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The present work investigates nonlinear behavior in large amplitude oscillatory shear (LAOS) of unsaturated wet gran-
ular materials using pressure-imposed rheometric measurements that enable to explore how the material properties
characterizing the flow response depend on both strain amplitude and frequency of deformation. Away from the qua-
sistatic limit, we show that the energy dissipated per unit volume in a single LAOS cycle, which can be visualized by
the area enclosed by the Lissajous curve of stress versus strain, is an increasing function of the viscosity of the wetting
liquid and is also influenced by the reduced pressure (comparing the cohesive to confining forces) and the frequency.
Introducing the inertial number I and the viscous number Iv as previously done, it is shown that the influence of surface
tension, viscosity, and driving frequency can be captured by plotting the dissipated energy per unit volume versus the
viscous number: a good collapse is obtained. It is shown that an increase in liquid content shifts the whole curve of the
dissipated energy upwards, indicating that the overall dissipation mechanism does not change with liquid content, only
the energy dissipation related to the internal structure and its breakdown changes.

I. INTRODUCTION

In particulate systems, the addition of a liquid strongly
modifies the mechanical/rheological properties. If the wet
granular medium is not completely saturated, capillary forces
can bring discrete particles together into a space network with
a yield stress and the surface tension changes the elastic prop-
erties of the medium1,2. This is illustrated by the well known
example of sand which, when wetted with small amounts of
water, develops sufficient yield stress to allow construction of
elaborate sand castles3–6. Static properties such as the ten-
sile strength and the yield stress of a cohesive wet granu-
lar material are extremely sensitive to its preparation. Exist-
ing studies demonstrate that the angle of repose (angle below
which the flow stops) and the angle of avalanches (angle above
which a static assembly of grains flows) of a wet grain assem-
bly initially increase with the liquid content, but afterward
saturate7–10 due to the fact that the cohesive stress between
grains increases from zero and becomes constant rapidly, at
a very low liquid content11,12. X-ray microtomographic im-
ages reveal that shear strength starts to increase when capil-
lary bridges form between the grains. For increasing liquid
content, the capillary bridges merge and eventually disappear
when the granular media is fully saturated1,13–15.

When the hydrodynamic forces are neglected, the rheol-
ogy of these materials is characterized experimentally12,15

and numerically12,15,16 in terms of two dimensionless con-
trol parameters (we assumed the shear flow in direction 1
and the velocity gradient in direction 2): the inertial number
I = γ̇d

√
ρ/σ22 which compares the inertial time scale of a

particle of average size d and mass density ρ in a granular ma-
terial submitted to a confining stress σ22 and the macroscopic
shear deformation time scale 1/γ̇ of the granular material17?

and the reduced pressure P∗=σ22d2/F0 which compares con-
fining forces σ22d2 to cohesive forces (at the grain scale) F0

16.
Assuming that the contact angle of the liquid with the surface
of the grain is small, F0 can be approximated as F0 ' πΓd for

spherical grains of diameter d joined by menisci of surface
tension Γ. Note that P∗ is the inverse of the “cohesion num-
ber” which was defined in9,18–20. Thus, when P∗� 1, cohe-
sive forces are dominant while the properties of cohesionless
systems are retrieved in the limit of large P∗12,16.

In fully saturated materials, i.e. suspensions, viscous forces
are dominant. In such cases, the fluid affects granular flow by
its viscosity η f , and another dimensionless number called vis-
cous number Iv = η f γ̇/σ22, comparing viscous and confining
stress, must be introduced21–23 rather than inertial number I.
In the limit of Stokes flow, as all inertia terms become negligi-
ble, the inertial number is irrelevant. However, in the presence
of both inertial and viscous effects, constitutive laws and state
parameters within the flowing material should depend on both
I and Iv. Some authors proposed that both numbers should be
combined into one single visco-inertial number which solely
controls macroscopic stresses and micromorphology20.

