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We analyze the effect of embedding semiconductor nanoparticles as extrinsic phonon scattering

centers on the steady-state j(0) and dynamical j(X) behaviors of the lattice thermal conductivity of

bulk semiconductor (SC) alloy crystals. As an example, we consider the case of Ge nanoparticles

embedded in a Si0.7Ge0.3 alloy crystal host matrix. The analysis includes the study of the effect of

changing the size and concentration of the nanoparticles in combination with changing the ambient

temperature while all other intrinsic properties of the SC alloy crystal host matrix are kept constant.

Our calculations confirm the existence of an optimal nanoparticles size that minimizes j(0).

Depending on the ambient temperature, the optimal size either increases or decreases as a function of

the nanoparticles concentration. Our calculations show also the cut-off frequency fC of j(X) to be

very sensitive to the size and concentration of the embedded nanoparticles. For a fixed ambient

temperature and nanoparticles concentration, fC manifests a very interesting behavior as a function of

the nanoparticles size. While embedding nanoparticles in SC alloy matrices reduces the steady-state

j(0), it however tends to increase fC of the dynamical j(X) in comparison with intrinsic SC alloys.

The study sheds light also on the fundamental role that normal processes have in treating phonon heat

transfer phenomenon. VC 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4789808]

I. INTRODUCTION

Current research in the field of thermoelectricity has

proved the thermal conductivity to play a vital and the most

fundamental role in increasing the dimensionless figure of

merit ZT ¼ ðrS2=jÞT of semiconductor (SC) materials

where, T is the absolute temperature, r, S, and j are the elec-

trical conductivity, Seebeck coefficient, and thermal conduc-

tivity of the thermoelectric SC material, respectively. Almost

all reported high values of ZT have been interpreted, vali-

dated, and confirmed as mainly due to a decrease in j of the

SC material regarding its geometry and composition.1–9 One

of the most successful methods to achieve such a reduction

in j has been “nanostructuration” of the thermoelectric SC

crystal material.10–14 Even though, it has been difficult to

beat the “alloy limit” in crystals without creating defects, dis-

locations, and voids.

Recently, a clever approach called “Nanoparticle-in-
alloy” has been suggested to beat the alloy limit of j in SC

crystals. This approach was experimentally demonstrated in

the case of ErAs nanoparticles embedded in InGaAs matrix

with a 50% reduction in j and a corresponding 100%

increase in ZT.5 Mingo et al.14–16 investigated this approach

with different other material combinations and found very

promising results that might have huge and potential impli-

cations in SiGe-based technology in both thermoelectricity

and microelectronics. The implantation of this approach is

not however trivial. Nanoparticles, which could be either

metallic, semimetallic or semiconductor, have to be lattice-

matched with the SC alloy crystal matrix in such a way that

they can be grown inside the matrix without defects and dis-

locations. They also need to scatter more efficiently phonons

with a negligible effect on electron mobility.14,15 In SC alloy

crystals, alloy disorder scatters phonons due either to mass

difference and/or size difference and/or bond strength differ-

ence. In the Rayleigh scattering regime, the scattering cross

section varies as r � k�4 where k is the phonon wavelength.

This means that short wavelength phonons are scattered

much more efficiently than mid and long wavelength pho-

nons; hence heat conduction in an alloy is mainly dominated

by these latter phonons. By incorporating nanoparticles in a

SC alloy crystal, mid and long wavelength phonons are also

scattered which reduces the thermal conductivity below the

alloy limit.5

Kundo et al.16 analyzed and pointed out the effect of

light and heavy embedded nanoparticles on the thermal con-

ductivity j of a SC alloy matrix using an atomistic ab initio
Green function approach. The authors considered Si0.5Ge0.5

SC alloy with embedded Si or Ge nanoparticles and found

that the effect on j of incorporating the nanoparticles is dif-

ferent depending on whether the nanoparticles are relatively

heavier or lighter than the hosting matrix. The calculation

predicts that heavier nanoparticles (Ge) should be more effi-

cient than lighter ones (Si) in reducing j of Si0.5Ge0.5. The

difference is due to the fact that heavy nanoparticles scatter

mid and long wavelength phonons (phonons that make the

largest contribution to j) more strongly than do the light

ones.

