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On the relation between perfect powers and
tetration frozen digits
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Abstract

This paper provides a link between integer exponentiation and integer tetration since
it is devoted to introducing some peculiar sets of perfect powers characterized by any
given value of their constant congruence speed, revealing a fascinating relation between
the degree of every perfect power belonging to any congruence class modulo 20 and
the number of digits frozen by these special tetration bases, in radix-10, for any unit
increment of the hyperexponent. In particular, given any positive integer ¢, we con-
structively prove the existence of infinitely many c-th perfect powers having a constant
congruence speed of c.

Keywords: Congruence speed, Convergence, Perfect power, Power tower, Tetration.
MSC2020: Primary 11A07, 11A15.

1. Introduction

We explore a tool in modular arithmetic that predicts patterns among the right-hand digits
of terms in rapidly growing sequences arising from power towers, thereby reducing compu-
tational overhead.

For clarity, we will denote Ny as the set of nonnegative integers (including zero) and N as
the set of positive integers {1,2,3,...}.

In recent years, by assuming the standard decimal numeral system (radix-10), we have
a ifb=1
al® " if b > 2
involving the number of new frozen rightmost digits for any unit increment of its hyperex-
ponent, b € N [10, [I1]. Indeed, this value no longer depends on b as b becomes sufficiently
large (see the sequence A372490 in the On-Line Encyclopedia of Integer Sequences [5]) and
the tetration base, a € N, is not a multiple of 10.

We refer to the mentioned property as the constancy of the congruence speed of tetration
(see Definition [If and also the comments of the OEIS sequence A317905).

b

shown that the integer tetration °a := has a unique property [4, [12]
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From [10], we know that each positive integer a > 2, which is not a multiple of 10, is
characterized by a finite, strictly positive, integer value of its constant congruence speed
(the map of the constant congruence speed of every a as above is provided by [10] 11]).

Then, the present paper aims to constructively prove the existence of infinitely many
perfect powers having any given positive constant congruence speed.

A pleasant result, that follows from Theorem [3| as a corollary, is the existence, for any
given positive integer ¢, of infinitely many c-th perfect powers (i.e., an integer a > 1 is a
c-th perfect power if there exist some integers a and ¢ such that a = a°, so we have perfect
squares if ¢ = 2, perfect cubes if ¢ = 3, and so forth) having a constant congruence speed of
C.

2. Preliminary investigations with the automorphic numbers

In order to present the results compactly, let us properly define the constant congruence
speed of tetration as already done in [I1, p. 442], Definitions 1.1 and 1.2.

Definition 1. Let n € Ny and assume that a € N— {1} is not a multiple of 10. Then, given
b=1lg =%q (mod 10™) A"ta # ba (mod 10"*1), forallb € N, V(a,b) returns the nonnegative
integer such that ®a = **'a (mod 10"V (@) A bq £ **lg (mod 10"+V(@9+1) "and we define
V(a,b) as the congruence speed of the base a at the given height of its hyperexponent b.

Furthermore, let b := min {b € N: V(a,b) = V(a,b+ k) for all k € N} so that we define,
as constant congruence speed of a, the positive integer V(a) := V(a, b).

In general, we know that a sufficient but not necessary condition for having V (a) = V(a, b)
is to set b := a + 1, and for a tighter bound on b := b(a), holding for any a # 0 (mod 10),
see [11), p. 450].

As a clarifying example, let us consider the case a = 807. Then, we have V(807,1) =
0, V(807,2) = 4, V(807,3) = 4, V(807,4) = 4, V(807,5) = 4, and finally V' (807,6) =

V(807,7) = --- = V(807) = 3 since s (8072 +1)4+2 =442 =6 (by [11, Definition 2.1]
and
1807 = 807;

2807 = 549620396283318273888501737943 (mod 10%%);
3807 = 601692651466822940525632857943  (mod 10%Y);
1807 = 146336906474874632626032857943 (mod 10%Y);
5807 = 355034907448973150626032857943 (mod 103%);
6807 = 478635689812283150626032857943 (mod 10%°);
7807 = 027048888762283150626032857943  (mod 103Y);

(1googolplex) 807 = 803001638762283150626032857943 (mod 10%°).

