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ABSTRACT

This paper analyze source-sink system with nonlinear asymmetric dispersal between
two patches, where the populations grows logistically on source patch and decay lo-
gistically on sink patch. First, used the theory of a cooperative differential system,
we prove the global stability of the model. Next, used the theory of singular pertur-
bation and theorem of Tikhonov, in the case of perfect mixing,i.e. when the diffusion
rate tends to infinity, we calculate the equilibrium of the model which is different
from the carrying capacity of the source patch and we give a good approximations
of the solutions in this case. Second, complete analysis on the model demonstrate
a mechanism by which the nonlinear asymmetric dispersal can lead to either an in-
creased total size of the species population in two patches, a decreased total size with
persistence in the patches, or even extinction in both patches when the migration
rate goes to infinity. We also compare numerically, for some particular parameters,
the two total equilibrium populations for the both models, with linear and nonlinear
asymmetric dispersion, we show numerically, that these two populations are differ-
ent in general, and can be equal for certain values of migrations. Finally, we study
the effect of the rapid growth of the population in source patch and the rapid death
of the population in sink patch on the dynamics of the total equilibrium population
and on the coexistence of the populations in the both patches.

KEYWORDS
Population Dynamics, Nonlinear diffusion, Migration rate, Source-sink, Logistic
growth, Global stability, Slow-fast systems, Tikhonov’s theorem.
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1. Introduction

Population dynamics is a wide field of mathematics, which contains many problems,
for example fragmentation of population and the effect of migration in the general
dynamics of population. Bibliographies can be found in the work of Levin [27] 28] and
Holt [25]. There are ecological situations that motivate the representation of space as
a finite set of patches connected by migrations, for instance an archipelago with bird
population and predators. It is an example of insular bio-geography. A reference work
on mathematical models is the book of Levin et al. [28], whereas Hanski and Gaggiotti
[23] give a more ecological account of the subject. The standard question in this type of
biomathematical problems, is to study the effect of migration on the general population
dynamics, and the consequences of fragmentation on the persistence or extinction of
the population.

An ecological model is used to describe population changes in two habitats, both
occupied by the same species. One habitat is of high quality and allows a population
to increase, leading to a surplus. This is the source. The other habitat is of low quality,
leading to a deficit that ordinarily would lead to the habitat being abandoned. This is
the sink. The source-sink model was first proposed by biologist Crick [8]. In population
ecology, the source-sink model is used to describe how variation in habitat quality may
affect the population growth or decline of organisms.

In 2019, Wu et al. [34] studied the following two-patch source-sink model:

d

ﬂ =711 1-— 1‘1) + 6(372 — 81‘1),

dt K (1)
d:l?g . 1 T2 i ( )

pTa DY) K, €(sT1 — T2),

where 1 and x5 represent population densities of the species in patch 1 and 2, respec-
tively. The parameters r; > 0 and K; > 0 are respectively the intrinsic growth rate
and the carrying capacity of patch i. Parameter e represents the dispersal intensity
while the parameter s reflects the dispersal asymmetry. The authors show that the
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dispersal asymmetry can lead to either an increased total size of the population in two
patches, a decreased total size with persistence in the patches, or even extinction in
both patches. They show also that for a large growth rate of the species in the source
and a fixed dispersal intensity: (i) If the asymmetry is small, the population would
persist in both patches and reach a density higher than that without dispersal and
the population approaches its maximal density at an appropriate asymmetry, (ii) If
the asymmetry is intermediate, the population persists in both patches but reaches a
density less than that without dispersal, (iii) If the asymmetry is large, the population
goes to extinction in both patches.

Arino et al. [6] also studied a source-sink model of n patches, where the source patch
follows a logistic growth rate, and the sink patch follows exponential decay and they
proved the existence of a threshold number of source patches such that the population
potentially becomes extinct below the threshold and persistent above the threshold.

In [2], Allen considered the n-patch general model given by the following equations:

dx; T; )
dtl =1z (1—KZ> +i(z), i=1,...,n, (2)
where r; and K; are positive constants; x = (zp,... ,:cn)T where x; represents the

population density in the i-th patch. The function I'; represent one of the three types
of different mechanisms. The mechanism for linear diffusion is given by:

n

I‘Z-(x): Z 61'3‘(.%']'—01']'1'1'), ,izl,...,n, (3)
j=1,5#i

where ¢€;; and 0;; are positive constants. Dispersal by linear diffusion implies that the
species is able to move to all locations within its environment with equal probability.
The mechanism for biased diffusion is given by:

n

Pz(l’) = Z €54 (:z:j — QZJLIZZ) N ,i = 1, Loy, (4)
J=1j7#i

where €;; and 0;; are positive constants. Note that, the term ’biased’” means that the
diffusion rate is a function of population density. The diffusion rate is regulated by
population density, increasing for large populations and decreasing for small popula-
tions. The third type of mechanism, is the directed diffusion which is formulated by
Gurney and Nisbet [22], given by:

n

Fz(a:) = Z €z'j (.T}JQ — Hz]xf) N ,i = 1, ey (5)

=1,

where €;; and 6;; are positive constants. Dispersal by directed diffusion implies that the
individuals move from high population concentration to low ones, i.e., the movement
is a function of species density. For more information on the biological interpretation
and also the continuous version of those types of diffusion, we refer the readers to [I]
and [22]. The objective of the work of Allen [2] is to study the effect of different types
of the dispersion on the persistence and extinction of the species. The persistence and
extinction behavior is completely determined in a two-patch model forn =2 (
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see Theorem 1 in [2]). For model (2))(4)), Allen [2, Theorem 2] showed that a population
modelled with biased diffusion is always persistent and in fact represents a strongly
persistent population. For more details on the results of persistence and extinction,
see Theorem 3 of [2] for n-patch model (2))(4) and Proposition 1 of [2] for 2-patch case;
Theorem 4 of [2] for the n-patch model.

In [12], Elbetch et al. considered the following two-patch model coupled by nonlinear
terms of migration:

d

Ly (1= 25 ) 4 (Bama? — Oya12)

dt K, (6)
d

% =rowe | 1— % + e (61217 — aw2?) .

For system @, the authors given a complete classification of the model parameter
space as to whether nonlinear dispersal is beneficial or detrimental to the sum of two
carrying capacities. They studied also the model (@ in the case where one growth rate
is much larger than the second one. For general information on the effect of asymmetric
and nonlinear diffusion on the total population abundance for the n-patch model, the
reader is referred to [12].

Our aim of the present paper, is to study the effect of the nonlinear asymmetric
migration i.e. when the individuals move from high population concentration between
patches, on the total population and on the persistence/ extinction for two-patch
source-sink model ( Model ), and we compare our results with those obtained by
Wu et al. [34] for two-patch source-sink model with linear asymmetric dispersal (Model
(7)), and also the results of Arditi et al. [4, [5] for two-patch logistic model.

This paper is organized as follows: In Section [2| some proprieties of Two-patch
source-sink model with linear asymmetric dispersal have been recalled as a function
of the two parameters 6; and 63, Theorem for the global dynamic, Theorem
for the effect of linear asymmetric dispersal on the dynamic of the total equilibrium
population in two patches, Proposition[2.1|give the perfect mixing formula and our first
result for this model is given in Theorem which I studied the model in two time
scales different used Tykhonov’s theorem [7}, 29] [32], [33]. In Section we introduce the
two-patch source-sink model coupled by nonlinear asymmetric terms of migration. In
Subsection 3.1} we prove their global stability in the interior of the positive cone. Next,
in Subsection [3.2] we study the behavior of the model in the case when the migration
rate goes to infinity using singular perturbation arguments and Tykhonov’s theorem
[7, 291 32, 33] ( see Theorems and ). In Subsection we compare the total
equilibrium population with the carrying capacity of source patch for all parameter
space by using the same method as in the works of Arditi et al. [5] and Wu et al. [34]
( see Theorem and Corollary ). In subsections and Two-patch model
with the growth (resp. death) rate much larger than the death (resp. growth) rate is
considered. In both last cases, we compare the total equilibrium population with the
capacity (see Theorems and . In Section {4} some numerical examples which
illustrate, confirm and extend our results are given. Section [5] concludes the paper and
describes the future works suggestion. The rest of the paper contains appendices, which
in Appendix[A] we demonstrate nonnegativeness and boundedness of the solutions, we
give also the detailed proof of the existence and stability of the equilibrium point of
. In Appendices|B|and , we have calculated the derivatives of the total equilibrium
population of , T}, and also of , T3 respectively, with respect of e.
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2. Some preliminary results for Two-patch source-sink model with linear
dispersion

In this section, we consider the 2-patch system with source-sink dynamics given by:

d

day 1_“)+e<92x2—9m>7

ddt K (7)
B ey _1_;;2)%@1@—02@%

where z1 and zo represent population densities of the species in patch 1 and 2, re-
spectively. Patch 1 is assumed to be the source but patch 2 is the sink, i.e. 71,72 > 0.
The parameters «; := r;/K; are the intraspecific competition degree. Parameter e
represents the dispersal intensity. We denote 6> the migration rate from source patch
to the sink patch and #; from sink patch to source patch, the dispersal is symmetric
if 1 = 05. This system is studied in [34]. We recall some essential results of [34] as
function of the parameters 6; and 6. Note that, Wu et al. [34] studied the model
as function of s = 6;/0. First of all, let’s start by recalling the global dynamics of

System .