It is worth to mention that, besides acting as phonon

scattering centers, embedded nanoparticles may also act as

dopants donating carriers, which will reduce the needed

amount of dopant impurities in the SC matrix and thus

enhance the electron mobility.17 Additionally, energy
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dependence scattering rates of electrons are sensitive to the

long range potential screening-tails of the nanoparticles

which may result in an increased Seebeck coefficient.18

In a very recent paper, which will be quoted I hereafter,19

we made a study of the intrinsic behavior of the dynamical

lattice thermal conductivity j(X) of bulk SC crystals. The cal-

culation approach was based on solving Boltzmann-Peierls

phonon transport equation in the frequency domain after exci-

tation by a dynamical temperature gradient, within the frame-

work of the single relaxation time approximation and using

modified Debye-Callaway model in which both longitudinal

and transverse phonon modes are included explicitly. The SC

system was assumed to have a cubic symmetry and was

treated as an isotropic continuum dispersionless elastic me-

dium. The frequency and temperature dependences of anhar-

monic normal (N) and Umklapp (U) three-phonon scattering

processes were kept the same for all SC crystals. We were

able to develop a compact expression for j(X) that captures

the leading behavior and the essential features of the dynami-

cal thermal conduction by phonons. We considered the study

of the effect of ambient temperature, Gr€uneisen parameter as

well as the mass-difference fluctuation parameter. Our calcu-

lations confirmed previous theoretical studies regarding the

order of magnitude of the cut-off frequency fC of j(X) and

further showed fC to be very sensitive to the variation of tem-

perature and Gr€uneisen parameter. On the other hand, varying

the mass-difference fluctuation parameter seemed to have no

significant effect on fC. The aim of the present paper is to

extend this analysis to include the effect of “Nanoparticle-in-
alloy” approach on the behavior of j(X) of a SC alloy matrix.

The case of steady-state behavior j(0) is reviewed to point

out the fundamental role of three-phonon N-processes in

treating phonon heat transfer phenomenon. We will continue

to assume the same framework and assumptions presented in

I. As a test SC alloy crystal, we will consider a Si0.7Ge0.3 SC

alloy host matrix in which we incorporate spherical Ge

nanoparticles.14,16

II. THEORETICAL APPROACH

In contrast with the previous study by Mingo et al.14,15

in which phonon scattering N-processes were disregarded,

we consider in our analysis all phonon scattering processes

to be active. In this case, in addition to N-processes, we have

four resistive phonon scattering processes to take into

account; Umklapp scattering, alloy-disorder scattering,

boundary scattering, and scattering of phonons by the em-

bedded nanoparticles.

The previous study in I of the dynamical lattice thermal

conductivity j(X) of bulk SC crystals led to the following

simple compact expression:

jðXÞ ¼
X

S

ð
j0

q;S

1� jXsC
q;S

d3q ¼ jrðXÞ þ jjiðXÞ

j0
q;S ¼

1

8p3
sC

q;S½1þ bS=s
N
q;S�v2

S;iCPhðq; SÞ
;

8>><
>>:

(1)

where CPhðq; SÞ ¼ CPhðxq;S; T0Þ ¼ �hxq;Sdn0
q;S=dT0 is the

specific heat per normal phonon mode,20–22 in which q is the

phonon wave vector, xq;S is the dispersion relation of the

phonon in state (q, S), S¼ (L, T) refers to the phonon polar-

ization branch, n0
q;S is equilibrium Planck distribution, and

T0 refers to the local equilibrium absolute temperature.

v2
S;i ¼ v2

S=3 is the square of the acoustic group velocity of the

phonon in the direction~i of the applied temperature gradient,

the 1/3 factor takes into account the assumed cubic symme-

try of the SC crystal (isotropy of the group velocity in the

modified Debye-Callaway model).20–22 sN
q;S, bS, and sC

q;S are

the relaxation time of three-phonon N-processes, Callaway

pseudo relaxation time, and the combined relaxation time,

respectively. The latter is defined as sC
q;S ¼ sN

q;Ss
R
q;S=ðsN

q;S

þ sR
q;SÞ in which sR

q;S represents the relaxation time of all

resistive phonon scattering processes (three-phonon

U-processes and all extrinsic processes). j is the complex op-

erator ðj2 ¼ �1Þ and X represents the circular frequency

which is related to the real frequency by the standard defini-

tion X ¼ 2pf .

