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Global harmonic analysis for ®3 on closed Riemannian manifolds

|. BAILLEUL and N.V. DANG and L. FERDINAND and T.D. TO

Abstract. Following Parisi & Wu’s paradigm of stochastic quantization, we constructed in
a ®! measure on an arbitrary compact, boundaryless, Riemannian manifold as an invariant
measure of a singular stochastic partial differential equation. The present work is a companion
to [6]. We describe here in detail the harmonic and microlocal analysis tools that we used. We
also introduce some new tools to treat the vectorial <I>§ model. This relies on a new Cole-Hopf
transform involving random bundle maps. We do not aim here for the greatest generality;
rather, we tried to keep our exposition relatively self-contained and pedagogical enough in the
hope that the techniques we show can be used in other settings.

1 — Introduction

Thanks to the recent breakthroughs of Hairer [29] and Gubinelli, Imkeller & Perkowski [20], a
certain class of stochastic partial differential equations (SPDEs) with low regularity coefficients
now have a robust solution theory. Examples of equations in this class include the KPZ equation

(0r — 0*)u = (0pu)* + &1,
the parabolic ®* equation

(O — A+ Du+u® = &, (1.1)
and the generalized parabolic Anderson model

(O — A+ 1)u= F(u)és,

A common feature to the above equations is that they do not make sense in a classical sense due
to the low regularity of the different driving noises &1, €2, 3. One needs to renormalize the PDE,
somehow subtracting some infinite counterterm in the equation itself, to have a well-defined
notion of solution. These recent seminal works, and the body of works that followed, allowed
a number of authors [30, 46, (44} 25, [7] to recover the existence of the celebrated ®3 quantum
field theory measure first constructed by Glimm & Jaffe [22] 23] in the 2 and 3 dimensional
Euclidean space in the 70s. The extension of such results to a curved setting is a longstanding
open problem that matters from the point of view of constructive quantum field theory. We gave
in the work [6] the first construction of the dynamical ®* model on any compact, boundaryless,
3-dimensional Riemannian manifold M and deduced from some functional properties of the long
time behaviour of the semigroup generated by the SPDE the existence and non-triviality
of a ®* Gibbs measure

4
e~ Jor IVl = [y

f e Jar IVul?= [y % [’Du]
on M. This measure is seen as an invariant measure for the semigroup. Our construction is
naturally deeply rooted in the recent developments in the area of singular stochastic PDEs.

The present work is a companion paper of the work [6]. Our goal is to build in a relatively
simple and self-contained way all the tools from paradifferential calculus and microlocal analysis
on compact manifolds that we used in the existence proof of a ¢3 measure on M in [6]. Most
of its content is independent of that precise problem, though, so we hope the reader will take
profit from what follows to investigate a number of other problems.

: (1.2)

§1 — The ®3 measure on a closed 3-dimensional manifold — We fix from now on a smooth
closed (i.e. compact, boundaryless) 3-dimensional Riemannian manifold (M, g) and let A := A,
stand for the (negative) Laplace-Beltrami operator on M. We will denote by

P=1-A
1



the massive Laplacian and by e~*" the corresponding heat kernel. The eigenfunctions fy of P
form an orthonormal basis of L?(M). Let £* stand for a collection of independent real valued
Brownian motions indexed by the set of eigenvalues of P, defined on some probability space
(Q, F,P). Spacetime white noise on R x M can be constructed as the random series

=) &af
A

It belongs almost surely to the parabolic Holder space of regularity exponent —5/2 — ¢, for any
e > 0. We let

&= eT(A_l)g
stand for the space regularized spacetime white noise — so &, is still white in time. The work
[6] is dedicated to constructing a Gibbs measure that formally writes as an invariant
probability measure of the parabolic ®* parabolic dynamics

Opu =&+ (A — Du —u. (1.3)
Set 1o
ay = 7“7’ = | log 7| . (1.4)
8\/5773/2 128 72

One of the main results from [0] reads as follows. The constant 0 < ¢ is small enough and fixed
throughout.

Theorem - Pick ¢ € C~Y/2=¢(M). The equation
(0 — A+ Du, =& —ud + 3(a, — by)u, (1.5)

with initial condition ¢, has a unique solution over [0,00) x M in some appropriate function
space. For any 0 < T < oo this random vartable converges in probability in

C([o,1,C42¢ ()
asr >0 goes to 0 to a limit u.

We note that obtaining a local in time well-posedness result for is relatively elementary.
The non-trivial points in the preceding statement are the long time existence of that local in
time solution and its convergence as r > 0 goes to 0. The function u is what we define as the
solution to equation ; it turns out to be a Markov process.

Theorem — The dynamics of u is Markovian and its associated semigroup on C~/2=¢(M) has
an invariant non-Gaussian probability measure.

We defined in [6] a ®3 measure as an invariant measure of this Markovian dynamics on
C~1/2=¢(M). The uniqueness of such an invariant measure is proved in [2], so we freely talk in
the sequel of the ®3 measure. These results are proved by building on Jagannath & Perkowski’s
insight [33] that a clever change of variable turns the stochastic PDEs into a PDE

(0 — A+ 1)v, = —A02 + Bov? + Zopv? + Zyyv, + Zo, (1.6)

with random coefficients whose solution theory is elementary provided one a uniform control of
the coefficients in some appropriate spaces. The problems related to the low regularity of the
spacetime white noise £ and the singular character of are all transferred to the question of
proving the convergence in an appropriate space of the random coefficients. When formulated
in this way there is no need to use the tools of regularity structures or paracontrolled calculus
to set up an analytic framework for the study of . However the question of the convergence
of the random coefficients is fairly non-trivial and remains to be dealt with separately. As a
matter of fact the r-uniform control of one of the terms that appear in Jagannath & Perkowski’s
reformulation can be obtained using a number of basic tools from paracontrolled calculus.
Sections and |4] are dedicated to present these tools in a self-contained way. They are used
in Section | to prove a crucial r-uniform control on the above mentioned term. The random
coefficients A,, B;, Z r, Z1,, Zo, are all continuous polynomial functions of eight distributions



built from the Gaussian regularized noise &, by some elementary operations. Building on
moment estimates we formulate the problem of the convergence of the random coefficients as a
problem of extension of some distributions defined the diagonales of some configuration spaces
over M. In doing so, we follow Epstein & Glaser’s approach to renormalization. The analysis
of this extension problem requires some tools from microlocal analysis that we explain in detail

in sections [0} [7] and [§

We this global picture in mind we can now be more specific. Denote by
L= 8t - A + 1
the heat operator and by £7! its inverse with null initial condition at t = —oco. Set

T = é_l(gr)v ¥y =t ?2:7"; = L_l(O\PT)v ﬁ)r = é_l(: ?3:7")'
These stochastic terms are first regularized, since &, is mollified, and then Wick renormalized.

A Cole-Hopf transform — The main idea of [33] is to introduce a new Cole-Hopf transform
which yields an optimal way to decompose the solution u, of (1.5)) in such a way that all the
singularities of the SPDE are well-isolated. Setting

Ur = Tr - Q?PT + 6730\{07“ (vrcf,r + Ur)

where vy, solves the equation

Lrer,r = 363%)"' (@Jr(v)’r — b, (?r + (&r)) ) 'Uref,r(o) =0,

the function v, is the solution of Equation (|1.6) for some appropriate coefficients A,., B,., Z;,
and initial condition.

Theorem 1.1 — One has viefr € (.o CrCr~¢(M) and

e>0
VY, - Vpegr — b (8 1P € () CrC~2 (M),

e>0
with estimates that are uniform as r > 0 goes to 0 in P-probability.

We use paradifferential calculus on compact manifolds as a key ingredient in our proof of
Theorem Sections [2] to (] are dedicated to giving a detailed exposition of paraproduct
operators and para-decomposition operators on arbitrary closed manifolds, and to establish
several commutator estimates on these objects, in the spirit of Gubinelli, Imkeller & Perkowski’
seminal work [20], as in Bailleul & Bernicot’s works [3, 4, [5]. Our setting in these sections is
general and our estimates hold for closed manifolds of any dimension. (A very nice related work
for the first part is the recent paper of Guillarmou & Poyferré [28] where they developed some
paradifferential calculus on manifolds. Some of our commutator estimates can be obtained from
[28] but we thought it would be useful to include some detailed proofs here to make our work
more self-contained, more pedagogical and show clearly the mechanism behind the proofs.) In
Section we also extend Theorem to ®2 models whose fields take values in some vector
bundle over the manifold M. We explained in Section 6.2 of [6] how to construct a ®3 measure
in this setting adding to the strategy used in the scalar case a key new ingredient: A new
vectorial Cole-Hopf transform which extends Jagannath & Perkowski’s transform to the bundle
case. Instead of multiplying a solution with the exponential of some random field we apply the
exponential of some random bundle endomorphism. It is interesting to note that the regularized
renormalized equation reads in that setting, for a coupling function A,

(0 — A+ Dy =& — Mup, ur) puy + (rk(E) + 2) (ar — by )uy,

for the same constants a,., b, as in the scalar setting, with rk(E) the rank of the bundle E.



§2 — Convergence of the random coefficients in (1.6) — These coefficients a continuous poly-
nomials of the following eight random (well-defined) distributions

(?rvvraq{)rvc&r»(&r ©; ?ra?r o7} O\Pr - Xi%»Xi'v(Y)rF - Xi%v(&r Or} %Or - Xibr?r> .

(They are well-defined as the noise used in their definition has been regularized.) The operator
®; that appears here is the localized resonance operator introduced in Section [2| and x; €
C(U;) for alocal chart U; € M. In Section 4 of [6], using renormalization, we proved that the
preceding list of stochastic objects belongs to some appropriate Banach space of distributions,
uniformly in r > 0, provided the following distributional kernels are controlled microlocally.

Definition — We define the following collection of distributional kernels
L7((¢, y)) = 1(_ =)A=z 4) € D'(R? x M?)
G ( ) = ({ A0 - ) ) € DRE X ME), (1<p<3)
[©i(z,y,2) = Pi(x,y) P{(x,2)
|k—£]<1

Q' ((t,2), (s,y)) = (" (=0 + P)? k) (2 = 5,2,).

where P} and f’} stand for some generalized Littlewood-Paley-Stein projectors that we introduce
in Paragraph[2.5.3, and (n;)icr a partition of unity.

These kernels form the elementary building blocks of the Feynman amplitudes that one needs
to control analytically to probe the regularity of the stochastic objects in the limit where » > 0
goes to 0. The microlocal description of these kernels is given in Theorem [I.2] We need to
recall some terminology from microlocal analysis before we can state it. Let X denotes some
ambient manifold and 4 C X some open subset of X. For every closed conic set I' C T°U,
we denote by Df(U) the space of distributions whose wave front set lies in I'. This space is
considered as a locally convex topological vector space endowed with the normal topology [6].
Let Y C X denotes a submanifold of X, p a scaling field relative to ), & some open subset
which is stable by the semiflow of p: e *”(U/) C U and I' C T°U a closed conic set which is
stable by the semiflow of p. Then we will denote by S%(U) the set of distributions 7" such that
the family of distributions (se™*"*T)) ., is bounded in Dp(U). Theorem states that the

kernels of the operators £7!, ij), [®;] and Q" are in different functional spaces of the form
SE(U) for some ambient spaces U, scaling exponents a and wavefront sets I

Theorem 1.2 — In the conventions introduced above, we have the following microlocal estimates:

— The kernel L' has scaling exponent —3 and wavefront set
N* ({t=s} xdy CR®> x M?).
— The kernel ngp) have scaling exponent —p and wavefront set
N*({t=s} CR*x M?)UN* ({t = s} x do CR* x M?).
— The kernel [®;] has scaling exponent —6 and wavefront set
N*({z=y=2} c M?)
— The kernel Q7 has scaling exponent —5 — 2y and wavefront set
N*({t = s} x ds C R* x M?).

Any kernel K of the above list satisfies some local diagonal bounds of the form

0% oy K1 S (VIE= 5T+ |2 = )

for the corresponding scaling exponent a.

—a—|af



We develop for the purpose of proving that statement a calculus of operators on closed
Riemannian manifolds of any dimension whose Schwartz kernels have parabolic singularities.
This calculus contains the heat kernel £~ and the kernels G(ﬁ) above. We also include in

Section [2:0] several commutator estimates that involve both pseudodifferential operators and
Littlewood-Paley-Stein projectors. Together with the results from Section [§] this was used in
sections 4.2 and 4.3 of [6] to obtain the explicit expressions (1.4) for the counterterms a,, b,.

The following table of contents gives a detailed synthetic view of the organization of this
work.

Contents

2. Paraproducts on compact manifolds made simple ............ ... ...,
2.1 Paraproduct on RE ... .
2.2 Besov spaces, Leitbniz and Schauder ....... ... ... ... /
2.8 Paraproduct decomposition on manifolds............... .. ... .. ... .. ...
2.4 Triple product and commutator involving paraproducts ........................
2.5 From local to global principle. ... ... ... e
2.6 Littlewood-Paley-Stein projectors and pseudodifferential operators.............
8. Commutator estimates for paradifferential operators............................
3.1 Recollection on paradifferential operators on R . ... .. ... ... ..............]
3.2 A simple pararegqulamrization .. ......... ..o
3.8 Composition of paradifferential operators.....................................
4. Commuting the heat operator with a paraproduct ...............................
5. Proof of Theorem And AN ETEENSTOM « v o v o vttt ettt e
5.1 Proof of Theorem |1.1|. ... ... e
5.2 The <I>§ vectorial model in the bundle case................ ... ... ... ... ......
6. Microlocal estimates on generalized propagators . .............ouuuuuunenenenann.
6.1 Parabolic Sobolev SPACES .. ..o u ettt e e e
6.2 Parabolic kernels and the class WG ... ... . i
7. Proof of Theorem ..........................................................
8. Composing Uh with Wby ... ...

A. A commutator identity on R% ... ... .

We tried to reach a certain compromise in writing this work.

e Our approach is less general than the works of Bailleul & Bernicot [3, 4] [5] in the sense
we restrict our study to smooth compact Riemannian manifolds whereas the cited works
works in the more general geometric background of metric measure spaces that have the
volume doubling property. Another limitation compared to the mentioned work is that
we only develop paracontrolled calculus in the first order setting. This is all we need in
our study of the dynamics (L.3).

e Following an established classical tradition in microlocal analysis, we develop most ob-
jects first on R? for operators with variable coefficients. Then, using partitions of unity
and local charts, we explain what kind of results can be transferred to the manifold set-
ting. This implies that most of the objects we define in our analysis, the quantizations,
the projectors, are non-canonical with respect to the metric g. We also heavily rely on
Fourier analysis. This makes some of our proofs easier than in [3] [4] [5] since we can
use existing results on paradifferential and microlocal analysis on R%. We loose in gen-
erality, covariance and the intermediate analytical objects we use are not geometrically
intrinsic. We gain in simplicity and flexibility, while a number of these results seems
out of reach for the methods of [3, [ [5].

Notation — We will denote by d the Riemnnian distance on (M, g).

Acknowledgements — We would like to thank C. Bellingeri, C. Brouder, C. Dappiaggi, P.
Duch, C. Gérard, C. Guillarmou, F. Hélein, K. Lé, D. Manchon, A. Mouzard, P.T. Nam,
S. Nonnenmacher, V. Rivasseau, G. Riviere, F. Vignes-Tourneret for interesting questions,
remarks, comments on the present work when we were in some preliminary stage and also
simply for expressing some interest and motivating us to pursue. Special thanks are due to
Y. Bonthonneau, C. Brouder, J. Derezinski, M. Hairer and M. Wrochna for their very useful
comments on a preliminary version of our work. N.V.D acknowledges the support of the Institut



Universitaire de France. The authors would like to thank the ANR grant SMOOTH ” ANR-22-
CE40-0017”", QFG ” ANR-20-CE40-0018” and MARGE ”ANR-21-CE40-0011-01" for support.

2 — Paraproducts on compact manifolds made simple

We provide in this section a direct construction of some (family of) paraproduct and resonant
operators on M from their R? analogue. This approach has the advantage that we can directly
import on M the results known on R? at low cost. There are obviously other approaches to the
subject with different advantages. Bernicot’s approach via the heat semigroup [10, 11] probably
has the most general geometric scope. It needs to be refined as in Bailleul & Bernicot’s work
[3] to deal with Besov spaces of negative regularity. See e.g. Mouzard’s works [47] 48] for an
implementation of this approach in the setting of a smooth closed manifold.

We will use along some of the proof of this section some results stated and proved in Section
and Section [4 that are independent of the content of the present section.

We recall in Section the definition of the paraproduct operator on R%. The Besov spaces
over M are introduced in Section where we extend to these spaces the well-known fractional
Leibniz and interpolation estimates and prove some Schauder-type estimate for a certain class
of pseudodifferential operators. A family of paraproduct and resonant operators is introduced
in Section [2.3] These objects naturally come in family as they depend on partitions of unity
and similar side functions. They have the analytic properties that we expect. Last, Section |2.4
deals with the iteration of two paraproduct operators and paralinearisation.

2.1 — Paraproduct on R%. Recall we can find functions x and v such that

1= X+ Zw(Q_k')a

k=1
wtih support(x) C {0 < [¢| < 4} and support(y)) C {1 < |¢] < 4}. We denote by Ag = x(D)
and Aj; =¢(277D) for j > 1, that is

Aif = F (v )F)

localizing (this is not a projector) f on the Fourier dyadic shell of size {2771 < [¢] < 271} —a
corona in Fourier space. The element A; f is sometimes called a Littlewood-Paley block. The
Littlewood-Paley decomposition of a distribution f reads

mm+2@m-

We define projectors on lower Fourier modes as:
J
Si(f) = Do)+ Ar(f).
k=1
Then the paraproduct is defined by

f=<g= Zsj72(f)Aj(g),

where the product S;_»(f)A;(g) is supported in Fourier spacev in some enlarged corona 27 <
€| < %Qj. This observation relies on the fundamental fact that the Fourier support of fg is
contained in the sum of the Fourier supports of f and g, we refer to [43] p280-291] for more
details. Recall the classical definition of Besov norms ||.||5; (re) for s € R, (p,q) € [1, +00]?

el ety #= (127 Agual oy g

The corresponding Banach space Bf,,q(Rd) is obtained by completion of C°°(R?) using the above
norms.



2.2 — Besov spaces, Leibniz and Schauder. Since M is compact we can define the Besov space
on M via a finite cover (U, k;)ier and partition of unity (x;)i;cs subordinated to (U;)ser

N
B;,q(M) = {U c D/(M) : ||'U,‘ B;p(M) = Z ||Hi*(Xiu)HB;$q(Rd) < OO} .

This choice of norm depends on the cover and the partition of unity. Different choices lead
to equivalent norms on the same space. The space BS, (M), for a € R, will be denoted by
C*(M) and

llullo = ||U\|Bgom(M)-
From the above definition of Besov space we deduce the analogue statement in R% the following
statement on the fractional Leibniz rule.

Proposition 2.1 — Let a > 0,7 € N and p,p1,p2,q € [1,00] such that
1 1 1

p P P2
Then

s ary S N llzon an el -

Proof — Let (X;)iesr be another partition of unity subordinated to (U;);er and such that y; =1
on the support of y;. We have

[ s, () = Z %6 (xiw"™) [l Bg Ry < Z ([Rix (i) R (i)™ 1) ||Bg‘q(Rd)
S s (Kew)™ ) llpg vy S ZHM* Xiw)") o meyll£ix (Xiw) | g, (R
[

where we used the fact that the multiplication by C'°° functions is continuous on Besov spaces
and the fractional Leibniz estimate holds on R? [46, Proposition A 7 and Corollary A.8], the
implicit constant in the above estimate only depends on (x;);. For every fixed 1,

Iie (Fit)") | o gy < i)

where the implicit constant depends only on the Jacobian of k; and also

I5i (Xiw) 1 Bs, Ry = ||Fi ZZ‘X;‘U lsg, mey S Z [[£ix (Xixw) |
J J

< Z | (k50K "), Kis (Xixju) HBa (Rd) = Z I+ (Xix;) [l B2, ,(R)
7 ’ j

Bg21q(Rd)

<3 Mk Ocs) g, oy = Iz, o)
J

where we used in a crucial way the diffeomorphism invariance of Besov spaces [1], the compact
support in U; N U; of each piece X;x;u and where for every j we transported the function by
the local diffeomorphism ;o s; ' : k;(U;) = £;(U;). The last equality just follows from the
definition. We finally get

[u THHBQ JM) S Z” Xiw) [|zer anllullBs () S " lpes any lull Ba

P2,9 quM)

since the multiplication by ; is continuous on the LP spaces and since the sum over i is finite
as M is compact. >



Proposition 2.2 — Let aj, a3 € R and p1,p2,q1,q2 € [1,00] and 0 € [0,1]. Define a = 0y +
(1 =0)az, and p,q € [1,00] by
1 0 1-6

-=—+ and

1 6 1-06
P p1 D2 ¢ a @

Then
lellsg o0 < Nelss ol

Proof — We have

lullsg ,(ary = lefm xit) || g (R <ZHKM Xit) 1o gaylliie (xiw) |l o

Bp3 . (RY)
0
< Z [[Kix (u ”9 oL (Rd)”’ﬂ* (u) | i o (RY) S HUHB"l (M)HUHB% L (M)

where we used again finiteness of the sum over i, continuity of the multiplication by C*°
functions and the interpolation inequality on RY. >

These two above results play an essential role in the proof of the long time existence and the

coming down from infinity for the dynamical ®3 model [6], Section 2.2].