Lemma 1. Let a € N be such that a # 0 (mod 10). Then, for all t € Ny, there exist
infinitely many ¢ € N such that V (a®) = t.



Proof. Disregarding the special case ¢t = 0, this proof immediately follows from Definition 1.

For any integer a > 1 which is not a multiple of 10, the constant congruence speed of the
tetration ®a is well-defined and it is the same for any b € {a +1,a+2,a+3,...}. Thus, by
the last line of Equation (2) in [10], it is sufficient to consider @ := 10° —1 so that V(a) = t is
true for any given positive integer ¢, and then we can easily complete the proof by observing
that V(1) = 0 as stated in [11, Definition 1.3].

Trivially, V(a,b) = V(a,b+ 1) = V(a,b+2) = --- is certainly true for every integer
b > a+ 1 and, by assuming that t € N, for all the aforementioned values of b, we have that
a = 10" — 1 implies V' (G, b) = t (while from a = 1 = ¢ = 0 it follows that V(1¢) = 0 for any
nonnegative integer c).

Consequently, let ¢ € N, assume b € {10,10° + 1,10 + 2, ...}, and then V((10" —1)¢,b) =
V((10* — 1)¢) = t is true for any ¢ € {*71(10" — 1),%(10* — 1),%F1(10" — 1),...} so that the
proof of Lemma [I] is complete. O

Thus, Lemma [I| shows the existence of infinitely many c-th powers of the tetration base
a:a=1,234,506,7,89 (mod 10) that are characterized by any given (arbitrarily large)
nonnegative constant congruence speed.

Remark 1. We note that, in radix-10, there exist only three positive 1-automorphic numbers
and they are congruent modulo 100 to 1, 25, and 76 (respectively). Thus, the corresponding
three integers found by considering the two rightmost digits of the analogous solutions of
the fundamental 10-adic equation y° = y, by [10, Equation (2)] (see also the OEIS sequences
A018247 and A018248)), describe 1-automorphic numbers [14] (e.g., azg — azg := 76 since
762 = 76 (mod 10%) and we know that [2], in radix-10, there are only four 10-adic solutions,
including agg := ... 000000, to the equation y* = y). Consequently, by looking at lines 4, 5,
and 7 of Equation (16) in [11], we can see that the recurrences described by Equations (I)-(3)
hold for every ¢ € N.

i=6 (mod10)= V(a) {: KEZ; ﬁ i (1) Z’éﬁd 5()mod 5) "
R P o SR
i=1 (mod 20):,‘/(&){: V(@) iff ¢=1,2,3,4 (mod 5) 5

<V(a) if ¢=0 (mod?5)

The investigation of this observation (with specific reference to Equation (2))) leads us to
the following theorem.

Theorem 1. For each ¢ € N, there exist infinitely many a : a = 5 (mod 20) such that
va € NAV(a') = tAV (a) > t holds for allt € N—{1}. Symmetrically, for eacht € N—{1},
there exist infinitely many a : a = 5 (mod 20) such that /a' € NAV(/a) =t AV(a) >t
holds for all ¢ € N.


https://oeis.org/A018247
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Proof. Let us (constructively) prove first the last statement of Theorem [I| since it simply

follows from the constancy of the congruence speed as it has been shown in [10, Section 2.1].
Let the symbol “_” indicate the juxtaposition of consecutive digits (e.g., 3-6_.1 = 36_1 =

3.61 = 361). Consider the rightmost ¢ € N— {1} digits of the 10-adic integer o5 := {5?" }oo,

say Ty-r;_1-...-2_5, and then juxtapose to the left the (¢ + 1)-th digit plus 1 if 24,1 < 8 or

the (t 4+ 1)-th digit minus 1 if 24, = 9.