Furthermore, the elastic and viscous properties of cohesive
wet granular materials are greatly influenced by the wetting
liquid properties1. The purpose of this article is an experi-
mental investigation of the influence of the viscosity η f of the
wetting liquid in the limit of small liquid content, called pen-
dular regime, using large amplitude oscillatory shear (LAOS).
LAOS measurements are useful for a large class of complex
fluids because strain amplitude and frequency can be var-
ied independently allowing a broad spectrum of conditions to
be attained24. The description of the nonlinear material re-
sponse has gained renewed interest and is subject of current
research24–27. The variations of the complex moduli G′ and
G′′ in LAOS as a function of liquid content and wetting liquid
viscosity are measured. Away from the quasistatic limit, it is
shown that the dissipation energy per unit volume in a single
LAOS cycle, Ed =

∮
σ12 dγ , which can be visualized by the

area enclosed by the Lissajous curve of stress versus strain, is
an increasing function of η f and is also influenced by P∗ and
the driving frequency.

It is shown that the influence of surface tension, viscosity
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and driving frequency can be captured by plotting the dissi-
pated energy per unit volume versus the viscous number: a
good collapse is obtained. It is shown that an increase in liq-
uid content shifts the whole curve of the dissipated energy up-
wards, indicating that the overall dissipation mechanism does
not change with liquid content, only the energy dissipation re-
lated to the internal structure and its breakdown changes.

II. EXPERIMENTAL METHODS

A. Materials

The experiments are carried out on model materials:
slightly polydisperse assemblies of macroscopic solid spheri-
cal beads, mixed with a nonvolatile, wetting, Newtonian liq-
uid. We use rigid polystyrene beads (Dynoseeds TS 500, Mi-
crobeads SA) of density ρ = 1050kg/m3 and of diameter d =
0.5mm (with a standard deviation of 5%, sufficient to prevent
crystallization). We always prepare the system before mea-
surements in the same way to ensure reproducible experimen-
tal conditions: the wetting liquid is mixed thoroughly with
the dry beads until a uniform consistency is visually obtained.
To be able to vary the liquid viscosity, we use silicone oils.
The viscosity η f of silicone oils covers range 9− 5535mPas
at 20◦C with surface tension Γ = 20.4± 0.2mN/m. Surface
tension is measured with an automatic single drop tensiome-
ter (T RACKERT M , by Teclis Scientific). We define the liquid
content as ε =Vl/Vs, where Vl and Vs, respectively denote the
volumes of liquid and of solid beads. We prepare samples with
a fixed liquid content: ε = 0.015, ε = 0.05 and ε = 0.075. A
liquid content of ε = 0.05 is used unless indicated otherwise.
Particular care is taken with the high-viscosity silicone oil,
since it tends to form small binder-rich lumps.

B. Measurement apparatus and specifications

Granular materials must be confined to carry out rheomet-
ric experiments, and are conveniently characterized in shear
flow under controlled normal stress28. Normal stress-imposed
rheological measurements are carried out using a home-made
annular shear device, as in our recent publications12,15,29. The
annulus-shaped cell containing the grains is limited by smooth
cylindrical walls in the radial direction, and to avoid wall slip,
both the rotating and vertically mobile upper boundary and the
static lower substrate are serrated, with 0.5mm ridges to which
the grains may fit. The inner and outer radii of the annular cell
are Ri = 21 and Ro = 45mm (thus Ri/Ro ≈ 0.4, and the width
of the annular trough is about 48d). The filling height h of the
annular box is adjustable from a few (typically 5) to 100 parti-
cle diameters. Oscillatory shear experiments under confining
pressure are carried out using a stress-controlled rheometer
(Anton Paar MCR 502).

C. Measurements

Before each measurement, the sample is poured into the
shear cell and compacted, at 20◦C, by imposing a normal
force of 10N under 1Hz oscillation cycle with an angular dis-
placement of π; allowing thus a good filling of the annular
shear cell. In such case, the solid packing fraction reached
at this initial stage is φ0 = 0.6± 0.005 (for most of the ex-
periments). LAOS experiments were performed then under
a stress-controlled mode with an imposed normal force. In-
deed, instead of setting the value of the gap size for a given
experiment, we impose the normal force and then, under os-
cillatory shear, we let the gap size h vary in order to maintain
the desired value of the normal force29. We then have ac-
cess to instantaneous measurements of the torque and the gap
variation for imposed normal force and strain. In this case, the
solid volume fraction φS is not fixed but adjusts to the imposed
strain. Since the sample is allowed to dilate, the liquid content
ε as defined here is rigorously constant under measurements
in contrast to the saturation number S = εφS

1−φS
.