Definition — Given 0 < 6,p < 1,m € R and an open set U C R%, a function a € C=(U x R%)
is said to be in the class S7's(U x R?) if

sup 9507 a(x,€)| < Cagrc(1+ )™~ 171 H1ele
re

for all multi—indices (a, B) and compact subset K € RY. We define Op(a) as the operator acting
on u € S(R?) as
1 .
o = @)y (y)dédy.
p(a)(u) ) /Rded o(x,&)e u(y)dédy

When a € S,T(;(Rd x R%) the operator Op(a) is said to belong to the class \I/Zf[;(Rd).

The next statement gives a Schauder-type estimate for a special kind of pseudo-differential
operators. (You will find more details on this class of operators, and the reason for considering
them in this work, in Section [3])

Proposition 2.3 — Let a € R, (p,q) € [1,+)?, letc € S{'}l(Rd) be such that there is 0 < K < 1
so that ¢(n, &) is supported in {|n| < K|¢|}. Then the map

Op(c) : ng(Rd) — B;i;m(Rd)
1s well-defined and continuous for all real numbers a.
Proof — Pick v € Bg‘q(Rd). Our goal is to control the LP norm of 1(27¢|D,|)Op(c)v when the
index ¢ gets large. We start with the explicit identity:

w0 0nt = 77" (v [ ot - ¢ 0.

This follows from the definition of Op and elementary computations with the Fourier transform.
Note that the integrand in fgeRd c(n —&,&)v(€)d¢ is supported in |n — ¢] < K|¢| by assumption

on the support of ¢. Hence for fixed 7, the integral restricts to the corona (1 + K)~t|n| < [¢] <
(1 — K)~Yn| by the triangular inequality. Therefore the above identity for 1 (27¢D)Op(c)v
rewrites

Y(27'D)Op(c)o = F <¢(2i77) / CURSS 6)5(£)d€>
(+K) =l <IEI A= K) =)

— 5 (zﬁ(z-in) | et 5)»?2@‘1'5)6(5)6@ ’



where Y(27%.) is an extra cut-off function which localizes the integral of £ on some larger corona
of radius |¢| ~ 2%, X = 1 on the region {(1+ K)!|n| < [{| < (1 — K)!|n|}. For the moment
we get a bound of the form

427" D)Op(c) HLP(Rd H ( 1) * Oplejv ) ‘LP(Rd)
N

| oo enei]

e D)T(2 \D|>(<-Z|D|>v)\

< 9]l re

LE(Rd)

< 9]l L1 rey|fe

Lr(RY)

Set the sequence of Schwartz kernels
Aza=y) = [ el IR
Rd

this is the Schwartz kernel of the operators c(z; D)X (27¢|D|) whose symbol is localized on the
frequency shell |¢| ~ 2¢ and also define a sequence of functions

B; = x(27'|D])v = F ' (X(27)9)
which also corresponds to v localized to frequency shell || ~ 2¢. First, we deal with the easier
term B;, v € By, means that

oo oo

Z (2ia||i(27i|D9cDU||LP(Rd))q = Z (2N Bil Lo rey) " < +o00.

=1 =1

Next, we deal with the more subtle operator term A;. Now the idea is to treat the opera-
tor c(x; D)x(27%|D|) as some semiclassical pseudodifferential operator and use the continuity
properties of semiclassical pseudodifferentials acting on LP spaces. First, we make a change of
variables changing the position of the dyadic factor, the aim is to localize the frequency on the
shell [¢] ~ 2

Afeo=9) = [ o eI =27 [ oo 20t R (s
:27im2id/ (2imc(x72i§)>z(£)) ei§.2'i(mfy)d£.
Rd

We make two crucial observations. First ¢ € ST (R?) therefore the sequence of cut-off symbols

(2™ c(x,2/€)X(€)) forms a bounded family of smooth functions in & with compact support on
some frequency shell {a < || < b},0 < @ < b uniformly in ¢ and z. Second, for the family of
rescaled kernels

Kiw) = [ (27l 20%(6) "

the above observation implies that

d

|Ki(x, h)| = /Rd ((1 —Zafzi)[d;&]

i=1

(2"mc(x,2i§>>z<£>>> (1+ |n2) 57 i€ dg < C(1 + b)) 714+

where the constant C' does not depend on z. We used the fact that

|0 (27 e(, 2°0)X(€)) | S 27281+ 2°[€) ™™ IR(E) + 2 (1 + 2°[€]) ™ De X (€)|
SQZ(m+1)(1+2) m— 1+21m2 ZmSl,
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since the support of X in the shell {a < |[¢] < b} forces some decay of c(x,2°€)x(£) and its
derivative in €. The above decay bound on the kernels K; implies that

/ sup | K;(x, h)|dh < C’/ (14 |n|)~1"*2dh < 400
Rd x R4

The kernel K; is related to A; via the exact scaling relation
Ai(x7 €T — y) = 272m22dKZ (1’7 21(1‘ - y))a

therefore by scaling invariance of the L' norm together with Young inequality, we get

e DIR1D) (R 10D0) gpquey = | [ Ao =By

LP (Rd

=2—imH/ 24K, 2 (& — ) Bily)dy|
Rd.

L2(R4)
SQ_”"H/ sup |21dK (2,2%(x —y |B ‘
R zeRd LE(Rd)
<2 ml” SUP Ki( HLI(Rd | Bill Le (re)-

In the end we get a bound of the form
[4(27"D)Op(c)v]| ,, gy < 9] 22 ray 27| sup Ki(X, )| 1 gy [ Bill o ray £ 27 1Bill Lo (rey

which concludes since

oo

. . q .
> (2@ D)OP( ey ) S Y RN Billnen)” S [0l
i i=1
and we are done. >

We learned this idea of using Young inequality for such proof from Bonthonneau and also
Fermanian-Kammerer [T9, Prop 3.2.1 p. 21] — we warmly thank them here. One can deduce from
the above result that Wi, (M) sends By (M) to By (M) continuously in the manifold setting
using charts and partitions of unity. It is a well-known fact that a classical pseudodifferential
A € U (M) over M can always be represented as [31]

A= Z Xik; AikisXi + R
i€l
where x; is a partition of unity subordinated to the cover U;U;, X; € C°(U;), X; = 1 on the
support of x;, A; € \I/]’fO(Rd) and R € U~>°(M) is a smoothing operator. Therefore if we are
given some Besov distribution u € By (M), then

Au = Z Xi"ffAi"fi* (%Zu)
el
and using the invariance of By’ (M) under diffeomorphisms and stability by multiplication by
some smooth function one sces that i (Xiu) € B, (R?), hence Ak, (Xiu) € Byg™(RY), from
Proposition and the diffeomorphism invariance and the stability by multiplication with
smooth functions, we deduce that Au € By ™ (M).

2.3 — Paraproduct decomposition on manifolds. The goal of the present paragraph is to

present a simple method to decompose multilinear products of smooth functions as a sum
of multilinear operations involving interactions of different frequencies. The ideas go back to
Bony [12], Coifman-Meyer [43]. We start pedagogically by the simple case of a bilinear product
uv of smooth functions so that the reader can clearly see the mechanisms at work.
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2.3.1 - Paraproduct and resonant operators on closed manifolds. Let M be a compact
manifold. Denote by (U, k;); an open cover by charts of the manifold M where k; : U; C M —
#i(U;) € R and k; is a smooth diffeomorphism. From the data of a smooth compact manifold
and its open cover by charts, we may decompose as follows the product uv of two smooth
functions. We start from a partition of unity ., x; = 1 with x; € C2°(U;), subordinated to
(U;)i, and another family of smooth functions x; € C°(U;) with ¥; = 1 on the support of x;.
We choose for every i some function ¢; € C°(k;(U;)) such that wi|supp(><ion;1) = 1. From
now on, we write y < x if y =1 on the support of x. Then we have the identities

wo = Y (uxi)(vXa) = Y k(i) (uxa)my (Ki)o (0X5)

el el
= Y wr((Ra)e () (k) (0X2)) = D87 (i X (k) w(wxa) X (K2)« (0X))
i€l el
- Zn:(wi(m)*(w)@( L0%)) + > (i) wx) < (50)-(050)) )
i€l
3w (sl(m)- () = (0)(00)) )
el

= uGOvt+u<v4+u=v

This decomposition motivates the following more general definition of paraproduct and resonant
operators which depend on the data of a smooth compact manifold, its open cover by charts
and a collection of cut-off functions satisfying suitable compatibility conditions.

Definition — We choose a family x; € C°(U;) and another family of smooth functions X; €
C(U;) with X; = 1 on supp(x:). Then for every i, we also choose some function 1; €
C(ki(U;)) such that ;| 1y = 1. We define some generalized paraproduct and resonant
operators setting

supp(xior;

uOv = Z Ky (%Di (Fi (Xiu) © Kiw (Xi0) ))7
u<v = Z K] (wi (Rie (Xi1) < Kix (Xi0) )),
wmo = 3 (il ) - ki (T0)),
where the operators <, =, ® on the right hand side are defined on RY.

We do not impose that > x; = 1 so we do not necessarily have a decomposition of the
product as uv = u < v+u > v+u®v. However when (x;); is a partition of unity subordinated
to (Ui)i, i.e. >, xi = 1, then the above definition yields a decomposition of the usual product
of smooth functions as

U =uOuv+t+u<v+uruv.

We will use the notation with numbers, e.g. <1, <2,®2,>3 ..., to distinguish para-
product/resonant operators built from different cut-off functions.

Note the following subtle fact: our definition of <, >, ® is asymmetric in the choice of the
cut-off functions, the collection ;,7 € I does not form a partition of unity, so

U<VFEV U

since we use different cut-off functions on the right or on the left of the paraproducts. The
paraproduct operators <, > and the resonant operator ® are non-commutative although
their sum ® 4+ < + > is the Young product of distributions, which is commutative. These
products are not associative either. However, we can still justify that the two maps < and >
have the expected analytical properties when acting on Besov spaces. The following estimates



12

follow from the same estimates on R? and from the diffeomorphism invariance of the Holder-
Besov spaces [1]. One has

lg > Fllats +If < gllatrs S fllallglls,  (a<0),

and

1f ©9llavs S fllallglls,  (a+5>0).

The proof of these estimates boils down to comparing uy; < vx; and uy; < vyx; where we
exchanged the cut-off functions and where < is the paraproduct operator on R%. A first ob-
servation is that if u,v belong to some Besov spaces of given regularity, their product with
any smooth functions with compact support will belong to the Besov space of the exact same
regularity. Therefore the position of the test functions do not affect the continuity properties
of our paraproducts acting on Besov spaces. The same argument also applies to the resonant
part.

Lemma 2.4 — Let M be a closed manifold. Let n,n1,m2 € C*(M), f € C*(M), g € C#(M) with
a >0 and B <0. One has

[n(f < 9) = f < 9] 45 S COIflallglls,

[n(f < 9) = 1f) < 9llar 5 S COIFlallglls,
and

1f < (ng) = 1f) < 9lloss S COIflallglls-
and

(s < )~ ) < 029)]| o5 < COnm) | lallgls-

The same estimates also hold on R% assuming the condition of compact support for all functions.
The same estimates also hold when we replace the paraproduct operator < by the resonant
operator @ provided o + 8 > 0.

Proof — It suffices to prove the first two estimates. We choose a family y; € C°(U;) and
another family y; € C(U;) with x; = 1 on suppy;. For every i, we also choose some function

i € C(ki(Uy)) such that il g,pn(yon-t) = 1, and $; € C=(ki(Uy)) such that ¢; = 1 on
suppty; U supp(X; o k; ). We have

n(f =<9 = > {%[(ij) < (9x;) © 1]}0*@

J

anj oni{ws[(fxs) okt < (9%5) o7 ]} o kg

= Z{wxnwj o Kj) [(fxg) < (gX5) © 1}}0@».
Set, for u € C¢,
P,(v) :=u <.

It follows from the R? version of Lemma and Lemma [2.3|that P, has the following property.
For any p € C°(R™) the operator

pP, — Pup:CP — CotP
has a norm dominated by C(p)||f|lo- Therefore
(5 0 m3) 0 57 [(1x5) 0 157 < (9R5) 0 15| = (x5 0 15 < (g 0 45%5) 0
0(77)||f”a||9||l3~

a+p
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Since @Zj o kj = 1 on supp(X;), the second term in the previous estimate is the one in the
definition of f < (ng), therefore we get the first estimate

[n(f <9) = f =09 ,rs S COIFlalglls.

For the second estimate, we remark that we have the flat decomposition
(g o r5) 0 5 [(fx5) 0 5" < (9%;) 0 5]
= (njory)on; ' < [(Fxy) o k; " < (9%;) o ;']
+ (o mg) oyt = [(fxg) oyt < (gxy) o ;']
+ (ndy o k) o vyt © [(Fxg) o my ! < (9%) 0 5.

The two last terms in the right hand side are in C®*# since € C°, with their norm dominated
by Clnlla=pgyve—pll fllallglls for any e > 0. For the first term in the right hand side we use
the RY version of the paramultiplication estimate of Lemma to get

(mpj o k) okt < [(fx;)om; ' < (gX;) o k']

— [ 0 k5) 0 67N (fx5) 05 1] < (9X;) 0 k5
is in C*# with its norm dominated by C|[n||a|lf|lallglls- As above, the second term in (2.1)) is
the one in the definition of (nf) < g, hence we get the second estimate as required.

When a + 8 > 0, the product nfg is well-defined, hence we can decompose the product nfg in
three ways of paraproduct with respect to n(fg), (nf)g, f(ng). Since 8 < 0, we have f > g, f =

(ng), (nf) = g € C**P. Combining with the estimates above for paraproducts, we imply the
same estimates for ©. >

(2.1)

Finally, we have the following proposition which summarizes the results proved so far:
Proposition 2.5 — Let «, 8 be real numbers such that
a<0, a+p8>0.

Then for all (u,v) € C*(M) x CP(M), the Young product uv is well-defined in D'(M) and can
be decomposed as

uw=uOvt+u<v+u>v

where the maps
(u,v) € C*(M)xCP (M) — uGv+u < v € C*TP(M)(u,v) € C*(M)xC? (M) — u = v € C*(M)

are bilinear continuous.

2.3.2 — Generalized Littlewood-Paley-Stein projectors, paraproduct and resonant operators.

Definition 2.6 — From the above data, we can write explicitely a new formula for the manifold
analog of the Littlewood-Paley-Stein projector as follows:

i) = i [idi(sin ()], (62 0).

Note that our projectors are indexed by both a frequency k and chart index i € I. We introduce
another auziliary projector P in terms of the test function X; € C2°(U;) which reads

Pi() = [Bide(min(e)], (€2 0).

where {EZ € C(k;(U;)) is any function which equals 1 on the support of ¥; and x; =1 on the
support of x;-
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If >, Xi = 1 then we have the resolution of the identity Id =, ., >"7° ) Pi. Beware that

the projectors P do not satisfy the resolution of the identity because we do not assume that
the (X;)ier form a partition of unity. Their introduction is necessary since our paraproduct
and resonant operators are asymmetrical. Then we can use the pair of Littlewood-Paley-Stein
projectors P,i, ﬁg to write the definition of the resonant term as

wov=3""3" Pi(u)Bi()

i€l |k—|<1
and the paraproduct term as
u=<v=> Y Pi(u)P@)
iel k<f—2

u > v is defined accordingly, with the condition [ < k — 2. In the sequel, we shall also need a
notion of localized paraproduct and resonant operators.

Definition 2.7 — They are indexed by the chart index i and take value in distributions supported
in U;. They are defined following the simple rule, for every chart index i

wotv= 3 PiwPiv) = rf [ (s (i) © fie (T0) )|

k—e]<1

and

w=tv="3" PiwPi(v) = x} [r (i (xiw) < min (G0) ) |

k<e—2
We define u =" vaccordingly, with the condition ¢ < k — 2.

This localization is useful since we only need these localized resonant products for our sto-
chastic estimates from the companion work [0, section 4].

2.3.3 — Decomposing scalar products of sections of some smooth Hermitian bundle. In
this short paragraph, we shall outline how to mimick the above construction to decompose scalar
products or tensorial products of distributional sections of Hermitian bundles. Let E — M be
a smooth hermitian bundle with Hermitian scalar products on sections denoted by (.,.) ;. We
shall denote by h the vertical metric. We need to decompose carefully the scalar product of
two sections in C°(E). For s1,s9 € C°(E)?, using the notations of Section and some
trivialization of the bundle on each chart U; by some orthonormal frame, we define (s; ® s2) 5
as:
(51 @ 82)pp = Z K; [%‘(Hi*h)’w (/‘iz‘* (Xis1)p © ﬂi*(%SQ)uﬂ
1

where 4,5, X5, Xi come from our definition of the resonant operator, (k;.h) is the vertical
metric h induced by the charts x; : U; +— #;(U;) € R? and (su)ftkz(lf) stands for the decomposition
of the section s in the trivializing frame over U;. Similarly we have

(s1 =< S2>E = Zﬁf [1/)¢(/‘6i*h)w (l‘ii*(Xisl),u < Hi*(%i@)u)],

K2

and we recover the usual decomposition:

(51,52)p = (51 © S2)p + (51 < S2)p + (51 = S2)

for the scalar product on sections of E.

2.4 — Triple product and commutator involving paraproducts. In this section, we shall de-

compose a triple product of the form F(f)gh where (f,g,h) € C®°(M)3 and F € C*(R) as
a sum of quadrilinear operations involving both the paramultiplications, paralinearizations to
deal with the composite term F'(f) and the usual product on manifolds.
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2.4.1 — Decomposition of triple products in terms of generalized paraproducts and resonant
products. Let us localize on manifolds a triple product following the philosophy that we used
for usual double products

uvw = Z (xi1u) (xi2v) (Xizw)
i
where only » . x;1 = 1 is a partition of unity subordinated to the cover (U;)icr, and x;2 = 1

(resp. x:3 = 1) on the support of x;1 (resp. of xi2), the three functions x;1, x:2, Xi3 belong to
C°(U;). Now we pull-back on open domains of R? using some charts

ww = ZF«'Z‘[/@* (Xi1u) Kix (Xi2V) Kix (Xi3w)}

i

Z K] [wm* (Xi1u) Kix (Xi2V) Kix (XiSw)]
i
where everything in parenthesis is happening in R?. Then we decompose the products inside

the parenthesis using the flat paraproduct and resonant operators. So, if we choose ¥; = 1 on
ki(supp(xis)), we get the following decomposition of the triple product:

ww = Z Ky {1/% (Hi* (xiw) ) (< 4>~ +®)(f€i* (xi2v) (X + = +O)kix (Xizw) )}

= u<1 (W=<ow)+u=<; (vrgw)+u=<; (VO w)+---

where the - - - means that we replaced <; with either =1, ®; and sum over all possibilities, we get
nine terms in total. Thus we decomposed a triple product into a sum of 9 trilinear operations
involving paraproduct and resonant operators. The trilinear operation we are interested in
reads

u =<1 (V=<2 w):= an [wi (Féz‘* (xiw)) < (Fai* (Xi2v) < Kix (Xi3w) )}

The important fact is that the generalized paraproduct and resonant operators have the same
continuity properties as in the flat case and can be decomposed in terms of generalized Littlewood-
Paley-Stein projectors P} of general form in such a way that one can repeat for them word by
word the stochastic estimates of the paper [6].

For later use in the proof of Theorem we introduce now a trilinear operation defined by

falgoah) =)k [%’Féi* (xir f) (Hz‘* (Xi29) © Kix (Xizh) )]

K2

Our use of a numbering subscript even for the multiplication of functions is deliberate, since
we want to keep track of the partitions of unity and cut-off functions we are using.

2.4.2 — Paralinearization of some trilinear operator. Now for F € C*(R), f € C*(M), g €
CP(M),h € CY(M) with a4+ B+~ >0, B+ < 0 and 2a + 7 > 0, we define the trilinear
operation:

F(f)©1(9=2h) = Z Ky [77/171 (m* (XilF(f))) © <H¢* (Xi29) < Kix (Xi3h) >:|7

where X1, Xi2, Xiz € C°(U;) and 9 € C°(k;(U;)) with xi1 < xiz2 < Xis < Ki;.