2.1. Global dynamics

We consider the following regions in the set of parameters 6; and 6, denoted Dy, Dy
and Dy depicted in Figure [I] and defined by:

( r
Dy = 4 (01,602): 02> 291},
r1
r ro€
Dy = § (61,62) : 591 <b < 7'17°22—|—6?”191}’ (8)
age
Do =<(01,600): 6O >—="-—0
2 (61,062) 22 o h
02 by = 120,
Dy
P 0y = mrz:'iem
Do
0
th

Figure 1. Global stability of Model . In Do and D; the system has unique equilibrium Ej(e) which is
GAS. In the region Da, the system has the origin as unique equilibrium which is GAS.

The global dynamic of System is described as follows.
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Theorem 2.1 (Prop. 5.5 in [34]). Consider Model (7). Then, if (61,62) € Dy U Dy,
System admits unique equilibrium in R?\{0} denoted Ej(€), which is is globally
asymptotically stable (GAS), and if (01,62) € Do, then the origin is GAS.

2.2. Total population abundance

In this section, we recall the comparison given in [34, Proposition 5.11], between the
total equilibrium population

Ti(e) = wi(e) +a3(e),  Ei(e) = (21(€), x3(e)),

of and carrying capacity K, by analyzing the stable positive equilibrium E7(e).
Note that, when there is no dispersal (i.e., € = 0), the total equilibrium population is
T7(0) = K. We consider the regions in the set of the parameters §; and 2, denoted
Lo, L1, L2, L3 and Ly, depicted in Figure 2] and defined by:

;

Ly = {(91,92) : g2 < %},

If r9 > 71 then
[,1:{(01,02): %>Q}

T1

EQZ{(91,92)5 %S%} )
If?“2<7“1 then [,3:{(91,02)2 %<%<%},
> 2 (K1 +Ko
y £4:{(91,92); %2@}
0> _ 1o 0, _ ax(Ki+K,
0 0, — % 02 0, = (7“171"2 )
[,1 £4
0y _ 12
01 ~ 1
L3 "
Lo
Lo
0 01 0 01
Case 9 > rq. Case ro < 77.

Figure 2. Qualitative properties of source-sink model . In Lo and £; the effect is detrimental with ex-
tinction in two patches for Lo and persistence for £1. In Lo and L3, the effect is beneficial for ¢ < ¢y and
detrimental for € > ¢y with persistence of the population in the region L2 and extinction in the region £3. In
L4, patchiness has a beneficial effect on the total equilibrium population.

Theorem 2.2. The total equilibrium population described by satisfies the following
properties

(1) If ro > 11, let Lo and L1 be defined by @ Then we have:



180 o if (01,02) € Lo then Ty (e) < Ky for all € > 0. More over, there is € =

027‘17’2 .
181 T such that:

<T7(e) < If e<e€,
{ Ti(e) =0 If e>¢€". (10)
182 o if (01,02) € Ly then 0 < Ty (e) < Kj for all € > 0.
183 (2) If ro <1y, let Lo, L3 and L4 be defined by @D Then we have:
184 (a) if (01,62) € Lo then T} (e) > K for e < €y and T (€) < Ki for all € > €,
185 where
(ry —r2) (K; + Ko) .
€ = ,  with a; = ri /K.
0 (92 (7”1 —7’2)4-910[1 (K1 +K2)) (051_1+(12_1) ! Z/(l )
11
186 Moreover, there is € > €y such that T} (e) = 0 for all € > €*.
187 (b) if (61,02) € L3 then we have
(6) > K If €< 6*7 (12)
<T7(e) < Ky If e> €.
188 (c) if (01,02) € Ly, then T} (e) > Ky for all e > 0.
19 Proof. All the results were established by Wu at al. [34, Proposition 5.11]. Note that,
100 the explicit expression of €y was not given in [34]. O
191 In biological terms, the results of the previous theorem for source-sink patch-model

102 shows that, the nonlinear asymmetry dispersal can lead to an increased total size of
193 the species in two patches, a decreased total size with persistence in the patches, and
194 even extinction in both patches. Comparing these results with that of [4, [5] for 1-source
105 1-source patch model, we deduce that the existence of a sink patch among the two
196 patches, can cause an extinction of the total population in the two patches.

197 Let us explain the result of Theorem [2.2]in the particular case where the dispersion
108 1s symmetric i.e. 9—1 = 1. Note that, this case is not initialized by Wu et al. [34]. We
199 consider the reglons in the set of the parameters r1 and r9, denoted Ag, A1 and Ao,

200 depicted in Figure [3| and defined by:

Ao ={(r1,r2): T2 >11},
A= {(rl,rg) Do <rg < ﬁrl}, (13)
Ay = {(7’1,7‘2) Torg > yoe +2K2T1}

201 Corollary 2.1. Consider the model with 01 = 05 = 1. Let Ag, A1 and As be defined
by . The total equilibrium population T} of satisfies the following properties

ws (1) 3,2 (;‘1,1"2) € Ao then, T{(e) < Ky for all . More over, there is € = 2, such
204 at:

2

o
]

0<Tf(e) < Ky If e<¢€,
{2 (14)

T(e) =0 If e> €.

J
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Figure 3. Qualitative properties of source-sink model with 81 = 62 = 1. In Ag, the effect is detrimental
with extinction in two patches. In Ay, the effect is beneficial for € < €** and detrimental for € > €** with
persistence of the population. In As, patchiness has a beneficial effect on the total equilibrium population.

(2) if (r1,r2) € A1 then, there is € > 0, such that

{ i) > K

<T7(e) < Ky If e> e

< *k
1 If e<e (15)

Moreover, Ty (¢) — T (00) > 0 when € — oo.
(3) if (ri,7m2) € Ao, then Ty (e) > Ky for all ¢ > 0. Moreover, if o= ﬁ, then

T} (00) = K for all e.

Proof. Consequence direct of the theorem O

2.3. Perfect mixing

In the case of perfect mixing (i.e when € — o0), we have the following result [34,

Proposition 5.10]:

Proposition 2.1. We have:

Oory — 0172 .
i . 6+ 6 if 01/02 <11/79,
Ti(o) = Im Tr(0 = { P e R g
e 0 otherwise.
Or, as function of s = 9 , ) becomes
KT — 8ro .
1 <
T o0y = YT p i, ST/ (17)

0 otherwise.

We can use the theory of singular perturbations and Tikhonov’s theorem [7], 29, 32,
33] to obtain a better understanding of the behaviour of the system @ in the case
of perfect mixing and we find again the formula . In the following theorem, we
present our first result in this work.

Theorem 2.3. Consider the system (7). Let (z1(t,€),x2(t,€)) be the solution of the

system with initial condition (x

0
1,22

0) satisfying x0 > 0 fori=1,2. Let Z(t) be the



221

222

223

224

225

226

227

228

solution of the logistic equation

dX X

o ex (e
a < 0, + 92)K> ’ (18)
X(0) =29 + 23,

_ Ori—0imp _ O =017 y . — T
where r = > and K = Do T0as” with a; = Voo Then, when € — 0o, we have

x1(t,€) + zo(t,€) = Z(t) + 0e(1),  wuniformly fort € [0, +00) (19)

and, for any ty > 0, we have

x1(t,e) = Z(t) + oc(1),

01+ 0 (20)

1 Z(t) + 0c(1)  wuniformly for t € [to, +00).
91 + 92

i) (t, 6) =

Proof. Let X (t,e) = x1(t,€) + x2(t, €). We rewrite the system (7)) using the variables
(X, z1). One obtains:

dX X —
= 7T 1—£ —TQ(X—xl)(l-i- xl),

dt K Ky

% = ra 1—% +e(—=(01 +02)x1 +0:X).

(21)

When ¢ — oo, is a slow-fast system, with one slow variable, X, and one fast
variable x1. According to Tikhonov’s theorem [7, 29, 32] [33] we consider the dynamics
of the fast variable in the time scale 7 = et. One obtains

dxl 1 I
e (1= ) s~ +0 e
I 6?“1961< Kl>+ (61 + O2)71 + 02

In the limit € — oo, we find the fast dynamics

d.?Ul

The slow manifold is formed by the equilibrium points of the fast equation , which

given by:

__f 5
01 + 02

x] (23)
Since x7 is locally asymptotically stable (LAS) for the system , the theorem of

Tikhonov ensures that after a fast transition toward the slow manifold, the solutions
of are approximated by the solutions of the reduced model which is obtained by
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replacing x] into the dynamics of the slow variable, that is:

92 X 91
dX 0 01 + 65 th 01 + 6o
=X 1A | X142 24
at 0+ s Ky "6, 1 6 T o (29

which gives the equation . If Oor1 > 0179, admits X* = (01 + 62)K as a
positive equilibrium point, which is LAS in the positive axis, and if far; < 0179, (18]
admits the origin as unique equilibrium point, which is LAS. The approximation given
by Tikhonov’s theorem holds for all ¢ > 0 for the slow variable and for all ¢ >ty > 0
for the fast variable, Where to is small as we want. Therefore, let Z(t) be the solution
of the reduced model ([24]) of initial condltlon Z(0) = X(0,€) = 29 + 29, then, when
€ — 00, we have the approx1mat10ns and ([20] . O

Wu et al. [34] proved that large dispersal intensity (i.e., € — 00), the intermediate
asymmetry 6;/62 can lead to population density higher than that without dispersal,
and extremely small asymmetry is still favorable, while extremely large asymmetry
is unfavorable: (i) When the dispersal asymmetry is small, the species can approach
a density larger than that without dispersal, while it reaches its maximum value at
an intermediate asymmetry z—; = % (ii) When 61 /6 is extremely large, the
species goes to extinction in both patches. Mathematically speaking, we can rewrite
the following result [34, Proposition 5.10]:

Proposition 2.2. [3], Proposition 5.10] Assume that 91 < jL. Consider the total
equilibrium population for e — co given by . We hcwe

> Kl Zf % < 042&1(1_12}(2)’
* y 61 — 172
Ti(+o0)§ =K1 if g =iy (25)

: [% ri—r
< K]_ Zf é > CMQ(Il(l—‘rZI(Q).