Tep1 +1 if x4, €{0,1,2,3,4,5,6,7,8}

So, let T4 : oy — 1 iy, € {9)

Thus, the base a := Ty 1-x¢-xs 1-... 2.5 is characterized by a constant congruence speed
of t (ie., V(ZTpp1wpx49_... 25) =V(a) =t for any t € N —{1}). This property follows
from [I1, Equation (16)] (i.e., 2! | Z4p1 v e q_... 25 A 2V 4 &y oy vy ... 2.5, for

any t > 2). Since (as discussed in Remark [I)) a5 = ass := 25 and 25% = 25 (mod 10?),
from Hensel’s lemma [7] (see also [3, [13]), we have that if @ = g5 (mod 10°) A a Z o5
(mod 10°*1), then a® = ays (mod 10%) for any given ¢ € N (in general, we cannot assert that
(@ = ags (mod 10") A @ # ags (mod 10°*1)) implies a® # g5 (mod 10°1) for the given pair
(t,¢)).

Consequently, by simply taking a := (T4 24-1-...-2.5)¢ (as ¢ is free to run over the
positive integers), we have proved the existence, for any given ¢t € N— {1}, of infinitely many
tetration bases a = 5 (mod 20) such that V(a) > ¢ holds for all the elements of the afore-
mentioned set, a set that contains infinitely many distinct perfect powers originated from the
string 441w x¢—1-... 2.5 (since a is a positive integer by definition, then a = a¢ implies
that a € N). Hence, V(%411 wyxy 1-...25) = ¢ implies V((Zy1 2424 1-... 2.5)°) >
t by observing that V((Zy1-x¢wi1-...25)) = V(... xyxy 1-...25), and trivially
/(Tp41-144—1-...25)° € N for all ¢ € N (we point out that, for any ¢ > 2 and as
long as c is a positive integer, (Ty41 ;x4 1-... 25)° =z w4 1_... 2.5 (mod 10") holds by
construction [14]).

Now, let us prove the first statement of Theorem [1| and complete the proof.

For this purpose, it is sufficient to note that

V(fit—l—lfxtfxt—lf N ,2,5) = V(10k+t + jt+1—xt—xt—1— e ,2,5)

is true for any positive integer k. So, we can take the c-th power of every integer of the
form 10*** + &, _x, w,_1_... 2.5 to get k distinct sets of cardinality Ny each, whose el-
ements, by construction, always satisfy the first statement of the theorem (we have al-
ready shown that, for any given ¢ € N, if V(10" + Z4, 1 2y 2y 1_... 25) = t, then
V(10 + F4y wp vy 1 ... 2.5)°) >t holds for every t € N — {1}).

Therefore, both statements of Theorem [I| have been shown to be true, and this concludes
the proof. O



3. Main result

From here on, let us indicate the p-adic valuation [9] of any tetration base a as v,(a), for
any prime number p.

Then, we need the following lemma to prove the existence, for any @ € N — {1} such that
a # 0 (mod 10), of infinitely many c-th powers of @ having a constant congruence speed of
V(a), V(a)+1,V(a)+2, V(a)+3, and so forth. Furthermore, for any given positive integer
¢, Lemma [2| (thanks to [I1], Equation (2), line 2) implies the existence of infinitely many
tetration bases of the form (10¥** + 10 + 1)¢ (where k € N and t € N — {1}) characterized
by any constant congruence speed greater than or equal to 2 + min{vs(c), 15(c)}.

Lemma 2. For every c,k € N and t € N — {1}, v5((10* +10° +1)¢ — 1) =t + v5(c) and
Vo (105 + 10" + 1)¢ — 1) = t + wa(c).

Proof. First of all, we prove that, for every positive integer ¢, v5((10¥7 + 10" +1)¢ — 1) =
t + vs(c), where t, k € N.

This can be achieved by using the lifting-the-exponent lemma (LTE lemma).

For this purpose, let ¢ be a positive integer, we note that

(1077 10" + 1) — 1) = v5((10"7F + 10" 4+ 1)¢ — 1°),

so we can invoke the LTE lemma (see [§] and [0, Lemma 2.6]) for odd primes, stating that
for any integers x, y, a positive integer ¢, and a prime number p such that pfx Apty, if p
divides x — y, then v, (¢ — y°) = v,(z — y) + v,(c).

