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On a generalized Aviles-Giga functional: compactness,
zero-energy states, regularity estimates and energy bounds

Xavier Lamy* Andrew Lorent' Guanying Peng?
Abstract
Given any strictly convex norm || - || on R? that is C' in R? \ {0}, we study the

generalized Aviles-Giga functional

rm) = [ (e9mf* 41 (1= ml?)?) a,

for @ ¢ R? and m: Q — R? satisfying V- m = 0. Using, as in the euclidean case
I -l = |-, the concept of entropies for the limit equation ||m| =1, V-m = 0, we
obtain the following. First, we prove compactness in L? of sequences of bounded energy.
Second, we prove rigidity of zero-energy states (limits of sequences of vanishing energy),
generalizing and simplifying a result by Bochard and Pegon. Third, we obtain optimal
regularity estimates for limits of sequences of bounded energy, in terms of their entropy
productions. Fourth, in the case of a limit map in BV, we show that lower bound provided
by entropy productions and upper bound provided by one-dimensional transition profiles
are of the same order. The first two points are analogous to what is known in the euclidean
case || - || = |-, and the last two points are sensitive to the anisotropy of the norm || - ||.

1 Introduction

The Aviles-Giga functional
1
AGe(u) = / (gv%y? + g(l — \vuP)?) dr, QCR? u:Q—R,
Q

is a second order functional that (subject to appropriate boundary conditions) models phe-
nomena from thin film blistering to smectic liquid crystals, and is also a natural higher order
generalization of the Cahn-Hilliard functional. The conjecture on the I'-limit of the Aviles-
Giga energy, which roughly states that the energy concentrates on a one-dimensional jump
set as ¢ — 0, has attracted a great deal of attention, yet remains open; see for example
[4, 5l 21 12) 10, 8, 27].
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The second term in the Aviles-Giga functional penalizes values of the divergence-free
vector field m = V4w that are far from the euclidean unit circle S' ¢ R2. In the present
work we continue the study, initiated in [7], of a generalized Aviles-Giga functional where S*
is replaced by the unit circle of a more general norm on R2. Specifically, we let || - || be a
strictly convex norm on R? that is C! in R?\ {0} (strictly convex C! norm for simplicity),
and consider the generalized Aviles-Giga functional

1am) = 1(mi ) = [ (v + 20— ) 1)

QCR?, m:Q—-RY V.-m=0inD(Q).

Here the constraint V-m = 0 is equivalent to m = V=+u if the domain € is simply connected, so
1. can effectively be seen as a second order functional generalizing the Aviles-Giga functional.
In [7] Bochard and Pegon obtain some preliminary results on the characterization of zero-
energy states of I. (limits of sequences of asymptotically vanishing energy). In this work we
carry out a rather comprehensive analysis of this generalized Aviles-Giga functional. Our goal
is to investigate to which extent the results and methods that have been developed for the
classical Aviles-Giga functional can be extended to this more general setting. In doing so,
we hope to shed some light on what parts of the theory are contingent on specific algebraic
properties of S, and what parts are more flexible. Similar generalized Aviles-Giga functionals
have also been studied in [I7], with a focus on symmetry properties of entire critical points.
Here we concentrate on four aspects:

e compactness in LP and energy lower bounds for sequences of bounded energy;
e characterization of zero-energy states;
e optimal regularity estimates for limits of sequences of bounded energy;

e comparison of upper and lower bounds for sequences converging to a map of bounded
variation (BV).

For the first two aspects we obtain complete generalizations of the analogous results in the
classical case. For the last two aspects, our results demonstrate the effects induced by possible
anisotropy and degenerate convexity of || - ||.

A central tool, introduced in [12] for the classical Aviles-Giga functional, is the notion
of entropies, imported from scalar conservation laws. Formally (and this is justified by the
compactness result), limits of sequences of bounded energy should satisfy the generalized
Eikonal equation

|m| =1 a.e., V-m=0in D'(Q). (2)

Writing locally the unit circle 9B = {z € R?: ||z|| = 1} as the graph of a convex function f,
this equation can formally be rewritten as the scalar conservation law

Ayu + 9y f(u) = 0. (3)

In direct analogy with the entropy-entropy flux pairs for this scalar conservation law, entropies
for the generalized Eikonal equation are C' maps ®: 9B — R? with the property that



V-®(m) = 0 for any smooth solution m of (2)). For weak solutions, the distributions V- ®(m),
called entropy productions, encode the presence of singularities and can therefore be used to
understand compactness and regularity properties. The key property used in [12] is that, in
the classical case || - || = | - |, entropy productions are controlled by the energy. This provides
compactness [2], [12], and an energy lower bound. Thanks to the strict convexity of || - ||, this
analysis can be adapted to our generalized setting; see Theorem [1| and Proposition

A further consequence of the energy lower bound is that zero-energy states, that is, limits of
sequences {m,, } such that I (m,) — 0, have vanishing entropy productions. This is exploited
in [I8] for the classical Aviles-Giga functional to obtain a kinetic equation which roughly
speaking ensures that zero-energy states are, in a weak way, constant along characteristics.
As a consequence, zero-energy states in the classical case || - || = | - | are shown in [I8] to be
locally Lipschitz outside a locally finite set of singular points, and around each singular point
they must coincide with a vortex m(z) = iz /|z|. In [7] this rigidity result is generalized
(with appropriate modifications) to I. associated with any C! norm || - || of power type p for
some p € [2,00) (a quantitative form of strict convexity, see Remark [5)). Here we extend this
further to I. associated with any strictly convex C'* norm (see Theore using an elementary
argument that reduces it to the classical case || - || = |- |.

Finite-energy states, that is, limits of sequences of bounded energy, can have a much more
complicated structure. The energy lower bound ensures that entropy productions are finite
Radon measures, and a central question to solve the I'-convergence conjecture for the classi-
cal Aviles-Giga functional is whether these measures are concentrated on a one-dimensional
rectifiable set. Substantial progress on that question has been made in [10, 25] but it remains
open. For scalar conservation laws (3)) with f uniformly convex (Burgers’ equation), this recti-
fiability property has recently been proved in [26]. The results of [10] and [25, Proposition 1.7]
can likely be generalized to the class of energy functionals associated with any strictly
convex C! norm ||| (using the kinetic formulation obtained in Lemma [19)), but here we don’t
address that question and concentrate instead on optimal regularity estimates for solutions
of the generalized Eikonal equation whose entropy productions are locally finite Radon
measures. In the classical case ||-|| = ||, it is proved in [I4] (adapting an argument of [I5] for

1

scalar conservation laws) that such solutions must locally have the Besov regularity B3 __, i.e.

supy, |h|7% Hm—thL?OC < oo where m" = m(-+h). Moreover this estimate is strongly optimal
in the sense that it is equivalent to entropy productions being locally finite Radon measures.
In the general case, the coercivity provided by the strict convexity of the norm || - || depends
on the direction z on its unit circle 9B, and optimal estimates must take that into account.
We prove therefore a regularity estimate of the form supy, |h|~!||TI(m, m")|| r, <0 for some
function II: 9B x 9B — [0, 00) that is sensitive to the anisotropy of || - ||, and show that it is
strongly optimal (equivalent to entropy productions being locally finite Radon measures) at
least when the norm || - || is analytic; see Theorems [6] and [8] (For a norm || - || of power type
p convexity this estimate implies in particular Besov regularity agreeing with the results of
[15] for scalar conservation laws (3]) when the flux f has degenerate convexity; see Remark )
Furthermore, if || - || is merely C' then the quantity supy, |h|~*||TI(m, m")]| L} 1s comparable
to the total entropy production when m is BV, hinting that the regularity estimate could be
strongly optimal for all strictly convex C'* norms || - ||.

The I'-convergence of the classical Aviles-Giga functional in the BV setting is well under-
stood [2, 8, 27]. For a solution m of the generalized Eikonal equation which is BV, an



upper bound can be obtained for the minimal energy of approximating sequences m,, — m by
pasting optimal one-dimensional transitions along the jump set .J,, [8, 27, 28]. In the classical
case || - || = |-, this upper bound happens to coincide with the lower bound provided by a
particular class of entropy productions [2], thus characterizing the I'-limit at BV maps m.
This perfect agreement of entropy lower bound and 1D upper bound is very likely linked to
specific algebraic properties of the euclidean norm | - | (as are the symmetry results of [17]).
In fact it is known [19] § 4] that for general || - || optimal transition profiles may not be one-
dimensional, and in that case the 1D upper bound is strictly larger than any lower bound
(see [29] 30] for more results related to such issues). Moreover entropy lower bounds may be
optimal even in cases where the optimal transition profile is two-dimensional, as happens e.g.
in [I] (see also [16] for this and other related results). It is however interesting to find out
whether these two bounds (the entropy lower bound and the 1D upper bound) are of the same
order of magnitude, or can instead be very far apart. Like optimal regularity estimates, this
question is sensitive to the possibly anisotropic behavior of || - ||. We prove that these upper
and lower bounds do agree up to a multiplicative constant; see Theorem

In the rest of this introduction we present the precise statements of our results. In Section 2]
we derive some useful properties of the entropies in our generalized setting. In Section [3| we
prove the compactness result. In Section [ we prove the rigidity of zero-energy states. In
Section [5| we prove regularity estimates for finite-energy states and their optimality. And in
Section [6] we compare upper and lower bounds for BV limits.
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1.1 Notations and assumptions

Let Q C R? be a bounded open set and || - || be a strictly convex C' norm on R? unless
otherwise specified. We denote by B = {z € R?: ||z|| < 1} the open unit disk for the norm
|-|l. The properties of || -|| are equivalent to strict convexity of B and B being a C! manifold.
Without loss of generality, we assume that OB has length 27, and let v : R/27Z — OB be the
counterclockwise arc-length parametrization of 9B (unique up to translation of the variable).
By assumption, v € C'(R/27Z; R?). In many places we identify R? with C and in particular
we let i denote the counterclockwise rotation by 5. We will use the symbols < and 2 to
denote inequality up to a multiplicative constant that depends only on B.

1.2 Compactness and lower bound

Our first result generalizes the compactness result obtained independently in [2, Theorem 3.3]
and |12, Proposition 1] for the Aviles-Giga functional.