In oscillatory rheology, both the elastic and viscous prop-
erties of a material can be examined simultaneously by ap-
plying an oscillatory strain γ(t) = γ0 sin(ωt) which automati-
cally imposes a strain rate γ̇(t) = γ0ω cos(ωt). The resulting
oscillatory shear stress σ12(t,ω,γ0) is recorded and analyzed.
Here, ω is the applied angular oscillation frequency (rad/s),
γ0 is the strain amplitude, and t is the time. In contrast to
small amplitude oscillatory shear (γ0� 1) where the relation
between applied stress and induced shear is assumed to be
linear, the large amplitude regime is characterized by a non-
linear response of the system when γ0 exceeds some critical
value. Oscillatory strain amplitude sweeps, at different fre-
quencies (0.1, 1, 2, and 3Hz), allow probing the sample at
a fixed time scale t = 1/ω , while the strain amplitude γ0 is
continuously increased during a 15min logarithmic ramp from
10−6 to 1678. Dynamic storage G′ and loss G′′ moduli are,
hence, measured as a function of the strain amplitude γ and
the frequency ω .

Table I lists all the parameter values for the experiments
conducted.

Parameters Range

η f (mPas) 9, 20, 53, 111, 350, 1095, 5535
ε(−) 0.015, 0.03, 0.05, 0.075

P∗(−) 1, 2.3, 4.6, 6.9, 9.3
f (Hz) 0.1, 1, 2, 3
γ(−) 10−6-1678

TABLE I. List and ranges of the parameters conducted

We have checked that the phase angle for all measure-
ments is less than 100◦ meaning that instrumental inertia is
negligible30.
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FIG. 1. Typical measurements of the dynamic moduli G′, G′′ (the
left axis) and of the gap size variation h (the right axis) as a function
of strain amplitude γ at a frequency of 1Hz for a viscosity η f =
9mPas and a reduced pressure P∗ = 2.3. Blue lines are the power-
law fittings of the behaviors of G′ well-above and well-below the
strain crossover.

III. RESULTS

Figure 1 shows storage G′ and loss G′′ moduli as a func-
tion of the strain amplitude γ for η f = 9mPas and ω = 1Hz.
For small strain amplitude, moduli are independent of the ap-
plied strain amplitude and G′ is always larger than G′′, which
corresponds to a linear viscoelastic behavior and elastic dom-
ination. Then, for intermediate strain, the dynamic moduli de-
crease with a constant slope, and for larger strain, a crossover
(G′ ≤ G′′) is observed, meaning that the viscous contribution
then dominates the elastic one, which indicates that the mate-
rial flows.

We denote by γc the strain crossover and by γL the limit
of the linear regime, defined as the intersection of the power
law equations fitting the behaviors of G′ well-above and well-
below γc (cf. Fig.1)31. Figures 2 a and b show that γL and
γc strongly increase when the reduced pressure P∗ increases.
Notice that γL and γc are only functions of P∗.

An estimate of shear modulus G′e in the linear regime may
be obtained as in Ref.32. G′e, in bead assemblies with Hertzian
contacts, is of the order of the bulk modulus Be. Be is it-
self correctly approximated (especially for large coordina-
tion numbers, near 6 or above), in cohesionless bead assem-
blies under pressure P, by the Voigt estimate BV

e . Depend-
ing on coordination number z, and on modulus E∗ (defined as

E∗ =
2

1−ν2 , E and ν denoting, respectively, the Young mod-

ulus and the Poisson ratio of the material the beads are made
of). This estimate is given by

BV
e =

1
2

(
zφSE∗

3π

)2/3

P1/3. (1)

Due to cohesive forces pressing the grains onto their neigh-
bors, pressure P, in Eq. 1 should be replaced by the effective
pressure12, and one should use

P = σ22 +
z̄φSF0

πd2 . (2)

In this relation, coordination number z̄ counts the contacts and
the menisci joining noncontacting grains, weighted by ratio
F/F0 of the attractive force to its maximum (contact) value
F0

12, and may be approximated as (z+ zt)/2 if zt is the total
coordination number. This effect of attractive forces on elastic
moduli through an effective pressure was recognized in 33,34.