In Eq. (1), jr and ji are, respectively, the real and the

imaginary parts of j(X)

jrðXÞ ¼
X

S

ð j0
q;S

1þ ðXsC
q;SÞ

2
d3q

jiðXÞ ¼
X

S

ð
j0

q;S

XsC
q;S

1þ ðXsC
q;SÞ

2
d3q

:

8>>>><
>>>>:

(2)

To simplify more the expression of j(X), we express it,

as it is customary in the modified Debye-Callaway model, as

the sum over one longitudinal (jL) and two degenerate trans-

verse (jT) phonon polarization branches jðXÞ ¼ jLðXÞ
þ 2jTðXÞ.20–22 The total resistive scattering rate is given

according to Mathienssen’s rule as

½sR
S ðxÞ�

�1 ¼ ½sU
S ðxÞ�

�1 þ ½sa
SðxÞ�

�1 þ ½sB
S ðxÞ�

�1

þ ½snp
S ðxÞ�

�1; (3)

where Umklapp scattering rate sU
S , alloy disorder scattering

rate sa
S, and boundary scattering rate sB

S are as calculated in I.

On the other hand, nanoparticle scattering rate is calculated

by assuming a spherical shape and using a Mathienssen type

interpolation between the long and the short wavelength

scattering regimes14,16,23

½snp
S ðxÞ�

�1 ¼ vS½r�1
sS þ r�1

lS �
�1

Vnp
fnp; (4)

where Vnp ¼ 4
3
pR3 is the nanoparticle volume of radius R,

rsS, and rlS are the cross sections of the short and long wave-

length scattering regimes, respectively, and fnp is the nano-

particle volume fraction. Equation (4) holds in the linear

regime that is valid for small values of fnp, which case we

assume here in our treatment of j(0) and j(X). The scatter-

ing cross section limits are given by14,15,22,23

rsS ¼ 2pR2

rlSðxÞ ¼
4p
9

q� qnp

q

� �2

R6 x
vS

� �4
;

8<
: (5)
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where q and qnp are the densities of the host matrix material

and the embedded nanoparticle, respectively. Equation (5)

takes into account both phonon scattering contributions due

to mass and size differences of the nanoparticles relative to

the host SC matrix. Since we are treating the SC crystal as

an elastic isotropic continuum medium, no much additional

error would be introduced by neglecting the contribution due

to bond strength differences.14,15

III. RESULTS AND DISCUSSION

As we mentioned at the end of the introduction, we

assume in our present analysis Ge nanoparticles of density

(qGe� 5.323 g/cm3) to be embedded in Si0.7Ge0.3 SC alloy

matrix of density (qSi0:7Ge0:3
� 3.332 g/cm3). Geometrical and

physical properties of these two SC materials can be found

in Tables I and II of our recent paper I. We assume that

including the nanoparticles will not affect the intrinsic physi-

cal properties of the SC host alloy. We will first analyze the

case of a fixed nanoparticle volume fraction of fnp¼ 2%. We

make the assumption that this value of fnp will not affect neg-

atively the electron mobility.14,15 In fact, as has been dis-

cussed by Mingo et al.,14,15 the effect of nanoparticles on the

electron mobility of the SC alloy matrix will be negligible if

the contribution to the electron mean free path (MFP) due to

this scattering process is much larger than the intrinsic MFP

due to the pure inelastic alloy scattering. According to

Mingo et al.,14,15 the MFP of electrons due to nanoparticle

scattering is given by ‘np � R=3fnp. On the other hand, the

MFP due to the pure inelastic alloy scattering is energy inde-

pendent and can be estimated from the measurements of the

electron mobility. Using the relation between electrical

mobility and the relaxation time lðTÞ � esðkBTÞ=m�

¼ e‘alloy=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3kBm�T
p

,22 the aforementioned condition to

neglect the effect of nanoparticle scattering on the electron

mobility becomes then

‘np > ‘alloy ) fnp <
R

3‘alloy
� eR

3lðTÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3kBm�T
p ; (6)

where e is the electron elementary absolute charge and m* is

the electron (hole) effective mass at the bottom of the con-

duction band (top of the valence band) depending on whether

the SC alloy is N or P type. According to Slack and

Hussain,24 the total electron mobility in a Si(1�x)Gex SC

alloy can be estimated using

lðx; T0Þ�1
Tot ¼ l�1

V þ l�1
alloy

lalloyðx; T0Þ ¼ l0=½4xð1� xÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T0=300

p
� cm2=Vs

lVðx; T0 ¼ 300KÞ ¼ ½86xþ ð1� xÞ40:7� cm2=Vs

;