Theorem 1. Suppose the sequence {m,} C W12(Q;R?) satisfies V- m,, = 0 and

sup I, (my) < o0.
n

Then {my} is precompact in L?(£2).



As explained above, this compactness result relies heavily on the notion of entropies for
the generalized Eikonal equation

lm| =1ae., V-m=0inD(Q). (12)

Equivalently, the first constraint ||m| = 1 means that m takes values into OB. Entropies for
this equation are C* maps ®: 9B — R? such that, if m is a C' solution of (2)), then ®(m) is
also divergence-free V- ®(m) = 0. It is a lengthy but straightforward exercise to see that this
is equivalent to requiring that, for all 8 € R,

d
@é(v(ﬂ)) is tangent to OB at v(0).

For a weak solution m of , the entropy production V - ®(m) is in general not zero, and
encodes the presence of singularities. The proof of Theorem [I]| relies on the control of entropy
productions provided by the energy. This control is possible for regular enough entropies: we
define

ENT = {cp € C1(9B; R?): d%@(fy(e)) = Ao (0)7(0)
for some function A\ € C*(R/ 2772)}. (4)

The control of entropy productions used to establish compactness also provides a lower bound
for the energy. From this point on all entropies for equation (2)) in statements and proofs will
be taken to be the ones from ENT.

Proposition 2. Let m: Q — R? be such that m = lim,_,oo My, in LZ(Q) for some sequence
{m,} € WH2(Q;R?) with V-m,, = 0 and sup,, I, (m,) < co. Then m satisfies the generalized
Eikonal equation (2), its entropy productions satisfy V - ®(m) € M() for all ® € ENT, and
they provide the lower bound

\ IV-o(m) (U) < Co liminf I, (my; U), (5)
INplloe <1

for any open subset U C 2 and some constant Cy > 0 depending only on B. Here \/ denotes
the lowest upper bound measure [3, Definition 1.68] of a family of measures.

Remark 3. The hypothesis that ||-|| is strictly convez is necessary for Theorem[1: Suppose that
OB contains a line segment [y, (1] then without loss of generality we can assume (y = e1 + dea
and (1 = e; — deg. Setting m.(z) = e1 + 0sin(x1/\/€) ez, then V -me = 0 and ||m.|| = 1
everywhere in Q. Thus sup,~qlc (me) < 0o, but m. converges weakly to m = ey in LP as
e — 0 and ||me —mllr 20 for alle >0 and all p > 1.

1.3 Zero-energy states

As stated previously, Jabin, Otto and Perthame showed in [I8, Theorem 1.1] that zero-energy
states of the Aviles-Giga functional are rigid. This result has several interesting implications
[10, @, 23 21]. It is proved in two steps: first, zero-energy states have vanishing entropy



productions and satisfy as a consequence the kinetic equation e - Vil (z)eit>o = 0, which
expresses in a weak way the fact that m is constant along characteristics of the classical Eikonal
equation; second, solutions of this kinetic equation are shown to be rigid. In [7], Bochard and
Pegon generalize the second step to solutions of the kinetic equation +/(t) - Ln(2)-iy(t)>0 = 0
naturally associated with the generalized Eikonal equation (2]), under the assumption that the
C! norm || - || is of power type p (see Remark . They do not however prove the first step,
namely that zero-energy states of I. satisfy this kinetic equation. Here we do establish that
missing step, and generalize their rigidity result to any strictly convex C! norm || - ||, with a
somewhat more direct proof.

Theorem 4. Let m : Q — R? be such that m = lim,, oo my, in L%(Q), where the sequence
{mn} C WH2(Q;R?) satisfies V - m,, = 0 and

lim I, (my) = 0.
n—oo

Then m is continuous outside a locally finite set of singular points. For every singular point
xg, there exists B € {—1,1} such that in any convex neighborhood U of xo, we have m(x) =

BVe(i(x — xp)), where Vg(-) := V|| - ||« is the vortex associated to || - || and || - ||« is the dual
norm of || - ||.
Remark 5. Our proof also recovers the result, obtained in [7], that if the C* norm || - | is of

power type p for some p > 2, that is,

r+y
2

1—

H > Kle—ylP Vo, e 0B,

1
p—1

for some constant K > 0, then m is locally -Hélder outside a locally finite set of singular

points (see the end of Section .

1.4 Optimal regularity estimates

Proposition |2l motivates the study of finite-entropy solutions of the generalized Eikonal equa-
tion, i.e. solutions of satisfying V - ®(m) € Mj,(Q2) for all & € ENT. We present here
regularity estimates for these solutions, that are strongly optimal in the sense that a converse
estimate is valid: regularity implies locally finite entropy productions. In the context of scalar
conservation laws, this type of optimality is related to “Onsager conjecture-type” statements:
see e.g. [6] where the authors investigate minimal regularity requirements that are sufficient
to ensure that entropy productions vanish.

In the classical case ||| = |-| it was shown in [I4] that finite-entropy solutions coincide with

solutions of that live in the Besov space B;/ 03071 oc(§2): such Besov estimates are strongly
optimal. This was obtained by adapting methods of [15] for scalar conservation laws with
convex flux f. The 1/3 order of regularity is valid for uniformly convex fluxes f and an
example in [I1] had also demonstrated its optimality, in a different sense than the one we
wish to study here: there exist finite-entropy solutions which don’t have a better order of
regularity.

For fluxes with degenerate convexity, quantified by the inequality

fi) = flw) Z lo—wf™ Vo>,



for some p > 2, the regularity obtained in [I5] is BZ’)’H so.loc” This applies for instance to
f(w) = |wP, and is shown to be optimal in [11] Proposition 3.2], again in the sense that
there exist finite-entropy solutions which don’t have a better order of regularity. However it is
clear (considering solutions whose values stay away from the point w = 0 at which convexity
degenerates) that this Besov regularity does not provide a converse estimate: it is not strongly
optimal.

Here, following [14] we adapt the methods of [I5] to the generalized Eikonal equation
in order to obtain regularity estimates that take into account the anisotropy of || - ||, and in
particular the fact that the convexity of || - || may degenerate differently in different directions.
For a precise statement, we introduce the (unique up to an additive constant integer multiple
of 27) continuous function a: R — R such that

7' (0) = ) Vo € R.

The strict convexity of B ensures that this function « is increasing, and the symmetry of B
implies a(t + 7) = a(t) + 7 for all t € R. We define a function II: 9B x 9B — [0, 00) by

T (7(61),7(62)) = /9 /9 als) dids  for |01 — 0s] <. (6)

Using this function II as a “metric” for the increments, we have the following regularity
estimate for finite-entropy solutions of .

Theorem 6. Let m satisfy the generalized Eikonal equation . Suppose
V- ®(m) € Mie(2)  for all ® € ENT, (7)

then

/ m(z + h),m(z)) dv < oo for any Q' CC Q. (8)
|h|<dlst Q’ o) |1l Jor

Remark 7. If || - || is of power type p for some p > 2 (see Remark @, the estimate directly

implies that m € B;’ii o IOC(Q), as explained in Remark|17. This corollary is analogous to the

regularity results obtained in [15, Theorem 4.1] for convex scalar conservation laws.

The main interest of this regularity estimate is that the “metric” II is sensitive enough to
the local convexity of B to ensure the validity of a converse estimate, at least when || - || is
analytic in R? \ {0} (or equivalently 9B is analytic):

Theorem 8. Let m satisfy (2)). Assume that the strictly convex norm || - | is analytic in
R2\ {0}, then implies ().
Remark 9. Note that Theorem [§ applies in particular to || - || = || - |l for any 1 < p < oo
(see Remark [26]).

We don’t know whether the analyticity assumption on || - || is necessary for the validity of

the converse estimate implying . An indication that it might not be needed is given by
the following.



Theorem 10. Let || - || be a strictly convex C' norm on R? and let m € BV (§;R?) satisfy
. Then for any open subset Q' CC Q we have

\V IV-em)||(@)<Cy  sup

— [ T(m(x + h),m(x)) da,

for some absolute constant Cy > 0.

Note that for a BV solution of as in Theorem both the entropy productions and
the quantity appearing in the regularity estimate are finite. Here the point is that the
latter controls the former, without any further regularity assumption on the norm || - |.

1.5 Comparison of upper and lower bounds

For general maps m, finding an upper bound that matches (at least up to a multiplicative
constant) the lower bound of Proposition [2]is a famously hard problem even in the classical
case. However, when the limiting solution m of additionally belongs to BV (;R?), then
it is known [28] that an upper bound (in the sense of I'-convergence) is obtained by pasting
optimal one-dimensional transitions at scale € along the jump set J,,. Specifically, for any
solution m € BV (£;R?) of the generalized Eikonal equation and any smooth simply
connected open subset U C 2, there exists a sequence m. — m in LP(U;R?) for 1 < p < oo,
such that

limsup I.(m.; U) < / P (m*,m™) dH?, 9)
e—0 UNJpm
where m* are the traces of m along .J,,, and ¢'P: 9B x 9B — [0, 00) is given by
ztiv
Pzt z7) =2 / (1 — |lav + siv||?) ds|, (10)
Z7 v
+ _ —
I/:iu, a=ztv=2 v
|zt — 27|

Here the unit vector v represents a normal vector to the jump set J,, at a jump between z*
and z~. The divergence-free constraint V - m = 0 forces v to satisfy (27 —27)-v = 0, and
this characterizes v up to a sign. Note that it is known that the upper bound provided by
one-dimensional profiles will in general not be optimal [19] § 4] (see [29} 30] for a discussion of
optimal upper bounds), but here we are only interested in optimality up to a multiplicative
constant.