Theorem 2.8 — Let us consider F € C*(R), f € C*(M), g € CP(M) and h € CY(M) for
a+B+v>0, +v<0 and2a+v > 0. Then for any x.u € C°(U;) with xi1 < Xia, we have
the regularity estimate

(m* (XilF(f))> ®© (m* (Xi29) < Kix (XiSh))

= Rix (X1 F'(f)) Fix (Xi29) (/ﬂ* (xi3h) © Kix (Xi4f)) + CRaANNe+b+),
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As consequence we have
F(f)©1(g =2 h) =F'(f) 1 (g2 (h@3 f)) + OGN etftn)

where

F'(f) 1 (g2 (h O3 ) i= 30 w7 [0isie (a B (1)) e (xing) (s (ish) © s (xiaf) ) |-

g

Proof — The key observation is that in flat space, for F;(x,y) = (kixx:1) () F (y), for any cut-off
Xi4 such that y;4 = 1 on the support of x;1, we have the two identities:

Ko (X1 F(f)) (@) = (Kisxi1) (@) F (ki (xiaf) (@) = Fi (@, ki (xiaf) (@),
(Kisxi) (@) F' (Kix (X f) (@) = (0, F3) (2, ki (xiaf) (2)),

since for every x such that y;(xz) = 1 the term k;.xi1(z) in factor must vanish. Hence the
estimates of Bony [12] Prop 4.4 p. 230], Meyer [43, Thm 2 p. 281] proved on R¢ applies to

Fi(z, mix (xiaf) (x)) imply that:
Fi (v i (iaf) () = By ) (- Riw (i f) () < (wix (xaaf)) € C**(RY).
By the two above identities, we get
Kiw (X1 F(f)) = Kis (Xt F'(f)) < R (xiaf) € C*.
Hence combining with the estimate [[u® 0], +ay < [|t]la [0]ay for a1+ as > 0 yields
(Hi*(XilF(f))) O] (Hi* (Xi29) < K (Xish))
= (e Q1)) < i (xiaf) ) @ (e (xi29) < i (xiah) ) + €27,
Denote by
C(f.g.h)=(f<9)©h—flgOh)
the (flat) commutator in R?. Then we apply two times the flat commutator estimate as follows:
(/‘iz‘* (XilF(f))) ®© (/‘Cz‘* (Xi29) < Kix (Xz‘3h))
= (fﬂ* (X1 F'(f)) = K (Xz'4f)) ® (f%* (Xi29) < Kix (Xish)) + Oty
= C(’ﬁz‘* (X1 F'(f)) s Kix (Xiaf) s Bin (Xi29) < Kis (Xi3h>) + O
rise (' (F)) (in (i f) ) © (i (xi2g) < i (xish) )
= ki (Xt F'(f)) (’%‘* (Xz‘4f)) ® ("%* (Xi29) < Kix (Xi3h)) + CPety
= i (i () R (xizg) (e (xish) ) © (6 (xia) )
+C (n (Xi29) » Ki (Xizh) s Kix (Xiaf) ) + o2ty
= Kiw (Xt F'(f)) (Kix (Xi29) (Rix (Xish) © Kix (Xia f))) + CPOTDNHHY)

Then we get the desired estimate. >

This estimate will be used in the proof of Theorem [[.1]in the next section.

2.5 — From local to global principle. For the purpose of doing the stochastic estimates in

our companion work [6], we state here a key localization Lemma which allows us to isolate the
singularities of a paraproduct f < g in terms of the singularities of g. The reader can skip this
section at first reading.
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Lemma 2.9 — Let f,g be two tempered distributions on R? such that g has compact support.
Then for every x € C°(R?) such that x = 1 on the support of g, the differences

f=g9=—x(f=<9), [<9-Kf)=yg, fog—x(fog), fog-—Kf)og
all lie in C>=(R®), with no regularity assumptions on f and g.

Note that the two quantities f < g — x (f < g),f < g— (xf) < g always exist. However if
f,g € C*xCP but a+ B < 0, then the two difference terms f©g—x (f © g), fOg— (xf)Og are
only defined by a mollification and limiting procedure but the limiting term is smooth as claimed
in the statement of the Lemma. The proof uses a composition theorem for pseudofferential
operators different from Proposition

Proof — The distribution f belongs to some Holder C*(R?) for some o € R. We will later see
that the regularity of ¢g is almost irrelevant in the arguments that follow. The key idea is to
make appear the Littlewood-Paley projectors

f=g=1=<0xX9) =Y Si-a(HHAi(xXSf)

122

for some function ¥ which equals 1 on the support of g and such that y = 1 in the support of
X- Hence f < g — x (f < g) can be decomposed as

F=g=x(f=9)=>_ Sia(f)(Ai(xXg) — xAi(X9)) = Y _ Si-a(f)[Ai, My]Mg (g) .

122 22

We prove that the commutators [A;, M,|My form a family of smoothing operators in the
semiclassical sense. Let us explain in more detail. Recall that the Littlewood-Paley pro-
jector A; = (27 D|) should be considered as a semiclassical pseudodifferential operator
where i = 27 whose symbol lies in the class S(1) [54, p. 72]. By the composition Theo-
rem [54] Thm 4.14 and 4.18], the respective symbols ¢ (z; €), ca(x; &) of the composite operators
A; o My, M, o A; equal ¢ (27¢|¢]) mod h> (€)™ for all z such that x(z) = 1. (Beware that
the multipliers M,, My and A; are semiclassical quantizations of symbols in the class S(1) [54]
p. 72].) Therefore the commutator [A;, M, ] = Ops-i (c1 — ¢2) is the semiclassical quantization
of a symbol (¢; — ¢2)(x; &) that is smoothing semiclassically exactly when x € {x = 1}. Finally
set

[Ai, My] o My = Opy-i(c),

and note, again by the composition Theorem [54], Thm 4.14 and 4.18], and from the fact that
x = 1 on the support of X, that

c(z;€) = O(h*™ (£)™)
for all z. The operator [A;, M, | o My is thus a semiclassical smoothing operator, and we have

1180 MM (0) | gy 27

for all integers N and m. We have as a consequence the estimate

||f <g9- X(.f =< g) HCN(Rd) < Z H5172(f)[A2,MX}M'>Z (g) ||CN(Rd)

122

S D ISi—2(N)llow e 186 My Mz (9) || on goy
22

o0 o0
2i(N70¢)272iN<Z27iN<+OO.
=2 =2
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The proof for the difference fOg—x (f © g) is identical: Replace S;_a(f) by A;(f) for [i—j| < 1.
To control f < g — (xf) < g, write

f=9—(xf)<g=
F=<g=xXx(f<9)+ X(xf) <9) —(xf) =g +xx(f <9) —x((xf) <9)

Sl €C°® since (xf)<g=(xf)=<(X9)

where we used twice the previous result, then
f=9- () =g= Mz[My, Si2)(f)Ai(g) + C

and we repeat the previous commutator arguments using both that Mg, M, ., S;_o = B(272|D|),
1 = B(271.) — B(.) are semiclassical operators obtained by quantizing symbols in the class S(1)
and the support properties of x,X. A similar argument also yields that f © g — (xf) ©® g is
smooth. >

From local to global principle: Recall that (x;,U;); forms a collection of open charts and
cover of the closed, compact manifold M. Consider the bilinear and trilinear operations

f=<19:= Z K; {1/%' (Hi* (fxi1) < Kix (9Xa2) )]

K2

and

f=1(g=2h):= Z’f: [%/Ji (/%* (Xilf)) = (/fz'* (Xi29) < Kix (Xi3h) )}

where Y1, Xai2, Xi3 are arbitrary cut-off functions supported in U; C M such that xo; = xi3 = 1
on supp(x;1). Assume we have a local form of regularity which means for every chart index
1, the functions

(Hi* (Xi1f) < Kix (Xi2g))
and
(Hz‘* (Xﬂf)) = (Hz'* (Xi2g) < Fix (Xi3h)>

are C* (resp. CprC®) in some neighborhood of «;(supp(xi2)) and x;(supp(x:s)) respectively.
Then f <1 g and f <3 (g <2 h) are both C*(M) (resp. CoC*(M)) globally and the result
does not depend on the choice of cut-off functions v;, x;1, Xi2, Xs3 provided they satisfy
the compatibility condition on supports previously stated. We can show a similar property for
®, > instead of <.

Proof — This is a trivial consequence of the localization Lemma since both ki (xi1f) <
Kix (Xi29) and (ki (X1 f) ) < (Kix (Xi29) < Kis (xi3h) ) are smooth outside x;(supp(x;2)) and
ki(supp(x;3)) respectively. Indeed, for any function ¢ which equals 1 on the support of ;2 (resp.
Xi3), the difference (1 — ¥)kis (xi1f) < Kix (Xi2g) (resp. (1 — ¢)(/€i* (X“f)) =< (/ﬂ* (xi2g9) <
Kix (xizh))) is smooth by Lemma >

2.6 — Littlewood-Paley-Stein projectors and pseudodifferential operators. We study in this
section some commutator lemma involving both pseudodifferential operators and the generalized
Littlewood-Paley projectors.

Proposition 2.10 — Let (P,i,]gg) be a pair of generalized Littlewood-Paley-Stein projectors in
the sense of Deﬁnition where i is a chart index and k,{ represents the frequencies 2F,2¢.
For every pseudodifferential operator A € \I/}’}O(M) the series of commutators
Y (PLAP - APF))
|k—£]<1

converges absolutely in \Ilfal(M),
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Proof — We work in the same chart ; : U; — k;(U;) used to define the pair P, P of generalized
Littlewood-Paley-Stein projectors whose representation reads:
Pj, = kYA P = K $ARRLX.

First we use the fact that the sequence (Ziilg_1 P})¢ is bounded in ¥ (M). The proof follows
from considering the symbol of P} in the chart x; which reads

pr(;€) = ¥(275€) (Vrix) ().
Since we have the estimate
070 w276 (Wrix)(x)| = |0 w(27 )07 (run) (2)]
< 2_kw||‘9gcg'(1/”€z‘*><)||L°<>||6g’6¢||L°o < lgI=Wl
we deduce that the sequence of symbols (pg ) is bounded in S9 ;(R?), hence the sequence (P})x

and (341} | Pi), are bounded in WY o(M).
Setting the sequence of commutators

(Bz = ef [P,j7A]>[21,

k=0—1
we deduce by the usual commutator estimates in the pseudodifferential calculus that the se-
quence (By)y is bounded in \Iﬂfo_l(M).
Secondly, the series } 7,y <; P,iAﬁZ - AP,iﬁei rewrites as

> BP
¢
where the sequence (By), is bounded in Wy"" Y(M). We consider the symbol of each composite
operator Bgﬁj in the same chart x; : U; — k;(U;) used to define the pair P, P of generalized

Littlewood-Paley-Stein projectors. Recall that each f’g is supported in U; x U;. We choose some

functions y;, x; € C°(U;)? which both equal 1 on the support of mfzz, xi = 1 on the support
of x;. Then using the pair of cut-off functions, we can decompose the previous series into two
pieces of different natures:

Z ByP} = inBz%iﬁf + Z(l — xi)BeXi P}
¢ ¢ ¢

where the operator (1 — x;)BeX; is supported outside the diagonal therefore it is a smoothing
operator. We study the two pieces separately. To study the first piece Y, x;BeX: P, precisely,
we need to consider the operator x;BeY; P;. We first conjugate it by k; to reduce to compactly
supported pseudodifferential operators on R?. This yields:

o (i BRPE) 17 = (konxaBean?) (ran Pint ) = (R BeXan) DAm( X
where (K XiBeXik?) 1; Sy 1(R?) is a bounded sequence of compactly supported pseudodif-
ferential operators on R%, we used the fact that multiplication by smooth function are pseudodif-

ferential operators of order 0 and the composition for pseudodifferential operators is bounded.
Therefore there exists a bounded sequence b, of symbols in Sy"y" Y(R%) such that for all ¢:

(Kisxi BeXitiy) ¥ = Op (be),
10202 by(2;€)] < Cap(1 + €)™

where the constant C, g does not depend on ¢. Note that the composition (k;.x;BeXik]) {EA[
also reads:

Op(be)Ap = Op (bpp(27)) =

o L, e iz e
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Therefore, to prove the convergence of the series ), (ki xiBeXiky) {/)VAg, it suffices to show that

the partial sums Y-, v be(x, §)¢(274€) are bounded in the space 57! (R?) of symbols of order

m — 1 but the series converges in the space STO 1JFE(Rd) for all € > O. This is a consequence of

the partition of unity identity 1 = vo(¢) + >, ¥(27),

0200 Y be(x, 027 < Y 90020 (@, w2 £ Y XTI (1 jeym I
£ £,|€|~2¢ £,|&|~2¢

where we used the Leibniz rule and also the fact that given &, the series Y-, be(z, &)1 (27%)
reduces to a finite sum -, ¢ o0 be(2, €)1 (274€). Therefore the series

> (ke xiBeXan]) 04, = > 0p(00A (271r)d /R LY (bula Ou(2719)) de
£

L

defines a pseudodifferential operators in Wy";" '(R%). Again by the invariance of pseudodifferen-
tial operators under diffeomorphisms, we get ", Xz‘Be%zﬁZ €Vl L.

It remains to deal with the term (1 —Xi)Bg)Ziﬁ;. First note that the sequence ((1—x;)BeXi),
is bounded in ¥~°(M). It suffices to prove that for any smooth function with sufficiently small

support, the operator ys (25(1 — Xi)Bg}ZZﬁ}) is smoothing. For any chart ¥ : V — U(V),
choose any function y2 € C2°(V), then we reduce the study of xo (25(1 - Xi)Bz)ziﬁgi) to

v, <X2(1 _ Xi)Bgyiﬁg) Kt = (Woxa(l — xi)BeXord) (Hi*ﬁgn’f)

= (Wax2(1 = xi) BeXo?) WAk X
Now, it is an immediate consequence of the composition theorem for pseudodifferential operator
that the operator (W,xa2(1 — x;)BeXik?) 9 is smoothing on R?, so arguing as above, we can

conclude that the series >, (W.x2(1 — xi)BeXik )wAg converges in ¥ ~>°(RY) which concludes
the proof of Proposition [2.10] >

3 — Commutator estimates for paradifferential operators

The goal of this section is to recall the strict minimum material in paradifferential calculus
to control in the following section the commutator [e ', P,] where P, is the paramultiplication
operator u < for some Holder function u. A simple idea for a simple goal: If we are able to see
P, as an operator in some well-behaved class with a good composition theorem the control of
the commutator [e 7', P,] will be a direct consequence of this composition theorem.

The paraproduct operators are examples of paradifferential operators. After some recollec-
tion on this class of operators in Section we introduce in Section a useful regularization
procedure and prove in Section a composition result for some paradifferential operators.
With end this section with a key localization lemma that somehow allows to isolate the singu-
larities of a paraproduct f < g in terms of the singularities of g — see Section

3.1 — Recollection on paradifferential operators on R?. We mostly follow the notations and

terminology of Meyer [43]. To illustrate the notion of paradifferential operator we take a new
look at the paraproduct operator. For u € C%(RY) with o > 0 we define the linear operator

P,:veS'RY —u=<v
where u < v =73, 55; 5(u)A;(v). The operator P, has symbol

ZS'L 5 Z|§|)

where 1) generates the Littlewood- Paley Stein partition of unity From now on we assume
without loss of generality that 1/ vanishes outside the corona 5 < [£| < 4 and equals 1 on the
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smaller corona 1 < |¢] < 2. For a function u of positive Holder regularity it is proved in [43]
p. 292] that the above symbol o belongs to the class A% that we define following [43, Definition
1 p. 286].

Definition — A symbol 0 € C*(RY x R?) belongs to the space A™ (Rd) formeR and a >0

a) For every multiindex -y, there exists a constant C., such that
¥
I8¢ (26 llcarey < C (14 1€)™ 1. (3.1)
b) For every multiindices (5,7), there exists a constant Cg .~ such that if |3| > « then
By
105070 (: &)l cara) < Cpy (14 [€))™ A7 (3:2)

We have
N AR =S7H(RY
a€Ro
and the inclusion
To(RY) € AZ'(RY).
Then [43] introduces a second class denoted by B™(R?) as follows.

Definition 3.1 — A symbol o is said to be in the class B™(R?) if (3.1) holds and there exists
0 < K < 1 such that for each fized & the partial Fourier transform o(n,§) in x of the symbol o
is supported in the set {|n| < K[¢|}.

Then it is claimed that [43] bottom p. 286] (see also [43] p. 292]):
Lemma 3.2 — We have the inclusion B™(RY) ¢ A™(R?) and P, € B%(R?).

We check for pedagogical purposes that, for u € C%(R?), the paramultiplication operator P,
belongs to the class BY(R?). Recall that its symbol reads o (x,&) = Y oos Si—s(u)(z)h(274€]),
hence the Fourier transform with respect to the variable x reads

5(0.6) = Sis(u) (v (2~ [€]).
1=5

—

Note that by definition of our dyadic decomposition, S;_5(u) is supported on a ball of radius
< 2073 and (27%.) is supported in the corona {2i_1 < g < 2”2} so the Fourier vanishing
condition is satisfied.

3.2 — A simple pararegularization. Despite its usefulness in several nonlinear problems, it

is well-known since the work of Bourdeau, Stein [32, Chapter IX] that the class ST (R?) is
ill-defined when acting on Sobolev or Hélder spaces of negative regularity. Since in the study of
SPDEs the operators act on Besov spaces of negative regularity we need to modify the symbols
in the class ST (R?) by some cut-off function to make them well behaved on Besov spaces of
singular distributions. For this, we first define a specific class of cut-off functions.

Definition 3.3 — In the sequel, given 0 < K; < Ky < 1, we choose some bounded cut-
off function x € C°(R% x R?) such that x = 0 near (1,0), x = 0 when |n| > K|¢| and
x =1 on |y < K¢l

We next define a kind of smoothing procedure for symbols called pararegularization which is
a simplified version of what can be found in Section 10.2 of Hérmander’s book [32].

Definition 3.4 — With this choice of cut-off functions, starting from any o € C=(R? x R%)
satisfying (3.1), our pararegularized symbols oy, is defined from the condition

ax(n,€) =a(n,&)x(n,8).
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This operation of Fourier cut-off will always produce some symbol o, which belongs to
the class B™(R%) of Definition It is obvious by construction that our paramultiplication
operator P, is exactly a pararegularized operator of the form Op(c,) for some cut-off x €
C> (R4 x R?) since its symbol

o(x,€) =Y Si—s(u)(z) $(27"[€])
=5

vanishes near £ = 0, by the support property of the Littlewood-Paley-Stein partition of unity
function ¢(.); and its Fourier transform 7 (n, &) = > .o S:EL) () ¥(27|€|) also vanishes near
the twisted diagonal {(—¢,£)} € R? x R? since o(n,€) vanishes when [n| > 1|¢[. (Indeed
In] < 2073 and [¢] > 2°! imply that % < g—j = 272)) Now we shall use the fact that
the paradifferential regularization of a classical pseudodifferential operator preserves its prop-

erties [32], p. 236]:

Lemma 3.5 — Let a € C*°(R? x RY) be a classical symbol in S7'y(RY), x is a cut-off function
from Deﬁm’tion and ay the cut-off symbol as defined in Definition[3.4} Then the difference
a—ay € 515 (RY).

This means that a = a, modulo smoothing operators.

Proof — Assume without loss of generality that the Schwartz kernel of Op(a), which is ¢~ Y(a) €

S’(R?xR%), is compactly supported in (z,y). Up to multiplying x with another cut-off function
X2 € C®(R? x R?) such that xo = 1 when |[¢] > 2 and x2 = 0 when |[¢| < 1, the operators
whose Schartz kernels are ]-'5_1 (xa) € 8'(R? x R?) and .7-"5_1 (xx2a) € 8'(R? x R?) differ from a
smoothing operator. Indeed

Fot(xa) = Ft (xxea) = Fo ' (x(1 = x2)a) .

Note that the cut-off symbol x(1—xz)a € C*°(R%xR?) vanishes both when |¢| > 2 and also when
[n| > K|¢] for some K € (0,1) which means that x(1 — x2)a is supported in {|¢] < 2,|n| < 2},
so it is smooth with compact support in both n,£. The difference ]-'gl (x(1 = x2)a) is therefore

analytic and Schwartz on R? x R%. So we may assume, without loss of generality, that x = 0
when |¢] < 2.

We need to prove that F¢ '(a(l — x)) is a smooth function in S(R* x R?). Because of the
support properties of x, the symbol a(n,&)(1 — x)(n, £) is non-vanishing only when |n| > K|¢|
for some K > 0. On this subset, we have an inequality of the form

A+t <A+KE)T S @+Eh
therefore a(n, &)(1 — x)(n, &) satisfies, for all N, the estimate
a1 —x)(,6)| < Sup L+ 1D al- )| gansm (L [n) 72V (L +1ED™ (1 = X) (1, €)
S A+ )N

(For the second inequality, we used the fact that for any U € C(R%), one has |U(£)] <
U]l cm ray(1 + [£])~™, which follows from integration by parts.) Therefore the inverse Fourier
transform in (&,n) of a(1 — x)(n, §) yields a smooth kernel. >

We obtain the following result as a consequence of Lemma [3.5] and the Schauder estimate
from Proposition [2.3

Corollary 3.6 — Each operator in the class Uy (R?) sends continuously B ,(R?) into By, ™(R?).

The same result holds for operators and Besov spaces on M.
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3.3 — Composition of paradifferential operators. The following commutator result is useful.

Proposition 3.7 — Let a € (0,1), (m1,ma) € R%. Ifa € ST&(Rd) and b € B™2(R?) then the
commutator

[Op(a), Op(b)] = Op(c) + R

where R € W=>°(RY) is smoothing and c lies in ST} 7™ %(R?) and has a pararegularized
symbol ¢(n, &) supported on |n| < K[| for some K < 1.

The fact that the commutator Op(c) has pararegularized symbol ¢ has central importance for
us since it will allow Op(c) to act on some Besov spaces of non-positive regularities. Proposition
follows from the following more general composition result.

Proposition 3.8 — Let o € (0,1), (my,m2) € R% If a € B™(R?) and b € B2 (R?) with the
constant K appearing in Deﬁnitz’on satisfies K < %. Then

Op(a) o Op(b) = Op(ab) + Op(c)
where ¢ € S{'ff"’mra(Rd) and there is some 0 < K < 1 such that &(n,€) is supported on
In| < KI¢].