8><
>: (7)

where lalloy is the alloy mobility term and lV is the virtual

crystal mobility term, T0 is the local equilibrium absolute

temperature, and l0 � 150 for a N type and �140 for P type

SC material.24

At room temperature, this will give electron mobility for

the Si0.7Ge0.3 SC material of about �41 cm2/Vs for both N
and P types. The effective mass m* can be a complicated

function of the doping level, temperature as well as the

content of Ge in the Si(1�x)Gex SC alloy. For the present cal-

culations, we take the effective mass of conductivity for both

electrons and holes in Si0.7Ge0.3 SC alloy to be the same

m*�m0 where m0 is the free electron mass.24 We obtain an

alloy limited MFP of ‘alloy � 2:7 nm. By using this value, the

condition on the nanoparticle volume fraction [Eq. (6)]

becomes fnp < R=8 nm. This result means that for fnp¼ 2%,

nanoparticles of radius R larger than 0.2 nm will not have

any significant effect on the electronic MFP. This is very

comforting since we are considering R to vary over an inter-

val [1–100 nm]. We should mention here, that since the

nanoparticle contribution to the electron scattering rate does

not depend on temperature, the above discussion remains

valid at high temperature.14 Nevertheless, electron mobility

in the low T regime might be affected.

In Figs. 1(a) and 1(b), we report, respectively, the calcu-

lated steady-state behavior of the thermal conductivity j(0)

of Si0.7Ge0.3 alloy matrix as a function of ambient tempera-

ture T for different values of Ge nanoparticles radius R and

as a function of R for different T. Also is added to both fig-

ures, the calculated behavior of j(0) of Si0.7Ge0.3 alloy with

no nanoparticles. As we can see in Fig. 1(a), j(0) decreases

by embedding nanoparticles and the position of the peak

value tends to shift to the right by increasing R. The effect is

more noticeable and even drastic in the low temperature re-

gime where the reduction of j(0) can be of more than an

order of magnitude and where j(0) continues to decrease as

R increases. Furthermore, we can see that in this temperature

regime, the behavior of j(0) tends to depart from the specific

heat per unit volume T3 power law to follow another Tr (r is

some small number more likely to be rational) power law as

the nanoparticle radius R increases. On the other hand, all

curves seem to superimpose in the high temperature regime.

In Fig. 1(b), we reproduce the same interesting feature dis-

cussed by Mingo et al.,14–16 namely the existence of an opti-

mal nanoparticle radius Rmin that minimizes the steady-state

thermal conductivity j(0). The existence of Rmin is a result

of the interplay between long and short wavelength scatter-

ing regimes [Eqs. (4) and (5)]. As a matter of fact, it is easy

to verify from the latter equations that the nanoparticles scat-

tering rate ½snp
S ðx;RÞ�

�1
for a phonon mode at polarization S,

when it is treated as a function of the nanoparticle radius R,

has a maximum value ½snp
S ðx;R0Þ��1

for a certain radius R0;

a maximum ½snp
S ðx;R0Þ��1

leads to a minimum j(0). It is

worth to mention here that due to averaging over all phonon

modes, Rmin is different from R0. Fig. 1(b) shows also that

the effect of embedding nanoparticles diminishes as T
increases. In order to gain more insight onto the behavior of

Rmin as a function of T, we report in Fig. 1(c) the calculated

behavior of Rmin as a function of T; Rmin decreases monotoni-

cally as T increases. While Rmin is about 20 nm at T¼ 3 K, it

reduces to �2 nm at T ¼ 500 K. Nanoparticles scattering rate

is temperature independent as given by Eqs. (4) and (5); the

T-behavior of Rmin can thus be understood by taking into

consideration the fact that in the low T regime, the wave-

length and MFP of phonons increase so that larger nanopar-

ticles would be more effective in scattering them than

smaller ones, which explains why Rmin increases as T
decreases. On the other hand, in the high T regime, scattering

043510-3 Y. Ezzahri and K. Joulain J. Appl. Phys. 113, 043510 (2013)
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of phonons is due predominantly to anharmonic N-processes

and U-processes so that the effect of phonon scattering by

embedded nanoparticles becomes of the same order of mag-

nitude as phonon scattering by impurities and defects in the

Rayleigh regime.