We wish to compare this 1D upper bound to the lower bound provided by the entropy
productions in Proposition For a solution m of (2]) which additionally belongs to BV (Q; R?),
the BV chain rule implies that the entropy productions are absolutely continuous with respect
to 7—[% I Thanks to [3, Remark 1.69], the resulting lowest upper bound measure is also

absolutely continuous with respect to ’Hi T and (see Lemma ) we have

Vo IV-em)| =N (mt mT) A,
Mplloo<1



where m™ are the traces of m along .J,,,, and the jump cost c®NT: 9B x 9B — [0, c0) is given
by
0+
NI 27) = sup / Ao (5)7/(s) - vds for 2= = ~v(6%),
IXplloo<1 /6~

and v as in . The value of the last integral does not depend on the choices of #* modulo 27,
because the definition of Ag in (4)) implies [p J2n Ao ($)7 (s)ds = 0 for any entropy ® € ENT.
In other words, for a BV map m, the lower bound becomes

liminf I., (mn; U) = / NI (m T m™) dH. (11)
IJmNU

n—oo

We show that these lower and upper bounds and @ for BV maps m are comparable:

Theorem 11. There exists a constant Cy > 0 depending only on B such that
Cyte'P(zh,27) < BN (et 27) < Coe!P (2T, 27)

for all z* € 0B.

2 Entropy productions

In this section we compute entropy productions of divergence-free m € W2, and as a direct
consequence we prove Proposition This relies on ideas already present in [12], we check
that the same structure can be reproduced here thanks to a natural change of variable and
ad hoc calculations.

Since B is convex and centered, for any z € R?\{0} there is a unique (r,6) € (0, 00)xR/27Z
such that z = rv(0). In order to make use of classical polar coordinates, we introduce the
bijection X : R? — R? given by

X (re'?) = ry(0) Vr >0, 6 € R. (12)
The map X is C! in R?\ {0}, and its jacobian determinant is
det(VX (re?)) = iy(0) - 7' (0) > ag > 0,

where aq is the radius of the largest euclidean ball contained in B. This last inequality follows
from the convexity of B: for any z € B we have (2 — v(0)) - i7/() > 0, and applying this to
2z = —iagy' () gives iy(0) -7'(0) > ag. As a consequence, X ! is C! in R?\ {0}. Moreover X
is a bi-Lipschitz homeomorphism.

In the following, we take 5(r) € C*([0,00)) so that 0 <7 <1, p=01in [0, 3] U[2,00) and
n(1) = 1. For ® € ENT, define ® € C*(R2;R?) by

~

@ (r7(0)) = n(r)® (v(9)) - (13)



Lemma 12. Let m € WH2(Q;R?) satisfy V- m = 0. Then for any ® € ENT, we have
~ 1
V- B(m) = L(m) -V (1 m]?). (14)

where

and

Ao (6) = =5 (2 (5(0) 7' (0).

Proof. It suffices to prove for a smooth map m:  — R?, because we can then approx-
imate a W12 map m with smooth maps m, — m in W'? and a.e., satisfying in addition
V -m, =0, so that passes to the limit in D'().

It is convenient to change variable in order to use classical polar coordinates: we set

~ ~

® =do X, m=X"!(m),so that
o(re?) = n(r)®(y(0)),  ®(m)=®(m), and V-X(m)=0. (15)
And note that || X (v)|| = |v| for all v € R?, and so

| = [[ml. (16)

In the following we perform calculations in the open set {m # 0}. Using that ® € ENT, we
have

d

ZB0(0) = Xa(0)7/(6),

so computing D® using polar coordinates we find
DO (re'?) =/ (1) ®(v(0)) @ e + @Aq,(e) v (0) @ ie®.
T

Note that for any v, w € R? we have the identity tr (v ® wDm) = ((v-V)m) - w. So, writing
m = re'?, we obtain

V - ®(m) = tr(D®(m) D)

Applying this to n(r) = r (the above calculations only require 7 to be C1) and ®(z) = z gives
in particular

10



so the previous expression for V - &)(ﬁl) can be rewritten as

V- 3(m) = ”("g')me)v - X ()

+[((rampeno) - 12ren ) 7)) - L

|| ||

Using V - X () = 0 and 9;m - m = 9;|m|?/2, this becomes

V- B(m) = LU(m) - V(1 i),
o ()

g

Gm) = U5 000 -

||

@(v(0))-

The above calculations are valid in {m # 0}, but since n(r ) n'(r) =0 for 0 <r < 1/2, this
last expression makes sense everywhere. Recalling from (15)-(16) that (1) = <I>( ), and
| = ||m), setting ¥ = ¥ o X! this is exactly the clalmed expression ([14) for V- ®(m). O

Proposition 2] is a rather direct consequence of the identity obtained in Lemma

Proof of Proposition[4 Let m: Q — R? be such that m = lim, oo m, in L?(Q2) for some
{m,} ¢ WH2(Q;R?) with V- m,, = 0 and sup,, I, (m,) < oco. The fact that V-m = 0
in D'(Q2) follows from V -m,, = 0 and L? convergence. The assumption sup,, I, (m,) < oo
implies that ||m,| — 1 in L?(Q2). This together with m,, — m in L?(Q) gives ||m| =1 a.e.,
and thus m satisfies the generalized Eikonal equation .

Let ® € ENT and its extension ® defined in . First note that, in order to estimate
V - ®(m), we may assume without loss of generality that

/ Ao =0 and / d=0. (17)
R/2nZ oB

This is due to the fact that, for any ¢ € R and b € R? the entropy given by ®%°(z) =
®(2) +az +b for z € OB satisfies V- ®¥°(m) = V- ®(m) since V-m = 0, and Agas = Ao + a.
Hence we may choose a such that Agas has zero average for any b € R?, and b such that ®®°
has zero average.

Thanks to Lemma for any test function ¢ € C2°(£2) with support inside an open subset
V C Q, we have

~

(- Bma),¢) = =5 [ 0= )V - () da

1 my) - — ||mnl?) dz
5 [ W) V(= ) d

<V ¢l e (s V) + 10 o[V o VIR 2, (1)

N

so taking the limit n — oo we deduce

(V- @(m). Q) £ [V lClloe limin L., (my; V). (18)

11



This implies in particular that V- ®(m) is a finite Radon measure. From the proof of Lemma
we have U = ¥ o X! with

Bre?) = L0 O ) T g 4 g)).

r2 r
Recalling that X ! is Lipschitz we deduce
V¥ oo S 1@llcr + [[Aallcr-

Recall that Ay and ® have zero average thanks to and thus ||[Ae||c1 is controlled by
|Aplloo. Further, as (d/d0)®(v(0)) = Aa(6)7'(6), we also have that ||®|/c1 is controlled by
|A@]lco and hence controlled by ||Aj]|so- So we have

V¥l < Col Noloo-

Plugging this into and taking the supremum over all test functions ¢ € C°(V) with
I<]loo < 1 we deduce

|V -2(m)|(V) < Cp linrgioréflan (my; V) V® € ENT with [|[Ape < 1.

Hence for any open subset U C ) and any disjoint open subsets Vi,...,V; C U and entropies
®q,...,P, € ENT with ”)‘/cijoo < 1 we have

DIV @5(m)|(Vy) < Co Y limint L., (ma; V;)
J J
< Cy 1irr_1>inflsn(mn; U).

Given any disjoint compact sets Aq,...,Ar C U, we can find disjoints open sets containing
them, and so for entropies ®1,...,®; € ENT with H)‘ép]- lloo <1 we have

STV - @5 (m)|(4;) < Coliminf ., (my,; U).

J

By inner regularity of the Radon measures V - ®(m) this is in fact valid for any disjoint
measurable sets Aj,..., A, and then for any countable disjoint family of measurable sets
{A;}. Recalling the definition [3, Definition 1.68] of the lowest upper bound measure, this
implies the lower bound . O

3 Compactness

In this section we prove Theorem let {m,} C W12(Q;R?) satisfy V- m, = 0 and
sup,, I, (my) < oo, then {m,} is precompact in L?(2). The proof follows very closely the
arguments in [I2] Proposition 1.2], the only point that calls for a new technical input is the
approximation of generalized entropies analogous to [12, Lemma 2.5] (see Lemma |15 below).
We only briefly sketch the main ideas and highlight the steps that require adaptation. We
refer to [12] for the details that stay unchanged.
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The proof consists in showing that any Young measure {iu;}.cq generated by a subse-
quence of {m,} must be a family of Dirac measures. As in [12, (3.17)], the energy bound
sup,, I, (my,) < oo implies that p, is concentrated on 9B for a.e. x € Q. The first main step
is to prove that, for any entropy ® € ENT the sequence V - Cf(mn) is precompact in H—1(Q).
This follows from the identity obtained in Lemma exactly as in [12], (3.1)]. The div-curl
lemma therefore implies that for any entropies ®1, ®5 € ENT, the weak* limit of the product
®1(my,) - iPy(my,) in measures is the product of the weak limits of ®;(m,,) and z:ISQ(mn) in
L?(Q). Hence, for a.e. € Q, u = pu, is a probability measure concentrated on 9B and
satisfying

The conclusion of Theorem [I] then follows from the next Lemma, which is the counterpart of
[12, Lemma 2.6].

Lemma 13. Let p be a probability measure on R? that is supported on OB and satisfies (19)
for all ®1, P9 € ENT. Then p is a Dirac measure.

Remark 14. In the euclidean case || - | = | - |, building on earlier work by Aviles and Giga
[, Jin and Kohn [19] introduced two fundamental entropies ¥1,%9 : St — R? given by

5 ()5 () =) -5 (5 ).

The proof of compactness given by [2] uses only 31, %9 but is somewhat intricate, and the one
in [12] uses an infinite family of entropies. We indicate here a somewhat shorter proof using
only 31,%9 and Sverdk’s theorem [32]. To see this, rewrite applied to 1,9 as

det( RMXdy(X)> - /R | det(X) du(X),

where v = Py is the pushforward of p by the matriz-valued map P: S' — R2?*2 whose
rows are ¥1,%9. Hence v is a Null Lagrangian measure (in the sense of [24]) supported on
K = P(SY) (which is the same set as in [23, (42)]). By [23, Lemma 7], the set K has no
Rank-1 connections, so [32, Lemma 3] ensures that v is a Dirac measure.

The proof of Lemma follows closely [12, Lemma 2.6]. Nevertheless we give some details,
because this is where the crucial assumption that B is strictly convex is used. In the proof we
will need the following construction.

