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Context : boiling flows

Nuclear thermal hydraulics
— Multicomponent flows : liquid, vapor, solid obstacles
— Stiff source terms (heat source, boiling, singular pressure loss)
— Flow 1n subsonic or supersonic regime
— Note : define the Mach number for two phase flows

In this context, staggered schemes seem more robust and precise
than Riemann solvers.

Objectives :
— Study of stability and T'VD properties of staggered schemes
— Extension to multiphase flows with complex terms (drift models)
— Extension to porous model (reactor core and steam generator)
— Extension to more general meshes

Numerical diffusion of staggered schemes

Numerical diffusion : (1D case for simplicity)

U+ AU)0,.U =0,

non conservative form. (1)

For a given two point semi-discretisation disc

Ui —U;—1 _ Ui = U
4+ AT - A — 0. 2
0cU; + disc AT disc A 0 ( )
we have when Ax — 0 :
U+ Ao, U = DU, Ax) + o(Ax) (3)
— —Adeiscé’mU —+ O(ALE), (4)
where
— A= A%+ A . (consistency of (2) with (1))
— D = Aji_isc — A represent the numerical diffusion operator

Examples with the wave system :
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atq - 02833,0 =0

Case 1 : centered scheme
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— Decentre = 0 (ordrer 2 scheme), D is diagonalisable on R
— Odd/even cells decoupling X

Case 2 : upwind scheme
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— Numerical diffusion is too strong if ¢ > ||ul| X
— The numerical diffusion matrix D, pwing 18 diagonalisable on R

Case 3 : « simple » staggered scheme

atpz' | di+1/2—4i—1/2 — 0
- o=, 0
Otqiv1/2 + c? PP = Qit1/2

0 1 0 1
Dstag — ( 2 0 ) ; Apave = ( 2 0 > : (7)

— The numerical diffusion is mostly on the second equation

— Dgtag 18 not diagonalisable on R
Most staggered disretisations yield non linearisable schemes —
difficult linear stability analysis

* Centre de Mathématiques Appliquées, Ecole Polvtechnique. 91120 Palaiseau

A new class of staggered schemes

Numerical diffusion of conservative schemes

U + 0., F(U)=0

conservative form (1D for simplicity).

A conservative scheme takes the form

Fiiv1 — Fio1
OU; + =0 (8)

The numerical fluxes F;; can be cast into the sum of two terms

F(U;)+ F(U; U, — U,
Fi’j: ( )_Iz_ (.7) D > ]7 (9)

where D is the upwind operator of the scheme.

Using symmetrising variables (U — U such that VF' is symmetric), D
becomes D and the L? energy evolutioninequality is

aﬁ/ 107]| = —/tahU(D+tD)ahU 10)
2 R R

Therefore we seek matrices D satistying
— D+ "D > 0 (stability)
— D +'D does not involve the sound speed ¢ (precision)

Wave system (5) : with « simple » staggered discretisation (6):

0 1 — 0 ¢ - -
Dstag: ( —62 0 >7Dstag: ( —c 0 >7Dstag‘|‘tDstag:O.

— Diffusion numérique nulle v
— Fort couplage entre cellules v/

Euler equations : We consider the following Euler equations :

Op + V- (pu)=0 (11)
Oy (pi) + V-(pi®@)+Vp=0 (12)
1 | .
Ouple + SIlAR) + V- ((pe+ ppllalP +p)@) =0 (13
Symmetrisation with g—i : % not appearing on the diagonal :
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Shock tube (high Mach) : Toro benchmark
— Convergence of 6 of the 7 #— stagon 100 cts
tGStS 0] — Stag on 400 cells

—— 5Stag on BOO cells
— Solution exacte

— Failure of test number 2
(near vacuum — negative
densities)

— No checkerboard modes
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Lid driven cavity (low Mach)
— Good low Mach asymptotic
— No checkerboard modes

— extension to two phase flow mo-
dels