Thus, by observing that p := 5 is an odd prime satisfying all the conditions above for
x = 10" +10' + 1 Ay := 1 (since 105+ + 10 is a multiple of 5),

(1077 410" +1)° — 1) = w5 ((10*7 4+ 10" + 1) — 1) = w5(10F +10°) + v5(c) =t + vs(c).

Similarly, we can use the LTE lemma to show that 2 | ¢ = vo((10¥™ + 10" + 1)¢ — 1) =
t + v(c) and also 21 ¢ = vo((105T 4+ 101 4+ 1)¢ — 1) =t + vy(c).

In detail (see [1]), both z := 10¥** + 10" + 1 and y := 1 are odd numbers so that we can
invoke the LTE lemma for p = 2 since 2z, 2t y, and 2 | (x — y).

Thus, the LTE lemma for p = 2 states that if ¢ is odd, then vy ((10%+" + 10" + 1)¢ — 1¢) =
o ((LOFH + 10" 4+ 1) — 1) = 1y (10F* 4 10") = 15(10") = t. Since 2 f ¢ = 15(c) = 0, we can
safely rewrite the above as o ((10¥7 + 10" + 1) — 1) = ¢ + v(c).

On the other hand, if ¢ is even, from the LTE lemma it follows that

va (107 + 10" + 1) — 19) = 15 (10" + 10" + 1 — 1) + 15 (10" + 10" + 1+ 1) + 1a(c) — 1
= 15 (105" 4+ 10") + 5 (10" + 10" + 2) + 1o(c) — 1.
Now, for any given pair of positive integers (r, s) and a prime p, we know that v,(r +s) =

min{v,(r),v,(s)} as long as v,(r) # v,(s). Accordingly, ¢ > 2 implies v5(10%) > 2 > 15(2) so
that vy(10F* + 10" + 2) = min{(10%1), vy (10%) ,15(2)} = 1.
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Hence, 2 | ¢ = 1o (105 + 10" + 1)° — 1¢) =t + 1 — 1 + 1(c) =t + 1a(c).
Therefore, for every triad (¢, ¢, k) of positive integers, v5((1057 + 10 +1)¢ — 1) = t + v5(c)
and, symmetrically, vo((1077 + 10° + 1) — 1) = t 4 v(c). O

Theorem 2. For any given ¢,k € N and t € N — {1},
V(10" + 10" + 1)0) =t + min{vs(c), v2(c)}.

Proof. Theorem [2] easily follows from Lemma . Since ¢ > 2, 108 + 10" +1 =1 (mod 10?)
(the congruence modulo 100 does not depend on k as k+t > t), and then also (10" + 10 +
1) =1 (mod 100) holds for each positive integer c.

By Theorem 2.1 of [11] (see Equation (2), line 2), we have that V((10¥+* + 10° + 1)¢) =
min{vs((10* + 10" 4+ 1) — 1), v5((10* + 10" + 1)¢ — 1)}. Since Lemma [2] asserts that
vs((1047% 4 101 4+ 1)¢ — 1) = ¢ 4+ v5(c) and vo((10+F + 10" + 1)° — 1) = t + 1y(c), it follows
that V(10" + 10 +1)¢) = min{t + v5(c), t + v2(c)} = t + min{v;(c), v2(c)} for any positive
integers ¢, k, and t — 1. O

Remark 2. Let the tetration base a : @ = 6 (mod 10) be given. Then, by looking at the two
rightmost digits of the corresponding 10-adic solution, a7 = ...7109376 (see Remark ,
and applying the usual strategy (already described in the proof of Theorem , we find the
sequence a, := 10" +86, n € N (defining also the set {186, 1086, 10086, 100086, ... }). Now,
we can create an infinite set consisting of the c-th powers of each aforementioned term, a set
whose elements are all characterized by a unit constant congruence speed as long as ¢ is not a
multiple of 5. Thus, 5t ¢ implies V' (186°) = V(1086¢) = V(10086°) = V' (100086¢) = --- = 1.