Lemma 15. Given £ = v(6p) € OB, define ®¢ : OB — R? by
D%(2) = 1o.4(80)>0 7 (B0) = Lie0 ins (€),

where ng(€) denotes the outer unit normal to OB at €. Then ®¢ is a generalized entropy for
the equation in the sense that there exists a sequence {(I)g}g o C ENT that is uniformly
>

bounded and satisfies

B5(2) — @%(2) for all » € IB. (20)
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Proof. For any \ € C'(R/27Z) such that fR/sz A(0)7/(0) df = 0, the map ®: OB — R? given
by

0
B((0)) = / At/ (8) dt,

0o

is well defined and belongs to ENT. We define a sequence of functions As such that the
corresponding ¢ = <I>§ has the desired properties. We fix a smooth nonnegative kernel p €
C2°(R) with support supp p C (0,1) and unit integral [ p = 1, denote ps(t) = 6 'p(t/d), and
define a function A; € C*°(R/2nZ) by setting

~

As(0) = ps(0 — 0o) + ps(m+ 6 — 0) for 6y < 0 < 0y + 2,
and \s extended as a 2m-periodic function. Note that As is supported in

(90,90 —1—5) U (90 + 7 — 4,60 —|—7T) + 277
Moreover, the map Us: (6, 0y + 271] — R? defined by

9 ~
Uy (0) = / MY (B dt for B < 0 < 0o+ 2,
0o

satisfies |¥5| < 2 since |4'| = 1, and

ws(9) = | Jmpolt =00y (0)dt it 60+ 0<6<6+m—6,
T Japalt — 001y (8) dt + [ ps(00 + 7 — )Y (£)dt  if O+ 7 < 0 < 6 + 2.

Using that 4/ is continuous and +'(0y + m) = —7/(6y) we obtain, for any 6 € (g, 0y + 27], the
limit

Bo) iy <0<0
lim ws(0) = 7 0} P00 <O < byt
320 0 if 6o + 7 < 6 < g + 2.

This corresponds exactly to ®¢(y(6)). The only issue is that As does not satisfy the constraint
fR/sz As(0)7'(0) df = 0, hence W5 cannot be extended to a 2m-periodic function and does not

define an entropy. So we need to modify ;\5 We claim that there exists us € C1(R/27Z)
such that

| ws@reras= [ sor e,
R/27Z R/27Z (21)

and / |ps(0)| df — 0 as 6 — 0.
R/27Z

!Note in order to get the pointwise convergence in for every z € OB we can not define Xs via the
standard symmetric (across zero) kernel centered on 6y, g + w. This is why we do the two step procedure of
defining As then modifying it.
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Granted (21), we define \s = As(0) — p15. This function does satisfy fR/%Z As(0)7(0)do =0
thanks to , so the formula

0
25(1(6)) = / A(t)/(8) dt,

0o

defines an entropy <I>§ € ENT. Moreover for any 6 € (6y, 0y + 27| we have

0s(0) - SO < [ Ius(O)]do —0  as5 .
R/27Z
Thanks to the convergence of W established above, this implies <I>§(z) — ®¢(2) for all z € OB,

and uniform boundedness of <I>§ follows from the uniform boundedness of Ws. Therefore the
proof of Lemmawill be complete once we prove the existence of s € C1(R/27Z) satisfying

(21).

This construction is possible thanks to the fact that
- // 55(0)7(6) d8 — ~'(00) + /(8 + ) = 0,
R/27Z

as 0 — 0. To explicitly construct pgs, we introduce a (small) parameter n > 0, to be fixed
later, and two functions f{, fy € C1(R/27Z) such that

117 = Vil L2/2nz) < 7 for j = 1,2,

and look for ps in the form

ws(0) = as f1(0) + Bs f3(6), as, Bs € R.

With these notations, the constraint [ psy = [ A7/ in (21) turns into

5 as [ [ )
v’ =A , A, = )
() = (o 13
Next we show that we may fix 7 > 0 such that A, is invertible. As a consequence, defining
(as,Bs)T = Aglv‘; ensures that ps satisfies the constraint [ usy = [ As7/ in , and the
convergence s — 0 in L' follows from v® — 0. This concludes the proof of and of
Lemma [T5l

It remains to prove that A, is invertible for small enough 1 > 0. To that end we remark
that thanks to the convergence f]ﬁ — 'y;- in L2, we have

/\2 ! A
An—>A0:(f(fy,1), f7%7%> as n — 0.
S ()
The Cauchy-Schwarz inequality ([ v75)% < [(¥1)? [(74)? ensures that det(A4p) > 0, and in
fact det(Ap) > 0 because equality cannot occur in the Cauchy-Schwarz inequality: otherwise
7,74 would be colinear in L?, implying that 4/ takes values in a fixed line, which is incom-
patible with it being the unit tangent of 9B. So the matrix Ay is invertible, and we may fix
n > 0 such that A, is invertible. O
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With the construction of Lemma [15| at hand, we turn to the proof of Lemma

Proof of Lemmal[13 Let &,& € 0B. By Lemma for j = 1,2, we can find {@?}5 C ENT
such that

09 (2) °3° 9% (2)  for all z € OB.

Also recall that {@? } is uniformly bounded. Hence, applying to ®; = <I’§j and passing
to the limit § — 0 we obtain, by dominated convergence,

/8 D6 () 9% () du(2) - ( /8 ] CI>£1(z)du(z)> . ( /8 B <I>§2(z)du(z)> .

In other words, recalling the definition of ®¢ in Lemma for any &1, &2 € OB we have

ing(&1) - ne(&2) p({z - i& > 0} N{z - i& > 0})
=ing(&1) - ne(&e) n({z - i& > 0}) p({z - i& > 0}).

(Here and in the rest of the proof, we use the shortened notation {z -i{ > 0} to denote the
subset of points z € 9B satisfying this inequality.) By strict convexity of 9B, for £ # £&; we
have ing(&1) - ng(&2) # 0, and the last equation becomes

p({z-i& > 0y N {z - i& > 0}) = p({z - i& > 0}) p({z - i&2 > 0}).

From that point on the proof follows exactly [12, Lemma 2.6], for the reader’s convenience we
recall here the short argument. Letting & — & with & # +£; we obtain

({26 > 01 < p({z-i& > 0) p ({2 - i€ > 0}),
which implies

w({z-i€>0})=0o0r p({z-i€ >0}) =1 for all £ € OB.
This is equivalent to

w({z-i€>0})=0o0r p({z-i€ <0}) =0 for all £ € OB. (22)
This implies that p is a Dirac measure: otherwise we can find £ € OB such that

w({z-i€ >0}) >0and pu({z-i§ <0}) >0,

which contradicts . O

4 Zero-energy states

In this section we prove Theorem [4| on zero-energy states: let m: Q — R? satisfy m =
lim,, 00 My in L2(Q) for some {m,,} € W12(Q; R?) with V-m,, = 0 and lim,, s I, (m,) = 0
for some ¢, — 0, then m must be continuous outside a locally finite set of vortices associated
to the norm || - ||. This relies on a kinetic formulation obtained exactly as in [I8], and on
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a simple new argument that establishes a correspondence with the zero-energy states of the
euclidean case || - || = - |-
The first step, analogous to [I8, Proposition 1.1] is to obtain the kinetic formulation

Y'(t) - Velp@)yiv@p>o =0 in D'(Q) for all t € R. (23)

This follows from the fact that entropy productions vanish: thanks to Proposition 2] V -
®(m) =0in D'(Q2) for all ® € ENT. For any ¢t € R, we may apply this to the entropies CIJg(t)
provided by Lemma hence

/ 1D (m(x)) - VC(x)dz =0  forall { € CZ(Q).
Q

Thanks to the pointwise convergence @g(t)(z) — W (z) = L..iy(1)>07' () and the uniform

boundedness of @g(t), we can pass to the limit § — 0 by dominated convergence, and deduce
/le(x)~i'y(t)>0 7/(t) -V{(x)dz =0 for all ( € C°(0),

which is exactly .
Next we define m: Q — S! by setting

m =ng(m), where ng: 9B — S! is the outer unit normal to 9B.
The symmetries of B ensure that, for any z € dB,
z-1y(t) >0 = ng(z) -+ (t) > 0.

Therefore, for a fixed ¢t € R, and 6; = «o(t) where a: R — R is the (unique up to an additive
constant) continuous function such that v/(t) = e’*®) we have

Lin(a)in(0>07 (1) = Li(ay.eive 50 €.

As t — 0; is a bijection from R into itself we deduce from that m solves the kinetic
equation

€ Valgpeivso =0 inD'(Q) for all § € R.

This is the kinetic formulation that characterizes zero-energy states for the classical Aviles-
Giga functional: it follows from [I8, Theorem 1.3] that 7 is locally Lipschitz outside a locally
finite set. Moreover, in any convex neighborhood of a singularity o we have m(x) = pi(z —
x0)/|x — xg| for some B € {£1}.

Note that, since 9B is C'! and strictly convex, the map ng: OB — S! is a homeomorphism.
We deduce that m = ngl(rh) is continuous outside a locally finite set. Moreover, from [7,
Proposition 2.2] we know that ng'(z/|z|) = Vg(x) for any = € R?, where Vg = V|| - ||, is the
vortex associated to || - || and || - ||« is the dual norm of || - ||, and Vg(—z) = —Vg(x), so we
deduce m(z) = BVi(i(x —x0)) in any convex neighborhood of a singularity z. This concludes
the proof of Theorem [4

To prove the assertion of Remark |5 simply note that ng' is 1/(p — 1)-Hélder whenever
|| - || is of power type p for p > 2 [7, Theorem 2.6].
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5 Regularity estimates

In this section we give the proofs of Theorems[6] and [§]in Subsections [5.1] and [5.2} respectively.
The proof of Theorem [10| relies on explicit calculations in the BV setting and is postponed
to Subsection [6.1]

The proof of Theorem [f] follows the ideas of [14], themselves inspired by [15]. The main
new ingredient, after realizing that these ideas can be adapted to control a large family of
integral quantities, is to construct one such quantity that has the additional property of being
coercive, and eventually provides the regularity estimate of Theorem |§| (see Lemma . The
proof of Theorem [§] starts from the now standard idea of using commutator estimates as in
[9, [I4], but here we need these estimates to be in terms of the anisotropic regularity cost of
Theorem @, a subtler goal which requires taking full advantage of the convexity of || - ||.