We deduce Proposition E from the composition result applied to the pararegularized a,
instead of a — they differ from a smoothing operator, from Lemma [3.5] and since

[Op(a), Op(b)] = [Op(ay), Op(b)] mod (¥~>°) = Op(c) mod (¥ ™)

for some c € Sfﬁmro‘(Rd) and ¢(n, £) is supported on || < I~(|§| for some 0 < K < 1.

Proof — We give here a self-contained proof of Proposition [3.8] essentially following Meyer’s
exposition in [43, Theorem 4]. Therein the remainder term belongs to Sy {'(R?) since one of the
symbols is only in S?’l(Rd). In our case, we make the stronger assumption that the symbols are
in B™ (R%) and B2 (R%). Hence we need to check that our symbol c is in fact a pararegularized
symbol, which means ¢ vanishes outside {|n| < K|¢|} for some K € (0,1). This is sufficient for
Op(c) to act on some Besov distribution v of negative regularity.

As usual, we start from the Fourier representation formula for the commutator which reads:

i L, (064 ) — s )T,

c(x; &) =

where b is supported on |n| < %. Now we rewrite the representation formula for ¢ but inserting
a dyadic decomposition in the integration variable n

;) = S [ (et ) = am)ume b, €)dn

27)d
et

the summation is over some finite number of j since for fixed £ the integrand vanishes when
In| > %. Choose some cut-off function ¥ € C°(R?\ {0}) such that ¥ = 1 on the support of .

Ol = G 2 / (a(x’§+’7)_“(x?5))X(2_Jn)w(2_]n)em‘fb(n,f)dn‘
j2i-r< i
1
= (2m)d Z 451l 21 (rey | Bl oo (Re)
ji2i—1< I8l

where

Aj=F; ((alz, & +n) —a(z;:€))X(277n), B =F," (¢(2’jn)ei”“g(n, f))
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and the variables (7;¢) are treated like parameters. By the definition of b € B™2(R?), we have
the bound

1Bl oo rey S 277 (1 + [€])™

For the control of ||A,| L1(RY), We use some ideas from the Wiener algebra. Here is the key
observation: By scale invariance, the Lzl/ norm of A; is equal to the L' norm of the rescaled
function

Frt ((aw, € +27n) — a(: ) ) ).

Therefore, we have

1Al ey = [[F ((al, &+ 27n) = al@3;©) X)) || 11 ey S || (ala, € +27n) = a(@; €)) X(n)]

Hs

n

for all s > g. We used the following fundamental fact, for any function U:

10112 ey = / |1+ €)= (1 + €)* T (€)|de

< (o) ([ 1oviervere)’ i

where we used Cauchy—Schwartz in the second estimate and the definition of Sobolev norms,
the right hand side is finite as soon as s > g. So we need to estimate the Sobolev regularity in
n of

9;(n) = (a(z,& +2'n) — a(x;€)) X(1)
by just bounding the derivatives. We remind the reader that (z, j, ) appearing in the definition
of g; are treated as parameters. To control the difference ( (2,& +29n) — a(x; 5)), we will use
the fundamental Theorem of calculus. Recall that 27 < ﬂ if 2771 < %, therefore on the

support of ¥ that we assume is contained in {|n| < 4,5}, We always have inequalities of the
form

4 . 9 1 , 19
20 <27(4,5) < — —¢| < 270 < —J¢.
2] < 29(4,5) < 1plel = 1€l <16+ 2l < el

We use the fundamental Theorem of calculus and the regularity of a in &

la(z:€) —a(z;27n +€)| < ( sup |<9ga(x;§~)|>2jln| S+ [g)m™t

lel<lel< 15 el

SAfgphma—t

where we used estimate 1| to control the derivative dza(x; €). For all multiindices |8] > 1
we again use the Fundamental Theorem of calculus to obtain

1
’85 (a(@;€) —a(z;27n +€)) | = ‘85 (2j/0 dga(m;§+u2jn)(n)du) ’
<1+ |€|)m1—|ﬁ|—12j(1+\5\) + (14 |§‘)M1—|B|2J'|ﬁ\

from a careful application of the Leibniz rule and where we again used estimate (3.1} to control
the derivative of @ in the second variable. The above estimate is uniform in x. We use the
crucial fact that 27 < |¢| hence for all multiindex |3] > 1, we have

(1+ lg™ 1127191 S (1 gy 27
which allows us to simplify the previous bound as

05 (a(z;€) — a(z; 2+ €)) | S (L +[¢)y™ 27
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d
Therefore, the decay we can get for the Hy[ﬁ]H(Rd) norm w.r.t. 7 of g; would have the simple
form:

. J mi—1
1951810y S 20+ IED™

since the support of X in 7 is compact. Going back to our initial goal of bounding the symbol
c, we get:

e Ol < Y0 Al IBlle S A+ [eh™tm™ Y 2701+ [g)
52 < gl s<lg
S et 3T 200 g (g [yl
s<lgl

since a € (0,1). Bounding the derivatives of ¢ in ¢ is similar and left to the reader. For the
moment, we just proved our symbol ¢ belongs to the class S{”ll +m2_o‘(Rd). It remains to check
that our symbol has the correct vanishing properties of pararegularized operators.

It remains to check the vanishing properties of the symbol ¢(n;,£) when the norms of £ and 7,
get close to each other. We start with the explicit formula

&) = gz [ @ = .64 1) = — 0. )bl

Let us assume, without loss of generality, that one can take the constant K from Definition [3.1
equal to 1/4. Now observe that the integrand in

L= /Rd (a’\(’r]l - 7775 + n))/g(nvg)dn

vanishes when |1, —n| > 1|¢+n| (by the constraint from a) and since we integrate on || < 1|¢|
(by the constraint from b). Hence I; = 0 when || — |n| = 1|¢| + %[n|, which is in particular
the case when

1 3 1 31 1
2z &l ——nl 2 <1l — 718l =2 =€l
ml > 1€l = il > 7161 - S50l > el
The integrand

B [ =an =088 8)dn = | ~an. b +m.dn

vanishes when |1+ ;| > 1[¢| and we integrate on |n| < 1|¢|. Hence the integral I, vanishes as
soon as |n1| > 2|¢|. Indeed,

3 3 3 1 1
>l = > Zlel —lnl = Slel - <lel > <lel.
ml > el = I+l > S1el - ol > el - 7lel > 18

So € is supported on || < 3[¢|. >

4 — Commuting the heat operator with a paraproduct

Recall P = 1 — A stands for the negative massive Laplace-Beltrami operator on functions
on M. Our goal in this section is to control analytically some commutator [e~*F f <;] of
the heat operator e ' with some paramultiplication operator f <;. We use the tools from
Section |3 developed on R? to achieve our goal. This naturally leads to a continuity result on
the commutator of a paraproduct operator with the resolvent operator of P.

One key idea we need to control commutators of the form [e~*F, P,] is to think of the heat
kernel e * as a parameter-dependent pseudodifferential operator of order m < 0, but e~ *¥
grows like t% in U (M). We need to pay some price under the form of the exploding weight
t% if we require more smoothing properties.
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Lemma 4.1 — (The heat kernel viewed as a parameter-dependent pseudodifferen-
tial operator) Pick m < 0. Then (t%e_tp)te[o’l] is a bounded family of pseudodifferential
operators in Wi (M).

Proof — The proof is obvious using the local representation of the heat kernel in charts that
we shall use several times in the present work, we refer to Theorem [6.5] for a precise statement:

"1:)

d~,, T—Y

woKeon™ () = 7AW T

and A € C*([0, +00)1 x R% x U) satisfies the estimate

1
2

sp [ (D% A) (1.X,0)] < O (L (XD
(t,X,x)€[0,a] xRI XU o

Then it suffices to Fourier transform A(t, X,z) in the middle variable X to get A(t g, ) which
is Schwartz in the middle variable ¢ uniformly in (¢, z) in compact sets and ¢~ % A(t, \[ ,x) is

the kernel of Op (A(t, Vie, x)) — A(t,ViD, ).

Now it remains to check that t’%g(t, V€, x) is a symbol in ST (U x RY) uniformly in ¢ € [0, 1],
€] > 1

[ F A ViE D) SO+ DY S (e

Furthermore, for the derivatives one checks that
0200t~ % At Vig,a)| = |t (a;;afﬁ) (t, Vg, )]

A [E) TN S (14 eI

We have controlled all the seminorms of ST uniformly in ¢ € [0, 1] in local charts and we are
done. >

<t

Corollary 4.2 — Let « € R, u € C*(M) and t > 0. For all € > 0, we have:
||€_tpu||Ca+e(]\/[) < e_tt_% ||u||ca(]w) .

Proof — The main difficulty in proving the statement is the small time ¢ € (0, 1] since we can
deal with the large times using the spectral gap of the massive operator P. We know from
Schauder estimates, Proposition that a bounded family of elements (A,,), € ¥ (M) is
bounded in L(C*(M),C*™(M)). Since the family (¢t</2e7"")g<4<1 is bounded in ¥is (M),
from Lemma [.T] the conclusion follows by writing

le™ P ullcate < t72|[t2e P ull L ca(ar) cote(ar))-

>

Next, we establish some manifold version of [33] Lemma 5.3.20]. For an arbitrary i € I,
denote by <; the localized paraproduct from Definition

Lemma 4.3 — Leta <1, BER, u € C¥M),v € C’(M) and t > 0 be given. For all ¢ > 0, we
have

e (u < v) —u <, (eitP,U)HCa+B+e(M) < e 't |lullcaan vller (ar)
and

—tP(

e u=<v)—u=(e” < et |ullexvl|ce-

HC“HHE(M)
Proof — The key conceptual idea is to think of the operator P, : v — u < v as a pararegularized
operator where the threshold regularity is imposed by the Holder regularity of w.

1. Let us do the proof on R? with some operator H; in the heat calculus in the sense of Theorem
it has the same analytic properties as the heat kernel and Lemma[d.I]and Corollary [£.2 hold
for H;. Then we shall use charts and localization to make the proof global and on manifolds.
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Now note that P, € B%(R?). We treat the heat operator H; as an element of \Ill_f)(Rd) and we

need to measure its growth in the Fréchet space ¥—¢(R%) when ¢ — 07. In fact t3 H; is bounded
in ¥—¢(R%) uniformly in ¢ € [0, 1] by Lemma Therefore, Proposition on commutators
shows that the commutator

[t5 Hy, P,] € Op (S75°)

is regularizing of order « + &, uniformly in ¢ € [0,1]. We thus have

[H;,P,) = O(t"2) € U15°F
and

[Hy, PJv=0(t"2) e CoFte
since \Tli?_s maps C*(R%) into C*~*~¢(R%), byProposition
2. The next step is to localize, then globalize, the proof on R? to extend it to M. As usual,
denote by (ki, Ui, Xi,1);c; the local charts plus the subordinated partition of unity. We choose
some functions x;2 € C2(U;), xs,2 = 1 on support of x;1 and ¢; € CX(k;(U;)), ;s = 1 on
support of x; 2.
Recall that

(u =i v) = K} [ (Rix (Xi,10) < Kix (Xi2v) )]

The key idea to put the estimate on M is to use commutator estimates plus cut-off functions
to localize. We write carefully the first term we are studying

Ky Wi (Fix (Xi,1u) =< Kix (Xi,ZU))])
Choose x;,3 € C°(U;) which equals 1 on support of x71;. One has
e P (5 [t (Rix (Xi,10) <Kix (Xi,20) )])
=e tPX?s( F Wi (R (xiaw) < R (Xi20)) )
=xize Fxis (ﬁ: [7/1i (Kix (Xiaw) < Kix (Xi,2V)) D + Ocrp4:(t72)
~ k5 (Kix (Xise™ P xas) 67 Wi (Rix (Xi) < Kis (X3,20))]))
= k] (Kix (Xige™"T) K7 [0 (Kix (i) < Kix (Xi,20))] ).
We used the commutator estimate ¢2[e~", x; 3] € ¥~'~¢ uniformly in ¢ € [0,1] (t2e~*" € UT§
and x; 3 € ‘11[1’70) and the Schauder estimates for pseudodifferential operators. We also used the

support property of x; s to identify k;.x;3%:; = ;. Now we also write in detail the term
u <; (e7Fv)

u=; (e

—tP (

u=;v)=e F(

(&

) Kis (Xi,QeitPU)D

)
< ki (Xi2xize” T 0)])
= Kix (Xi,Se t Xi, 211) )
(M*Xi,3€ t ) Kis (Xi, 2U)])

Kix (Xi1u) < (Féi*Xi,se P *) (Yikix (X, zv))])

where we used again the commutator estimate and the support properties of all the cut-off
functions. Now we recognize a commutator in R between an element in the heat calculus and
some paradifferential operator

U= v)—u =< (eftpv) ~ K} (’l/}i[(lﬂ‘,i*xi736 tP ) Vi, Mg, (. 1u)]lii* (Xi’z’l)))

and, using the first part, we obtain

[Fix (Xi )
[Fix (Xi )

F (Yilki (xi1w)
(R (Xiau) <
il

eftP (

e (<5 0) = <5 (70| gasare gy < €7 ullenllolles an

as required. >
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We now prove an analogue of Lemma A3 in [33] describing the commutator of a paraproduct
operator and the resolvent operator of P.

Proposition 4.4 — Let0 <a <1, S €R, fe CrC*(M)N C’Q%LOO(M) and g € CyCP(M). For
all 0 < § < 2, for all chart index i we have

Ht - /t (em=IP(fy =i gs) — fr =i (6_“_5)1398)”8‘

0

CpCotB+5 (M)

< C(Ifllezeaan + £ Mglleres

CF Lo (M)

for a positive constant C' independant of T. The same estimate holds for the global paraproduct
by summing over i € I.

Proof — To prove this proposition, we rely on Corollary and Lemma Let (ki, Uiy Xi1)ie1
the local charts plus the subordinated partition of unity and x; 2 € C°(U;), xi,2 = 1 on support
of xi1 and ¢; € C(k;(U;)), ¥ =1 on support of x; 2. Recall that for fixed ¢ € I

(u < v) = K] [@bi(f‘iz‘* (i) < Kix (Xi,20) )]
We start by rewriting
He_(t_S)P(fs =i gs) - ft =i (e_(t_S)Pgs)Hca+5+5
:Hei(tiS)P(fs =i 95) — fs =i (67(t75)P98) - (ft - f@) =i (ei(tis)Pgs)||ca+ﬁ+5

< He_(t_s)P(fs =i gs) — fs < (e_(t_s)Pgs)Hca+5+5 + ||(ft - fs) =i (e_(t_s)Pgs)HcaHera .

A B

To bound the term A, let us use Lemma at time t — s with u = f5, v = g, and € = §. This
yields

—(t— _3 —(t—s _9
A<e It = 9)7 2 fulleallgslles < e (¢ = 5) "= | f lcreallgllores -

To bound the term B, let us first use a paraproduct estimate, that gives

B < |Ife = folla (e P go)[cassrs < (t = )|l 1= =P g)llasoss -

C2 Lo
Then, let us use Lemma at times t — s with v = g; and € = a4+ §. This yields

a_até

—(i— (i—s _s
B<e Tt —s)E || f| lgslics < et —5)"2| ] 9llcres -

C2 L CP Lo

We can now conclude since

H /Ot (ef(tfs)P(fs =i gs) — fi =i (ef(tfs)Pgs))ds

cotp+s

t
s/o =P (f, <3 g6) = fr =i (€7 g0)]| pursrsds

t t
C(i—s _s
< [ Bis = [ ) Eds (Ifleren + 1l g, lallores
0 0 T e

and the integral over s is convergent since § < 2 by hypothesis. Moreover, the sup over
t € [0,T] can then be bounded independently of T' thanks to the exponential decay of the
massive Laplacian. >
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5 — Proof of Theorem and an extension
Recall Theorem [I.1] and the notations
bo=L7YE), =P, Po=LN®), F=L: 7).

from the introduction. Theorem is used in [6] to make sense of Jagannath & Perkowski’s
formulation of the parabolic ®* equation in the limit where r > 0 goes to 0. We
prove Theorem [I.1] in Section [5.1] following the reasoning used by Jagannath & Perkowski in
their proof of Lemma A.2 in [33].

We extend this result in Section to a setting where the equation is set on a space of
sections of a vector bundle over M. Some non-trivial modifications are needed in this case
compared to the scalar case.

5.1 — Proof of Theorem 1. Control of the regularity of vrer,r. Recall we set

f1(gO2h—k) = Z Ky {7/%'/‘%* (xirf) (Hi* (Xi29) © Kix (Xi3h) — Kix (Xi2k) )},

K2

and use a similar definition of the terms that appear in the right hand side of (5.1)) below. We
start from the triple product

3 (V.80 = b+ )

and we decompose it as a sum of trilinear operations defined in Section

3 (P58 = b0, + F)
= 3¢3Tr ‘1 (O‘Tpr =2 V) + 337 ‘1 (quT ©2 V) — 363<Y)Tb?r)
+ 3630?)7" '<1 (QTP7 "<2 (v)r) + [3630\{OT @1 (q?pr <2 (v)r) - 3630\{11)(&7"]

4387 ) (P <0 80).
(5.1)

We know from Section 4.3 of [6] that %, € C7C1~¢(M), uniformly in r > 0 in any L?(P) space,
and for every chart index 7 and every ¢; € C°(k;(U;)) such that ¢; = 1 on the support of x;s,
we have

¥ ("‘«'i* (quTpr) © Kix (Xi3¥r) — Kix (Xinr?r)) € CrC 27 (ky(Uy))

uniformly in 7 > 0 in any LP(P) space. The estimate is formulated on R?. Formulate the
estimate on M is equivalent to proving that

¥, % — xisb, 3y = Ky {wi <f€i* (X¢2QTPT) O Kix (Xi3%r) = Fix (Xi2br?r)) } e CrC=V2=(U),

a result that was proved in Section 4 of [6]. By the local-to-global principle, we deduce that

3637 ‘1 (O‘TPT ®g %, — b, 1,) is well-defined and in C7C~/2=¢(M), uniformly in r € [0,1], in
P-probability. (We do not have stronger estimate in LP(P) spaces as the exponential term

EAENE CrC'=¢(M) is not known to be P-integrable.)

Similarly ¥, € CrCY?=</2(M) and %9, € CrC~1=</2(M) the paraproduct estimates imply
that quT —i2 3 € CTC_I/Q_G(M) for some local paraproduct >; o for every chart index 4,
hence 3¢3 1 - ‘1 (O‘TPT o 8,.) € CpC~1/2=¢(M) globally. Again it follows from the flat para-

product estimates that 3¢37 —1 (O‘TPT <o 8P.) € CpC~Y2=¢(M), with estimates that holds
uniformly in 0 < r» < 1 in P-probability.

The most complicated term is

3€3Q{DT ™ (QTP,, <2 ) — 363<Y)T bTO‘TpT.
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We use the identity (2.2), with f =¥, a=1—-¢g :O‘Tpr,ﬁ =1/2—e,h=%.,y=—1—¢, to
infer that

3630f)r @1 (Q?PT <2 (v)r) - 3630Yorbr0\?pr = geOYOT ‘1 <Q?PT ‘2 ((v)r ®3 OYOT - bgf‘) ) + 01/2736(M)7

It follows from [0 Section 4.2] that for every chart index ¢ and every v; € C°(k;(U;)) such
that ¥; = 1 on the support of x;4,

i (Hi* (Xi3%r) © K (Xia™r) — Kix (Xz?,b?:)) € CrC~“(RY),

hence 363%()* 1 (q?pr <9 ) — 3630Yorbrq?)r € CTC’_l/?_E(M). The estimates are 0 < r < 1
uniform in P-probability.
2. Control of the gradient term. We aim at controlling the regularity of

V(Y)r . vUref,r - br<63(YDTRTpr)a
where
Uref,r = £t (363%}“&?7" — b, (?7" + O%r)) .