The minimum of j(0) is very wide which is very advan-

tageous from the technological point of view; this means that

a precise control of the nanoparticles size is not essential to

achieve lower thermal conductivities and consequently

higher ZTs.

Now, let us shed some light on the dynamical behavior

of j(X). We report, respectively, in Figs. 2(a) and 2(b) the

calculated room temperature dynamical behavior of the real

part and the amplitude of j(X) of Si0.7Ge0.3 SC alloy matrix

with embedded Ge nanoparticles for different values of the

radius R of the latter. As in the steady-state case, we added

to both figures the calculated dynamical behavior of j(X) of

Si0.7Ge0.3 with no nanoparticles. There is a slight difference

in the dynamical behavior with and without nanoparticles.

This difference is mainly noticeable at the end of the plateau

where the amplitude (real part) of j(X) with nanoparticles

seems to manifest a slight second-order-like low pass filter

behavior, while the amplitude (real part) of j(X) without

nanoparticles manifests a first-order low pass filter behavior

[Fig. 2(c)]. Here again, we see that in the low frequency

regime, the behavior as a function of the nanoparticles radius

R mirrors the steady-state behavior of j(0).

The effect of changing R appears on a certain intermedi-

ate range of frequency, and the high frequency f�1 power

law in the behavior of the amplitude of j(X) is seemingly

preserved where we can see that all curves relative to differ-

ent R values superimpose in the high frequency regime, this

is similar to the trends we obtained in I which confirm the

previous work of Volz.25 The calculated dynamical behav-

iors of the imaginary part and phase of j(X) are reported in

the insets of Figs. 2(a) and 2(b), respectively. Here also, the

dynamical behaviors of these two functions capture clearly

the effect of changing R on j(X). For each value of R, the

imaginary part of j(X) manifests a secondary resonance

peak at the left of the primary one, the amplitudes and posi-

tions of both peaks vary by increasing R; the amplitudes vary

in an opposite way; by increasing R, the amplitude of the

secondary peak decreases, while the amplitude of the pri-

mary one increases. On the other hand, the positions of both

peaks seem to shift left by increasing R.

We illustrate in Fig. 2(d), the calculated behavior of the

cut-off frequency fC of j(X) of Si0.7Ge0.3 SC alloy matrix as a

function of embedded Ge nanoparticles radius R for different

ambient temperatures T. We report also the corresponding val-

ues of fC of j(X) of Si0.7Ge0.3 with no nanoparticles. fC shows

FIG. 1. Computed behaviors of j(0) of Si0.7Ge0.3 SC alloy with embedded Ge nanoparticles as a function of temperature T for different values of the nanopar-

ticles radius R (a) and as a function of R for different T (b). Also are reported the values of j(0) of Si0.7Ge0.3 SC alloy without Ge nanoparticles. (c) Computed

behavior of the optimal Ge nanoparticles radius Rmin that minimizes j(0) of Si0.7Ge0.3 SC alloy as a function of T.
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a very interesting and curious trend that looks like a tilted step

function behavior especially for low temperatures where the

effect of nanoparticles scattering is more dominant. This

behavior smoothes out as T is increased. In the low tempera-

ture regime, the behavior of fC as function of R can be cast

into three different regimes characterized by two threshold

points; for small values of R, fC increases slightly as R is

increased. Suddenly when R reaches a certain value (first

threshold point), the trend changes and fC starts to increase

faster with a higher increasing rate almost in a tilted step-like

jump to reach a maximum at another larger value of R (second

threshold point). After the maximum, fC starts falling off as R
is increased with a low reduction rate. Between the two