5.1 Finite entropy production implies regularity estimates

In this subsection we find it more convenient to work with maps m: Q — R? solving
|m|=1ae., V-X(m)=0inD'(Q). (24)

Solutions of and of the generalized Eikonal equation are in correspondence via the
Lipschitz homeomorphism X defined in . Specifically, a map m solves if and only if
m = X (m) solves (2).

This transformation also induces a correspondence between entropies. A C* map ®: S! —
R? is an entropy for equation if and only if V - ®(m) = 0 for any smooth solution of
(24). It is an exercise to see that this is equivalent to (d/d)®(e) being colinear to +/(6). As
in the definition of ENT in , we consider the subclass of entropies where we require a C*
colinearity coefficient:

die@(ew) = \0)Y(0) for some A € C'(R/27Z).

Therefore, ® is an entropy for equation in this subclass if and only if ® = Po X~ !: 9B —
R? belongs to ENT, as follows directly from the definition of the class ENT. Moreover we
have ®(m) = ®(m). In particular, the entropy productions V - ®(m) of a solution m of
are measures if and only if the entropy productions V - ®(m) of the solution m = X (m) of
are measures. Thanks to the above discussion, all results we prove in this section about
solutions of directly translate into corresponding results about solutions of .

We use the family of entropies ®,, for equation given by

By () = /R e WO (s x/2)ds, € O (B/2x) (25)

Note that since +/(t + 7) = —/(t) we have that (d/df)®, (e?) = X(0)7/(0) with A(0) =
Y(0 + 7/2) + (0 — w/2). Therefore does define an entropy for equation (24).
Recall that o € CY(R) is such that

"0 — /() Vo € R. (26)

The continuous function « is uniquely determined up to a constant, is strictly increasing, and
satisfies a(f + 7) = () + 7 for all § € R.
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Proposition 16. If m satisfies and
V- ®y(m) € Mioe(Q) Vo € CH(R/2Z),
then we have

1
sup

A(m(x),m(z + h))dz < oo vQ' cc Q, (27)
o<h|<dist(r.09) R Jor

where A: St x St — [0, +00) is given by

02 b2
(e eif2) = / / s)|dtds  for |6 — 02| < . (28)
61 JO;

Moreover, for mi,mg € S', we have
A(mi,ma) 2 6°w71(6/2), 6= |m1—mol, (29)
where w(8) = sup{|at(t) —a~1(s)|: [t —s| < &} is the minimal modulus of continuity of o™

Theorem [6]is a direct consequence of Proposition [16] and the correspondence between the
generalized Eikonal equation and equation (24)). In particular, the regularity estimate
of Theorem |§| is equivalent to by noting that the function II defined in @ satisfies
LL(y(61),7(02)) = A(e™, ).

Remark 17. If ||-|| is in addition of power type p for some p > 2 then a~ ! is 1/(p—1)-Holder
[7, Theorem 2.6], so w™(8) = 6P~ and therefore and imply

sup Im(z + h) — m(z)[PT de < oo vQ' cc Q,

0<|hl<dist(@.,00) |Bl Jor

that is, m has the local Besov regularity B;ﬁ oo

Remark 18. The function « is increasing and therefore Da is a positive measure. Hence for
0 <0y —01 <m, one can rewrite the quantity A defined in as

A€, eif2) = /// (Ls<r<t + Ls>r>¢) dtds Da(dr)
[61,62]3

02
- 2/ ( — 61)(6s — 7) Da(dr)

01

\)

> *(92 — 91)2Da([91 + (92 — 91)/3,91 + 2(92 — 91)/3])

Ne)

(We used the identity ff[el 62 (Ls<r<t + Lssrst) dtds = 2(7 —01)(02 — ) to obtain the second
equality. )

Proof of Proposition[16 The proof is a direct combination of Lemmas [I9] to 23] below. O
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Lemma 19. If m satisfies and

V-®y(m) e M(Q) Y€ C'(R/27Z),
then m satisfies the kinetic equation

Y (s = 7/2) - Valyy(a).eisso = 050 (s, x) in D'(R/277Z x Q), (30)
for some 0 € M(R/27Z x Q).

Proof. For any fixed ( € C2°(Q2), the operator T¢ : ¢ = (V-®y(m), ¢) is a linear operator from
C'(R/27Z) to R. Further the estimate [(V - ®y(m), )| S [¢]lc1r/2qxz) V] Lo () implies
that T¢ is a bounded linear operator. Thus the same Banach-Steinhaus argument as in [14]
Lemma 3.4] provides the bound

(V- @y(m), O S [[¥llermyenzyllCllzoe )

for all ¢ € C%(Q) and v € C'(R/27Z). Moreover, when 1) is a constant ¢ = ¢, we have V -
@, (m) = 2c¢V-X(m) = 0, so in the above we can consider the quotient space C'(R/27Z)/R ~
C%(R/27Z). Explicitly, for any f € C°(R/27Z) consider the function ¢[f] € C*(R/27Z) given

by
wnw= [ (f—]fwﬂf) ,

then we have

(V- @yrp(m), €) S 1 fll e ry2nz) 1€ Loo ()5
for all ¢ € CY() and f € C°(R/27Z). As a consequence (see [22, Appendix B] for a
detailed proof) there exists a measure 0 € M(R/27Z x Q) such that, for all ( € C°(Q2) and
f € CO(R/2rZ) with £, f = 0, we have

(V- @yppy(m), Q) = —(0, f @ () = (9:0,9%[f] @ ().
From the the definition of ®,; we see that this is equivalent to

<’Y/(5 - 77/2) ) vﬂclrn(:n)-ei“’>() - 850', ¢(S)C(JU)> =0, (31)

for 1) = 1[f], that is, for all v € C1(R/27Z) such that 1(0) = 0 and ¢ € C°(Q2). For constant
1 = ¢, equation amounts to 2¢ V- X (m) = 0, so it is in fact valid for any ¢ € C'(R/27Z).
This proves the kinetic equation (30)). O

Remark 20. Note that the kinetic equation only uniquely determines Jso. We may
choose the unique o satisfying in addition (o(s,z),{(z)) = 0 for all { € CY(Q).

Lemma 21. If m satisfies |m| = 1 a.e. and the kinetic equation , then for any ¢ €
BV (R/2nZ) which is odd, i.e. o(—0) = —p(0), the quantity

iGlez‘Gg: —s ,8—71’ / —r
Al %) //R g VG =2 A2 (32)

(1eis,ei02 >0 — Lgis.gion >0) (16it,€i62>0 — 1 it g0y >0) dtds,
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satisfies

1 el (r/2r2)
— | A < DXL \R/ems)
] Jo et mle ) de < G 5a)

for all Q' CC Q and h € R? such that |h| < dist(),09).

+ | Dp|(R/27Z)|o|(R/27Z x ),

Proof. This essentially follows [14, Lemma 3.9] in a slightly modified setting; we provide some
details here for the reader’s convenience. We set
X(t, @) = Leit(2)>05
and for a small parameter £ > 0 we consider regularized (with respect to z) maps
Xe = X *z Pe;, Oc = 0 *g Pe,
where p. is a regularizing kernel. We have the regularized kinetic equation
V(s = 7/2) - VaXe = 050

Let ) CC € be fixed and h = ue for some e € S' and u € R such that |u| = |h| <
dist (€Y, 0€2). Without loss of generality, assume e = e;. We denote by x“(¢,x) = x(t,z +uey)
and D¥x(t,z) = x“(t,x) — x(t,x). Define the quantity

By = [ ot —5)7/ (s — 7/2) A~ (t — 7/2)
R/27ZXxR/277Z
D"xe(s,2)D"xe(t, x) dtds,
for x € Q and |u| + € < dist(x, 02). Note that, as ¢ — 0, we have the pointwise limit
AL (z,u) — Ag(m(z), m(z +uep)) for ae. x €.

A long but direct calculation (detailed in [T4, Lemma 3.9] in the case y(t) = €') provides, for
any smooth odd ¢, the identity

a g __ € I3
GoAL =1V A7

1 =2 [ olt = 90t = 1/2) [t )00 (5.2) — et )Du02(5,2) s,
A5 =2 [ ot = sblt = /D715 — /2 t,2) D5, )dd,

A5 =2 // o(t — s)vat — 7/ 2)h(s — m/2)xe(t )X (s, @) dids.

Note that [A®] < |l¢llz1(r/2rz)- Integrating with respect to u and against a smooth cut-off
function in z we deduce
1 lell /22

o [ ALz, u)dr S

] Jo S e ol x ) [ )t

R/27Z

Letting € — 0 we infer

1 el r/2rz)
il < IPIL(R/27Z)
il Joy Ag(m(z), m(x +uer))dr S st (€Y, 09)

for all smooth odd ¢, and by approximation for any odd ¢ € BV (R/27Z). O

+ |Dp|(R/277Z)|o|(R/27Z % ),
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Lemma 22. There ezists an odd function ¢ € BV (R/27Z) such that the quantity A, defined
n satisfies Ay, 2 A, where A is defined in .

Proof. We define an odd function ¢ € BV (R/27Z) by setting

1 for 0 < 6 < 4,
p@)=¢—-1 for —6<6<0,
0 for 6 < 16| <,

where 0 € (0,7/2) is a parameter to be chosen later. Recalling the definitions of A, and
« , we have, for mq, mg € St,

Ag(mi,mg) = //dist st |sin(a(t — 7/2) — a(s — w/2))| E(t) E(s) dtds, (33)

—_

‘:(t) = E(tvmme) = le“~m2>0 - 16”-m1>0'

Here and in what follows we let distg: denote the geodesic distance in S!. The function
=(-,mq, mg) is supported in two opposite arcs of length distgi (mq,ms2):

E(t,mi1,ma) = 1iea — Lie—a for a.e. t € R/27Z,
A= A(my,mg) = {t e R/27Z: e -mgy > 0and e -my < 0} .