The proof is simple but the fact we are writing huge products of functions makes it look a bit
combinatorial. First using the fact that the inverse heat operator £~! is smoothing off-diagonal
which implies that for any compactly supported distribution U € D.(U;) and x; € C2°(U;) such
that x; = 1 on support of U

L7NU) = xi L7HU) € C=(M)

and using a trivialization of the tangent bundle T'M over each open chart U;, we get the
expression

V(Y)r : vvref,r - br(es(Y)TRTpr) =
Z K] [wi(m*g)"”am* (%iﬁlﬁf

i

X (Hi*(Xi1333OYOr) {:‘ii*(XiQQTpr)Hi*(XiB%OT) — brKix (Xilb(Tr + q?pr))]) )

X Oy Kix (Xi4o‘for)]

b (e TP+ o)

where the localization of the heat kernel avoided a double sum over the partition of unity
indices. The error term in C'~2¢(M) comes from the irregularity of 9, k. (x:4%). We need that
Xi1 K Xi2 < Xiz K Xia < Xi < Kixti, where Y. x;1 = 1 and s,(x) denotes the ;1 component
of s(z) € T, M. The term underbraced was already defined in the first part and equals

Ki*(Xi13€3(Y)"') =< (Hi*(XiQO‘Tpr) = Ki*(Xi3vr)> + OY2755 ()

where we singled out the most singular term which has regularity C—172%; it is the term with
the lowest regularity of the list of terms that contribute to the singularities of the scalar product.
Applying £71 to the C~1/275¢ error term yields a term of regularity €25 and differentiating
with respect to d,, yields a term of regularity C' 375 and multiplying with 0, k. (xi53r) € C~2¢
yields a well-defined term of regularity C'~2¢. By the result of Proposition we rewrite the
underbraced term as

Rix (Xi13€3Q{)qur) = Kix (Xiiﬁ?r) + 0_1/2_58 (M)
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The next step is to commute the heat inverse and the paramultiplication operator

Pxil3e3qforo~TPT(f) = X“363qf°,‘<§’pr <

Since XilSeSQ&RTpT € C%*SE, we have

V(YJT . vvref,'r‘ - b’l" (63(YJT(%T)
= Z K} lwi(m*g)w&d‘%* ("Ef (Hi*(XilgegoYoTO\?)r)) < m*(iiﬁl)(wvr)) av“i*(Xizqu)r)]

%

b (e TP+ o
where we use the commutator estimate from Proposition[4:4] Its use requires some information

on the regularity of 363()\&0‘?)7". However, we proved in [6, Section 4] that ¥, € C1=2¢([0,T] x

M), qur € (i3 ([0,T] x M), where the regularity is measured in space-time parabolic Holder-
Zygmund spaces, with estimates that are uniform in 0 < » <1 in P-probability. We thus have

3630\{]3?)7" € C2732([0,T] x M), and this implies that
KisXiL ™ K] ((Iii*(xz'1363q&c‘?ﬁr)) < "fi*(XiB(v)r)) = (Hi*(Xi1363(Y)O‘Tpr)) < Fis (L™ X0a8r)
+{fii*%iﬁ_lﬁf,Hi*(Xi13€3qf"o‘Tpr) < } (Rix (xi3%7r))
where the term with the commutator
[Ki*%iﬁil‘%;{v’ii*(Xi13€3(Y)T{&r) <} (Kix (Xi3%7))
belongs to CTC%’&S(M). So for the moment, the term we need to study simplifies as

V(Y)r : vvref,r - br(ES(Y)T(&T)
= 5 [wi(m*g)“’ﬁum* <nf% (ﬁi*(xil?ue?’?"(ﬁpr)) < Ki*(%ﬁ_kv’r)> al/’ﬁ*(XiﬁL(Y)r)]

i

_ b(éi?,.‘?’r) + 0—25<M)
where we inserted a cut-off function zzz and removed the x;3 in front of °,. which does not affect
regularities thanks to Lemma [2.9 and the localization Lemma for the heat operator.

Our next goal will be to commute the partial derivative J,, with the paramutiplication

operator, we can already commute J,, with {Z;l which yields a first-order differential operator
L with smooth coefficients and compactly supported in «;(U;). So everything boils down to
studying the regularizing properties of some commutator on R? of the form

[L7PU]

where
U= Hi*(Xilgegqf)O\Tp)y Py = Ki*(Xi13€3(Y)qu) =<

is a paramultiplication operator on R?. By the results of Lemma the paramultiplication
operator My is an element in the class Bg_gg(Rd) and so we have
2

[L,Py] = A+ 0
where A € 311771(%736)(Rd) is a pararegularized operator. This implies that

[L, Myra(X:L™'V) € C375(RY)
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which is under control. We are thus reduced to the study of

Zlif [%(m*g)m’n” (/@f{/;? (Hi*(XmBei‘(Ym‘Tpr)) =< 3/L/€1:*(%£1‘V’r)> 3uﬁi*(xi4qf’r)]

~> Ky [%(l%*g)“ym* (Kf% (Hi*(Xu?)egq{)ro‘Tpr)) < aulﬂ*(%qf)r)> © 5uf€i*(Xi4(Y)r)] ;

with equality up to an element in C~4(M). We can use the Theorem 2.2 on Gubinelli, Imkeller
& Perkowski’s corrector to control in €'z —3¢=2e-2¢(Rd) the difference

((Hi*(Xi13€3(YJTO‘Tpr)) = 5,152‘*()?2‘?7«)) © Oykin(XiaYr)
— Rix lege O\F R?P (a ’{7,* XZOYOT) © ay”i* (Xz4OYOr))

So, finally, the expression we need to simplify reads
Vq{)r : vvrcf r br SO\{DTRTP
~ Z [% King)" Ko ( X11363(Y) RTP (3 Kix(Xir) @ Oy kin (X3aFr) )} 3‘*{’ O‘Tp

up to a term in C~4¢(M) — where we could remove zzz again thanks to Lemma Now we can
conclude thanks to the results of [0, Section 4] which tell us that <V(Y)T ®; V¥, has the same
regularity as %" ®; AY and must be renormalized with the same counterterm. More precisely,
for every chart index ¢ the term

(kix @) (0ukin (Xi¥r) © Opkiin(Xia¥r)) — Xiabr
has a limit in C~*¢(M) in P-probability.

5.2 — The ®* vectorial model in the bundle case. We describe in this section a general

vector bundle framework for the vectorial ¢3 measures — this model is sometimes called the
O(N)-vector model in the physics literature. We summarize what changes need to be done in
the bundle case.

First, we consider a Hermitian vector bundle E — M, smooth, respectively C* or distri-
butional, sections of F is denoted by I'*°(M, E) = C*°(F), respectively I'*(M, E) = C*(E)
or I'™>°(M,E) = D'(E). We are given some generalized Laplacian Ag; this means —A, is
a symmetric differential operator acting on C*°(E) such that its principal symbol is positive-
definite, symmetric, diagonal. In any local chart this symbol reads g, (2)*¥ ® Idgnq(s,) as
a function on C*(T*M, End(FE)) where g, is the induced Riemannian cometric on T*M. We
furthermore assume that

—{p, Ag‘P>L2(E) 20
for all ¢ € C*°(E), so —A, is a non-negative, elliptic, second-order operator. The corresponding
heat operator now reads
L=0+1-A,.
It is well-known from elliptic theory that P :=1—A, has a self-adjoint extension as an operator
from H2(E) into L?(E), that it has a compact self-adjoint resolvent with discrete real spectrum

n (—o0,0] and that the eigenfunctions of P form an L?-basis of the space L%(E) of L? sections
of E. In this case, we can define some E-valued space white noise as

E= Y nh
Aeo(P)

where the sum runs over the eigenvalues of P, the functions f) are the eigensections of P and
yx» ~ N(0,1) are independent Gaussian random variables. The E-valued Gaussian free field
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reads P2 (). The goal is to make sense of the Gibbs measure
F— Egrr (67 Y MW’W%EF(SD))

where (-, ) , denotes the Hermitian scalar product of E, the interaction term now reads (¢, ¢)%,
and A € C*°(M,R~¢) stands for the coupling function. The corresponding vectorial ®3 renor-
malized regularized stochastic PDE reads

Lu, = g'r’ - )\<urvur>ur + (I’k(E) + 2) (ar — br)ur

where u, is an E-valued random distribution over space time R x M and &, = e~ "F(¢). All
E-valued Besov (resp. Holder, Sobolev) distributions are defined almost exactly like in the
scalar case using local charts on M and local trivializations of £ — M. We denote them
by By ,(E), respectively C*(E), H*(E). Because the analytical properties of the heat kernel
(e_tP)@o acting on sections of E are the same as in the scalar case, both inverses £~! and
L7 are well-defined with the same definitions and they have the same analytical properties as
in the scalar case. The symbol 7 still denotes £7¢,. Because of the classical results on the
asymptotic expansion of the heat kernel in the bundle case [9] 2T] [49]. The key idea is that the
singularities are valued in diagonal elements in C>°(End(E)). We immediately find that the
covariant Wick renormalization for the cubic power reads

@, = (1., 7) 6l — (tk(E) + 2)a, T,

for the same universal constant a, as in the scalar case and rk(FE) is the rank of the vector
bundle E. Beware that the cubic vertex has a new meaning, it is a Hermitian scalar product
in the fibres of E times an element of a fibre of £. The new stochastic tree now reads

Frn o= L7108, = £ (A (0 1)t — (K(E) +2)a0,) ).
As in the scalar case, we first decompose u, as

Uy = ?T - O\Tprg\ + R,.

Writing the equation satisfied by the remainder term R,., we see that the new term we need to
eliminate in the bundle case is the borderline ill-defined product

A0 1) ER — 2M(R, ) BT

One major difference from the scalar case in defining the Cole—Hopf transform is that we need
to introduce some random endomorphism %, acting on smooth sections C*°(E) as

¥, : T € C®(E) — (1.,7) T + (T,%) gl — (tk(E) + 2)a,T € D'(E).
Observe that with this definition, one has indeed
39, =320, — 2(rk(E) +2)1,;

this is consistent with the fact that %7, is the renormalized version of 3?3. The bundle morphism
3%, is local since it is C°°(M)-linear. Hence, it can be identified canonically with some random
element in D'(M, End(E)). This random element allows us to introduce a new vectorial Cole-
Hopf transform in the bundle case.

Definition — Our vectorial Cole-Hopf transform is expressed in terms of the above random
endomorphism . as
R, = e‘éilo‘v*)(vr)

where similar stochastic estimates as in the scalar case allow proving that L™ (\9,) is almost
surely in C'=¢ (M, End(E)) for all & > 0.
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Accordingly, one also defines

vt 1= £ (70O a5, (B, ) — (k) + 26,5, + Foa) })-

This quantity enjoys the same estimates in the bundle case as in the scalar case, and it is almost
surely in CrC'~¢(M, End(E)) for all € > 0. Similarly, define

Tir: T € C®(E) @O\TPT)\ )eT + (T EGR?]’I‘)\ T, RTPT,A>E@TT)
Tor: T € C°(E )'—>(V)r ® LA r(T))*(rk( )+2)brT
T3 T € C®(E) = VL' AR) @ (VL' (APH(T))) — (tk(E) + 2)b,T

Tar =% © Vrx — (ck(E) + 2)b,T, .

The map 71, is local and belongs to C7C°~ (M, End(FE)), while 7o, and 73, are not local, and
only belong to C7L(C*®(E),C°(E)). Finally, it holds 74, € CrC~'/2~(E). Contrary to the
second Wick power, we do not need 7o, and 73, to be local, since we do not aim to raise them
to some power or take their exponential; we always evaluate them at some T' € C*(E).

5.2.1 — Proof of the counterterms for the stochastic objects. In this section, we aim to
prove that we correctly defined our stochastic objects, by subtracting the correct divergent part.
We prove that this is indeed the case for 8, and 75,., while the proofs for the other objects are
similar, and left to the reader.

In the sequel, we always localize the functions in some open U;, multiplying them by x;.
Moreover, by locality, we have that 7, € C7C~1~ (M, End(E)) In particular, using the local
v, ~ U; x R we have that x,%, € CpC~! (Ui, End(Rrk(E))), and we can
work in coordinates, so that we rather work with [x;%.]as € C7C~1~(U;,R). We have the
following expression for [x;%]ap

[Xi(v)'r]ab = [Xi?’r']c[%i?r}céab + Z[X’L?T](L[%L?T]b - (I‘k(E) + 2) G,T»(Sa(,
= :[Xi?r]c[%i?r]c: 6ab +2 :[Xi?r]a[%i?r]b:

where as usual x; = 1 on supp(x;). This confirms the coefficient rk(E) + 2 in front of a,., since
indeed we need two a,’s to renormalize the product 2[x;7,][XiT-]» and tk(E) a,’s to renormalize
the product [x;7-]¢[X:Tr]c, since the sum over ¢ contains rk(E) terms.

(5.2)

Let us now deal with 75,.. We would like to establish a similar expression for £ (\3F,.).
A small twist is given by the fact that contrary to 7., this last object is non-local, in the
sense that even if we localize 7, in the open U;, the convolution with £~! might smear around
U;, so that we might lose the local trivialization. It turns out that we will prove that this
does not happen at the level of the divergent part, which confirms that renormalization is
local. Indeed, if we localize £L7'(\3%,.) as 3. x;L ' (A\%?,), one has, using the commutator

E’l(f<g)’:f<£’1()
sz L(%,) fooZXz Xi <L fooZXl (A%))

~oo sz T(XiAy) (5.3)

Since ;A € CpC~'~ (U, End(R™E))) x;, L7 (X A%,) € CrC'~ (Us, End(R™(5)) and by
linearity, we can have ), LT (XN, € CTCP(M, End(Rrk(E))), even if the target space
may rotate with the different local trivializations that we obtain when varying i.

In the sequel we refer to A € End(R™¥)) as (Aup)ap. The important fact with this definition
is that we have the decomposition

L70%,) = 3 P (L7 RAPw),, + CrC=(Us, End(E))|,

i
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with (éil([xi/\‘ii’r}ab))ab € OrC'= (M, End(R™(¥))). With this observation, we can now deal

with the renormalization of %, © £7*(\%%,) (here the notation ® obscures the fact that the
resonant product is also a composition of operators). Indeed, we can write

Rr 0 LTIV =) (x1i%) © (x2il T (A))

7

= Z(Xlﬂf’r) ©) (XQiéil([%%)\(v)r]ab))ab + CrC~ '~ (Ui, End(E)) o CrC™ (U;, End(E))

The second term of the right-hand side is well-posed in C7C~1~ (UZ-, End(E)) We now focus
on the divergent part, and we can write the first in coordinates. We define some functions
Afzb S CTD/(UZ', R) by

Al o= X1 ]ac © (x2iL ™ ([X2i A ]eb)).-

where we use the convention that repeated indices are summed. We aim to extract their
divergent part, since we have

Pr o (L7HO) s > (AL,
where the remainder term in C7C~*~ (M, End(E)) is well-defined. Now, using (5.2)) and (5.3)),
we have

i _
ab —

(: DxatrlalXaifrla © 0ac + 2 ¢ [x1ifrla[X1srle ¢ )
© (Xziéfl(k s [Xa2iTr]e[XaiTrle : 6cb + 2 1 [XaiTr]e[X2iTrls 1))
=: [x1iTrlalXul]a : ©(x2i L™ (A 1 [Naifrle[X2iTrle ¢ ) dacden
+ 2 [x1iTr]alX1:Tr]e ®(X2i£71()\ s [Xaitrle[Xa2iTr]e : ))5cb
+ 2 [xaifrlalXatrla : ©(xaiL ™ (A = [X2ifrle[X2ilrls ) dac
+4: xailr]a[X1ilrle Q(Xzszl (A Xailr]e[X2iTr]e 1)) -

Here, we leverage our knowledge from the fact that the divergences arise when computing the
expectation. For the first term, there are two ways of contracting the four noise, and the
contraction creates a d4., but there is still a sum over d left, so that the required counterterm
is 2 x tk(E) x %T. For the second term, there are also two ways to contract the noise, and
the contractions create a d,. and destroy the sum over e, so that the required counterterm is
2X2X %T. For the third term, there are still two ways to contract the noise, and the contractions
create a d. and destroy the sum over d, so that the required counterterm is again 2 x 2 x %.
The fourth term is more subtle and gives rise to two different contributions: either the two ¢
contract and a and b contract, which yields a d,, and requires a counterterm 4 x rk(E) x %
(since there is still a sum of ¢) or a and b both contract with the two ¢’s, in which case the
sum over c is destroyed and we need to add the counterterm 4 x %. Gathering all the previous

together, we have that the divergent part of A, is

(2 rk(E) + 4+ 4 + 4rk(E) + 4) % Sap = (1 + 21k(E))by0ap -

Apart from the expression of the counterterm, we learn that the divergent part of 7o, is indeed
proportional to Idg, which reads d,, above any open chart. This concludes the proof.

5.2.2 — Proof that v, , verifies the same estimates. With the stochastic objects in hand,
one can introduce the ansatz

Uy 1= eéil()‘(v%) (ur — ?7. + O\?PT> — Uref,r
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that verifies an equation similar to the scalar case. To check this, one just has to verify the
regularity properties of vyet . To do so, we localize it in some charts (U;); with four functions
X1is - - -, X4i SO that we have

-1

Lot 7 = Z (X1ix2i€E (’\WT)) { (x4i¥r) (X3io‘Tpr,>\) — x3ix4i (tk(E) + 2)b, (T + O‘Tpr,/\) }
i

Thanks to this localisation, we can know pull-back in U; using the chart x; and use the local

trivialization of E above U; to write all the operators in coordinates. We have

»C’Uref,r = Z K? W}l‘/ﬂ”]
with

Vir 1= Kix (XliX%@éil(/\(v)r)) {l‘ii* (X4ivr>/€i* (X3iqur,A)

— (1k(B) + 2)brriin (x3ix4i (T + QTP?"A)) }

In the previous section, we have established the decomposition
XiLTHOR,) = CrC (U, End(R™)) 4+ CrC>(U;, End(E)).

Using the local trivialization, we thus have xié_l()ﬂ/or) € CrCH~ (Ui,End(Rrk(E))), and we
denote by [Xigl(wr)]ab its coordinates. With this notation, we can localize the exponential
as

-1 1 ~n — n VY — r
xui e OV =y, Z leié LA™ = s € 0¥ ¢ opet (U, End(R™F))),

n

so that we can use some component-wise notations. Using the same reasoning for O‘Tpr, A that we

applied to £7*(\%%,), we have XiQTpT’/\ € OrCY?= (U, R¥(E)) 50 that Vj, € D'(R3, R E)) and
in coordinates,

Vit oo [ (X1iX2i ei“é_l(/\(v)"))]
([Ki* (X‘“v’“)] bd [’ii* (XSz'O‘TPT,,\)] d (rk(E) + 2) br ['ii* (X37,'X4i T+ O‘Tpr,x))] b) 5

where the repeated indices are contracted with (k.g)ap = dqp. We first identify

[Kix (Xa%r) ],y © [ (X3iO\Tpr,)\)] 4 — (K(E) +2)b, [k (x3ixailr) ],
which is the localized version of 74,, and thus well-defined. We are left with
Vit 1 ja—e[Fin (X1iX28 6%"’&71(/\%)”)]&1,(4 + @) [Kis (xai¥0) |, = [Fin (X3io‘Tpr,>\)]d

— [Hi* (XUX% e)?ué*l ()\(v)r))jl ab (I‘k(E) + 2) b, [/{i* (XBiXM&T,/\)] b

In the first line, the paraproduct is well-defined, and dictates the regularity of V%, so that we
only have to deal with the resonant term. To do so we use paralinearization to rewrite the
exponential as

ab

[m* (x1ix2i ei”éil()\({?"‘))] ab

~o e [Ris (X1 6521&71(’\%”‘))] < (R (x2ixu L™ (A))] , € CrC' ™ (R%,R).

ac

Using twice the commutator f ® (g > h) ~ (f ©® g)h in flat space, the sum of the resonant term
plus the term in the second line precisely rewrite as

(R (X14 6’?”471(’\({&))] 0 Tor © [Kix (X3iqur,A)]
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which is well-defined, so that we do have, using the commutator f < (g < h) =~ (fg) < h in flat
space

Vi >0 ([Hi* (x1ix2i 6;“471(’\%)”)]@ (s (X3io‘Tpr,,\)]d) < [Rix (x2i%7)],, € C2C™'1 7 (R%,R).

With this final expression, we can check that the divergent part of V7o, © Vet » is as expected,
since we can once more localize the product, and identify the object 73,.. Finally, we process as
in the proof of Theorem for the scalar ®3 to end up the proof.

6 — Microlocal estimates on generalized propagators

In this second part of the work we study the fine properties of all the two-point functions
appearing in the Feynman amplitudes from the stochastic estimates of our paper [6]. These func-
tions are usually called propagators in the physics literature. Recall P =1 — A, is the massive
Laplacian and the three fundamental operators we are concerned with are et e~It=sIP p—1
and Q® for s € R. The first two operators e "t e~1t=5I” P~1 have kernels with parabolic singu-
larities that we shall describe precisely and @? is an elliptic pseudodifferential operator of order
—2s in the parabolic scaling which allows to define parabolic Sobolev seminorms. These allow
us to probe the parabolic Sobolev regularity of distributions on space-time R x M where the
time variable has weight 2 and the space variable has weight 1.

Before we enter the subject of that section we recall the following notations from [6]. Assume
we are given a Riemannian manifold X and an open subset U C X. In applications below X
will be M* for some k or a submanifold of that space, endowed with the induced Riemannian
metric. For a closed conic set I' in T*U\{0}, we denote by Dp(U) the space of distributions
on U whose wave front set is contained in I'. This is a locally convex topological vector space
endowed with a natural normal topology associated with the seminorms

Al 3.ver = sup | (1 + €)Y (e A)x(€))|
Eev

for all chart # : Q C U + RI™X) integer N, x € C(xk(2)), cone V' C R™ such that
supp(x) x VN~ = (), where k1T = {(r(z); (tdr)71(€)); (z;:6) € I'}.
And we also need the seminorms of the strong topology of distributions

sup [(A, x)|
xXEB

where B is a bounded set of C°(X) which means that there is some compact C such that
supp(B) C C and for any differential operator P, sup,cp ||Px|/z~(x) < +00. To be bounded
in D(U) will always mean that all the above seminorms are bounded. Recall from Section
3.1 of [6] the notion of (parabolic) scaling field p for a submanifold ) C X. We assume that
(e=%P)*T C T, for all s > 0. Denote by K;* the heat kernel of X.