A typical value of G′e/BV
e in isotropic assemblies of spher-

ical beads with large coordination numbers (near 6) is 1.132.
Contact network anisotropy, which could affect this ratio, is
presumably small under oscillatory shear of small amplitude.
In Fig. 2c, the estimated value

G′e = 1.1×BV
e , (3)

using relations 1 and 2, is shown to provide correct esti-
mates of G′e. It is evaluated with E∗ = 4.109 Pa (adequate for
polystyrene), and values z = 5.5, z̄ = 6.5 (nearly independent
of P∗) as obtained in the simulations of Ref.12 (which agreed
quantitatively with the experiments with the same beads as
used in the present study).
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FIG. 2. Variation of γL (b), γc (a), and G′e (c) with reduced pressure
for η f = 9mPas. (c) also displays predicted values of G′e, using Eq. 3.

During a shear cycle, the gap size h is not fixed but adjusts
to the imposed strain as shown in Fig. 1. In the linear regime,
h remains constant, then decreases for intermediate strains be-
fore increasing when γ ≥ γc. The decrease/increase in the gap
size corresponds to the continuous compaction/dilation of the
material under strain. Under a fixed normal pressure, the gran-
ular packing first compacts before dilating into a final critical
state for sufficient strain29. Since particles cannot escape from
the shear cell, φS ∝ h−115. The minimum value h0 corresponds
to the maximum solid packing fraction φc: shearing necessar-
ily implies immediate dilatancy of the granular media. Notice
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that during a loop in an oscillatory measurement, the rheome-
ter software shows only the mean value of the recorded gap
size and not its evolution.

These results suggest that low strain could cause a strongly
nonlinear response for unsaturated wet granular material.
Such behavior is qualitatively similar to that observed in yield
stress materials and is attributed to the pendular network and
to the dissipation of the frictional contact of the grains under
confinement35.

Increasing P∗ induces a denser, stiffer contact network
which requires a higher strain to be broken and initiate the
flow. Thus, the strain crossover γc, for which the wet gran-
ular media expands to accommodate its deformation may be
interpreted in terms of the microstructural breakdown of the
menisci.
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FIG. 3. Lissajous curves: Total stress σ12(t) versus normalized strain
γ(t)/γ0 at f = 1Hz, P∗ = 2.3 and η f = 9mPas for three values of γ0.

Lissajous σ12(γ) curves, in which the total stress is plot-
ted parametrically against the total strain, were then used to
relate the response of the sample to the imposed oscillatory
strain. In this representation, a linear viscoelastic response
is characterized by an ellipse, symmetric with respect to the
line σ12 = γ . The two limiting cases of purely elastic and
purely viscous response are characterized by a line and a cir-
cle, respectively36. At sufficient small strain amplitude, i.e.
0.1%, the Lissajous curve is an ellipse and the area of the Lis-
sajous tends to be very small. For an intermediate strain am-
plitude, nonlinear behavior is already evident in the Lissajous
curve (Fig. 3), which is not elliptical anymore. The area en-
compassed by the curve increases. An elastic deformation is
then observed leading to a linear increase in stress. The non-
linear response occurs as the saturation of the stress signal
initiates the yielding process37,38. The stress increases con-
tinuously as the strain increases further, reaching the absolute
value of maximum stress. This overshoot in the stress curve is
due to yielding of the sample, and afterwards the sample be-
gins to flow39. For much larger γ0, the curves get broader in-
dicating further increasing dissipation and increasing nonlin-
earity. For γ0 = 25.61, which is larger than γc, the shape of the
Lissajous curves changed to an almost rectangular shape and

approached the behavior of an idealized Bingham model40.
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FIG. 4. Lissajous curves: solid lines are total stress σ12(t) versus
normalized strain γ(t)/γ0. γ0 = 25.61, f = 1Hz, P∗ = 2.3; different
wetting liquid viscosity. Noticed that the dry data overlap the low-
viscosity wet data at a high strain rate (i.e. at γ ≈ 0) since viscous
effect is negligible here. However, near the flow reversal, the small
differences between wet and dry come from the cohesion due to the
addition of the wetting liquid.