Moreover, T} (+00) approaches its maximum value

9%T2K1 K+ Ko ( L —To >2
4(9%7’1K2 + 9%7‘2}(1) ag(Kl + KQ)

>

1 T1—T2

G, = (KK

3. Two-patch source-sink model with nonlinear dispersion

In this section, we consider the two-patch system with source-sink dynamics coupled
by nonlinear terms of migration ( see Fig. , which can be written in the following
form:

d

@ _ rizy | 1— ml) +e€ (92x22 - 671x12) ’

dt K, (26)
% = T2 —1 - [(2> + € (elxl - 02%22) )

10
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where z1 and xo represent population densities of the species in patch 1 and 2, re-
spectively. Patch 1 is assumed to be the source but patch 2 is the sink, i.e. 71,72 > 0.
The parameters «; := r;/K; > 0 are the intraspecific competition degree. Parameter €
represents the dispersal intensity. We denote #; the migration rate from source patch
1 to the sink patch 2 and 6y from sink patch 2 to source patch 1, the dispersal is
symmetric if 61 = 0.

2
ebrx
d.’L’l - 1 T 272 dIQ . 1 xT9
—— =nr(1--= — =rry | —1— ——
dt 5 dt

601.’,1:1

Figure 4. A Tow-patch source-sink coupled system

3.1. Global stability

According to Appendix |Al model has always a unique positive equilibrium, again
denoted by E3(e) := (z7"(€), x5*(€)) which given by the positive intersection between
the ellipse E! and the hyperbola H. ( see Fig. [5)), i.e satisfies to

127" (€) <1 - x{}";(:)) — roxy*(e) (1 + x;}’;(;)) =0,
150 =[5 (0 - Do (1 52))

(27)

Note that, the origin is always unstable. The equilibrium Ej is GAS in R?\ {0} (see
Appendix . Comparing these stability results with those of Wu et al. [34] for the
system , we conclude that the origin cannot be globally asymptotically stable as
in the case of linear diffusion. Biologically speaking, dispersal with high concentration
between patches ensures persistence in the two patches.

We thus define the total equilibrium population at the positive equilibrium under
dispersal rate , i.e.

T3 (e) = 27" (e) + 237 (e), (28)

as the total realized asymptotic population abundance.

Our aim in this work is to study Two-patch source-sink model coupled by nonlinear
asymmetric migration terms ( same type of dispersion ) given by . In particular,
we are interested in studying the effect of nonlinear dispersion on the dynamics of
population and coexistence of species, more precisely, is it possible, depending on
the migration rate, that the total equilibrium population be larger than the carrying
capacity K17 Note that, this last question has been studied by many researches, see
[4, 51 91 10}, 12, [14] for effect of linear diffusion on the total biomass with logistic growth,
[12] for nonlinear diffusion, [6, 13, B4] for Source-Sink patch model and [19, 20] for
susceptible-infected-susceptible (SIS) patch-model).

In the next section, we looked the system when the migration rate goes to
infinity, in other words, when there is no restriction whatsoever on travel.

11
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Figure 5. (a) The ellipse E!' and H. for some parameters of the model. The equilibrium points are the
intersection in the positive cone between E! and #., this intersections contains the origin and a second positive
point EJ(e). (b) Possible configurations for the isoclines of the system (in red for z1 and in blue for z3)
for certain parameters. The equilibrium points are the intersection between these two isoclines: the origin and
the positive equilibrium E3 (e).

3.2. Fast dispersal

Let we denote by s := Z—;, the dispersal asymmetry. In this case, we can rewritten the
model as follow:

d
ﬂ = T 1-— .T1> +e€ (1‘22 — S$12) s
% = roxg | —1— ;{22) + € (S$12 — .%‘22) .

Let X (t,¢) = x1(t, €) +x2(t, €). We rewrite the system using the variables (X, z1).
One obtains:

dX X —

— = 71T 1—ﬂ _TQ(X—I'I) <1+331) 5

dt K K, (30)
e (12 ) fe(( - )2 — 2Xan + X2

dt Ky

When ¢ — oo, is a slow-fast system, with one slow variable, X, and one fast
variable x1. According to Tikhonov’s theorem [7, 29 32] [33] we consider the dynamics
of the fast variable in the time scale 7 = et. One obtains

dv; 1
L (1 - xl) +(1—s)23 —2Xz) + X2
€
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In the limit € — oo, we find the fast dynamics

dIL‘l

= (1—s)z? —2Xx + X2 (31)

We propose to study the behavior of the model distinguishing three following
cases:

0<s<l1l, s=1, and s > 1.

First, let we start by the symmetric case (s = 1).

Theorem 3.1. Consider the system with s = 1. Let (x1(t,€),z2(t,€)) be the
solution of the system with initial condition (29, 23) satisfying ¥ > 0 fori=1,2.
Let Z(t) be the solution of the logistic equation

a <1‘2K>’ (32)

where r = 2572 and K = ﬁ, with o; = 7. Then, when € — oo, we have

x1(t,€) + za(t,€) = Z(t) + 0c(1),  wuniformly fort € [0, +00) (33)

and, for any ty > 0, we have

wi(t€) = S 2(0) + 0c(1),
(34)
xo(t,€) = %Z(t) +0c(1)  uniformly fort € [to, +00).

Proof. The slow manifold is formed by the equilibrium points of the fast equation
(31) with s =1, which given by:

1
rip =0 and 275 = §X. (35)

Since 277 = $X is LAS for the system (3I)), the theorem of Tikhonov ensures that
after a fast transition toward the slow manifold, the solutions of are approximated

by the solutions of the reduced model which is obtained by replacing z7% = %X into
the dynamics of the slow variable, that is:

dx 1 X 1 X
9 Ix (1 ) —rex (14
a9 < 2K1> 25 ( + 2K2>’ (36)

which gives the equation . If ry > 7o, admits X* = 2K as a positive equilib-
rium point, which is LAS in the positive axis, and if r; < ro, admits the origin
as unique equilibrium point, which is LAS. The approximation given by Tikhonov’s
theorem holds for all ¢ > 0 for the slow variable and for all t > ¢y > 0 for the fast vari-
able, where t( is small as we want. Therefore, let Z(¢) be the solution of the reduced
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308
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310

311
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313

314

315

model of initial condition Z(0) = X (0,¢) = 2 + 29, then, when € — 0o, we have
the approximations and . ]

Note that, in the case of perfect mixing, Approximation (33 shows that: if r; > 79
then the total population behaves like the unique logistic equation (32|) and then, when
t and € tend to oo, the total population x1(¢,€) + x2(t, €) tends toward 25522 where
a; = r;i/K;. If 11 < rg, then Equation (32 . has the origin as unique equilibrium, and
then, when ¢ and e tend to oo, the total population x1(t, €) + x2(t, €) tends toward 0.

Next, we consider the asymmetric case s # 1:

Theorem 3.2. Consider the system (29)). Assume that s # 1. Let (z1(t,€),z2(t,€))
be the solution of the system with initial condition (x9,29) satisfying x? >0 for
i=1,2. Let U(t) be the solution of the following equation

X
X|ll—-— ] 1
iX R A= VoK if 0<s<1, )
B X
dt RX(1-—2 ) if s>1,

1+ VoK

where X(0) = 29 + 29, R = Tlljr‘/\/gf and K = 2;‘@;2 with a; = . Then, when

€ — 00, we have
x1(t,€) + za(t,e) = U(t) + 0c(1),  uniformly fort € [0, +00) (38)

and, for any tg > 0, we have

<1 +1\/§U(t) + 0c(1), .

(=500 +o.

uniformly for t € [to, +00).

(:El(ta E)a $2(ta 6)) =

(39)
Proof. The slow manifold is formed by the equilibrium points of the fast equation
, which given by:

-1 1
Ty = \f_ 1 X and a7h=— + \/gX. (40)

If s > 1, then 277 > 0 and 7% < 0. As Cifl > 0 for all x** <y <27y and dd”frl <0
for all z1 < 27% and ry > x77 then z7% is LAS and z7% is unstable . Since z77% is
LAS for the system . the theorem of lehonov ensures that after a fast transition
toward the slow manifold, the solutions of (| are approximated by the solutions of
the reduced model which is obtained by replacing z77 into the dynamics of the slow
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326

327

328
329
330
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332

variable, that is:

dX = /s—1
dt s—1 K1 s—1 KQ

:RX@‘u+§wJ’

which gives the equation .