Definition — For a < 0 and a € R we define the space S{f’(a’p)(U) of distributions A € D'(U)
with the following property. For all pseudodifferential operators Q with Schwarz kernel compactly
supported in U x U and whose symbol vanishes on I", for each compact set C C U, there is a
finite positive constant mc,q such that

Sup sup sup eastfo‘/2|<(eﬂp)*A, (I+ Q)Ktx(x, )>| <mg¢,g < oo.
s>1 2€C 0<t<1

We define SE(U) as the union over « of all the spaces ‘S’?’(a"p)(U)7 for a € R fixed and p a
scaling field for the inclusion ) C X whose backward semiflows leave I' fixed. The letter ‘S’
is chosen for scaling. The exponent a retains the scaling property and I' information on the
wavefront set. Note that the space SE(U) is a priori larger than conormal distributions with
wavefront set in N* () C U) since elements in SE(U) might have some wavefront set contained
in the cone I" which is not necessarily included in N* (Y C U).
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6.1 — Parabolic Sobolev spaces. Following Eskin’s nice lecture notes [I8], section 46 p. 223],

recall that one can define parabolic Sobolev space on R'*% adapted to parabolic scaling setting
for vy € R

lull%,, = /FW a(r, &) |(ir + (1 + |¢?))| drde = <u (—02+(1- A)Q)%u>,

This norm concerns global distributions on R'*¢. In our manifold setting, we shall test the
regularity of the stochastic objects using local Sobolev seminorms which are defined with cut-
off functions and using Laplace type operators which are not necessarily given by the massive
Laplacian P. We introduce for that purpose some probe operator ()7 whose kernel reads

(= 02+ P) P k() | (t2 = ).

The non-negative function x € C°°(M), is a cut-off function localizing on a chart in space and
P is the flat massive Laplacian in the given chart. We do not want to use any global Laplacian
since this produces additional troubles in the proofs. Indeed, one would have to study microlocal
properties of kernels defined from the functional calculus of the Laplacian which involves either
semiclassical analysis or Fourier integral operators. We define the local anisotropic Sobolev
seminorm as

~

||XF||77P,@ _H( 82+P2 *ha(XF) HL2 (RxR4)

where x € C°(U), x =0, k: U C M + R? is a local chart and we write ||.|| B tO insist on
3.7.P,
the fact that the seminorm depends on P and x: U € M — R

Lemma — The Schwartz kernel of Q7 belongs to the space SE(R? x M?) for I' = N*({t; =
ty,x =y}) for alla < —d —2—27.

Proof — Choose P to be the flat massive Laplacian in some coordinate chart containing the
support of the space cut-off function y. So we need to prove our claim on (R'*%)2 for the flat
Laplacian P. An immediate calculation yields

3 X\T)X\Yy T — & (x— 3
=08+ PNt = G [ (7 )
where the term

I(t,h) = /R TSN (72 4 (14 [¢]%)?) * drde

is a weakly homogeneous distribution of degree —2s—d —2:1(\?t, Ah)xe(0,1] is a bounded family
in S’(R'*9), since the polynomial (7'2 +(1+ \§|2)2) Tisa weakly homogeneous distribution of
degree 2s when we scale with respect to A — 4o00: ((A*7)% 4 (1 + [X¢[?) )/\e 1,400 is a bounded

family of tempered distributions. We use the property that the Fourier transform maps S’(R%)
to itself and exchanges the scaling at 0 and co. The wavefront bound comes from the Fourier
integral representation of I and from the fact that I(t2 — t1,z — y) is translation invariant. >

The parabolic Sobolev spaces on R x M is defined from a partition of unity by chart domains,
so the norm ||F'[| 5 s is given by a finite sum

1Pl =S INFIS 5,

6.2 — Parabolic kernels and the class ¥%. We define in this section the parabolic calculus

which describes the singularities of the propagators that appear in the analysis of the dynamical
®* equation on a 3-dimensional closed manifold.
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6.2.1 — The elements in ¥p(R x RY). Following a practical approach in microlocal analysis,
we start by defining the parabolic calculus on R x R?. Then we prove a change of variables
formula for the parabolic operators. A way to give an intrinsic definition of the class of parabolic
operators is to work in position space and test the growth of the Schwartz kernel near diagonals
by vector fields in the module of vector fields tangent to the diagonal. This is inspired by results
of Beals [§], Bony [13] [14], Hérmander [31 p100-104], Joshi [34], B6], Melrose-Ritter [42], and
also Taylor [0, Prop 2.2 p. 6] that define pseudodifferential kernels by their diagonal behaviour
and under testing with vector fields. Let M be the C>(R; x RZ x R¥)-module of vector fields
tangent to {t = 0, h = 0}; it is generated by the vector fields

tat? taa:"'a hiatv awivhiah’“v (]- < (’L, k) < d)

Definition 6.1 — Pick a negative real number a. An operator A : C*°(R x R%) — D'(R x R?)
belongs to W%(R x R?) if its Schwartz kernel K € D'(R'T4 x RY*T4) satisfies the following
properties.
(a) There is a function A € C*([0,+00) x (R?\ {0}) x R?) such that either K(t,s,x,y) =
A(|t - $|,ZC - y7x) or K(tv s,x,y) = 1[0,00)(t - S)A(t — 5T = y,lﬁ)
(b) There is R > 0 such that for all (t,h) with t > 0 and |t| + ||h||* < R, for all vector fields
Ly,...,L; € M

_ 242a+d
‘ t+1R)?) " 2 ifd+242a >0
sup | (L1...LgA) (t,h,x SL““’L (| - ’
reRd ! ) (k)] S Nog ([t +[1BI2)] i d+2+2a=0.

(c) There exists § > 0 such that for all t > %, we have the decay estimate

sup }(6‘ffz7hA) (t, h,x)| < Che™t
z€eR4

If in the above definition, we add the extra assumption that A is compactly supported
in the last variable x, then we get a proper operator. This might be necessary to compose
elements in the parabolic calculus. However, since we only work on closed manifolds, we can
take without loss of generality proper kernels as models for the parabolic kernels on manifolds.
The following example illustrates the potential difficulties of a Fourier transform approach to
parabolic calculus.

Example 6.2 — We work on flat space RY. The inverse heat operator L~ is a Fourier multiplier
by (iT+1+|§|2)71 which is given by the well-defined symbol if we are allowing parabolic scalings.
However the operator

t
© = / e t=sIP p=lp(s, )ds
is a Fourier multiplier by
(ir + 1+ [6P) " (@ + g™
which is not a smooth symbol in the usual Héormander classes even viewed as a parabolic
symbol. The problem of (iT+1+|§\2)_1(1+|§\2)_1 lies in the order of the symbol. One considers

the parabolic compactification of R*% by the parabolic sphere at infinity then the parabolic order
has a jump on the & = 0 hypersurface at the parabolic sphere at infinity.

It is elementary to note the following facts. First, for any kernel K as in Definition [6.1
for any function y € C*(R? x R%), the product YK also satisfies De finition Second, the
module M is the Lie algebra of vector fields tangent to the submanifold {t = 0,2 = y} in
[0, +00) x R? x R%. This forms a finitely generated module over C°°([0, +00) x R x R?) and can
be interpreted as the smooth derivation of the algebra C’OO([O, +00) x R? x Rd) leaving fixed
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the ideal
d
I =1tC%([0,+00) x R! x R + 3 (2" — y) € ([0, +00) x R? x RY)
=1

of functions vanishing over {t = 0,z = y}. More generally, given some submanifold ¥ C X in
some ambient manifold X, let Zy denote the ideal of smooth functions vanishing over Y. Then
the module My C C*°(T'X) of vector fields tangent to Y is defined as

Le My if (Vf €Ty, ,Lf €Iy),

where L € C°(TX) acts as a Lie derivative. (We refer to Hérmander’s treatment [31, Lemm
18.2.5 p. 100] for a careful definition in coordinates. Now we need to verify some form of
diffeomorphism invariance.)

Let ® : R? — R? denote a diffeomorphism which is the identity outside some compact subset.
The lifted diffeomorphism

& : (t,r,y) € Rx RYx R? = (t,®(x), ®(y)) € R x R x R?

leaves the submanifold {¢ = 0,2 = y} invariant. Hence the ideal Z of functions vanishing
over {t = 0,2 = y} is invariant by pull-back: T = Z, and for all vector field L. € M one
has ®,L € M. As a consequence, the elements in U4 (R x R?) enjoy the following invariance
property: for any pair of test functions x1, x2 € C°(R?), for any kernel K satisfying Definition
[6.1] the new kernel

K(t,s, ®(x), 2(y)) x1(x)x2(y)
also satisfies Definition This invariance property immediately allows us to globalize Defini-
tion to the setting of R x M, where M is a smooth closed manifold. In the sequel, we work
on R? x M?, since operators such as e~ "5/ P~1 depend on two time variables. We can give
an intrinsic definition of parabolic kernels on R* M as follows. We denote by

Mp C COO(T(R X M2))
the tangent Lie algebra of the submanifold {0} x Diag C R x M?2.

Definition 6.3 — Pick a negative real number a. Elements of the parabolic calculus in ¥%(R? x
M?) are operators whose kernels K € C*(R? x M? \ Space time diagonal ) for which there
exists a function A € C* ([0, +00) X (M2 \ Space diagonal)) such that one has either

K(t,s,x,y) = A(|t - s|,x,y)
or
K(t7 57$7y) = 1[0,00) (t - S)A(t — 5T, y)
and the following property hold. There exists R > 0 such that for all 0 < t < R and all
Li,...,Li € Mp one has

_ 2+42a+d
Ly... LA (t < (It + d(z,y)?) " 2 if2+d+2a>0, 61
|( 1 k )( 7l'7y)| ~L1,...,Lg { |10g (|t|+d(ac7y)2)| Zf2+d+2a:0 ( )

We would like to precise two things in the above definition. First, the fact that the function
A is smooth up to {0} x (M2 \ Space diagonal) is important for our application to stochastic
estimates. This implies, for instance, that when space points x # y are distinct, the kernels K
in U% are smooth on the manifold with boundary ¢ > s and also when ¢t < a. It allowed us
to consider only smoothing of the white noise £ in [6] in space rather than in space and time.
Second, if we want to put some locally convex topology on W%(R? x M?) then this topology
is the weakest topology defined from the seminorms of C* ([0, +00) X (M 2\ Space diagonal))
and by taking the best constants in the estimate . Third, Definition is intrinsic, and

1
we see the central role played by the parabolic distance (\t| + dist(z, y)z) 2. The kernels in 0%
are stable by differentiation by elements of the module M.
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A concrete version of the above estimates. Near every p, there is an open subset U near p
and a coordinate system (z*)%_; on U in which the generator of parabolic scaling is the weighted

Euler vector field p = 2t0; + Z?zl (' —y*)d,+ and in which we identify the Lie algebra of vector
fields tangent to {0} x Diag as the C°°-module generated by

t0y, t(0yi + Oyi), (.rl — yi)ﬁt, Ogi + Oy, (Z‘l - yz)@ck, (.rl — y’)ﬁyk (1<i,k<d).

In these local coordinates, the kernel K can be representednon-uniquely as K(t,s,x,y) =
A(lt=s|,z,z—y) or K(t,s,2,y) = L[g,00)(t—5)A(t—s,z,2—y), where A(t, z, X) € C°°([0, +-00) x
U x R%) satisfies the estimates

_242atd
Ly LAl Spane (It +X2)7 2

~Lis...,

uniformly in ¢ in some compact set, any of the vector fields L1, ..., L generating the tangent
Lie algebra.

From the above definition, it is immediate that the Schwartz kernels of elements in Wp of
the form

A(‘t_5|aifyy)7A(t—573373/)1[0,00)(15—5)7 (62)
have conormal singularities in the union of conormals

N*({s=t} CR*x M*)UN* ({s =tz =y} CR* x M?).
Namely for any kernel K € ¥%, we have the wave front set bound:
WE(K)CN*({s=t} CR®x M*) UN* ({s =t,z =y} C R* x M?).

In all applications, we use parabolic kernels of the above forms described by equations[6.2] where
we allow for a discontinuity in the time variables but this discontinuity is controlled.

We next give a reformulation of the estimate (6.1)) appearing in the definition of kernel
elements in ¥%. This examines how the kernel grows when we differentiate at arbitrarily high
order and we do not necessarily differentiate in the tangent direction to the diagonal but in all
directions.

Lemma 6.4 — We use the notations of Definition[6.3 and consider some parabolic kernel K €
U, Every point p € M has a neighbourhood U and a coordinate system (x)%_; on U such that
the kernel K can be represented either as K(t,s,xz,y) = A(|t — s|,x,z —y) or K(t,s,2,y) =
L(0,00)(t — 8)A(t — 5,2, 2 — y), where the function A(t,z,h) € C°°([0,400) x U x R?) satisfies
the estimates

242a+d+|aq|+|as]
2

020500 A] < C (It +[h[?)

Proof — In R; x U, x R, cover the complement of {h = 0,t = 0} by conic sets of the form
Vi={Ih] = 53558}, VO = {IVEH = 52558 R}, 1 < i < d We reduce the proof to
P = 9y, the more general case is similar. For any (¢,z,h) in one of these conical sets say V7,
we note that

1 . )
|0 A| < MW%A\ < (2+2d)||B)| "B Oy Al
5 _ d+2+42a 1
<C@Ed+2) (t+RI17) 2 lIAl”

d4+242a+1

SR,

where we used the crucial fact that h79),: € M is a vector field vanishing on {h = 0,¢ = 0},
which allowed to apply the estimate (6.1)) to the tangent vector field (z7 — y7)0,:. >

Lit 1ooks like covers of projective spaces in some sense
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6.2.2 — Singularities of e~ ¢~ P~ The goal of the present subsection is to study in detail

the singularities of the heat kernel and the parabolic kernel e=*” P~! from the point of view of
the parabolic calculus.

(a) Heat singularity. We start by describing precisely the parabolic singularities of e ~*¥.

We begin by recalling a statement which can be found under different but closely related forms,
in the works of Melrose [41], Grieser [24] and Taylor [50]. We denote below by C*°([0,+00)1)
the space of smooth functions of v/.
Theorem 6.5 — Let K denotes the massive heat kernel e *1=29)  then the kernel K on (0, +00) x
M? satisfies the following properties.

o The kernel K is smooth in (0, 4o00) x M?2.

o We have the off-diagonal quantitative bounds, for any differential operator P i vy for
all N > 0, we find

1P K| < Gy (1+d(x’y>>_N.
Viay Lo (Mx M)y = Y UNo Vi

o For any p, for any open set U endowed with a coordinate system mear p, there is an
element A € C*([0, +o0)1 x RY x U) such that

Ki(z,y) = t_%g(t, w\;iyﬂj)

and A € C>(|0, +00)1 X Re x U) satisfies the estimate

HD?/E,X@‘ZHLw([O,a]><Rd><U) < ONamw) (1+ HX”)_N'

The above bound holds only true for some compact time interval of the form [0,a] for
0 <a< +oo.

o All previous bounds hold true with an exponential factor e™* for all § € [0,1) which
shows exponential decay in time t.

From the previous representation, we immediately deduce the parabolic singularity of the
heat kernel.

Lemma 6.6 — Under the notations of the previous Theorem, we have for every p and any
coordinate system defined in U near p

—d
|K(t,z,y)| < C(Vt+|z—y|) "
Moreover, the above estimate still holds with the same exponent on the right-hand side for the

kernel K differentiated with vector fields tangent to the diagonal. This implies that K defines
an element in U5t of the parabolic calculus.

Proof — Recall that
a5, T—Y
K(t,z,y) =t 2A(t, =7 )
(t,z,y) L
in the chart of Theorem As a corollary of the bounds on A on the middle variable X , we
find that

—d
—ax(, TY 4 |z —yl —d
t 2A(t,—, )‘ < Cgt™2 <1+> < (\/¥+ T — ) .
This bound immediately shows that the heat kernel has a parabolic singularity. but we need a
bit more to prove that it is an element of the parabolic calculus. Choose a tangent vector field
of the form 9, + 9, or of the form M (z — y).8, := M} (27 — y7)0,:. Then observe that:

(0y + 0y) (t—gﬁ(t,x_ﬁy,yn :t‘%(ayg)(t»%,y) < (\/5+ Iw—yl)_d
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since (8yg) satisfies the same estimates as A. We also get that

(M(x—y) - 0.) <t§g(t7 x\/iyy)> =t757 3 (M(x —y) - Ox A) (tv %y)h

. (\/E—k \x—yl)_d Ix\;iy| <1+ |~T\;£y|)N < (ﬁ+ Icc—y|>_da

-N
where we used the fact that % (1 + %) is bounded when N is large enough. Repeating

the above bounds for L; ... L, K where L1, ..., L, € M immediately shows that the heat kernel
is also an element of \111_31. >

(b) Representation of ¢e~! P~1 in the parabolic calculus. The second kernel we need to
describe is the Schwartz kernel of e 7*¥ P~1 where P = 1 —A,. We shall state some preliminary
simple lemma:

Lemma 6.7 — We have the inequality

1 —N—-d
_d lz —yl -N 2 —d+2
(14 ds S (1+ |z — —( t+ |z —
/ts ( /s ) s S (1+ |z —yl) d_9 Vit |z y\)

when max(t, |x — y|) tends to 0

Proof — Set a = |z — y|, then:

N A N O N G

<(1+a)™¥ /1(\/§+a)_dds

vl
vl

1

1
<2(1+ a)fN/ (r+a) %rdr <21 + a)’N/ (r + a) "4 dr
Vi Vi
1 —d+2 _ —d+2
S (1 +a)—N 2( +(],) 2(\/7?4’&)
—d+2

<(1+a)N %(\/%+ a)~ 2,

>

Using the above Lemma we deduce information on the analytic structure of the Schwartz
kernel of e~ tF P~1,

Proposition 6.8 — With the notations of Theorem the kernel B of e P P~1 belongs to
T2

Proof — We start by noticing that when = # y, the kernel e *” P=1(z,y),t > 0 is smooth in
(t,z,y) since

0p oy e TP (a,y) = (=1)°07 e TPz, y)
which is smooth outside the diagonal as a bounded family of pseudodifferential operators uni-
formly in t € [0,1). For ¢t > 1, (71)a8£7ye’tPPa’1(x, y) has smooth kernel by smoothing prop-
erties of the heat operator. We need to show that in some chart of the type Ux {|h| < R, h € R?}
as in Theorem

e_tPP_l(xvy) = B(\/{J,QE - Y, y)
where the kernel B(v/t, X,y) has the following decay properties

IBWVE X, )| < Onra(Vi+ |z —y)) (14 e —y) ™"
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uniformly in ¢ in some compact interval. The positive mass ensures exponential decay of the
integrand in the following integral formula

+oo
e tPp~t = / e P ds.
t

As usual thanks to the exponential decay, we have a preliminary decomposition as:

1 “+o00
et p1 :/ e *Pds +/ e *Pds
t 1
| —

where the integral underbraced converges absolutely as a smoothing operator thanks to the
exponential decay.

Then in a second step, we shall study the finite integral ftl e *Pds, we rely on the heat calculus
representation

e 5P (x,y) = s_%g(s, L\;gy,y).

Set )
— x—y
B(t,z,y :/ s A ,y ds.
(t.) = | )

By Lemma [6.7] we deduce the claimed estimate that reads

b o —y[\ V1
’/ _7A 7y)d8 <CN+d/ T2 <1+ \/g ) ds

< CN+d (1 + |z — yl)fN(\/;er |z — y|)7d+2'
Now we need to repeat the above bounds for derivatives
07 (7P ()| = 07" () ()| < (Vi o =)

since e7*F belongs to the heat calculus.
Repeating the same estimates for the derivatives 95, we get:

1 1
~ h dt ol ~ h
aa/ sHA <s ,y> ds = / 5= (aa A) <s ,y> ds
" i Vs ¢ * Vs
U el IR —d—|al+2
< Ontas / s (1 + ) ds < (ﬁ+ |h|) .
i Vs
The estimates involving derivatives with respect to to y are treated similarly and are left to the
reader. Lemma allows to conclude that e P~! belongs to \11132. >

—d—2|al+2

6.2.3 — Parameter-dependent pseudodifferential operators. In this section we shall treat
the elements from the parabolic calculus as parameter-dependent pseudodifferential operators
acting on M, the time variable is treated as a parameter and controls the pseudodifferential
order uniformly in the time parameter. Our main result here is Proposition [6.13] To relate
our definition of operators in terms of kernels with the classical Fourier definition in terms
of symbols, we need to recall some statement which relates the order of a pseudodifferential
operator with the growth of the symbol along the diagonal together with the diagonal growth
of derivatives of the kernel. This can also be found in Taylor’s book [50, Prop 2.2 p. 6] and
goes back to the work of Krée and Seeley. Let M C C*°(T(M x M)) be the module of vector
fields tangent to the diagonal in M x M.

Proposition 6.9 — Pick —d < m < 0. An element K € D'(M x M) is the pseudodifferential
kernel of some operator in W'o(M) if and only if

(a) K € LY(M x M),
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(b) near the diagonal and in some product chart of the form kxr : UxU C Mx M +— R¥xR?
one has, for any L1,...,L, € M?

‘ (kx k), (L. ..LpK)(x,y)‘ SeoL, v — y|7d*m.

.....

Furthermore, for any open cover (U;);er of M we can use the constants

sup [(r; X Ki)u (L1 - . LK) (2, y)|J2 =y,
(z,y)eU?
together with the topology of smooth functions on C*°(V), where V U (UiEI Uf) forms an open
cover of M x M, to get back the topology of pseudodifferential operators in Wi'y(M).