The above is just another example of the Z;41 idea, introduced in the proof of Theorem I
shown by taking into account ¢ = 1 and the solution azg := 1—{5%"} _ of the equation y* = y
in the commutative ring of 10-adic integers (as we know [10], the other three solutions are
oo :=0, ag; ;= 1, and ans := {52n}oo).

Corollary 1. Let t € N and assume that V(a) = t. Then, for any nonnegative integer h,
there exist infinitely many ¢ € N such that V(a) =t + h.

Proof. Let k € N. If ¢t € N — {1}, it is sufficient to observe that, by Theorem [2]
va(c) > vs(c) = V((105 + 10" +1)%) =t + vs(c).

Accordingly, let @ := 108+t + 10" 41, ¢ := 25" 58 (s0 that v5(28") < 1y(28H)), and then,
for any h € Ny, a¢ identifies an infinite set of valid tetration bases (since v5(28+" - 5") = h is
true for any positive integer k and, consequently, the constant congruence speed of g2t
does not depend on k).

For the remaining case, t = 1, Remark gives us a valid set of solutions (i.e., any tetration
base of the form (105*! + 86)%" " does the job since V(10¥*! + 86) = 1 for every positive
integer k), so just let @ := 101486 and ¢ := 2¥~1.5" in order to get V((105+1486)%"'5") =
vs((105+1 4 86)2" 5" — 1) = 1 + 15(5") = 1 + h by [11], Equation (16), line 4). O
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Theorem 3. Let the integer a > 1 not be a multiple of 10. Then, for all ¢ € N, there exist
infinitely many a such that /a' € NAV(a) = V(/a) =t holds for every integer t greater
than min{vs(c), va(c)} + 1.

Proof. Since Theorem [2| states that, given ¢ € N — {1}, V((105 4 10" + 1)¢) = ¢ +
min{vs(c), a(c)} for each ¢,k € N, it follows that, for any given triad (¢,k,c) such that
t > 2 +min{vs(c), a(c)}, at least one of the two tetration bases (10F+t¥5(¢) 4 10t=¥5(c) 4 1)e
and (10%172(¢) 4-10¢72(9) 4 1)¢ is guaranteed to have a constant congruence speed of ¢.

Although this is enough to prove the theorem, we are free to simplify the generic form of
the above by observing that (see [I]), as we call j := j(c) the last nonzero digit of ¢, only
the following two cases matter: j # 5 and j = 5.

Hence,

j# 5= us(c) <) = V((lok” +101750) 4 1)0) = us (107t 410709 4 1)° — 1)
= (107t + 101750 + 15(c)
= min{vs(10F), 1/5(10t_”5(°))} + vs(c)

(since k > —vs(c) implies that v5(10%7t) > v5(1017%5(9))), and then it follows that
v((mk“ +10t70 4 1)“) = u5 (1070)) £ us(c) = t — vs(c) +v5(c) = t.
Conversely (given the fact that v5(10F+t) > 15 (10F+H772(0)) > 1y (101772(0))),

j=5=15(c) > m(c) = v((lo’““ + 1017720 4 1)6) = vo((10FH 41017209 £ 1)° — 1)
— y2((10k‘+t—1/2(c) 4 10t—l/2(c) + 1)0 o 1)

and, by Lemma [2] v5 (105417209 4 10°=2(9) 4 1)¢ — 1) = ¢ follows.

Thus, ¢ : j # 5 guarantees that V((10¥* + 10t7%5(9) - 1)¢) = ¢ is true for any ¢, k € N and
t > ws(c), while V((105+t + 1007200 + 1)¢) =t as c¢: j = 5 and t > vy(c).