If s <1, then 0 < x’{*l < :BT*Q As dxl > 0 for all 7 <@ < 27% and dxl < 0 for all
Ty < 7Y and z1 >z’ then 7% is LAS and x77 is unstable. Since x] 1s "LAS for the
system ([31] . the theorem of Tikhonov ensures that after a fast tran81t10n toward the
slow manifold, the solutions of . are approximated by the solutions of the reduced
model which is obtained by replacing z7% into the dynamics of the slow variable, that
is:

\/§+1X s+\/§X
dX Vst Lyl dos T sVl s 1T
a T 1-s K s—1 Ko

:RX@‘a—imJ’

which gives the equation (37)). If vy > \/sro admits X* = (1 4+ /s)K if s > 1
and X* = (1 — /s)K if s < 1 as a positive equilibrium point, which is LAS in the
positive axis, and if r1 < /srg, admits the origin as unique equilibrium point,
which is LAS. The approximation given by Tikhonov’s theorem holds for all ¢ > 0 for
the slow variable and for all t > t¢ > 0 for the fast variable, where ty is small as we
want. Therefore, let U(t) be the solution of the reduced model of initial condition
U(0) = X(0,¢) = 29 + 29, then, when ¢ — oo, we have the approximations and

O

(39)-

Note that, in the case of perfect mixing, Approximation (38)) shows that: if 1 > /sr9
then the total population behaves like the unique equation (37)) and then, when ¢ and

€ tend to oo, the total population Ty (¢, €) tends toward (1 + /s)=— TZVSTs jf o5 ] and

o1+Sas

tends toward (1 — /s) o +\£;T2 if s <1 where a; = r;/K;. If r1 < /srq, then Equation
. has the origin as unique equilibrium, and then, when ¢ and € tend to oo, the total
population 75 (¢, €) = x1(t, €) + x2(t, €) tends tovvard 0.

As a corollary of the previous theorems we obtain the following result which de-

scribes the total equilibrium population when € — oo for all possible value of s:
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Corollary 3.1. We have:

( (. T — \/ST2

,
if 0<s<—,

T T2 2
If ro > 11 then T3 (400) = K, T 5K 2 "2
0 if s> r%
Y 2
r — ST9
K, Ko )
If ro < ry then Ty (+00) = (1+\/§)m if 1§s<%,
K T%K r3
2
0 if s>
\ \ )

3.3. Effect of nonlinear dispersal on total population

In this section, Our aim is to compare the total equilibrium population

Ty(e) = a1 (e) + 37 (e),  Ea(e) = (x17(€), 237(e)),

of and carrying capacity K1, by analyzing the stable positive equilibrium Ej (e).
Note that, when there is no dispersal (i.e., ¢ = 0), the total equilibrium population
is T5(0) = K;. We study the effect of nonlinear asymmetric dispersal on the total
equilibrium population for the two-patch source-sink system . Using the method
graphic of Arditi et al. [5] and of Wu et al. [34], we describe the position affects the
equilibrium FE3(e) when the migration rate varies from zero to infinity, we will give
the condition whether 7% is greater or smaller than the carrying capacity 75 (0) = K;.
We prove there are only five cases as in the two-patch source-sink model with linear
diffusion can occur. We consider the regions in the set of the parameters 6; and 6s,
denoted Ag, Ay, Ag, Az and Ay, depicted in Figure [6] and defined by:

o= {0n00): <3},
If 7o > ry then T
AlZ{(«%ﬁz) 9f>%}
AQZ{(91,92): giS%}a (42)
5 (2] 1 2 2
tra<rhen 3 A= {000 F << ()]
2
Ay =1 (61,62) : gz<a<K+K>)}

We have the following results which gives the conditions under which fragmenta-
tion and nonlinear asymmetrical migration can lead to a total equilibrium population
greater or smaller than the sum of the carrying capacities:

Theorem 3.3. The total equilibrium population T3 of satisfies the following
properties

(1) If ro > 11, let Ag and Ay be defined by (42). Then we have:
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369
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371

372

0, 6. _ 13 0, _ ((ealKitKa)\?
0, — r? 92 0, r1—To
Ay Ay

0, _ 13
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Aj Lo

Ag
Ag
0 01 0 01
Case r9 > 1. Case ry < r1.

Figure 6. Qualitative properties of source-sink model . In Ag and Aq, the effect is detrimental, with
extinction in two patches for Ag, and persistence for Aj. In A and As, the effect is beneficial for € < ¢p and
detrimental for € > ¢p with persistence of the population in the region A3, and extinction in the region As. In
A4, patchiness has a beneficial effect on the total equilibrium population.

(a) if (01,02) € Ao then Ty (e) < Ky for all e > 0. Moreover, T5(e) — 0 when
€ — +00.
(b) if (01,62) € Ay then 0 < T5(e) < K for all € > 0. Moreover, Ty (e) —
T5(00) > 0 when € — +00.
(2) If ro <11, let Ao, Ag and Ay be defined by (42). Then we have:
(a) if (01,62) € Ag then, there is eg > 0, such that: Ty (e) > Ky for e < ey and
T35 (e) < Ky for all € > eg. Moreover, Ty () — 0 when € — +o0.
(b) if (01,02) € As then, there is € > 0, such that: T () > Ky for e < € and
T3 (e) < Ky for all € > €%. Moreover, Ty (¢) — Ty (00) > 0 when € — +00.
(c) if (01,02) € A4, then T5(e) > Ki for all € > 0. Moreover, if g—? =
(M)Q then Ty — Ty (00) = K.
Proof. Recall that, the equilibrium points of are the non-negative intersec-
tion between the ellipse E' and hyperbola H.. There are two equilibrium points.
The first is the trivial point (0,0) and the second is a non trivial point noted
E*(e) := (23*(€), 23" (¢)) whose position depend on migration rate € ( see Fig. [f}(a)).
As our study is limited in the positive cone, then we are interested only in the positive
branch of H.. The hyperbola H. ( shown in blue in Fig. [f}(a)) depend on the mi-
gration rate e. It always passes through the origin and the point B := (K 1 \/%K 1).
Notice that, the hyperbola H, intersect the axis (Ox1) at 0 and a second positive point
r] = 01114 f I which always smaller than K.
When € — 0, the left branch of hyperbola H. tend to the vertical line 1 = 0 and
the right branch into the vertical line Hg : z1 = K. Moreover, E* N Hy = {(K71,0)}.

In the case when € — oo, the hyperbola H, tend to the oblique line Hoo : 22 = 4/ %iﬁl-

Moreover,

ElmHm:{(o,o),<\/@ Vo — Vo Vo Voars = Vo )}

927’1/K1+917’2/K27 92T1/K1+917’2/K2

The tangent space of the ellipse E! at O and A = (K3,0) is TpE! : 29 = a1, and
T4E! : 29 = —%xl respectively.
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Case (1) — (a). Case (1) — (b).

Figure 7. This illustrates the cases (1)-a and (1)-b in Theorem Case (a) illustrate an example with
(01,02) € Ag and the case (b) illustrate an example with (61,602) € A;. The ellipse E! and the hyperbola H.
are shown in red and blue respectively for some parameters of the model , the straight lines A and Hoo are
shown in green and orange respectively. As the migration intensity € increases from 0 to oo, the equilibrium
point EZ(e) moves counterclockwise along the ellipse from A = (K1,0) to O in the case (1)-a, from A to B in
the case (1)-b. The total equilibrium population is always smaller than K for all € > 0.

To facilitate comparison between the total equilibrium population 75 (e) and
T5(0) = K, we define a straight line A : z; + 22 = Kj. If the intersection of the
ellipse E! and the hyperbola H, , i.e., the equilibrium (z3*(e), 75*(¢)), is on or below
the line A, then T5(€) < T5(0), whereas if the intersection is above the line A, then
T35 (e) > T5(0). We see very simply that dispersal is favorable to 75 (€) if E3(¢) is above
A, unfavorable if below A. The equilibrium point E3(e) is always in ellipse, then, for
€ = 0, the equilibrium point states at A, and when e increases, E;(e) describes an arc
of the ellipse and ends at point E*(c0).

Suppose 7 < 73. Then the slope of ToE!, —:—; > —1, which means that the ellipse
E! is below the line A in the first quadrant and T3 (€) < T35 (00), as shown in Fig. [7] If

the slope of Ho, \/g—;, is bigger than the slope of TpE!, i.e. ,/z—; > :—;, the ellipse is

below the line A in the first quadrant. Thus, there is €*, such that, when 0 < € < €*,
the equilibrium FE3(e) changes from point A to O. When € > €*, we have Ej(¢) — O
and Ty (e) — 0 when € — oo ( see Fig. ﬂ(a)) If w/g—; < 7L, the ellipse and the line
Hoo has an intersection B. Then we have T5 () — T3 (c0) > 0, as shown in Fig. [7H(b).

In the case when 7 > 79, direct calculation finds that the ellipse E! and the line A
have two intersections:

K+ K —
A:(Kl,O), andC:(ag 1+ %2 N T2>.

9
]+ a2 a1+ a2

We denote by X the straight line joint the origin and C. The slope of ¥ is equal to

m. We distinguish three cases relative position of the points O, B = E3(0),

and C, or equivalently, the three lines ToE!, Ho, and ¥ whose slopes respectively are

n ﬁ and T
7’2, 92 Ozg(Kl + Kz).

By the method graphic of Arditi et al. [5] ( see also [34]), we conclude the complete
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proof ( see Figyres and E[) 05 O
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Hg = HG
C C
: B
El
0 601 0 6
Case (2) — (a). Case (2) — (b).

Figure 8. This illustrates the cases (2)-a and (2)-b in Theorem As the migration intensity e increases
from 0 to oo, the equilibrium point EJ(e) moves counterclockwise along the ellipse from A = (K1,0) to O in
the case (a) from A to B in the case (b), passing through the point C' which is the other point of intersection
between the ellipse and the line A. The dispersal is favorable when EJ (€) is between A and C, and unfavorable
when EJ (e) is between C' and B .