We characterize only those pseudodifferential kernels which are L'; they correspond to op-
erators with some smoothing properties. By the usual invariance properties of the pseudodif-
ferential calculus, it is enough to prove the statement on R?. To go back to manifolds one can
use a partition of unity as in [31, p. 84-87].

We shall deduce the Proposition [6.9] from some elementary results which are of independent
interest and will be used later. In the sequel, for every bounded open subset U C R? we shall
denote by S(U x R?) the set of smooth functions a € C°°(U x R%) which are Schwartz in
the second variable uniformly in the first one. This locally convex topological vector space is
determined by the seminorms

sup ‘(1 + |£|)N6§‘3fa(x;£) )

reK,£€R4

where K C U is compact. We use below the notation (A;)72; be the sequence of Littlewood-
Paley-Stein projectors on R?.

Lemma 6.10 — Pick A € V7'y(RY) for an arbitrary m € R. We can decompose A as a series
A=>"AA;+R
j=1
where R € W= and the kernel of AA; can be represented as
(AAJ,)@:’ T — y) _ 2j(d+m)Kj (3;‘, 9J (a: _ y))
where (K;); is a bounded sequence in S(U x R?), in the sense that one has
-N
(020, K5) ()] < Crvap(1+ [R)

for all N. Moreover, all the kernels K; have vanishing moments in the second variable:
/Kj(x, h)h“dh =0

for all multiindex a.

Proof — The proof is similar to the proof of Proposition 2.2 in Taylor’s book [50]. We start

from the expression of the pseudodifferential kernel K (x,y) = K (z,z —y) of A in terms of the
symbol of A

f<<x,h>:@/ €€ a(z: €)de

where the integral is understood as a Fourier integral distribution — a non-convergent integral
due to the slow decay of a in the variable £. Indeed, we define for any test function ¢ € C°(R%):

“ha(a; = En™ e .
/Rd /Rde a(;€)p(h)dEdh /R d /R d (Z w5 O | ol &dcan

5 ah . ieh
/Rd/Rd<Z|g|2 a(w 7€)w(h)>e d¢dh
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where the rightmost integral is seen to converge when N is large enough since the integration
by parts brings in some decay. The function K is even smooth outside h = 0. Recall the
Littlewood-Paley-Stein projectors were associated to a dyadic partition of unity in frequency
1=1o+ Y o ¥(2™™), ¢ is supported on some corona 1 < |¢| < 4. The kernel of AA; reads

1 . _
— Eha(z; &)p(277¢)dE.
gt [ ¢S a2 ede
This yields a series decomposition of the form

Ria.h) = g [ @03 02 0alwi )ds + R

Jj=1

=> 2”(;)(1 /R EEEDY(a(a; E)d + R
j=1

where R € C>°(R?). Now, we use the growth of the symbol and the annulus support to derive
the estimate

107 ((€)a(x;27€)) | < Cp27™
since
j i1ey—m—I8l
|0¢a(x:27€)| < (1+271¢])
because a is a classical symbol, the constant Cz does not depend on n. This means that

(2*jm1/)(§)a(x;2j§))j is a bounded sequence of Schwartz functions of ¢ uniformly in z € U.

This implies that we decomposed our kernel K as an infinite series:
K(z,h) =Y 2K (x,27h) + R
j=1

where

2

Kj(z,h) =
(o600 = T
is a bounded sequence of smooth functions in S(U x R?). These are functions smooth in the first
variable = and smooth with fast decay in the second variable h. Moreover, [o, K;(x, h)h*dh =0
for all multiindices «, the vanishing moment condition immediately follows from the fact that
K(x,-) has Fourier support away from the origin. >

PGy

J=1

From the above series representation we deduce a bound on the kernel of each piece AA;.
Corollary 6.11 — One has
10200 AP; (2, h)| < C a5 20 HED (14 27 )™
for some positive constant Cn o, independent of j.

Now we specialize to the case where m € (—d,0) and try to deduce growth estimates on the
Schwartz kernel of A from the series decomposition. We also discuss the limiting cases m = 0,
m = —d as well as m < —d with m non-integer.

Lemma 6.12 — For A € U7(R?) with —d < m < 0 one has
L1 LyK(z,y)] S e -yl

for all vector fields Ly, ..., L, that are tangent to the diagonal. For A € \Ilfod(Rd) one has
‘Ll...LpK(x,y)| < ‘log\x —y||

for all vector fields Ly, ..., L, which are tangent to the diagonal.
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Proof — The series decomposition of K implies some decay of the form

| K (2,h)| Zznd " (1427 [h) " Z 27"+ [h)™ " < B
n=1 =
when m € (—d,0). When m = —d, the above bound reads
~ d o d
Rl £ 3 (+2) ™ 5 [ el 5 = [0 V5 < sl
o1 1 [

Note that when m < —d and m non-integer, each Kj(z,-) = 2*j(m+d)AJ—,h}?(w, -) is bounded
and Fourier supported in a corona where |£| ~ 27. Hence we recognize that

SUB 102 K (x,.)||c-m-aray < +00
S

by the Fourier definition of the norm of C~™~% = B¢ for all multiindex a.
The estimates for tangential derivatives work similarly, as follows. As in the proof of Lemma
[6-4) it suffices to prove an estimate of the form
020 K (2, h)| < |p|~m =181,
We differentiate

oo o0
000y K (2, )] <> 2mmm|020) Ky (,27h)| < 2ndtmmnlel| (920) K, ) (w, 27 h) |
n=1 n=1
where we work with the new bounded sequence of smooth functions (83‘85 K")n' Repeating the
above steps for this new sequence taking into account the extra factor 28! yields the desired
estimate B
000 K (2, h)| < |p|~m =181,
>

The direct sense of Proposition follows from Lemma Conversely, assume we are
given a bounded sequence (K;); of smooth functions in S(U x R%). Under which condition on
m does the series

22] (d+m) g :c 27 (x — y))

converge in pseudodifferential kernels in Wy,(U)? An answer is provided byt he following
statement.
Proposition — The following holds.

(a) For —d < m < 0 the above series converges to some pseudodifferential kernel in WY (U).

orm >0, m ere exists a non-unique sequence c; o(x),|a| < m, of countert-

(b) 0, m ¢ Z, there exist ique sequence c;.o(x), |a| < m, of countert
erms depending smoothly on x such that the renormalized series

Z 23(d+m)K (z,27(x —y Z ¢j,a0% 0y (x — y)

Jj=1 || <m

converges as a pseudodifferential kernel in WY (U).
c) Form < —d, m ¢ Z, there exists a non-unique sequence c; o, |a| < m, of counterterms
7,
such that the renormalized series

o0

Z 2j(d+m)Kj (x, 2j(x _ y)) _ Z Cialz —y)®

Jj=1 la|<m—d

converges as a pseudodifferential kernel in WY, (U).
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Proof — (a) We start by proving the easy case where m € (—d,0). The idea is just to Fourier
transform each 279K ;(z,27h) in the second variable h and translate in terms of estimates in
Fourier space what it means for (K;); to be bounded in the space S(U x R?) of Schwartz
functions of h. We get a series

a(z;§) = i?mffj(w; 277¢)

Jj=1

where K ; is a bounded sequence in S(U x RY). Let us now prove that the series

> 2ima= AN K;) (w;277¢)

=1

converges for all multi-indices § as smooth function in every compact region of £. If m < 0,
the series converges absolutely uniformly in £ in some arbitrary compact region, it satisfies the
estimate:

8

Z 9imo—jlBl (agﬁ']) (; 2_j§)‘ < 9imo—ilBl | (851’{']) (x; 2—j§)|
i=1 ;

-
Il
A

9imo—jlBl (1 4+ 977 ‘§|)_N

A
[M]8

.
Il
s

97 (m—18]) (1 + 2—j|§|)m_|ﬁ|

A
M8

.
Il
o

(2 +1e)™ " < (1™

M

<.
Il
i

(b) We now treat the more difficult case of a non-integer positive m. In that case, the series
Py 29m K (2;277€) is highly divergent. Instead of considering K (z;£), we subtract its Taylor
polynomial at £ = 0 to increase the vanishing order at & = 0 of K j(x;€). This yields
Rj(z;€) == K, (; & 00 R (250
S8 = By~ Y SR (a:0).

o
lor|<m

Note that R;(x; &) = O(|¢|™F1) near € = 0 but it is no longer Schwartz in ¢ since we subtracted
some polynomial. Instead, it satisfies new estimates of the form

0200 Ry (23 6)| < (1 + [¢)™ 7!
for large |£| and
0207 Ry ()| < [¢mIH=17]

for small |¢|. Now consider the new renormalized series ) _; 2IMRi(x;279€). First, it converges
absolutely uniformly in £ in some arbitrary compact region, since

‘ 3" 2Ry (a 2‘%)‘ <3 2o M) < foo.
: :

J
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It also satisfies for || > 1 an estimate of the form

0200 " 2 Ry 277¢)|

J

<> PMORO Ry (x:277¢)]
J

< Z 9imo— J|ﬂ|(2 J|§|) ml+1-|8] | Z 2jm2—j|ﬂ|(1+2—j|§|)[m]—\l3\

7,279 €1<1 J,2791€]>1
< Z 9—i([m+1]—-m |§| m]+1=|8] | Z 2J_|_|£| [m] 18]
j=log(|€]) j<log([¢])

< Jg| 7 Imtal=m) g mIH1=18] 1 10g(1¢])(21€) M2 < g™ 1AL,

This proves that the renormalized series Y- ; 2/™ R;(2;277€) converges to ST (U x RY) Going
back to position space, this implies that the renormalized series

_ _ 92K (x;0)
d [ AS
Z 2 M K (2,27 (2 — y)) — Z WQ%{O}(I —y)
J lo|<m '
converges in pseudodifferential kernels of order m.
(c) The case m < —d, m ¢ N, involves a renormalization by subtraction of some derivatives of §
in Fourier space, by inverse Fourier transform this yields the floating polynomials that we need
to subtract to get the correct renormalized convergence as pseudodifferential kernel. We leave
the details to the reader. >
Now we may conclude the proof of Proposition by proving only the converse sense.

Proof — The converse sense uses dyadic decomposition in space. We will assume we are given
a kernel K € L'(R? x R?), smooth outside the diagonal and such that for any bounded open
U C Rd7 Ll,...,Lp c MPp

sup ’(LleK)(l‘,y” < CLly--<7Lp|x_y|7d+m'
(w,y)eU?
Start from 1 = Zj‘;l ¥(27.) + x where x vanishes near 0 and 1 is supported on an annulus
{3 < |#| < 4}. The central fact is to prove that the family

Ky, ) o= 20 D () (2,270
is bounded in C§°(R?) uniformly in # € U. Note that the key Lemma yields
sup |Dﬁ (K(:E, 2_jh)) ’ < sup 2_j|a|‘ (DRK) (x, 2_jh)|
zeU,3<|h|<4 z€U,3<|h|<4

gca’UQ*jla\ sup |2*J’h|*d*mf\0t|
5<|h|<4

< 0, y2-ilelg+(d+mtial) < glalcr  oli+D)(d+m).

therefore

sup ‘D;‘: (2*j<m+d>¢(h) (K(z,277h)) ) ] < Cav.
xeU,

Now we get the decomposition

K(z,h) = Kx+ Y (@ h)K(x,h)=Kx+ Y 20K (z,27h),
j=1 j=1
with
Kj =279+ D (h)K (2,279 h).
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The sequence (K),en is a bounded family of smooth functions supported in the fixed annulus
{3 < |h| <4} and K is Schwartz. Hence the Fourier transform in the h variable yields

K(x;6) = Kx+ Y 2" K;(2,277¢),
j=1
where each K;(x;§) is Schwartz in £ uniformly in « € U. We just need to prove that IA((m, &) e
ST We have the estimate

|1 (2:6)] < Cn (14 1¢])

which holds uniformly in j. Henceﬂ we deduce by summing over j that

oo

> 29| K (x,277¢)| < On > 2 (14 2771¢)) "N < Oy S+ (1 +2771)
j=1 j=1

j=1

—N—m

<On(1+e)™.

The estimate for |8§‘8§ K (x;¢ )| follows from Bernstein inequality. For every mutliindex «, the
family (8?[?]- (, ))J is bounded in S(R?) uniformly in 2 € U since 3?[% = @ax/a-l?J and each
2“K; is supported by the annulus {1 < |n| < 4}. >
Proposition 6.13 — Let K (t,x,y) be some kernel on (0, +00) x M? which belongs to the parabolic

calculus ¥ for some a < —1. Then A(t) is continuous in \I'%f{)?“(M) uniformly in the
parameter t € (0,1].

Proof — Observe that ¢t — K(t,x,y) is continuous and the domination bound:
—d—2-2 Cd2
|(L1... Ly K)(t,z,y)| < CL,..L, (Vt+z -y C<Cpy e —yTTE e L,

shows that t +— (L ... Ly K)(t,.,.) € L' (R? x R?) is continuous. So we just need to repeat the
proof of Proposition in a family version with the parameter ¢, each function K, depends
continuously on ¢. We check that this is a bounded family of smooth functions supported on
the annulus which depends continuously on ¢ and the boundedness in C§° ({3 < |h| < 4}) is
uniform in ¢ € (0, a], for any a < +o0. Then the proof follows by dominated convergence. >

7 — Proof of Theorem|1.2

The following statement was proved in Section 3.2 of [6]. We recall its detailed proof to make
the present work self-contained.

Lemma 7.1 — Let M be a closed manifold and K(x,y) be a smooth kernel on M?\dy such that
one can associate to any small enough open set U a coordinate system in which one has for all
multiindices «, 3

102,08 Ky (@9)| S (VE—s+ [y —al) 277

Denote by py a scaling field on M? for the inclusion dy C M? and set
p=2(t —8)0s + p2,

and for n > 2, we denote by 7 : (x1,...,7,) € M™ — (21,22) € M? the canonical projection
on the first two components. Then the family

(eza(e_ep)*W*K\t*'l(" '))220

((M™ x R)\(n*d2 N {s =t})), that is

(7.1)

is bounded in Dﬁ\/’*({s:t})

7K (-) € SuHL L, (" x R\(x°d 1 {s = 1})).

Note that 352, (27 + L)™™ < [P (u+ L)% < [P0 w=m B < [ u=m=1dy < (14 L)~™.

u—L ~



51

In the sequel, we denote by K¢ the C*°—module of kernels K;(z,y) as above depending on two
variables endowed with the weakest topology containing the C>° ([0, +oo) x M 2\d2) topology
and which makes all the seminorms defined by the estimates ([7.1)) continuous.

Proof — We first localize in a neighbourhood U x U of the diagonal since K is smooth off-
diagonal. It is enough to prove the claim for K (z,y)x1(y)xz2(z) where x; € C°(U) and use a
partition of unity go get the global result. In U x U we pull-back everything to the configuration
space, which we write with a slight abuse of notations

W*(KX1X2)(ta $, L1y ... 71'77.) = K(ta Saxlva) Xl(xl)XQ(x2)~

We already know that this kernel satisfies some bound of the form

|K(t, 5,21, 22)x1(21)X2(22)| S (\/ [t — s+ |z — 332|>
Somehow we would like to flow both sides of the inequality by the parabolic dynamics (e~"?)*

—a
and bound the term e~"P* (\/ |t —s|+ |x1 — x2|> asymptotically when r goes to +o00. We
use for that purpose the Normal Form Theorem for the space part of the Euler vector fields:

P = D P+ O,
k=2

for some new coordinates (hy)p_, that vanish at order 1 along the deep space diagonal d,,. The
fact that x1 — x5 vanishes at first order along d,, implies by Taylor expansion at first order that

w1 — w3 = A(h) + O(|h]?)
where A(h) is a linear function of (hg)}_,. One then has
(7" (a1 — 22) = (e~*70)" A(h) + O™ [hP?) = A(e™*h) + O™ 1P,
and an exponential lower bound of the form
e oy — x| S |(e7 ) (21 — a2)|

which yields the desired bound
—a—2|al-|B]
|e_“p*Dt“Df7r*(KX1x2)(t, 8, T1,. .. 7:vn)| < e“(“+2‘0‘|+|ﬂ|)( [t — s+ |z — x2|)

and proves the claim. The above bound allows, for instance, to justify that the singularities
when x1 # xo are conormal along the equal time region ¢ = s since we are smooth on each half
region t > s and s > t. >

Since the propagators £ *, G,(f'), Q" satisfy the assumptions of Lemma we see that The-
orem holds for these propagators. It remains to deal with the Schwartz kernel [®;] of the
resonant product ®; localized in the chart with index 3.

Lemma 7.2 — The Schwartz kernel [®;] belongs to Sp®(M?) for I = N* ({z =y = 2z} C M?).
In other words, [®;] is a particular case of a conormal distribution whose wavefront set is
concentrated along the deepest diagonal of M3.

Proof — We shall assume without loss of generality that [®;] is a compactly supported distri-
bution on (R%)3. Recall [©;] is expressed as a series

©il(z,y,2) = Y Pi(z.y)Pi(y.2)
lk—e|<1

where P, P are generalized Littlewood-Paley-Stein projectors in our sense. We use the diagonal
bound on the Littlewood-Paley-Stein projectors P,i,PZ We use the fact that we control the
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scaling behaviour of each kernel, in local chart U3 near the smallest diagonal (z = y = 2), we
have the behaviour for (hy, hs) # (0,0) € R?

@y +huyy+h)| < Y |Pily+hi,y)Pi(y,y+ ho)|

k=<1

5 Z 2(k+€)d(1 + lehll)_N(l + 2€|h2|)_N
lk—el<1

< ST 2212 hy )N (1420 hel) T
=1

where the dimension d = 3. Beware that the right-hand side of the above estimate blows up
when hy = hy = 0 and the kernel [®;] is not even in L}, .. However the series Dkt Pi(y+

hi, y)]gg(y,y + hs) defining [®;] converges in the sense of distributions of order 0. The same
estimate with derivatives reads

|32135332 [®i] (y +hi,y,y+ h2)| < Z 9(2d+|al+|v))e (1 + 2z‘h1|)fN(1 4 2£|h2|>7N
=1
where (a, 8,7) are arbitrary multi-indices. The above bound implies that the series
Z Pi(y+h1,y) Pi(y,y + h2)
|k—£]<1
converges absolutely in C° when (hy, hs) # (0,0) which means that [©;] is smooth outside
the deepest diagonal. The distribution [®;] is compactly supported hence its Fourier transform
is well-defined. We need to carefully justify the series Z|k—£|§1 Pi(y + h1,y) Pi(y,y + ho)
converges in conormal distributions. It suffices to control the microlocal convergence in one

chart of U x U x U since the wave front set behaves functorially under pull-backs [15]. Note
that from the definition

=Y br@)Ar(r(@) — my)x(@) (k) Adkly) — £(2)X(2)

lk—t]<1

where « : U; + k(U;) C R% is a given chart, we get

T=(kxrxr),[@]= Y $@)Ake—y)r"x@dy)dely - 2)r"X(2)-

|k—£]<1

Since the functions x, X, ¥, {/; are smooth compactly supported, an explicit calculation using the
Fourier transform yields

T(&,n,0)]
2 <27r1)2d/ () (R0 )Ry () () (20 R (2)

k—f]<1

x e~ H&x 1 Y+C2) 4o, 40, drdydz

—

> ﬁ /1”(27’@91)%0(2492)15(5 — 01) R X (n + 01 — 02)R*X(C + 02)d6, db

k—t]<1

One needs to argue geometrically to control the Fourier decay of |f(§ ,M, )| on small closed conic
set avoiding the subspace {€ +n+ ¢ = 0} which is the fibre of the conormal of {z =y = z}. For
any (£, 10, Co) # (0,0,0) such that g+np+¢o # 0. Assume without loss of generality that £y # 0
(the other cases are treated symmetrically), then there exists a closed conic neighbourhood
V C (R%)? of (&, 1m0, (o) which does not meet {£ + 1+ ¢ = 0} such that for some § > 0,

&, Q) eV = |[E+n+] = 0[E
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The first geometric inequality reads for three vectors (4, B, C) € (R%)3:
A+ 1A)™NA+B)MA+[C) N s +|A£BEO)Y
The second geometric inequality we shall use reads

L (LA ]ApTH

1+ [AI < (1+ A= B)(1+|B) = (1+]4-B)™"" < g

Applying a change of variables then using both inequalities to |f (&,m,¢)| yields that for (§,n,() €
V', we have

T n.¢) = Gy / V(27027 02) (€ — 01)r* X (0 + 01 — )K" X(C + 02)db dBs
[k— /\<1
and an upper bound for |T(¢, 7, ¢)| of the form

o —

Y 2rd / P(01)(02)0(€ — 2801) k"Xt (1 + 2501 — 202) 7 X(C + 2"02)dB1 62
lk—e|<1

S 302 [ (01)0(62)(1 + ¢ - 200]) V(L [ 2]y N
k

—N-—-2d-1

X (1 + |7] + 2k91 — 2k02‘) d91d02

2d+1
S0 [wlonuien) (g (1 g - 2o Y anua,
k

2k)2d+1
k —N-2d—1 kp _ ok —N-2d-1
X (1+ ¢ +2%02|) (1+ |n+2%6, —2%6,)) d6,dOy
—N—-2d—1 _ —N
S(A+IE+n+<) A+ 2P S A+ 1E+n+<))

k
since one has
1+ S1+[€+n+(

on V. This proves the convergence of the series defining [®;] in the conormal distributions
whose wavefront set is contained in N*({(z =y = 2)} C M?3).