If distgi (m1, mg) < m — 4§, then the distance between these arcs is at least d, so we have

[1]

(t)2(s) = Lstca+ Lsic—a for diStgl(eis, eit) < 0,

and therefore

Bolmiyms) = [[| Lyl sin(alt = w/2) — als —n/2)| dids
AxA
+ // Laisty (55 eit)<sl sin(a(t — m/2) — a(s — m/2))| dids
—Ax—A
_5 // Liter ettty <gl S(a(t — 7/2) — s — 7/2))| dids.
AxA

The last equality follows from «(t + 7) = a(t) + « for all t € R/27Z. Because « is uniformly
continuous we may choose g > 0 small enough to ensure that |a(t —7/2) —a(s—7/2)| < 7/2
for distgi (e, e*®) < § provided 6 < &g, and then we have

4

Ag(my,ma) > ~ // Liist,y (eis iy <sla(t — m/2) — (s — 7/2)| dtds.
T JJAxA

Letting m; = €1, moy = €92 with |0 — 6| = distg1 (m1, ms), this turns into

4 [O2+5 [O2+7%
Aglmima) == [ 2 [T T ot = m/2) - als = /)] deds

s ™
1+§ 1+§

4 62 62
= [ gesta) - ats))des (34)
™ Jo, Jo,
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Recalling the definition (28)) of A(mi, m2), we deduce
4
Ag(mi,mg) > —A(mi, ma) if distgi (m1, ma) < 0.
T

For § < distgi(my, ma) < m — 6, from (34) we have
0+o 9+6
>
Ag(mi,mg) > C1(0) := - él€1£ / a(s)| dtds > 0

(where this infimum is indeed positive because « is strictly increasing thanks to the strict
convexity of B), so

C1(6)

WA(WL’WQ) if § < distgi (m1,mg) < 7 — 6.

Ay(my,mo) >

Finally we turn to the case m — § < distgi (m1, ma) < 7, where the product Z(s)Z(t) can
take negative values. We have
E(t)=(s) = 1spea + 1se—a — Licase—a — Lie—asea
> lstea+ Lspe—a—1 04, — 1s,te—fla’
where Aj is the arc of length 2§ given by

_91—|—92 ™
2 2’

Plugging this into the expression of A, in and using again «(f + 7) = «(f) + 7 and
la(t — /2) — a(s — 7/2)| < 7/2 for distg: (e, ”) < 4, we find

4
Agy(mi,ma) > — // Laisty (¢35 eit)<sla(t — m/2) — as — m/2)| dids
AxA

™

- 2//145x,45 la(t —7/2) — a(s — 7/2)| dtds

00+7r—7 00+7r—7
-/ Ly ssla(t) — a(s)| dtds
fo+3 0o+

Oo+6 90+5
- 2/ / — a(s)| dtds. (35)
0o 0o

Since « is increasing, its derivative D« is a nonnegative Radon measure. We use this to

Ag = {t € R/277Z: distgi (¢, iei®0) < 5} S

calculate

90+7r—7 Oo+m—5
/ 1,_yesla(t) — a(s)| dids
fo+3 o+

90+7r—§
_ / W (r) Da(dr),
fo+5

W(r) = //1t—s|<5100+6/2<t<7'1T<s<90+7r—6/2 dtds

+ﬂ1|ts<6190+5/2<s<717<t<90+ﬂ’5/2 dtds.
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{lt—s|<dIn{t<sin{t<r<s}
§ b
o
T
0
0

{lt=s|<d}n{t>s}n{s<r<t}

Figure 1: The two isosceles triangles in W (7).

For 7 € [0y + 35/2,0p + m — 30/2] the quantity W(7) is the sum of the areas of two isosceles
right-angled triangles of height &, so W (7) = §2; see Figure [1l Thus we deduce

Oo+m—%  rOo+m—$
/ 1p_sisla(t) — a(s)| dtds
90+§ 90+5

> 62Da([fo + 35/2,00 + 7 — 35/2]). (36)

Similarly we write

0o+9 00+5
/ / a(s)| dtds
Oo+0
:/ // (Li<r<s + Ls<r<t) dtds | Da(dr),
00 1 90+5]2

< 46*Da([fy — 6,60 + 5)). (37)
Plugging — into we obtain
1
Ay (my, ma) > 46* <7TD04([90 +38/2,600 +7m —35/2]) —2Da([0p — 9,00 + 5})) ,

if m —§ < distgi(mq1, me) < 7. Since « is continuous, the measure Do has no atoms, and we
deduce the convergence

1
;DO{([@O + 35/2, O +m — 35/2]) — 2DO¢([90 — 9,00 + 5])
s L Da(0, 00+ 7)) = 1,

v

as  — 0, uniformly with respect to 6y € R. In particular we may choose § € (0, dy) sufficiently
small such that
52

Ay(my,me) > 62> ——
p(m1,ms) supsi g1 A

A(mi,ma),
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for m — § < distgi (mq, mg) < 7, and this concludes the proof of Lemma O
Lemma 23. For all mi,my € S', the function A defined in satisfies
A(mi,mg) 2 82071 (8/2), 6= |mi —ma,
where w is the minimal modulus of continuity of o™!
Proof. By definition of the modulus of continuity w we have
la(t) — afs)] > w (|t — s]) Vs, t € R.

Using this and the fact that w™! is increasing in the definition of A we obtain, for
|02 — 01] <,

02 02
(e eif2) > / / Lt — s|) dtds
01 01
ba 02 0y — 0
—1 (102 — 64
Z/‘91 /91 1%\92—91\§\t—5|ﬁl91—92|dtdsw < 2 >

0y — 0
S

Since ¢ = |e¥1 — 92| < |#; — 02| and w™! is increasing we deduce
A(my,ma) = 62w (5/2), d =|my —ma|,

for all m;, my € S™. O

5.2 Regularity implies finite entropy production for analytic norms

Recall the definition of a in (26)), i.e. a € CO(R) satisfies
e — /() Vo € R,

and that « is increasing and therefore Da is a nonnegative measure on R. Here we prove
Theorem [8] which follows from the following Lemmas [24] and

Lemma 24. Let m satisfy . Assume Do forms a doubling measure and for any Q' CC Q
we have
1

sup IT (m(z), m(x + h)) dz < oo, (38)
ihl<diss(,00) 1Bl Jor

where 11 is defined by (6). Then the entropy productions of m satisfy V - ®(m) € Mu.(2) for
all ® € ENT, and their lowest upper bound measure satisfies the estimate

Vo Iveem)|@)<c s o

I (m(z), m(z + h)) dz,
[\ lloo <1 h|<dist(€,00) 1h] Jo

for some constant C > 0 depending on B and the doubling constant of Da.
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Proof. Let m. = m * p. for a regularizing kernel p.. For any ® € ENT and any test function
¢ € C*() with support inside an open subset V' C €, using estimates similar to those
leading to , we deduce that

(V- @(m). O S V¥l mnip | 1D (1= ) (39)
Given z € V, note that
Do) < [ I m @) Vo =2l d:
sl me) - m@)de (40)
Be ()

Define the function F : R? — R by F(z) = ||z||? for any 2z € R?. By convexity of F, we have

1 [me(@)|? = F (m()) — F (me(x))
< VF (m(x)) - (m(z) — me()
— VF (m(x))- / (m(x) — m(2)) pele — 2)dz.

Be(z)

As the level sets {F = A2} are the curves {\y(0)}ger, the gradient of F' at m = () is in the
direction of —i4/(#). Since moreover F is locally Lipschitz we have

VE((0) = —c(0)i/(0),  0<c(0) <C,
for some constant C' > 0 depending on B. (Explicitly, c(8) = 2/(iv(0) - v'(0)).) We write
m(x) = v(0(z)) for some 6(zx) € R and m(z) = v(0,(z)) for some 6,(z) € R such that

distgg(m(z), m(z)) = |0(x) — ,(2)|, where distpg denotes the geodesic distance in 9B, and
plug the above expression for VF' into the previous inequality. This yields

1 — [|me(z)|> < C(— / / s)ds pe(x — z)dz

=C /Be /x(z) sin(a(0(x)) — a(s)) ds pe(x — z)dz.

For the last equality we used the definition of the continuous increasing function « character-
ized by 7/ = €. Letting g(z, z) = distgg(m(z), m(z)), we infer

z)+g(z, Z)
|~ me(@)|2 < C / /9( o lal0(e) ~ (o) ds gl — = (41)

For all 8, r € R, define

/90+r /99+r ()| dbds. )
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It follows that

O+r
Gy(r) :2/9 (la(@+7r)—a(s)|+|a (@ —r) — a(s)]) ds. (43)

'

Using that « is strictly increasing, we find that Gj is strictly increasing, and thus Gy is strictly
convex.

Moreover, for § —r < s < 6 we have |a(0) —a(s)| < |a(0+7r)—a(s)], and for § < s < 0+
we have |a(f) — a(s)| < |a(@ — ) — a(s)]. So we deduce from the estimate and the
expression of Gy that

Cro
- @I <5 [ Gy (ol 2) pule = )
Be(x)

Putting this together with , we obtain

Dime(@)] (1 [me(z ][ )][ Gh oy (9, 2)) () dz dy.

Let Hg denote the Legendre transform of Gy, i.e. Hg(p) = sup,cp{pr — Go(r)} for all p € R.
It follows that

& 1om) (=@ £ f  How) (Gho o122
+ ]{3 - Go(x) (9(x,y)) dy. (44)

Note that Gy(r) > cr? for all r sufficiently large and for some universal constant ¢ > 0.
Therefore, for all p € R, we have Hy(p) = pr* — Gy(r*) for the unique r* € R characterized
by Gp(r*) = p. Thus for all §,r € R we have

Mo (Gp(r)) = Go(r)r — Go(r)
0+r
< Gp(r) 7"—27“/9 (la (@ +r) —a(s)|+]a(@—7r) —als)]) ds

<8r?|a(f+71)—a(f—1)|=8r*Da([ —r,0 +7]).

For the last inequality we used again the fact that « is increasing. On the other hand, it is
clear from that

Go(r) < 47"2Da([9—7“,9+r]).

Plugging these two inequalities for Hy(Gy) and Gy into and changing y to z in the second
integral on the right-hand side we obtain

[Dme(@)| (1 = [lme(z)[])

< ][ g(x, z) )2Da ([0(x) — g(x, 2),0(x) + g(x, 2)]) dz. (45)
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Recall from Remark (18| that, for any 6,602 € R with r = |0; — 62| < 7, we have

H(3(8:),7(02)) = Ae®, ¢) 2 12 Da ([91 *h rhth, GD .