In Fig. 3, the area enclosed in the Lissajous curve can
be interpreted as the energy dissipated per unit volume Ed =∮

σ12 dγ during one complete cycle of the oscillatory strain
that is imposed. Over the range tested, Ed strongly increases
when the viscosity η f increases as shown in Fig. 4 and in Fig.
5. This last figure also shows that Ed strongly increases when
the reduced pressure P∗ increases in the nonlinear viscoelastic
regime.

The dissipated energy gives a physical interpretation to the
Lissajous curve and presents an alternative way to review the
flow behavior of the material. For unsaturated wet granular
materials, Ed takes into account both the inertia of the grains
(energy is lost due to inelasticity and friction when grains col-
lide or slide past each other) and the viscous dissipation of
the wetting liquid. Thus, in order to isolate the effects of the
wetting liquid alone, the dissipated energy per unit volume is
measured under the same conditions on the dry granular ma-
terial and is called E0. Figure 5 reveals that normalizing Ed
with E0 gives a master curve, whatever the reduced pressure
P∗.

Moreover, an increase in liquid content shifts the whole
curve of the dissipated energy upwards as shown in Fig. 6, in-
dicating that, (in the pendular regime), the overall dissipation
mechanism does not change with liquid content, only the en-
ergy dissipation related to the internal structure and its break-
down changes since the inter-grain cohesive force is propor-
tional to the number of capillary liquid bridges. Indeed, it
is known from x-ray microtomography13 that the number of
capillary bridges per grain depends of the liquid content: it
increases rapidly at low ε before saturating at intermediate
liquid contents; then, when the liquid content increases fur-
ther, it drastically vanishes to the detriment of dimers, trimers
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FIG. 5. Normalized dissipated energy per unit volume Ed/E0 vs
viscosity η f for different reduced pressure P∗. E0 corresponds to the
dissipated energy per unit volume of the dry sample under the same
conditions. The inset shows the dissipated energy per unit volume
Ed versus viscosity at different P∗.

and larger liquid/grain clusters13,15.
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FIG. 6. Normalized dissipated energy per unit volume Ed/E0 vs
viscosity η f at P∗ = 2.3 for two liquid contents. Inset: Ed/E0 vs the
liquid content for η f = 1Pas and P∗ = 2.3.

To provide a further qualitative analysis of the nonlinear
rheology of unsaturated granular materials under LAOS, the
dependence of the normalized dissipated energy per unit vol-
ume with viscosity for four typical driving frequencies is
shown in Fig. 7 at a given P∗ = 2.3. Figure 7 shows that
Ed/E0 increases when the driving frequency ω increases,
whatever the viscosity of the wetting liquid, and that this be-
havior is further strengthened as the shear strain amplitude
increases.
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FIG. 7. a) Normalized energy per unit volume Ed/E0 vs viscosity
η f for different imposed frequency. The closed symbols are for γ0 =
25.61 and the open symbols are for γ0 = 68.2. b)Normalized energy
per unit volume Ed/E0 vs inertial number I for different viscosities
η f at P∗ = 2.3.

In order to analyze our results in the frame of µ(I)-
rheology17,41, we define an inertial number such as

I = γ0ω

√
ρd3

πΓP∗
(4)

Figure 7b shows how Ed/E0 vary throughout the flow
regimes. Notice that for these data points, the inertia num-
ber varies from 0.0024 to 1.2 which covers quasistatic and
dense flow regimes. Thus, for low inertial number, the nor-
malized dissipated energy per unit volume tends to a finite
value, which is strongly influenced by capillary forces: it in-
creases with increasing P∗ (data not shown). When the inertial
number is increased, Ed/E0 increases whatever the viscosity
of the wetting liquid.
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The reason for those dependencies can be attributed to the
rate-dependent relaxation of the microstructure since in faster
flows, deformation rates of liquid bridges introduce varied
shear rates in the fluids, causing viscous flow in the liquid
menisci. Consequently the system is no longer governed by
the inertial number. To evidence that, we introduce the vis-
cous number Iv calculated as