To probe the microlocal regularity under scalings, we just need to scale the representation of
[®;] by a small factor A = 277 in the chart ; used to define both P{, P}, then we will use the
invariance of wave front sets under pull-backs together with the normal form result on scaling
fields to conclude. First in the chart r; X r; x &; : U x U x U + (R%)3, we have

[©i(y+277h1,y,y + 277 ho)
Y 250 Ry + 2" ) 927 ) (y) 925 T ko) kix(y + 277 ho)
[k—£|<1

224 N 9= Ry + 277 ) (2T ) ()2 D (25T ) X (y + 27 o).
kej<1

We need to justify that the series

D 2 Ry + 277 ha) (2T ) ()28 D P25 T ha) ki (y + 27 o)
k=t <1

is bounded in conormal distributions uniformly in the index j. Beware that the above series
only converges in the sense of distributions of order 0 (one can think of them as elements in the
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dual of the Banach space C?). Just rewrite the above series as a sum

ST MK (y,2°h)2R KL (g, 28 hy)
k=] <1,(k,0)>1

+ > 27Ky, 27 )2 M K (y, 27 F hy)
|k—£]<1,0<k,£<j

where the first term underbraced converges in conormal distributions and is bounded uniformly
in j, and the second term is bounded uniformly in j in the space of smooth functions. So noting
that d = 3 and for 277 = ), we conclude that the family A\=%[®;](y + \.,y,y + A.), A € (0,1]
forms a bounded family of distributions in Dj(U3) for I' = N*{h; = hy = 0} where we fixed a
very specific scaling towards the deepest diagonal. The scaling depends on the choice of chart
k. 1t remains to show that the statement is intrinsic, it holds true for any scaling field in the
sense of [6], [17, def 2.1] w.r.t. the deep diagonal d3 C M3. For any pair of scaling fields p1, pa
defined near dz C M3, e=tP2* = U(t)*e~tP1* where W(t) : Q C M3 — Q C M3 is some family
of local diffeomorphisms defined in some neighborhood Q of ds fixing ds C M3 which has a
well-defined limit when ¢t — +oc0 by [16, Prop 2.3 p. 826]. If e=Ste~t1%[0,],t € [0, +00) is
bounded in Dy, , then

676t67tp2*[®i] — e6tqj(t)*67tp1*[®i]
where the family W(t)*e%e™"1*[®;] is bounded in D)., since e®e~"1*[®;] bounded in Diy. 4,

continuity of the pull-back by ¥(¢)* [I5] and the fact that the family U(¢) has a well-defined
smooth limit when ¢t — +o0. >

8 — Composing ¥% with Ul

In this section, we prove a weak form of composition theorem for our parabolic calculus. We
denote by o the composition of kernels in the space variables. More precisely,

Ko Ks(x,y) := MK1(1?72)K2(Zay)M9(d'Z)
zE

where 4 is the Riemannian volume form on M. Recall that the heat calculus ¥y was defined
in Theorem [6.5and the parabolic calculus in Definition[6.3] We prove the following composition
Theorem:

Theorem 8.1 — Let M be a smooth closed manifold of dimension d. Pick A € Y4(M) and
B € Wb (M) with

a,b<—1
d+2+2a+2b>0
Set

inf(tl,tg)

C(t1,ta, z,y) = / A(ty — s) o B(t1 — s)ds.

~L
One has, for all € > 0,

C eyt ifd+2+2a+2b>0
CeVstre  ifd+2+2a+2b=0

Moreover, the composition is bilinear hypocontinuous for the respective topologies.

Note that the hypocontinuity implies the sequential continuity for the composition. Note
also that the composition cannot remain in the heat calculus, since we no longer have the off-
diagonal small time decay. It makes natural that the result of the composition should be valued
in the parabolic calculus. For applications to the renormalization of the quartic and quintic
trees, especially for the explicit extraction of the counterterms, we use the above result with
a = —%,b = —1 and dim(M) = 3. In that case one has 3+2 -3 —2=0.
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Proof — Assume to > t1, the other case is symmetrical. Without loss of generality, we shall
work on R since the parabolic calculus is defined first on flat space and then transferred on
manifolds. The composition result proved on R'*? will automatically transfer to the manifold
setting.

We localize the pair (x,%) in some convex bounded region U C R'*?. The two kernels we shall
compose are denoted by A(t; — s,x,x — 2) and B(ts — s, 2,z — y) respectively. We would like
to study and bound the kernel

inf(t1 ,tz)

C(tQ 7t1,IE7I’*y) ::/

/ Aty — s,z,x — 2)B(ta — 8,2,z — y)dzds
L Rd

Observe that when z is at distance > 1 from U, then both kernels A, B in the above inte-
gral are smoothing in the space variable uniformly in s, since parabolic kernels are smoothing
off-diagonal. Therefore, we may assume without loss of generality that A, B are compactly
supported in the variables (z, z) respectively, they are proper operators, so that we may insert
a first cut-off function x; € Cg° in the variable z in the composition without affecting the
analytical properties of C.

We now work with

inf(tl,tQ)
C= / / Aty — s,z @ — 2)B(ta — s, 2, 2 — y)x1(%)dzds + smoothing
—L Rd

where x1 = 1 on the support of B. We use the following simple argument to justify C' is
well-defined when ty > t; as can be seen from the explicit bound

ty
|C(ta —t1,z,2 —y)| = ‘/ / Aty — s,z,x — 2)B(ta — 8,2, 2 — y)x1(z)dzds
—L JzeRd

</ /tl x1(2)
~ Jra J_1L (\/|t2 — s+ |z — z|)d+2+2a<\/|t1 —s|+ly— Z|)d+2+2b

Since t3 > t1, only one factor (y/[t1 — s|+ |y — z|)_2_2b_d blows up when (z,s) = (y,t1). But
this is integrable since for all b < —1 and all test function x € C°(Rso x R?) the following
integral is bounded

x(u, z) / x(w, 2) / x (v, 2)
dudz < —— " dudz < =~ _2vdvdz < +00,
Jovo s etz & [ e S [

the other factor x1(2)(v/|tz — s| + |z — z|)_(d+2_2a) is treated as test function of z,s, which
shows the existence of the integral. We next localize the integral over the diagonals. Choose
some function xo(ts — t1,t1 — s, — 2,2 — y) which equals 1 in some neighborhood of the
subspace {:L' =2,y =2,te =t1,t1 = s} When we are outside the subspace {x =2,y =21t =
t1,t, = 5}, then there is at least one of the two kernels A, B that has either strictly positive
time argument or is smoothing in the space variables and therefore A(ts — s) o B(t; — s) will
be smoothing in space variables. The next step is to localize the composition near the triple
diagonal. We choose some function y» (tz —t,t1—s,x—2,2— y) which equals 1 near the triple

dsdz.

diagonal {x =2,y =2,to =t1,t1 = s} Then the composition decomposes as

il’lf(tlﬂfz)
/ / Aty — s,z @ — 2)xa(te — t1,t1 — s, — 2,2 —y)B(ta — 8,2,z — y)x1(2)dzds
_I Rd

inf(tl,tz)
+ / Aty — s,z,x — 2)(1 — xa(ta — t1,t1 — 8,2 — y))B(ta — 5,2,z — y)x1(2)dzds .
_L Rd

Now observe that B is smoothing off-diagonal and compactly supported in the z variable,
therefore the second piece underbraced is well-defined and is going to be smoothing in the
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space variables. So from now on, we focus on the first piece
inf(tl,tQ)
/ / Aty — sy, x — 2)x2(ta — t1,t1 — 8,2 — 2,z — y)B(ta — 8, 2,2 — y)x1(2)dzds
—L Rd
which contains all singularities of C. We use the following notation for the parabolic action on
a space-time point (ty —t1,t; — s,z — 2,2 —y) € R2T24_for every A > 0

At —ti,t1 — s, @ — 2,2 — y) = ()\2(152 — 1), A2 (t, — 8), Mz — 2), Mz — y)),

where (0, +-00) acts by parabolic scalings on space-time points of R?+2¢, We will use a multiple
scale decomposition of the cut-off function yo as follows
X2 =X2()\_1 (ta —t1,ta —8,33—372—21)) +/ T/)(M_l (ta —t1,ta —Syx—Z,Z—Z/))F
A

where the piece x2 (/\_l(tg —t,t1 —s,x—2,2— y)) is concentrated at scale A\ near {x =z,y =
Z,ty = t1,t1 = s}, and 1 = —A%)@(A-)b\:l and the integral is a continuous decomposition
at every scale ranging from A to 1. Replacing the above decomposition in the definition of the
composite operator C' yields

C(tQ - tlax7l‘ - y)

t1
= / Aty — s,z,@ — 2) X2 ()\_1 . (tg —t1,t, — 8,2 — y)) B(t2 —8,2,2 — y)xl(z)dzds
—L JzeR4

1 gt
! d
+ / / Aty — s,z @ — z)w(u_l “(ta —t1,t1 — 8,2 — y))B(tQ —8,2,2 — y)xl(z)dzds—'u

X J-L Jzerd M

The next step is to scale the composite operator exactly at scale A

C(N(ta —t1),z, Mz —y)) = C1 + Cs

ty
Cl = )\d+2/ / A()\2(t17$),(17,)\(1’72’)) Xg(tgftl,tl 7S,ny) X
t1—(t1+L)A—2 JzeR?

B()\2(t2 —8),2, Mz — y)) X1 ()\(z —y)+ y) dzds

1 ot
Cy = )\d+2/ / AN (ty — s),z, ANz — 2)) ¥
At

1—(t14+L)A—2 JzeRd
-1 2 dp
(O™ - (2 = 11,81 = 5,2 =) ) BO (12 = 5). 2.0z = ) Az = ) ) deds

where we made a change of variables s — A\2(s —t1) +t1, z + A(z — y) + ¥, in the integrals.
Then we bound the above two different terms in terms of bounds on A, B. The assumptions
on A, B imply the bounds

|A(t1 —5,T,T — z)‘ < (m+ |z — Z‘)*d72a72’
and

|B(t2 —8,2,2— y)| S(Wh—s+ |2 — y|)—d—2—2b’
which in turn imply

t
Cl < )\d+2)\—2d—4—2a—2b / !
t1—(t1+L)N—2

/ (Vi s+ e— Z|)7d72a72
z€R4

—d—2-2b
(\/tg —s+]|z— y|) Xg(tg —t1,t1 — 8, x — 2,2 — y) X1(A(z —y) + y) dzds
)\—d—2—2a—2b7

N X
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since the product xs(t2 —t1,t1 — s, — 2,2 — y) x1(AM(z — y) + ) is compactly supported in z, s
uniformly in y € U, A € (0,1]. For Cy we have the upper bound

1 t1
A7d7272a72b/ / / (m+ |$ . Z|)—d—2a—2 %
A Jti—(t1+L)A~2 Jz€R4

w((Au_l) (g =ty — s, — 2,2 — y)) (Vs —s+]z— y|)7d7272b x1(Az—y)+y) dzdsdf'u.

Now we use the fact that
o —d—2-2b
(%)

Y —d—2—2a
(Vi —s+]z —z|) a2 ( )
on the support of ¢ ((Au™") - (ta — t1,t; — s, — 2,z — y) x) because this function is supported

on a corona of radius ~ & and also that the integral

/Rdﬂw((wl) (s =t — s, —z,z—y) ) deds S Vs 412 -l < £ 5 (B)
o

since we are just bounding by the volume of some parabolic ball of radius §. Combining the
three previous bounds yields the estimate

\—d-2-20-2b //\1 (g)—d—2—2b <%>—d—2—2a (g)d+2 %

1
_ >\d+2/ u72d7472a72bd£ < \—d-2-2a—2b
A w

(\/tg —s+|z— y|)7d7272b

1

and

12

>|=

Cy

A

ifd—2—-2a—2b#0. If d—2—2a—2b=0 then C; = O(1) when A > 0 goes to 0 and we get
a logarithmic bound for C of the form

Cy < |log A
So, for the moment, we proved that
C(N(t1 — t2), m, Nz — y)) = O(A~47272072)
when d + 2 + 2a + 2b > 0 and
C(N(ty —ta),z, Nz — 7)) = (’)(|log )\|)

when d 4 2 + 2a + 2b = 0. To conclude that the composite operator C' still belongs to ¥p, we
need to prove that the above bounds still hold when we test C' against elements of the module
M of vector fields tangent to the diagonal {t; = t5, z = y} C R+ x R+,

The stability of the bounds by testing against tangent vector fields is treated separately in

Lemma >
The proofs of the composition Theorems is not done yet, we still need to show that we
have the same estimates when we differentiate with vector fields L1, ..., Ly that belong to the

generators of the module M of vector fields tangent to {t; = t5,z = y} C R4 x R+,

Lemma 8.2 — Under the assumptions of Theorem[8.1], for every L € M in the tangent module,
the kernel LC' satisfies the same estimate as C':

_ d+242a42b
2

|LO(t1, ta, 2, 9)| < CL (It2 — ta] + |2 — y|?)

Proof — We reduce the proof to some local computation in local coordinates involving gener-
ators of M. We will do the detailed calculation for translations of the form 0,: + 0, (trans-
lation) and for general linear vector fields fixing the diagonal {x —y = 0} C U x U of the
form M (x —y) - 0,. This covers the following important examples: (z° —y")0x — (2* — y*)0,
(rotation), (z° —y")0,: (scaling), (2 —y*)dpx + (2* —4*),: (boosts) in the situation of Theorem
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B3] and we leave to the reader the other computations which follow the same pattern. We start
with the translations

1nf(t1,t2)
(awi + ayi) C(t1,ta,z,y) = (8:751: + 8yi) / / Aty — s,2,2)B(t; — s,2,y)x(z)dsdz
ReJ—L
inf(t1,t2)
= / / ((Opi + 0,:)A)(ta — s,2,2)B(t1 — 8, 2,y)x(2)dsdz
Rd
inf(t1,t2)
+ / / Aty — s,2,2)((0yi + 0,:)B)(t1 — s, 2,y)x(2)dsdz
R J—L

inf(t1,t2)
+ / / Aty — s,x,2)B(t1 — 8, 2,4)(0,ix)(2)dsdz.
R4

We see we can repeat the bounds of the proof of Theorem on each term using the crucial
information that both (0,: + 0,:) and (0,: + 0,:) are in the tangent algebra of the respective
diagonals {x = z} and {y = z} and the stability of the two kernels A, B in ¥ p by derivation by
the tangent Lie algebra. Given a matrix M € My(R), we use the short hand notation M (z—y)-0,
for the vector field Mf (x —y)'0,; where we sum over repeated indices. Differentiating at t = 0
yields the exact identities

inf(t1,t2)
M(zx—vy)- BI/ A(ta — s) oxB(t1 — s)ds
-L

:/tl (M(x—z)-8ZA>oxB+((M(z—y)-ax—kM(z—y)-ay)A)oxB

—L e

+on(M(z—y)-8yB) + Ao (M(z—y)-0yx) Bds

we decompose in different groups where we underbrace the vector fields Wthh are tangent to the

diagonal of the corresponding kernel. As usual, we decomposed M(z —y) -0, [~ inf(t1.t2) 4 At —
s) o xB(t; — s)ds as a sum of three compositions of operators where the operators still satlsfy
the assumptions of Theorem so we are done. >

A — A commutator identity on R?.

We prove in this appendix a commutator estimate for triple paraproducts on R, the result
we establish is originally due to Bony [12], Thm 2.3 p. 215] but we thought it would be useful to
include a complete detailed proof here since it plays a central role for the proof of Theorem
and the original paper [12] is written in French.

We are given (f, g, h) where f € C*, g € C®? and h € C® where a;,a3 >0 and 3 < 0. We
would like to control a commutator:

f=(g=<h)—(fg) <h

Lemma A.1 — Let f € C*(R%),g € C*2(R?) and h € CP(R?) where ai,as > 0 and 3 < 0.
Then we have

If < (g <h) = (f9) < hlasrasts S [ fllas lgllar lIP2]l5-

Proof — We first deal with the term f < (g < h). By definition, we write:

(g=h) ZSz 2(f)Ai Zsjfz(g)A
=2

In the sequel, we shall repeatedly use the following result that can be found in [43, Lemma 3
p. 280].
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Lemma A.2 — Let p be a real number, p ¢ N and 0 < a < b be given. If we are given a sequence
a; of smooth functions such that ||a;||r = O(277P) and each a; is Fourier supported in coronas
{a29 < |¢| <27}, then the series Z;io aj converges in the Holder space CP = BE,

The first crucial observation, since A; localizes in Fourier space on the corona {2¢-! < |¢| <
2171} and that each Sj_2(g)A,(h) is supported in the corona 2972 < |£| < 2912 necessarily the
double sum over both ¢, j localizes on the diagonal |i — j| < 3. So we rewrite the previous term
as a double sum

f=(g=h)= Z Si—a(f)Ai(Sj—2(9)A;(h)).
li—j]<3,i,5>2
The second observation is that if we fix j, then the sum of the five terms:
Jj+3
D Ai(S-2(9)A5(h) = S5-2(9)As(h) (A1)
i=j—3

this is because (279 3¢) +- - - 4+1(27773¢) = 1 on the corona 27972 < |¢| < 27912 by construction
of the Littlewood-Paley-Stein partition of unity. Therefore at fixed j, we can add and subtract
as follows

Jj+3
Z Si—2(f)Ai(Si—2(9)A;(h))
i—j—3
j+3 Jj+3
= Z Si—5(f)Ai(Sj-2(9)A;(h)) — Z (Si—a — Sj—5)()Ai(Sj—2(9)A;(h))
i—j—3 i—j—3
j+3
= Sj5(f)Sj—2(9)A;(h) — Z (Sij—5,i—2)) (/) A (Sj—2(9)A; (h))
i=j—3

then in the second line, we used the second miracle equation . We define (S}j_5,-2]) as
the difference (S;_2 — Sj_5) and we observe that (S[;_5,—2))(f) is Fourier supported on some
corona contained in the shell [¢] < 2072, Since A; (S;_2(g)Aj(h)) is supported in the shell
2i=1 < |¢] < 21! because of the localizing property of A;, the discrepancy i — 2,4 makes the
support of the product (Sj;_5;-9)(f)A; (Sj—2(9)A;(h)) a corona around || ~ 2. From the
Holder regularities assumptions on the functions (f, g, h), we get the bound

j+3 Jj+3
| 2 s DA S22 || 5 30 16552 D] 185 )12
i=j—3 i=j—3

< 9= (i-5)a19—jf < 9—i(c1+B)

where we use the fact that S;_2(g) is bounded uniformly in the index j since g € C** for
ag > 0. So the series

j+3
Do DD (Sy—si-a)(N)Ai (Sj-2(9)A;(h))
j \i=j—3

is a series of functions supported in coronas a2’ < [£] < b2/ for 0 < a < b and thus converges
absolutely in C*+#. This tells us that in the equality

j+3
Z Si—a(f)Ai(Sj-2(9)A;(h))

i=j—3
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the sum 2325_3(S[j_57i_2])(f)Ai(Sj_g(g)Aj(h)) is a good term absorbed in a good remainder
and we should only keep S;_5(f)S;-2(9)A;(h).
So for the moment, we just proved that

f=g=h)=2_8;-5(£)8j-2(9)A;(h) + C*7.

Jj=5
Now we would like to compare this quantity with
(f9) <h=">_ S 2(f9)A;(h)
i>2

so the difference f < (¢ < h) — (fg) < h reads

Z (Sj=5(f)Sj=2(g) — Sj-2(f9)) Aj(h) + C 7.

Jj=5
Everything boils down to studying the difference S;_5(f)S;-2(g9) — S;j—2(fg) which we treat
as follows. First decompose fg = S;_5(f)Sj—5(g) + R where the remainder contains at least
either one of the two terms > ;- 5 Ai(f) or 32,5, 5Ai(g) in factor. Observe that

> Ailf) = Ocer (277)
i>j—5
> Ai(g) = Ocea (277°)
i>j—5
this is almost by construction of these objects and by definition of the Holder norms. Therefore
using the continuity of S;_o : C'* — C*® acting on Hélder spaces where this is bounded uniformly
in j, we deduce that S; o(R) = Ogainraz(277(@1722)) and > Sji—2(R)A;(h) is a series of
functions each term supported in coronas a2’ < |£| < 527 for 0 < a < b, ||Sj_2(R)A;(h)| L=~ =
O(Q_j(alA“2+5)) and thus converges absolutely in C*"*2+8_ Using the magic identity

Sj-2(8-5(£)8j-5(9)) = 8j-5(£)S;-3(9),
this means that the difference can be simplified as
Si—5(f)Sj—2(9) — Sj—2(fg) = Sj-5(f) (ijz(g) - Sj—5(9)) = Sj-2(R)
and combining with the fact that 3, S;_2(R)A;(h) € CerneztB the difference f < (g < h) —
(fg) < h now reads
> S s()Sos.-2(9)A;(h) + O FF,
Jj=5
we are done using again the fact that it is a series of functions supported in annular domains
and that [|S;_5(f)S;j_5,-2(9)A;(h)|| = = 0273215 So we get

F=(g=<h)=(fg) < heCmrot?

as required. >
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