(92 02
Hoo
A
He
. A
Hoo
C =B
El
El
0 01 0 01
Case (2) — (¢). Case (d).

Figure 9. This illustrates the case (2)-c¢ in Theorem As the migration intensity e increases from 0 to
00, the equilibrium point E3(e) moves counterclockwise along the ellipse from A = (K1,0) to B. The total
equilibrium point is always greater than K for all €, because it belongs to the ellipse and the limit point B is

above A. The figure (d) is a particular case of (2)-(c), where Ty — K1 = T4 (co) for z—f = (%)2
Speaking biologically, the result of the previous theorem show that the nonlinear
asymmetric dispersal can lead to either an increased total size of the population in two
patches, a decreased total size with persistence in the patches, or even extinction in
both patches when the growth of migration goes to infinity. Let us explain the result
of Theorem ﬁ in the particular case where the dispersion is symmetric i.e. g—; =1.In
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this case, the system (26)) becomes

dxl

== = 1-— = — 142

7t 121 K1> +e( T ), )
dry o [ —|—e( —:EQ)

dt . K> 2

Corollary 3.2. Consider the model (43). Let Ao, A1 and Ao be defined by . The
total equilibrium population T3 of (43|) satisfies the following properties

(1) if (r1,r2) € Ag then, T5(e) < K for all . Moreover, T (e) — 0 when € — cc.
(2) if (r1,r2) € Ay then, there is €* > 0, such that

N(e) > K If e<e*™,
{ < T (e) 1< K If e>¢€™ (44)

Moreover, T5(€) — Ty (00) > 0 when € — 0.

3) if (r1,m2) € Ao, then T5(e) > K for all € > 0. Moreover, if == = , then
( 2 T2 K1+2K
Proof. Consequence direct of the theorem [3.3] O

Comparing the effects of linear and nonlinear asymmetric dispersion on the persis-
tence and extinction of population, we remark that, the nonlinear symmetry between
patches assure that: if the derivative of the total equilibrium population at ¢ = 0
is negative, then the population goes to extinction in two patches. Comparing this
situation with the nonlinear asymmetric case, we obtain that we can have the deriva-
tive of the total equilibrium population at € = 0 is negative without the population
goes to extinction in two patches. The second conclusion, in the nonlinear symmetric
case, when there is a €* such that 75 (e*) = K, then the population persistent in
two patches unlike in the asymmetric case, i.e. we can have Tj(e!) = K for certain
value of migration rate €, but, the population goes to extinction in two patches. As
conclusion, the nonlinear dispersal without the condition of symmetry, increases the
probability of extinction of population in the patches.

In the remainder of this section, we study the effect of the rapid growth of the
population in the source patch and rapid death of the population in the sink patch
on the dynamics of the total equilibrium population and on the coexistence of the
population in both patches. Note that, these situations were not examined in [4} [5, 34].
Here, we study the total equilibrium population as a function of the migration rate
in the case where the growth (resp. death) rate is much larger than the death (resp.
growth) rate. In particular, we explicitly calculate the total equilibrium in the both
situations, its derivative in the absence of the migration, its limit for large migration
rate and we compare the total equilibrium population with the carrying capacity of
the source patch. First, we start by the following situation:

3.4. The death rate is much larger than the growth rate

In this part, we consider the two-patch model and we assume that the death rate
ro is much larger than the growth rate r1. One can write the model in the following
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way:

d

ﬂ = M <1 - xl) + € (923:% - 012U%) ’

ddt K (45)
x9 T2 L2

= (‘1 - K) +elbel = hach),

where 7 is assumed to be a small positive number. First, we have the following result:

Theorem 3.4. Let (x1(t,n),x2(t,n)) be the solution of System with initial con-
dition (29, 23) satisfying 20 > 0 for i =1,2. Let z(t) be the solution of the differential
equation

dml o)
L, (1 - K) 2 = o), (46)

with initial condition z(0) = xV. Then, when n — 0, we have
z1(t,n) = z(t) + oy(1), uniformly for t € [0, +00) (47)
and, for any tg > 0, we have
xo(t,n) = oy(1),  wniformly for t € [ty, +00). (48)

Proof. When n — 0, System is a slow-fast system, with one slow variable, x1,
and one fast variable, x9. Tikhonov’s theorem [7, 29, B2, B3] prompts us to consider
the dynamics of the fast variables in the time scale 7 = %t. One obtains

dzo X2

In the limit n — 0, we find the fast dynamics

dxo T9
S 122
dr 2 < KQ) (50)

The slow manifold is given by the equilibrium of System , i.e. z9 = 0, which is LAS
in the positive axis. When 7 goes to zero, Tikhonov’s theorem ensures that after a fast
transition toward the slow manifold, the solutions of converge to the solutions of
the reduced model , obtained by replacing o = 0 into the dynamics of the slow
variable.

The differential equation admits as a positive equilibrium

ri1Ki

e, 0T) i = —————,
1 (6’ ) r1 + €01 K3

(51)
As p(z1) > 0 for all 0 < 21 < 27*(6,0") and ¢(z1) < 0 for all xy > z7*(¢,0") then,
the equilibrium z}*(e,0") is LAS in the positive axis, so, the approximation given by
Tikhonov’s theorem holds for all ¢ > 0 for the slow variable and for all ¢ > ¢to > 0 for
the fast variable, where ¢y is as small as we want. Therefore, let z(¢) be the solution
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of the reduced model of initial condition z(0) = 3:?, then, when n — 0, we have
Approximations and . O

We have the following result which gives the conditions for which patchiness is
beneficial or detrimental in System when e goes to zero.

Theorem 3.5. The total equilibrium population x3*(e,0") of System when n —
0, given by is decreasing. Moreover, 0 < x3*(e,0") < K1 for € and z3*(¢,07) = 0
as € = 00.

Proof. The derivative of is given by:

dat*
1 e ot = —
dﬁ (67 )

T1K1291

— 52
(T1+691K1)2 ( )

which is negative for all e. O

3.5. The growth rate is much larger than the death rate

In this part, we consider the two-patch model and we assume that the growth
rate r1 is much larger than the death rate ro. On can write the model in the following
way:

dzy 1 < 1 ) 9 9

— = —r|1——) +€(bx5—0127),

dt n Kl ( 2 1) (53)
dx; ]

dt
where 7 is assumed to be a small positive number. We prove the following result:

Theorem 3.6. Let (x1(t,n),x2(t,n)) be the solution of System with initial con-
dition (29, 23) satisfying 20 > 0 for i =1,2. Let 2(t) be the solution of the differential
equation

dx T
=2 — rymy (—1 — KZ) + €(01 K7 — 0203) =: ¥(22), (54)

with initial condition 2(0) = x3. Then, when n — 0, we have

z2(t,n) = 2(t) + oy(1), uniformly for t € [0, +00) (55)
and, for any ty > 0, we have

z1(t,n) = K1 +o0,(1), uniformly for t € [tg,+00). (56)
Proof. When n — 0, System is a slow-fast system, with one slow variable, s,

and one fast variable, 1. Tikhonov’s theorem [7], 29] [32] B3] prompts us to consider
the dynamics of the fast variables in the time scale 7 = %t. One obtains

d
e (1= ) (=122 + 6a02). (57)
d K,

T
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In the limit n — 0, we find the fast dynamics

dSUl _ I
7 - (1 Kl) . (58)

The slow manifold is given by the equilibrium of System (58]), i.e. x; = Kj, which
is LAS in the positive axis. When 7 goes to zero, Tikhonov’s theorem ensures that
after a fast transition toward the slow manifold, the solutions of converge to the
solutions of the reduced model , obtained by replacing x; = K; into the dynamics
of the slow variable.

The differential equation admits as a positive equilibrium

—ro Ko + /192Ky + 4 € Koy K1 %19 + 4 2 K520, K120,

*(e,07) :=1/2
75" (e,07) / ro + ¢ Koby

(59)

As (z2) > 0 for all 0 < 29 < 23*(6,0") and 9(z3) < 0 for all xo > x5*(,0") then,
the equilibrium z3*(e,0") is LAS in the positive axis, so, the approximation given by
Tikhonov’s theorem holds for all ¢ > 0 for the slow variable and for all ¢ > ¢7 > 0 for
the fast variable, where ty is as small as we want. Therefore, let z(¢) be the solution of
the reduced model with initial condition z(0) = x%, then, when n — 0, we have

Approximations and . O

As a corollary of the previous theorem, we have the following result which give the
limit of the total equilibrium population T} (¢,0") of System when 7 goes to zero:

Corollary 3.3. We have:

—TQKQ + \/7’22K22 + 46K291K127"2 + 462K2201K1292

T5(e,07) := Ky 4+ 1/2
2(6 ) 1t / T2+€K292

(60)

In the following proposition, we calculate the derivative of T (e,0") at e = 0 and
the formula of perfect mixing (i.e. when € — 00) of the total equilibrium population

defined by .
Proposition 3.1. Consider the total equilibrium population . Then,

LT2*(0 ()+) = LIK%

1
de ry (61)

and

B \/91+\/92K
_VATVZ2E.
V02

Proof. The derivative of the total equilibrium population T35 (e,0") defined by

Ty (+00,0%) = (1 +/s)K; (62)
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with respect to € is:

(—T2K2 + V192 Ky? + 4e Ko K1 %o + 462K2291K1292> K0,
(r2 + € Ko6y)?

ars
de

(6,07) = —1/2
(63)
4K201K127’2 + 86K2291K1202
(7“2 + EKQGQ) \/T22K22 + 46K291K12T2 + 462K2291K1292

+1/4

In particular, the derivative of the total equilibrium population at € = 0 is given by
the formula (61)).
By taking the limit of when € — oo, we get that the total equilibrium population

T3 (e,0™) tends to (62). O

We have the following result which gives the conditions for which patchiness is
beneficial or detrimental in model when 7 goes to zero.