threshold points, a small change in R, on the order of nanome-

ter fluctuations, leads to a huge variation in fC of few orders of

magnitude. As T is increased, the positions of the threshold

points, shift left and the steepness of fC increasing rate

between these two points tends to be less pronounced; for

temperatures higher than 300 K, the first threshold point

occurs for values of R < 1 nm. The two threshold points in the

behavior of fC as a function of R seem to correspond to values

of R surrounding the optimal Rmin value that leads to the mini-

mum value of j(0) as indicated by the arrows. This behavior

is again a manifestation of the interplay between long and

short wavelength scattering regimes [Eqs. (4) and (5)] as men-

tioned previously. Investigation of Fig. 2(d) shows that for all

temperatures and over the range of R values [1–100 nm], fC of

j(X) with embedded nanoparticles is higher than the corre-

sponding fC of j(X) without nanoparticles; this effect is

expected since by incorporating nanoparticles, one increases

the total phonon scattering rate. The average difference

decreases as T gets higher, where we can see that for

T¼ 1000 K, fC of j(X) becomes insensitive to R. This behav-

ior corroborates the fact that in the high T regime, scattering

of phonons is mainly dominated by anharmonic phonon-

phonon scattering processes as we have seen in I.20–22

Let us now see what happens when one changes the

nanoparticles volume fraction fnp at different ambient tem-

peratures T. As we mentioned earlier, in the high fnp regime,

the nanoparticle scattering rate is no longer linear to fnp due

essentially to multiple scattering effects. Besides, a high

nanoparticles concentration may lead to undesirable addi-

tional scattering of electrons in the SC matrix, hence nega-

tively affecting the electron mobility.14

In our case, we assume fnp to vary from 1% to 10% and

we continue to make the hypothesis of a linear relation

FIG. 2. Computed behaviors of the real part (a) and amplitude (b) of j(X) of Si0.7Ge0.3 SC alloy with embedded Ge nanoparticles at room temperature as a

function of frequency for different values of the nanoparticles radius R. The inset in (a) shows the imaginary part of j(X) while the inset in (b) shows the phase.

(c) A zoom of (b) over [105–1011 Hz] frequency interval. (d) Computed behavior of fC of j(X) of Si0.7Ge0.3 SC alloy with embedded Ge nanoparticles as a

function of R for different T. Also are reported the values of fC of j(X) of Si0.7Ge0.3 SC alloy without Ge nanoparticles. The dashed arrows indicate the position

of the optimal nanoparticles radius Rmin that minimizes j(0) at each T.
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linking the nanoparticle scattering rate and fnp [Eq. (4)]. For

a maximum value of fnp¼ 10%, the effect of nanoparticles

on the electronic MFP would be negligible if their radius R
is larger than 0.8 nm. This condition is still fulfilled regard-

ing the interval of variation of R. Embedding Ge nanopar-

ticles with fnp varying from 1% to 10% will continue to

affect mainly phonon transport.

We report in Figs. 3(a)–3(c) the calculated steady-state

behaviors of j(0) of Si0.7Ge0.3 SC alloy matrix as a function

of the embedded Ge nanoparticles radius R for different val-

ues of the nanoparticles volume fraction fnp at T¼ 3 K, 20 K,

and 500 K, respectively. As these figures show, at each ambi-

ent temperature, j(0) decreases as fnp is increased; an

expected effect regarding the proportionality between the

nanoparticle scattering rate and fnp [Eq. (4)]. For each value

of R, the decreasing rate is higher at low T and tends to

decrease as T increases. Besides, we can see that the position

of the optimal nanoparticles radius Rmin that leads to the min-

imum j(0) shifts either right or left depending on the value

of T. While in the low T regime, Rmin increases by increasing

fnp (right shift), this tendency reverses as T increases where

we can see that for both T¼ 20 K and T¼ 500 K, Rmin

decreases by increasing fnp (left shift).

These results are confirmed in Figs. 4(a) and 4(c) that

report, respectively, the calculated behavior of Rmin as a

function of T for different values of fnp and as a function of

fnp for different values of T. In these figures, around

Ti¼ 10 K appears to be the inversion temperature region,

below which Rmin increases as a function of fnp and above

which Rmin decreases as a function of fnp. These figures show

also that in both T regimes, the rate of increasing or decreas-

ing of Rmin as a function of fnp, increases by further decreas-

ing or increasing T.

If it is straightforward to explain the behavior of Rmin as

a function of T for a fixed fnp due to the interplay between

extrinsic and intrinsic phonon scattering processes depending

on the T regime, on the other hand understanding of the

interesting behavior of Rmin as function of fnp at different T is

seemingly not trivial regarding the assumptions made, partic-

ularly the linearity between the nanoparticles scattering rate

and fnp. The latter assumption forbids any multiple scattering

effects.