Therefore, we have shown that, for any given positive integer c¢, at least one of
V((10F+ 410177500 £1)¢) = ¢ (t > vs(c)+1) and V((10FF1+101772) 4-1)¢) = ¢ (t > va(c) +1)
is true, so the proof is complete. O

Now, let ¢t = ¢ and observe that ¢ — v5(c) < 2 = ¢ =1, while ¢ — 1n(c) <2=c < 2.

Then, the proof of Theorem |3| shows the existence of a very special set of tetration bases
that are c-th powers of an integer and whose constant congruence speed is ¢ € N — {1,2},
a set including all the bases of the form (10¢t* 4 10e7min{vs(e) 2} 4 1)k € N (e.g.,
(c=1000 A k = 314) implies V(1013 + 10%7 4 1)1000) = 1000).

Therefore, for each ¢ > 2, we have already proved Corollary [2| as a particular case of
Theorem [3



Corollary 2. Let a € N — {1} not be a multiple of 10. Then, for every ¢ € N, there exist
infinitely many a such that Ja' € NAV(a) =V (/a) = c.

Indeed, setting S as the sum of digits function to base 10 and assuming c¢ > 2,
we have S(10°TF 4 10e7mintrs(@v2(} 4 1) = 33 | (10°F 4 10°7mintrs(0):v2()} 4 1) and
3% ¢ (10°tF 4 10e7min{rs(@).2()} 4 1) (implying that none of these numbers can be a per-
fect power of degree greater than 1), so there exist infinitely many perfect powers of degree
c=3,4,5,6... having a constant congruence speed of ¢, and it is sufficient to consider the
tetration bases of the form (10°T% 4- 10c~min{rs(e),va(e)} 4 1)e,

On the other hand, if ¢ € {1, 2}, then the second last nonzero digit of any tetration base of
the form (10°t* +10°7(®) 4 1)¢ will not be equal to 5 (we note that the second last nonzero
digit of each c-th perfect power of 10+t + 10° + 1 is always equal to the last nonzero digit
of ¢), and thus we can cover the remaining cases ¢ = 1 and ¢ = 2 by taking 10'*% + 10 + 1
(V((10** 4+ 11)1) = 1 holds for each positive integer k by [I1], Equation (16), line 9) and
(102** 4102 + 1)? (respectively).

Since V1015 +11 € N= ¢ =1 and {/(102t% 4+ 101)2 € N = ¢ € {1,2}, we have finally
proved for any given positive integer ¢ the existence of infinitely many tetration bases a°
which are perfect powers of degree ¢ (exactly) and such that V(a®) = V(a) = c.

Remark 3. Let ¢, d, k,t € N be such that 107! < ¢ < 109 and ¢t > d+1. Then, (10*+10"+
1)¢=c-10'+1 (mod 10"79) easily follows from the trinomial expansion of (105! 4 10!+ 1)°.
Furthermore, as we call j the last nonzero digit of ¢ (e.g., j(940030) = 3), we observe that it
is sufficient to set ¢+ > min{vs(c), v2(c)} +2 in order to achieve V(105 4-101~75() +1)¢) = ¢
if c: 515 (by [11], Equation (16), line 7) and V ((10%+t + 10t=2(¢) 4 1)¢) = ¢ otherwise (by
[11], Equation (16), line 8). In particular, if 2 ¢ or 5 1 ¢, then V((10¥*¢ 4+ 10° + 1)¢) = ¢
(since min{v;(c),2(c)} =0 <= ¢ # 0 (mod 10)).

4. Conclusion

In the previous section, for each ¢ € N, we have provided the general equation
V<(10k+t + 1Ot—min{l/5(0)7l/2(0)} + 1)C> =1 (]@]f ceN:t> mjn{I/S(c)’ VQ(C)} + 1)’

which shows the existence of infinitely many perfect powers of degree ¢ with a constant
congruence speed of min{vs(c),v2(c)} + 2, min{vs(c),a(c)} + 3, min{vs(c),a(c)} + 4,
min{vs(c), 2(c)} + 5, and so forth.

In conclusion, for any given positive integer ¢, we have constructed an infinite set of c-th
perfect powers that are also characterized by a constant congruence speed of c.
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