Theorem 3.7. Consider the total equilibrium population Ty (e,0) given by .
Then, Ty (€,07) > K1, for all € > 0.

Proof. First, we try to solve the equation T;(e,07) = K; with respect to e, the
solutions of this last equation give the points of intersection between the curve of the
total equilibrium population € — T3 (¢,0") and the straight line € — K. For any
€ > 0, we have

—roKo + \/T22K22 + 46K291K12’I°2 + 462K2291K1292

T =K 1/2
2(6’0 ) L= / T2+6K292

=0

<:>\/7’22K22 + 46K291K12’I”2 + 4€2K2291K1292 =roKs

;}46}-{291}{12 (TQ + 6K292) =0
=€ =0.

Therefore, since dg;; (0,07) > 0, the curve of the total equilibrium population in-
tersects the straight line € — Kj in a unique point which is (0, K;). Therefore,
T5(e,0%) > Ky, for all € > 0. O

Biologically speaking, from Sections[3.4)and [3.5] we conclude that, the rapid increase
in the population in the source patch results in persistence in the both patches with
increased total size population, and the rapid decrease in the sink population results
in extinction in both patches.

4. Numerical simulations

In this section, we give some numerical examples which illustrates the results of
Proposition Corollary and also the results of Theorem First, we start
by given some examples of the graphs of the functions s — ¢;(s) := T} (+00) and
s — Pa(s) := Ty (400) defined by and respectively. In the figure {10 we plot
the graphs of the functions v ( shown in red) and 2 ( shown in green), as a function
of the dispersal asymmetry parameter s for some parameters of the model. Its clear
that 1,192 — K1 when s — 0 and 11,12 — 0 when s — oco. The derivative of 11 with
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s00 respect to s is given by:

(—roag + agry) 82 + (2ery +2120a1) 8 — riag + o

d;il( ) = (a1 + 32a2)2 if s<n/r
0 otherwise.
(64)
wl asritraai+vVan?r 2 +ra2ar > +roason +asri 2oy

si0 We have —( ) = 0 if and only if, s = — or

as(—ratr1)

— *ale 7”2011+\/0622T12+7'220112+7“220620¢1+0127”12011
511 S9 = o . If r1 < rg then, s5 < 0 < s1, so, the

si2 derivative of ¢y is negative for all s < ry/rg, since s; > r1/rs ( see figure [L0}(a)). If
513 11 > 1o, then s1 < 0 < so, therefore, the derivative of 11 is positive for all 0 < s < s9

sie - and negative for s > sg since sy < r1/r2 ( see Fig. [10}(b), (c), (d)).

515 The derivative of 19 with respect to s is given by:
(
r1—T2/5 (1*\/§)T2 (1*\/5)(7‘1*%\/5)012 .
¢2 _2\/51(a124rsa2) - 2v/s(a1+saz) - (a1+sag)2 if 0<s <
If ro > 7y then —( )= .2
ds 0 it s> —;
ra
pors (VA (ovE)(nraEes
_Zﬁ(ali—saz) - 2y/s(a1+saz) - (a1 +sap)? if 0<s< 1
dipy ri—rays (1+\/§)r2 _ (1+\/§)(r1—r2\/§)a2 H
If r9 < rq then %( ) = 2v/s(a1+saz) 2¢/s(a1+saz) (a1+saz)? if 1<s <
2
0 it s> L.
\ T3
(65)
r2
516 If ro > 71, then the derivative of ¥y is negative for all 0 < s < — and zero for all
r3
517§ > —2 see Fig. ( . . If r9 < 7y, then the derivative of 1y is negative for all
" r2 r2
si8 0 < s <1 and zero for all s > —. For 1 < s < —, the sign of dw; is difficult to study.
r3 r3

sis. We give two examples where the derivative of 1 has a negative sign ( see Fig. (L0])-(b)
2

20 and Fig. (10)-(c) ) and a non-constant sign for 1 < s < % ( see Fig. (10)-(d)).
2

521 In Table [1f we give the space of parameters (r1, 72, K1, K3) € Ri.
Table 1. Parameters values of the four cases used in Fig. .

K K
3

_Fi_gure T
10ra
b
c
d

r
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[\

N &~ N
— =N
=N N
N DN W

52 4.1. Asymmetric dispersion

23 In this part, we plot in the figures and the curves of the total
s2«  equilibrium populations € — T7(¢) and € — T5(€) as a function of migration rate e,
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Figure 10. The graphs of ¢ (red) and 12 (green) as function of s for the parametrs given in Table The
function %1 is continous for all s. If r2 < r1, at symmetric case (s = 1), 12 is discontinous as showen in case

(b), (¢) and (d).
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s»s and the line K, for the sets of parameters (01, 6,) € A; N L; for i =0, ..,4, where L;
56 and A; are given by @D and respectively, choosing in Table

Table 2. Parameters values of the six cases used in Fig. and The derivatives %(0)7

527

5

]
o

5

N

9

530

dTy

(B1), (C1), and respectivly . .

(0) and the perfect mixing abundances T} (c0) and T5(co) are calculated with the expressions given in

Figue | m1 m K1 Ko 61 6 TL0) Ti(o) ZE(0) Ty(c0)
Fig.11]| 1 3 05 15 5 11 -1.76 0 -0.83 0
Fig. 12| 1 3 05 15 05 11 -1.67 045 -0.83  0.22
Fig.[13[| 1.5 1 05 5 12 4 200 0 0.99 0
Fig.[14 |15 1 05 0083 1 4 016 042  0.08  0.29
Fig.[15/| 7 1 05 6 1 14 042 058 021 0.6
Fig.[16/| 12 2 05 0125 2 2 041 0.5 0.20 0.5

0,34

0,2

0,14

0,5

0,4

0,3

30

40

50

Figure 11. Total equilibrium population T} (shown in green) and T3 (shown in red) of the system (7)) and
(26)) respectively as a function of the migration rate e for the sets of the parameter values given in Table[l|with

(61,02) € Ag N Lo. The horizontal line shown in blue is K.

Depending on the values of the migration rate €, as shown in the figures , ,

, , and , in which we have the following examples of inequalities
between the total equilibrium populations 77}, T5 and also the value K7 which is again

represented by the horizontal blue line.
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Figure 12. Total equilibrium population T} (shown in green) and Tj (shown in red) of the system (7)) and
(26)) respectively as a function of the migration rate e for the sets of the parameter values given in Table[l|with

(91, 92) €/
0,5 0,5
0,44 0,4
0,3 0,3
0,2 0,2
0,14 0,14
0 T T T T 1 0 T T T T 1
0 2 4 6 8 1« 0 0,2 0,4 0,6 0,8 1

Figure 13. Total equilibrium population T} (shown in green) and Tj (shown in red) of the system (7)) and
respectively as a function of the migration rate e for the sets of the parameter values given in Table[1| with
(61,02) € Aa N L. The horizontal line shown in blue is K. .

0,5 0,50
0,4 0,49+
0,3 0,48
0,2 0,47
0,1 0,46
0 : T T T 10,457 : . . . .
0 2 4 6 8 1( 0 0,2 0,4 0,6 0,8 1

Figure 14. Total equilibrium population T} (shown in green) and T5 (shown in red) of the system (7)) and
respectively as a function of the migration rate e for the sets of the parameter values given in Table|[l| with
(61,02) € A3 N L3. The horizontal line shown in blue is K. .
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Figure 15. Total equilibrium population T} (shown in green) and T (shown in red) of the system (7)) and
respectively as a function of the migration rate e for the sets of the parameter values given in Table
(61,02) € Ay N L4. The horizontal line shown in blue is K. .

with
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Figure 16. Total equilibrium population T} (shown in green) and T; (shown in red) of the system (7)) and
(26) respectively as a function of the migration rate e for the sets of the parameter values given in Table [1| with

92

the condition 72 =
1

az(K1+Kz) _

a2 (K1 +K>)

T1—T2

(

T1—T2

2
) . The horizontal line shown in blue is Kj. .
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In the figure that is plotted for the parameter values given in the first line of
Table |2, the total equilibrium population 77 is smaller than 73, and both smaller
than K. In addition, there is a migration rate ¢y ~ 0.84 such that 77 (¢) = 0 for all
€ > 0.84. The total equilibrium 73 goes to zero when migration rate goes to infinity.
This example prove that, linear asymmetric dispersal can give extinction of population
in both patches for small values of migration rate and this extinction is faster compared
to the extinction for the nonlinear asymmetric dispersal, which product for the large
migration rate.

In the figure that is plotted for the parameter values given in the second line
of Table [2l We have, the total equilibrium population 7} is smaller than 73 for all
0 <€ <0.82, and T7 is greater than T4 for all e > 0.82, and both smaller than K. For
€~ 0.82, T7(0.82) = T5(0.82) ~ 0.47. The difference between the case of the figure
and is that we have the persistence of the population in two patches for nonlinear
symmetric and asymmetric dispersal.