In Figs. 4(b) and 4(d), we report, the calculated mini-

mum of j(0) as a function of T for different values of fnp and

as a function of fnp for different values of T, respectively.

Min[j(0)] as a function of T manifests an almost Gaussian-

like shape with a peak amplitude (position) that decreases

(increases) by increasing fnp. It is seen also that the variation

around the peak gets wider as fnp increases. On the other

hand, Fig. 4(d) shows that Min[j(0)] decreases by increasing

FIG. 3. Computed behaviors of j(0) of Si0.7Ge0.3 SC alloy with embedded Ge nanoparticles as a function of the nanoparticles radius R for different values of

the nanoparticles volume fraction fnp at: (a) T¼ 3 K, (b) T¼ 20 K, and (c) T¼ 500 K.
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fnp in a monotonic way that tends to saturate however by

increasing the ambient temperature T when embedding nano-

particles become less effective.

The calculated dynamical behaviors of the amplitude and

imaginary part of j(X) of Si0.7Ge0.3 SC alloy matrix with em-

bedded Ge nanoparticles are reported in Figs. 5(a)–5(c) at

T¼ 3 K, T¼ 20 K, and T¼ 500 K, respectively, for different

values of fnp and corresponding values of Rmin that lead to

Min[j(0)] [Figs. 3 and 4]. While in the low frequency regime,

the amplitude of j(X) decreases by increasing fnp as expected,

all other features seem to be preserved as discussed in Fig. 2.

All the curves seem to collapse in the high frequency regime

where the f�1 power law continues to be valid. The dynamical

behavior of the imaginary part of j(X) is reported in the insets

of Fig. 5. The imaginary part manifests a double resonance

peaks; a primary one at the right and a secondary one at the

left. In the high T regime where scattering of phonon by nano-

particles becomes less significant, the secondary peak disap-

pears and only remains the primary one, the position of which

shifts to the right by increasing fnp. In the low T regime, the

amplitude of both peaks decreases by increasing fnp, while

their positions seem to shift to the right also.

The last figure relative to the effect of changing fnp on

the behavior of j(X) of Si0.7Ge0.3 SC alloy matrix with

embedded Ge nanoparticles is Fig. 6. The latter reports the

behavior of the cut-off frequency fC of j(X) as a function of

the nanoparticles radius R for different values of fnp and at

different ambient temperatures T¼ 3 K [Fig. 6(a)], T¼ 20 K

[Fig. 6(b)], and T¼ 500 K [Fig. 6(c)]. These figures show the

same interesting behaviors as the ones discussed in Fig. 2(d).

In addition, we can see in the low T regime [Fig. 6(a)] that

the behavior of fC as function of fnp goes through three differ-

ent regimes that correspond somehow to the previously dis-

cussed three regimes of the behavior of fC as a function of R
[Fig. 2(d)]. fC seems to increase a little by increasing fnp for

values of R smaller than the lowest threshold value R1, then

the tendency reverses when R becomes between R1 and R2.

Once R becomes higher than R2, fC returns to its first tend-

ency and starts to increase as fnp increases. Analyzing Fig. 6

shows also that by increasing fnp, the position of the highest

threshold value R2 shifts to the right at low T while it tends

to shift to the left at high T. This behavior is deeply con-

nected to the interesting behavior of Rmin of steady-state j(0)

as function of fnp for different ambient temperatures.

This intriguing, yet very interesting behavior, of fC as

function of embedded nanoparticles radius R and nanopar-

ticles volume fraction fnp, shows clearly how sensitive the dy-

namical behavior of j(X) could be to the nanoparticles size

FIG. 4. Computed behaviors of the optimal Ge nanoparticles radius Rmin [(a) and (c)] and the corresponding minimum of j(0) [(b) and (d)] of Si0.7Ge0.3 SC

alloy as a function of T and fnp for different values of fnp and T. The arrow in (a) points the inversion temperature region at which the behavior of Rmin as a

function of fnp switches. This is confirmed in (c) (see text for description).
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and concentration. It shows that a crucial and careful manipu-

lation of the nanoparticles size and concentration is needed in

order to adjust fC to the expected range, especially for nano-

particles engineered and grown with sizes that surround the

optimal size leading to the minimum value of j(0). Generally

speaking, while embedding nanoparticles in SC alloy matri-

ces reduces the steady-state j(0), it however tends to increase

fC of the dynamical j(X) in comparison with intrinsic SC

alloys. This opposite double effect could be very beneficial in

many microelectronic and optoelectronic devices.