Using the fact that Da is a doubling measure, we deduce

0,40y 3r 01+0, 3
H(v(el),fy(eQ))zcor?Da([l 2 3r O +0, TD

> Cyr’Da ([01 —r, 01+ 1)),

2 27 2 2

for some constant Cy > 0 depending on the doubling constant of Da. Applying this to

01 =0(x), 03 = 0,(z) and r = g(z, z) and plugging the resulting inequality into we find
Cy

|Dme(z)| (1 — [Ime(2)]]) < ][ ” )H(m(év)vm(Z))d%

e

for a constant C; > 0 depending on the doubling constant of Do and B.
Integrating this estimate with respect to x € V' and recalling we deduce

1
(V- ®(m), )| S C1|IVY|o|C|loo lim inf ][ / II(m(x), m(x + h)) dz dh,
e—=0 € BE(O) v

for any ¢ € C2°(V). Thanks to , the limit in the right-hand side is finite. This implies in
particular that V - ®(m) is a locally finite Radon measure, such that

V- @(m)| (V) £ €[V lim inf ][ / m(z + h)) dz dh.

Moreover, from this estimate we infer (arguing as in the proof of Proposition [2)) that

\V IV-o(m) (Q’)<01hmmf][ / m(z + h)) dx dh,

[A3llo<1

for any open subset ' CC €. This implies the conclusion of Lemma O

Lemma 25. Suppose OB is analytic. Then « is analytic and o' (t) dt forms a doubling mea-
sure.

Proof. The lemma comes down to the fact that an absolutely continuous measure whose
density is a nonnegative analytic function is doubling. This is presumably a well known fact,
but we found no direct reference for it beyond a (more general) theorem in [I3] for the square
of an analytic function. Since o/ > 0, the function S(t) := /c/(t) is well defined. As the
square root function is analytic in (0,00), it follows that () is analytic at all ¢ such that
o/(t) > 0 (see [20, Proposition 1.4.2]). Given ¢y with o/(t9) = 0, again by the fact that o/ > 0,
we can write, for ¢ in a sufficiently small neighborhood I of tg, o/(t) = (t — t9)?Ph(t) for some
integer p > 1 and some analytic function h with h(t) # 0 in I. Thus 5(t) = (t — to)P\/h(t) is
analytic in I. This shows that §(¢) is analytic in R, and thus [I3], Theorem 1] can be applied
to B to conclude that o(t) dt = 32(t) dt is a doubling measure. O

Remark 26. The unit sphere of the (P norm in R? defined by |x[P + |y|P = 1 is analytic for
1 < p < oo. This follows from the analyticity of the function (1 — |x\p)1/p in (—1,1), which
in turn is a consequence of the analyticity of the functions 1 — |x|P and 2P in the intervals
(—1,1) and (0,00), respectively.
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6 Comparison of upper and lower bounds when m is BV

In this section we consider m € BV (£2; R?) that satisfies and compare the upper and lower
bounds that can be obtained for the energy I.(m.) of maps m. — m. In our anisotropic
setting, contrary to the euclidean case || - | = | - |, there is little hope to obtain matching
bounds, and our main new contribution here is to present elementary, but lengthy and tricky
calculations which show at least that these bounds (as well as the regularity cost of Theorem@
are of the same magnitude.

We assume that  C R? is a bounded simply connected smooth domain. Therefore the
constraint V - m = 0 is equivalent to the existence of a function u such that m = ¢Vu. Using
that correspondence, it is somewhat lengthy but straightforward to see that the upper bound
construction in [28] directly applies (taking F(A,w) = |A|* + (1- Hin2)2 for A € R?*2 and
w € R? in [28, Theorem 1.2]) to provide the existence of a C'* sequence m. — m in LP(Q;R?)
for 1 < p < o0, such that V- m, =0 and

lim sup I (m.) S/ P (mt,m™) dH.

e—0 m

Here m* are the traces of m along its jump set J,,, and c'P (2T, 27) is the optimal energy of

a one-dimensional transition between two states 2= € dB. In other words

“+oo
(2 27) = inf { [ @@+ 0= fav + gyl dx}, (46)

cev ) o
where Y = {C e CHR): lim ¢ =2z iy} ,
r—300

and
_l’_

—c a=a =zt v=2" -1 (47)

LR
v=v zt,z—

Classically (see e.g. [31] for details), the infimum in can be explicitly calculated. Indeed,
assuming without loss of generality that 2~ - iv < z* - iy, for any admissible function ¢ € Y
we have

+o00
[ €@ 0 law+ @yl de

—00

+o0
>2 [ (1 v+ (@) iv]) (o) do

—00

o [T C(m)1 v|[*)ds| d
= /—oodﬁ/o (1—|lav+ siv|*)ds| dx

ztiv
:2/ (1—[lav+ siv|?)ds,
27
and conversely, one can check that any solution of (' = 1 — ||av + ¢ iv||? with initial condition
¢(0) € (27 -iv, 2zt -iv) is admissible, i.e. belongs to the class Y, and achieves equality. So we
have
Pzt z7) =2

)

2T iv
/ (1- Hay+sil/||2) ds
z7 v
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which corresponds to the expression given in the introduction.
Our goal in this section is to prove Theorem |11 by comparing this upper bound with the
lower bound provided by the entropy productions:

\/ IV-®(m)| | (Q) < Cp liminf I (m.).
e—0
[Aplle<1
This follows from the estimate and Lemma [29 below.
Lemma 27. For m € BV (Q;R?) satisfying (2) we have
\V IV-®m)| =Nt mT) A,
[Apllo<1

where

o+
CENT(er, z7) = sup {/ NOREG 2 dt} for 2* (Oi) (48)

AEA

and
A= {)\ € CY(R/277Z): / M)y (t)dt =0 and | N]|oo < 1} .
R/27Z

Proof. For any ® € ENT, the function Ay defined by d%q)("y(@)) = Ao(0)+'(0) belongs to
A, if it satisfies ||A}||oo < 1, and reciprocally, to any A € A, one can associate an entropy
®, € ENT by setting

6
B60) = [ A0V
With these notations we therefore have

V V-em)=\/ |V-&\m

[N lloo <1 AEA.

For a BV map m, the BV chain rule implies that the entropy productions are absolutely
continuous with respect to Hi T and

V- @x(m)| = [(DA(m™) — @r(m7)) - v|dH|
= lea(m™,m™)| M}, ,

o+
ea(zt,27) = At) Y (t) - vyr - dt for 2 =~ (6%).
-
Therefore, restricting the supremum to a countable dense subset of A, and applying [3, Re-
mark 1.69] (see also [16, Theorem 3]), we see that the lowest upper bound measure is also
absolutely continuous with respect to ’Hi 7,, and given by

\/ IV By (m)] = <sup \cmmtm-)\) Wl
AEA

AEA *

Since A — c) is linear we can remove the absolute value in the right-hand side, concluding
the proof of Lemma [27] O
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Combining the lower and upper bounds, we see that for any m € BV (Q;R?) satisfying

we have

/ ENT(mt m )d’H1<Co/ P (m*, m7) dH .

For any fixed z* € OB we may apply this to a divergence-free map taking only the two values
2%, and we immediately deduce the inequality

ENT (2T 27) < Coe!P(2t, 27) V2t € OB. (49)

Next we prove the reverse inequality. To that end we start by obtaining a more explicit
expression of ¢PNT for small jumps.

Lemma 28. For all z* = v(6%) € 0B with |0% — 0| = distgg(zt,27) < 7/2, we have

/f+ (000 ) ((0) - v o) ).

ENT (2+ 27) =

(50)

where 9~z+7z— € R is the unique point between 0~ and 0T satisfying

s
0% (92+sz) Uyt - = 0.
Moreover we also have

~ inf cENT (27,27) > 0. (51)
distpg(z+,27)>7F
Proof. Let z* = ~(6%) € 0B with [§% — 67| < /2. Assume without loss of generality that
0~ < 67 < 6~ + /2. To simplify notations, in this proof we drop the indices (21, 27) and
simply write v = v_+ .- and 6 = éztf.
Recall that ¢cPNT is given by

CENT(+ ) +

= sup cx(z7,27),

AEA
o+

where cy(z7,27) = / XO)Y () - vdo

0+
- / (AO) = A0)) ' (0) - v ab.
The last equality is valid because feej ¥ (0)-vdh = (27 —2z7)-v =0 by definition of v. Since
for all A € A, we have ||N | < 1, and therefore [A() — A(9)| < |@ — 6]|. This implies

o+
ENT(2F 27) g/ 10— 0] |7/(0) - v| do.
o—
The definition of § and convexity of B ensure that (6 — 6)(+/(0) - v) > 0 for 0 € (6—,6%), so
the above becomes

o+

| 0000w,

ENT(F 27y <
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Conversely, since |§* —6~| < 7/2 we may choose a 7-periodic A\g € C1(R/7Z) with || Aj|ls < 1
and such that X\g(0) —\o(f) = 0—0 for 6~ < # < 1. Note that the m-periodicity of A ensures
fR/2¢rZ Aoy’ = 0 since ¥/(t + 1) = —v'(t), so A9 € A.. Therefore we have c®*NT > ¢, and we
deduce that ¢®NT is given by .

To prove , note that ¢c®N7T is defined in as a supremum of continuous functions,
and is therefore lower semicontinuous on 0B x 0B. Hence the infimum in is attained at
some 2% € 0B, distgg (27,27) > Z. As B is strictly convex, the function 6 — +/(6) - v cannot

be identically zero on any open interval, which prevents ¢c®NT from vanishing unless 2T = 2.
So the infimum in is positive. O

Lemma 29. We have
Pt 27) <N (21, 27) Vet € 0B,

for some constant C > 0 depending only on B.

Proof. Let 2+ = ~(0%) € 0B be two distinct points, with [§7 — §~| = distgg(z*, 27), and
0~ < 0+ <60~ + 7. Dropping the indices (2,27 ) we denote
+ _ —
V:iu, a=z2z"-v=2"-v<0,
|zt — 27

and recall that c¢!'P is given by

z7 v
Pzt 27) = 2/ (1—llav+ siu||2) ds.
z

+.iv

Since B is strictly convex, for any 6 € (6=, 07) there is a unique s() € (2 -iv, 2~ - iv) such
that

av+ s(0)iv = 3(0)v(0) for some 0 < B() < 1.