In the figure that is plotted for the parameter values given in the third line
of Table [2l We have, the total equilibrium population 77 is greater than T3 for all
0 < e <0.03, and T} is smaller than T for all ¢ > 0.03, for ¢ ~ 0.03, 77(0.03) =
75(0.03) ~ 0.52. There are two migration rates ¢; ~ 0.05 and ez ~ 0.12 such that
T7(0.05) = T5(0.12) = 0.5. The total equilibrium 77 (e) = 0 for all € > 0.26.

In the figure that is plotted for the parameter values given in the forth line
of Table [2l We have, the total equilibrium population 77 is greater than T3 for all
0 <€<0.06 and € > 0.77, T} is smaller than T3 for all 0.06 < e < 0.77, for € ~ 0.06,
T7(0.06) = T5(0.06) ~ 0.51 and for € ~ 0.77, T7(0.77) = T5(0.77) >~ 0.47 . There are
two migration rates €; ~ 0.13 and ez =~ 0.22 such that 77(0.13) = 75(0.22) = 0.5. The
total equilibrium 77" and 735 tends to 0.42 and 0.29 respectively.

In the figure [I5] that is plotted for the parameter values given in the five line of
Table 2| the total equilibrium population 77 is greater than 735 for all 0 < e < 0.08,
T7 is smaller than T3 for all € > 0.08, and both greater than K. The figure [16is an
example which that 77,75 — 0.5 = Kj.

4.2. Symmetric dispersion

In this part, we consider the case of symmetric migration i.e. when 6 = 0, = 1.
We plot the total equilibrium populations € — T5(¢) and € — T5(€) as a function of
migration rate e. We give some examples of the three cases given in Corollaries 2.1 and
We plot in the figures and[19] the curves of the total equilibrium population
T7,T5 and the line K7, for the sets of parameters choosing in Table

Depending on the values of the migration rate €, as shown in the figures ,
and , in which we have the following three examples of inequalities and equality
between the total equilibrium populations 77, T5 and also the value K7 which is again
represented by the horizontal blue line. We propose here to plot three figures, and
each figure contain three cases corresponding to the three values of capacity: K1 < 1,
K, =1 and K; > 1. Note that, dg;l* (0) = dgg (0) =< K; =1orry = rg. As the two
derivatives equals for K1 = 1, we choose to plot the figures for values smaller than,
equal to and greater than K; = 1.

In the figure that is plotted for the parameter values given in the three first lines
of Table |3| In case A, for K < 1, the total equilibrium population 77 is smaller than
T3, and both smaller than K. In case B, for Ky = 1, the total equilibrium population
Ty is smaller than T3, moreover, T; () ~ Ty (e) for all € € [0,0.1]. In case C, for
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0,69

044

03

0,24

0,14

Table 3. Parameters values of the three case used in Fig. and E The derivatives %(0) and
and the perfect mixing abundances T} (co) and T (co) are calculated with the expressions given in (B1)),

and respectivly.

T3

d7

(0)

Figure | Case r1 ro K1 Kj ddTel* (0) Ty (o0) dde* (0) T5(oc0)
Case A 0.25 1 0.5 20 —1.5 0 -0.75 0.2
Fig. Case B 0.25 1 1 20 -3 0 -3 0.24
Case C 025 1 2 20 —6 0 -12 0.2
Case A 025 1 05 20 3 0.56 1.5 0.57
Fig. Case B 0.25 0.1 1 2 6 1.04 6 1.04
Case C 0.25 0.1 2 2 12 1.82 24 1.79
Case A 0.14 0.06 05 20 18 1.72 36 1.71
Fig. Case B 0.14 0.06 1 2 9 0.97 9 0.97
Case C 025 0.1 2 2 4.5 0.49 2.25 0.55
Case A: K1 =05<1 Case B: K1 =1 Case C: K1 =2>1

Figure 17. Total equilibrium population 75 (shown in green) and Tj (shown in red) of the system and
(26)) respectively as a function of the migration rate e for the sets of the parameter values given in Table
The horizontal line shown in blue is Kj.
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Figure 18. Total equilibrium populations T} (shown in green) and T5 (shown in red) of the system @ and
(26) respectively as a function of the migration rate e for the sets of the parameter values given in Table
The horizontal line shown in blue is K7.
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Figure 19. Total equilibrium populations T} (shown in green) and Ty (shown in red) of the system (7)) and
(26) respectively as a function of the migration rate e for the sets of the parameter values given in Table
The horizontal line shown in blue is K.
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Ki > 1, there is a €g ~ 0.16, such that, the total equilibrium population 77 is greater
than T3 for 0 < e < 0.16, and T7 is smaller than 75 for € > 0.16. For € ~ 0.16 we have
T7(0.16) ~ T5(0.16) ~ 1. The total equilibrium 75 equal to zero when migration rate
greater than 0.4.

In the figure that is plotted for the parameter values given in the three second
lines of Table 3| In case A, for K1 < 1, there is a ¢y ~ 0.2, such that, the total
equilibrium population 77 is greater than T3 for all 0 < e < 0.2, T is smaller than 7%
for all € > 0.2 and both greater than K. For € ~ 0.2, we have 77(0.2) ~ 75(0.2) ~ 0.59.
In case B, for K = 1, the total equilibrium population 77 is equal to T3, T} (€) =~ T3 (¢)
for all e positive. In case C, for K7 > 1, there is a ¢y ~ 0.04, such that, the total
equilibrium population 77 is smaller than 75 for 0 < e < 0.2, and 77} is greater than
T3 for € > 0.2. For € ~ 0.2 we have 77(0.2) ~ T5(0.2) ~ 2.2. The same situations are
product in the figure Note that, according to these examples of figures, the passage
for values of K lower than 1 to values higher than 1, the positions of the curves of
T7 and T3 change, and are sames for the particular value of capacity K; = 1. In the
case when 01 = 0 = 1, the total equilibrium population 77 satisfies:

ﬁ@:Kﬁdﬁ@—ﬁ@( ! ! ) (66

7l 72+ a2
and 75
K,
- (0 - o1') o )

ot (e)  ro 4 axi(e)

Ty (€) = (67)

It is very difficult to prove analytically these numerical results, and I think, according to
numerical simulations, for all symmetric migration, we only have these configurations,
so we can give the following conjecture:

Conjecture 4.1. Consider the models @ and with 6; = 02 = 1. Let T} and
T3 be the total equilibrium populations of and respectively. Let Ag, A1 and
As be defined by . The total equilibrium populations 7} and 75 satisfied to the
following properties

(1) if (r1,72) € Ap then,
(a) if Kj < 1, then T7(e) < T5(e) for all € > 0.
(b) if Kj =1, then, there is a €* > 0 such that, 77 (e) = T5 (¢) for all 0 < e < €¥,
and T} (e) < T (e) for all € > €*.
(c) if Ky > 1, then, there is a €* > 0 such that, T} (¢) > T4 (¢) for all 0 < e < €*,
and T} (e) < T (e) for all € > €*.
(2) if (7‘1,7‘2) € Aq then,
(a) if K7 < 1, then, there is a €* > 0 such that T} (¢) < Ty (e) for all 0 < e < €*,
and T (e) > T (e) for all € > €*.
(b) if K7 =1, then, T} (¢) = T5(¢) for all € > 0.
(c) if K1 > 1, then, there is a €* > 0 such that 77 (e) > T5(¢) for all 0 < e < €*,
and 77 (€) < T5(e) for all € > €*.
(3) if (7"1,’/“2) € Ay, then
(a) if K1 < 1, then, there is a €* > 0 such that T} (¢) > T (e) for all 0 < e < €*,
and 77 (€) < T5(e) for all € > €*.
(b) if Ky =1, then, T (e) = T5 (¢) for all € > 0.
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(c) if Ky > 1, then, there is a €* > 0 such that 77 (e) < T3 (e) for all 0 < e < €*,
and T} (e) > T () for all € > €*.

5. Conclusion

This work was aimed to find out whether the total equilibrium population of the two
patches source-sink connected by nonlinear asymmetric migration can be greater than
the carrying capacity of the source isolated patch, i.e. at equilibrium. The system has
a unique positive equilibrium, which furthermore is globally asymptotically stable in
the interior of the positive cone, and the origin as trivial equilibrium which is unstable,
unlike in the symmetric case, which can be globally asymptotically stable ( see Prop.
5.5 in [34] and Theorem [2.1)).

In Section [3.2] we considered the particular case of perfect mixing, i.e. when the dif-
fusion rate goes to infinity, that is, individuals may travel freely between two patches.
We compute the total equilibrium population in that case, and by perturbation argu-
ments, we proved that the dynamics in this ideal case provides a good approximation
for the case when the diffusion rate is large. Rigorous analysis on the model demon-
strate a mechanism by which the nonlinear dispersal asymmetry can lead to either an
increased total size of the species in two patches, a decreased total size with persis-
tence in the patches, or even extinction in both patches for large migration rates. In
Subsections [3.3] and [3.4] we study the total equilibrium population of the source-sink
patch model as a function of the diffusion rate in the case where the growth
(resp. death) rate is much larger than the death (resp. growth) rate. Some numerical
simulations are given which we confirm and extend our results. We also compare our
present results with the result of previous work [34] for linear asymmetry dispersal.
Finally, comparison of the present results with those of Wu et al. [34] suggests that
this nonlinear asymmetric dispersal mechanism has the same impact as in the case of
linear asymmetric dispersal. However, comparing the conditions @D and shows
that this nonlinear asymmetry dispersal can have a strong quantitative influence on
the effect of dispersal. In the case symmetric 81 = 65, the conditions @D and are
the same, and becomes .

