues written in this paper. Once again a ¢ analogue
could be obtained using the same techniques but one still can derive a new Nekrasov—
Okounkov type formula here by shifting z — —z +1/2 in (6.13):

(6.16) S TR <1 N 2263) _ <(T; ryh (T2;T2);01)22717

\eDD’ SEA $

where z is a complex number.

6.2.4. Type Ct(l). Let ¢t be an integer greater than 2. In this case, in [ ],
ap=1—2¢y,and a; =¢; —g;41 for 1 <i<t—1 and a; = 2¢;,. We set u = gt
The specialization is e** — 1 for 1 < ¢ < ¢. This is equivalent to taking x; = 1
in Theorem 1.3. By letting ¢ — 1 in Theorem 6.5, using the fact both sides are
polynomials in ¢, one derives as in [ , Theorem 3.1] the formula (1.5).

6.2.5. Type Dﬁ)l. Let t be an integer greater than 2. In this case, in [ ],

ap=1/2 —¢e1, and a; = &; —g;41 for 1 <i <t —1 and a; = &;. In this section, we
set u = ¢,

(a) The first specialization is e* — 1 for 1 <4 < t. This is equivalent to taking
x; = 1 in Theorem 5.10. Moreover in | , Appendix 1], T is replaced with
T2. By letting ¢ — 1 in Theorem 6.9, using this time the fact that both sides are
polynomials in ¢, one derives the new Nekrasov—Okounkov type formula
(6.17)

St T (=52 I (4 5) = (s @)™

AeSC SEA\A 57 sen

where z is any complex number.

(b) The second specialization is e — 1 for 1 < i <t —1 and e* — —1. This is
equivalent to taking x; = —1 in Theorem 5.10. Moreover in | , Appendix 1], T
is replaced with T2. It is equivalent to letting ¢ — —1 in Theorem 6.9. This implies
that u — 1. Moreover if s is a box on the main diagonal A of a self-conjugate
partition, then hg is odd. Therefore we derive the following result already proved in
[ , Theorem 3.24]:

241\ 2z—1

22 (1%,1%)7"

1 —1)daIAl 1— Sy (M7 Joo

(6.18) > AT > T :
AeSC SEA o0

where z is any complex number.

6.2.6. Type Ag). Let ¢ be an integer greater than 1. In this case, in [ ],
ag=1—2¢1,and a; = ¢; — ;41 for 1 <i <t—1 and a; = &¢. In this section, we set
u = g2+,

(a) The first specialization is e* — 1 for 1 <14 < t. This is equivalent to taking
x; = 1 in Theorem 5.11. By letting ¢ — 1 in Theorem 6.11, using this time the fact
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that both sides are polynomials in ¢, one derives the new Nekrasov—Okounkov type
formula

22 4+ 1)e, 22 +1 T, 1)+
o e (- 1 15 - (225

AeDD SEANA sEA

where z is any complex number.
(b) The second specialization is e* — 1 for 0 < ¢ < t — 1. This specialization
is equivalent to taking z; — 7~ /2 in Theorem 5.11. As for specializations (c) of

type Bil) and (b) of type Ag)_l, one can derive a ¢g-Nekrasov—Okounkov formula by

substituting z; by z;7~%/2 in the Macdonald identity for type A(t) of Proposition
3.1. The quadratic form to the exponent of 1" changes and the subset of partitions
naturally arising is SC(g441). Using the same techniques, one gets analogues of
Theorem 4.23 and Lemma 5.4 and one derives the following new Nekrasov—Okounkov
type formula:

(6.20)
I\/2 2Z+ ) 1/2. 1/2 22-3 (2. 2 :
g;CT g( ) ((T T ) (T;7)%73 (1%, 72)° > ,

where 2 is any complex number.

(c) The third specialization is e* — 1 for 1 <i <t —1 and e* — —1. This is
equivalent to ¢ — —1 and u — —1 in Theorem 6.11, and we derive the following
new Nekrasov—Okounkov type formula:

@ 3 ytre ] (1= B ) i

AeDD SEA

where z is any complex number.

(d) The fourth specialization is /2 s 1 and e% — 1for 0 < i < t— 1.
This specialization is equivalent to taking z; — —7 /2 in Theorem 5.11. One
could obtain this specialization by letting ¢ tend to —1 in the ¢-Nekrasov—Okounkov
formula derived from the specialization (b) mentioned above. Nevertheless this
specialization can also be obtained as remarked by Pétréolle | , Theorem 3.33]
by the shift = — z 4+ 1/2 and T — T2 in (6.18) and one gets the following
Nekrasov—Okounkov type formula:

2z—|— ;T i?r?’ :
02 3yt (- B >:<(151/2;;1/2)2> |

AESC SEA

where z is any complex number.

6.2.7. Type Dgl). Let t be an integer greater than 4. In this case, in | ],
ag=1—¢e1 —eg,and a; = ¢; — g1 for 1 <i <t —1and ar = 41 + ;. We set
u = g2

The specialization is e* — 1 for 1 < 4 < ¢. This is equivalent to taking z; = 1
in Theorem 5.12. By letting ¢ — 1 in Theorem 6.13, using this time the fact that
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both sides are polynomials in ¢, we have the new Nekrasov—Okounkov type formula
given as (1.19) in the introduction.
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APPENDIX A. PROOF OF LEMMA 6.1

This section is devoted to prove the technical results of Lemma 6.1. Equalities
(6.1) and (6.2) are immediately derived noting that their right-hand sides are tele-
scopic products: indeed as pointed out by one of the reviewers, they correspond to
the identity (a;q): = (a;¢)oo/(aq"; @)oo for a = xq, respectively a = x¢~t. In order
to prove (6.3), we will need to gather i+ j by values. Hence if we set 3 < k < 2t—1,
we need to count how many (4,5) € {1,...,t}? such that i < j and i + j = k there
are. For ¢ + j = k, we have:

1<i<t—-1 1<i<t—-1
1+1<5<¢t 2i+1<k<i+t.

Hence it is equivalent to

t+1<k<2t—1 3<k<t
O
k—t<i< |52

Therefore gathering by values of k in the left-hand side of (6.3) yields:

t 2t—1

H (1 _ qu) L(k—1)/2] H (1 B qu) [(k—1)/2] —k+t+1

k=3 k=t+1
2t—1 2t—1

— <1 _ qkm> L(k=1)/2] H <1 ~ qu>t+1—k

k=1 k=t+1
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Shifting k — k + t in the second product, the above equation is equivalent to

2i_[1 (1 _ qka?) L(k—1)/2] ﬁ <1 B qk+tw)1_k _ [[>(1—qx) L(?“:l)/% 1,5 (1- qr+t$)r:1
k=1 k=1 [Ts0 (1 - ga) DT L (1 - gta) 1
(1—q"z) L(r—1)/2] (1- qr71+2tx)t+7"*2
=1] (1 qr—tr2tg) 072 (1 grrtg)—1

r>1

(1 — q”’gj) [(r—1)/2] (1 _ qr—1+2tx)r—1_|_r/2J

(1— qr+tx)7"*1

)

r>1

which is the desired result by shifting » — r + 2 at the numerator and » — r + 1 at
the denominator and using |n| +; ceiln| = n for any integer n. The other equalities
(6.4) and (6.5) are proved similarly, which concludes the proof.
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