The function s: (0~,07) — (2T -iv, 2~ -iv) is a decreasing bijection. Taking the scalar product
of the above with iv(f) and with v we have

B a'y(«9) v __a
= o PO=m

The change of variable s = s() therefore gives

o+

cPzt,27) = 2/ (1—B(0)%) s'(6)do

— 9 /6* (1 B (7(0(;2' V)2> §/(0) do
)

o+ _
——2 [ 60) v - T
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Since |y/| = 1, from the explicit expression of s() we have |s'(9)| < 2|a||v(0)|/(7(8) - v)%.
For |6 — 6| < 7, using moreover the inequality v(0) - v < a < 0, which follows from the
convexity of B and implies in particular (y(6) - v)? > a2, we deduce

0+

P (s, 27) < f‘?, / (a—(6) - v) 1(0)] [1(6) - v + a| dO

< ]a|3/ (a—~(0)-v)do. (53)

< 1. Recalling from Lemma [28] the definition of 6
)-v =0, and that a = 2T - v = 27 - v, we write

The last inequality follows from diam B)
as the unique 6 € (0~,0") such that 7/(¢

o+ 0

Y (t) - vdt — 19_<9<9~/ Y (t) - vdt,

a—~(0) v= Lo gep+ /0

and

0+

/ (a—y(a)-y)dez/;+/99+7’(t)-udtde—/j/ef/(t)-udtd@
:/§+/; dﬁy’(t)-udt—/j /té d0~/(t) - v dt

0
0 ~
_ / (-0 v d. (54)

For |#T — 6~| < m/2, this last integral is exactly the expression of cP*NT(zF, 27) given by
Lemma Therefore, combining this with we deduce

1
cPzt,27) < mcENT(er,z*) for distgg(z",27) <
zt 2z~

Do

The function
(Z+7 Z_) = |az+,z_‘a

is continuous on 9B x B\ {21 = 27}, vanishes exactly when distgg(z*,27) = 7, and for 2T
close to 2z~ it satisfies

|az+ .~ —> [17'(0) - (0)],  as (27, 27) = (v(6),7(9)).
By convexity of B we have |i7/(0)-v(0)| > ap > 0, where «y is the largest radius of a euclidean
ball contained in B. From these properties we deduce that

inf la,+ .~ >0
distpg(zt,27)<5 =F ’

and the above bound on ¢!'P implies

Pz, 27) < CPNT (2T, 27)  for distog(2T,27) < g,

for some constant C' > 0 depending only on B. Since ¢!P < 27 and ¢ENT is bounded away from

zero for distgg (2", 27) > 7/2 thanks to Lemma [2§] this inequality is true for all z* € 9B. O
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Remark 30. Combining the expressions and obtained in the proof of Lemma
and passing to the limit as 6T — 0~ — 0 one obtains
Pzt 27) 2
H -
ENT (2t 27) |17/ (0) - v(0)]
Hence for infinitesimally small jumps, the costs c'P and cPNT differ by the above multiplicative
factor, which depends on the direction of the jump.

as (27, 27) = (7(0),7(9)).

6.1 Regularity controls entropy productions when m is BV

In this subsection we prove Theorem To that end we first compare the jump cost ¢ENT to

the regularity cost II defined in @
Lemma 31. We have

ENT (2 27) < (2T, 27),
for all z*+ € 0B.

Proof. We let 2% = ~(0%) for some § € R such that [0+ — 0~| = distgg(zT,27) < 7, and
assume without loss of generality that 6= < 6.
From the proof of Lemma [28 we have
o+
Nt < [0 80 0) v
where § € (§~,6%) is such that v = i7/(f) and v = V,+ - is defined in ([47)). Recalling that
the continuous increasing function « is defined by v’ = €'“, we rewrite this as
o+ _

CENT(+ =) < / (0 — ) o) . jeio ) g

0
_/<5_@gmmm—aw»w

0+ _ ~
n /9 (0 — §) sin(a(0) — a(B)) d
<(B-07)A" + (07 —0)A",
- o+t

0 ~ ~
where A~ = / sin(a(f) — a(0))do, At = /é sin(a(6) — a(0)) do.

Next recall that (27 — 27) - v = 0 by definition of v, and rewrite this as

Uas A

0:/ 7’(9)-1/d0:/ sin(a(f) — a(f))dd = AT — A,

so we have in fact AT = A~ and the above estimate for ¢c*NT becomes

CENT(z+, 27) < (07 —67)A,
_ -

g B ~
where A = sin(a () — a(6)) do = [ sin(a(6) — a(0)) do. (55)
06— 0
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Note that, using the fact that « is absolutely continuous, we have

Ag/é(a(é)—a(ﬁ))dez/j /jDa(dT)dﬂ :/:(T—e—)pa(df),

and similarly

o+

A< ﬁ (0% — 1) Da(dr).
[4

So from we infer

CENT(Z+,Z_)

o+

0
< (6" —67) min {/_ (t—67) DOz(dT),/é Ot — 1) Da(dT)} . (56)

Next we consider two cases, depending on whether 6 € (0~,07) is closer to 6~ or to 6.
If 6 is closer to 6~ we have 07 — 6~ < 2(6% — 0), so from (recalling that « is increasing
and thus Do is a nonnegative measure) we deduce

0
ENT(+ =) < o(gt — é)/ (r — 67) Da(dr)

< 2/9 (0 — 7)(r — 0-) Da(dr).

Otherwise, 6 is closer to 8% so we have 6+ — 6~ < 2(f — 6~) and we find

0+

ENT (4 =) < 2ﬁ (0F — 7)(r — 67) Da(dr).
0

In both cases, we have
0+

ENT () < 2/ 0+ — 7)(r — 07) Daldr),

and thanks to Remark|18/and the symmetry of II, this last expression is exactly A(e", ei9+) =
II(y(67),7(67)) = (", 27). O

Next we deduce from Lemma [31| and properties of BV maps that the regularity estimate
provided by II controls the entropy productions, proving Theorem [I0} Recall for an entropy
® € ENT the C' function Mg is defined by d%fb(’y(é?)) = Xo(0)7'(6).

Lemma 32. Let m € BV (Q;RQ) satisfy . Then for any open set Q' CC Q we have

\/ V)] | (%) < Cotimsup — [ T (m(z + h), m(x)) dx, (57)

h /
o<t n—o Pl Jo

where Cy > 0 is an absolute constant.
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Proof. We know from Lemma 27| that if m is BV then

\/ |V - &(m)] (Q/):/J OQ/CENT (m*,m 7) dH,

Mg lloo <1

where ¢PNT is defined by . Thanks to the inequality ¢®NT < II provided by Lemma
we deduce

IV a(m) (Q’)S/JOQIH(m*,m_) aH.

A3llo<1

Hence the proof of Lemma [32] follows from the inequality

/ IT (m™,m™) dH! < Cp limsup |h|_1/ I (m(z + h),m(z)) dz. (58)
TSV |h|—0 '

This inequality is valid for any Lipschitz function II and BV map m, as a consequence of
the rectifiability of J,,, and the trace properties of m (see e.g. [3]), via a Besicovitch covering
argument which we detail next. We first consider J, = Q' N J,, N {cENT(mT,m™) > o} for

o > 0, so that H!(J,) < <VH/\ o<1 1V @(m)]) () < o0, and show where the
integral on the left is over J,. Letting 0 — 0 then gives by monotone convergence.
Let 0 € (0,1). There exists ¢y > 0 and a subset Jm C J, with H1 <JU N\ jm> < 0 and

Jm + B, (0) C €, such that for any z¢ € Jm and 0 < 7 < &,

][ I (2) — m* (o) dH (2) < 6,
By (z0)NJs
(7! (B (wo) N Jy) — 27| <6,
and][i ‘m(a;)—m (zo)|dz <6 forall 0 <r < e, (59)
By (zo0)
where BF(z) denote the two half balls obtained by splitting B, (x) along the tangent line to

Jo at x. Let € € (0,¢y). By Besicovitch’s covering theorem [3, Theorem 2.18] there exists
an absolute constant Q € N and families By, B, ..., Bg of pairwise disjoint balls in the set

{Be(a:) tx € jm} such that

fmCLQJ UB.

k=1 BeB;,

In particular for some kg € {1,2,...,Q} we have

/~ I (m*m™)dH' <Q > /ijH(m+,m_)dH1. (60)

m BEBkO
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We have By, = {B:(xj)};=1,.p for some z1,...,2, € T Using that II is Lipschitz thanks
to its definition @, and the properties of Jn,, we find

/~ IT (m",m™) dH' < 26l (m™ (2;),m ™ (z;)) + 2L 6 H' (Jo N Be(x;))
JImNBe(x;)

525][ ][ 11 (m(x), m (7)) di dz + 5Lo,
B2 () ) B (o)

for some L > 0 depending only on II. Summing over j = 1,...,p and taking into account,
we deduce

P
/~ IT (m™,m™) dH! < 2Qez][ ][ IT (m(z),m (z)) dZ dz + 5L pe.
m =1 BE (25) ) B (x5)
Noting from the properties of jm that

H (J, NQ) > H (Be(zr) N Jy) > pe,

I
1
I

this implies

p
('t me) i < 2Qe ][ ][ 11 (m(z), m (7)) d dz
/ g ; 52 () )52 o)
+5L6H (JoNY).

Moreover we have

p
. ][ 1 (m(z), m (7)) di da
;Jgj(%‘) Be ()

16 &

m JZ—;/BJ(%) <]{926(o> T (m(z), m (z + h)) dh) da
16

m/’]{gzew)n(m@’m@Jrh)) dh dzx

32 1
< — sup — [ I (m(z),m(x+h)) dz,
T |h|<2e Al Jor

IN

provided e < 1/2dist(€,99), so plugging this into the previous inequality we deduce
1 64Q 1 1
II (m",m™)dH' < —= sup II (m(xz),m (z+ h)) de +5LEH" (Jy) .
Tm ™ |h|<25 |h| o

Taking the limits ¢ — 0 and then § — 0, and finally o — 0, we obtain , which concludes
the proof of Lemma O
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