Iv =
η f ωγ0d
πΓP∗

(5)

As predicted, the plot of Ed/E0 versus Iv evidence a col-
lapse of experimental data points onto a single curve (Fig. 8.
A comparison of Figs. 7b and 8 indicates that Iv, rather than
I, is the relevant parameter. Moreover, the plot clearly divides
into two regions: for low viscous number, the dimensionless
dissipated energy per unit volume is roughly constant, inde-
pendent of Iv. This shows that in this region, dynamic viscous
effects are negligible. When the viscous number increases fur-
ther, Ed/E0 increases with increasing viscous number reveal-
ing that in this region, viscous forces are significant/dominant.
Notice that as defined here, I and Iv are the maximum value
of the inertial and the viscous number, respectively, under the
cycle.

We turn now to the gap variation as seen in Fig. 1, i.e. the
dynamical dilatancy that describes the variation of the solid
packing fraction φS under LAOS measurements. In Fig. 9,
the normalized solid packing fraction φS/φc is plotted as a
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FIG. 9. Dimensionless solid packing fraction φS/φc vs the viscous
number Iv for different imposed frequency f , different γ0 and differ-
ent reduced pressure P∗.

function of the viscous number Iv. Once again, all the data
points collapse on a single curve. At low Iv, φS/φc is quasi-
constant. When Iv increases, the inertia starts influencing the
flow and the system becomes rate dependent: the ratio φS/φc
decreases; this regime corresponds to the dense flow in which
the granular material dilates.

IV. CONCLUSION

This paper outlines the importance of studying the LAOS
properties of unsaturated wet granular materials under con-
trolled confining stress conditions. The main conclusions are
as follows:
-When the deformation exceed the crossover strain γc i.e away
from the quasi-static regime, the dissipation energy Ed in-
creases with the fluid viscosity η f and is influenced by the
reduced pressure P∗ and the oscillation frequency ω . We have
shown that Ed is an increasing function of P∗ for the explored
range of viscosity, and by increasing the driving frequency,
Ed /E0 increases whatever the viscosity of the wetting liquid.
Such behavior was further strengthened as the shear strain am-
plitude increased.
-By changing the liquid content, the dissipation energy curve
is shifted upwards suggesting that the overall dissipation
mechanism does not change but that the energy dissipation
related to the evolution of the internal structure changes.
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- A good collapse of the experimental data is obtained by plot-
ting the normalized dissipated energy per unit volume versus
the viscous number Iv, indicating that, in the explored param-
eter range, Iv rather than the inertial number I is the control
parameter that captures simultaneously the influence of sur-
face tension, viscosity and driving oscillation frequency.

One of the original aspect of the paper is the investigation
of the influence of the viscosity of the wetting liquid in the
limit of small liquid content on the energy dissipated using
large amplitude oscillatory shear (LAOS). While the results
shown in Figs. 8 and 9 are quite promising, one may wish
to explore to what extent they are sensitive to the spatial dis-
tribution of the liquid phase, that is supposed to be homo-
geneous. Moreover, it would be interesting to introduce the
extended µ(I)-rheology recently proposed15 in the determi-
nation of the dissipated energy Ed . Indeed, knowing this rhe-
ology, it is then possible to write the momentum balance of
the unsaturated granular layer during an oscillatory strain am-
plitude sweeps under confining stress: σ12 = µ∗σ22 where
µ∗ = µ∗0 +αIv with µ∗0 being the friction coefficient in the
quasistatic regime12. Doing so, one predicts that, in the qua-
sistatic regime, the dissipated energy evolves with the confin-
ing pressure as Ed = 4µ∗0 γ0σ22. This is indeed observed and
the corresponding µ∗0 values are in perfect agreement with
those obtained experimentally and numerically in12,15. We
should now extend our finding to the dense flow regime.
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