Some questions remain open, for examples, how our results generalize to situa-
tions with more than two patches i. e. the generalization of the present results to the
three-patch source-sink model with nonlinear asymmetric migration. In particular, the
global stability, the behavior of the model for large migration rate and the influence
of nonlinear asymmetric dispersal on total population abundance. The mathematical
extension to n patches (n > 2) is probably very intricate and is a challenge for further
work. I think this question is difficult and requires a lot of work and mathematical
tools.

Appendix A. Equilibria and stability of

In this section, our goal is to prove the global stability of the system (26]). In the
absence of migration, i.e. the case where ¢ = 0, the system admits (K1,0) as
a non trivial equilibrium point, which furthermore is globally asymptotically stable
(GAS) in the positive cone ]Ri. The problem is whether the equilibrium continues to
be positive and globally stable for any € > 0 or not. We first prove the non negativity
of the solutions of System . We have the following proposition:
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Proposition A.1. The positive cone Ri is positively invariant for the system .

Proof. Suppose that, at a given time ¢, one of the state variables of the system
is at a boundary of Ri, meaning that at least one population is at 0. We suppose first
that 1 = 0, and zo > 0, then the dynamics of x1 is given by % = 023 > 0, and, if
x9 = 0, and 1 > 0, then we have % = 0122 > 0. So each trajectory initiated at a
boundary of Ri either remains at the boundary or goes to the interior of ]Ri. According
to [31, Proposition B.7, page 267], no trajectory comes out of Ri. Therefore, ]R?F is

positively invariant for (26]). O

The equilibrium of the system is the solutions of the following algebraic system:

X
0:T1$1<1—K_1

) + 6(921’% — 911’%),
1

(A1)

0= —roxy <1 + m) + (0123 — O923).
Ko

The sum of the two equations of (A1) shows that the equilibrium points are in a ellipse
noted E!, which its equation is given by:

T T
E! - SO(xl,xz) =iz <1 — K11> — r9To <1 4 K22> -0 (A2)

The ellipse E! passes through the points (0,0), (K1, 0), (0, —K2) and A := (K1, —K3).
Note that, it is independent of migration rate e and 6; (shown in red in Fig. [} (a)).
Solving the first equation of system (A1) for x yields a hyperbola noted H. defined

by
He:  he(xr) = 1 a2 — Loy (1- 2L
€ - e\L1l) -— 02 147 B 1 Kl .

As our study is limited in the positive cone, then we are interested only in the
positive branch of H,. The hyperbola H, ( shown in blue in Fig. [} (a)) depend on the

migration rate e. It always passes through the origin and the point B := (Kl, v/ Z—;Iﬁ).

So, the equilibrium points are the non-negative intersection between the curves EJ
and H.. There are two equilibrium points. The first is the trivial point (0,0) and the
second is a non trivial point noted E*(¢) := (x7*(€), 25" (¢)) whose position depend on
migration rate € ( see Fig. [5}(a)).

Remark A.1. The isoclines of the system are given by the two equations:

The equilibrium points are the intersection between these two isoclines: the origin and
the positive equilibrium E3(¢) (see Fig. [5}(b)).
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In the following, our aim is to show the global stability of the equilibrium E*(e).
For this, we need some results. First, for the non-negativity and boundedness of the
solutions of the system , we have the following result:

Lemma A.1. For any non-negative initial condition, the solutions of the system
remain bounded, for allt > 0. Moreover, the set

Ez{(ml,x2)€R+/x1+x2 g }
1

where £ = min {r,r2} and & = r Ky + ro Ko, is positively invariant and is a global
attractor for the system .

Proof. To show that all solutions are bounded, we consider the quantity defined by
Xr(t) = z1(t) + z2(t). So, we have

X (t) = ran (8) <1 - xl(t)) ot (1 + 2(“> . (A3)

K Ky
For all r; and K;, we have the inequality:

L2

T <1 — K1> <ri(Ki—z), and roxo ( 1-— K2> < —roxs. (A4)

Substituting Equation (A6)) into (A3)), we get
Xp(t) < =6 Xp(t) + & for all ¢ > 0,

which gives

Xo(t) < <XT(O) _ ?) 2 a0 (A5)
1 1
Hence,
Xr(t) < max <XT( ) ?) for all ¢ > 0.
1

Therefore, the solutions of System are positively bounded and defined for all
t > 0. From (|A5)), it can be deduced that the set ¥ is positively invariant and it is a
global attractor for the system . O

Recall that, a matrix A = (a;;) is called cooperative if a;; > 0 for all ¢ # j. Let we
consider the autonomous system:

T = ®(z), (A6)
where @ denote the derivative of z,® = (®1,...,®,) is C! on a domain R”. System

(A6]) is called cooperative if the Jacobian matrix of (A6|) is a cooperative matrix for
all z € RY}.
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Recall that, for general cooperative systems, we have the following result, which
guarantees that all solutions converge to equilibria/infinity without periodic oscilla-
tion (see page 28 Hofbauer and Sigmund [24]). The solutions of a two-dimensional
cooperative system converge either to an equilibrium or to infinity. We have the fol-
lowing result:

Theorem A.1. The equilibrium E3(€) of is GAS in the positive cone R? \ {0}.

Proof. The two-dimensional system is cooperative. Indeed, its Jacobian matrix
evaluate at Fj(e) is given by:

. B K1 2e02x5* (€)
J(E3(e)) = 2eb01x7*(€) Ko ’
where k1 = r — 27“1%56) — 2e0127%(€), and kg = 1o — 27’2%56) — 2eh2x5* (). We
dHE 1 kok kok dHe 2 kok ok
have: 0 < =z=t(27"(€), 237 (€)) = —mm, and 0 < “7=2(z7"(e), 237 (€)) =

—mﬁg. Therefore, k1 < 0 and k2 < 0. This implies that tr(J(E5(€))) =
K1 + ko < 0, where tr means the trace.

It’s clear that, in the figures [5}(b), at the equilibrium FEj(€), we have:

-1

Pes(B3(e) > (Ge2(E3(0) , which gives —pgm ey > — sty
Thus, det J(E3(€)) = k1ko — 4€201022%* (e) 3 (€) > 0.

Hence by the Routh-Hurwitz criteria for stability, the real parts of the eigenvalues
value of the Jacobian matrix J(Ej(e)) are negative, proving that E3(e) is asymptoti-
cally stable. Lemma [A71]imply that there cannot be any non-trivial closed paths lying
in the interior of the positive quadrant and hence the asymptotic stability must be

global. O

Appendix B. Derivative of the total equilibrium population T at e = 0

Proposition B.1. The derivative of the total equilibrium population T} at € = 0 is
given by:

df (0) = 6, K, (1 _ 1) . (B1)

T2 1

In particular, df (0) = 0 if and only if, 11 = ra.

Proof. The equilibrium point Ej(¢) of satisfies the system

0=raj(e) 1~ "”;((f) + e(0223(c) — O127(e)), -
0=roxi(e) | —1— J?é?) + e(6127(€) — Oaz5(€)).

Dividing the first and the second equation by z-z7(€) and r2 + 23 (€) respectively,
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one obtains

Oaw3(€) — O127(e)
ol
023 (0) — orsle) (B3)

o + & 25(€)

xj(e) =K1 +e

x5(e) =€

Hence, the total equilibrium population 77 is given by

TH) = Kot elbaail) = 000i) (s~ s ) (8D

a1zi(e) T2+ asxi(e)
By differentiating the equation (B4)) at e = 0, we get:

dTy
de

0 = 62050 =010 (o~ o ra@) . )

which gives (B1]), since z3(0) = K; and x3(0) = 0. O

Note that, the derivative (Bl]) is dependent on the parameters 71,792,601 and K. It
is equal to zero if and only if both patches have the same growth rates and positive if
and only if, r; < ro.

Appendix C. Derivative of the total equilibrium population T at e =0

Proposition C.1. The derivative of the total equilibrium population Ty at € = 0 is
given by:

%(0) — K2 <1 - 1) | (1)

T2 m

In particular, df (0) = 0 if and only if, 11 = ry.

Proof. The equilibrium point E;(e) of . satisfies the system

0=nai*(@) (1= TD) 4 coutoy (@) - (a0

0=rozs*(e) | -1 — =

(C2)

Dividing the first and the second equation by z-z7*(e) and ra + 72 23" (€) respectively,
one obtains

) = K1+ O (23" (€ ))2—91( i*(e)?
o 331 “(e)
ACH “(e))? — Os(a3 (6))2.

rz—i-T?:UQ()

.fl )

25" (€) =
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Hence, the total equilibrium population T3 is given by

T5(0) = Ky + ey (€) + 2} () (Vozay (6) — Vo () ( ! ! ) |

ozt (€) 1o+ gy (e)

(C4)

By differentiating the equation (C4l) at e = 0, we get:

ddlf(()) = (v/0225°(0) + /0127 (0)) (v/Ba3*(0) — /01277 (0)) ( 1 ; ) ’

a1z (0) 7o + anai(0)

€
(C5)
which gives (C1)), since z7*(0) = K; and x3*(0) = 0. O

Note that, the derivative (C1]) is dependent on the parameters 71,792,601 and K. It
is equal to zero if and only if both patches have the same growth rates, and positive,
if and only if, r; < ro.
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