To end this subsection, we report, respectively, in Figs.

7(a) and 7(b) a comparison between the calculated steady-

state j(0) and the calculated fC of the dynamical j(X) of

Si0.7Ge0.3 SC alloy matrix as a function of the embedded Ge

nanoparticles radius R at different ambient temperatures T,

in two cases where three-phonon scattering N-processes are

considered or disregarded. As these figures show, the effect

of including N-processes is insignificant in the low T regime

where phonon scattering is dominated by extrinsic processes,

the calculated curves totally superimpose. On the other hand,

in the high T regime, where anharmonic phonon-phonon

scattering processes dominate, it is crucial to include

N-processes. By disregarding these processes, both values of

the optimal Rmin and the minimum j(0) increase, while the

value of the cut-off frequency fC of j(X) decreases. Depend-

ing on the nanoparticle size, a change of few factors can be

expected in j(0), while fC can vary by one to few orders of

magnitude.

Based on this short analysis within the frame work of

Boltzmann-Peierls theory of phonon transport using the sin-

gle relaxation time approximation with Callaway approxi-

mated form of the collision operator, embedding SC

nanoparticles seems to considerably affect the dynamics of

phonon heat transport in the host SC matrix depending on

temperature, size, and concentration of the nanoparticles.

N-processes appear also to play a very fundamental role in

capturing this dynamics of energy (heat) transport in SC

crystal materials. Through their role of shuffling the total

phonon crystal momentum between different phonon states,

N-processes have always to be considered in any study of

phonon transport.

These very interesting results regarding the effect of

embedding SC nanoparticles on phonon transport phenom-

ena in SC host crystal matrices need to be checked and con-

firmed using experiments combined to more elaborate and

sophisticated modeling of energy and heat transport in these

dielectric materials using first principles calculations and at-

omistic ab initio Green function approaches.26,27

FIG. 5. Computed behaviors of the amplitude and imaginary part (inset) of j(X) of Si0.7Ge0.3 SC alloy with embedded Ge nanoparticles as a function of fre-

quency for different values of fnp and corresponding Rmin at (a) T¼ 3 K, (b) T¼ 20 K, and (c) T¼ 500 K.
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IV. SUMMARY

We extended in this paper our previous work on the dy-

namical lattice thermal conductivity of bulk SC crystals

to include the effect of embedding SC nanoparticles. The

present analysis assumed spherical Ge nanoparticles to be

embedded in a Si0.7Ge0.3 SC alloy crystal matrix. We consid-

ered the study of the effect of varying the size and concentra-

tion of the nanoparticles in addition to changing the ambient

temperature. On the other hand, all other parameters of the

FIG. 6. Computed behaviors of fC of j(X) of Si0.7Ge0.3 SC alloy with embedded Ge nanoparticles as a function of R for different values of fnp at (a)

T¼ 3 K, (b) T¼ 20 K, and (c) T¼ 500 K. The arrows on (a) point the two threshold values of R at which the behavior of fC as function of fnp switches (see text

for description).

FIG. 7. (a) Computed behaviors of j(0) of Si0.7Ge0.3 SC alloy with embedded Ge nanoparticles as a function of the nanoparticles radius R for different T. (b)

Computed behaviors of fC of j(X) of Si0.7Ge0.3 SC alloy with embedded Ge nanoparticles as a function of R for different T. In both figures fnp¼ 2% and we

consider two cases; with (WNP) and without (NNP) three-phonon scattering N-processes.
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SC alloy crystal are kept constant. While embedding nano-

particles in SC alloy matrices reduces the steady-state j(0),

it however tends to increase the cut-off frequency fC of the

dynamical j(X) in comparison with intrinsic SC alloys. This

opposite double effect could be very beneficial in many

microelectronic and optoelectronic device applications. The

behavior of j(0) and fC of j(X) as a function of the nanopar-

ticles size and concentration revealed very interesting trends

that show how important is a careful manipulation of the

nanoparticles size and concentration for a better control of

phonon heat transport in SC crystal alloys. The study showed

also the N-processes to be indispensible and play a very fun-

damental role in both the steady-state and dynamical phonon

transport regimes.
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